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GENERALIZED SKEW HOMODERIVATIONS IN PRIME RINGS

by ANDALORO MILENA

Originating from the study of noncommutative polynomials vanishing under all
substitutions from a given algebra, the classical theory of PIs has evolved into a rich
framework that connects combinatorial and structural aspects of algebraic systems,
with matrix algebras playing a paradigmatic role. A natural extension of this the-
ory is provided by generalized polynomial identities (GPIs), in which coefficients
may lie within the algebra itself. Since Amitsur’s foundational work and Martin-
dale’s generalization to prime rings, GPIs have been investigated in increasingly
broad contexts, incorporating involutions, automorphisms, derivations, and anti-
automorphisms, thereby yielding deep characterizations of prime and semiprime
structures. Within this lineage, derivations and their many generalizations, such as
generalized derivations, skew derivations and generalized skew derivations, have
been a persistent source of commutativity criteria and structural constraints. Since
the second half of the twentieth century, numerous authors have investigated gen-
eralized skew derivations that satisfy specific generalized polynomial identities on
non-central Lie ideals of prime or semiprime rings. Particularly notable is the con-
cept of homoderivation, introduced by El-Sofy, which unifies aspects of endomor-
phisms and derivations. Recent developments, including ϵ-homoderivations, have
expanded this idea, but the full structural potential of such mappings remains largely
unexplored. This dissertation advances the theory by introducing the notion of ex-
tended homoderivations, additive maps from a prime ring R into its right Martindale
ring of quotients, associated with scalar parameters in the extended centroid. These
maps, together with their generalized, skew, and extended skew variants, subsume
and unify classical concepts such as derivations, generalized derivations, homomor-
phisms, and their skew analogues. The study systematically develops the theory
of these mappings, extending and reformulating cornerstone results of Posner, Her-
stein, and others, and establishing new commutativity theorems in this broadened
setting. Special attention is devoted to the interaction between these mappings and
structural components such as Lie ideals, centralizing conditions, and torsion-free
hypotheses. The dissertation is organized to progressively build this framework:
beginning with generalized homoderivations, it extends to the fully skew and ex-
tended contexts, culminating in a classification of the most general class considered,
the extended generalized skew homoderivations. Applications illustrate the breadth of
the theory, including analyses of subrings generated by images of the form F(x)x
and structural constraints arising from generalized Jordan-type identities.
More specifically, in the course of our analysis, we have undertaken a broad classifi-
cation of the maps introduced, thereby providing a comprehensive and multifaceted
picture of this emerging framework. Furthermore, we have presented an application
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that integrates various concepts and elucidates the precise structure of two general-
ized skew derivations, F and G, in the context where they act as a natural general-
ization of Jordan homoderivations.
In summary, this work situates extended homoderivations and their variants as a
unifying theme in the theory of additive mappings on prime and semiprime rings,
demonstrating how classical results on derivations naturally extend to a richer, more
flexible setting. By bridging and generalizing multiple strands of existing theory, it
provides new tools and perspectives for the structural analysis of noncommutative
rings.
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Introduction

Polynomials in several variables are a central topic in commutative algebra. Their
counterparts in noncommutative algebra are noncommutative polynomials, namely
polynomials in indeterminates that do not commute. A polynomial identity for an
F-algebra A is a polynomial f (ξ1, . . . , ξn) ∈ F⟨ξ1, . . . , ξn⟩ such that f (x1, . . . , xn) = 0
for all x1, . . . , xn ∈ A. If a nonzero polynomial is an identity of A, then A is called
a PI-algebra. For instance, saying that A is commutative is equivalent to saying that
A satisfies the identity [ξ1, ξ2] = ξ1ξ2 − ξ2ξ1; hence every commutative algebra is
a PI-algebra. In particular, matrix algebras Mn(F) occupy a central position in the
theory of polynomial identities. Broadly speaking, this theory develops along two
closely related lines. On the one hand, there is the combinatorial approach, which fo-
cuses on determining and describing the entire set of identities satisfied by a given
algebra, with special attention devoted to the case of Mn(F). On the other hand, the
structural approach seeks to characterize prime PI-algebras, showing that they can
be embedded, in a remarkably natural fashion, into a matrix algebra over a suitable
field extension of the base field. The classical theory of polynomial identities (PIs)
was soon enriched by the notion of generalized polynomial identities (GPIs), where the
coefficients of the polynomial are allowed to come not only from the base field, but
also from the algebra itself. Formally, for an algebra A over a field F, a GPI is a
noncommutative polynomial with fixed coefficients in A that vanishes under every
substitution of elements from A. The systematic study of GPIs began with Amitsur’s
seminal 1965 paper [1], which established a characterization of primitive rings sat-
isfying such identities. This required working within the framework of associative
rings R, with center Z(R), and distinguishing between prime rings, those for which
xRy = (0) implies x = 0 or y = 0, and the more general semiprime rings, where
xRx = (0) implies x = 0. Clearly, every prime ring is semiprime, but the converse
does not hold, as exemplified by Z×Z where Z denotes the ring of integers. Build-
ing on Amitsur’s results, Martindale extended the theory to prime rings [26]. In
doing so, he introduced two fundamental tools: the extended centroid C, the natural
field of scalars associated with a prime ring, and the right Martindale ring of quotients
Qr, which allows one to embed R into a larger, more tractable structure. These no-
tions are essential in the study of polynomial identities and will play a key role in our
work. The theory of GPIs rapidly evolved in several directions: Martindale, Rowen
and others investigated GPIs in rings with involution, while Beidar and Mikhalev
extended the analysis to semiprime rings by developing the method of orthogonal
completion, a powerful alternative to the traditional reduction to the prime case.
A further turning point came in the late 1970s, when Kharchenko introduced the
study of identities in which variables are acted upon by derivations and automor-
phisms, now referred to as generalized identities (GIs). Here, derivations are additive
maps d : R → R satisfying the Leibniz rule

d(xy) = d(x)y + xd(y), for all x, y ∈ R,
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In particular, a derivation is called inner if there exists an element a ∈ R such that
d(x) = ax − xa for all x ∈ R. In this context, commutators play a central role. We
adopt the standard notation [x, y] = xy − yx for the Lie product, and recall that a
crucial structure within R is that of a Lie ideal, namely an additive subgroup U such
that [U, R] ⊆ U, where

[U, R] = {[u, r] = ur − ru : u ∈ U, r ∈ R}.

In particular, the commutator identities [xy, z] = x[y, z]+ [x, z]y and [x, yz] = y[x, z]+
[x, y]z will be frequently used throughout this work.
Kharchenko’s framework not only unified the existing perspectives and techniques
up to that point, but also revealed key phenomena such as X-inner automorphisms
and derivations arising in Utumi’s ring of quotients. His contributions were sub-
sequently refined in the 1980s by Lanski, who considered prime rings with invo-
lution, and in the 1990s by Chuang, who generalized the theory to arbitrary anti-
automorphisms. Chuang’s introduction of Frobenius (anti)automorphisms provided a
powerful structural description of GI-rings, extending Kharchenko’s approach even
in the purely derivational or automorphic setting. Parallel to this, mappings inter-
acting with the multiplicative structure of rings became a central theme. Among
them, derivations have been extensively studied, along with their generalizations:
generalized derivations F : R → R, introduced by Brešar [7], for which there exists a
derivation d such that

F(xy) = F(x)y + xd(y), for all x, y ∈ R,

and skew derivations, associated with an automorphism α and satisfying

d(xy) = d(x)y + α(x)d(y), for all x, y ∈ R.

While every derivation is a generalized derivation, the converse is not true: a funda-
mental example is given by maps of the form F(x) = ax + xb for some fixed a, b ∈ R,
which are known as inner generalized derivations. Moreover, the interaction be-
tween derivations and automorphisms naturally led to generalized skew derivations,
further broadening the scope of the theory, which are additive maps F : R −→ R
such that

F(xy) = F(x)y + α(x)d(y), for all x, y ∈ R,

where d is a skew derivation and α is an automorphism of R.
We should also recall that, in the study of GIs, the structural properties of the ring
R will be of particular significance. For instance, in our work we shall frequently
assume that R is 2-torsion free, meaning that 2x = 0 implies x = 0. Finally, it is
worth noting that a map f : R → R is said to be centralizing if [ f (x), x] ∈ Z(R) for
every x ∈ R, and commuting if [ f (x), x] = 0 for every x ∈ R. These notions will
play a decisive role in many of the results presented in this thesis.

Let us now delve into the core of our work and present the starting point of our
analysis. From the historical overview just outlined, it becomes evident that the
study of endomorphisms and derivations on rings has been a central theme in alge-
bra since the mid-twentieth century. Researchers have extensively investigated the
properties of prime and semiprime rings through the lens of derivations, often arriv-
ing at significant commutativity results. This line of inquiry has naturally evolved
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toward the study of rings equipped with homomorphisms, where analogous struc-
tural properties have likewise been explored. At the turn of the millennium, El-Sofy
[19] proposed a new unification of homomorphisms and derivations, introducing
the concept of homoderivations: additive maps h : R → R such that

h(xy) = h(x)h(y) + h(x)y + xh(y), for all x, y ∈ R.

An illustrative example is the map h(x) = f (x)− x, where f is an endomorphism
of R. Notably, the only additive map that is both a derivation and a homoderivation
on a prime ring is the zero map. Over the years, many authors have investigated ho-
moderivations and their generalizations on rings and near-rings, establishing struc-
tural results parallel to those obtained for derivations. More recently, Gselmann and
Kiss [21] introduced the notion of an ϵ-homoderivation, defined by the condition

hϵ(xy) = ϵhϵ(x)hϵ(y) + hϵ(x)y + xhϵ(y), for all x, y ∈ R,

where ϵ belongs to the center Z(R) of the ring R. This definition recovers El-Sofy’s
homoderivation as a special case in unital rings. Moreover, when the center Z(R) is
trivial, ϵ-homoderivations reduce to derivations.
In the present dissertation, we propose a further extension of this line of research
by introducing the concept of an extended homoderivation. Specifically, we call an
additive map d : R → Qr an extended homoderivation associated with λ, µ ∈ C if

d(xy) = λd(x)d(y) + µd(x)y + µxd(y), for all x, y ∈ R.

In close analogy with the classical case of derivations, we also develop the notions
of extended generalized homoderivations and extended skew homoderivations. Our objec-
tive is to investigate the algebraic structure of prime rings admitting such maps,
thereby extending fundamental results established in the mid-20th century. In par-
ticular, we draw inspiration from Posner’s celebrated theorems on derivations in
prime rings [29]. His first theorem asserts that if R is a 2-torsion-free prime ring
and d1, d2 are derivations such that their composition d1d2 is also a derivation, then
d1 = 0 or d2 = 0. His second theorem provides a commutativity criterion: if R is
prime and d is a derivation such that [d(x), x] lies in the center for all x ∈ R, then
either d = 0 or R is commutative. Mathieu later showed that the second theorem fol-
lows from the first [27], underlining their deep connection. Subsequent research has
generalized these results in many directions: Ashraf and Siddeeque [3] extended the
first theorem to prime rings with involution; Sandhu [31] treated the case of skew
derivations and derivations of Lie ideals; while the commutativity theorems of Her-
stein [22] and Daif [15] have been adapted to settings involving homoderivations
and generalized derivations [4]. In what follows, we aim to show that analogous
structural and commutativity results continue to hold for rings equipped with ex-
tended homoderivations, thereby enlarging the scope of a classical theory in a new
and natural direction.
Ultimately, the aim of this dissertation is to investigate the properties of homod-
erivations within the framework of prime and semiprime rings, building on classi-
cal results on derivations, while exploring new algebraic structures that arise from
this unification. Our study seeks to explore, in particular, the structural implications
that arise when a prime ring admits an extended homoderivation. In particular, we
investigate how the fundamental properties of classical derivations are reflected and
transformed within this generalized framework. In pursuit of these objectives, the
dissertation is structured to progressively introduce, generalize, and explore novel
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classes of additive mappings acting on associative rings, with particular emphasis
on their structural and potential applications.
To this end, a detailed overview of the dissertation’s structure is provided below,
chapter by chapter, with the purpose of highlighting the logical progression and
conceptual developments that underpin our investigation.

In Chapter 1, we establish the theoretical foundation by revisiting the notion of ho-
moderivation, originally introduced by El-Sofy, and extending it to the broader class
of generalized homoderivations. Although this concept has already appeared in var-
ious academic works, it has not yet been subjected to a systematic and thorough
analysis. We provide explicit examples and focus on the characterization of those
mappings that naturally arise from homoderivations. This chapter also introduces
several technical tools that will prove essential for the subsequent development of
the theory. In doing so, we lay down a solid framework for the study of more ad-
vanced algebraic structures.

Chapter 2 builds upon this foundation by introducing the notions of extended homod-
erivations and extended generalized homoderivations. These newly defined mappings
are studied in detail, both in connection with arbitrary additive maps and in the
more specific case when they originate from extended homoderivations. Remark-
ably, they succeed in generalizing, all at once, the notions of homomorphism and
derivation, together with those of homoderivation and ϵ-homoderivation, thus pro-
viding a unified framework that embraces them all.

In Chapter 3, the theory is further enriched through the incorporation of automor-
phisms, giving rise to the class of generalized skew homoderivations. After presenting
their formal definitions and illustrative examples, we examine their structural prop-
erties through precise characterizations, whether they are associated with additive
maps or with homoderivations. This comprehensive analysis allows us to determine
all admissible forms of such mappings as the coefficients appearing in their defini-
tions vary.

Chapter 4 is devoted to the most general class of mappings considered in this dis-
sertation: the extended generalized skew homoderivations, defined by the identity

F(xy) = µF(x)F(y) + F(x)y + α(x)d(y),

where µ ∈ C, α is an automorphism of the ring, and d is either an additive map or,
in specific cases, an extended homoderivation. This chapter mirrors the structure
of Chapter 2, while emphasizing the interplay between extension and skewness. We
provide a complete classification of these mappings in both the general additive case
and in the more particular scenario where d is an extended homoderivation. These
results broaden the scope of classical structural theorems, placing them in a highly
generalized and non-commutative setting.

In Chapter 5, we illustrate the applicability of the developed framework by analyz-
ing subrings generated by expressions of the form F(x)x, where F belongs to one
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of the classes of maps introduced in the previous chapters. Specifically, we esti-
mate the “size” of F(R) by investigating the structure of the corresponding subring.
This analysis demonstrates how the properties of the introduced mappings shape
the ambient ring, thereby providing a concrete instance of their influence beyond
purely theoretical considerations.

Within each of these broader frameworks, we have also established significant ex-
tensions of classical ring-theoretic results, including new formulations of Posner’s
and Herstein’s theorems.

Finally, Chapter 6 presents an additional application that highlights the expressive
power of the developed theory. Here, we study the behavior of two generalized
skew derivations when they act as a generalization of Jordan homoderivations, that is,
when they satisfy the identity

F(x2) = G(x)2 + G(x)x + xG(x).

This final example underscores the structural significance of the newly introduced
mappings and reinforces their potential as powerful tools for further investigations
in the theory of non-commutative rings.
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Chapter 1

Generalized homoderivations

The examination of functional mappings on rings has constituted a fundamental
topic in algebra since the mid-20th century, with particular emphasis on homomor-
phisms and derivations. The study of prime and semiprime rings under the influ-
ence of derivations has frequently yielded results concerning commutativity, natu-
rally extending to the analysis of rings equipped with homomorphisms, where anal-
ogous structural attributes have been identified. At the dawn of the 21st century, a
new framework integrating homomorphisms and derivations was introduced: ho-
moderivations.

1.1 Homoderivations

Definition 1. [19] Let R be an associative ring.
An additive map d : R −→ R is called a homoderivation if

d(xy) = d(x)d(y) + d(x)y + xd(y) for all x, y ∈ R.

Remark 1. It is clear that a homoderivation d is also a derivation if d(x)d(y) = 0 for all
x, y ∈ R. In this case, d(x)Rd(y) = 0 for all x, y ∈ R. Hence if R is a prime ring, then the
only additive mapping which is both a derivation and a homoderivation is the zero mapping.

Remark 2. Let d : R −→ R be a homoderivation. Then, for all x, y ∈ R

d2(xy) = d(d(xy)) =

= d
(

d(x)d(y) + d(x)y + xd(y)
)
=

= d
(

d(x)d(y)
)
+ d

(
d(x)y

)
+ d

(
xd(y)

)
=

= d2(x)d2(y) + d2(x)d(y) + d(x)d2(y) + d2(x)d(y) + d2(x)y + d(x)d(y)+

+ d(x)d2(y) + d(x)d(y) + xd2(y) =

= d2(x)d2(y) + 2d2(x)d(y) + 2d(x)d2(y) + d2(x)y + xd2(y) + 2d(x)d(y)

Remark 3. Let R be a prime ring, d a nonzero homoderivation of R, and a ∈ R a fixed
element.
If ad(x) = 0 for all x ∈ R, then a = 0.

Proof:

Since ad(xy) = 0 for all x, y ∈ R, then 0 = a
(

d(x)d(y) + d(x)y + xd(y)
)

= axd(y).

Since R is a prime ring, then a = 0.
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Remark 4. Let R be a prime ring, d a nonzero homoderivation of R, and a ∈ R a fixed
element.
If d(x)a = 0 for all x ∈ R, then a = 0.

Proof:

Since d(xy)a = 0 for all x, y ∈ R, then 0 =

(
d(x)d(y) + d(x)y + xd(y)

)
a = d(x)ya.

Since R is a prime ring, then a = 0.

Proposition 1. Let R be an associative unital ring, with unit 1R, and let d : R −→ R be a
homoderivation. Then

d(1R)

(
d(x) + x

)
= 0 =

(
d(x) + x

)
d(1R) for all x ∈ R

Proof:
By the definition of homoderivation, we have

d(xy) = d(x)d(y) + d(x)y + xd(y) for all x, y ∈ R. (1.1)

Replacing x with 1R in (1.1), we obtain d(y) = d(1R)d(y) + d(1R)y + d(y) for all
y ∈ R, that is,

0 = d(1R)(d(y) + y) for all y ∈ R.

Replacing y with 1R in (1.1), we obtain d(x) = d(x)d(1R) + d(x) + xd(1R) for all
x ∈ R, that is,

0 = (d(x) + x)d(1R) for all x ∈ R.

Remark 5. In a prime ring, the annihilator of an isomorphism is zero.
So, if f were an isomorphism, then we would have d(1R) = 0. In the case of homomorphism,
the annihilator is not zero in general.

Remark 6. In particular, from Proposition 1 it follows that

d(1R)

(
d(1R) + 1R

)
= 0

that is

d(1R)d(1R) =

(
−d(1R)

)(
−d(1R)

)
= −d(1R)

Therefore element −d(1R) is idempotent.
So, if R is a prime ring and d(1R) is central, then d(1R) = −1

1.1.1 Examples

Example 1. Let f : R −→ R be a homomorphism. The map d : R −→ R such that

d(x) = f (x)− x



1.1. Homoderivations 3

is a homoderivation. In fact for all x, y ∈ R

d(xy) = f (xy)− xy =

= f (x) f (y)− xy =

= f (x) f (y) + f (x)y − f (x)y + x f (y)− x f (y) + xy − xy − xy =

= ( f (x)− x) f (y) + ( f (x)− x)y − ( f (x)− x)y + x( f (y)− y) =
= ( f (x)− x)( f (y)− y) + ( f (x)− x)y + x( f (y)− y) =
= d(x)d(y) + d(x)y + xd(y)

Conversely, the additive map f (x) = d(x) + x, with d a homoderivation, is a homomor-
phism. Indeed:

f (xy) = d(xy) + xy =

= d(x)d(y) + d(x)y + xd(y) + xy =

= d(x)(d(y) + y) + x(d(y) + y) =
= (d(x) + x)(d(y) + y) =
= f (x) f (y)

In particular, the map d(x) = −x is a homoderivation.
It is such that d(1R) = −1R so, in general, it is not true that d(1R) = 0R.

Example 2. Let R = Z
(√

2
)
, a ring of all the real numbers of the from m + n

√
2 such

that m, n ∈ Z, the set of all the integers, under the usual addition and multiplication of real
numbers. Then, the map d : R −→ R defined by

d(m + n
√

2) = −2n
√

2

is a homoderivation of R.

Example 3. Let d be a homoderivation. In general, the composition d(d(x)) and the sum of
homoderivations are not homoderivations. Instead, the map g(x) = d(d(x)) + 2d(x) is a
homoderivation.
In fact, since f (x) = d(x) + x is a homomorphism, then f ( f (x))− x = g(x) is a homod-
erivation.
More generally, if d1 and d2 are homoderivations, then the two maps

g12(x) = d1(d2(x)) + d1(x) + d2(x)

and
g21(x) = d2(d1(x)) + d1(x) + d2(x)

are homoderivations.

