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By using linking and ∇-theorems in this paper we prove the existence of multiple solu-
tions for the following nonlocal problem with mixed Dirichlet–Neumann boundary data,

8>>><
>>>:

(−Δ)su = λu + f(x, u) in Ω,

u = 0 on ΣD ,

∂u

∂ν
= 0 on ΣN ,

where (−Δ)s, s ∈ (1/2, 1), is the spectral fractional Laplacian operator, Ω ⊂ R
N ,

N > 2s, is a smooth bounded domain, λ > 0 is a real parameter, ν is the outward
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normal to ∂Ω, ΣD , ΣN are smooth (N − 1)-dimensional submanifolds of ∂Ω such that
ΣD ∪ ΣN = ∂Ω, ΣD ∩ ΣN = ∅ and ΣD ∩ ΣN = Γ is a smooth (N − 2)-dimensional

submanifold of ∂Ω.

Keywords: Fractional Laplacian; variational methods; ∇-theorems; mixed boundary
data; superlinear and subcritical nonlinearities.

Mathematics Subject Classification 2020: 35J20, 35A15, 35S15, 49J35, 35J61

1. Introduction

A very interesting area of nonlinear analysis is that of elliptic equations involving
nonlocal fractional operators; see, among others, the quoted paper [11] as well as
the recent monograph [17] and the references therein.

In the case of Dirichlet boundary conditions, an impressive number of exis-
tence and multiplicity results has been obtained over the last few decades by using
different technical approaches. On the contrary, fractional problems with mixed
Dirichlet–Neumann boundary data have not been investigated much due to the
additional analytic difficulties that naturally arise when dealing with the notion of
normal derivative in this setting. Some recent interesting results can be found in
[3, 8, 9, 12, 20].

Moving along this second direction, in this paper we analyze the multiplicity of
solutions to the following nonlocal problem{

(−Δ)su = λu+ f(x, u) in Ω,

B(u) = 0 on ∂Ω,
(Pλ)

where Ω ⊂ RN is a bounded domain with a smooth boundary, N > 2s and
s ∈ (1/2, 1). The fractionality range 1

2 < s < 1 is the correct one for mixed bound-
ary problems due to the natural embedding of the associated functional space,
see Remark 2. Here, (−Δ)s denotes the spectral fractional Laplace operator on Ω
endowed with the mixed Dirichlet–Neumann boundary conditions

B(u) = uχΣD +
∂u

∂ν
χΣN ,

where ν is the outward unit normal to ∂Ω, χA denotes the characteristic function
of the set A ⊂ ∂Ω, and Ω satisfies the following set of assumptions:

(Ω1) Ω ⊂ RN is a bounded Lipschitz domain;
(Ω2) ΣD and ΣN are smooth (N − 1)-dimensional submanifolds of ∂Ω;
(Ω3) ΣD is a closed manifold with positive (N −1)-dimensional Lebesgue measure,

say |ΣD| = α ∈ (0, |∂Ω|);
(Ω4) ΣD ∩ ΣN = ∅, ΣD ∪ ΣN = ∂Ω and ΣD ∩ ΣN = Γ, where Γ is a smooth

(N − 2)-dimensional submanifold of ∂Ω.
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The nonlinearity f : Ω × R → R is supposed to be a Carathéodory function
satisfying

(f1) |f(x, t)| ≤ a1(1 + |t|q−1) for a.e. x ∈ Ω, for all t ∈ R, and for some a1 ∈ R and
q ∈ (2, 2N

N−2s);

(f2) F (x, t) :=
∫ t

0
f(x, τ)dτ ≥ a2|t|q − a3, for a.e. x ∈ Ω, for all t ∈ R and for some

a2, a3 ∈ R;
(f3) limt→0

f(x,t)
|t| = 0, uniformly in x ∈ Ω;

(f4) 0 < qF (x, t) ≤ tf(x, t) for a.e. x ∈ Ω and for all t ∈ R\{0}.
As a prototype of nonlinearity fulfilling (f1)−(f4), one can choose f(x, t) =

β(x)|t|q−2t, where β ∈ L∞(Ω), infΩ β > 0, and q as above.
Our main result reads as follows:

Theorem 1. Assume (Ω1)−(Ω4) and (f1)−(f4). Then, for every eigenvalue Λk,

k ≥ 2, of the problem {
(−Δ)su = λu in Ω,

B(u) = 0 on ∂Ω
(1.1)

there exists δk > 0 such that (Pλ) has at least three nontrivial weak solutions for
all λ ∈ (Λk − δk,Λk).

The proof of Theorem 1 relies upon both variational and topological arguments,
more precisely, upon a ∇-theorem due to Marino and Saccon contained in [15] and
recalled here in Theorem 5. Although such technical arguments are similar to the
ones previously used by several authors (see, for instance, [1, 15, 16, 18, 19] and
references therein), in our setting, due to the nonlocal nature of the problem, some
additional difficulties naturally appear. For instance, in order to correctly encode
the Neumann–Dirichlet boundary conditions in the variational formulation of the
problem, a careful analysis of the involved Sobolev spaces is necessary (see Sec. 2).
To the best of our knowledge, no results concerning nonlocal fractional problems
with mixed boundary conditions comparable to Theorem 1 are available in the
literature.

This paper is organized as follows. In Sec. 2, we introduce the variational set-up
of problem (Pλ), together with some preliminary results. In Sec. 3, we discuss the
compactness and geometric properties of the energy functional Iλ associated with
(Pλ). In particular, we prove that Iλ satisfies the ∇-condition, one of the key points
in Theorem 5. The last section is devoted to the proof of Theorem 1.

2. Functional Framework

We begin by first recalling the definition of the fractional Laplace operator, based on
the spectral decomposition of the classical Laplace operator under mixed boundary
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conditions. Let (λi, ϕi) be the eigenvalues and the eigenfunctions (normalized with
respect to the L2(Ω)-norm) of −Δ with homogeneous mixed Dirichlet–Neumann
boundary conditions, respectively. Then (λs

i , ϕi) are the eigenvalues and the eigen-
functions of (−Δ)s. Consequently, given two smooth functions

ui(x) =
∑
j≥1

〈ui, ϕj〉2ϕj(x), i = 1, 2,

where 〈u, v〉2 =
∫
Ω
uv dx is the standard scalar product on L2(Ω), one has

〈(−Δ)su1, u2〉2 =
∑
j≥1

λs
j〈u1, ϕj〉2〈u2, ϕj〉2, (2.1)

that is, the action of the fractional operator on a smooth function u1 is given by

(−Δ)su1 =
∑
j≥1

λs
j〈u1, ϕj〉2ϕj . (2.2)

As a consequence, the spectral fractional Laplace operator (−Δ)s is well defined in
the following Hilbert space of functions that vanish on ΣD:

Hs
ΣD (Ω) :=

⎧⎨⎩u =
∑
j≥1

ajϕj ∈ L2(Ω) : u = 0 on ΣD,

‖u‖2
HΣs

D (Ω) :=
∑
j≥1

a2
jλ

s
j < +∞

⎫⎬⎭.
Thus, given u ∈ Hs

ΣD (Ω), it follows by definition that

‖u‖Hs
ΣD (Ω) = ‖(−Δ)s/2u‖L2(Ω). (2.3)

Moreover, taking in mind (2.1), the norm ‖·‖Hs
ΣD (Ω) is induced by the scalar product

〈u1, u2〉Hs
ΣD

= 〈(−Δ)su1, u2〉2 = 〈(−Δ)
s
2u1, (−Δ)

s
2u2〉2 = 〈u1, (−Δ)su2〉2,

(2.4)

for all u1, u2 ∈ Hs
ΣD (Ω). The above chain of equalities can be simply stated as an

integration-by-parts like formula.

