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Abstract: (1) Understanding and characterizing the spatial and temporal variability of
agricultural data is a key aspect of precision agriculture, particularly in soil management.
Modeling the spatiotemporal dependency structure through geostatistical methods is essen-
tial for accurately estimating the parameters that define this structure and for performing
Kriging-based interpolation. This study aimed to analyze the spatiotemporal variability
of the soybean yield over ten crop years (2012–2013 to 2021–2022) in an agricultural area
located in Cascavel, Paraná, Brazil. (2) Spatial analyses were conducted using two ap-
proaches: the Gaussian linear spatial model with independent multiple repetitions and the
spatiotemporal model with a separable covariance structure. (3) The results showed that
the maps generated using the Gaussian linear spatial model with multiple independent
repetitions exhibited similar patterns to the individual soybean yield maps for each crop
year. However, when comparing the kriged soybean yield maps based on independent
multiple repetitions with those derived from the spatiotemporal model with a separable
covariance structure, the accuracy indices indicated that the maps were dissimilar. (4) This
suggests that incorporating the spatiotemporal structure provides additional informa-
tion, making it a more comprehensive approach for analyzing soybean yield variability.
The best model was chosen through cross-validation and a trace. Thus, incorporating a
spatiotemporal model with a separable covariance structure increases the accuracy and in-
terpretability of soybean yield analyses, making it a more effective tool for decision-making
in precision agriculture.

Keywords: accuracy indexes; precision agriculture; spatiotemporal geostatistics; thematic maps

1. Introduction
Nowadays, it is extremely important to search for optimal solutions to the most varied

problems in the agricultural sector because the complete immersion in concepts such as
performance, efficiency, and costs makes the agricultural sector seek greater sustainability
in competitive markets. In this way, researchers and farmers are acquiring the system of
sustainable agriculture, called precision agriculture (PA) [1]. PA enables localized crop
management, with the application of the adequate amount of input to each site, thus
reducing environmental costs and risks [2].

Agriculture 2025, 15, 1199 https://doi.org/10.3390/agriculture15111199

https://doi.org/10.3390/agriculture15111199
https://doi.org/10.3390/agriculture15111199
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/agriculture
https://www.mdpi.com
https://orcid.org/0000-0001-8937-4815
https://orcid.org/0000-0001-8046-6983
https://doi.org/10.3390/agriculture15111199
https://www.mdpi.com/article/10.3390/agriculture15111199?type=check_update&version=4


Agriculture 2025, 15, 1199 2 of 21

Furthermore, soils are not uniformly distributed across the Earth’s surface, exhibiting
varying degrees of homogeneity depending on the region [3]. Even soils considered
homogeneous still display spatial and temporal variability in their chemical, physical, and
biological properties. This variability in crop production can be influenced by multiple
factors, including climate, genetics, soil characteristics, topography, management practices,
pests, diseases, and the dynamic interaction between all the above-mentioned factors [4].

Thus, knowing and defining the spatial and temporal variability of data and agricul-
tural yields becomes an important factor for the realization of soil management [1]. The
study of this spatial and temporal variability of georeferenced variables can be carried out
by geostatistical techniques, which determine the degree of spatial dependence between
the sample elements in the region and the degree of temporal dependence in the crop years
under study, describing the spatiotemporal dependency structure of the georeferenced
variable throughout the area, thus elaborating the thematic maps through Kriging inter-
polation. Spatiotemporal, geostatistical modeling is an empirical approach that involves
specifying a model and estimating its parameters based on observed data. These models
are particularly useful when data are repeatedly collected at the same sampling locations
over both space and time [5–9].

The application of spatiotemporal models in agriculture is increasingly being used,
and several studies in the literature have examined the spatiotemporal relationships of
soil’s physical and chemical attributes. For instance, ref. [3] analyzed the spatiotemporal
variability of soil’s chemical attributes between the 2013–2014 and 2017–2018 harvests. Also,
ref. [10] investigated the spatiotemporal evolution of the micronutrients available in the
soil, while ref. [11] explored the effects of soil carbon and nitrogen on temporal and spatial
variations in the soil. Furthermore, ref. [12] studied a Gaussian spatiotemporal model with
a separable covariance structure developing an analysis of local influence diagnoses.

Therefore, analyzing the spatial and temporal variability of soybean productivity is es-
sential for soil management, as well as for forecasting the coming years. The greatest contri-
bution of this work is the use of the function ΣTS = ΣT ⊗ ΣS = RT(φ 4)⊗ (φ1In + φ2Rs(τ)),
while considering the parameter τ = φ3 as fixed a priori. Furthermore, to avoid identifia-
bility problems, reparameterization was used for the spatial covariance function ΣS of the
Matérn family. While ref. [9] considered each crop year as a realization of the process and
the Gaussian spatial model with multiple independent repetitions, [12] used a Gaussian
space-time model with a separable covariance structure considering identifiability and the
parameter τ = φ3 as fixed; however, they did not consider reparameterization.

The objective of this study was to analyze the spatiotemporal variability of the soybean
yield (t ha−1) over ten crop years (2012–2013 to 2021–2022) in a commercial grain production
area. By applying geostatistical methods, the aim was to evaluate the spatial and temporal
dependencies in the yield distribution, providing insights into the patterns and trends that
influence productivity over time.

The work is organized as follows. Section 2 describes the data and the methodologies
employed to analyze the spatiotemporal variability of the soybean yield, including the
geostatistical methods and model estimation techniques used to handle the multi-year crop
data. Section 3 presents the results of the study, focusing on the spatiotemporal variability
of the soybean yield. The discussion and conclusions are in Sections 4 and 5, respectively.