Example 4. Let R be an associateve ring and let e be an idempotent element of R.
Then d(x) = e − x is a homoderivation.

Example 5. Let d be a homoderivation. Let F(x) = −d(x)− 2x and G(x) = d(x)+ x− 1.
Then

d(xy) = F(x)F(y) + F(x)y + xF(y)

d(xy) = G(x + y) + G(x)G(y)− xy
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1.1.2 Homomultiplier

Definition 2. An additive mapping d : R −→ R is said to be homoright multiplier (or,
homoleft multiplier) if

d(xy) = d(x)d(y) + xd(y)
(or d(xy) = d(x)d(y) + d(x)y)

for all x, y ∈ R.
If d is both homoright multiplier as well as homoleft multiplier, then d will be called homo-
multiplier.

In [6], A. Boua and E. Farhan found that the only homoleft multiplier or homoright
multiplier on a semiprime ring is the zero mapping.

Example 6. Let R be a ring such that char(R) ̸= 2. Define

S =

{
A = xe12 + ye13 + ze23 ∈ M3(R), with x, y, z ∈ R

}
and d1, d2, d3 : S −→ S such that

d1(A) = −xe12 − ze23, d2(A) = xe12 − ze23, d3(A) = −xe12 + ze23, for all A ∈ S.

We can easily see that:

• d1 is a homo multiplier which is not a homomorphism, nor a multiplier;

• d2 is a homoleft multiplier which is not a homoright multiplier, nor a homomorphism,
nor a left multiplier;

• d3 is a homoright multiplier, which is neither a homoleft multiplier, nor homomorphism
or right multiplier.

1.1.3 Posner’s and Herstein’s theorems

Lemma 1. Let R be a prime ring of characteristic different from 2 and let d be a homoderiva-
tion of R. By Remark 2,

d2(xy) = d2(x)d2(y) + 2d2(x)d(y) + 2d(x)d2(y) + d2(x)y + xd2(y) + 2d(x)d(y)

So if d2(x) = 0 for all x ∈ R, by Remarks 3 and 4 it follows d = 0.

Theorem 1. Let R be a prime ring of characteristic different from 2 and let d1 and d2 be two
homoderivations of R. If d1(d2(x)) = 0 for all x ∈ R, then d1(x) = 0 or d2(x) = 0.

Proof:
For all x, y ∈ R we have

0 =d1(d2(xy)) =

=d1

(
d2(x)d2(y) + d2(x)y + xd2(y)

)
=

=d2(x)d1(y) + d1(x)d2(y)

Replacing x with d2(x) we have

0 = d2(d2(x))d1(y) (1.2)
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Replacing y with yz and using (1.2) we have

0 =d2(d2(x))
(

d1(y)d1(z) + d1(y)z + yd1(z)
)
=

=d2(d2(x))yd1(z)

Since R is a prime ring then d2(d2(x)) = 0 or d1(x) = 0. That is, using Lemma 1,
d2(x) = 0 or d1(x) = 0.

Theorem 2. Let R be a prime ring and let d be a homoderivation of R.
If [d(x), x] = 0 for all x ∈ R then d(x) = 0 or d(x) = f (x) − x for all x ∈ R with
f : R −→ Z(R) an homomorphism.

Proof:
For all x, y ∈ R

0 = [d(x + y), x + y] = [d(x) + d(y), x + y] = [d(x), y] + [d(y), x] (1.3)

Replacing y with xy and using (1.3) we have

0 = [d(x), xy] + [d(xy), x] =
= x[d(x), y] + [d(x)d(y) + d(x)y + xd(y), x] =
= −x[d(y), x] + [d(x)d(y) + d(x)y + xd(y), x] =
= −[xd(y), x] + [d(x)d(y) + d(x)y + xd(y), x] =
= [d(x)(d(y) + y), x] =
= d(x)[d(y), x] + d(x)[y, x] =
= −d(x)[d(x), y] + d(x)[y, x] =
= d(x)[y, d(x) + x]

(1.4)

Replacing y with yt and using (1.4) we have

0 = d(x)[yt, d(x) + x] = d(x)y[t, d(x) + x]

Since R is prime it follows that for each x ∈ R:

d(x) = 0 or f (x) := d(x) + x ∈ Z(R) (1.5)

Suppose there exists x1 ∈ R with d(x1) ̸= 0.
By (1.5) we have f (x1) ∈ Z(R).
Replacing y with yz in (1.3) and using (1.3) we have

0 =[d(x), yz] + [d(yz), x] =
=y[d(x), z] + [d(x), y]z + [d(y)d(z), x] + [d(y)z, x] + [yd(z), x] =
=y[d(x), z] + [d(x), y]z + d(y)[d(z), x] + [d(y), x]d(z) + d(y)[z, x] + [d(y), x]z+
+ y[d(z), x] + [y, x]d(z) =

=d(y)[d(z), x] + [d(y), x]d(z) + d(y)[z, x] + [y, x]d(z) =
=d(y)[d(z) + z, x] + [d(y) + y, x]d(z)
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Replacing y = x1, since f (x1) ∈ Z(R), we have

0 =d(x1)[d(z) + z, x] + [d(x1) + x1, x]d(z) =
=d(x1)[d(z) + z, x] + [ f (x1), x]d(z) =
=d(x1)[d(z) + z, x]

Replacing x with xt we have

0 = d(x1)[d(z) + z, xt] = d(x1)x[d(z) + z, t] + d(x1)[d(z) + z, x]t = d(x1)x[d(z) + z, t]

Since d(x1) ̸= 0 and R is a prime ring, then

f (z) ∈ Z(R) for all z ∈ R (1.6)

In particular, if f (z) = 0 for every z ∈ R, then d(z) = −z.

Theorem 3. Let R be a noncommutative prime unital ring of characteristic not 2. Suppose
there exists a homoderivation d : R −→ R such that the mapping

x 7→ [d(x), x]

is commuting on R. Then d = 0 or d(x) = f (x)− x for all x ∈ R with f : R −→ Z(R) an
homomorphism.

Proof:
We have [

[d(x), x], x
]
= 0 for all x ∈ R (1.7)

In particular, replacing x with x + 1R we have[
[d(1R), x], x

]
= 0 for all x ∈ R (1.8)

and then d(1R) ∈ Z(R).

If d(1R) ̸= 0 then, since d(1R)

(
d(x) + x

)
= 0 =

(
d(x) + x

)
d(1R) for all x ∈ R, we

have d(x) = −x.
Assume d(1R) = 0.
Replacing x with x + y in (1.7) and using (1.7) we get

0 =

[
[d(x), y] + [d(y), x] + [d(y), y], x

]
+

[
[d(x), x] + [d(x), y] + [d(y), x], y

]
(1.9)

Replacing x with −x in (1.9) we get

0 =

[
[d(x), y] + [d(y), x]− [d(y), y], x

]
+

[
[d(x), x]− [d(x), y]− [d(y), x], y

]
(1.10)

Then by (1.9) and (1.10) we have

0 =2
[
[d(y), y], x

]
+ 2

[
[d(x), y] + [d(y), x], y

]
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Since char(R) ̸= 2 then[
[d(y), y], x

]
+

[
[d(x), y] + [d(y), x], y

]
= 0 (1.11)

Replacing x with yx in (1.11) and using (1.7) we get

0 =y
[
[d(y), y], x

]
+ d(y)

[
[d(x), y], y

]
+ [d(y), y][2d(x) + 3x, y] + d(y)

[
[x, y], y

]
+

+ y
[
[d(x), y] + [d(y), x], y

]
Using (1.11) we get

0 =d(y)
[
[d(x), y], y

]
+ [d(y), y][2d(x) + 3x, y] + d(y)

[
[x, y], y

]
=

=d(y)
[
[d(x) + x, y], y

]
+ [d(y), y][2d(x) + 3x, y]

(1.12)

Replacing x with xz in (1.12) we get

0 =d(y)(d(x) + x)
[
[d(z) + z, y], y

]
+ 2d(y)[d(x) + x, y][d(z) + z, y]+

+ d(y)
[
[d(x) + x, y], y

]
(d(z) + z) + 2[d(y), y](d(x) + x)[d(z) + z, y]+

+ 2[d(y), y][d(x) + x, y](d(z) + z) + [d(y), y]x[x, y] + [d(y), y][x, y]z

By (1.12) we have

0 =d(y)(d(x) + x)
[
[d(z) + z, y], y

]
+ 2d(y)[d(x) + x, y][d(z) + z, y]+

+ 2[d(y), y](d(x) + x)[d(z) + z, y]− [d(y), y][x, y]d(z) + [d(y), y]x[x, y]
(1.13)

Replacing x with x + 1R in (1.13), since d(1R) = 0, we have

0 =d(y)(d(x) + x)
[
[d(z) + z, y], y

]
+ d(y)

[
[d(z) + z, y], y

]
+ 2d(y)[d(x) + x, y][d(z) + z, y]+

+ 2[d(y), y](d(x) + x)[d(z) + z, y] + 2[d(y), y][d(z) + z, y]− [d(y), y][x, y]d(z)+
+ [d(y), y]x[x, y] + [d(y), y][x, y]

By (1.13) we have

d(y)
[
[d(z) + z, y], y

]
+ 2[d(y), y][d(z) + z, y] + [d(y), y][x, y] = 0 (1.14)

Then, replacing x in (1.12) with z and then comparing with (1.14) it follows that

0 = [d(y), y][x, y]− [d(y), y][z, y] = 0

Replacing z with −x, since char(R) ̸= 2, we have

0 = [d(y), y][x, y] = 0
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Replacing x with xt we have

0 = [d(y), y]x[t, y] + [d(y), y][x, y]t = [d(y), y]x[t, y]

Since R is prime it follows that for each y ∈ R:

[d(y), y] = 0 or y ∈ Z(R) (1.15)

If there exist y0 such that
[d(y0), y0] ̸= 0 (1.16)

then by (1.15) we have y0 ∈ Z(R), and this is in contradiction with (1.16).
Hence

[d(y), y] = 0 for all y ∈ R

that is, by Theorem 2, d = 0 or d(x) = f (x)− x for all x ∈ R with f : R −→ Z(R) an
homomorphism.

Theorem 4. Let R be a noncommutative prime ring of characteristic different from 2 and 3.
Suppose there exists a homoderivation d : R −→ R, such that the mapping

x 7→ [d(x), x]

is centralizing on R. Then d = 0 or d(x) = f (x)− x for all x ∈ R with f : R −→ Z(R)
an homomorphism.

Proof:
The assumption of the theorem can be written as follows[

[d(x), x], x
]
∈ Z(R) for all x ∈ R (1.17)

Replacing x with x + y in (1.17) we get[
[d(x), x] + [d(x), y] + [d(y), x] + [d(y), y], x

]
+

+

[
[d(x), x] + [d(x), y] + [d(y), x] + [d(y), y], y

]
∈ Z(R)

and using (1.17) we have[
[d(x), y] + [d(y), x] + [d(y), y], x

]
+

[
[d(x), x] + [d(x), y] + [d(y), x], y

]
∈ Z(R)

(1.18)
Replacing y with x2 in (1.18) and using (1.17) we obtain

2
(

6x2 + 3x + 2xd(x) + d(x) + 2d(x)x
)[

[d(x), x], x
]
+

+ 2(2x + 1)[d(x), x]2 + 4[d(x), x]2x ∈ Z(R)
(1.19)

Replacing x with −x we have

2
(
−6x2 + 3x − 2xd(x) + d(x)− 2d(x)x

)[
[d(x), x], x

]
+

+ 2(−2x + 1)[d(x), x]2 − 4[d(x), x]2x ∈ Z(R)
(1.20)
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Adding (1.19) and (1.20) we have

4
(

3x + d(x)
)[

[d(x), x], x
]
+ 4[d(x), x]2 ∈ Z(R)

that is (
3x + d(x)

)[
[d(x), x], x

]
+ [d(x), x]2 ∈ Z(R) (1.21)

Therefore, for all x ∈ R,

0 =

[(
3x + d(x)

)[
[d(x), x], x

]
+ [d(x), x]2, x

]
=

=

[(
3x + d(x)

)[
[d(x), x], x

]
, x
]
+

[
[d(x), x]2, x

]
=

=

[
[d(x), x], x

]
[d(x), x] + [d(x), x]

[
[d(x), x], x

]
+

[
[d(x), x], x

]
[d(x), x] =

=3
[
[d(x), x], x

]
[d(x), x]

Since char(R) ̸= 3 then[
[d(x), x], x

]
[d(x), x] = 0 for all x ∈ R (1.22)

Suppose that there exists x0 ∈ R such that[
[d(x0), x0], x0

]
̸= 0 (1.23)

Since for hypothesis
[
[d(x0), x0], x0

]
∈ Z(R), then by (1.22) we have [d(x0), x0] = 0,

and this is in contradiction with (1.23).

Therefore
[
[d(x), x], x

]
= 0 for all x ∈ R and by Theorem 3 it follows that d = 0 or

d(x) = f (x)− x for all x ∈ R with f : R −→ Z(R) an homomorphism.

In [22], Herstein proved that if R is a prime ring of char(R) ̸= 2 admitting a non-zero
derivation d such that [d(x), d(y)] = 0 for all x, y ∈ R, then R is commutative.
Similarly, for homoderivations, we have the following:

Lemma 2. Let R be a non-commutative unital prime ring of characteristic different from 2
and d : R −→ R a homoderivation of R. If [d(x), d(y)] = 0 for all x, y ∈ R then d = 0.

Proof:
By Proposition 1 we have

d(1R)

(
d(x) + x

)
= 0 =

(
d(x) + x

)
d(1R) for all x ∈ R (1.24)

From the hypothesis we have

[d(x), d(y)] = 0 for all x, y ∈ R (1.25)
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Substituting y with yz we have

[d(x), d(yz)] = 0 for all x, y, z ∈ R

that is
[d(x), d(y)d(z) + d(y)z + yd(z)] = 0 for all x, y, z ∈ R

By (1.25) we have

d(y)[d(x), z] + [d(x), y]d(z) = 0 for all x, y, z ∈ R (1.26)

Replacing z with zt we get

d(y)[d(x), z]t + d(y)z[d(x), t] + [d(x), y]d(z)d(t) + [d(x), y]d(z)t + [d(x), y]zd(t) = 0
for all x, y, z, t ∈ R

(1.27)

Multiplying (1.26) by t on the right we have

d(y)[d(x), z]t + [d(x), y]d(z)t = 0 for all x, y, z ∈ R (1.28)

Subtracting (1.28) from (1.27) we get

d(y)z[d(x), t] + [d(x), y]d(z)d(t) + [d(x), y]zd(t) = 0 for all x, y, z, t ∈ R

Replacing y with d(u) we have

d2(u)z[d(x), t] + [d(x), d(u)]d(z)d(t) + [d(x), d(u)]zd(t) = 0 for all x, u, z, t ∈ R

By (1.25) we have
d2(u)z[d(x), t] = 0 for all x, u, t ∈ R

Since R is a prime ring then either

(a) d2(u) = 0 for all u ∈ R

or

(b) [d(x), t] = 0 for all x, t ∈ R

case (a) Suppose that d2(u) = 0 for all u ∈ R. Then by Lemma 1 we have
d = 0.

case (b) Suppose that [d(x), t] = 0 for all x, t ∈ R, that is d(x) ∈ Z(R) for all
x ∈ R.
We can assume Z(R) ̸= 0, otherwise it would be d = 0.
In particular, for each x ∈ R we have both d(x) ∈ Z(R) and also d(x2) ∈ Z(R).
Hence

d(x2) = d(x)2 + xd(x) + d(x)x = d(x)2 + 2xd(x) ∈ Z(R)

and then, since char(R) ̸= 2, xd(x) ∈ Z(R).
Since d(x) ∈ Z(R) then for all x ∈ R we have either d(x) = 0 or x ∈ Z(R).
In particular, if x /∈ Z(R) then d(x) = 0.
Since R is non-commutative, exists 0 ̸= x0 /∈ Z(R) such that d(x0) = 0.
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Moreover, since Z(R) ̸= 0 exists 0 ̸= x1 ∈ Z(R). Therefore

d(x0x1) ∈ Z(R) ⇒ d(x0)d(x1) + d(x0)x1 + x0d(x1) ∈ Z(R)

then x0d(x1) ∈ Z(R).
Since 0 ̸= x0 /∈ Z(R) and d(x1) ∈ Z(R), we have d(x1) = 0.
Therefore d(x) =0 in any case.

1.2 Generalized homoderivations

Definition 3. Let R be an associative ring and let d : R −→ R be a homoderivation.
An additive map G : R −→ R is called a generalized homoderivation associated with the
homoderivation d : R −→ R if

G(xy) = G(x)G(y) + G(x)y + xd(y) for all x, y ∈ R.

Theorem 5. Let R be a semiprime ring and let G : R −→ R be a generalized homoderivation
associated with the additive map d : R −→ R. If G ̸= 0 then d ̸= 0.

Proof:
Suppose that d = 0 and that therefore

G(xy) = G(x)G(y) + G(x)y

for all x, y ∈ R.
For all x, y, z ∈ R we have:

G(x(yz)) = G((xy)z)
G(x)G(yz) + G(x)yz = G(xy)G(z) + G(xy)z

G(x)[G(y)G(z) + G(y)z] + G(x)yz = [G(x)G(y) + G(x)y]G(z) + [G(x)G(y) + G(x)y]z
G(x)G(y)G(z) + G(x)G(y)z + G(x)yz = G(x)G(y)G(z) + G(x)yG(z) + G(x)G(y)z + G(x)yz

Then
0 = G(x)yG(z) for all x, y, z ∈ R

that is G(R)RG(R) = 0.
Since R is semiprime then G = 0, a contradiction.

Remark 7. Let R be a prime ring, G a nonzero generalized homoderivation associated with
the homoderivation d and a ∈ R a fixed element. If aG(x) = 0 for all x ∈ R, then a = 0.

Proof:
Since aG(x) = 0 for all x ∈ R then

0 =aG(xy) =
=aG(x)G(y) + aG(x)y + axd(y) =
=axd(y)

Since R is prime then a = 0 or d = 0. Since G ̸= 0 then, by Theorem 5, d ̸= 0.



12 Chapter 1. Generalized homoderivations

1.2.1 Examples

Example 7. Let R be a prime unital ring, µ ∈ Z(R) and let G : R −→ R be such that
G(x) = µx. If G is a generalized homoderivation associated with the homoderivation d, then

µxy =G(xy) =
=G(x)G(y) + G(x)y + xd(y) =
=µxµy + µxy + xd(y)

that is 0 = µ2xy + xd(y) and for x = 1R we have d(y) = −µ2y. Since d is a homoderiva-
tion then

d(xy) =d(x)d(y) + d(x)y + xd(y)

−µ2xy =µ2xµ2y − µ2xy − xµ2y

0 =µ2(µ2 − 1)

therefore µ = 0,±1.

Example 8. Let d : R −→ R be a homoderivation and let G : R −→ R be such that
G(xy) = G(x)y + xd(y). If G is a generalized homoderivation associated with d then

G(x)y + xd(y) = G(x)G(y) + G(x)y + xd(y)

that is
0 = G(x)G(y)

Replacing y with yt we have

0 = G(x)G(y)t + G(x)yd(t) = G(x)yd(t)

Since R is prime then G = 0 or d = 0.
If d = 0 then, by Theorem 5 we have G = 0.

Example 9. If d : R −→ R is a homoderivation then it is a generalized homoderivation.