Remark 2. As it is proved in [13, Theorem 11.1], if 0 < s ≤ 1
2 , then Hs

0(Ω) =
Hs(Ω) and, thus, also Hs

ΣD (Ω) = Hs(Ω), while for 1
2 < s < 1, Hs

0(Ω) � Hs(Ω).
Therefore, the range 1

2 < s < 1 ensures Hs
ΣD (Ω) � Hs(Ω) and it provides us with

the appropriate functional space for the mixed boundary problem (Pλ).
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As commented before, this spectral definition of (−Δ)s allows us to integrate
by parts in the proper spaces, so that a natural definition of weak solution to (Pλ)
is the following.

Definition 1. We say that u ∈ Hs
ΣD (Ω) is a weak solution to (Pλ) if, for all

v ∈ Hs
ΣD (Ω),∫

Ω

(−Δ)s/2u(−Δ)s/2v dx = λ

∫
Ω

uv dx+
∫

Ω

f(x, u)v dx, (2.5)

that is,

〈u, v〉Hs
ΣD

= 〈λu + f(·, u), v〉L2(Ω).

We observe that (2.5) is well-defined because of the embedding Hs
ΣD (Ω) ↪→

L2∗
s (Ω), so given u ∈ Hs

ΣD (Ω), by (f2) one has λu+ f(x, u) ∈ L
2N

N+2s ↪→ (Hs
ΣD (Ω))′.

The energy functional Iλ : Hs
ΣD (Ω) → R associated with (Pλ) is given by

Iλ(u) :=
1
2

∫
Ω

|(−Δ)
s
2u|2dx− λ

2

∫
Ω

u2dx−
∫

Ω

F (x, u)dx. (2.6)

Indeed, as one can promptly see,

〈I ′λ(u), v〉H−s =
∫

Ω

(−Δ)
s
2u(−Δ)

s
2 v dx− λ

∫
Ω

uv dx−
∫

Ω

f(x, u)v dx,

for all u, v ∈ Hs
ΣD (Ω), where 〈·, ·〉H−s denotes the duality between Hs

ΣD (Ω) and the
dual space H−s(Ω) := (Hs

ΣD (Ω))′.
In addition to the definition given above, there is another equivalent character-

ization of the fractional Laplacian in terms of the so-called Dirichlet-to-Neumann
operator. Indeed, the (functional) square root of the Laplacian acting on a function
u in the whole space RN , can be computed as the normal derivative on the bound-
ary of its harmonic extension to the upper half-space RN+1

+ . Based on this idea,
Caffarelli and Silvestre (cf. [6]) proved that (−Δ)s can be realized in a local way
by using one more variable and the so-called s-harmonic extension. This was later
extended to bounded domains in [4, 5, 7]. We illustrate next such local characteri-
zation for the sake of completeness, although we point out that we will completely
work on the nonlocal setting avoiding the use of the local realization provided by
the s-harmonic extension.

Consider the cylinder CΩ := Ω× (0,+∞) ⊂ RN+1
+ and denote by ∂LCΩ := ∂Ω×

[0,+∞) its lateral boundary. Set also Σ∗
D := ΣD × [0,+∞), Σ∗

N := ΣN × [0,+∞)
and Γ∗ := Γ× [0,+∞). Note that, by construction, Σ∗

D∩Σ∗
N = ∅, Σ∗

D∪Σ∗
N = ∂LCΩ

and Σ∗
D ∩ Σ∗

N = Γ∗.

2350011-5
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Given u ∈ Hs
ΣD (Ω), we define its s-harmonic extension w(x, y) = Es[u(x)] as

the solution to the problem⎧⎪⎪⎨⎪⎪⎩
−div(y1−2s∇w(x, y)) = 0 in CΩ,

B(w(x, y)) = 0 on ∂LCΩ,

w(x, 0) = u(x) on Ω × {y = 0},
where B(w) = wχΣ∗

D + ∂w
∂ν χΣ∗

N , being ν, by a slight abuse of notation, the outward
unit normal to ∂LCΩ. The extension function w belongs to the space

X s
Σ∗

D
(CΩ) := C∞

0 (Ω ∪ ΣN ) × [0,+∞)
‖·‖Xs

Σ∗D
(CΩ)

,

where we define

‖ · ‖X s
Σ∗D

(CΩ) := ks

∫
CΩ

y1−2s|∇(·)|2dxdy, (2.7)

ks := 22s−1 Γ(s)
Γ(1−s) . The space X s

Σ∗
D

(CΩ) is a Hilbert space equipped with the norm
‖ · ‖X s

Σ∗
D

(CΩ), which is induced by the scalar product

〈w, z〉X s
Σ∗D

(CΩ) := ks

∫
CΩ

y1−2s〈∇w,∇z〉dxdy,

w, z ∈ X s
Σ∗

D
(CΩ). Moreover, the following inclusions hold

X s
0 (CΩ) � X s

Σ∗
D
(CΩ) � X s(CΩ), (2.8)

being X s
0 (CΩ) the space of functions that belong to X s(CΩ) ≡ H1(CΩ, y

1−2sdxdy)
and vanish on ∂LCΩ. The key point of the extension technique is the following
localization formula for the fractional Laplacian (cf. [4, 6]),

∂w

∂νs
= −ks lim

y→0+
y1−2s ∂w

∂y
= (−Δ)su(x),

thanks to which (Pλ) can be restated as⎧⎪⎪⎪⎨⎪⎪⎪⎩
−div(y1−2s∇w) = 0 in CΩ,

B(w) = 0 on ∂LCΩ,

∂w

∂νs
= λw(x, 0) + f(x,w(x, 0)) on Ω × {y = 0}.

(P ∗
λ )

Definition 2. We say that w ∈ X s
Σ∗

D
(CΩ) is a weak solution to (P ∗

λ ) if, for all
z ∈ X s

Σ∗
D
(CΩ),

ks

∫
CΩ

y1−2s∇w · ∇zdxdy = λ

∫
Ω

w(x, 0)z(x, 0)dx +
∫

Ω

f(x,w(x, 0))z(x, 0)dx.

In the light of the above discussion, if w ∈ X s
Σ∗

D
(CΩ) weakly solves (P ∗

λ ), then
its trace u(x) = Tr[w](x) := w(x, 0) belongs to Hs

ΣD (Ω) and is a weak solution to
problem (Pλ). Vice versa, if u ∈ Hs

ΣD (Ω) is a solution to (Pλ), then w = Es[u] ∈

2350011-6
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X s
Σ∗

D
(CΩ) satisfies (P ∗

λ ). Thus, both formulations are equivalent and the extension
operator

Es : Hs
ΣD (Ω) → X s

Σ∗
D
(CΩ),

allows us to switch between each other. Moreover, due to the choice of the constant
ks, the extension operator Es is an isometry (cf. [4, 6]),

‖Es[u]‖X s
Σ∗D

(CΩ) = ‖u‖Hs
ΣD (Ω), for all u ∈ Hs

ΣD (Ω). (2.9)

Finally, the energy functional corresponding to (P ∗
λ ) is defined by

Jλ(w) =
κs

2

∫
CΩ

y1−2s|∇w|2dxdy − λ

2

∫
Ω

|w(x, 0)|2dx−
∫

Ω

F (x,w(x, 0))dx

and, plainly, critical points of Jλ in X s
Σ∗

D
(CΩ) correspond to critical points of Iλ in

Hs
ΣD (Ω). Moreover, minima of Jλ are also minima of Iλ (the proof of this fact is

similar to the one of the pure Dirichlet case, see [2, Proposition 3.1]).
When one considers Dirichlet boundary conditions the following trace inequality

holds (cf. [4, Theorem 4.4]): there exists C = C(N, s, r, |Ω|) > 0 such that, for all
w ∈ X s

0 (CΩ),

C

(∫
Ω

|w(x, 0)|rdx
) 2

r

≤ ks

∫
CΩ

y1−2s|∇w(x, y)|2dxdy, (2.10)

for r ∈ [1, 2∗s], 2∗s := 2N
N−2s , and N > 2s. Because of (2.9), inequality (2.10) is

equivalent to the fractional Sobolev inequality: for all u ∈ Hs
0(Ω) and r ∈ [1, 2∗s],

N > 2s, one has

C

(∫
Ω

|u|rdx
) 2

r

≤
∫

Ω

∣∣(−Δ)
s
2u
∣∣2 dx. (2.11)

If r = 2∗s the best constant in (2.11) (and, by (2.9), also in (2.10)), denoted by
S(N, s), is independent of Ω and its exact value is given by

S(N, s) = 22sπs Γ
(

N+2s
2

)
Γ
(

N−2s
2

) (Γ(N
2 )

Γ(N)

) 2s
N

.

