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By using linking and V-theorems in this paper we prove the existence of multiple solu-
tions for the following nonlocal problem with mixed Dirichlet—-Neumann boundary data,

(=A)Su = Au+ f(z,u) in Q,

u=20 on Xp,
ou

— =0 DIV
o on Y Ar

where (—A)%, s € (1/2,1), is the spectral fractional Laplacian operator, @ C RN,
N > 2s, is a smooth bounded domain, A > 0 is a real parameter, v is the outward
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normal to 992, Xp, ¥ are smooth (N — 1)-dimensional submanifolds of 92 such that
SpUSy =09, SpNYy =0 and Ep NEpn = T is a smooth (N — 2)-dimensional
submanifold of 9S.

Keywords: Fractional Laplacian; variational methods; V-theorems; mixed boundary
data; superlinear and subcritical nonlinearities.
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1. Introduction

A very interesting area of nonlinear analysis is that of elliptic equations involving
nonlocal fractional operators; see, among others, the quoted paper [I1] as well as
the recent monograph [I7] and the references therein.

In the case of Dirichlet boundary conditions, an impressive number of exis-
tence and multiplicity results has been obtained over the last few decades by using
different technical approaches. On the contrary, fractional problems with mixed
Dirichlet-Neumann boundary data have not been investigated much due to the
additional analytic difficulties that naturally arise when dealing with the notion of
normal derivative in this setting. Some recent interesting results can be found in
B, B 0 2, 20

Moving along this second direction, in this paper we analyze the multiplicity of
solutions to the following nonlocal problem

—A)u = lu r,u) in
{( )*u = Au+ f(z,u) inQ, )

B(u)=0 on 09,

where Q@ C RY is a bounded domain with a smooth boundary, N > 2s and
s € (1/2,1). The fractionality range § < s < 1 is the correct one for mixed bound-
ary problems due to the natural embedding of the associated functional space,
see Remark 21 Here, (—A)® denotes the spectral fractional Laplace operator on )
endowed with the mixed Dirichlet—-Neumann boundary conditions

ou
B(u) = uxsp + EXE/\H

where v is the outward unit normal to 9€2, x4 denotes the characteristic function
of the set A C 91, and (2 satisfies the following set of assumptions:

(1) © CRY is a bounded Lipschitz domain;

(Q2) Ep and X are smooth (N — 1)-dimensional submanifolds of 9;

(Q3) Xp is a closed manifold with positive (N — 1)-dimensional Lebesgue measure,
say [Sp| = a € (0,]09));

() EpNIy =0, Ep Uy = 00 and Xp NSy = I, where ' is a smooth
(N — 2)-dimensional submanifold of 9.
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The nonlinearity f : 2 x R — R is supposed to be a Carathéodory function
satisfying
(f1) [f(z, )] <ai(1+]t]771) for ae. z € Q, for all t € R, and for some a; € R and
2N 3.
q€ (2, m)
(f2) F(z,t) fo (x, 7)dT > az|t|? — as, for a.e. x € Q, for all ¢ € R and for some
ag,as € R
(f3) limsg fzt) _ = 0, uniformly in x € €

Il
(f1) 0 < qF(x,t) <tf(x,t) for a.e. z € Q and for all t € R\{0}.

As a prototype of nonlinearity fulfilling (f1)—(f4), one can choose f(z,t) =
B(x)[t|22t, where 3 € L>(Q), infq 3 > 0, and ¢ as above.
Our main result reads as follows:

Theorem 1. Assume (21)—(Q4) and (f1)—(fa). Then, for every eigenvalue Ay,
k > 2, of the problem

{(—A)su =Xu inQ, 1)

B(u)=0 on OS2

there exists 6 > 0 such that (Py) has at least three nontrivial weak solutions for
all A € (Ak — (Sk,Ak).

The proof of Theorem [ relies upon both variational and topological arguments,
more precisely, upon a V-theorem due to Marino and Saccon contained in [I5] and
recalled here in Theorem Bl Although such technical arguments are similar to the
ones previously used by several authors (see, for instance, [ [15] [16], 18] 19] and
references therein), in our setting, due to the nonlocal nature of the problem, some
additional difficulties naturally appear. For instance, in order to correctly encode
the Neumann—Dirichlet boundary conditions in the variational formulation of the
problem, a careful analysis of the involved Sobolev spaces is necessary (see Sec. [2]).
To the best of our knowledge, no results concerning nonlocal fractional problems
with mixed boundary conditions comparable to Theorem [l are available in the
literature.

This paper is organized as follows. In Sec. Bl we introduce the variational set-up
of problem ([Py]), together with some preliminary results. In Sec. Bl we discuss the
compactness and geometric properties of the energy functional I associated with
(). In particular, we prove that I satisfies the V-condition, one of the key points
in Theorem [Bl The last section is devoted to the proof of Theorem [l

2. Functional Framework

We begin by first recalling the definition of the fractional Laplace operator, based on
the spectral decomposition of the classical Laplace operator under mixed boundary
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conditions. Let (A;, ¢;) be the eigenvalues and the eigenfunctions (normalized with
respect to the L?(Q)-norm) of —A with homogeneous mixed Dirichlet-Neumann
boundary conditions, respectively. Then (A, ¢;) are the eigenvalues and the eigen-
functions of (—A)*. Consequently, given two smooth functions

wi(w) =) (uis)205(@), i=1,2,

Jj=1

where (u,v)s = [, uvdz is the standard scalar product on L?(€), one has

(=A)*u1,ug)2 = ZA§<U1,%>2<U27%‘>2» (2.1)

j=1

that is, the action of the fractional operator on a smooth function wu; is given by