1.2.2 Characterization of generalized homoderivations associated with a
homoderivation

Theorem 6. Let R be a prime ring and F : R −→ R a generalized homoderivation associated
with the homoderivation d : R −→ R. Then

F(xy) = xF(y) for all x, y ∈ R

or
F(x) = d(x) for all x ∈ R

Therefore a generalized homoderivation F ̸= 0 associated with the homoderivation d ̸= 0 is
either a generalized derivation or a homoderivation.
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Proof:
For all x, y, z ∈ R we have:

F((xy)z) =
F(xy)F(z) + F(xy)z + xyd(z) =
[F(x)F(y) + F(x)y + xd(y)]F(z) + [F(x)F(y) + F(x)y + xd(y)]z + xyd(z) =
F(x)F(y)F(z) + F(x)yF(z) + xd(y)F(z) + F(x)F(y)z + F(x)yz + xd(y)z + xyd(z)

Moreover

F(x(yz)) =
F(x)F(yz) + F(x)yz + xd(yz) =
F(x)[F(y)F(z) + F(y)z + yd(z)] + F(x)yz + x[d(y)d(z) + d(y)z + yd(z)] =
F(x)F(y)F(z) + F(x)F(y)z + F(x)yd(z) + F(x)yz + xd(y)d(z) + xd(y)z + xyd(z)

Subtracting member from member we have

0 = F(x)yF(z) + xd(y)F(z)− F(x)yd(z)− xd(y)d(z)

0 = F(x)y
(

F(z)− d(z)
)
+ xd(y)

(
F(z)− d(z)

)
0 =

(
F(x)y + xd(y)

)(
F(z)− d(z)

)
for all x, y, z ∈ R (1.29)

Replacing x with xt in (1.29), with t ∈ R, we have

0 =

(
F(xt)y + xtd(y)

)(
F(z)− d(z)

)

0 =

(
F(x)F(t)y + F(x)ty + xd(t)y + xtd(y)

)(
F(z)− d(z)

)
(1.30)

Replacing x with t in (1.29) we have

0 =

(
F(t)y + td(y)

)(
F(z)− d(z)

)
for all t, y, z ∈ R

Multiplying the latter on the left by x ∈ R we have

0 =

(
xF(t)y + xtd(y)

)(
F(z)− d(z)

)
for all t, x, y, z ∈ R

xtd(y)
(

F(z)− d(z)
)
= −xF(t)y

(
F(z)− d(z)

)
(1.31)

Then from (1.30) and (1.31) follows

0 =

(
F(x)F(t)y + F(x)ty + xd(t)y +−xF(t)y

)(
F(z)− d(z)

)
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that is

0 =

(
F(x)F(t) + F(x)t + xd(t)− xF(t)

)
y
(

F(z)− d(z)
)

for all x, y, t, z ∈ R

Since R is prime then

• F(x)F(t) + F(x)t + xd(t)− xF(t) = 0 for all x, t ∈ R or

• F(z)− d(z) = 0 for all z ∈ R

that is

• F(xt)− xF(t) = 0 for all x, t ∈ R or

• F(z)− d(z) = 0 for all z ∈ R

Theorem 7. Let R be a unital prime ring and let F : R −→ R be a generalized homoderiva-
tion associated with the homoderivation d : R −→ R.
Let a ∈ R such that F(1R) = a. Then

d(x) = −x, F(x) = x for all x ∈ R

or
d(x) = −x, F(x) = −x for all x ∈ R

or

d(x) = [x, a]− axa, F(x) = xa for all x ∈ R, where, by Theorem 5, a ̸= 0

or
F(x) = d(x) for all x ∈ R

and we have

a
(

d(x) + x
)
= 0 =

(
d(x) + x

)
a for all x ∈ R

where −a is idempotent.

Proof:
By Theorem 6 we have

F(tx) = tF(x) for all x, t ∈ R

or
F(x) = d(x) for all x ∈ R

I case Suppose that F(tx) = tF(x) for all x, t ∈ R.
For x = 1R we have

F(t) = ta for all t ∈ R, where 0 ̸= a = F(1R)

In particular

F(xy) = xya for all x, y ∈ R, where 0 ̸= a = F(1R)

Then

xya = F(xy) = F(x)F(y) + F(x)y + xd(y) = (xa)(ya) + (xa)y + xd(y)
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from which
0 = −xya + (xa)(ya) + (xa)y + xd(y)

that is

0 = x
(
−ya + aya + ay + d(y)

)
Since the ring R is prime, then the homoderivation associated with F is

d(y) = [y, a]− aya for all y ∈ R, where 0 ̸= a = F(1R)

Therefore
d(xy) = [xy, a]− axya = xya − axy − axya (1.32)

Moreover

d(xy) =
d(x)d(y) + d(x)y + xd(y) =(
[x, a]− axa

)(
[y, a]− aya

)
+

(
[x, a]− axa

)
y + x

(
[y, a]− aya

)
=(

xa − ax − axa
)(

ya − ay − aya
)
+

(
xa − ax − axa

)
y + x

(
ya − ay − aya

)
=

xaya − xa2y − xa2ya − axya + axay + axaya − axaya + axa2y + axa2ya + xay − axy−
− axay + xya − xay − xaya.

Comparing with (1.32) we have

0 = xa2y + xa2ya − axa2y − axa2ya

0 = (1 − a)xa2ya + (1 − a)xa2y

0 = (1 − a)(xa2ya + xa2y)

0 = (1 − a)xa2y(a + 1)

Since R a prime ring then

a = 1 and then d(x) = −x, F(x) = x or
a = −1 and then d(x) = −x, F(x) = −x or

a2 = 0 and then d(x) = [x, a]− axa, F(x) = xa

II case Suppose that F(x) = d(x) for all x ∈ R. In this case F is a homoderivation
and for the Proposition 1 we have

d(1R)

(
d(x) + x

)
= 0 =

(
d(x) + x

)
d(1R) for all x ∈ R

1.2.3 Posner’s theorems

Lemma 3. Let R be a prime unital ring of characteristic different from 2 and let F be a
generalized homoderivation of R associated with the homoderivation d. If F2(x) = 0 for all
x ∈ R then one of the following possibilities occurs:

• F(x) = 0;
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• F(x) = xa with a = F(1R) such that a2 = 0.

Proof:
Suppose F(x) ̸= xa with a2 = 0. By Theorem 7 we have F(x) = d(x) or d(x) = −x
and F(x) = ±x.

• If F(x) = d(x) then by Lemma 1 we have F = 0.

• If F(x) = ±x then 0 = F2(x) = ∓F(x).

Theorem 8. Let R be a prime unital ring of characteristic different from 2 and let F and G
be two generalized homoderivations of R associated, respectively, with the homoderivations
d and g. If F(G(x)) = 0 for all x ∈ R, then one of the following possibilities occurs:

• F(x) = 0;

• G(x) = 0;

• d(x) = [x, a]− axa, F(x) = xa and g(x) = [x, b]− bxb, G(x) = xb with a2 = 0,
b2 = 0 and ba = 0.

Proof:
Let a = F(1R) and b = G(1R). By Theorem 7 we have the following cases:

• F(x) = d(x), G(x) = g(x) and by Theorem 1 we have F = 0 or G = 0.

• F(x) = d(x), g(x) = [x, b]− bxb, and G(x) = xb with b2 = 0.
Since F(G(x)) = 0 for all x ∈ R then d(xb) = 0 for all x ∈ R and, in particular,
d(b) = 0. Therefore

0 = d(xb) = d(x)d(b) + d(x)b + xd(b) = d(x)b

and by Remark 4 we have b = 0 that is G = 0.

• d(x) = −x and F(x) = x or F(x) = −x.
Since F(G(x)) = 0 for all x ∈ R, whatever the from of G, then G = 0.

• g(x) = −x, G(x) = x or G(x) = −x.
Since F(G(x)) = 0 for all x ∈ R, whatever the from of F, then F = 0.

• d(x) = [x, a]− axa, F(x) = xa and G(x) = g(x) with a2 = 0.
If F(G(x)) = 0 for all x ∈ R then g(x)a = 0 and by Remark 4 we have a = 0
that is F = 0.

• d(x) = [x, a]− axa, F(x) = xa and g(x) = [x, b]− bxb, G(x) = xb with a2 = 0
and with b2 = 0.
If F(G(x)) = 0 for all x ∈ R then ba = 0.

Theorem 9. Let R be a prime unital ring of characteristic different from 2 and let F be a
generalized homoderivation of R. If [F(x), x] = 0 for all x ∈ R then F(x) = 0 or F(x) = x
or F(x) = f (x)− x for all x ∈ R with f : R −→ Z(R) an homomorphism.

Proof:
Suppose F(x) ̸= ±x and let a = F(1R). By Theorem 7 we have F(x) = d(x) for all
x ∈ R or F(x) = xa for all x ∈ R with a2 = 0.

• If F(x) = d(x) then by Theorem 2 we have F = 0 or F(x) = f (x)− x for all
x ∈ R with f : R −→ Z(R) an homomorphism.
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• If F(x) = xa then 0 = [F(x), x] = [xa, x] = x[a, x] and replacing x with 1 + x
we have 0 = (1 + x)[a, 1 + x] = [a, x], that is a is central.
Since a is nilpotent then a = 0, that is F = 0.
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Chapter 2

Extended generalized
homoderivations

In recent developments, homoderivations have been generalized and applied to var-
ious classes of rings and near-rings, yielding deeper structural insights.
In particular, in 2020, Eszter Gselmann and Gergely Kiss introduced the concept of
ϵ-homoderivation [21], defining a function hϵ on a ring such that, for all x, y in the
ring,

hϵ(xy) = ϵhϵ(x)hϵ(y) + hϵ(x)y + xhϵ(y),

where ϵ belongs to the center of the ring. This mapping was characterized even in
the absence of the additivity assumption:

Theorem 10. Let P be a subring of the ring Q and assume that ϵ is an arbitrary nonzero
element of the center of Q. The additive mapping hϵ : P −→ Q fulfills functional equation

hϵ(xy) = ϵhϵ(x)hϵ(y) + hϵ(x)y + xhϵ(y)

for all x, y ∈ P if and only if there exists a homomorphism ϕ : P −→ Q such that

ϵhϵ(x) = ϕ(x)− x

for all x ∈ P.

Notably, in rings with a trivial center, an ϵ-homoderivation coincides with a deriva-
tion, whereas in unital rings, El-Sofy’s homoderivation emerges as a particular in-
stance of this broader construct.

We now introduce a new class of additive maps that generalizes both the map intro-
duced by Eszter Gselmann and Gergely Kiss and the homoderivations introduced
by El-Sofy.

2.1 Extended homoderivations

Definition 4. Let R be an associative ring. An additive map d : R −→ Qr is called an
extended homoderivation associated with λ, µ ∈ C if

d(xy) = λd(x)d(y) + µd(x)y + µxd(y) for all x, y ∈ R.

Remark 8. An extended homoderivation associated with ϵ ∈ Z(R) and with µ = 1R is a
ϵ-homoderivation.
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Proposition 2. Let d : R −→ Qr be an extended homoderivation on the unital ring R
associated to λ, µ ∈ C.
Then d(x) = d(1R)x for all x ∈ R with d(1R) ∈ C or µ = 1R.

Proof:
For all x, y, z ∈ R we have:

d(x(yz)) =
λd(x)d(yz) + µd(x)yz + µxd(yz) =

λ2d(x)d(y)d(z) + λµd(x)d(y)z + λµd(x)yd(z) + µd(x)yz + λµxd(y)d(z)+

+ µ2xd(y)z + µ2xyd(z)

(2.1)

Moreover

d((xy)z) =
λd(xy)d(z) + µd(xy)z + µxyd(z) =

λ2d(x)d(y)d(z) + λµd(x)yd(z) + λµxd(y)d(z) + λµd(x)d(y)z + µ2d(x)yz+

+ µ2xd(y)z + µxyd(z)

(2.2)

Therefore comparing (2.1) and (2.2) we have

µd(x)yz + µ2xyd(z)− µ2d(x)yz − µxyd(z) = 0 for all x, y, z ∈ R.

If µ ̸= 0 then

d(x)yz + µxyd(z)− µd(x)yz − xyd(z) = 0 for all x, y, z ∈ R.

that is
(1 − µ)d(x)yz − (1 − µ)xyd(z) = 0 for all x, y, z ∈ R.

Hence, for y = z = 1R we get

(1 − µ)

(
d(x)− xd(1R)

)
= 0 for all x ∈ R

and for x = y = 1R we get

(1 − µ)

(
d(1)z − d(z)

)
= 0 for all z ∈ R.

If µ ̸= 1R, we have d(x) = d(1R)x for all x ∈ R, with d(1R) ∈ C.

Remark 9. Let d : R −→ Qr be an extended homoderivation on the unital ring R associated
to λ ∈ C and µ = 1R.
Then δ(x) = λd(x) is a homoderivation on R.

Remark 10. Let R be a prime ring, d : R −→ Qr a nonzero extended homoderivation of R
associated to λ ∈ C and µ = 1R, and a ∈ R a fixed element.
If ad(x) = 0 for all x ∈ R, then a = 0.

Proof:
Since ad(xy) = 0 for all x, y ∈ R, then

0 = a
(

λd(x)d(y) + d(x)y + xd(y)
)
= axd(y).
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Since R is a prime ring, then a = 0.

Remark 11. Let R be a prime ring, d : R −→ Qr a nonzero extended homoderivation of R
associated to λ ∈ C and µ = 1R, and a ∈ R a fixed element.
If d(x)a = 0 for all x ∈ R, then a = 0.

Proof:
Since d(xy)a = 0 for all x, y ∈ R, then

0 =

(
λd(x)d(y) + d(x)y + xd(y)

)
a = d(x)ya.

Since R is a prime ring, then a = 0.

Proposition 3. Let R be a unital ring and let d : R −→ Qr be a nonzero extended homod-
erivation associated to λ ∈ C and µ = 1R. Then

d(1R)

(
λd(x) + x

)
= 0 =

(
λd(x) + x

)
d(1R) for all x ∈ R

Proof:
By the definition of extended homoderivation of R, we have

d(xy) = λd(x)d(y) + d(x)y + xd(y) for all x, y ∈ R. (2.3)

Replacing x with 1R in (2.3), we obtain

d(y) = λd(1R)d(y) + d(1R)y + d(y) for all y ∈ R

that is,
0 = d(1R)(λd(y) + y) for all y ∈ R.

Replacing y with 1R in (2.3), we obtain

d(x) = λd(x)d(1R) + d(x) + xd(1R) for all x ∈ R

that is,
0 = (λd(x) + x)d(1R) for all x ∈ R.

Remark 12. Let R be a prime unital ring and let d : R −→ Qr be a nonzero extended
homoderivation associated to λ ∈ C and µ = 1R.
If 0 ̸= d(1R) ∈ C, since

d(1R)

(
λd(x) + x

)
= 0 =

(
λd(x) + x

)
d(1R) for all x ∈ R

then d(x) = −λ−1x for all x ∈ R.
Therefore, if d(x) ̸= −λ−1x, then d(1R) = 0 or 0 ̸= d(1R) /∈ C.
In case, 0 ̸= d(1R) /∈ C we have

d(η) /∈ C for all η ∈ Z(R).

El-Sofy [19] proved that if R is a prime ring of char(R) ̸= 2, and I is a nonzero right
ideal of R, and h is a nonzero homoderivation on R such that [x, h(x)] ∈ Z(R) for all
x ∈ I, then h is commuting on I.
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Similarly we have the following:

Theorem 11. Let R be a semiprime unital ring of characteristics not 2, I be a nonzero left
ideal of R and h be a nonzero extended homoderivation on R, associated with λ, µ = 1R ∈ C,
such that h is centralizing.
Then h is commuting on I.

Proof:
Let x ∈ I. Then [x2, h(x2)] ∈ Z(R) by hypothesis. Since [x, h(x)] ∈ Z(R) then

[x2, h(x2)] =[x2, λh(x)h(x) + xh(x) + h(x)x] =

=[x2, λh(x)h(x) + 2xh(x)− [x, h(x)]] =

=[x2, λh(x)h(x) + 2xh(x)]− [x2, [x, h(x)]] =

=[x2, λh(x)h(x) + 2xh(x)] =

=[x2, λh(x)h(x)] + [x2, 2xh(x)] =
=λx[x, h(x)h(x)] + λ[x, h(x)h(x)]x + x[x, 2xh(x)] + [x, 2xh(x)]x =

=λxh(x)[x, h(x)] + λx[x, h(x)]h(x) + λh(x)[x, h(x)]x + λ[x, h(x)]h(x)x+

+ 2x2[x, h(x)] + 2x[x, h(x)]x =

=2(2x2 + λh(x)x + λxh(x))[x, h(x)] ∈ Z(R)

If [x, h(x)] ̸= 0 then 2(2x2 + λh(x)x + λxh(x)) ∈ Z(R).
Then 2[2x2 + λh(x)x + λxh(x), x] = 0.
Since char(R) ̸= 2 then [2x2 + λh(x)x + λxh(x), x] = 0 and we have

0 =[2x2 + λh(x)x + λxh(x), x] =
=λ[h(x)x, x] + λ[xh(x), x] =
=2λx[h(x), x]

If λ ̸= 0 then x[h(x), x] = 0.
Then [x, h(x)]3 = 0.
Since the center of a semiprime ring contains no nonzero nilpotent elements, then
[x, h(x)] = 0 for all x ∈ I. So, h is commuting.

2.1.1 Extended homomultiplier

Definition 5. An additive mapping F : R −→ Qr is said to be an extended homoright
multiplier (or, respectively, extended homoleft multiplier) associated with λ, 0 ̸= µ ∈ C if

F(xy) = λF(x)F(y) + µxF(y)

(or, respectively, F(xy) = λF(x)F(y) + µF(x)y) for all x, y ∈ R.

If F is both an extended homoright multiplier as well as an extended homoleft multiplier,
then F will be called extended homomultiplier.

Theorem 12. If R is a prime ring and F is an extended homoright multiplier (or, respec-
tively, extended homoleft multiplier) then one of the following possibilities occurs:

• F = 0;

• F(xy) = xF(y) (or, respectively, F(xy) = F(x)y);

• F(x) = λ−1(1 − µ)x.
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Proof:
Suppose that F is an extended homoright multiplier (a similar proof is valid for an
extended homoleft multiplier).
For all x, y, z ∈ R, we have

F(xyz) =
λF(xy)F(z) + µxyF(z) =

λ2F(x)F(y)F(z) + λµxF(y)F(z) + µxyF(z)

(2.4)

and

F(xyz) =
λF(x)F(yz) + µxF(yz) =

λ2F(x)F(y)F(z) + λµF(x)yF(z) + µλxF(y)F(z) + µ2xyF(z)

(2.5)

By (2.4) and (2.5), since µ ̸= 0, we have
(

λF(x) + (µ − 1)x
)

yF(z) = 0.

Since R is a prime ring then F = 0 or λF(x) = (1 − µ)x. In the latter case we have:

• if λ = 0 then µ = 1 and, using the definition, F(xy) = xF(y);

• if λ ̸= 0 and µ = 1 then F = 0;

• if λ ̸= 0 and µ ̸= 1 then F(x) = λ−1(1 − µ)x.

2.1.2 Examples

Example 10. Let λ ∈ C and let d : R −→ Qr be an additive map such that

d(x) = [x, a]− λaxa for all x ∈ R.

d is an extended homoderivation associated with λ, in fact:

λd(x)d(y) + d(x)y + xd(y) =

λ

(
xa − ax − λaxa

)(
ya − ay − λaya

)
+

(
xa − ax − λaxa

)
y + x

(
ya − ay − λaya

)
=

λxaya − λaxya + λaxay + λ2axaya − λ2axaya + xay − axy − λaxay + xya − xay − λxaya =

− λaxya − axy + xya =

[xy, a]− λaxya =

d(xy)

Example 11. Let d : R −→ Qr be an extended homoderivation on the prime ring R as-
sociated to λ ∈ C and µ = 1R. If d(x) = ηx for all x ∈ R, with η ∈ C, then for all
x, y ∈ R

d(xy) =λd(x)d(y) + d(x)y + xd(y)

ηxy =λη2xy + ηxy + ηxy
0 =η(λη + 1)xy

that is η = 0 and d = 0 or η = −λ−1 and d(x) = −λ−1x.
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Example 12. Let R be a prime ring and let g : R −→ Qr be a generalized derivation
associated with the derivation d such that it is also an extended homoderivation associated
with λ ∈ C, µ = 1R. Then

g(x)y + xd(y) = λg(x)g(y) + g(x)y + xg(y)

that is
xd(y) = λg(x)g(y) + xg(y). (2.6)

Replacing x with tx we have

txd(y) = λg(tx)g(y) + txg(y) (2.7)

Moreover, multiplying (2.6) by t on the left gives

txd(y) = λtg(x)g(y) + txg(y). (2.8)

From (2.7) and (2.8) it then follows that

λ

(
g(tx)− tg(x)

)
g(y) = 0

If λ = 0 then by (2.6) we have d = g.
If λ ̸= 0, then using Remarks 10 and 11, g = 0 or g(tx) = tg(x). If g(tx) = tg(x) for all
t, x ∈ R then

xg(y) = g(xy) = λg(x)g(y) + g(x)y + xg(y)

that is
0 = g(x)(λg(y) + y)

and using Remarks 10 and 11 we have g = 0 or g(y) = −λ−1y.

2.1.3 Posner’s and Herstein’s theorems

Lemma 4. Let R be a prime unital ring and let h : R −→ Qr be an extended homoderivation
of R associated with λ ∈ C and µ = 1R.
If h2(x) = 0 for all x ∈ R then h(η) ∈ C for all η ∈ Z(R)

Proof:
For all η ∈ Z(R) and x ∈ R we have

0 = h([η, x]) = λh(η)h(x)− λh(x)h(η) + h(η)x − xh(η) (2.9)

Since h2(x) = 0 for all x ∈ R, applying h to (2.9) we get

0 = h
(

λh(η)h(x)− λh(x)h(η) + h(η)x − xh(η)
)
= h(η)h(x)− h(x)h(η) (2.10)

Therefore, by (2.9) and (2.10) we get [h(η), x] = 0 for all x ∈ R.