Since it is not achieved in any bounded domain, one has

S(N, s)
(∫

RN

|w(x, 0)| 2N
N−2s dx

)N−2s
N

≤ ks

∫
R

N+1
+

y1−2s|∇w(x, y)|2dxdy,

for all w ∈ X s(RN+1
+ ) where X s(RN+1

+ ) := C∞(RN × [0,∞))
‖·‖Xs(R

N+1
+ ) , with

‖ · ‖X s(RN+1
+ ) defined as (2.7) replacing CΩ by RN+1

+ . In the whole space, the latter
inequality turns into equality for the family wε = Es[uε],

uε(x) =
ε

N−2s
2

(ε2 + |x|2)N−2s
2

, (2.12)

with arbitrary ε > 0, (cf. [4]).
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When mixed boundary conditions are considered the situation is quite similar
since the Dirichlet condition is imposed on a set ΣD ⊂ ∂Ω such that 0 < α < |∂Ω|.
Definition 3. The Sobolev constant relative to the Dirichlet boundary ΣD is
defined by

S̃(ΣD) = inf
u∈Hs

ΣD (Ω)

u	≡0

‖u‖2
Hs

ΣD (Ω)

‖u‖2
L2∗s (Ω)

= inf
w∈X s

Σ∗D
(CΩ)

w 	≡0

‖w‖2
X s

ΣD (CΩ)

‖w(·, 0)‖2
L2∗s (Ω)

.

Since 0 < α < |∂Ω|, by the inclusions (2.8), one has

0 < S̃(ΣD) < S(N, s). (2.13)

Actually, by [9, Proposition 3.6] it turns out that S̃(ΣD) ≤ 2−
2s
N S(N, s) and, by

[9, Theorem 2.9], if S̃(ΣD) < 2−
2s
N S(N, s), then S̃(ΣD) is attained.

Remark 3. Regarding the attainability of the constant S̃(ΣD) it is worth noticing
the following. Due to the spectral definition of (−Δ)s we have S̃(ΣD) ≤ |Ω| 2s

N λs
1(α),

where λ1(α) is the first eigenvalue of (−Δ) endowed with mixed boundary condi-
tions on the sets ΣD = ΣD(α) and ΣN = ΣN (α). Since λ1(α) → 0 as α → 0+,
(cf. [10, Lemma 4.3]), we have S̃(ΣD) → 0 as α → 0+. Thus, taking the Dirichlet
part small enough, the constant S̃(ΣD) is attained independently of the geometry
of Ω. This is in contrast to the Dirichlet case as, by a Pohozaev-type identity, it is
well known that the Sobolev constant S(N, s) is not attained if the domain Ω is
starshaped.

Because of (2.9) and (2.13), it follows that, for all w ∈ X s
Σ∗

D
(CΩ),

S̃(ΣD)
(∫

Ω

|w(x, 0)|2∗
sdx

) 2
2∗s ≤ ‖w(x, 0)‖2

Hs
ΣD (Ω) = ‖Es[w(x, 0)]‖2

X s
ΣD (CΩ).

This Sobolev-type inequality provides us with a trace inequality in the mixed bound-
ary data framework.

Lemma 4 ([9, Lemma 2.4]). For all w ∈ X s
Σ∗

D
(CΩ), one has

S̃(ΣD)
(∫

Ω

|w(x, 0)|2∗
sdx

) 2
2∗s ≤ ks

∫
CΩ

y1−2s|∇w(x, y)|2dxdy.

In an equivalent way, for all u ∈ Hs
ΣD (Ω) it holds

S̃(ΣD)
(∫

Ω

|u|2∗
sdx

) 2
2∗s ≤

∫
Ω

|(−Δ)
s
2u|2dx. (2.14)

In what follows, we shall use the same symbols c, C, or some subscripted version
of them, to denote possibly different positive constants. Moreover, if A ⊆ Hs

ΣD (Ω)
and r > 0, we shall indicate by Br(A) and ∂Br(A) the sets

Br(A) := {u ∈ A : ‖u‖Hs
ΣD (Ω) ≤ r} and ∂Br(A) := {u ∈ A : ‖u‖Hs

ΣD (Ω) = r},
respectively.
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3. Linking Geometry, ∇- and (PS)-Conditions

The main tool we rely upon for the proof of Theorem 1 is a “mixed-type” theorem
(known also as a ∇-theorem) due to Marino and Saccon, in which properties of
both a functional and its gradient are used [15, Theorem 2.10]. Basically, a link-
ing structure together with a suitable condition of the gradient on certain subsets
permits us to deduce the existence of multiple critical points. Before stating this
theorem, let us fix some notation and give some definition.

If X be a Hilbert space and M a closed subspace of X , we denote by ΠM :
X → M the orthogonal projection of X on M and by d(u,M) := infv∈M d(u, v)
the distance of u ∈ X from M . In addition, let I : X → R be a C1 functional and
a, b ∈ R ∪ {−∞,+∞}. With these ingredients at hand, we give the following.

Definition 4. We say that (I,M, a, b) satisfy the ∇-condition, abbreviated by
(∇)(I,M, a, b), if there exists γ > 0 such that

inf{‖ΠM∇I(u)‖X : u ∈M, a ≤ I(u) ≤ b, d(u,M) ≤ γ} > 0.

We also recall that I is said to satisfy the Palais–Smale condition at level c ∈ R,
(PS)c for short, if any sequence {uj} ⊂ X satisfying

I(uj) → c, I ′(uj) → 0 in X∗ as j → ∞,

has a convergent subsequence.

Theorem 5. Let X be a Hilbert space and let Xi, i = 1, 2, 3, be three subspaces
of X such that X = X1 ⊕ X2 ⊕ X3, with dim Xi < ∞ for i = 1, 2. Denote by
Πi : X → Xi the orthogonal projection of X on Xi. Let I : X → R be of class C1,

�, �′, �′′, �1 be such that �1 > 0, 0 ≤ �′ < � < �′′, and define

Δ := {u ∈ X1 ⊕X2 : �′ ≤ ‖Π2u‖ ≤ �′′, ‖Π1u‖ ≤ �1},
T := ∂X1⊕X2Δ.

Suppose that

a′ := sup I(T ) < inf I(∂B�(X2 ⊕X3)) =: a′′. (3.1)

Let a, b ∈ R be such that a′ < a < a′′ and b > sup I(Δ), and assume that (∇)(I,X1⊕
X3, a, b) and (PS)c hold, the latter for all c ∈ [a, b].

Then, I has at least two critical points in I−1([a, b]). Moreover, if in addition
we have inf I(B�(X2 ⊕X3)) > −∞ and (PS)c holds for all c ∈ [a1, b], with a1 <

inf I(B�(X2 ⊕X3)) then I has another critical level in [a1, a
′].