(=) ur =Y X5(u1, ;)25 (2:2)

j=1

As a consequence, the spectral fractional Laplace operator (—A)*® is well defined in
the following Hilbert space of functions that vanish on ¥p:

H (Q):=qu= Zajgpj €L*Q): u=0on Yp,

j>1
Hun‘;‘,%(m =Y ) < 400
j=1
Thus, given u € Hy, (), it follows by definition that
[ellag @) = 1(=A)*"2ul L2y (2.3)

Moreover, taking in mind (2.I)), the norm ||| gz () is induced by the scalar product
D

(ur, uz) g = ((—A)%ur,u)2 = ((=A) Fur, (=A)Fuz)z = (ur, (~A) uz)s,
(2.4)

for all uy,us € Hg, | (Q). The above chain of equalities can be simply stated as an
integration-by-parts like formula.

Remark 2. As it is proved in [I3, Theorem 11.1], if 0 < s < 3, then Hj(2) =
H*(Q) and, thus, also H§_(Q) = H*(Q2), while for § < s <1, H5(Q) ¢ H*(Q).
Therefore, the range & < s < 1 ensures Hg_(€2) C H*(Q) and it provides us with
the appropriate functional space for the mixed boundary problem (Py]).
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As commented before, this spectral definition of (—A)® allows us to integrate
by parts in the proper spaces, so that a natural definition of weak solution to (Py))
is the following.

Definition 1. We say that u € Hy () is a weak solution to (B if, for all
v € Hy,_(Q),

/(—A)s/2u(—A)S/2vdx:)\/ uv d:v—i—/ f(z,u)vde, (2.5)
Q Q Q
that is,

<u7v>H§D = <)‘u + f('au)7U>L2(Q)-

We observe that (23] is well-defined because of the embedding Hy, () —
L%(9), so given u € Hg._(2), by (f2) one has Mu+ f(z,u) € L¥5 < (Hg_(Q))'.
The energy functional Iy : Hy, (€2) — R associated with (By) is given by

In(u) := %/Q|(—A)3u|2dx—%/Qu2dx—/QF(x,u)d$. (2.6)

Indeed, as one can promptly see,

(T4 (), ) = /

(=A)2u(—A)2vdr — )\/ wdr — [ f(z,u)vde,
Q

Q Q

for all u,v € Hg_ (), where (-,-) - denotes the duality between Hg,_(€2) and the
dual space H™°(Q) := (Hg_(Q2))".

In addition to the definition given above, there is another equivalent character-
ization of the fractional Laplacian in terms of the so-called Dirichlet-to-Neumann
operator. Indeed, the (functional) square root of the Laplacian acting on a function
w in the whole space RY, can be computed as the normal derivative on the bound-
ary of its harmonic extension to the upper half-space Rf +1. Based on this idea,
Caffarelli and Silvestre (cf. [6]) proved that (—A)® can be realized in a local way
by using one more variable and the so-called s-harmonic extension. This was later
extended to bounded domains in [ Bl [7]. We illustrate next such local characteri-
zation for the sake of completeness, although we point out that we will completely
work on the nonlocal setting avoiding the use of the local realization provided by
the s-harmonic extension.

Consider the cylinder Co := Q x (0, +00) C RY*" and denote by 0,Cq := 9Q x
[0, +00) its lateral boundary. Set also X7, := ¥p X [0,400), X}, := X X [0, 400)
and I'* :=T" x [0, +00). Note that, by construction, X5, NYX% = 0, 5, U} = 0.Ca
and X7, N W =TI
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Given u € Hy,_(2), we define its s-harmonic extension w(z,y) = Eq[u(z)] as
the solution to the problem

—div(y'=2Vw(z,y)) =0 in Cq,
B(w(:z:,y)) =0 on 3LCQ,
w(x,0) = u(x) on Q x {y =0},

where B(w) = wxsy + %—7;))(27\/,, being v, by a slight abuse of notation, the outward
unit normal to d;,Cq. The extension function w belongs to the space

Illxg, o)

X3 (Ca) = C5(QU EN) x [0,+00) b

where we define
I Nlxg, o) = ks/ y' 72|V () [P dady, (2.7)
D Ca

kg 1= 22571 F{I(f)s . The space Xs% (Cq) is a Hilbert space equipped with the norm

[ - llxz, (), Which is induced by the scalar product
D

(w, 2) x5, (cq) = ks/ y' 72 (Vw, Vz)dzdy,
=5, ca

w,z € X3 (Cq). Moreover, the following inclusions hold
X3(Ca) € X3, (Ca) © X*(Ca), (2.8)

being X§(Cq) the space of functions that belong to X*(Cq) = H'(Cq,y'~**dzdy)
and vanish on 01Cq. The key point of the extension technique is the following
localization formula for the fractional Laplacian (cf. [4, [6]),

o = —he lim 25— () u(z),
thanks to which (Py)) can be restated as
—div(y!=2Vw) =0 in Cq,
B(w)=0 on 0rCq, (P})
% = Aw(x,0) + f(z,w(z,0)) on Q x {y =0}