Lemma 5. Let R be a prime unital ring of characteristic different from 2 and let h : R −→
Qr be an extended homoderivation of R associated with λ, µ ∈ C.
If h2(x) = 0 for all x ∈ R then h(x) = 0 or the following conditions hold{

h(λx) + λh(x) + 2x =0 for all x ∈ R
h(λ) + 2 =0
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Conversely, if 
h(λx) + λh(x) + 2x =0 for all x ∈ R

h
(

λh(x)
)
+ 2h(x) =0 for all x ∈ R

then h2 = 0.

Proof:
Suppose h2(x) = 0 for all x ∈ R.
By Proposition 2, h(x) = h(1R)x for all x ∈ R, with h(1R) ∈ C, or µ = 1R.
If h(x) = h(1R)x for all x ∈ R then 0 = h2(x) = (h(1R))

2x for all x ∈ R. Hence
(h(1R))

2 = 0, that is h = 0.
If µ = 1R and λ = 0 then h is a derivation and so h = 0.
If µ = 1R and λ ̸= 0, for all x, y ∈ R we have

0 = h2(xy) =
(

2 + h(λ)
)

h(x)h(y)

By Remarks 10 and 11 we get h(λ) = −2 and therefore

h(λx) + λh(x) + 2x = 0 for all x ∈ R

In particular h(1) = −λh(1)− 2 that is h(1) = 0.
Conversely, suppose that the following conditions hold

h(λx) + λh(x) + 2x =0 for all x ∈ R

h
(

λh(x)
)
+ 2h(x) =0 for all x ∈ R

Then
h(x) = −λ−1h(λx)− 2λ−1x for all x ∈ R (2.11)

and we have

h2(x) = −λ−1h
(

λh(x)
)
− 2λ−1h(x) =

= 2λ−1h(x)− 2λ−1h(x) = 0

Lemma 6. Let R be a prime unital ring of characteristic different from 2, f and g two
extended homoderivation of R associated, respectively, with λ, 1R ∈ C and µ, 1R ∈ C.
If f (g(x)) = 0 and g2 = 0 for all x ∈ R then g = 0 or f (x) = λ−1µg(x).

Proof:
If µ = 0 then g is a derivation. Since g2 = 0 then g = 0.
Assume µ ̸= 0.
If g2(x) = 0 for all x ∈ R then, by Lemma 5, g(µ) + 2 = 0 and

g(µx) + µg(x) + 2x = 0 for all x ∈ R (2.12)

Applying f to (2.12) we have

f (µ)g(x) + 2 f (x) = 0 (2.13)
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Replacing x with xy in (2.13) we have

f (µ)
(

µg(x)g(y) + g(x)y + xg(y)
)
+ 2λ f (x) f (y) + 2 f (x)y + 2x f (y) = 0

using (2.13) we have

−2µ f (x)g(y)− 2 f (x)y + f (µ)xg(y) + 2λ f (x) f (y) + 2 f (x)y + 2x f (y) = 0

that is
−2µ f (x)g(y) + f (µ)xg(y) + 2λ f (x) f (y) + 2x f (y) = 0 (2.14)

Replacing x with µ in (2.14) we have

−µ f (µ)g(y) + 2λ f (µ) f (y) + 2µ f (y) = 0

using (2.13) we get
2µ f (y) + 2λ f (µ) f (y) + 2µ f (y) = 0

that is
4µ f (y) + 2λ f (µ) f (y) = 0

Since char(R) ̸= 2 then (
2µ + λ f (µ)

)
f (y) = 0

and, by Remarks 2.1 and 2.2 we get 2µ + λ f (µ) = 0.
Since µ ̸= 0 and char(R) ̸= 2 then λ ̸= 0.
Therefore f (µ) = −2λ−1µ ∈ C and by (2.13) we have

2 f (x) = − f (µ)g(x) = 2λ−1µg(x)

that is
f (x) = λ−1µg(x)

Theorem 13. Let R be a prime unital ring of characteristic different from 2, f and g two
extended homoderivation of R associated, respectively, with λ, η ∈ C and µ, ρ ∈ C.
If f (g(x)) = 0 for all x ∈ R then g = 0 or f = 0 or f (x) = λ−1µg(x) with g2 = 0 and{

g(λx) + λg(x) + 2x =0 for all x ∈ R
g(λ) + 2 =0

Proof:
By Proposition 2, f (x) = f (1R)x for all x ∈ R or η = 1R and g(x) = g(1R)x for all
x ∈ R or ρ = 1R.

I case Assume η = 1R and ρ = 1R, that is

f (xy) = λ f (x) f (y) + f (x)y + x f (y)

g(xy) = µg(x)g(y) + g(x)y + xg(y)

Firstly we observe that for all x ∈ R,

f (µg(x)) = f (µ)g(x)
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and
f (g(x)µ) = g(x) f (µ)

hence
f (µ)g(x) = g(x) f (µ) (2.15)

If f (g(x)) = 0 then

f (µ)g(x)g(y) + g(x) f (y) + f (x)g(y) = 0 (2.16)

Replacing x with g(x) and using (2.15) we have

g2(x)
(

f (µ)g(y) + f (y)
)
= 0 (2.17)

If f (µ) = 0 then g2(x) f (y) = 0 and, by Remarks 2.1 and 2.2 we get g2(x) = 0 or
f (x) = 0.
If g2(x) = 0, the conclusions follow from Lemma 6.
Assume f (µ) ̸= 0.
Replacing x with g(x)y in (2.15) we have

f (µ)
(

µg2(x)g(y) + g2(x)y + g(x)g(y)
)
=

(
µg2(x)g(y) + g2(x)y + g(x)g(y)

)
f (µ)

By (2.15) we get
f (µ)g2(x)y = g2(x)y f (µ)

that is

g2(x)δ(R) = 0 with δ(x) = [ f (µ), x] inner derivation induced by f (µ)

Then g2(x) = 0 or δ = 0.
If g2(x) = 0, the conclusions follow from Lemma 6.
Assume δ = 0, that is f (µ) ∈ Z(R).
Replacing x with µ in (2.16) we have

f (µ)g(µ)g(y) + g(µ) f (y) + f (µ)g(y) = 0

that is
g(µ)g(y) + g(µ) f (y) + g(y) = 0

Replacing y with µ in (2.17) we have

g2(x)
(

f (µ)g(µ) + f (µ)
)
= 0

that is

g2(x)
(

g(µ) + 1
)
= 0 (2.18)

If g(µ) = 0 then g2 = 0 and the conclusions follow from Lemma 6.
Assume g(µ) ̸= 0.
Replacing x and y with µ in (2.16) we have

f (µ)g2(µ) + 2g(µ) f (µ) = 0
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that is
g2(µ) + 2g(µ) = 0

hence (
g(µ) + 1

)
g(µ) = −g(µ) (2.19)

Multiplying (2.18) on the right by g(µ) and using (2.19) we have

g2(x)
(

g(µ) + 1
)

g(µ) = 0

g2(x)g(µ) = 0

Therefore by (2.18) we have g2 = 0 and the conclusions follow from Lemma 6.

II case Assume η = 1R and g(x) = g(1R)x.
If f (g(x)) = 0 for all x ∈ R then

0 = λ f (g(1R)) f (x) + f (g(1R))x + g(1R) f (x) (2.20)

Replacing x with g(x) we have 0 = f (g(1R))g(x) and, by Remarks 2.1 and 2.2 we
get f (g(1R)) = 0.
Therefore by (2.20) we have 0 = g(1R) f (x) and, by Remarks 2.1 and 2.2 we get
g(1R) = 0, that is g = 0.

III case Assume f (x) = f (1R)x for all x ∈ R and ρ = 1R.
If f (g(x)) = 0 for all x ∈ R then 0 = f (1R)g(x).
If g ̸= 0, by Remarks 2.1 and 2.2 we get f (1R) = 0, that is f = 0.

IV case Assume f (x) = f (1R)x for all x ∈ R and g(x) = g(1R)x.
If f (g(x)) = 0 for all x ∈ R then f (1R)g(1R) = 0 that is f = 0 or g = 0.

Theorem 14. Let R be a prime unital ring of characteristic different from 2, f : R −→ Qr
an extended homoderivation of R associated with λ, 1R ∈ C.
If [ f (x), x] = 0 for all x ∈ R then f = 0 or f (x) = −λ−1x + ω(x) with ω : R −→ Z(R).
Moreover ω = 0 or ω(1R) = λ−1.

Proof:
An additive map defined on a prime ring and satisfying the condition [ f (x), x] = 0
for all x ∈ R takes the following from

f (x) = ηx + ω(x) with η ∈ Z(R) and ω : R −→ Z(R)

Therefore

ηxy + ω(xy) =
λ f (x) f (y) + f (x)y + x f (y) =

λ

(
ηx + ω(x)

)(
ηy + ω(y)

)
+

(
ηx + ω(x)

)
y + x

(
ηy + ω(y)

)
=

λη2xy + ληω(y)x + ληω(x)y + λω(x)ω(y) + ηxy + ω(x)y + ηxy + xω(y)
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that is(
λη + 1

)
ηxy +

(
λη + 1

)
ω(y)x +

(
λη + 1

)
ω(x)y + λω(x)ω(y)− ω(xy) = 0

(2.21)
commuting with x ∈ R we have(

λη + 1
)

ηx[y, x] +
(

λη + 1
)

ω(x)[y, x] = 0

that is (
λη + 1

)
f (x)[y, x] = 0

Replacing y with yz we have (
λη + 1

)
f (x)y[z, x] = 0

Suppose λη + 1 ̸= 0.
Since R is a prime ring then, for all x ∈ R,

x ∈ Z(R) or
(
λη + 1

)
f (x) = 0. (2.22)

If there exist x0 and y0 such that x0 /∈ Z(R) and f (y0) ̸= 0 then by (2.22) we have
F(x0) = 0 and y0 ∈ Z(R).
If x0 + y0 ∈ Z(R) then x0 ∈ Z(R), a contradiction.
If f (x0 + y0) = 0 then f (y0) = 0, a contradiction.
Therefore either x ∈ Z(R) for all x ∈ R, or

(
λη + 1

)
f (x) = 0 for all x ∈ R.

Hence R is commutative or f = 0.
Suppose λη + 1 = 0.
Then λ = −η−1 and

f (x) = −λ−1x + ω(x) (2.23)

Moreover, by (2.21) we have

λω(x)ω(y)− ω(xy) = 0 (2.24)

In particular,
f (1R) = −λ−1 + ω(1R) (2.25)

and
ω(1R) = λω(1R)ω(1R)

that is

ω(1R)

(
λω(1R)− 1

)
= 0 (2.26)

Since the evaluations of ω are central then ω(1R) = 0 or ω(1R) = λ−1.
If ω(1R) = 0 then, by (2.24), we have ω = 0.
Therefore, by (2.23) we have f (x) = −λ−1x.
If ω(1R) = λ−1 then by (2.25), f (1R) = 0.

Lemma 7. Let R be a non-commutative unital prime ring of characteristic different from 2
and d : R −→ Qr an extended homoderivation of R associated with λ, 1R ∈ C.
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If [d(x), d(y)] = 0 for all x, y ∈ R then d(x) = 0.

Proof:
By Proposition 3 we have

d(1R)(λd(x) + x) = 0 = (λd(x) + x)d(1R) for all x ∈ R (2.27)

From the hypothesis we have

[d(x), d(y)] = 0 for all x, y ∈ R (2.28)

Substituting y with yz we have

[d(x), d(yz)] = 0 for all x, y, z ∈ R

that is
[d(x), λd(y)d(z) + d(y)z + yd(z)] = 0 for all x, y, z ∈ R

By (2.28) we have

d(y)[d(x), z] + [d(x), y]d(z) = 0 for all x, y, z ∈ R (2.29)

Replacing z with zt we get

d(y)[d(x), z]t + d(y)z[d(x), t] + λ[d(x), y]d(z)d(t) + [d(x), y]d(z)t + [d(x), y]zd(t) = 0
for all x, y, z, t ∈ R

(2.30)

Multiplying (2.29) by t on the right we have

d(y)[d(x), z]t + [d(x), y]d(z)t = 0 for all x, y, z ∈ R (2.31)

Subtracting (2.31) from (2.30) we get

d(y)z[d(x), t] + λ[d(x), y]d(z)d(t) + [d(x), y]zd(t) = 0 for all x, y, z, t ∈ R

Replacing y with d(u) we have

d2(u)z[d(x), t] + λ[d(x), d(u)]d(z)d(t) + [d(x), d(u)]zd(t) = 0 for all x, u, z, t ∈ R

By (2.28) we have
d2(u)z[d(x), t] = 0 for all x, u, t ∈ R

Since R is a prime ring then

(a) d2(u) = 0 for all u ∈ R or

(b) [d(x), t] = 0 for all x, t ∈ R

case (a) Suppose that d2(u) = 0 for all u ∈ R.
Then by Lemma 5 we have d(x) = 0 or{

d(λx) + λd(x) + 2x =0 for all x ∈ R
d(λ) + 2 =0

(2.32)
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Assume that the conditions (2.32) hold.
Replacing x with λx in (2.28) and using (2.32) we get

0 =[d(λx), d(y)] = [−λd(x)− 2x, d(y)]

Using (2.28) we have
0 = [2x, d(y)]

Replacing y with λy and using (2.32) we get

0 = [2x,−λd(y)− 2y]

Using (2.28) we have
0 = [2x, 2y]

Since char(R) ̸= 2 then [x, y] = 0. A contradiction since R is not commutative.

case (b) Suppose that [d(x), t] = 0 for all x, t ∈ R, that is

d(x) ∈ Z(R), for all x ∈ R

We can assume Z(R) ̸= 0, otherwise it would be d = 0.
In particular, for each x ∈ R we have both d(x) ∈ Z(R) and also d(x2) ∈ Z(R).
Hence

d(x2) = λd(x)2 + xd(x) + d(x)x = λd(x)2 + 2xd(x) ∈ Z(R)

and then, since char(R) ̸= 2, xd(x) ∈ Z(R).
Since d(x) ∈ Z(R) then for all x ∈ R we have either d(x) = 0 or x ∈ Z(R).
In particular, if x /∈ Z(R) then d(x) = 0.
Since R is non-commutative, exists 0 ̸= x0 /∈ Z(R) such that d(x0) = 0.
Moreover, since Z(R) ̸= 0 exists 0 ̸= x1 ∈ Z(R). Therefore

d(x0x1) ∈ Z(R) ⇒ λd(x0)d(x1) + d(x0)x1 + x0d(x1) ∈ Z(R)

then x0d(x1) ∈ Z(R).
Since 0 ̸= x0 /∈ Z(R) and d(x1) ∈ Z(R), we have d(x1) = 0.
Therefore d(x) =0 in any case.

2.2 Extended generalized homoderivations

Definition 6. Let R be an associative ring, λ, µ ∈ C and d : R −→ Qr an additive map.
An additive map F : R −→ Qr is called an extended generalized homoderivation associated
with λ, µ ∈ C if

F(xy) = λF(x)F(y) + µF(x)y + µxd(y) for all x, y ∈ R

Remark 13. Let F : R −→ Qr be an extended generalized homoderivation associated with
λ, 0 ̸= µ ∈ C and with the additive map d. If d = 0 then F is an extended homomultiplier
and, by Theorem 12, one of the following possibilities occurs:

• F = 0;

• F(xy) = F(x)y;
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• F(x) = λ−1(1 − µ)x.

Remark 14. Let F : R −→ Qr be an extended generalized homoderivation associated with
λ, 0 ̸= µ ∈ C and with the additive map d and let a = F(1R).
Observe that if R is a unital ring then by replacing, in the definition of F, x with 1R we
obtain

F(y) = λaF(y) + µay + µd(y)

that is
d(y) = µ−1(1 − λa)F(y)− ay, (2.33)

and replacing, in the definition of F, y with 1R we obtain

F(x) = λF(x)a + µF(x) + µxd(1R) = F(x)(λa + µ) + µxd(1R)

that is

F(x)
(

1 − λa − µ

)
= µxd(1R). (2.34)

In particular, for x = y = 1R we have

λa2 + (µ − 1)a + µd(1R) = 0.

2.2.1 Characterization of extended generalized homoderivations associ-
ated with an additive map

Theorem 15. Let R be a prime unital ring, d : R −→ Qr an additive map and F : R −→ Qr
an extended generalized homoderivation associated with λ, 0 ̸= µ ∈ C and with the additive
map d.
Let a = F(1R). Then one of the following possibilities holds:

• d = 0 and F = 0;

• λ = 0, d = 0 and F(x) = ax;

• d = 0 and F(x) = λ−1(1 − µ)x;

• µ = 1, λ = 0, F is a generalized derivation associated with the derivation d;

• µ = 1, λ ̸= 0, F = d is an extended homoderivation;

• µ ̸= 1, λ ̸= 0, d is an extended homoderivation associated with λ ∈ C, that is
d(xy) = λd(x)d(y) + d(x)y + xd(y) and F(x) = λ−1(1 − µ)x + d(x);

• F(x) = xa and d(x) =
(

µ−1 − µ−1λa
)

xa − ax.

Proof:
If d = 0 then F is an extended homomultiplier and, by Theorem 12, one of the
following possibilities occurs:

• F = 0;

• λ = 0 and F(x) = ax;

• F(x) = λ−1(1 − µ)x.
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Assume d ̸= 0.
For all x, y, z ∈ R we have

F((xy)z) =
λF(xy)F(z) + µF(xy)z + µxyd(z) =
λ[λF(x)F(y) + µF(x)y + µxd(y)]F(z) + µ[λF(x)F(y) + µF(x)y + µxd(y)]z+
+ µxyd(z) =

λ2F(x)F(y)F(z) + λµF(x)yF(z) + λµxd(y)F(z) + λµF(x)F(y)z + µ2F(x)yz+

+ µ2xd(y)z + µxyd(z)

Moreover

F(x(yz)) =
λF(x)F(yz) + µF(x)yz + µxd(yz) =
λF(x)[λF(y)F(z) + µF(y)z + µyd(z)] + µF(x)yz + µxd(yz) =

λ2F(x)F(y)F(z) + λµF(x)F(y)z + λµF(x)yd(z) + µF(x)yz + µxd(yz)

Subtracting member from member we have

µF(x)y
(

λF(z) + µz − z − λd(z)
)
+ µx

(
µd(y)z + yd(z)− d(yz) + λd(y)F(z)

)
= 0

(2.35)
Since µ ̸= 0 and indicating

∆1 = y
(

λF(z) + µz − z − λd(z)
)

and
∆2 = µd(y)z + yd(z)− d(yz) + λd(y)F(z),

we have
F(x)∆1 + x∆2 = 0 (2.36)

that is
x∆2 = −F(x)∆1 (2.37)

Replacing x with xt in (2.36) we have(
λF(x)F(t) + µF(x)t + µxd(t)

)
∆1 + x∆2 = 0. (2.38)

Using (2.37) we get

F(x)
(

λF(t) + µt
)

∆1 + x
(

µd(t)− F(t)
)

∆1 = 0

that is (
λF(x)F(t) + µF(x)t + µxd(t)− xF(t)

)
∆1 = 0,

hence (
F(xt)− xF(t)

)
∆1 = 0.
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Indicating
∆3 = F(xt)− xF(t)

we have ∆3∆1 = 0 that is

∆3y
(

λF(z) + µz − z − λd(z)
)
= 0.

Since R is a prime ring then

∆3 = 0 orλF(z) + (µ − 1)z − λd(z) = 0

• Assume ∆3 = 0 that is

F(xt)− xF(t) = 0

For t = 1R we have F(x) = xa with a = F(1R).
By (2.33) of Remark 14 we get

d(x) = µ−1(1 − λa)xa − ax, for all x ∈ R. (2.39)

• Assume
λF(x) + (µ − 1)x − λd(x) = 0 for all x ∈ R. (2.40)

First note that:

• if µ = 1 and λ = 0 then, by definition, F is a generalized derivation and then d
is a derivation;

• if µ = 1 and λ ̸= 0 then, by (2.40), F = d. Then, by definition, F is an extended
homoderivation.

Therefore, in what follows we will consider µ − 1 ̸= 0.
Furthermore, if µ ̸= 1, then λ ̸= 0 because otherwise, by (2.40), we would have
(µ − 1)z = 0.
By (2.40), we have

d(x) = F(x) + λ−1(µ − 1)x (2.41)

Moreover by (2.33) of Remark 14 we have

d(x) = µ−1(1 − λa)F(x)− ax (2.42)

Therefore by (2.41) and (2.42) we get

F(x) + λ−1(µ − 1)x = µ−1(1 − λa)F(x)− ax,

that is (
µ−1(1 − λa)− 1

)
F(x) +

(
−λ−1(µ − 1)− a

)
x = 0.