In order to use Theorem 5 to prove Theorem 1 we start by checking that the
energy functional Iλ defined in (2.6) has the linking geometry stated in Theorem 5.
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Let {Λk} be the eigenvalues of (−Δ)s in Ω with mixed Dirichlet–Neumann
conditions, in increasing order and counted with their multiplicity,

0 < Λ1 < Λ2 ≤ · · ·Λk ≤ Λk+1 ≤ · · · , Λk → +∞ as k → ∞,

where by definition, Λk = λs
k, k ∈ N. For every k ≥ 1, set

Hk := span{ϕ1, . . . , ϕk}
and

Pk := {u ∈ Hs
ΣD (Ω) : 〈u, ϕj〉Hs

ΣD
= 0, for all j = 1, . . . , k},

where ϕk is the eigenfunction corresponding to Λk. In this setting, we have the
following minimax characterization of the eigenvalues.

Lemma 6. For any k ∈ N, one has

Λk = inf
u∈Pk−1

‖u‖2
Hs

ΣD (Ω)

‖u‖2
L2(Ω)

= sup
u∈Hk

‖u‖2
Hs

ΣD (Ω)

‖u‖2
L2(Ω)

.

Proof. By (2.2) and (2.3) we deduce

‖u‖2
Hs

ΣD (Ω) =
∞∑

j=1

λs
j〈u, ϕj〉22.

Then,

‖u‖2
Hs

ΣD (Ω) =
∞∑

j=k

λs
j〈u, ϕj〉22 ≥ λs

k

∞∑
j=k

〈u, ϕj〉22 = λs
k‖u‖2

L2(Ω),

‖v‖2
Hs

ΣD (Ω) =
k∑

j=1

λs
j〈v, ϕj〉22 ≤ λs

k

k∑
j=1

〈v, ϕj〉22 = λs
k‖v‖2

L2(Ω),

for all u ∈ Pk−1 and for all v ∈ Hk. In both the above relations the equality occurs
iff u, v ∈ span{ϕk}.

The next result will be useful for what follows.

Proposition 7. Let λ > 0 and let ϕ ∈ H1
ΣD (Ω) be a solution to{

−Δu = λu in Ω,

B(u) = 0 on ∂Ω.
(3.2)

Then ϕ ∈ L∞(Ω).

Proof. The proof follows by a Moser-type iteration process combined with the
Stroock–Varopoulos inequality [22]. Let (λ, ϕ) ∈ (0,+∞)×H1

ΣD(Ω) be an eigenpair
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of (3.2). By Sobolev inequality for mixed boundary problems

S(ΣD)‖u‖ 2N
N−2

≤ ‖∇u‖2, for all u ∈ H1
ΣD (Ω),

where S(ΣD) is the Sobolev constant relative to ΣD (cf. [14]), for each p > 1, one
has

λ

∫
Ω

|ϕ|pdx =
∫

Ω

|ϕ|p−2ϕ(−Δϕ)dx =
∫

Ω

∇(|ϕ|p−2ϕ) · ∇ϕdx

= (p− 1)
∫

Ω

|ϕ|p−2(∇ϕ · ∇ϕ)dx

=
4(p− 1)
p2

∫
Ω

(p
2
|ϕ| p−4

2 ∇ϕ
)
·
(p

2
|ϕ| p−4

2 ∇ϕ
)
dx

=
4(p− 1)
p2

∫
Ω

|∇|ϕ|p/2|2dx

≥ 4(p− 1)
p2

S(ΣD)‖ϕ‖p
Np

N−2
.

Therefore, given p0 > 1, if we set pk := p0( N
N−2)k, k ∈ N, it follows that

‖ϕ‖pk+1 ≤
(

λ

S(ΣD)
· p2

k

4(pk − 1)

)1/pk

‖ϕ‖pk
.

By iterating this scheme, we conclude that

‖ϕ‖∞ ≤ C(N, p0)λ
N

2p0 ‖ϕ‖p0 ,

for a suitable constant C(N, p0) > 0 and the conclusion is achieved.

We say that Λk, k ≥ 2, has multiplicity m ∈ N if

Λk−1 < Λk = Λk+1 = · · · = Λk+m−1 < Λk+m;

in this case the eigenspace associated with Λk coincides with span{ϕk, . . . , ϕk+m−1}.
We set

X1 := Hk−1, X2 := span{ϕk, . . . , ϕk+m−1}, X3 := Pk+m−1.

Proposition 8. Let k ∈ N, k ≥ 2, and let m ∈ N be such that Λk−1 < λ < Λk =
· · · = Λk+m−1 < Λk+m. Then there exist R, � ∈ R, with R > � > 0, such that

l1 := sup
u∈BR(X1)∪∂BR(X1⊕X2)

Iλ(u) < inf
u∈∂B�(X2⊕X3)

Iλ(u) := l2.

Proof. By (f1) and (f3), for every ε > 0 there exists Cε > 0 so that

|F (x, t)| ≤ εt2 + Cε|t|q, (3.3)
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for a.e. x ∈ Ω and every t ∈ R. Thus, if u ∈ X2 ⊕ X3 = Pk−1, because of (3.3),
Lemma 6, Hölder’s inequality and the fractional Sobolev inequality (2.14) we get

Iλ(u) ≥ 1
2
‖u‖2

Hs
ΣD (Ω) −

λ

2
‖u‖2

L2(Ω) − ε‖u‖2
L2(Ω) − Cε‖u‖q

L2(Ω)

≥ 1
2

(
1 − λ

Λk

)
‖u‖2

Hs
ΣD (Ω) − ε|Ω| 2s

N ‖u‖2
L2∗s (Ω)

− Cε|Ω|
2∗s−q

2∗s ‖u‖q

L2∗s (Ω)

≥
(

1
2

(
1 − λ

Λk

)
− ε

|Ω| 2s
N

S̃(ΣD)

)
‖u‖2

Hs
ΣD (Ω) − Cε

|Ω|
2∗s−q

2∗s

[S̃(ΣD)]
q
2
‖u‖q

Hs
ΣD (Ω).

Taking ε small enough, it follows that

Iλ(u) ≥ c1‖u‖2
Hs

ΣD (Ω)(1 − c2‖u‖q−2
Hs

ΣD (Ω)),

for suitable constants c1, c2 > 0. Then, if u ∈ ∂B�(X2⊕X3) with � ∈ (0, c−1/(q−2)
2 ),

we get

Iλ(u) ≥ c1�
2(1 − c2�

q−2) > 0

and, as a result, l2 > 0. Now, let u ∈ X1 = Hk−1, i.e.

u(x) =
k−1∑
i=1

αiϕi(x),

with αi = 〈u, ϕi〉2, i = 1, 2, . . . , k − 1. By (f4) and Lemma 6 one has

Iλ(u) ≤ Λk−1

2
‖u‖2

L2(Ω) −
λ

2
‖u‖2

L2(Ω) −
∫

Ω

F (x, u(x))dx

≤ Λk−1 − λ

2
‖u‖2

L2(Ω) ≤ 0, (3.4)

since Λk−1 < λ. On the other hand, if u ∈ X1 ⊕ X2 = Hk, because of (f2), we
deduce that

Iλ(u) ≤ 1
2
‖u‖2

Hs
ΣD (Ω) − a2‖u‖q

Lq(Ω) + a3|Ω|.

Since u ∈ X1 ⊕X2 = Hk and Hk is finite-dimensional, for suitable c3, c4 > 0, one
obtains

c3‖u‖Hs
ΣD (Ω) ≤ ‖u‖Lq(Ω) ≤ c4‖u‖Hs

ΣD (Ω).