Definition 2. We say that w € X3. (Cq) is a weak solution to (P5) if, for all
z e Xs% (CQ),

ks/ y' "2 Vw - Vzdrdy = )\/ w(x,O)z(x,O)d:z:Jr/ fz,w(z,0))z(z,0)dz.
Ca Q Q

In the light of the above discussion, if w € XS%(CQ) weakly solves (P5]), then
its trace u(z) = Trlw|(z) := w(x,0) belongs to Hg, (€2) and is a weak solution to

problem (B)). Vice versa, if u € Hy, () is a solution to (B, then w = E[u] €
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s . ) . . .
RE (tCQ) satisfies (Py]). Thus, both formulations are equivalent and the eztension
operator

Es: Hy () — X3, (Ca),

allows us to switch between each other. Moreover, due to the choice of the constant
ks, the extension operator Ey is an isometry (cf. [4 [6]),

| Es[ulllxs., (cq) = ||u||HE ), forallue Hs (Q). (2.9)
ED D
Finally, the energy functional corresponding to (Py) is defined by
s A
I(w) = i/ y |\ Vw|Pdedy — —/ |w(w,0)|2d:§—/F(w,w(:v,O))dw
2 Jegq 2 Jo Q

and, plainly, critical points of Jy in XS% (Cq) correspond to critical points of Iy in
Hg,_(£2). Moreover, minima of Jy are also minima of I (the proof of this fact is

similar to the one of the pure Dirichlet case, see [2| Proposition 3.1]).

When one considers Dirichlet boundary conditions the following trace inequality
holds (cf. 4, Theorem 4.4]): there exists C = C(N, s, r, |2]) > 0 such that, for all
w e XS (CQ),

C (/ |w(w,0)|rdx) T < k:s/ y | Vw(z, y)|* dedy, (2.10)
Q Ca

for r € [1,27], 2% = 2L, and N > 2s. Because of (2), inequality I0) is
equivalent to the fractional Sobolev inequality: for all v € H§(Q) and r € [1,2%],

N > 2s, one has
C (/ |u|rdw) T S/ |(—A)%u|2d$. (2.11)
Q Q

If r = 2% the best constant in (ZI1) (and, by (Z3), also in (ZI0)), denoted by
S(N, s), is independent of Q and its exact value is given by

o T(AE) () ¥
S(N,s)=2 WP(%) (F(N)) .

Since it is not achieved in any bounded domain, one has

N
SV, s) ( / |w<x,o>|—~2”%dw) <k [ 0T Pdndy,
RN Rf“

|-
for all w € AX*(RY'!) where X*(RYT!) = C=(RN x [o,oo))" ”X”Rf“n with
Il- ”Xs(Rf“) defined as (Z7) replacing Co by RY ™. In the whole space, the latter

inequality turns into equality for the family w. = E[u.],

(x) = S = (2.12)
Ue (T -, .
(> (82 | |2) N;Zb

with arbitrary € > 0, (cf. []).
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When mixed boundary conditions are considered the situation is quite similar
since the Dirichlet condition is imposed on a set ¥p C 9 such that 0 < o < [99].

Definition 3. The Sobolev constant relative to the Dirichlet boundary ¥p is
defined by

- lullfs (o lwl%s (e
S(¥p)= i %() = inf #
uGHuiﬁ%(Q) ||u||L2§(Q) we‘)f;)o(cﬂ) Hw<70)||L2§ (Q)
Since 0 < a < |99, by the inclusions (2.8]), one has
0 < S(Ep) < S(N, s). (2.13)

Actually, by [9, Proposition 3.6] it turns out that S(2p) < 27FS(N, s) and, by
[9, Theorem 2.9], if S(Xp) < 2= % S(N, s), then S(Xp) is attained.

Remark 3. Regarding the attainability of the constant S (Xp) it is worth noticing

the following. Due to the spectral definition of (—A)* we have S(Xp) < | ¥ A (a),
where \j () is the first eigenvalue of (—A) endowed with mixed boundary condi-
tions on the sets ¥p = Yp(a) and Xpr = Ip(a). Since Ai(a) — 0 as o — 0T,
(cf. [10, Lemma 4.3]), we have S(3p) — 0 as @ — 0F. Thus, taking the Dirichlet

part small enough, the constant S (Xp) is attained independently of the geometry
of Q. This is in contrast to the Dirichlet case as, by a Pohozaev-type identity, it is
well known that the Sobolev constant S(N,s) is not attained if the domain Q is
starshaped.

Because of (29) and 2I3), it follows that, for all w € RE (Ca),

2
~ “ 27
S(¥p) (/Q |w(fﬂ,0)|2°‘d$) < ||w($’0)|\§{§D(Q) = ||Es[w(x’0)]||g\f§D(CQ)'

This Sobolev-type inequality provides us with a trace inequality in the mixed bound-
ary data framework.