Indicating
∆4 = µ−1(1 − λa)− 1

and
∆5 = −λ−1(µ − 1)− a

we have
∆4F(x) + ∆5x = 0. (2.43)
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Note that if ∆4 = 0 then by (2.43), ∆5 = 0.
Furthermore, if ∆5 = 0 then by (2.43), ∆4F(x) = 0. In this case, replacing x with xy
we have

0 = ∆4F(xy) = µ∆4xd(y)

and since d ̸= 0 and µ ̸= 0, then ∆4 = 0.
Therefore

∆4 = 0 if and only if ∆5 = 0. (2.44)

Replacing x with xy in (2.43) we have

∆4

(
λF(x)F(y) + µF(x)y + µxd(y)

)
+ ∆5xy = 0. (2.45)

By (2.43) we have ∆4F(x) = −∆5x.
Therefore by (2.45) we have

−λ∆5xF(y)− µ∆5xy + µ∆4xd(y) + ∆5xy = 0

that is

∆5x
(
−λF(y)− µy + y

)
+ µ∆4xd(y) = 0. (2.46)

By (2.44), either ∆4 = ∆5 = 0 or ∆4 ̸= 0 and ∆5 ̸= 0.

• Assume ∆4 = ∆5 = 0, that is

∆4 = µ−1(1 − λa)− 1 = 0

and
∆5 = −λ−1(µ − 1)− a = 0.

Therefore a = λ−1(1 − µ) ∈ Z(R) and

1 − λa − µ = 0.

Then by (2.34) of Remark 14 we have

µxd(1R) = F(x)
(

1 − λa − µ

)
= 0,

that is d(1R) = 0.
Moreover by (2.41) we have

F(x) = ax + d(x), with a = λ−1(1 − µ) ∈ Z(R). (2.47)

• Assume ∆4 ̸= 0 and ∆5 ̸= 0.

Then by (2.46) there exists 0 ̸= η ∈ C such that

−λF(y)− µy + y = ηd(y)

that is

F(y) = λ−1
(

y − µy − ηd(y)
)
= λ−1(1 − µ)y − λ−1ηd(y) (2.48)

By (2.48) and (2.41) we get

d(x) + λ−1(1 − µ)x = λ−1(1 − µ)x − λ−1ηd(x)
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that is
−λ−1η = 1

Therefore
d(x) = F(x) + θx, θ = λ−1(µ − 1) ̸= 0 (2.49)

Replacing x with xy in (2.49) and using (2.49) we have

d(xy) = F(xy) + θxy =

= λF(x)F(y) + µF(x)y + µxd(y) + θxy =

= λ

(
d(x)− θx

)(
d(y)− θy

)
+ µ

(
d(x)− θx

)
y + µxd(y) + θxy =

= λd(x)d(y)− λθd(x)y − λθxd(y) + λθ2xy + µd(x)y − µθxy + µxd(y) + θxy =

= λd(x)d(y) +
(
−λθ + µ

)
d(x)y +

(
−λθ + µ

)
xd(y) +

(
λθ2 − µθ + θ

)
xy

Replacing θ with λ−1(µ − 1) we get −λθ + µ = 1 and λθ2 − µθ + θ = 0.
Then d(xy) = λd(x)d(y) + d(x)y + xd(y), that is d is an extended homoderivation.

Remark 15. Let R be a prime ring, G an extended generalized homoderivation associated
with λ, 0 ̸= µ ∈ C and with the extended homoderivation d : R −→ Qr and a ∈ R a fixed
element. If aG(x) = 0 for all x ∈ R, then a = 0 or d = 0.

Proof:
Since aG(x) = 0 for all x ∈ R then

0 = aG(xy) = λaG(x)G(y) + µaG(x)y + µaxd(y) = µaxd(y)

Since R is prime then a = 0 or d = 0.

2.2.2 Characterization of extended generalized homoderivations associ-
ated with an extended homoderivation

Theorem 16. Let R be a prime unital ring and F : R −→ Qr an extended generalized
homoderivation associated with λ ∈ C, 0 ̸= µ ∈ C and with the extended homoderivation
d : R −→ Qr.
Let a = d(1R) and b = F(1R). Then one of the following possibilities holds:

• µ = 1R and d = 0, F(x) = bx;

• λ ̸= 0, µ ̸= 1R and d = 0, F(x) = −λ−1(µ − 1
)
x;

• λ = η = 0, µ = 1R and F is a generalized derivation associated to the derivation d;

• λ = η ̸= 0, µ = 1R and F(x) = d(x);

• λ = η ̸= 0, µ ̸= 1R and F(x) = xb;

• λ = η ̸= 0, µ ̸= 1R and F(x) = d(x)− λ−1(µ − 1
)
x where λ

(
a − b

)
= µ − 1;

• 0 ̸= b ∈ Z(R) and d(x) = (µ−1b − λµ−1b2 − b)x, F(x) = bx;

• 0 ̸= b /∈ Z(R), λ = η and d(x) = xµ−1b − bx − λµ−1bxb, F(x) = xb with
(1 − µ)b − λb2 = 0;
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• λ = 0, µ = 1R and d = 0, F(x) = bx;

• λ = 0, µ ̸= 1R and d(x) = ax, F(x) = (1 − µ)−1µax;

• λ ̸= 0 and d(x) = ax, F(x) = bx with a ∈ C and b ∈ C.

Proof:
By Proposition 2 we have

d(xy) = ηd(x)d(y) + d(x)y + xd(y) for all x, y ∈ R

or
d(x) = d(1R)x for all x ∈ R

I case Suppose that d(xy) = ηd(x)d(y) + d(x)y + xd(y) for all x, y ∈ R.
For all x, y, z ∈ R we have

F((xy)z) = λF(xy)F(z) + µF(xy)z + µxyd(z) =
= λ[λF(x)F(y) + µF(x)y + µxd(y)]F(z) + µ[λF(x)F(y) + µF(x)y + µxd(y)]z+
+ µxyd(z) =

= λ2F(x)F(y)F(z) + λµF(x)yF(z) + λµxd(y)F(z) + λµF(x)F(y)z+

+ µ2F(x)yz + µ2xd(y)z + µxyd(z)

Moreover

F(x(yz)) = λF(x)F(yz) + µF(x)yz + µxd(yz) =
= λF(x)[λF(y)F(z) + µF(y)z + µyd(z)] + µF(x)yz+
+ µx[ηd(y)d(z) + d(y)z + yd(z)] =

= λ2F(x)F(y)F(z) + λµF(x)F(y)z + λµF(x)yd(z) + µF(x)yz + µηxd(y)d(z)+
+ µxd(y)z + µxyd(z)

Subtracting member from member we have

F(x)y
(

λµF(z) + µ2z − λµd(z)− µz
)
+ xd(y)

(
λµF(z) + µ2z − µηd(z)− µz

)
= 0

Indicating
∆1(z) = λµF(z) + µ2z − λµd(z)− µz

∆2(z) = λµF(z) + µ2z − µηd(z)− µz

we have
F(x)y∆1(z) + xd(y)∆2(z) = 0 (2.50)

Replacing x with xt in (2.50) we have

F(xt)y∆1(z) + xtd(y)∆2(z) = 0 (2.51)

Substituting x with t in (2.50) and then multiplying on the left by x we get

xtd(y)∆2(z) = −xF(t)y∆1(z) (2.52)

By (2.52) and (2.51) it follows that

F(xt)y∆1(z)− xF(t)y∆1(z) = 0
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that is (
F(xt)− xF(t)

)
y∆1(z) = 0

Since R is a prime ring then ∆1(z) = 0 for all z ∈ R or F(xt) = xF(t) for all x, t ∈ R.

I subcase Suppose that ∆1(z) = 0 for all z ∈ R, that is

µ

(
λ
(

F(z)− d(z)
)
+

(
µ − 1

)
z
)
= 0. (2.53)

In particular, if λ ̸= 0 and µ = 1R then F(x) = d(x).
Since µ ̸= 0 by (2.53) we have

λ
(

F(z)− d(z)
)
+

(
µ − 1

)
z = 0 for all z ∈ R (2.54)

Moreover, by (2.50) we have
d(y)∆2(z) = 0

and replacing y with yz we get

d(y)z∆2(z) = 0.

Since R is a prime ring then d = 0 or ∆2(z) = 0 for all z ∈ R.

case (a) Suppose that d = 0.
By (2.54) we have

λF(z) +
(
µ − 1

)
z = 0 for all z ∈ R (2.55)

If µ = 1R and λ = 0 then, by the definition of extended generalized homod-
erivation, we have

F(xy) = F(x)y for all x, y ∈ R

and replacing x with 1R we get F(y) = F(1R)y for all y ∈ R.
If µ = 1R and λ ̸= 0 then by (2.55) we get F = 0.
If µ ̸= 1R and λ ̸= 0 then by (2.55) we get F(z) = −λ−1(µ − 1

)
z for all z ∈ R.

case (b) Suppose that ∆2(z) = 0 for all z ∈ R that is

µ

(
λF(z)− ηd(z) +

(
µ − 1

)
z
)
= 0

Since µ ̸= 0 we have (
µ − 1

)
z = −λF(z) + ηd(z).

Using the previous relation in (2.54) we have

λ
(

F(z)− d(z)
)
− λF(z) + ηd(z) = 0

hence
λ = η
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If λ = η = 0 then d is a derivation and by (2.54) it follows that µ = 1R.
Therefore F is a generalized derivation associated to the derivation d.
If λ ̸= 0 and µ = 1R then by (2.54) it follows that F = d.
Assume λ ̸= 0 and µ ̸= 1R.
Replacing z with xy in (2.54) we get

λ

(
F(xy)− d(xy)

)
+

(
µ − 1

)
xy = 0

λ

(
F(xy)− λd(x)d(y)− d(x)y − xd(y)

)
+

(
µ − 1

)
xy = 0

λF(xy)− λ2d(x)d(y)− λd(x)y − λxd(y) +
(
µ − 1

)
xy = 0 (2.56)

Evaluating (2.54) in y and then multiplying to the left by x we have

λxF(y)− λxd(y) +
(
µ − 1

)
xy = 0 (2.57)

Comparing (2.56) and (2.57) it follows that

λF(xy)− λ2d(x)d(y)− λd(x)y − λxF(y) = 0

Since λ ̸= 0 then

F(xy) = λd(x)d(y) + d(x)y + xF(y) (2.58)

Replacing y with 1R in (2.58) we get

F(x) = d(x)c + xb where c = λd(1R) + 1 and b = F(1R) (2.59)

Then by (2.57) we get

λx
(

d(y)c + yb
)
− λxd(y) +

(
µ − 1

)
xy = 0

Replacing x with 1R we have

d(y)(λc − λ) + y(λb + µ − 1) = 0 (2.60)

Replacing y with xy we have

d(xy)(λc − λ) + xy(λb + µ − 1) = 0

λd(x)d(y)(λc − λ) + d(x)y(λc − λ) + xd(y)(λc − λ) + xy(λb + µ − 1) = 0

Using (2.60) we have

−λd(x)y(λb + µ − 1) + d(x)y(λc − λ) = 0

λd(x)y(−λb − µ + c) = 0

Since λ ̸= 0 and since R is a prime ring then d = 0 or c = λb + µ, that is

λ

(
d(1R)− F(1R)

)
= µ − 1.
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Therefore, by (2.59)

F(x) = xb where b = F(1R) (2.61)

or, by (2.54),

F(x) = d(x)− λ−1(µ − 1
)
x where λ

(
d(1R)− F(1R)

)
= µ − 1

that is

F(x) = d(x)−
(

d(1R)− F(1R)

)
x

II subcase Suppose that F(xt) = xF(t) for all x, t ∈ R.
Replacing t with 1R we have F(x) = xb for all x ∈ R, where b = F(1R).
If b = 0 then F = 0.
Suppose b ̸= 0. Then

xyb = F(xy) =
= λF(x)F(y) + µF(x)y + µxd(y) =
= λxbyb + µxby + µxd(y)

Hence

x
(

yb − λbyb − µby − µd(y)
)
= 0

Therefore
yb − λbyb − µby − µd(y) = 0

Since µ ̸= 0 then
d(y) = µ−1yb − λµ−1byb − by (2.62)

Therefore, for all x, y ∈ R we have

d(xy) = µ−1xyb − λµ−1bxyb − bxy (2.63)

Hence, by definition

d(xy) = ηd(x)d(y) + d(x)y + xd(y) =

η

(
µ−1xb − λµ−1bxb − bx

)(
µ−1yb − λµ−1byb − by

)
+

+

(
µ−1xb − λµ−1bxb − bx

)
y + x

(
µ−1yb − λµ−1byb − by

)
that is

d(xy) =

ηµ−2xbyb − ηµ−1xb2y − ηλµ−2xb2yb − µ−1ηbxyb + ηbxby + ηλµ−1bxbyb−
− ηλµ−2bxbyb + ηλµ−1bxb2y + ηλ2µ−2bxb2yb + µ−1xby − bxy − λµ−1bxby+

+ µ−1xyb − xby − λµ−1xbyb
(2.64)
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comparing (2.63) and (2.64) we have

x
(

ηµ−2byb − ηµ−1b2y − ηλµ−2b2yb + µ−1by − by − λµ−1byb
)
+

+ bx
(
−µ−1ηyb + ηby + ηλµ−1byb − ηλµ−2byb + ηλµ−1b2y + ηλ2µ−2b2yb−

− λµ−1by + λµ−1yb
)
= 0

Indicating

Γ1(y) = ηµ−2byb − ηµ−1b2y − ηλµ−2b2yb + µ−1by − by − λµ−1byb

Γ2(y) = −µ−1ηyb + ηby + ηλµ−1byb − ηλµ−2byb + ηλµ−1b2y + ηλ2µ−2b2yb−
− λµ−1by + λµ−1yb

we have
xΓ1(y) + bxΓ2(y) = 0 (2.65)

If 0 ̸= b ∈ C then, by (2.62), we have

F(x) = βx, d(x) = γx where β = b ∈ C and γ = µ−1b − λµ−1b2 − b ∈ C

Suppose 0 ̸= b /∈ C. Then by (2.65) it follows that Γ1(y) = 0 and Γ2(y) = 0 that is

0 = ηµ−2byb − ηµ−1b2y − ηλµ−2b2yb + µ−1by − by − λµ−1byb (2.66)

and

0 = −µ−1ηyb+ ηby+ ηλµ−1byb− ηλµ−2byb+ ηλµ−1b2y+ ηλ2µ−2b2yb−λµ−1by+λµ−1yb

In particular, by (2.66) it follows that

0 =

(
ηµ−2b − ηλµ−2b2 − λµ−1b

)
yb +

(
−ηµ−1b2 + µ−1b − b

)
y

Since 0 ̸= b /∈ C, it follows that

ηµ−2b − ηλµ−2b2 − λµ−1b = 0 (2.67)

and
−ηµ−1b2 + µ−1b − b = 0 (2.68)

Since µ, λ ̸= 0, by (2.69) we have

λ−1ηµ−1b − ηµ−1b2 − b = 0 (2.69)

Comparing (2.69) and (2.68) we have λ−1ηµ−1b = µ−1b that is λ = η.
Then by (2.69) we have µ−1b − λµ−1b2 − b = 0, that is (1 − µ)b − λb2 = 0.

II case Suppose that d(x) = η0x for all x ∈ R, with η0 = d(1R) ∈ C.
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Then for all x, y ∈ R we have

F(xy) = λF(x)F(y) + µF(x)y + µxη0y = λF(x)F(y) + µ

(
F(x) + η0x

)
y

case (a) Suppose that λ = 0. Then

F(xy) = µ

(
F(x) + η0x

)
y

For x = 1R we have

F(y) = µ

(
F(1R) + η0

)
y (2.70)

and for y = 1R we have
F(x) = µF(x) + µη0x (2.71)

Therefore by (2.70) and (2.71) it follows µF(1R)x + µη0x = µF(x) + µη0x that
is

F(x) = F(1R)x (2.72)

In particular, by (2.70) we have F(1R) = µF(1R) + µη0 that is

(1 − µ)F(1R) = µη0 (2.73)

If µ = 1 it follows η0 = 0, that is d = 0.
Therefore d = 0 and F(x) = F(1R)x or d(x) = η0x and, by (2.73), F(x) =
(1 − µ)−1µη0x

case (b) Suppose that λ ̸= 0. Then

F(xy) = λF(x)F(y) + µF(x)y + µxη0y

For x = 1R we have

F(x) = λF(1R)F(y) + µF(1R)y + µη0y (2.74)

and for y = 1R we have

F(x) = λF(x)F(1R) + µF(x) + µxη0 (2.75)

Therefore by (2.74) and (2.75) it follows

λF(1R)F(x) + µF(1R)x = λF(x)F(1R) + µF(x) (2.76)

Moreover, for all x, y, t ∈ R we have

F(x(yt)) =
λF(x)F(yt) + µF(x)yt + µη0xyt =
λF(x)[λF(y)F(t) + µF(y)t + µη0yt] + µF(x)yt + µη0xyt =

λ2F(x)F(y)F(t) + λµF(x)F(y)t + λµη0F(x)yt + µF(x)yt + µη0xyt

(2.77)
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F((xy)t) =
λF(xy)F(t) + µF(xy)t + µη0xyt =
λ[λF(x)F(y) + µF(x)y + µη0xy]F(t) + µ[λF(x)F(y) + µF(x)y + µη0xy]t+
+ µη0xyt =

λ2F(x)F(y)F(t) + λµF(x)yF(t) + λµη0xyF(t) + λµF(x)F(y)t + µ2F(x)yt+

+ µ2η0xyt + µη0xyt
(2.78)

Comparing (2.77) and (2.78) we have

(λη0 + 1)F(x)yt = λF(x)yF(t) + λη0xyF(t) + µF(x)yt + µη0xyt

F(x)y
(

λF(t) + µt
)
+ η0xy

(
λF(t) + µt

)
− (λη0 + 1)F(x)yt = 0(

F(x) + η0x
)

y
(

λF(t) + µt
)
− (λη0 + 1)F(x)yt = 0

For every x0 such that (λη0 + 1)F(x0) = 0 then, since R is a prime ring, we
have F(x0) + η0x0 = 0 or λF(t) + µt = 0 for all t ∈ R.
For every x0 such that (λη0 + 1)F(x0) ̸= 0 then {λF(t) + µt, t} is linearly C-
dependent for all t ∈ R.
So in every case {F(x), x} is linearly C-dependent for all x ∈ R.
In particular, {F(1R), 1R} is linearly C-dependent that is F(1R) ∈ C.
Therefore by (2.76) we have F(x) = F(1R)x with F(1R) ∈ C.
Hence d(x) = d(1)x and F(x) = F(1R)x with d(1R) ∈ C and F(1R) ∈ C

2.2.3 Examples

Example 13. Let d be a homoderivation and F(x) = d(x)− x.
F is an extended generalized homoderivation associated with µ = 2, λ = 1R, and the
homoderivation d.

Example 14. Let d(x) =
(

µ−1 − a
)

xa − ax.

Then F(x) = xa is an extended generalized homoderivation associated with λ = µ and the
additive map d.

Example 15. Let d : R −→ Qr be an extended homoderivation and let F : R −→ Qr
be such that F(xy) = F(x)y + xd(y). If F is an extended generalized homoderivation
associated with λ, 0 ̸= µ ∈ C and with the extended homoderivation d, then

F(x)y + xd(y) = λF(x)F(y) + µF(x)y + µxd(y) (2.79)

that is

F(x)
(
(1 − µ)y − λF(y)

)
+ (1 − µ)xd(y) = 0. (2.80)

Replacing x with tx we have

F(tx)
(
(1 − µ)y − λF(y)

)
+ (1 − µ)txd(y) = 0. (2.81)
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Moreover, multiplying (2.80) by t on the left gives

tF(x)
(
(1 − µ)y − λF(y)

)
+ (1 − µ)txd(y) = 0. (2.82)

From (2.81) and (2.82) it then follows that(
F(tx)− tF(x)

)(
(1 − µ)y − λF(y)

)
= 0. (2.83)

Replacing y with yz we have
(

F(tx)− tF(x)
)(

(1− µ)yz − λF(y)z − λyd(z)
)
= 0 and

using (2.83) we get (
F(tx)− tF(x)

)
λyd(z) = 0.

Then F(tx) = tF(x) or λ = 0 or d = 0.