2. Materials and Methods
2.1. Description of Agricultural Area

The ten-year crop dataset used in this research belongs to the database of projects de-
veloped by researchers from the research group of the Space Statistics Laboratory (LEE) and
the Applied Statistics Laboratory (LEA) of the West Parana State University—UNIOESTE,
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Campus Cascavel. Data collection was carried out in a commercial grain production area of
167.35 ha, located in the city of Cascavel-Paraná-Brazil, approximately 24.95◦ south, 53.37◦

west, and at a 650 m average altitude. The soil is classified as a typical Dystroferric Red
Latosol, with a clayey texture [13]. The climate of the region is classified as mesothermic and
superhumid temperate, climate type Cfa (Koeppen), and the average annual temperature
is 21 ◦C [14].

The sample configuration of the area under study was a lattice with close pairs [15,16],
with n = 74 sampling points (Figure 1). This sample configuration consists of a regular
grid with a minimum distance of 141 m between the points, and in some randomly chosen
places, the sampling points were arranged in smaller distances (75 and 50 m between the
pairs of points). The samples were located and georeferenced by a GPS receiver in a Datum
WGS84 coordinate reference system, with UTM (Universal Transverse Mercator) projection.

Figure 1. Sampling points of the study area.

Soil sampling was performed at each demarcated point of the agricultural area
(Figure 1). In accordance with the recommendations found in the literature, four soil
subsamples were collected at these points from depths of 0.0 to 0.2 m deep [17], mixed, and
placed in plastic bags; the samples were approximately 500 g in weight, thus composing
the representative sample of the plot. The chemical analyses were performed using the
Walkley–Black method [18].

2.2. Methodology: Spatiotemporal Analysis

Initially, the spatiotemporal exploratory analysis of the soybean yield was carried out,
considering the ten-year crop: 2012–2013, 2013–2014, 2014–2015, 2015–2016, 2016–2017,
2018–2019, 2019–2020, 2020–2021, 2021–2022, and 2022–2023. Subsequently, maps were
created with the temporal averages of the soybean yield considering all the spatial locations,
as well as the spatial averages of the soybean yield considering all the crop years. Finally, a
Gaussian linear spatial model with multiple independent repetitions and a spatiotemporal
model with a separable covariance structure were carried out (Figure 2).

2.3. Gaussian Linear Spatial Model with Multiple Independent Repetitions

Let Y = Y(s) = vec(Y1(s), ..., YT(s)) be a random vector nT × 1 of T stochastic pro-
cesses, independent of each n element, belonging to the family of Gaussian, and with
dependent distributions in the sj ∈ S ⊂ R2 positions j = 1, ..., n for s = (s1, ..., sn)

T . In this
study, Yi represents the soybean yield in each crop year i, and i = 1, ..., 10(T = 10) for the
samples collected in 74 sampling points (n = 74). The i-th stochastic process Yi(s) is an
n × 1 vector, i = 1, ..., T, and it can be expressed by the model given in Equation (1).

Yi(s) = µi(s) + ϵi(s), (1)
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where µi(s) is the deterministic term; and ϵi(s) is the stochastic error vector n × 1 of the
stationary isotropic process with the zero mean vector E[ϵi(s)] = 0 and the spatial covari-
ance matrix ΣS = Σi = [C(su, sv)] n × n, this being the covariance matrix Yi for the i-th
repetition i = 1, ..., T. The Σi matrix is non-singular, symmetrical, and positively defined.

 

Figure 2. Spatiotemporal methodology.

The spatial covariance matrix is considered to be ΣS, the same for each repetition,
and has a structure that depends on the φ =

(
φ1, . . . , φq

)T parameters, as given in
Equation (2) [19,20].

ΣS = φ1In + φ2RS(φ3), (2)

where φ1 ≥ 0 is the nugget effect; In is the identity matrix n × n; φ2 ≥ 0 is the contribution;
φ3 ≥ 0 is the function of the (a) range of the model; that is, a = g(φ3). The RS(φ3) matrix
is in the function of φ3, with RS = RS(φ3) =

[(
ruj
)]

being an n × n symmetric matrix, in
which ruj depends only on the Euclidean distance between su and sj(huj =

∥∥su − sj
∥∥), with

the diagonal elements ruj = 1, for u = j; ruj = φ−1
2 C

(
su, sj

)
for φ2 ̸= 0 and u ̸= j; and

ruj = 0 for φ2 = 0 and u ̸= j(u, j = 1, . . . , n) [20–22].
The logarithm of the likelihood function for T independent repetitions is defined

according to Equation (3).

L(θ) =
T

∑
i=1

(−n
2

log(2π)− 1
2

log|Σ|)− 1
2

T

∑
i=1

(Yi − µ1)TΣ
−1

(Yi − µ1). (3)

Further information and details of the Gaussian linear spatial model with multiple
independent repetitions can be obtained from [9].

2.4. Linear Spatiotemporal Model

Here,
{

Y(s, t) : s ∈ S ⊂ Rd, t ∈ I ⊂ R
}

defines a spatiotemporal process, where
S is the spatial domain of interest, and I is the temporal domain of interest. The
Gaussian stochastic Y(s, t) process is defined in several fixed monitoring locations,
s1, . . . , sn ∈ S ⊂ Rd, with d ≥ 2, and in time t1, . . . , tT ∈ T ⊂ R. It can be expressed
as a regression model given by Equation (4).

Y
(
sj, t
)
= µ

(
sj, t
)
+ ϵ

(
sj, t
)
, (4)

where j = 1, . . . , n (n = 74) and t = 1, . . . , T (T = 10); µ
(
sj, t
)

is the deterministic term;
and ϵ

(
sj, t
)

is the stochastic error vector with a zero mean vector, E
[
ϵ
(
sj, t
)]

= 0, and a
spatiotemporal covariance structure ΣTS.
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The spatiotemporal covariance function ΣTS for the process Y(s, t) is denoted by
ΣTS = C(s1, s2; t1, t2) = C[ϵ(s1, t1), ϵ(s2, t2)].