Lemma 4 ([9, Lemma 2.4]). For all w € XS*D<CQ), one has

2

S(¥p) (/ |w(:c,0)|2:d:v) ’ Sk‘s/ y 2 \Vw(z, y) |2 dedy.
Q Cao

In an equivalent way, for all w € Hg,_(S2) it holds

S(Sp) (/Q |u|22dx)2i §/9|(7A)5u|2d:c. (2.14)

In what follows, we shall use the same symbols ¢, C, or some subscripted version
of them, to denote possibly different positive constants. Moreover, if A C Hg, (€2)
and r > 0, we shall indicate by B,(A) and 0B,(A) the sets

B, (A)={uecA: ||U||H§D(Q) <r} and 0B,(A):={ueA: ||U||H§D(Q) =r},

respectively.
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3. Linking Geometry, V- and (PS)-Conditions

The main tool we rely upon for the proof of Theorem [lis a “mixed-type” theorem
(known also as a V-theorem) due to Marino and Saccon, in which properties of
both a functional and its gradient are used [I5] Theorem 2.10]. Basically, a link-
ing structure together with a suitable condition of the gradient on certain subsets
permits us to deduce the existence of multiple critical points. Before stating this
theorem, let us fix some notation and give some definition.

If X be a Hilbert space and M a closed subspace of X, we denote by Iy, :
X — M the orthogonal projection of X on M and by d(u, M) := inf,epr d(u,v)
the distance of w € X from M. In addition, let I : X — R be a C' functional and
a,b € RU{—00,400}. With these ingredients at hand, we give the following.

Definition 4. We say that (I, M,a,b) satisfy the V-condition, abbreviated by
(V)(I, M, a,b), if there exists v > 0 such that

inf{ ||y VI(u)||x :ue M, a <I(u) <b, dlu,M)<~}>0.

We also recall that I is said to satisfy the Palais—-Smale condition at level ¢ € R,
(PS). for short, if any sequence {u;} C X satisfying

I(uj) = ¢, I'(u;)—0 in X" asj— oo,
has a convergent subsequence.

Theorem 5. Let X be a Hilbert space and let X;, i = 1,2,3, be three subspaces
of X such that X = X1 & X9 & X3, with dim X; < oo for ¢ = 1,2. Denote by
II; : X — X; the orthogonal projection of X on X;. Let I : X — R be of class C,
0,0 ,0", 01 be such that p1 > 0,0 < o' < o < 0", and define

A={ue X1 ®Xy:0 <|Iul <o, |Mul <o},
T := 8X1G9X2A-

Suppose that
a' :==sup [(T) < inf I(0B,(X2 & X3)) =: a”. (3.1)

Leta,b € R be such that o’ < a < a’ andb > sup I(A), and assume that (V)(I, X1&®
X3, a,b) and (PS). hold, the latter for all ¢ € [a,b].

Then, I has at least two critical points in I~([a,b]). Moreover, if in addition
we have inf I(By(X2 ® X3)) > —oo and (PS). holds for all ¢ € [a1,b], with a1 <
inf I(B,(X2 ® X3)) then I has another critical level in [a1,a’].

In order to use Theorem [l to prove Theorem [I] we start by checking that the
energy functional I defined in (Z6)) has the linking geometry stated in Theorem [Bl

2350011-9
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Let {Ax} be the eigenvalues of (—A)® in Q with mixed Dirichlet~-Neumann
conditions, in increasing order and counted with their multiplicity,

O0< A <A< Ap<App1 <o+, Ap— 40 ask — oo,
where by definition, Ay = A, k € N. For every k > 1, set
Hy, := span{®1, ..., 0k}
and
Py :={u € Hs,(Q) : (u, ¢j>H§D =0, forall j=1,...,k},

where @y is the eigenfunction corresponding to Ax. In this setting, we have the
following minimax characterization of the eigenvalues.

Lemma 6. For any k € N, one has
[Jull3 () ||U||§{§D(Q)

= sup

Ak = TR, E— L2
UGP;C 1 HUHLQ(Q) uweHy, ||u||%/2(9)

Proof. By [22) and (Z3]) we deduce

lullbrg, @) = D225 (w503

Then,

oo

g = 2050020 2 24

i

(u, ¢5) 2 = AkHuHL2 (Q)»

||UH?{§D(Q) Z)\ v, 97)5 <A (0,05)5 = A llvl1 720,

for all u € Px_1 and for all v € Hy. In both the above relations the equality occurs
iff u,v € span{py}. O

The next result will be useful for what follows.
Proposition 7. Let A > 0 and let ¢ € Hy, (Q) be a solution to

—Au =X u in €,
{ 62)

B(u)=0  on 0.
Then ¢ € L>(Q).

Proof. The proof follows by a Moser-type iteration process combined with the
Stroock-Varopoulos inequality [22]. Let (A, ¢) € (0, +00) x Hy, (€2) be an eigenpair

2350011-10
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of (32)). By Sobolev inequality for mixed boundary problems
S(Ep)ull 2x, < [Vullo, for all u € Hy, (%),

where S(Xp) is the Sobolev constant relative to Xp (cf. [14]), for each p > 1, one
has

A / plPdz = / o 2p(~ Ap)di = / V(P20) - Vipda
Q Q Q
— -1 / 0P (Ve - Vi)da

_ 4(pp; 1) /Q (§|(p|%;4v(p) . (%ﬂ%ﬂv@) da

~ 202D [ i
p Q

4p—1
> 22 s (o),

Therefore, given pg > 1, if we set pg := po(%)k, k € N, it follows that

by p% 1/pk
< . .
el < (57 0g;) el

By iterating this scheme, we conclude that

N
[olloe < C(N, po)A2#0 ||| po,

for a suitable constant C'(V, pg) > 0 and the conclusion is achieved. |

We say that Ag, k& > 2, has multiplicity m € N if
A1 <Ap=App1 == Appm—1 < Mppms

in this case the eigenspace associated with Ay coincides with span{x, ..., Ok4m—1}-
We set

Xy i=Hp_1, Xo:=span{ow,...,Qrrm-1}, X3:=Prym_1.