If λ = 0 then by (2.79) we have (1 − µ)

(
F(x)y + xd(y)

)
= 0 for all x, y ∈ R that is

(1 − µ)F(xy) = 0 for all x, y ∈ R. Therefore µ = 1R or F = 0 .
If F(tx) = tF(x) then F(x) = xF(1R).
If d = 0 then F(xy) = F(x)y that is F(x) = F(1R)x.

2.2.4 Posner’s theorems

Lemma 8. Let R be a prime unital ring of characteristic different from 2, d : R −→ Qr
an additive map and F : R −→ Qr an extended generalized homoderivation associated with
λ, 0 ̸= µ ∈ C and the additive map d : R −→ Qr. If F2(x) = 0 for all x ∈ R then one of
the following possibilities holds:

• d = 0 and F = 0;

• there exists a ∈ Qr such that either F(x) = ax or F(x) = xa with a2 = 0;

• µ = 1R, F(λx) + λF(x) + 2x = 0 for all x ∈ R and F(λ) + 2 = 0;

• F(x) = d(x) + bx, d(xy) = λd(x)d(y) + d(x)y + xd(y) and d2(x) = γd(x) with
b = F(1R) ∈ C and γ = λb2 − 2b ∈ C.

Proof:
By Theorem 15, we have the following cases:

• d = 0 and F(x) = ax.
If F2 = 0 then a2 = 0.

• d = 0 and F(x) = λ−1(1 − µ)x.
If F2 = 0 then

0 = λ−1(1 − µ)F(x) = λ−1(1 − µ)λ−1(1 − µ)x

that is
λ−1(1 − µ) = 0

and F = 0.
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• µ = 1, λ = 0, F is a generalized derivation associated with the derivation d.
By [23, Corollary 5], F2(x) = 0 if and only if there exists a ∈ Qr such that either
F(x) = ax or F(x) = xa with a2 = 0.

• µ = 1, λ ̸= 0, F = d is an extended homoderivation.
By Lemma 5, if d2(x) = 0 then d(x) = 0 or the following conditions hold{

d(λx) + λd(x) + 2x =0 for all x ∈ R
d(λ) + 2 =0

• F(x) = d(x) − θx and d(xy) = λd(x)d(y) + d(x)y + xd(y) with λ ̸= 0, u =
d(1R), b = F(1R) and

θ = u − b = λ−1(µ − 1) ∈ C, with µ ̸= 1R. (2.84)

If F2(x) = 0 for all x ∈ R we have 0 = F2(1R) = F(b) = d(b)− θb that is

d(b) = θb (2.85)

Moreover, for all x ∈ R,

0 = F2(x) =d
(

d(x)− θx
)
− θ

(
d(x)− θx

)
=

=d2(x)− d(θx)− θd(x) + θ2x =

=d2(x)− λd(θ)d(x)− d(θ)x − 2θd(x) + θ2x =

=d2(x)− (λd(θ) + 2θ)d(x)− (d(θ)− θ2)x

Therefore

d2(x) = cd(x) + px with c = λd(θ) + 2θ, p = d(θ)− θ2. (2.86)

By Proposition 3 we have(
λd(x) + x

)
u = 0 for all x ∈ R. (2.87)

Then
d(x)u = −λ−1xu. (2.88)

Moreover, replacing x with d(x) in (2.87) and using (2.86) and (2.88) we have

0 =

(
λd2(x) + d(x)

)
u =

=λcd(x)u + λpxu + d(x)u =

=− cxu + λpxu − λ−1xu =

(
−c + λp − λ−1

)
xu

Since R is a prime ring then u = 0 or −c + λp − λ−1 = 0 that is θ = −b or
c = λp − λ−1.

• If d(1R) = u = 0 then, by (2.84), θ = −b ∈ C. Then F(x) = d(x) + bx and,
by (2.86),

0 = d(u) = d2(1R) = cd(1R) + p = p
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Hence by (2.85) we have d(b) = θb = −b2 and

c = λd(θ) + 2θ = −λd(b)− 2b = λb2 − 2b ∈ C

and by (2.86)

d2(x) = cd(x) + px = cd(x) =
(

λb2 − 2b
)

d(x)

• If c = λp − λ−1 then, by (2.86), we have

λd(θ) + 2θ = c =λp − λ−1 =

=λ(d(θ)− θ2)− λ−1 =

=λd(θ)− λθ2 − λ−1

that is, by (2.84),

2θ =− λθ2 − λ−1

2λ−1(µ − 1) =− λλ−1(µ − 1)λ−1(µ − 1)− λ−1

2(µ − 1) =− (µ − 1)(µ − 1)− 1

2µ − 2 =− µ2 + 2µ − 2
µ =0

a contradiction.

• F(x) = xa and d(x) =
(

µ−1 − µ−1λa
)

xa − ax with a = F(1R).

If F2 = 0 then 0 = F(x)a = xa2 that is a2 = 0.

Theorem 17. Let R be a prime unital ring of characteristic different from 2, d : R −→ Qr
an additive map and F : R −→ Qr an extended generalized homoderivation associated with
λ, 0 ̸= µ ∈ C and the additive map d : R −→ Qr.
If [F(x), x] = 0 for all x ∈ R then one of the following possibilities holds:

• F = θx, θ ∈ C and either d = 0 or d(x) = γx with γ ∈ C;

• F = 0 and d = 0;

• F(x) = d(x) = −λ−1x + ω(x) with ω : R −→ Z(R). Moreover ω = 0 or
ω(1R) = λ−1;

• F(x) = −(λ−1 + θ)x + ω(x) and d(x) = −λ−1x + ω(x) with θ ∈ C, ω : R −→
Z(R) and ω = 0 or ω(1R) = λ−1.

Proof:
By Theorem 15, we have the following cases:

• d = 0 and F(x) = λ−1(1 − µ)x is an extended homoleft multiplier and, clearly,
[F(x), x] = 0.

• d = 0 and F(x) = ax.
If [F(x), x] = 0 then [ax, x] = 0 and replacing x with 1 + x we have 0 = [a, x],
that is a is central.
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• µ = 1, λ = 0, F is a generalized derivation associated to the derivation d.
By [30, Corollary 3.2], if [F(x), x] = 0 for all x ∈ R, since R is not commutative,
then F = 0.

• µ = 1, λ ̸= 0, F(x) = d(x) is an extended homoderivation.
By Theorem 14, since [d(x), x] = 0, then d = 0 or d(x) = −λ−1x + ω(x) with
ω : R −→ Z(R).
Moreover ω = 0 or ω(1R) = λ−1.

• F(x) = d(x) − θx and d(xy) = λd(x)d(y) + d(x)y + xd(y) with u = d(1R),
b = F(1R) and

θ = u − b = λ−1(µ − 1) ∈ C, with µ ̸= 1R.

We have 0 = [F(x), x] = [d(x)− θx, x] = [d(x), x] and by Theorem 14 it follows
that d = 0 or d(x) = −λ−1x + ω(x) with ω : R −→ Z(R) and ω = 0 or
ω(1R) = λ−1.
If d = 0 then F(x) = −θx, θ ∈ C.
If d(x) = −λ−1x + ω(x) then

F(x) = −λ−1x + ω(x)− θx = −(λ−1 + θ)x + ω(x)

• F(x) = xa with a = F(1R), and d(x) =
(

µ−1 − µ−1λa
)

xa − ax.

Since 0 = [F(x), x] = [xa, x] = x[a, x], then replacing x with x + 1 we have

0 = (x + 1)[a, x + 1] = (x + 1)[a, x] = x[a, x] + [a, x] = [a, x]

that is a ∈ C. Then d(x) = γx, with γ = µ−1a − µ−1λa2 − a ∈ C.





49

Chapter 3

Generalized skew homoderivation

The purpose of this chapter is to generalize the maps introduced in previous sections
by moving in a new direction, one shaped by the concept of automorphisms.
We will characterize these novel mappings, which we define as generalized skew
homoderivations, by establishing a connection with an additive map, and subse-
quently, with a homoderivation. This detailed analysis will not only reveal all pos-
sible structural forms of these maps but also provide a generalization of Posner’s
well-known theorems.

Theorem 18. Let R be a semiprime ring, let α be an automorphism of R and let d : R −→ R
be an additive map such that

d(xy) = d(x)d(y) + d(x)y + α(x)d(y) for all x, y ∈ R

Then d is the null map or is a homoderivation (i.e. α is the identity automorphism)

Proof:
If α = 0 then d is a homoleftmultiplier and by [6] we have d = 0.
Assume α ̸= 0. For all x, y, z ∈ R we have

d(x(yz)) =
d(x)d(yz) + d(x)yz + α(x)d(yz) =

d(x)
(

d(y)d(z) + d(y)z + α(y)d(z)
)
+ d(x)yz + α(x)

(
d(y)d(z) + d(y)z+

+ α(y)d(z)
)
=

d(x)d(y)d(z) + d(x)d(y)z + d(x)α(y)d(z) + d(x)yz + α(x)d(y)d(z) + α(x)d(y)z+
+ α(x)α(y)d(z)

Moreover

d((xy)z) =
d(xy)d(z) + d(xy)z + α(xy)d(z) =(

d(x)d(y) + d(x)y + α(x)d(y)
)

d(z) +
(

d(x)d(y) + d(x)y + α(x)d(y)
)

z+

+ α(x)α(y)d(z) =
d(x)d(y)d(z) + d(x)yd(z) + α(x)d(y)d(z) + d(x)d(y)z + d(x)yz + α(x)d(y)z+
+ α(x)α(y)d(z)
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Subtracting member from member we have

0 = d(x)α(y)d(z)− d(x)yd(z) for all x, y, z ∈ R. (3.1)

Replacing x with xt we have

0 = d(xt)α(y)d(z)− d(xt)yd(z) =

=

(
d(x)d(t) + d(x)t + α(x)d(t)

)
α(y)d(z)−

(
d(x)d(t) + d(x)t + α(x)d(t)

)
yd(z) =

= d(x)d(t)α(y)d(z) + d(x)tα(y)d(z) + α(x)d(t)α(y)d(z)− d(x)d(t)yd(z)− d(x)tyd(z)−
− α(x)d(t)yd(z)

By (3.1) we have

0 = d(x)tα(y)d(z)− d(x)tyd(z) for all x, y, z, t ∈ R

that is

0 = d(x)t
(

α(y)− y
)

d(z) for all x, y, z, t ∈ R. (3.2)

Since R is a semiprime ring then d is the null map or(
α(y)− y

)
d(z) = 0 for all y, z ∈ R

that is
α(y)d(z) = yd(z) for all y, z ∈ R. (3.3)

and substituting (3.3) in the expression of the map d we get the conclusion.

3.1 Generalized skew homoderivation

Definition 7. Let R be an associative ring and let α be an automorphism of R. An additive
map F : R −→ R is called a generalized skew homoderivation associated with α and the
additive map d if

F(xy) = F(x)F(y) + F(x)y + α(x)d(y) for all x, y ∈ R

Remark 16. Observe that if R is a unital ring then by replacing, in the definition of a
generalized skew homoderivation F, x with 1R we obtain

F(y) = F(1R)F(y) + F(1R)y + d(y)

that is
d(y) = (1 − a)F(y)− ay, with a = F(1R). (3.4)

and in particular

F(y)− d(y) = a
(

F(y) + y
)

, with a = F(1R). (3.5)

Moreover, replacing, in the definition of a generalized skew homoderivation F, y with 1R we
obtain

F(x) = F(x)F(1R) + F(x) + α(x)d(1R)
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that is
0 = F(x)a + α(x)d(1R), with a = F(1R). (3.6)

In particular
0 = a2 + d(1R), with a = F(1R). (3.7)

hence by (3.6) and (3.7) we have

F(x)a = α(x)a2, with a = F(1R).

Remark 17. Let R be a prime unital ring, α an automorphism of R, F : R −→ R a general-
ized skew homoderivation associated with α and the additive map d : R −→ R and c ∈ R a
fixed element.
If cF(x) = 0 for all x ∈ R, then c = 0 or d = 0.

Proof:
Since cF(x) = 0 for all x, y ∈ R, then

0 = cF(xy) =
= cF(x)F(y) + cF(x)y + cα(x)d(y) =
= cα(x)d(y)

Since R is a prime ring, then c = 0 or d = 0.

3.1.1 Examples

Example 16. Let G : R −→ Qr be a generalized skew homoderivation on the prime ring R
associated with the additive map d and the automorphism α. If G(x) = ηx for all x ∈ R,
with η ∈ C, then for all x, y ∈ R

G(xy) =G(x)G(y) + G(x)y + α(x)d(y)
ηxy =ηxηy + ηxy + α(x)d(y)

0 =η2xy + α(x)d(y)

then for x = 1R we have d(y) = −η2y and then for y = 1R we have

0 = η2x + α(x)d(1R) = η2x − η2α(x)

Therefore η = 0 or α = idR.
Hence G = 0 or α = idR, G = ηx and d(x) = −η2x.

Example 17. Let R be a prime unital ring, α an automorphism of R and let G : R −→ R a
generalized skew derivation associated with a skew derivation d, that is

G(xy) = G(x)y + α(x)d(y)

for all x, y ∈ R.
If G is a generalized skew homoderivation associated with α and d, then G = 0.
Proof:
For all x, y ∈ R we have

G(x)y + α(x)d(y) = G(x)G(y) + G(x)y + α(x)d(y)
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that is 0 = G(x)G(y).

In this case, replacing y with yz we get 0 = G(x)
(

G(y)z+ α(y)d(z)
)

that is G(x)α(y)d(z).

Since R is a prime ring then G = 0 or d = 0.
If d = 0 then G(x) = ax with a = G(1R). In this case we have

G(xy) =G(x)G(y) + G(x)y + α(x)d(y) = G(x)G(y) + G(x)y
axy =axay + axy

Then axay = 0 that is a = 0 and G = 0.

3.1.2 Characterization of generalized skew homoderivations associated
with an additive map

Theorem 19. Let R be a prime unital ring, α an automorphism of R and F : R −→ R a
generalized skew homoderivation associated with α and the additive map d : R −→ R.
Then one of the following possibilities holds:

• F(x) = d(x) = 0 for all x ∈ R;

• F = d is a homoderivation;

• F(x) = α(x)a and d(x) = (1 − a)α(x)a − ax for all x ∈ R with a = F(1R);

• α(x) = qxq−1, F(x) = ηq−1d(x), with η ∈ C,

F(xy) = F(x)F(y)+ F(x)y+ q0xF(y), d(xy) = d(x)d(y)+ d(x)y+ q2
0xd(y)

and (
F(x) + q0x

)
(1 − q0) = 0,

(
d(x) + q2

0x
)
(1 − q0) = 0

with q0 = η−1q.

Proof:
If d = 0 then F is a homoleft multiplier and, since the only homoleft multiplier on a
semiprime ring is the zero mapping ([6]), then F = 0.
Assume d ̸= 0.
For all x, y, z ∈ R we have:

F((xy)z) =
F(xy)F(z) + F(xy)z + α(xy)d(z) =
F(x)F(y)F(z) + F(x)yF(z) + α(x)d(y)F(z) + F(x)F(y)z + F(x)yz + α(x)d(y)z+
+ α(x)α(y)d(z)

Moreover

F(x(yz)) =
F(x)F(yz) + F(x)yz + α(x)d(yz) =
F(x)F(y)F(z) + F(x)F(y)z + F(x)α(y)d(z) + F(x)yz + α(x)d(yz)

Subtracting member from member we have

F(x)yF(z)+ α(x)d(y)F(z)+ α(x)d(y)z+ α(x)α(y)d(z)− F(x)α(y)d(z)− α(x)d(yz) = 0
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that is
F(x)∆1 + α(x)∆2 = 0 (3.8)

where ∆1 = yF(z)− α(y)d(z) and ∆2 = d(y)F(z) + d(y)z + α(y)d(z)− d(yz).
Replacing x with xt we have

F(x)F(t)∆1 + F(x)t∆1 + α(x)d(t)∆1 + α(x)α(t)∆2 = 0

and using (3.8) we get

F(x)F(t)∆1 + F(x)t∆1 + α(x)d(t)∆1 − α(x)F(t)∆1 = 0

that is

F(x)
(

F(t) + t
)

∆1 + α(x)
(

d(t)− F(t)
)

∆1 = 0

and using (3.5) of Remark 16 it follows that

F(x)
(

F(t) + t
)

∆1 − α(x)a
(

F(t) + t
)

∆1 = 0, with a = F(1R)

that is

∆3

(
yF(z)− α(y)d(z)

)
= 0

where ∆3 =

(
F(x)− α(x)a

)(
F(t) + t

)
and ∆1 =

(
yF(z)− α(y)d(z)

)
.

Fix x and t in ∆3.
Therefore

∆3yF(z)− ∆3α(y)d(z) = 0 for all y, z ∈ R. (3.9)

If α is outer, by [12, Theorem 3] it follows that R satisfies

∆3yF(z)− ∆3y′d(z) = 0

where y, z and y′ are distinct indeterminates. Since R is prime then ∆3 = 0 or
F(z) = d(z) = 0.
If α is inner then there exists an invertible element q ∈ R such that α(x) = qxq−1 for
all x ∈ R and by (3.9) it follows that R satisfies

∆3yF(z)− ∆3qyq−1d(z) = 0.

Then one of the following possibilities holds:

• ∆3 = 0;

• F(z) = d(z) = 0 for all z ∈ R;

• ∆3q = η∆3 and F(z) = ηq−1d(z) for all z ∈ R with η = η(x, t) and α(x) =
qxq−1.

Then:

• If ∆3 = 0 then(
F(x)− α(x)a

)(
F(t) + t

)
= 0, for all x, t ∈ R, with a = F(1R)
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that is

F(x)
(

F(t) + t
)
− α(x)a

(
F(t) + t

)
= 0

and using (3.5) of Remark 16 it follows that

F(x)
(

F(t) + t
)
− α(x)

(
F(t)− d(t)

)
= 0

F(x)F(t) + F(x)t − α(x)F(t) +−α(x)d(t) = 0

that is
F(xt)− α(x)F(t) = 0.

Therefore
F(x) = α(x)a, for all x ∈ R, with a = F(1R)

and using (3.4) of Remark 16 we have

d(x) = (1 − a)α(x)a − ax, with a = F(1R).

• Assume
∆3q = η∆3 (3.10)

and
F(x) = ηq−1d(x), (3.11)

with η = η(x, t) and α(x) = qxq−1.

Then
d(x) = η−1qF(x) = q0F(x), with q0 = η−1q. (3.12)

Moreover, for all x, y ∈ R, we have

α(x)d(y) = qxq−1η−1qF(y) = η−1qxF(y) = q0xF(y).

Hence

F(xy) =F(x)F(y) + F(x)y + α(x)d(y) =

=F(x)F(y) + F(x)y + q0xF(y) with q0 = η−1q.
(3.13)

In particular
α(x)d(1R) = η−1qxF(1R) = η−1qxa, (3.14)

that is
qxq−1d(1R) = qxη−1a,

and therefore
q−1d(1R) = η−1a.

By (3.6) of Remark 16 we have

F(x)a = −α(x)d(1R),

and using (3.14) we get
F(x)a = −η−1qxa,

that is
ηq−1d(x)a = −η−1qxa.
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Then
d(x)a = −(η−1q)2xa = −q2

0xa

that is (
d(x) + q2

0x
)

a = 0 (3.15)

and (
q0F(x) + q2

0x
)

a = 0.

Since q0 ̸= 0 then (
F(x) + q0x

)
a = 0. (3.16)

In particular, for x = 1R we have

a2 + q0a = 0. (3.17)

Replacing x with xy in (3.16) we get(
F(xy) + q0xy

)
a = 0

that is, using (3.13),(
F(x)F(y) + F(x)y + q0xF(y) + q0xy

)
a = 0

and for x = 1R we have (
aF(y) + ay + q0F(y) + q0y

)
a = 0

Using (3.16) we have (
−aq0y + ay − q2

0y + q0y
)

a = 0

that is (
−aq0 + a − q2

0 + q0

)
ya = 0.

Since R is a prime ring then a = 0 or −aq0 + a − q2
0 + q0 = 0.

• Assume a = 0.
Then by (3.5) of Remark 16 we have F = d.
Then, by Theorem 18, F = 0 or F is a homoderivation.

• Assume −aq0 + a − q2
0 + q0 = 0

that is
a = aq0 + q2

0 − q0 (3.18)

By (3.16) we have (
F(x) + q0x

)
a = 0
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and using (3.18) we get (
F(x) + q0x

)
(q2

0 − q0) = 0.