A random spatiotemporal field presents the stationary covariance in space if
Cov(Y(s1, t1, s2, t2)) depends only on the vector h = s1 − s2, while it presents tempo-
ral stationarity Cov(Y(s1, t1, s2, t2)) if it depends only on the u = t1 − t2 vector. Therefore,
if the random spatiotemporal field has stationary covariance in space and time, the spa-
tiotemporal covariance is given by Equation (5) [23–25].

Cov(Y(s1, t1), Y(s2, t2)) = Cov(s1 − s2; t1 − t2) = C(h, u). (5)

The process is said to be isotropic if C(h, u) = C(∥h∥; |u|); that is, the covariance
function depends on the separation vectors only by their ∥h∥ lengths |u| and not by the
direction [12].

2.5. Spatiotemporal Covariance Models with Separable Covariance Structure

The separable spatiotemporal covariance functions can be defined based on the prop-
erties of additivity and multiplicativity [23]. Thus, it can be decomposed between a purely
spatial covariance function and a purely temporal one; for the additive case, this can be
written as Equation (6) [23].

Cov(Y(s1, t1), Y(s2, t2)) = Cov(Y(s1, s2)) + Cov(Y(t1, t2)). (6)

And for the multiplicative case, this can be written as Equation (7) [23].

Cov(Y(s1, t1), Y(s2, t2)) = Cov(Y(s1, s2))·Cov(Y(t1, t2)), (7)

and in both cases, s1, t1 and s2, t2 ∈ Rd ×R. However, all the separable models also present
symmetry [23].

For spatiotemporal modeling with the separable covariance ΣTS = ΣT ⊗ ΣS, the
Matérn family [26] is a particularly attractive covariance function, where the elements of
the correlation matrix, R =

[(
rij
)]

, are given by Equation (8).

rij =
1

2κ−1Γ(k)

(
δij

τ

)κ

Kκ

(
δij

τ

)
, (8)

where τ > 0 and κ > 0 are parameters; δij> 0 can be the euclidean distance between si

points; and sj i, j = 1, ..., n, considering the spatial ΣS, considering the structure or distance
in time

∣∣ti − tj
∣∣, i, j = 1, ..., T , and considering the temporal structure ΣT; Kk is the third-

order-modified Bessel function, Kk(u) = 1
2

∫ ∞
0 xk−1e

1
2 u(x+ 1

x )dx, and this function is valid
for τ and κ greater than zero. In this family, the κ parameter, called smoothing, consists of a
parameter that determines the analytical smoothing of the underlying process Y(s, t) [27].

In this study, we chose to work with spatiotemporal modeling with separable covari-
ance, of the Matérn family, Equation (8), due to its applicability and the variation of the
model’s k parameter, and because the data present a multivariate normal distribution. The
choice of spatiotemporal separability was used to overcome the computational complexity
of non-separable models [25]. However, it was not feasible to apply a formal separability
test, such as those proposed by [28], due to the limited temporal extent of our dataset
(10 crop years). These tests require a minimum of 29 years of temporal observations. Con-
sequently, we adopted the assumption of covariance separability in this study. For these
reasons, we assume the separability of covariance at work.
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2.6. Estimation Methods
2.6.1. Identifiability of the Model

The identifiability of the statistical model is an important step in a spatiotemporal
study because if the model is not identifiable, there are no consistent estimators for the pa-
rameter vector. This identifiability allows us to guarantee the uniqueness of the distribution
according to the parameters [29].

To remove the problems of identifiability in spatial dependence, it is assumed that the
τ = φ3 range parameter is fixed a priori in Equation (8) [29–32]. Thus, a reparameterization
was used for the function of spatial covariance Σs of the Matérn family, according to
Equation (9) [33].

C
(
δij
)
= φ1ξij +

φ∗
2

2κ−1Γ(k)
(
δij φ3

)κKκ

(
δij

φ3

)
, δij ≥ 0 (9)

in which φ1 ≥ 0 is the nugget effect; φ3 ≥ 0 is the function of the (a) range of the model,
that is, a = g(φ3); and ξij is the Kronecker delta, i, j = 1, . . . , n, with φ∗

2 = φ2

(φ3)
2κ . If φ3 is

fixed a priori, the covariance matrix for spatial dependence ΣS has a linear structure [20].
Thus, the covariance structure of the separable ΣTS = ΣT ⊗ ΣS matrix has, as elements, the
matrices given by Equation (10).

ΣT = RT(φ 4), and ΣS = φ1In + φ∗
2RS(φ3), (10)

where ΣS defines the spatial dependency structure, In is the identity n × n matrix, φ1 is the
nugget effect, φ∗

2 is a function of the contribution parameter φ2, RS(φ3 ) is a matrix that is
φ3 fixed, and ΣT defines the temporal dependency structure, with RT(φ 4) being the matrix
defined in Equation (8) as a function of φ4.

The particular case of Equation (10) allows us to consider the structure ΣT that defines
the temporal dependency structure as ΣT = IT (IT being the temporal identity matrix) and
use the development of Section 2.3, considering the analysis of the Gaussian linear spatial
model with multiple independent repetitions.

2.6.2. The Estimation of Parameters by Maximum Likelihood for the Separable Model

In the spatiotemporal model defined in Equation (4), considering µ(si, t) = (1t
⊗

1n)µ,
under the assumption of the normality of errors and considering a separate covariance
matrix ΣTS = ΣT ⊗ ΣS, the vector Y = Y(s, t) has a varied normal distribution nT, as
described in Equation (11).

Y ∼ NnT(X∗µ, ΣTS), (11)

where X∗ = (1t
⊗

1n) and ΣTS = ΣT ⊗ ΣS, with ΣT and ΣS being the matrices of temporal
and spatial covariance, respectively. The logarithm of the likelihood function of Y is given
by Equation (12).