We then get

Iλ(u) ≤ 1
2
‖u‖2

Hs
ΣD (Ω) − a2c3‖u‖q

Hs
ΣD (Ω) + a3|Ω|. (3.5)

Taking R > 0 large enough, we conclude that Iλ(u) ≤ 0 for u ∈ ∂BR(X1 ⊕ X2).
This, together with (3.4) implies that l1 ≤ 0.
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Now, we address the fulfillment of the ∇-condition for Iλ. This will require some
preliminary steps.

Lemma 9. Let k ∈ N, k ≥ 2, and let Λk be an eigenvalue of multiplicity m ∈ N.
Then for any σ > 0 there exists εσ > 0 such that, for any λ ∈ [Λk−1 +σ,Λk+m−σ],
the unique critical point u of Iλ|Hk−1⊕Pk+m−1 with Iλ(u) ∈ [−εσ, εσ] is the trivial
one.

Proof. For the sake of contradiction, let us assume that there exist σ̃ > 0, two
sequences {μj} ⊂ [Λk−1 + σ̃,Λk+m − σ̃] and {uj} ⊂ Hk−1 ⊕ Pk+m−1\{0} such that

〈I ′μj
(uj), ψ〉H−s = 0 for any ψ ∈ Hk−1 ⊕ Pk+m−1, and any j ∈ N,

Iμj (uj) → 0 as j → ∞.
(3.6)

Testing the first equation of (3.6) with ψ = uj and using (f4) it follows that, for
any j ∈ N,

0 = ‖uj‖2
Hs

ΣD (Ω) − μj‖uj‖2
L2(Ω) −

∫
Ω

f(x, uj(x))uj(x)dx

= 2Iμj (uj) + 2
∫

Ω

F (x, uj(x))dx −
∫

Ω

f(x, uj(x))uj(x)dx

≤ 2Iμj (uj) + (2 − q)
∫

Ω

F (x, uj(x))dx

≤ 2Iμj (uj),

where the last inequality follows since q > 2. Thus, we conclude

0 <
∫

Ω

F (x, uj(x))dx ≤ 2
q − 2

Iμj (uj) → 0 as j → ∞. (3.7)

Now, let us write uj = uH

j + uP

j , with uH

j ∈ Hk−1 and uP

j ∈ Pk+m−1. Testing the
first equation of (3.6) with ψ = uH

j − uP

j and using Lemma 6 we obtain∫
Ω

f(x, uj(x))(uH

j (x) − uP

j (x))dx

= 〈uj, u
H

j 〉Hs
ΣD

− 〈uj , u
P

j 〉Hs
ΣD

− μj

∫
Ω

uj(x)(uH

j (x) − uP

j (x))dx

= ‖uH

j ‖2
Hs

ΣD
− ‖uP

j‖2
Hs

ΣD
− μj‖uH

j ‖2
L2 + μj‖uP

j‖2
L2

≤
(

1 − μj

Λk−1

)
‖uH

j ‖2
Hs

ΣD
+
(

μj

Λk+m
− 1
)
‖uP

j‖2
Hs

ΣD

≤ − σ̃

Λk+m
‖uj‖2

Hs
ΣD
, (3.8)

2350011-13

B
ul

l. 
M

at
h.

 S
ci

. 2
02

4.
14

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 7
9.

52
.9

7.
52

 o
n 

10
/3

0/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



March 13, 2024 15:4 WSPC/1664-3607 319-BMS 2350011

G. Molica Bisci, A. Ortega & L. Vilasi

where we used the fact that uH

j ⊥ uP

j . On the other hand, by the compactness of
the embedding Hs

ΣD (Ω) ↪→ Lr(Ω), 1 ≤ r < 2∗s, we obtain∣∣∣∣∫
Ω

f(x, uj(x))(uH

j (x) − uP

j (x))dx
∣∣∣∣ ≤ ‖f(·, uj(·))‖

L
q

q−1 (Ω)
‖uH

j − uP

j‖Lq(Ω)

≤ c‖f(·, uj(·))‖
L

q
q−1 (Ω)

‖uj‖Hs
ΣD (Ω),

for a suitable constant c > 0. Therefore, being uj �= 0, by (3.8), (f1) and (f4) we
obtain

σ̃

cΛk+m
‖uj‖Hs

ΣD (Ω) ≤ ‖f(·, uj(·))‖
L

q
q−1 (Ω)

≤
(∫

Ω

a1(1 + |uj(x)|q−1)
q

q−1 dx

) q−1
q

≤
(
c1 + c2

∫
Ω

|uj(x)|qdx
) q−1

q

≤
(
c3 + c4

∫
Ω

F (x, uj(x))dx
) q−1

q

(3.9)

for some positive constants ci, i = 1, . . . , 4. Taking (3.7) into account we conclude
that {uj} is bounded in Hs

ΣD (Ω). Therefore, up to a subsequence, uj ⇀ u0 ∈
Hk−1 ⊕ Pk+m−1 and, by compact embedding, uj → u0 in Lq(Ω) and uj → u0 a.e.
in Ω, so that, by (f1) and (f3) and the Dominated Convergence Theorem, we get∫

Ω

F (x, uj(x))dx →
∫

Ω

F (x, u0(x))dx as j → ∞

and ∫
Ω

|f(x, uj(x)|
q

q−1 dx→
∫

Ω

|f(x, u0(x)|
q

q−1 dx as j → ∞, (3.10)

that, by (f4) and (3.7), implies

u0 ≡ 0. (3.11)

Let us assume that uj → 0 strongly in Hs
ΣD (Ω). First, let us observe that, for any

ε > 0 and for suitable constants C,Cε > 0 we have

‖f(·, uj(·))‖
L

q
q−1 (Ω)

≤
(∫

Ω

(2ε|uj(x)| + qCε|uj(x)|q−1)
q

q−1 dx

)(q−1)/q

≤
(
2

1
q−1

(
(2ε)

q
q−1 ‖uj‖

q
q−1

L
q

q−1 (Ω)
+ (qCε)

q
q−1 ‖uj‖q

Lq(Ω)

)) q−1
q

≤ 2ε‖uj‖
L

q
q−1 (Ω)

+ qCε‖uj‖q−1
Lq(Ω).

This, jointly with (3.9), leads to the contradiction 0 < σ̃
cΛk+m

≤ 2Cε, due to the
arbitrariness of ε. If, on the contrary, uj � 0, then ‖uj‖Hs

ΣD (Ω) ≥ C > 0 for some
C > 0 and j large enough. Therefore, by (3.9)–(3.11) we again get a contradiction,
namely, σ̃

cΛk+m
≤ 0.
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Subcritical nonlocal problems with mixed boundary conditions

Lemma 10. Let k ∈ N, k ≥ 2, let Λk be an eigenvalue of multiplicity m ∈ N,

λ ∈ R and Π1 := Πspan{ϕk,...,ϕk+m−1} and Π2 := ΠHk−1⊕Pk+m−1. Then, any sequence
{uj} ⊂ Hs

ΣD (Ω) such that

(i) {I(uj)} is bounded,
(ii) Π1[uj] → 0 as j → ∞ in Hs

ΣD (Ω),
(iii) Π2[∇Iλ(uj)] → 0 as j → ∞ in Hs

ΣD (Ω),

is bounded in Hs
ΣD (Ω).

Proof. Arguing by contradiction and without losing generality, let uj = Π1[uj ] +
Π2[uj ] be such that ‖uj‖Hs

ΣD (Ω) → +∞ as j → ∞ and let u0 ∈ Hs
ΣD (Ω) be such

that
uj

‖uj‖Hs
ΣD (Ω)

⇀ u0 in Hs
ΣD (Ω),

uj

‖uj‖Hs
ΣD (Ω)

→ u0 in Lp(Ω), p ∈ [1, 2∗s).