Since q0 ̸= 0 then (
F(x) + q0x

)
(q0 − 1) = 0 (3.19)

that is (
d(x) + q2

0x
)
(q0 − 1) = 0. (3.20)

By (3.10) we have ∆3q = η∆3 that is(
F(x)− α(x)a

)(
F(t) + t

)
(q − η) = 0

that is (
F(x)F(t) + F(x)t − α(x)aF(t)− α(x)at

)
(q − η) = 0. (3.21)

By (3.13) we have(
F(xt)− q0xF(t)− α(x)aF(t)− α(x)at

)
(q − η) = 0 (3.22)

Replacing t with 1R we have(
F(x)− q0xa − α(x)a2 − α(x)a

)
(q − η) = 0 (3.23)

By (3.17) we get (
F(x)− q0xa + α(x)q0a − α(x)a

)
(q − η) = 0

that is (
F(x)− η−1qxa + qxq−1η−1qa − qxq−1a

)
(q − η) = 0

that is (
F(x)− qxq−1a

)
(q − η) = 0(

F(x)− α(x)a
)
(q − η) = 0 (3.24)

Replacing x with xy we have(
F(x)F(y) + F(x)y + q0xF(y)− α(x)α(y)a

)
(q − η) = 0 (3.25)

Using (3.24) we get(
F(x)α(y)a + F(x)y + q0xα(y)a − α(x)α(y)a

)
(q − η) = 0 (3.26)
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that is (
F(x) + q0x − α(x)

)
α(y)a(q − η) + F(x)y(q − η) = 0 (3.27)

that is (
F(x) + q0x − qxq−1

)
qyq−1a(q − η) + F(x)y(q − η) = 0

Then one of the following possibilities holds:

• q = η.
In that case, by (3.11) and (3.13), F = d is a homoderivation.

• q ̸= η.
In that case, there exists θ ∈ C such that

q−1a(q − η) = θ(q − η) (3.28)

Then, by (3.24) we get

0 =F(x)(q − η)− α(x)a(q − η) =

=F(x)(q − η)− qxq−1a(q − η) =

=F(x)(q − η)− qxθ(q − η)

that is
F(x)(q − η) = θqx(q − η) (3.29)

Multiplying by η−1 we get

F(x)(qη−1 − 1) = θqx(qη−1 − 1)

F(x)(q0 − 1) = θqx(q0 − 1) (3.30)

By (3.19) we have F(x)(q0 − 1) = −q0x(q0 − 1) that is

F(x)(q0 − 1) = −η−1qx(q0 − 1)

Then, by (3.19) and (3.30) we have

−η−1qx(q0 − 1) = θqx(q0 − 1) (3.31)

that is (
η−1 + θ

)
qx(q0 − 1) = 0 (3.32)

Since q ̸= η then q0 ̸= 1R. Then, since R is a prime ring, by (3.32) we have(
η−1 + θ

)
q = 0

that is
η−1 = −θ

Then by (3.28) we have

q−1a(q − η) = −η−1(q − η)
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that is
a(q − η) = −η−1q(q − η)

a(q − η) = −q0(q − η) (3.33)

Moreover, by (3.29) we have

F(x)(q − η) = θqx(q − η) = −η−1qx(q − η) = −q0x(q − η)

Starting now from the definition (3.13) of F and using the condition (3.11) we get

F(xy) =F(x)F(y) + F(x)y + q0xF(y)

ηq−1d(xy) =ηq−1d(x)ηq−1d(y) + ηq−1d(x)y + q0xηq−1d(y)

q−1
0 d(xy) =q−1

0 d(x)q−1
0 d(y) + q−1

0 d(x)y + q0xq−1
0 d(y)

that is

d(xy) =d(x)q−1
0 d(y) + d(x)y + q2

0xq−1
0 d(y)

=

(
d(x)q−1

0 + q2
0xq−1

0

)
d(y) + d(x)y

(3.34)

Moreover by (3.20) we have
(

d(x) + q2
0x
)

q0 = d(x) + q2
0x, that is

d(x) + q2
0x = d(x)q−1

0 + q2
0xq−1

0

Then, by (3.34) we have

d(xy) =
(

d(x) + q2
0x
)

d(y) + d(x)y

that is
d(xy) = d(x)d(y) + d(x)y + q2

0xd(y)

3.1.3 Characterization of generalized skew homoderivations associated
with a homoderivation

Theorem 20. Let R be a prime unital ring and α an automorphism of R.
Let d : R −→ R be a homoderivation of R, that is

d(xy) = d(x)d(y) + d(x)y + xd(y), for all x, y ∈ R,

and let F : R −→ R be a generalized skew homoderivation associated with α and the homod-
erivation d, that is

F(xy) = F(x)F(y) + F(x)y + α(x)d(y), for all x, y ∈ R.

Then one of the following possibilities holds:

• F = d is a homoderivation;

• d(x) = −x and F(x) = α(x);

• α(x) = qxq−1, d(x) = −x and F(x) = ax with a = F(1R) and a2 = 1R;
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• α(x) = qxq−1, η ∈ C, q0 = η−1q, q2
0 = 1, d(x) = q0F(x) is a homoderivation and

F(x) = q0d(x). Moreover, we have(
d(x) + x

)
(q0 − 1) = 0

Proof:
By Theorem 19, one of the following possibilities holds:

• α = idR and F = d is a homoderivation.

• F(x) = α(x)a and

d(x) = (1 − a)α(x)a − ax = (1 − a)F(x)− ax with a = F(1R) (3.35)

In this case we have

d(xy) = (1 − a)α(xy)a − axy = (1 − a)α(x)F(y)− axy (3.36)

Moreover, since d is a homoderivation, then d(xy) = d(x)d(y) + d(x)y + xd(y) and
then, using (3.35), we have

d(xy) =
= d(x)d(y) + d(x)y + xd(y) =

=

(
F(x)− aF(x)− ax

)(
F(y)− aF(y)− ay

)
+

(
F(x)− aF(x)− ax

)
y+

+ x
(

F(y)− aF(y)− ay
)
=

=

(
F(x)F(y)− F(x)aF(y)− F(x)ay − aF(x)F(y) + aF(x)aF(y) + aF(x)ay−

− axF(y) + axaF(y) + axay
)
+

(
F(x)− aF(x)− ax

)
y + x

(
F(y)− aF(y)− ay

)
(3.37)

By (3.36) and (3.37) we get

(1 − a)α(x)F(y) =

=

(
F(x)F(y)− F(x)aF(y)− F(x)ay − aF(x)F(y) + aF(x)aF(y) + aF(x)ay−

− axF(y) + axaF(y) + axay
)
+ F(x)y − aF(x)y + xF(y)− xaF(y)− xay

that is(
−α(x) + aα(x) + F(x)− F(x)a − aF(x) + aF(x)a − ax + axa + x − xa

)
F(y)+

+

(
axa + F(x)− aF(x)− xa + aF(x)a − F(x)a

)
y = 0

that is
∆1(x)y + ∆2(x)F(y) = ∆1(x)y + ∆2(x)α(y)a = 0 (3.38)
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with

∆1(x) = axa + F(x)− aF(x)− xa + aF(x)a − F(x)a;
∆2(x) = −α(x) + aα(x) + F(x)− F(x)a − aF(x) + aF(x)a − ax + axa + x − xa.

I case If α is outer, by [12, Theorem 3] it follows that R satisfies

∆1(x)y + ∆2(x)za = 0

where x, y and z are distinct indeterminates.
Since R is prime and a ̸= 0 then ∆1 = ∆2 = 0 that is

∆1(x) = axa + α(x)a − aα(x)a − xa + aα(x)a2 − α(x)a2 = 0;

∆2(x) = −α(x) + aα(x) + α(x)a − α(x)a2 − aα(x)a + aα(x)a2 − ax + axa + x − xa = 0.

Since α is outer then

Γ1 = axa + za − aza − xa + aza2 − za2 = 0;

Γ2 = −z + az + za − za2 − aza + aza2 − ax + axa + x − xa = 0.

Replacing z = 0 in Γ1 we get

axa − xa = (a − 1)xa = 0

and then, since R is a prime ring and a ̸= 0 we have a = 1R.
Hence by (3.35) we have

d(x) = −x, F(x) = α(x)

II case If α(x) = qxq−1 is inner then by (3.38) we have

∆1(x)y + ∆2(x)qyq−1a = 0 (3.39)

Then q−1a = θ0 ∈ C and then a = θ0q.
Therefore

F(x) = α(x)a = qxq−1a = ax

and
d(x) = (1 − a)F(x)− ax = (1 − a)ax − ax = −a2x

Since d is a homoderivation then

d(xy) = d(x)d(y) + d(x)y + xd(y)

−a2xy = a2xa2y − a2xy − xa2y

0 = a2xa2y − xa2y

0 =

(
a2 − 1

)
xa2y
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Since R is a prime ring then a2 = 0 or a2 − 1 = 0.
If a2 = 0 then d = 0 and

F(xy) =F(x)F(y) + F(x)y
axy =axay + axy

0 =axay

Then a = 0 and then F = 0.
If a2 = 1 then we have

F(x) = ax, d(x) = −a2x = −x

• α(x) = qxq−1, d(x) = q0F(x) and F(x) = q−1
0 d(x), with q0 = η−1q and η ∈ C,

F(xy) = F(x)F(y)+ F(x)y+ q0xF(y), d(xy) = d(x)d(y)+ d(x)y+ q2
0xd(y),

(3.40)
and (

F(x) + q0x
)
(1 − q0) = 0,

(
d(x) + q2

0x
)
(q0 − 1) = 0 (3.41)

with q0 = η−1q.

Since d is a homoderivation then, by (3.40), we have

d(x)d(y) + d(x)y + q2
0xd(y) = d(x)d(y) + d(x)y + xd(y)

that is
0 = (1 − q2

0)xd(y)

By Remark 10 we have
0 = (1 − q2

0)x (3.42)

that is q2
0 = 1 and we have that d(xy) = d(x)d(y) + d(x)y + xd(y).

Hence q0 = q−1
0 and then

F(x) = q−1
0 d(x) = q0d(x).

Moreover, by (3.41) we get (
d(x) + x

)
(q0 − 1) = 0

3.1.4 Posner’s theorems

Lemma 9. Let R be a prime unital ring of characteristic different from 2, α an automorphism
of R and F : R −→ R a generalized skew homoderivation associated with α and the additive
map d : R −→ R.
If F2(x) = 0 for all x ∈ R then one of the following possibilities holds:

• F(x) = d(x) = 0;

• F(x) = α(x)a, α(a)a = 0.

Proof:
By Theorem 19, we have the following cases:
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• F(x) = d(x) = 0 for all x ∈ R.

• F = d is a homoderivation.
Then by Lemma 1 we have F = d = 0.

• F(x) = α(x)a and d(x) = (1 − a)α(x)a − ax for all x ∈ R with a = F(1R).
Then 0 = F2(x) = α(α(x)a)a = α2(x)α(a)a for all x ∈ R that is α(a)a = 0.

• α(x) = qxq−1, F(x) = ηq−1d(x), d(x) = q0F(x) with q0 = η−1q, η ∈ C,

F(xy) = F(x)F(y)+ F(x)y+ q0xF(y), d(xy) = d(x)d(y)+ d(x)y+ q2
0xd(y),(

F(x) + q0x
)
(1 − q0) = 0. (3.43)

and (
d(x) + q2

0x
)
(1 − q0) = 0.

If F2(x) = 0 then by (3.43) we have

0 =

(
F2(x) + q0F(x)

)
(1 − q0) = q0F(x)(1 − q0)

that is
d(x)(1 − q0) = 0 (3.44)

Then
F(x)(1 − q0) = ηq−1d(x)(1 − q0) = 0 (3.45)

Moreover, multiplying the relation F(xy) = F(x)F(y) + F(x)y + α(x)d(y) on
the right by (1 − q0) and using (3.44) and (3.45) we have

F(xy)(1 − q0) =F(x)F(y)(1 − q0) + F(x)y(1 − q0) + α(x)d(y)(1 − q0)

0 =F(x)y(1 − q0)

Since R is a prime ring then F = 0 or q0 = 1.
If q0 = 1 then q = η ∈ C and we have F(x) = d(x). Then, by Theorem 18,
F = d = 0 or F is a homoderivation.
If F is a homoderivation, by Lemma 1 we have F = 0.

Theorem 21. Let R be a prime unital ring of characteristic different from 2, α an automor-
phism of R and F : R −→ R a generalized skew homoderivation associated with α and the
additive map d : R −→ R.
If [F(x), x] = 0 for all x ∈ R then one of the following possibilities holds:

• F(x) = d(x) = 0;

• F(x) = f (x)− x for all x ∈ R with f : R −→ Z(R) an homomorphism;

• F(x) = xa and d(x) = −a2x, a ∈ C.

Proof:
By Theorem 19, we have the following cases:

• F(x) = d(x) = 0 for all x ∈ R.
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• F = d is a homoderivation.
Then by Theorem 2 we have F = d = 0 or F(x) = d(x) = f (x)− x for all x ∈ R
with f : R −→ Z(R) an homomorphism..

• F(x) = α(x)a and d(x) = (1 − a)α(x)a − ax for all x ∈ R with a = F(1R).
Then 0 = [F(x), x] = [α(x)a, x] for all x ∈ R. Replacing x with x + 1 we have
[a, x] = 0, that is a ∈ C. Then [α(x), x] = 0 and by [28] we have α = idR. Then
F(x) = xa and d(x) = −a2x.

• α(x) = qxq−1, F(x) = ηq−1d(x), d(x) = q0F(x) with q0 = η−1q, η ∈ C, and(
F(x) + q0x

)
(1 − q0) = 0. (3.46)

If [F(x), x] = 0 for all x ∈ R then replacing x with x + γ, γ ∈ C, we have
[F(γ), x] = 0 that is

F(γ) ∈ C for all γ ∈ C. (3.47)

By (3.46) we have
F(x)(1 − q0) = −q0x(1 − q0). (3.48)

Assume q0 ̸= 1.
Multiplying [F(x), x] = 0 by 1 − q0 on the right and using (3.48) we have

0 =F(x)x(1 − q0)− xF(x)(1 − q0) =

=F(x)x(1 − q0) + xq0x(1 − q0) =

=

(
F(x) + xq0

)
x(1 − q0)

(3.49)

Replacing x with x + 1 and using (3.49) we have

0 =

(
(F(x) + xq0) + (F(1R) + q0)

)
x(1 − q0) +

(
(F(x) + xq0)+

+ (F(1R) + q0)

)
(1 − q0) =

=

(
F(1R) + q0

)
x(1 − q0)

(3.50)

Since R is a prime ring and q0 ̸= 1 then q0 = −F(1R).
If q0 = −F(1R), by (3.47) we have q0 ∈ C and by (3.46) we get

F(x) = −q0x = F(1R)x, F(1R) ∈ C,

and
d(x) = −F(1R)

2x, F(1R) ∈ C.

Assume q0 = 1.
Then F(x) = d(x) and by Theorem 18 we have F = d = 0 or F is a homod-
erivation.
If F is a homoderivation, by Theorem 2 we have F = 0 or F(x) = d(x) =
f (x)− x for all x ∈ R with f : R −→ Z(R) an homomorphism.
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Chapter 4

Extended generalized skew
homoderivation

The following paragraphs are devoted to the broadest class of mappings considered
in this dissertation, referred to as extended generalized skew homoderivations.
These mappings satisfy the functional equation

F(xy) = µF(x)F(y) + F(x)y + α(x)d(y),

where µ belongs to the center C, α is an automorphism of the ring, and d denotes ei-
ther an additive map or, in particular cases, an extended homoderivation. The struc-
ture of the discussion mirrors that of earlier sections, placing special emphasis on the
interplay between extension and skewness. A complete classification of these map-
pings is provided, addressing both the general additive case and the more specific
scenario in which d is an extended homoderivation. These results serve to extend
the classical structural theorems within a highly generalized and non-commutative
context.

4.1 Extended skew homoderivation

Definition 8. Let R be an associative ring, λ, 0 ̸= µ ∈ C, α an automorphism of R and
d : R −→ Qr an additive map. d is called extended skew homoderivation associated with
λ, µ and α if

d(xy) = λd(x)d(y) + µd(x)y + µα(x)d(y) for all x, y ∈ R.

Theorem 22. Let R be a semiprime ring, λ, 0 ̸= µ ∈ C and α an automorphism of R.
If d : R −→ Qr is an extended skew homoderivation associated with λ, µ and α, then one of
the following possibilities holds:

• µ = 1R;

• µ ̸= 1R, λ ̸= 0, d(x) = λ−1(1 − 2µ)x and α(x) = x for all x ∈ R;

• µ ̸= 1R, λ = 0, 2µ = 1R and d(x) = α(x)d(1R) with α(x)d(1R) = d(1R)x.
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Proof:
For all x, y, z ∈ R we have

d((xy)z) =
= λd(xy)d(z) + µd(xy)z + µα(xy)d(z) =

= λ

(
λd(x)d(y) + µd(x)y + µα(x)d(y)

)
d(z) + µ

(
λd(x)d(y) + µd(x)y + µα(x)d(y)

)
z+

+ µα(x)α(y)d(z) =

= λ2d(x)d(y)d(z) + λµd(x)yd(z) + λµα(x)d(y)d(z) + λµd(x)d(y)z + µ2d(x)yz+

+ µ2α(x)d(y)z + µα(x)α(y)d(z)

Moreover

d(x(yz)) =
= λd(x)d(yz) + µd(x)yz + µα(x)d(yz) =

= λd(x)
(

λd(y)d(z) + µd(y)z + µα(y)d(z)
)
+ µd(x)yz + µα(x)

(
λd(y)d(z)+

+ µd(y)z + µα(y)d(z)
)
=

= λ2d(x)d(y)d(z) + λµd(x)d(y)z + λµd(x)α(y)d(z) + µd(x)yz + µα(x)λd(y)d(z)+

+ µ2α(x)d(y)z + µ2α(x)α(y)d(z)

Comparing the previous conditions it follows that

µ

[
λd(x)

(
y − α(y)

)
−

(
µ − 1

)
α(xy)

]
d(z) + µ

(
µ − 1

)
d(x)yz = 0

Since µ ̸= 0 then[
λd(x)

(
y − α(y)

)
−

(
µ − 1

)
α(xy)

]
d(z) +

(
µ − 1

)
d(x)yz = 0

For x = y = 1R we have

−
(

µ − 1
)

d(z) +
(

µ − 1
)

d(1R)z = 0

that is (
µ − 1

)(
−d(z) + d(1R)z

)
= 0

then µ = 1 or d(z) = d(1R)z for all z ∈ R.
Assume that

d(x) = d(1R)x for all x ∈ R. (4.1)

Replacing, in the definition of d, x with 1R and using (4.1) we obtain

d(y) =λd(1R)d(y) + µd(1R)y + µd(y)
d(y) =λd(1R)d(y) + µd(y) + µd(y)
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that is (
1 − 2µ − λd(1R)

)
d(y) = 0 (4.2)

Note that if ad(x) = 0 for all x ∈ R, with a ∈ Qr then a = 0 or d = 0.
Then by (4.2) we have d = 0 or 1 − 2µ − λd(1R) = 0 that is λd(1R) = 1 − 2µ ∈ C.
If λ = 0 then 2µ = 1.
Moreover, replacing in the definition of d, x with 2x and y with 1R we obtain

d(2x) = 2µd(x) + 2µα(x)d(1R)

Since 2µ = 1 then
d(2x) = d(x) + α(x)d(1R)

that is
d(x) = α(x)d(1R)

If λ ̸= 0 then we have d(x) = d(1R)x = λ−1(1 − 2µ)x and

d(xy) =λd(x)d(y) + µd(x)y + µα(x)d(y)

λ−1(1 − 2µ)xy =λλ−1(1 − 2µ)xλ−1(1 − 2µ)y + µλ−1(1 − 2µ)xy + µα(x)λ−1(1 − 2µ)y
x =x(1 − 2µ) + µx + µα(x)
0 =− µx + µα(x)

α(x) =x

Theorem 23. Let R be a prime ring, λ ∈ C and α an automorphism of R.
If d : R −→ Qr is an additive map such that

d(xy) = λd(x)d(y) + d(x)y + α(x)d(y) for all x, y ∈ R

then d = 0 or d is a skew derivation or d is an extended homoderivation.