L(θ) = −nT
2

log(2π)− 1
2

log|ΣTS| −
1
2
(Y − X∗µ)TΣ−1

TS (Y − X∗µ), (12)

where n is the sample size; T is the number of crop years; ΣTS = ΣT ⊗ ΣS; Y = Y(s, t);
X∗ = (1t

⊗
1n); θ =

(
µ,φT)T ; and φ = (φ1, φ2, φ4)

T is a vector that contains unknown
parameters of the spatiotemporal covariance matrix.

The function scores are obtained by calculating U(µ) and U(φ) as follows.

U(θ) =
(

U(µ)T, U(φ)T
)T

,

where
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U(µ) =
∂L(θ)

∂µ
= X∗TΣ−1

TS ε, U
(

φj
)
=

∂L(θ)
∂φj

= −1
2

{
tr

(
Σ−1

TS
∂ΣsT
∂φj

)
+

1
2

εT

(
Σ−1

TS
∂ΣsT
∂φj

Σ−1
TS

)
ε

}
, j = 1, 2, 4,

with ε = (Y − X∗µ).
Considering the structure ΣTS = ΣT ⊗ ΣS = RT(φ 4)⊗ (φ1In + φ2Rs(τ)), we have the

following partial derivatives:

.
Σ1 =

∂ΣTS
∂φ1

= RT(φ4)⊗ In,

.
Σ2 =

∂ΣTS
∂φ2

= RT(φ4)⊗ RS(τ),

.
Σ4 =

∂ΣTS
∂φ4

=
∂RT(φ 4)

∂φ4
⊗ (φ1In + φ2RS(τ)).

Considering the model of the Matérn family to describe the temporal variability given
in Equation (8),

∂RT(φ 4)

∂φ4
=

∂rij

∂φ4
= −1

4

(
κrij +

1
2κ−1Γ(k)

(
δij

φ4

)κ+1

Kκ

(
δij

φ4

))
.

The maximum likelihood estimators are given by the solution from U(µ) = 0 and
U(φ) = 0.

For U(µ) = 0, we have µ̂ =
(

X∗TΣ−1
TS 1n

)−1
X∗TΣ−1

TS Y. While U(φ) = 0, it does not
have a closed-form solution for φ, but numerical methods can be used. So, we have

U(φ) =
∂L(θ)

∂φj
= −1

2
tr
[(

Σ−1
TS

.
Σj

)
− εTΣ−1

TS

.
ΣjΣ

−1
TS ε
]
= 0

tr
(

Σ−1
TS

.
ΣjΣ

−1
TS ΣTS

)
= tr

(
εTΣ−1

TS

.
ΣjΣ

−1
TS ε
)

considering ΣTS = φl
.
Σl; and

.
Σl

.
= Σj=

∂ ∑TS
∂φj

, with l, j = 1, 2 and 4. So,

tr
(

Σ−1
TS

.
ΣjΣ

−1
TS

.
Σl

)
φl = tr

(
εTΣ−1

TS

.
ΣjΣ

−1
TS ε
)

.

In a matrix notation considering φ1 and φ2, which are the spatial parameters, we have

AS·φ = bS,(
a11 a12

a21 a22

)
·φ =

(
b1

b2

)
,

where AS is a matrix 2 × 2, with elements ajl = tr
(

Σ−1
TS

.
ΣjΣ

−1
TS

.
Σl

)
, and bS is a vector (2 × 1)

with elements bj = tr
(

εTΣ−1
TS

.
ΣjΣ

−1
TS ε
)

, i, j = 1,2.
When considering φ4 as the temporal parameter, we have

AT ·φ = bT ,

(a44)·φ = (b4),

where AT = a44 = tr
(

Σ−1
TS

.
Σ4Σ−1

TS

.
Σ4

)
and bT = b4 = tr

(
εTΣ−1

TS

.
Σ4Σ−1

TS ε
)

.



Agriculture 2025, 15, 1199 8 of 21

All the parameter estimates, φ1, φ2, and φ4, are given by system resolution:

φ = A−1·b.

2.6.3. Asymptotic Standard Errors

Asymptotic standard errors can be calculated by inverting Fisher’s information ma-
trix [20]. This matrix for the Gaussian linear spatial model is given by [34,35]:

IF(θ) = K(θ) =

(
K(µ) 0

0 K(φ)

)
.

Which is the same as a diagonal matrix block, from which

K(µ) = E
[
−Lµµ

]
= E

[
− ∂2l(θ)

∂µ∂µT

]
= 1TΣ−1

TS 1,

K(φ) = E
[
−Lφφ

]
= E

[
− ∂2l(θ)

∂φ∂φT

]
,

that has the elements kij(φ) = 1
2 tr
(

Σ−1
TS

∂ΣTS
∂φi

Σ−1
TS

∂ΣTS
∂φj

)
, i, j = 1, 2, 4.

2.6.4. Model Validation Criteria

For the choice of the best adjusted model for the covariance structure ΣTS, we used
the statistics of AIC, BIC, cross-validation, and trace, presented by [22].

With the above, to obtain the estimation of the parameters θ, an iterative algorithm
was used, according to the steps described in Figure 3.

 

Figure 3. The iterative process to obtain the parameters of the spatiotemporal model with separa-
ble structures.
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2.6.5. Comparison of Thematic Maps

Spatial prediction was performed in the places not sampled in the agricultural area,
through Kriging, and thus we created the thematic maps of the soybean yield considering
the models with multiple independent repetitions and the spatiotemporal model with
separable covariance structures [36].

Finally, the thematic maps of the soybean yield were compared considering the Gaus-
sian linear spatial model with multiple independent repetitions and the thematic maps of
the soybean yield considering the spatiotemporal model with separable covariance struc-
tures, by means of the following metrics: the Global Accuracy (GA) [37] and the Kappa
(Kp) and weighted Kappa (Kpw) concordance indices [38].

The development of all the computational routines was carried out in the R software
(version 3.5.1) [39].