(3.12)

Now, being Hs
ΣD (Ω) a Hilbert space and Iλ a C1 functional, we define the gradient

∇Iλ of Iλ, as usual, by

〈∇Iλ(u), v〉Hs
ΣD

:= 〈I ′λ(u), v〉H−s ,

for any u, v ∈ Hs
ΣD (Ω). Let r ∈ [1, 2∗s] and K : L

r
r−1 (Ω) → Hs

ΣD (Ω) be the operator
defined by K = (−Δ)−s, that is, K(g) = v, where v ∈ Hs

ΣD (Ω) is a weak solution to{
(−Δ)sv = g in Ω,

B(v) = 0 on ∂Ω.
(3.13)

Let us note that,

〈K(λu + f(·, u)), ψ〉Hs
ΣD (Ω) =

∫
Ω

(λu(x) + f(x, u(x)))ψ(x)dx

= −〈I ′λ(u), ψ〉H−s + 〈u, ψ〉Hs
ΣD

= −〈∇Iλ(u), ψ〉Hs
ΣD

+ 〈u, ψ〉Hs
ΣD

and, hence

∇Iλ(u) = u−K(λu + f(x, u)), (3.14)

for all u ∈ Hs
ΣD (Ω). As a consequence, we find

〈Π2[∇Iλ(uj)], uj〉Hs
ΣD

= 〈∇Iλ(uj), uj〉Hs
ΣD

− 〈Π1[∇Iλ(uj)], uj〉Hs
ΣD

= ‖uj‖2
Hs

ΣD (Ω) − λ‖u‖2
L2(Ω) −

∫
Ω

f(x, uj(x))uj(x)dx

−〈Π1[uj −K(λuj + f(x, uj))], uj〉Hs
ΣD
.
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Moreover, since 〈Π1[u], v〉Hs
ΣD

= 〈u,Π1[v]〉Hs
ΣD

for all u, v ∈ Hs
ΣD (Ω), one has

〈Π1[uj −K(λuj + f(x, uj))], uj〉Hs
ΣD

= ‖Π1uj‖2
Hs

ΣD
− λ〈Π1[uj ],K(uj)〉Hs

ΣD

−〈Π1[uj],K(f(x, uj))〉Hs
ΣD

and, by (3.14),

λ〈Π1[uj],K(uj)〉Hs
ΣD

+ 〈Π1[uj ],K(f(x, uj))〉Hs
ΣD

= λ‖Π1[uj]‖2
L2(Ω) +

∫
Ω

f(x, uj(x))Π1[uj](x)dx.

Therefore, we deduce

〈Π2[∇Iλ(uj)], uj〉Hs
ΣD

= 2Iλ(uj) + 2
∫

Ω

F (x, uj(x))dx

−
∫

Ω

f(x, uj(x))(uj(x) − Π1[uj ](x))dx

−‖Π1[uj]‖2
Hs

ΣD
+ λ‖Π1[uj]‖2

L2(Ω). (3.15)

Thus, by (i)–(iii) it follows that

2
∫
Ω
F (x, uj(x))dx − ∫

Ω
f(x, uj(x))uj(x)dx +

∫
Ω
f(x, uj(x))Π1[uj](x)dx

‖uj‖q
→ 0

(3.16)

as j → ∞. Next, by (f1) and Proposition 7 we obtain

|f(x, uj(x))Π1[uj ](x)| ≤ a1‖Π1[uj]‖L∞(Ω)(1 + |uj(x)|q−1),

for a.e. x ∈ Ω, and hence, since (ii) forces ‖Π1[uj]‖L∞(Ω) → 0 (on span{ϕk, . . . ,

ϕk+m−1} all norms are equivalent), by Dominated Convergence∫
Ω
f(x, uj(x))Π1[uj](x)dx

‖uj‖q
→ 0,

as j → ∞. Thus, by (f4) and (3.16) we find

0 ≥ (2 − q)
∫
Ω
F (x, uj(x))dx

‖uj‖Hs
ΣD (Ω)

≥ 2
∫
Ω
F (x, uj(x))dx − ∫

Ω
f(x, uj(x))uj(x)dx

‖uj‖q
Hs

ΣD (Ω)

→ 0

and, therefore,

lim
j→∞

∫
Ω F (x, uj(x))dx
‖uj‖q

Hs
ΣD (Ω)

= lim
j→∞

‖uj‖q
Lq(Ω)

‖uj‖q
Hs

ΣD (Ω)

= 0,

where we have used the assumption ‖uj‖Hs
ΣD (Ω) → +∞ as j → ∞. The above limit,

together with (3.12), forces u0 ≡ 0.
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Now, observe that one has

Iλ(uj)
‖uj‖2

Hs
ΣD (Ω)

=
1
2
−

λ‖uj‖2
L2(Ω)

2‖uj‖2
Hs

ΣD (Ω)

−
∫
Ω
F (x, uj(x))dx
‖uj‖2

Hs
ΣD (Ω)

→ 0.

Then, because of (3.12), used here with p = 2, and the fact that u0 ≡ 0, we find∫
Ω
F (x, uj(x))dx
‖uj‖2

Hs
ΣD (Ω)

→ 1
2
, (3.17)

which, together with (f2) and ‖uj‖Hs
ΣD (Ω) → +∞ as j → ∞, implies

‖uj‖q
Lq(Ω) ≤ C‖uj‖2

Hs
ΣD (Ω), (3.18)

for any j ∈ N and for some constant C > 0. To continue, by (f1) and Hölder’s
inequality, we get∫

Ω

|f(x, uj(x))Π1[uj ]|dx ≤ a1‖Π1[uj]‖L∞(Ω)(|Ω| + ‖uj‖q−1
Lq−1(Ω))

≤ c1‖Π1[uj ]‖L∞(Ω)(1 + ‖uj‖q−1
Lq(Ω)),

for some c1 > 0, and ought to (3.18), we obtain∫
Ω |f(x, uj(x))Π1[uj ](x)|dx

‖uj‖2
Hs

ΣD (Ω)

≤ c2‖Π1[uj ]‖L∞(Ω)

⎛⎝ 1
‖uj‖2

Hs
ΣD (Ω)

+
1

‖uj‖2/q
Hs

ΣD (Ω)

⎞⎠→ 0.

As a result, dividing both sides of (3.15) by ‖uj‖2
Hs

ΣD (Ω) and taking also account of

(i)–(iii), we conclude that

2
∫
Ω F (x, uj(x))dx − ∫Ω f(x, uj(x))dx

‖uj‖2
Hs

ΣD (Ω)

→ 0.

By using (f4), this yields

2
∫
Ω F (x, uj(x))dx
‖uj‖2

Hs
ΣD (Ω)

→ 0

in contradiction with (3.17).

We are now in a position to show that Iλ satisfies the ∇-condition.