Proposition 8. Let k € N, k > 2, and let m € N be such that Ap_1 < X < Ay =
coo = Npym—1 < Agym. Then there exist R, p € R, with R > ¢ > 0, such that

Iy := su In(u) < inf Iy(u) :=ls.
! uGBR(Xl)UagR(X1®X2) ( ) ueaBe(X2®X3) ( ) ’

Proof. By (f1) and (f3), for every £ > 0 there exists C. > 0 so that
|F(2,t)| < et? 4+ C|t|4, (3.3)

2350011-11
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for a.e. z € Q and every ¢t € R. Thus, if u € Xy & X3 = Pi_1, because of (B3],
Lemma [6] Holder’s inequality and the fractional Sobolev inequality ([2.14]) we get

A
Ii(u) = §||u||H5 Q) — 5”“”%2(9) - 5||U||2Lz(9) - CaHUHqu(Q)

Vv
Lo

1 A A
_< - A_k> lllzeg (o = el@ ¥ ullZz; ) — Cel 7 el )

1 A Q¥ 5"
> (5 (175 ) - e ) b oy~ Gl oy
) 50 . S

Taking € small enough, it follows that

—2
Ii(u) > 01||U||%1;D(Q)(1 - C2HUH§{§D(Q))7

—1/(q—2
X /(q ))

)

for suitable constants c;,co > 0. Then, if u € dB,(x,ax,) With o € (0,c
we get

I(u) > 0192(1 — CQQq_2) >0

and, as a result, l5 > 0. Now, let v € X; = Hj_1, i.e.

k—1
= Zaisﬁi(x)
i=1

with a; = (u, pi)2, i =1,2,...,k — 1. By (f4) and Lemma [6] one has
Ak 1

() < M0 - IWMMD*AF@W@WM

- Ap_1— A

- 2
since Ag—1 < A. On the other hand, if u € X; & Xy = Hy, because of (f3), we
deduce that

[ullZ2() <0, (3.4)

1
D) < 5lulid o) = o2luld, + sl

Since u € X1 ® Xy = Hj and Hj, is finite-dimensional, for suitable c3,c4 > 0, one
obtains

csllullmg (@) < llullaw) < callullag_@)-
We then get
1
Ix(u) < 5”“”%{;73(52) - a203|\u|\§{§7}(9) + as|Q]. (3.5)

Taking R > 0 large enough, we conclude that Iy(u) < 0 for u € 9Br(X1 & Xa).
This, together with (34 implies that [; < 0. m|
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Now, we address the fulfillment of the V-condition for Iy. This will require some
preliminary steps.

Lemma 9. Let k € N, k > 2, and let Ay be an eigenvalue of multiplicity m € N.
Then for any o > 0 there exists e, > 0 such that, for any X\ € [Ap—1+ 0, Ajpm — 0],
the unique critical point u of Inm, ,@p,,,,_, With Ix(u) € [~€4,5] is the trivial
one.

Proof. For the sake of contradiction, let us assume that there exist ¢ > 0, two
sequences {p;} C [Ag—1+ 6, Aprm — 7] and {u;} C Hi—1 & Pryr—1\{0} such that

(I, (uj),)g-- =0 for any ¢ € Hy—1 © Pyym—1, and any j €N,
(3.6)

I, (uj) =0 asj— oo.

Testing the first equation of ([B.0) with ¢ = u; and using (f4) it follows that, for
any j € N,

0= I g oy = sls ey = [ s @)s )
=21, (u )+2/F(xuj d:z:f/f:ruj x))uj(z)dx

< 21, (uy —q/quJ

where the last inequality follows since ¢ > 2. Thus, we conclude

0< / F(z,u;(z))de < %IM (uj) =0 asj— oo. (3.7)
Q q—

Now, let us write u; = u + u , with ugﬂ € Hi_1 and uIJP») € Piym—1. Testing the
first equation of (B.6)) Wlth ES u] — uIJP») and using Lemma [6] we obtain

/f@w@mﬁ@ww%mm
Q

= (g, = (g, = [ @) @) — @)

D
=y~ g — sl +
Hj H|(2 Hj P2
< (1 25 ) I, + (52 - 1) Il
o 2
< — sl (3.5
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where we used the fact that u 1 u . On the other hand, by the compactness of
the embedding Hs, () — LT(Q) 1 § r < 2%, we obtain

| | Feuy@) @) = )

< IO, o 1 = e

< e, 7 g

for a suitable constant ¢ > 0. Therefore, being u; # 0, by B.8)), (f1) and (f1) we
obtain

llwillag, ()

q—1

g

—1 % 1
sl o < IO, ) < ([ a0+ sl

q—1

< (ot [ luorar)

< <03+C4 /QF(:E,uj(x))dx) ' (3.9)

for some positive constants ¢;, i = 1,...,4. Taking 1) into account we conclude
that {u;} is bounded in Hg_(f2). Therefore, up to a subsequence, u; — wug €
Hy—1 ® Pgrm—1 and, by compact embedding, u; — ug in L9(Q2) and u; — ug a.e.
in 2, so that, by (f1) and (f3) and the Dominated Convergence Theorem, we get