3. Results
3.1. Descriptive Analysis of Soybean Yields

For most of the crop years, the soybean yield presented homogeneous data (CV ≤ 30),
with the exception of the 2022–2023 crop year, which showed heterogeneity (CV > 30)
(Table 1). Notably, the most homogeneous yields were observed in the 2014–2015 and
2015–2016 crop years (Table 1).

Table 1. Descriptive statistical table of soybean yield (t ha−1) for each crop year.

Crop Year Min. Average Max. S.D Var. C.V (%) Coef. X rp Coef. Y rp I Moran
(p-Value)

2012–2013 2.24 3.26 4.51 0.46 0.21 14.20 −0.10
(0.37)

−0.19
(0.11) 0.36

2013–2014 2.91 4.23 5.77 0.54 0.29 12.81 0.01
(0.90)

0.09
(0.45) 0.71

2014–2015 1.87 2.38 3.18 0.28 0.08 11.76 −0.09
(0.43)

−0.02
(0.87) 0.11

2015–2016 0.67 2.46 2.83 0.28 0.08 11.21 −0.13
(0.26)

−0.15
(0.20) 0.05

2016–2017 1.52 3.06 4.03 0.55 0.30 17.91 0.17
(0.16)

−0.26
(0.03 *) 0.00

2018–2019 1.14 2.34 3.69 0.67 0.45 28.56 −0.07
(0.55)

−0.30
(0.004 *) 0.00

2019–2020 1.34 2.73 4.40 0.60 0.36 21.96 −0.22
(0.06)

0.01
(0.99) 0.00

2020–2021 1.26 2.18 3.99 0.53 0.28 24.28 0.03
(0.77)

0.41
(0.0003 *) 0.00

2021–2022 0.67 1.09 1.83 0.22 0.05 19.79 0.06
(0.61)

0.15
(0.20) 0.02

2022–2023 0.58 1.65 2.91 0.62 0.38 37.60 0.22
(0.06)

−0.53
(0.000001 *) 0.00

Min.: minimum value; Max.: maximum value; S.D: standard deviation; Var.: data variance (t2 ha−1); C.V (%):
coefficient of variation; Coef. X and Coef. Y: Pearson’s linear correlation coefficient (rp) of soybean yield data
versus X and Y coordinates; * significant at 5% probability level; I Moran (p-value): spatial autocorrelation.

The minimum soybean yield was 0.58 t ha−1, for the 2022–2023 crop year, while the
maximum reached 5.77 t ha−1, for the crop year 2013–2014 (Table 1). The lowest average
soybean yield was observed in 2021–2022 at 1.09 t ha−1, whereas the highest average yield
occurred in 2013–2014, reaching 4.23 t ha−1.

Also, the Moran test revealed that the soybean yield in the 2015–2016 crop year
exhibits spatial dependence, indicating the suitability of a spatial modeling approach.
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The proximity matrix was constructed using the inverse Euclidean distance between the
geographic coordinates of the sampling points (Table 1). Regarding the directional trend,
the soybean yields (t ha−1) from the 2018–2019, 2020–2021, and 2022–2023 crop years
exhibited a moderate linear association with the Y-axis coordinates, with an rp value
exceeding 0.30. This relationship was confirmed by the significance test, yielding a p-value
of < 0.05, leading to the rejection of the null hypothesis (H0) at the 5% significance level. This
indicates a significant correlation between the soybean yield and the Y-axis coordinates.

Additionally, the 2016–2017 crop year also presented a p-value of < 0.05, suggesting a
correlation between the yield values and Y-axis coordinates, albeit a weak one, as its
rp value remained below 0.30 (Table 1). These directional trend patterns are further
illustrated in Figure 4.

Figure 4. The graph of the dispersion of the X and Y axis coordinates with the values of the soybean
yields of each crop year.

For most of the crop years, the soybean yield values varied across different loca-
tions, except for the 2018–2019 and 2022–2023 crop years, which exhibited more uniform
distributions (Figure 5). The distributions for the 2015–2016 and 2016–2017 crop years
were negatively skewed, whereas the remaining crop years displayed positive skewness
(Figure 5). Some crop years also showed higher dispersion, and the observed trend in the
mean values suggests that the process should not be considered independent (Figure 5a,b).

The post plot graph (Figure 6) visualizes the spatial distribution of the soybean yield
sampling points, with the colors representing yield values according to quartile-based
intervals. The results indicate that the average soybean yield varied across the study area,
with the highest yields typically concentrated in the southern or northern regions (Figure 6).
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Figure 5. The boxplot of the soybean yield (t ha−1) (◦ outliers) (a) and the dispersion graph of
the soybean yield variance (t ha−1) (b) in the following crop years: 2012–2013 (1), 2013–2014 (2),
2014–2015 (3), 2015–2016 (4), 2016–2017 (5), 2018–2019 (6), 2019–2020 (7), 2020–2021 (8), 2021–2022 (9),
and 2022–2023 (10).

 

Figure 6. The post plot of the soybean yield (t ha−1) in the following crop years: 2012–2013 (a),
2013–2014 (b), 2014–2015 (c), 2015–2016 (d), 2016–2017 (e), 2018–2019 (f), 2019–2020 (g), 2020–2021 (h),
2021–2022 (i), and 2022–2023 (j) (↑ N north direction).

3.2. Spatio Temporal Analyses

Regarding the temporal correlations of the soybean yields, the Pearson’s linear corre-
lation coefficients between each crop year (Table 2) show a statistically significant linear
correlation (p-value < 0.05) for the following pairs: 2012–2013 and 2016–2017; 2013–2014 and
2015–2016; 2013–2014 and 2016–2017; 2013–2014 and 2018–2019; 2013–2014 and 2019–2020;
2013–2014 and 2022–2023; 2014–2015 and 2016–2017; 2014–2015 and 2021–2022; 2014–2015
and 2022–2023; 2015–2016 and 2018–2019; 2015–2016 and 2022–2023; 2019–2020 and
2020–2021; and 2020–2021 and 2021–2022. These correlations were assessed using Fisher’s
z-transformation test. In contrast, the correlations between other crop years were not
statistically significant (p-value > 0.05).