Proposition 11. Let k ∈ N, k ≥ 2, and let Λk be an eigenvalue of multiplicity
m ∈ N. Then, for any σ > 0 there exists εσ > 0 such that, for any λ ∈ [Λk−1 +
σ,Λk+m − σ] and for any ε′, ε′′ ∈ (0, εσ), with ε′ < ε′′, the functional Iλ satisfies
(∇)(Iλ,Hk−1 ⊕ Pk+m−1, ε

′, ε′′).
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Proof. We argue by contradiction. Let us assume the existence of σ > 0 such that
for every ε0 > 0 there exists λ̄ ∈ [Λk−1 + σ,Λk+m − σ] and ε′ < ε′′ in (0, ε0) such
that (∇)(Iλ̄,Hk−1 ⊕ Pk+m−1, ε

′, ε′′) does not hold.
Take ε0 > 0 as in Lemma 9, i.e. such that u = 0 is the only critical point of Iλ̄

on Hk−1 ⊕ Pk+m−1 ∩ I−1
λ̄

([−ε0, ε0]), and let {uj} ⊂ Hs
ΣD (Ω) be such that

Iλ̄(uj) ∈ [ε′, ε′′], for all j ∈ N, dist(uj ,Hk−1 ⊕ Pk+m−1) → 0

and

ΠHk−1⊕Pk+m−1∇Iλ̄(uj) = uj − Πspan{ϕk,...,ϕk+m−1}uj

−ΠHk−1⊕Pk+m−1K(λ̄uj + f(x, uj)) → 0 (3.19)

as j → ∞. By Lemma 10, {uj} is bounded in Hs
ΣD (Ω) so, up to a subsequence,

uj ⇀ u0 in Hs
ΣD (Ω) and uj → Lr(Ω), for all r ∈ [1, 2∗s). Since K = (−Δ)−s is a

compact operator, by standard dominated convergence arguments we get

ΠHk−1⊕Pk+m−1K(λ̄uj + f(x, uj)) → ΠHk−1⊕Pk+m−1K(λ̄u0 + f(x, u0))

as j → ∞. As a result, taking the limit as j → ∞ in (3.19) we obtain

uj → ΠHk−1⊕Pk+m−1(−Δ)−s(λ̄u0 + f(x, u0)) = u0 in Hs
ΣD (Ω).

In addition, u0 turns out to be a critical point of Iλ̄|Hk−1⊕Pk+m−1. Indeed, by (3.19),
we get

〈I ′̄λ(uj), ψ〉H−s = 〈uj , ψ〉Hs
ΣD

− λ

∫
Ω

uj(x)ψ(x)dx −
∫

Ω

f(x, uj(x))ψ(x)dx → 0

as j → ∞, for all ψ ∈ Hk−1 ⊕ Pk+m−1, and by using again the dominated conver-
gence theorem,

〈I ′̄λ(u0), ψ〉H−s = 〈u0, ψ〉Hs
ΣD

− λ

∫
Ω

u0(x)ψ(x)dx −
∫

Ω

f(x, u0(x))ψ(x)dx.

So, it must be u0 = 0. Since Iλ̄(uj) ≥ ε′ > 0, we get Iλ̄(u0) > 0, a contradiction.

Finally, we show the validity of the Palais–Smale condition for Iλ at any level.

Proposition 12. The functional Iλ satisfies (PS)c for any λ ∈ (0,+∞) and any
c ∈ R.

Proof. Let λ > 0, c ∈ R and let {uj} ⊂ Hs
ΣD (Ω) satisfy

Iλ(uj) → c and I ′λ(uj) → 0 as j → ∞. (3.20)

As usual, we start proving that {uj} is bounded in Hs
ΣD (Ω). First, we note that

|Iλ(uj)| ≤ c1 and

∣∣∣∣∣
〈
I ′λ(uj),

uj

‖uj‖Hs
ΣD (Ω)

〉
H−s

∣∣∣∣∣ ≤ c2,
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for some c1, c2 > 0. On the other hand, because of (f2) and (f3) and ε-Young’s
inequality

t2 ≤ εtq + ε−
2

q−2

(
2
q

) 2
2−q q − 2

q
, t > 0, ε > 0,

we get

c1 + c2‖uj‖Hs
ΣD (Ω)

≥ Iλ(uj) − 1
μ
〈I ′λ(uj), uj〉H−s

=
(

1
2
− 1
μ

)
(‖uj‖2

Hs
ΣD (Ω) − λ‖uj‖2

L2(Ω)) −
∫

Ω

F (x, uj) − 1
μ
f(x, uj)uj dx

≥
(

1
2
− 1
μ

)
(‖uj‖2

Hs
ΣD (Ω) − λ‖uj‖2

L2(Ω)) +
(
q

μ
− 1
)∫

Ω

F (x, uj)dx

≥
(

1
2
− 1
μ

)
(‖uj‖2

Hs
ΣD (Ω) − λ‖uj‖2

L2(Ω))

+ a2

(
q

μ
− 1
)
‖uj‖q

Lq(Ω) − a3

(
q

μ
− 1
)
|Ω|

≥
(

1
2
− 1
μ

)
‖uj‖2

Hs
ΣD (Ω) +

(
a2

(
q

μ
− 1
)
− λ

(
1
2
− 1
μ

)
ε

)
‖uj‖q

Lq(Ω)

−λ

(
1
2
− 1
μ

)(
2
q

) 2
q−2 q − 2

q
|Ω|ε− 2

q−2 − a3

(
q

μ
− 1
)
|Ω|.

Taking ε ∈ (0, 2a2(q−μ)
λ(μ−2) ) we conclude

c1 + c2‖uj‖Hs
ΣD (Ω) ≥

(
1
2
− 1
μ

)
‖uj‖2

Hs
ΣD (Ω) − Cε − c3,

for some c3 > 0, so {uj} is bounded in Hs
ΣD (Ω). Then, up to a subsequence,

uj ⇀ u0 ∈ Hs
ΣD (Ω), i.e.

〈uj , ψ〉Hs
ΣD (Ω) → 〈u0, ψ〉Hs

ΣD (Ω), for all ψ ∈ Hs
ΣD (Ω). (3.21)

Next, let us note that

‖uj − u0‖2
Hs

ΣD (Ω) = ‖uj‖2
Hs

ΣD (Ω) + ‖u0‖2
Hs

ΣD (Ω) − 2〈uj, u0〉Hs
ΣD
. (3.22)

By the compactness of the embedding Hs
ΣD (Ω) ↪→ Lr(Ω), 1 ≤ r < 2∗s, up to a

subsequence, we then obtain

uj → u0 in Lr(Ω), for any 1 ≤ r < 2∗s,

uj → u0 a.e. in Ω,
(3.23)
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for j → +∞. By the continuity in t ∈ R of the map t �→ f(·, t) and the Dominated
Convergence Theorem, it follows that∫

Ω

f(x, uj(x))uj(x)dx →
∫

Ω

f(x, u0(x))u0(x)dx (3.24)

and ∫
Ω

f(x, uj(x))u0(x)dx →
∫

Ω

f(x, u0(x))u0(x)dx (3.25)

as j → ∞. Moreover, since by (3.20)

〈I ′λ(uj), uj〉H−s =
∫

Ω

|(−Δ)
s
2uj|2dx− λ

∫
Ω

|uj(x)|2dx−
∫

Ω

f(x, uj(x))uj(x)dx

= 〈uj , uj〉Hs
ΣD (Ω) − λ

∫
Ω

|uj(x)|2dx−
∫

Ω

f(x, uj(x))uj(x)dx → 0,

thus, by (3.23) and (3.24) we find

〈uj, uj〉Hs
ΣD (Ω) → λ

∫
Ω

|u0(x)|2dx+
∫

Ω

f(x, u0(x))u0(x)dx as j → ∞. (3.26)

Combining (3.20) and (3.21), tested with ψ = u0, we also get

〈u0, u0〉Hs
ΣD (Ω) = λ

∫
Ω

|u0(x)|2dx+
∫

Ω

f(x, u0(x))u0(x)dx. (3.27)

Therefore, we conclude

‖uj‖2
Hs

ΣD (Ω) → ‖u0‖2
Hs

ΣD (Ω) as j → ∞.

Then, by (3.22)

‖uj − u0‖2
Hs

ΣD (Ω) = ‖uj‖2
Hs

ΣD (Ω) + ‖u0‖2
Hs

ΣD (Ω) − 2〈uj, u0〉Hs
ΣD

→ 2‖u0‖2
Hs

ΣD (Ω) − 2〈u0, u0〉Hs
ΣD (Ω) = 0,

and the proof is concluded.