/QF(x,uj(:E))d:C — /QF(x,uo(:E))d:C as j — oo

q—1

and

/|f(:1c,uj(x)|qz_ldx—>/|f(:1c,u0(9c)|qﬁ_ldx as j — 0o, (3.10)
Q Q

that, by (f4) and [B.1), implies
up = 0. (3.11)

Let us assume that u; — 0 strongly in H3, | (Q). First, let us observe that, for any
€ > 0 and for suitable constants C, C. > 0 we have

(a=1)/q
15Dl e g = ([ el + aColus o)) 1)

q—1

< (2q%1 ((25)q 1Huj|\q 1 +(qcs)"%1|‘uj|\qm(sz)>> '

()

< 25”“]HLQ—1 ) +qCe HUJ”Lq(Q)

This, jointly with (33), leads to the contradiction 0 < CA - < 2Ck¢, due to the
arbitrariness of e. If, on the contrary, u; - 0, then ||u;| m (@) > C > 0 for some
C > 0 and j large enough. Therefore, by (33)-BII) we agaln get a contradiction,
namely, ﬁ <0. O
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Lemma 10. Let k € N, k > 2, let A be an eigenvalue of multiplicity m € N,
A€ R and 1y = Ugpan{op,....onim_r} @nd 1o :=1lg, _ ep,,,, .- Then, any sequence
{u;} C Hy, (Q2) such that

(1) {I(uy)} is bounded,
(ii) Hifu;] — 0 as j — oo in Hg_(€2),
(iii) TI2[VIx(u;)] — 0 as j — oo in Hg,_(€2),

is bounded in Hy, ().

Proof. Arguing by contradiction and without losing generality, let u; = II; [u;] +

> [uj] be such that [[u;[ms (o) — +o0 as j — oo and let ug € Hy, (£2) be such
D

that

Uy Uy

—w in Hy_(Q), —ug in LP(Q), pe[l,2)).

||Uj||H§D(sz) ||Uj||H§D(Q)

(3.12)

Now, being Hg,_(§2) a Hilbert space and I a C' functional, we define the gradient
VI, of Iy, as usual, by

(VIN(u),v) g = (I\(u),v) -,

for any u,v € Hy,_(Q). Let r € [1,2;] and K : LT1(Q) — Hg,_(£2) be the operator
defined by KC = (—A) 7™, that is, K(g) = v, where v € H,_(€2) is a weak solution to

{(A)Sv =g inQ, (3.13)
Bv)=0 on 0.
Let us note that,
OO+ ) ) o = [ (o) + fa,u(e)a)do
= _<I$\(u)7w>H*5 + <%¢>H§D
- 7<VI>\(U)71/)>H§D + <%¢>H§D
and, hence
VIi(u) =u—KAu+ f(z,u)), (3.14)

for all u € Hy, (£2). As a consequence, we find
(o[ VIN(uy)], wi)mg = (VIN(ug), uj) iy — W [VIN(ug)]s ug)mg
= il @) = MlullZe@) - /Q f(@,u;(@))u; (z)dx
— (M [uj — K(Auj + f (@, u5))] wi) g, -
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Moreover, since (I1[u],v)ps = (u, 11 [v])gy  for all u,v € Hg, (£2), one has
D D

(W = K(uj + f(2,u5))] uj)mg, = ||H1uj||fq§D — ML [uy], K(uy)) mg,

— (M [ug], K(f (@, u5))) g,
and, by (B.14),
A [ug), Koug)) g+ Ta[ugl, KCF (2, u5))) g,
= A0y + | o) ) @)
Therefore, we deduce
<H2[VI,\(UJ')],UJ‘>H§D = 2[)\(Uj) + 2/ F(w,uj(x))dac
Q
- [ @) ) = ) @)do
- ||H1[uj]|\§{§D + A [u] 172 - (3.15)
Thus, by (i)f(iii) it follows that
2[52 F(z,u;(x jﬂ z,uj(x))uj(x)de + fQ [z, w; () [u,;)(z)de o
HUJ”q
(3.16)

as j — oo. Next, by (f1) and Proposition [[l we obtain

|f (2, g ()T [u) ()] < an [T fug] || oo ) (1 + Juy(2)]771),

for a.e. x € Q, and hence, since (ii) forces ||II;[u;]||z=) — 0 (on span{gy,...,
©k+m—1} all norms are equivalent), by Dominated Convergence

fsz z,uj(x))Ih [uj)(z)dz
[lwll?

as j — oo. Thus, by (f4) and ([B.I0) we find

(2—-19q) fQ F(x,uj(z))dr 2 fQ r,u;(v))dr — fQ [, uj(z))uj(v)de

0> 7
i lTzg, o Tuillhe, o)

— 0

and, therefore,

q
. Jo P uj@)de  lwlliee)
A T = T
illmg (9 ilEg (@)

where we have used the assumption ||u;|| gz () — +00 as j — oo. The above limit,
D
together with (BI2]), forces ug = 0.
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Now, observe that one has

IA(uj) . l B >‘||uj||2L2(Q) _ jgz F(Ivuj(x))dx -0
HujH?{SED(Q) 2 2””]’”?{%73(9) Huj”?qu(m