Considering the study of the 74 georeferenced sampling points during the period of
10 crop years in the same area (2012–2013 to 2022–2023), the average soybean yield was
2.54 t ha−1, presenting the heterogeneity of its values in relation to the average (CV > 30%)
(Table 3).
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Table 2. The matrix of the temporal linear correlations between the crop years of the soybean yields.

Crop Year 2012–
2013

2013–
2014

2014–
2015

2015–
2016

2016–
2017

2018–
2019

2019–
2020

2020–
2021

2021–
2022

2022–
2023

2012–2013 1.00 0.29 −0.16 −0.12 −0.05 0.19 −0.08 −0.15 −0.07 0.09
2013–2014 0.29 1.00 −0.07 −0.04 0.00 0.01 0.01 0.14 −0.13 −0.02
2014–2015 −0.16 0.07 1.00 0.59 0.02 −0.07 0.38 −0.05 0.06 −0.01
2015–2016 −0.12 −0.04 0.59 1.00 0.17 0.04 0.17 −0.26 0.12 −0.05
2016–2017 −0.05 0.00 0.02 0.17 1.00 0.28 −0.20 −0.13 0.15 0.39
2018–2019 0.19 0.01 −0.07 0.04 0.28 1.00 −0.17 −0.25 −0.12 0.30
2019–2020 −0.08 0.01 0.38 0.17 −0.20 −0.17 1.00 −0.05 −0.08 −0.08
2020–2021 −0.15 0.14 −0.05 −0.26 −0.13 −0.25 −0.05 1.00 0.03 −0.25
2021–2022 −0.07 −0.13 0.06 0.12 0.15 −0.12 −0.08 0.03 1.00 −0.07
2022–2023 0.09 −0.02 −0.01 −0.05 0.39 0.30 −0.08 −0.25 −0.07 1.00

Table 3. The descriptive statistics of the soybean yield values (t ha−1) at the 74 sampling points
during the 10-crop-year study (2012–2013 to 2022–2023).

Statistics nT Min. Average Max. S.D Var. C.V (%) Coef. X
(rp) p-Value Coef. Y

(rp) p-Value

Overall
soybean yield 740 0.58 2.54 5.77 0.96 0.92 37.83 −0.01 NS 0.94 −0.05 NS 0.14

Min.: minimum value; Max.: maximum value; S.D: standard deviation; Var.: data variance; C.V (%): coefficient of
variation; Coef. X and Coef. Y: Pearson’s linear correlation coefficient (rp) of data versus X and Y coordinates,
respectively; NS: not significant at 5% probability level.

The soybean yield did not show a directional trend with respect to the X and Y
coordinates (Table 3). The significance test results show that the correlation between
the soybean yield and both the X and Y coordinates has p-values of greater than 0.05.
This indicates that the null hypothesis that the linear correlation is zero is not rejected
(H0 : ρ = 0) at the level of 5% significance; that is, there is no significant linear correlation
between the soybean yield and the X and Y axis coordinates; consequently, there is no
directional trend (Table 3).

The average soybean yield across all the crop years continued to exhibit variability,
with disparate data points (Figure 7a).

 
Figure 7. Boxplot of overall soybean yield (t ha−1) (◦ outliers) (a), temporal average (b), and spatial
average (c) of soybean yield (t ha−1), considering all crop years.

The temporal average of the soybean yield (t ha−1), considering all the spatial locations,
shows the nature of and variations in the soybean yields over the crop years (Figure 7b).
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Notably, a peak can be observed for the 2013–2014 crop year and a great fall for the
2021–2022 crop year (Figure 7b). As for the spatial average of the soybean yield, considering
all the crop years, it can be seen that there is variation in the values of these productivities
at the sampling points of the area under study (Figure 7c).

3.3. Gaussian Linear Spatial Model Analysis with Multiple Independent Repetitions
(ΣTS = ΣT ⊗ ΣS, Considering ΣT = IT and ΣS = φ1 In + φ2RS(φ3))

Considering all the points sampled (n = 74) in all the crop years (T = 10), the best
adjusted model was the Matérn, with a smoothing parameter of k = 1 (Table 4), according
to the criteria of AIC, BIC, cross-validation, and trace.

Figure 8 shows the distribution of the soybean yield, considering the structure of the
Gaussian linear spatial model with multiple independent repetitions for each crop year
( ΣT = I10). The same behaviors of the individual soybean yield maps of each crop year
were observed, presenting the highest soybean yields in the crop year 2013–2014 and the
lowest in the crop years 2021–2022 and 2022–2023, with adverse weather possibly having
affected soybean production. Also, for the crop years 2012–2013, 2016–2017, 2018–2019,
and 2022–2023, the highest values for the soybean yield were found in the southern region
of the study area, while the lowest values were in the central region (Figure 8). For the
2015–2016 crop year, the lowest values of the soybean yield were scattered in the southern
and northern regions (Figure 8). For the years 2013–2014, 2014–2015, and 2019–2020, the
lowest values of the soybean yield were located in the southern region, while for the
2020–2021 and 2021–2022 crop years, the highest values for the soybean yield were in the
central region.

Figure 8. The map of the soybean yields (t ha−1), considering the Gaussian linear spatial model
with independent multiple repetitions, for the following crop years: 2012–2013, 2013–2014, 2014–2015,
2015–2016, 2016–2017, 2018–2019, 2019–2020, 2020–2021, 2021–2022, and 2022–2023 (↑ N north direction).
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Table 4. The estimates obtained by ML of the parameters of the chosen model, Matérn, with k = 1, for
the covariance structure of the soybean yield, considering all the crop years (asymptotic standard
errors in parentheses).