4. Proof of Theorem 1

We premise this result related to the behavior of Iλ on Hk+m−1 as λ approaches
an eigenvalue Λk of multiplicity m.

Lemma 13. Let k ∈ N, k ≥ 2, and let Λk be an eigenvalue of multiplicity m ∈ N.
Then

lim
λ→Λk

sup
u∈Hk+m−1

Iλ(u) = 0.

Proof. By (f2), Iλ attains a maximum on Hk+m−1. By contradiction, assume that
there exists a sequence {μj} such that

μj → Λk as j → ∞, (4.1)
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and {uj} ⊂ Hk+m−1 and ε > 0 such that

Iμj (uj) = sup
u∈Hk+m−1

Iμj (u) ≥ ε, (4.2)

for any j ∈ N. We have two options, according to whether {uj} is unbounded
in Hs

ΣD (Ω) or not. In the first case, without loss of generality we can take
‖uj‖Hs

ΣD (Ω) → +∞; because of (4.2) and (f2), we get

0 < ε ≤ Iμj (uj)

≤ 1
2
‖u0‖2

Hs
ΣD (Ω) −

μj

2

∫
Ω

|u0(x)|2dx− a2

∫
Ω

|uj(x)|qdx+ a3|Ω| → −∞
as j → ∞, since q > 2 and all norms on Hk+m−1 are equivalent. If, on the contrary,
{uj} is bounded, by (3.3) and (4.1) we get

Iμj (uj) → IΛk
(u0),

and by (f4), Lemma 6 and (4.2), we find

ε ≤ IΛk
(u0) =

1
2
‖u0‖2

Hs
ΣD (Ω) −

Λk

2

∫
Ω

|u0(x)|2dx−
∫

Ω

F (x, u0(x))dx

≤ 1
2
(Λk+m−1 − Λk)

∫
Ω

|u0(x)|2dx−
∫

Ω

F (x, u0(x))dx

≤ 0.

Being both cases contradictory, we get the conclusion.

Proof of Theorem 1. Let us first show that, if Λk has multiplicity m ∈ N, then
there exists δ > 0 such that for all λ ∈ (Λk−δ,Λk), problem (Pλ) has two nontrivial
solutions ui satisfying

0 < Iλ(ui) ≤ sup
u∈Hk+m−1

Iλ(u), (4.3)

for i = 1, 2. To this end, fix σ > 0 and let εσ > 0 be as in Proposition 11.
Then, for all λ ∈ [Λk−1 + σ,Λk+m − σ] and for every ε′, ε′′ ∈ (0, εσ), condition
(∇)(Iλ,Hk−1 ⊕ Pk+m−1, ε

′, ε′′) holds. Then, on account of Lemma 13, we can find
δ ≤ σ such that

sup
u∈Hk+m−1

Iλ(u) < ε′′ (4.4)

if λ ∈ (Λk − δ,Λk). Then, taking also account of Propositions 8 and 12, by
Theorem 5, Iλ has two critical points u1 and u2 such that Iλ(ui) ∈ [ε′, ε′′]. In partic-
ular, both u1 and u2 are two nontrivial solutions to (Pλ) satisfying (4.3) since ε′′ > 0
is arbitrary. For the existence of a third solution to (Pλ) when λ ∈ (Λk−1,Λk) we
show that Iλ has an additional linking structure and so we can appeal to the classical
[21, Theorem 5.3]. Indeed, considering the decomposition Hs

ΣD (Ω) = Hk−1 ⊕ Pk−1,
by retracing the proof of Proposition 8, there exist �, β > 0 such that has

Iλ(u) ≥ β, for all u ∈ ∂B�(Pk−1).
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On the other hand, by (3.4), we have Iλ|Hk−1 ≤ 0. By (3.5) one has also Iλ(u) ≤ 0
for u ∈ Hk−1 ⊕ span{ϕk} = Hk and ‖u‖Hs

ΣD (Ω) ≥ R̄, for some R̄ > �. Then, for
R > 0 large, setting

Q := (BR(Hs
ΣD (Ω)) ∩ Hk−1) ⊕ {rϕk, r ∈ (0, R)},

one has Iλ|∂Q ≤ 0 (here ∂Q refers to the boundary of Q relative to Hk−1 ⊕
span{ϕk}). So, by [21, Remark 5.5], Iλ has a third critical point u3 satisfying

Iλ(u3) ≥ inf
u∈∂B�(Pk−1)

Iλ(u) ≥ β.

Moreover, u3 �= ui, i = 1, 2, because, on account of 4.3 and Lemma 13, for λ close
to Λk we obtain

Iλ(ui) ≤ sup
u∈Hk+m−1

Iλ(u) < inf
u∈∂B�(Pk−1)

Iλ(u).

The theorem is then completely proved.
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[5] X. Cabré and J. Tan, Positive solutions of nonlinear problems involving the square
root of the Laplacian, Adv. Math. 224(5) (2010) 2052–2093.

[6] L. Caffarelli and L. Silvestre, An extension problem related to the fractional Lapla-
cian, Comm. Partial Differential Equations 32(7–9) (2007) 1245–1260.

[7] A. Capella, J. Dávila, L. Dupaigne and Y. Sire, Regularity of radial extremal solutions
for some non-local semilinear equations, Comm. Partial Differential Equations 36(8)
(2011) 1353–1384.

[8] J. Carmona, E. Colorado, T. Leonori and A. Ortega, Regularity of solutions to a
fractional elliptic problem with mixed Dirichlet–Neumann boundary data, Adv. Calc.
Var. 14(4) (2021) 521–539.

2350011-22

B
ul

l. 
M

at
h.

 S
ci

. 2
02

4.
14

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 7
9.

52
.9

7.
52

 o
n 

10
/3

0/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



March 13, 2024 15:4 WSPC/1664-3607 319-BMS 2350011

Subcritical nonlocal problems with mixed boundary conditions

[9] E. Colorado and A. Ortega, The Brezis–Nirenberg problem for the fractional Lapla-
cian with mixed Dirichlet–Neumann boundary conditions, J. Math. Anal. Appl.
473(2) (2019) 1002–1025.

[10] E. Colorado and I. Peral, Semilinear elliptic problems with mixed Dirichlet–Neumann
boundary conditions, J. Funct. Anal. 199(2) (2003) 468–507.

[11] E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional
Sobolev spaces, Bull. Sci. Math. 136 (2012) 521–573.

[12] T. Leonori, M. Medina, I. Peral, A. Primo and F. Soria, Principal eigenvalue of mixed
problem for the fractional Laplacian: Moving the boundary conditions, J. Differential
Equations 265(2) (2018) 593–619.

[13] J.-L. Lions and E. Magenes, Non-homogeneous Boundary Value Problems and Appli-
cations, Vol. I (Springer-Verlag, New York, 1972); P. Kenneth, Die Grundlehren
der Mathematischen Wissenschaften, Band 181 (Springer-Verlag, New York, 1972),
xvi+357 pp. (in French).

[14] P. L. Lions, F. Pacella and M. Tricarico, Best constants in Sobolev inequalities for
functions vanishing on some part of the boundary and related questions, Indiana
Univ. Math. J. 37(2) (1988) 301–324.

[15] A. Marino and C. Saccon, Some variational theorems of mixed type and elliptic
problems with jumping nonlinearities, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 25(4)
(1997) 631–665.

[16] G. Molica Bisci, D. Mugnai and R. Servadei, On multiple solutions for nonlocal
fractional problems via ∇-theorems, Differential Integral Equations 30(9–10) (2017)
641–666.
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