Then, because of [BI2]), used here with p = 2, and the fact that ug = 0, we find

Jo Fz,uj(x))dx

1
— = (3.17)
||U‘J||H§D(Q) 2
which, together with (f2) and HUJHH)S: (@) — 400 as j — oo, implies
HUJHLq(Q) < C”“JHHE Q) (3.18)

for any j € N and for some constant C > 0. To continue, by (f1) and Holder’s
inequality, we get

/ | (@, (@) [u]lde < an [ fug] | o o) (191 + sl Fa s )

< e[ ]| oo oy (1 + [l §20):
for some ¢; > 0, and ought to (BI8]), we obtain
Jo |f (@, u; (@) [u;](2)|da

”Uj ||%[§D(Q)

1 1

= el fom =
Zp
As a result, dividing both sides of (BIH) by HuJHf{%D () and taking also account of
(i)—(iii), we conclude that
2 [o F(x,uj(x))de — [, f(x,u;(x))de

— 0.
||UJ||H5 Q)

By using (f4), this yields
2 fQ z,uj(z))d

HUJHHED(Q)

in contradiction with (BI7). |

We are now in a position to show that I, satisfies the V-condition.

Proposition 11. Let k € N, k > 2, and let A, be an eigenvalue of multiplicity
m € N. Then, for any o > 0 there exists e, > 0 such that, for any A € [Ax—1 +
0y Nkt — 0] and for any £',¢"” € (0,e,), with e’ < ", the functional I satisfies
(V)(I)\,kal S¥) ]P)kjtmfl,é“/,é‘”).
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Proof. We argue by contradiction. Let us assume the existence of o > 0 such that
for every g9 > 0 there exists A € [Aj_1 + 0, Apyrm — o] and &’ < &” in (0,¢¢) such
that (V)(Ix, Hi—1 @ Pigm—1,€",€"”) does not hold.

Take £9 > 0 as in Lemma[d i.e. such that u = 0 is the only critical point of I5
on Hy_1 & Prym—1N I{l([—ao,ao]), and let {u;} C Hg_ () be such that

Is(uj) € [',€"], forall j €N, dist(u;,Hy—1® Prim—1)— 0
and
Wi, Py VIN(5) = w5 — Hepan{ep.....ompm-1) Ui
—1u, L er..,, KO+ flz,u) — 0 (3.19)

as j — oo. By Lemma [I0 {u;} is bounded in Hy,_(€2) so, up to a subsequence,
uj — ug in Hg () and u; — L"(Q), for all r € [1,2). Since £ = (-A)™* is a
compact operator, by standard dominated convergence arguments we get

HHk—l@Pk+m71K(5‘uj + f(xvuj)) - HHk—1®Pk+m71K(5‘u0 + f(J?,U()))
as j — oo. As a result, taking the limit as j — oo in ([B.19) we obtain
uj — HHk—l@Pk+m—l(7A)7S(5\u0 =+ f(xvuo)) =wup in H%-D (Q)

In addition, ug turns out to be a critical point of I5|m, _,¢p, . .- Indeed, by (319),
we get

(1) )+ = (g )i, =) [ ws@)oto)ds = [y @)itends =0

as j — oo, for all v € Hi_1 & Pr4m—1, and by using again the dominated conver-
gence theorem,

(B3 ) = (g, = [ wo(@)@de = [ o uola)ierde.

So, it must be up = 0. Since I5(u;) > &’ > 0, we get I5(uo) > 0, a contradiction.
O

Finally, we show the validity of the Palais—Smale condition for Iy at any level.

Proposition 12. The functional I satisfies (PS). for any A € (0,400) and any
ceR.

Proof. Let A >0, c € R and let {u;} C Hy, () satisfy
I\(uj) > ¢ and Iy(u;) — 0 asj— oo. (3.20)

As usual, we start proving that {u;} is bounded in Hg_(€2). First, we note that

"
I (us ,7J
< () ||uj||H§D(Q)>HS
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for some ¢1,c2 > 0. On the other hand, because of (f3) and (f3) and e-Young’s
inequality

2\ 77
tzgstq+€_022<—) =, t>0, >0,
we get

a1+ eallujllag @

1
= Ix(uy) = ;Ui(uj)»ug')ms
— (55 ) Ul o0 = NwlFiacay) = [ Flawy) = fo ) d
274 Uj H (9 Uil L2() o Ty Uj u T, Uj)Uj AT

1 1 q
> (5 3) Mol o = Mulieey) + (£ 1) [ Plowughaa

- (5 - ﬁ) (illzzg , @ = Muillzzce)

q q

+ asg <; - 1> HujH%q(Q) —as (; - 1) 2]

11 ) q L1
> (37 3) Wl (o (3 -1) =2 (3 5) <) 1ot
2

1 1 2\ 2 q—2

)\(__) <_> q—|Q|5_q%2—a3 <21> |Q|
2 u)\q q H

Taking ¢ € (0, 2;?&:2‘)‘ J) we conclude

1 1
-+ allgllng > (5 3 ) sl o~ Ce -

for some c3 > 0, so {u;} is bounded in Hy_(Q2). Then, up to a subsequence,
u; — ug € H%D (Q), i.e.
(wjs )y (@) = (o, Y)ug_(), forall g € Hy, (Q). (3.21)

Next, let us note that
| — UOH?@D(Q) = HUJ'H?JED(Q) + ”UOH%@D(Q) - 2<“j7U0>H§D- (3.22)