µ̂ φ̂1 φ̂2 φ̂3 α̂

2.5357
(0.0343)

0.3142
(0.2405)

0.2526
(0.2439)

74.5948
(52.8771) 298.2691

µ̂ : estimated mean; φ̂1: estimated nugget effect; φ̂2 : estimated contribution; φ̂3: estimated range function;
α̂: estimated practical range.

3.4. Model with Separable Covariance Structure (ΣTS = ΣT ⊗ ΣS, Considering ΣT = RT(φ4) and
ΣS = φ1 In + φ∗

2 RS(φ3))

Considering all the points sampled (n = 74) in all the crop years (T = 10), the best
adjusted model for ΣT e ΣS was the Matérn family, with a smoothing parameter of k = 0.5
(exponential), according to the criteria of the cross-validation and the trace. The fixed
parameter φ3 was 120 m from the previous analysis (the geostatistical analysis of individual
soybean yields) (Table 5).

Table 5. The estimates obtained by ML of the parameters of the chosen model, the Matérn family,
with k = 0.5, using the EM algorithm (standard asymptotic errors in parentheses).

µ̂ φ̂1 φ̂2 φ̂4

2.5310
(0.0607)

0.5088
(0.4445)

0.0048
(0.0005)

0.4924
(0.0529)

µ̂ : estimated mean; φ̂1: estimated nugget effect; φ̂∗
2 = φ2

(φ3)
2κ : estimated contribution; φ̂4: the estimated time

parameter of the Matérn family model, with the smoothing parameter k = 0.5.

Table 6 shows the values of the root mean square error, and the lower the value,
the better the model performed. Therefore, by comparing the observed values with the
predicted values, by RMSE, it can be seen that the lowest value was presented for the
2020–2021 crop year.

Table 6. The root mean square error values of the model for each crop year.

RMSE
2012–
2013

2013–
2014

2014–
2015

2015–
2016

2016–
2017

2018–
2019

2019–
2020

2020–
2021

2021–
2022

2022–
2023

0.5590 1.0427 0.2494 0.2353 0.5366 0.5621 0.2574 0.2329 0.8359 0.6877

The RMSE =
√

∑n
i=1 (ŷi − yi)

2/n, where ŷ1, . . . , ŷn are predicted values; y1, . . . , yn are
observed values; and n is the number of observations.

Thus, the covariance matrix is given by Σ̂TS = RT(0.4924)
⊗
(0.5088 ∗ I74 + 0.0048RS(120)),

being

RT(0.4924) =
1

Γ(0.5)

( ut

0.4924

)0.5
K0.5

( ut

0.4924

)
, t = 1, . . . , T, ut > 0

RS(120) =

{
1, se i = j

1
Γ(0.5)

(
120δij

)
K0.5

(
δij

120

)
, se i ̸= jeδij > 0

where i, j = 1, . . . , n, δij is the euclidean distance between i locations, and j and
ut = |tl − tm|, l, m = 1, . . . , T.

Analyzing the semivariogram in the temporal sense, an oscillation of the semivariance
values is observed with the increase in the temporal distances. When analyzing in the spatial
sense, we can see a more evident increase in the semivariance values for the first spatial
lags with a rapid stabilization, indicating a low radius of spatial dependence (Figure 9).
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Figure 9. Three-dimensional semivariogram.

Figure 10 shows the distribution of the soybean yield for each crop year, considering
the model with a separable covariance structure

(
Σ̂TS

)
. The highest soybean yield was

recorded in the 2013–2014 crop year, whereas the lowest yields were observed in 2021–2022
and 2022–2023.

Figure 10. The map of the soybean yields (t ha−1), considering the linear spatial model with separable
covariance structures, for the following crop years: 2012–2013, 2013–2014, 2014–2015, 2015–2016,
2016–2017, 2018–2019, 2019–2020, 2020–2021, 2021–2022, and 2022–2023 (↑ N north direction).

Also, for the crop years 2012–2013, 2013–2014, and 2016–2017, the highest values for
the soybean yield are found in the southern region of the study area, while the lowest values
are in the central region (Figure 10). The 2014–2015 and 2015–2016 crop years showed
little variation in soybean yield values in the area. For the crop year 2018–2019, the lowest
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values of soybean yield are located in the central region, and the highest yields are located
in the southwest region of the area. In the 2019–2020 crop year, soybean production was
highest in the central and southwest regions of the study area. In contrast, during the
2020–2021, 2021–2022, and 2022–2023 crop years, the highest yields were concentrated in
the south–central region.

Overall, for the last five crop years, the findings largely align with the producer’s
practical survey, confirming the observed yield patterns in the study area.

Figure 11 and Table 7 show a comparative analysis of the thematic maps of the soybean
yield, considering both the spatiotemporal model with a separable covariance structure and
the Gaussian linear spatial model with multiple independent repetitions. The estimated
values of Global-GA’s inaccuracies were lower than 0.85, and the concordance indices, the
Kp’s and Kpw’s, were lower than 0.67 for all the crop years, suggesting notable differences
in the spatial patterns captured by each model.

 

Figure 11. The map of the soybean yields (t ha−1), considering the Gaussian linear spatial model with
multiple independent repetitions and the spatial time model with separable covariance structures,
for the following crop years: 2012–2013, 2013–2014, 2014–2015, 2015–2016, 2016–2017, 2018–2019,
2019–2020, 2020–2021, 2021–2022, and 2022–2023 (↑ N north direction).
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Table 7. The estimated values of the Similarity Measures Global Accuracy (GA), Kappa (Kp), and
weighted Kappa (Kpw) metrics, comparing the maps generated considering the Gaussian linear
spatial model with multiple independent repetitions and the spatiotemporal model with separable
covariance structures for the following crop years: 2012–2013, 2013–2014, 2014–2015, 2015–2016,
2016–2017, 2018–2019, 2019–2020, 2020–2021, 2021–2022, and 2022–2023.

Crop Years/Index GA Kp Kpw

2012–2013 0.0131 −0.0299 0.0880
2013–2014 0.0000 −0.0006 0.0290
2014–2015 0.1702 −0.1043 0.3238
2015–2016 0.5180 0.1087 0.2571
2016–2017 0.0639 −0.0124 0.1453
2018–2019 0.4001 0.0798 0.4499
2019–2020 0.3981 0.0886 0.4230
2020–2021 0.1471 −0.0208 0.1694
2021–2022 0.0000 −0.2500 0.0006
2022–2023 0.0350 −0.0301 0.1061

The GA of < 0.85 and the Kp and Kpw of < 0.67 indicate that the maps are dissimilar; that is, they present low
accuracy between the maps generated by the two methods.

This study brings a benefit to precision agriculture as it makes it possible to analyze
the variable of interest both in space and in time, which helps in the demand for guidance
in making decisions regarding soil management practices, such as for future indications of
localized applications.

4. Discussion
It is worth remembering that the data quality and the elimination of possible errors in

data collection are extremely important for the consistency of the results presented by the
models and their accuracy.

It was observed that, for most crop years, the average soybean productivity was
considered low in relation to the state and national productivity levels [40], except for
the 2012–2013 crop year, which presented high productivity in relation to the national
productivity (2.938 t ha−1) and low productivity in relation to the state productivity
(3.348 t ha−1). The 2013–2014 crop year presented high productivity in relation to the
national (2.854 t ha−1) and state (2.950 t ha−1) productivity [40]. Working with similar
sample points [41], we also found that for the 2020–2021 crop year, the average soybean
productivity was lower than the national and state productivity. This variation in the
average soybean productivity throughout the crop years is influenced by several factors,
mainly by climatic factors, such as an excess or lack of rainfall; these climate interactions
can indicate the best periods for planting and harvesting soybeans [42].

For most of the agricultural years, the soybean productivity presented homogeneous
data (CV ≤ 30); that is, the soybean productivity values were less dispersed in relation to
the average productivity [43].

Regarding the directional trend, most of the crop years did not show a linear associa-
tion between the respective soybean productivity values and the X or Y axis coordinates,
with rp values of lower than 0.30 [44].

There was a peak in soybean productivity for the 2013–2014 crop year, and a large drop
in productivity for the 2021–2022 crop year. This fact can be explained by climatic conditions.
The influence of the La Niña phenomenon in the 2021–2022 crop year in the southern
region of the country, for example, caused a drastic reduction in rainfall in November and
December 2021, being a determining factor in the reduction in productivity [40].

The temporal averages of soybean productivity in each location are important because
they allow the interpretation of the soybean production over the years [45].
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A comparative study of the thematic maps of the soybean yield constructed by per-
forming an individual analysis year by year with the Gaussian linear spatial model with
multiple independent repetitions verified the estimated value of the Global Accuracy Index,
GA, of higher than 0.85, indicating that the maps are similar [37]. Furthermore, the values
of the Kappa, Kp, and weighted Kappa, Kpw, concordance indices indicated high accuracy
between the maps generated by the two methods, with values of greater than 0.80 [38].

A visual assessment reveals that the thematic maps of the soybean yield, generated us-
ing the spatiotemporal model with a separable covariance structure and the Gaussian linear
spatial model with multiple independent repetitions, do not exhibit similarity (Figure 11).

This discrepancy is confirmed by the low accuracy index values (GA < 0.85 and Kp,
Kpw < 0.67) [37,38], indicating that the maps differ in their representation of the soybean
yield distribution across the study area. These differences suggest that the soybean yield
was influenced by temporal factors over the years. Additionally, it is observed that the
temporal component leads to a smoothing effect over time, producing more-homogenized
maps with fewer segmented areas. Despite this, a temporal trend remains perceptible in
the distribution patterns (Figure 11).

5. Conclusions
This analysis of soybean yields over ten crop years (2012–2013 to 2021–2022) revealed

significant temporal and spatial variability. The lowest average yield was recorded in the
2021–2022 crop year, whereas the highest yield occurred in 2013–2014. These variations
highlight the influence of climatic conditions and other environmental factors on soybean
productivity over time.

A comparative evaluation of the thematic maps generated using the Gaussian lin-
ear spatial model with multiple independent repetitions and the spatiotemporal model
with a separable covariance structure demonstrated that the latter provides a more in-
formative and comprehensive analysis. The spatiotemporal model accounts for both the
spatial and temporal dependencies, offering a more detailed representation of the soybean
yield distribution.

Furthermore, the presence of spatial trends in the data reinforces the suitability of the
spatiotemporal model. While the Gaussian linear spatial model captures independent spa-
tial variations for each crop year, it does not incorporate temporal correlations, potentially
overlooking key patterns related to yield evolution. The separable covariance structure,
on the other hand, provides a refined framework that integrates spatial and temporal
dependencies, reducing uncertainties and improving predictive capabilities.

Additionally, the analysis confirmed that the soybean yield exhibited spatial depen-
dence in certain crop years, justifying the application of geostatistical methods. The findings
also indicate that temporal trends tend to smooth yield distributions over time, further
supporting the need for an integrated spatiotemporal modeling approach. In conclusion,
incorporating a spatiotemporal model with a separable covariance structure enhances the
accuracy and interpretability of soybean yield analyses, making it a more effective tool for
decision-making in precision agriculture.

This article presented a limitation regarding the application of a formal separability
test, due to the limited temporal extension of our dataset (10 crop years); however, we
decided to work with space–time separability to overcome the computational complexity
of non-separable models.

Future research will focus on extending the dataset to include additional crop years,
which will allow for a more robust analysis of long-term trends. Expanding the temporal
scope will also enable the application of non-separable covariance structures, which may
provide a more flexible and accurate representation of spatiotemporal dependencies. This
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advancement will be essential for refining predictive models and improving agricultural
decision-making strategies.
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