By the compactness of the embedding Hy, () — L"(Q), 1 < r < 27, up to a
subsequence, we then obtain
uj —uo in L"(R2), forany 1 <r <27,
(3.23)
u; — ug a.e. in Q,
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for j — 4o00. By the continuity in ¢ € R of the map ¢t — f(-,¢) and the Dominated
Convergence Theorem, it follows that

/f(%uj(x))uj(ff)dff — | [f@,uo(x))uo(x)dx (3.24)
Q Q
and
/f(x,uj(:t))uo(x)dx — | f(z,up(z))ug(x)dx (3.25)
Q Q

as j — 0o. Moreover, since by (320

T u13), ) e = /Q [(—A) Fuy P — A /Q oy () P — /Q (a3 () g ()

= {wy g @ =) [ fu@)Pde = [ fou@)u e =0
thus, by B23) and [B24]) we find
<Uj,Uj>H§D(Q) — )\/ |u0(x)|2d:17 +/ fz,up(x))ug(z)de as j — oo. (3.26)
Q Q

Combining [B20) and B.21)), tested with ¢ = g, we also get

<UO,UO>H)S:D(Q) = /\/Q luo(z)|*da + /Q J(z, uo(x))uo(x)dz. (3.27)
Therefore, we conclude
HUJ'H%I;D(Q) - HUOHJQHED(Q) as j — 00.
Then, by 3.22)
llu; — UOH?{)ED(Q) = ||uj||fqu<m + HUOH?L@D(Q) = 2(uj,uo) iy
— 2||u0||§1gp(sz) — 2(uo, uo)my_ () =0,

and the proof is concluded. O

4. Proof of Theorem [II

We premise this result related to the behavior of I, on Hyy,,—1 as A\ approaches
an eigenvalue Ay of multiplicity m.

Lemma 13. Let k € N, k > 2, and let Ay be an eigenvalue of multiplicity m € N.
Then

lim sup In(u) =0.
A—Ag WEH k1 ( )

Proof. By (f2), I\ attains a maximum on Hy,,_1. By contradiction, assume that
there exists a sequence {y;} such that

i — A as j — oo, (4.1)
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and {u;} C Hgqm—1 and € > 0 such that
I, (uj) = sup I (u)>e, (4.2)
WEH R4 m—1
for any j € N. We have two options, according to whether {u;} is unbounded
in HS (2) or not. In the first case, without loss of generality we can take
1wl g (@) — +00; because of ([€2) and (f2), we get
D

0 <e< Iy (uy)

1 .
< 5””0”?{2 @~ /;_j/ luo(z)[*dz — az/ |uj(z)|?dx + a3]Q] — —oco
D Q Q

as j — 00, since ¢ > 2 and all norms on Hy4,,—1 are equivalent. If, on the contrary,
{u;} is bounded, by (33]) and [@I]) we get

IHj (uj) - IAk (UQ),
and by (f4), Lemmal[d and [£2), we find

1 A
< Inuw) = gl o = - [ @) Pde = [ Flouoe)da

1 2
< 2k —Ak)/ﬂ o () 2z — /QF(;v,uo(:c))dx

<0.

Being both cases contradictory, we get the conclusion. |

Proof of Theorem [l Let us first show that, if A; has multiplicity m € N, then
there exists § > 0 such that for all A € (A — 4, Ax), problem (P)) has two nontrivial
solutions u; satisfying

0<n(u) < sup In(u), (4.3)

UWEH K frm—1
for i = 1,2. To this end, fix ¢ > 0 and let ¢, > 0 be as in Proposition [I1]
Then, for all A € [Ap—1 + 0, Aptm — o] and for every &’,&” € (0,e,), condition
(V)(In,Hg—1 B Prym—1,€",€") holds. Then, on account of Lemma [[3] we can find
§ < o such that
sup  In(u) <€” (4.4)
UEH, fm—1

if A\ € (Ax — d,Ar). Then, taking also account of Propositions [§ and 12 by
Theorem[H, I has two critical points u; and wug such that I (u;) € [¢/,”]. In partic-
ular, both u; and ug are two nontrivial solutions to (Py)) satisfying ([£3]) since &” > 0
is arbitrary. For the existence of a third solution to (Py)) when A € (Ax_1,Ax) we
show that I has an additional linking structure and so we can appeal to the classical
[21, Theorem 5.3]. Indeed, considering the decomposition Hg, (2) = Hy—1 @ Px_1,
by retracing the proof of Proposition[]] there exist o, 8 > 0 such that has

I(u) > p, forall u€ 0B,(Pr_1).
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On the other hand, by ([8.4), we have Iyjm, , < 0. By (3.3) one has also Ix(u) <0
for u € Hi_1 @ span{yy} = Hj and ||uHHZ @ = R, for some R > p. Then, for
D

R > 0 large, setting
Q = (Br(Hs, () NHi—1) ® {rep, € (0, R)},

one has Iyjpqg < 0 (here 0Q refers to the boundary of @ relative to Hj_; &
span{pyg}). So, by [2I, Remark 5.5], I has a third critical point ug satisfying

I > inf I > 3.
Mus) > b T(u) >

Moreover, us # u;, i = 1,2, because, on account of [£.3] and Lemma T3] for A close
to A, we obtain

In(u;) < su Iy(u) < inf I (w).
() uerf?n—l 2 () u€OB,(Pr—-1) Aw)

The theorem is then completely proved. O
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