Proof:
For all x, y, z ∈ R we have

d((xy)z) =λd(xy)d(z) + d(xy)z + α(xy)d(z) =

=λ

(
λd(x)d(y) + d(x)y + α(x)d(y)

)
d(z) +

(
λd(x)d(y) + d(x)y + α(x)d(y)

)
z+

+ α(x)α(y)d(z) =

=λ2d(x)d(y)d(z) + λd(x)yd(z) + λα(x)d(y)d(z) + λd(x)d(y)z + d(x)yz+
+ α(x)d(y)z + α(x)α(y)d(z)

Moreover

d(x(yz)) =λd(x)d(yz) + d(x)yz + α(x)d(yz) =

=λd(x)
(

λd(y)d(z) + d(y)z + α(y)d(z)
)
+ d(x)yz+

+ α(x)
(

λd(y)d(z) + d(y)z + α(y)d(z)
)
=

=λ2d(x)d(y)d(z) + λd(x)d(y)z + λd(x)α(y)d(z) + d(x)yz + α(x)λd(y)d(z)+
+ α(x)d(y)z + α(x)α(y)d(z)
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Comparing the previous conditions it follows that

λd(x)
(

y − α(y)
)

d(z) = 0 (4.3)

If λ = 0 then d is a skew derivation.
Suppose λ ̸= 0.
Replacing x with xt in (4.3) we have

λ

(
λd(x)d(t) + d(x)t + α(x)d(t)

)(
y − α(y)

)
d(z) = 0

that is, using (4.3),

d(x)t
(

y − α(y)
)

d(z) = 0

Since R is a prime ring then d = 0 or
(

y− α(y)
)

d(z) = 0, that is d = 0 or α(y)d(z) =

yd(z) for all y, z ∈ R.
If α(y)d(z) = yd(z) for all y, z ∈ R then

d(xy) = λd(x)d(y) + d(x)y + α(x)d(y) = λd(x)d(y) + d(x)y + xd(y)

that is d is an extended homoderivation.

4.2 Extended generalized skew homoderivation

Definition 9. Let R be an associative ring, µ ∈ C, α an automorphism of R and d : R −→
Qr an additive map. An additive map F : R −→ Qr is called extended generalized skew
homoderivation associated with d, µ and α if

F(xy) = µF(x)F(y) + F(x)y + α(x)d(y) for all x, y ∈ R

Remark 18. Let R be a prime unital ring, µ ∈ C, α an automorphism of R, d : R −→ Qr
an additive map and F : R −→ R an extended generalized skew homoderivation associated
with µ, α and the additive map d.
If µ = 0 then F is a generalized derivation associated with the derivation d.
Assume µ ̸= 0.
Observe that if R is a unital ring then by replacing, in the definition of F, x with 1R we
obtain

F(y) = µF(1R)F(y) + F(1R)y + d(y)

that is
d(y) = (1 − µa)F(y)− ay, with a = F(1R), (4.4)

and in particular

F(y)− d(y) = a
(

µF(y) + y
)

, with a = F(1R). (4.5)

Moreover, replacing, in the definition of F, y with 1R we obtain

F(x) = µF(x)F(1R) + F(x) + α(x)d(1R)
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that is
0 = µF(x)a + α(x)d(1R), with a = F(1R). (4.6)

In particular
0 = µa2 + d(1R), with a = F(1R). (4.7)

Since µ ̸= 0, by (4.6) and (4.7) we have

F(x)a = α(x)a2, with a = F(1R).

Remark 19. Let R be a prime unital ring, µ ∈ C, α an automorphism of R, F : R −→ Qr
an extended generalized skew homoderivation associated with α, µ and the additive map
d : R −→ Qr and c ∈ R a fixed element.
If cF(x) = 0 for all x ∈ R, then c = 0 or d = 0.

Proof:
Since cF(x) = 0 for all x, y ∈ R, then

0 = cF(xy) = cµF(x)F(y) + cF(x)y + cα(x)d(y) = cα(x)d(y)

Since R is a prime ring, then c = 0 or d = 0.

4.2.1 Example

Example 18. Let q ∈ Qr be such that q2 = λ2 ∈ C and let α(x) = qxq−1 be an automor-
phism of R.
Then F(x) = −q−1x is an extended generalized skew homoderivation associated with λ ∈ C
and d(x) = −λ−1x.

Example 19. Let α be an automorphism of R and d(x) = −2µ−1α(x) + µ−1x.
Then F(x) = −µ−1α(x) is an extended generalized skew homoderivation associated with
0 ̸= µ ∈ C, α and the additive map d.

4.2.2 Characterization of extended generalized skew homoderivations as-
sociated with an additive map

Theorem 24. Let R be a prime unital ring, µ ∈ C, α an automorphism of R, d : R −→ Qr
an additive map and F : R −→ Qr an extended generalized skew homoderivation associated
with 0 ̸= µ, α and the additive map d. Then one of the following possibilities holds:

• α = idR and F = d is an extended homoderivation;

• F(x) = α(x)a and d(x) = (1 − µa)α(x)a − ax with a = F(1R);

• α(x) = qxq−1, F(x) = q−1
0 d(x), with q0 = η−1q and η ∈ C,

F(xy) = µF(x)F(y)+ F(x)y+ q0xF(y), d(xy) = µd(x)d(y)+ d(x)y+ q2
0xd(y),

and (
µF(x) + q0x

)
(1 − q0) = 0,

(
d(x) + µ−1q2

0x
)
(q0 − 1) = 0

with q0 = η−1q.
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Proof:
For all x, y, z ∈ R we have:

F((xy)z) =
µF(xy)F(z) + F(xy)z + α(xy)d(z) =

µ2F(x)F(y)F(z) + µF(x)yF(z) + µα(x)d(y)F(z) + µF(x)F(y)z + F(x)yz + α(x)d(y)z+
+ α(x)α(y)d(z)

Moreover

F(x(yz)) =
µF(x)F(yz) + F(x)yz + α(x)d(yz) =

µ2F(x)F(y)F(z) + µF(x)F(y)z + µF(x)α(y)d(z) + F(x)yz + α(x)d(yz)

Subtracting member from member we have

µF(x)yF(z) + µα(x)d(y)F(z) + α(x)d(y)z + α(x)α(y)d(z)−
− µF(x)α(y)d(z)− α(x)d(yz) = 0

that is
F(x)∆1 + α(x)∆2 = 0 (4.8)

where ∆1 = µyF(z)− µα(y)d(z) and ∆2 = µd(y)F(z) + d(y)z + α(y)d(z)− d(yz).
Replacing x with xt we have

µF(x)F(t)∆1 + F(x)t∆1 + α(x)d(t)∆1 + α(x)α(t)∆2 = 0

and using (4.8) we get

µF(x)F(t)∆1 + F(x)t∆1 + α(x)d(t)∆1 − α(x)F(t)∆1 = 0

that is

F(x)
(

µF(t) + t
)

∆1 + α(x)
(

d(t)− F(t)
)

∆1 = 0

and using (4.5) of Remark 18 it follows that

F(x)
(

µF(t) + t
)

∆1 − α(x)a
(

µF(t) + t
)

∆1 = 0, with a = F(1R)

that is

∆3

(
µyF(z)− µα(y)d(z)

)
= 0

where ∆3 =

(
F(x)− α(x)a

)(
µF(t) + t

)
and ∆1 =

(
µyF(z)− µα(y)d(z)

)
.

Fix x and t in ∆3.
Therefore

∆3yF(z)− ∆3α(y)d(z) = 0 for all y, z ∈ R. (4.9)

If α is outer, by [12, Theorem 3] it follows that R satisfies

∆3yF(z)− ∆3y′d(z) = 0
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where y, z and y′ are distinct indeterminates.
Since R is prime then ∆3 = 0 or F(z) = d(z) = 0.
If α is inner then there exists an invertible element q ∈ R such that α(x) = qxq−1 for
all x ∈ R and by (4.9) it follows that R satisfies

∆3yF(z)− ∆3qyq−1d(z) = 0.

Then one of the following possibilities holds:

• ∆3 = 0;

• F(z) = d(z) = 0 for all z ∈ R;

• ∆3q = η∆3 and F(z) = ηq−1d(z) for all z ∈ R with η = η(x, t) and α(x) =
qxq−1.

Then:

• If ∆3 = 0 then(
F(x)− α(x)a

)(
µF(t) + t

)
= 0, for all x, t ∈ R, with a = F(1R)

that is

F(x)
(

µF(t) + t
)
− α(x)a

(
µF(t) + t

)
= 0

and using (4.5) of Remark 18 it follows that

F(x)
(

µF(t) + t
)
− α(x)

(
F(t)− d(t)

)
= 0

µF(x)F(t) + F(x)t − α(x)F(t) + α(x)d(t) = 0

that is
F(xt)− α(x)F(t) = 0.

Therefore
F(x) = α(x)a, for all x ∈ R, with a = F(1R)

and using (4.4) of Remark 18 we have

d(x) = (1 − µa)α(x)a − ax, with a = F(1R).

• Assume
∆3q = η∆3 (4.10)

and
F(x) = ηq−1d(x), (4.11)

with η = η(x, t) and α(x) = qxq−1.

Then
d(x) = η−1qF(x) = q0F(x), with q0 = η−1q. (4.12)

Then, for all x, y ∈ R, we have

α(x)d(y) = qxq−1η−1qF(y) = η−1qxF(y) = q0xF(y)
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and

F(xy) =µF(x)F(y) + F(x)y + α(x)d(y) =

=µF(x)F(y) + F(x)y + q0xF(y) with q0 = η−1q.
(4.13)

In particular
α(x)d(1R) = η−1qxF(1R) = η−1qxa (4.14)

that is
qxq−1d(1R) = qxη−1a

and therefore
q−1d(1R) = η−1a.

By (4.6) of Remark 18 we have

µF(x)a = −α(x)d(1R).

Using (4.14) we get
µF(x)a = −η−1qxa

that is
µηq−1d(x)a = −η−1qxa.

Then
µd(x)a = −(η−1q)2xa = −q2

0xa

that is (
µd(x) + q2

0x
)

a = 0

that is (
d(x) + µ−1q2

0x
)

a = 0 (4.15)

and (
q0F(x) + µ−1q2

0x
)

a = 0

Since q0 ̸= 0 then (
F(x) + µ−1q0x

)
a = 0

that is (
µF(x) + q0x

)
a = 0 (4.16)

In particular, for x = 1R we have

µa2 + q0a = 0 (4.17)

Replacing x with xy in (4.16) we get(
µF(xy) + q0xy

)
a = 0
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that is, using (4.13),(
µ2F(x)F(y) + µF(x)y + µq0xF(y) + q0xy

)
a = 0

and for x = 1R we have(
µ2aF(y) + µay + µq0F(y) + q0y

)
a = 0

Using (4.16) we have (
−µaq0y + µay − q2

0y + q0y
)

a = 0

that is (
−µaq0 + µa − q2

0 + q0

)
ya = 0

Since R is a prime ring then a = 0 or −µaq0 + µa − q2
0 + q0 = 0.

• Assume a = 0.
Then by (4.5) of Remark 18 we have F = d.
Then by Theorem 23, F = 0 or F is an extended homoderivation.

• Assume −µaq0 + µa − q2
0 + q0 = 0

that is
µa = µaq0 + q2

0 − q0 (4.18)

Then by (4.16) we have (
µF(x) + q0x

)
a =0(

µF(x) + q0x
)

µa =0(
µF(x) + q0x

)
(q2

0 − q0) =0

Since q0 ̸= 0 then (
µF(x) + q0x

)
(q0 − 1) = 0 (4.19)

that is (
F(x) + µ−1q0x

)
(q0 − 1) = 0

that is (
d(x) + µ−1q2

0x
)
(q0 − 1) = 0 (4.20)

By (4.10) we have ∆3q = η∆3, that is(
F(x)− α(x)a

)(
µF(t) + t

)
(q − η) = 0
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that is (
µF(x)F(t) + F(x)t − µα(x)aF(t)− α(x)at

)
(q − η) = 0. (4.21)

By (4.13) we have(
F(xt)− q0xF(t)− µα(x)aF(t)− α(x)at

)
(q − η) = 0 (4.22)

Replacing t with 1R we have(
F(x)− q0xa − µα(x)a2 − α(x)a

)
(q − η) = 0 (4.23)

By (4.17) we get (
F(x)− q0xa + α(x)q0a − α(x)a

)
(q − η) = 0

that is (
F(x)− η−1qxa + qxq−1η−1qa − qxq−1a

)
(q − η) = 0

that is (
F(x)− qxq−1a

)
(q − η) = 0(

F(x)− α(x)a
)
(q − η) = 0 (4.24)

Replacing x with xy we have(
µF(x)F(y) + F(x)y + q0xF(y)− α(x)α(y)a

)
(q − η) = 0 (4.25)

Using (4.24) we get(
µF(x)α(y)a + F(x)y + q0xα(y)a − α(x)α(y)a

)
(q − η) = 0 (4.26)

that is (
µF(x) + q0x − α(x)

)
α(y)a(q − η) + F(x)y(q − η) = 0 (4.27)

that is (
µF(x) + q0x − qxq−1

)
qyq−1a(q − η) + F(x)y(q − η) = 0

Then one of the following possibilities holds:

• q = η.
Then F = d is an extended homoderivation.

• q ̸= η.
In that case, by (4.27), there exists θ ∈ C such that

q−1a(q − η) = θ(q − η) (4.28)
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Then, by (4.24) we get

0 =F(x)(q − η)− α(x)a(q − η) =

=F(x)(q − η)− qxq−1a(q − η) =

=F(x)(q − η)− qxθ(q − η)

that is
F(x)(q − η) = qx(q − η)θ (4.29)

Multiplying by η−1 we get

F(x)(qη−1 − 1) = θqx(qη−1 − 1)

F(x)(q0 − 1) = θqx(q0 − 1) (4.30)

By (4.19) we have F(x)(q0 − 1) = −µ−1q0x(q0 − 1) that is

F(x)(q0 − 1) = −µ−1η−1qx(q0 − 1)

Then, by (4.19) and (4.30) we have

−µ−1η−1qx(q0 − 1) = θqx(q0 − 1) (4.31)

that is (
µ−1η−1 + θ

)
qx(q0 − 1) = 0 (4.32)

Since q ̸= η then q0 ̸= 1R. Then, since R is a prime ring, by (4.32) we have(
µ−1η−1 + θ

)
q = 0

that is
µ−1η−1 = −θ

Then by (4.28) we have

q−1a(q − η) = −µ−1η−1(q − η)

that is
a(q − η) = −µ−1η−1q(q − η)

a(q − η) = −µ−1q0(q − η)

Moreover, by (4.29) we have

F(x)(q − η) =

θqx(q − η) =

− µ−1η−1qx(q − η) =

− µ−1q0x(q − η)
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Starting now from the definition (4.13) of F and using the condition (4.11) we get

F(xy) =µF(x)F(y) + F(x)y + q0xF(y)

ηq−1d(xy) =µηq−1d(x)ηq−1d(y) + ηq−1d(x)y + q0xηq−1d(y)

q−1
0 d(xy) =µq−1

0 d(x)q−1
0 d(y) + q−1

0 d(x)y + q0xq−1
0 d(y)

that is

d(xy) =µd(x)q−1
0 d(y) + d(x)y + q2

0xq−1
0 d(y)

=

(
µd(x)q−1

0 + q2
0xq−1

0

)
d(y) + d(x)y

(4.33)

Moreover by (4.20) we have
(

d(x) + µ−1q2
0x
)

q0 = d(x) + µ−1q2
0x, that is

d(x) + µ−1q2
0x = d(x)q−1

0 + q2
0µ−1xq−1

0

µd(x) + q2
0x = µd(x)q−1

0 + q2
0xq−1

0

Then, by (4.33) we have

d(xy) =
(

µd(x) + q2
0x
)

d(y) + d(x)y

that is
d(xy) = µd(x)d(y) + d(x)y + q2

0xd(y)

4.2.3 Characterization of extended generalized skew homoderivations as-
sociated with an extended homoderivation

Theorem 25. Let R be a prime unital ring, 0 ̸= λ, 0 ̸= µ ∈ C and α an automorphism of
R.
Let d : R −→ Qr be an extended homoderivation associated with λ, that is

d(xy) = λd(x)d(y) + d(x)y + xd(y), for all x, y ∈ R,

and let F : R −→ Qr be an extended generalized skew homoderivation associated with µ, α
and the extended homoderivation d, that is

F(xy) = µF(x)F(y) + F(x)y + α(x)d(y), for all x, y ∈ R.

Then one of the following possibilities holds:

• F = d is an extended homoderivation;

• d(x) = −µ−1x is an extended homoderivation associated with µ;
F(x) = µ−1α(x);

• d(x) = −λ−1x is an extended homoderivation associated with λ;
F(x) = ax with a = F(1R) and a2 = µ−1λ−1 ∈ Z(R);

• α(x) = qxq−1, η ∈ C, q0 = η−1q, q2
0 = 1;

d(x) = q0F(x) is an extended homoderivation associated with µ;
F(x) = q0d(x);
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• α(x) = qxq−1, η ∈ C, λq2 = η2µ, q0 = η−1q;
d(x) = −µ−1q2

0x = −λ−1x is an extended homoderivation associated with λ =
µq−2

0 ;
F(x) = −µ−1q0x = −q−1ηλ−1x.

Proof:
By Theorem 24, one of the following possibilities holds:

• α = idR and F = d is an extended homoderivation.

• F(x) = α(x)a and

d(x) = (1 − µa)α(x)a − ax = (1 − µa)F(x)− ax with a = F(1R) (4.34)

In this case we have

d(xy) = (1 − µa)α(xy)a − axy = (1 − µa)α(x)F(y)− axy (4.35)

Moreover, since d is an extended homoderivation, then d(xy) = λd(x)d(y)+ d(x)y+
xd(y) and then, using (4.34), we have

d(xy) = λd(x)d(y) + d(x)y + xd(y) =

= λ

(
F(x)− µaF(x)− ax

)(
F(y)− µaF(y)− ay

)
+

(
F(x)− µaF(x)− ax

)
y+

+ x
(

F(y)− µaF(y)− ay
)
=

= λ

(
F(x)F(y)− µF(x)aF(y)− F(x)ay − µaF(x)F(y) + µ2aF(x)aF(y) + µaF(x)ay−

− axF(y) + µaxaF(y) + axay
)
+

(
F(x)− µaF(x)− ax

)
y + x

(
F(y)− µaF(y)− ay

)
(4.36)

By (4.35) and (4.36) we get

(1 − µa)α(x)F(y) =

= λ

(
F(x)F(y)− µF(x)aF(y)− F(x)ay − µaF(x)F(y) + µ2aF(x)aF(y) + µaF(x)ay−

− axF(y) + µaxaF(y) + axay
)
+ F(x)y − µaF(x)y + xF(y)− µxaF(y)− xay

that is(
−α(x) + µaα(x) + λF(x)− λµF(x)a − λµaF(x) + λµ2aF(x)a − λax + λµaxa + x−

− µxa
)

F(y) +
(

λaxa + F(x)− µaF(x)− xa + λµaF(x)a − λF(x)a
)

y = 0

that is
∆1(x)y + ∆2(x)F(y) = ∆1(x)y + ∆2(x)α(y)a = 0 (4.37)
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with

∆1(x) = λaxa + F(x)− µaF(x)− xa + λµaF(x)a − λF(x)a;

∆2(x) = −α(x) + µaα(x) + λF(x)− λµF(x)a − λµaF(x) + λµ2aF(x)a − λax+
+ λµaxa + x − µxa.

I case If α is outer, by [12, Theorem 3] it follows that R satisfies

∆1(x)y + ∆2(x)za = 0

where x, y and z are distinct indeterminates.
Since R is prime and a ̸= 0 then ∆1 = ∆2 = 0 that is

λaxa + α(x)a − µaα(x)a − xa + λµaα(x)a2 − λα(x)a2 = 0
and

− α(x) + µaα(x) + λα(x)a − λµα(x)a2 − λµaα(x)a + λµ2aα(x)a2 − λax + λµaxa+
+ x − µxa = 0.

Since α is outer then

Γ1 = λaxa + za − µaza − xa + λµaza2 − λza2 = 0;

Γ2 = −z + µaz + λza − λµza2 − λµaza + λµ2aza2 − λax + λµaxa + x − µxa = 0.

Replacing z = 0 in Γ1 we get

λaxa − xa = (λa − 1)xa = 0

and then, since R is a prime ring and a ̸= 0 we have a = λ−1.
Then, replacing a = λ−1 in Γ2 we have

−z + µλ−1z + z − λ−1µz − λ−1µz + λ−2µ2z − x + λ−1µx + x − µλ−1x = 0

that is
−λ−1µz + λ−2µ2z = 0

Since λ ̸= 0 and µ ̸= 0 then we have

λ−1µ − 1 = 0

that is µ = λ.
Hence by (4.34)

d(x) = −λ−1x is an extended homoderivation associated with λ

and
F(x) = λ−1α(x)

II case If α(x) = qxq−1 is inner then by (4.37) we have

∆1(x)y + ∆2(x)qyq−1a = 0 (4.38)

Then q−1a = θ0 ∈ C and then a = θ0q.
Therefore

F(x) = α(x)a = qxq−1a = ax
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and
d(x) = (1 − µa)F(x)− ax = (1 − µa)ax − ax = −µa2x

Since d is an extended homoderivation then

d(xy) = λd(x)d(y) + d(x)y + xd(y)

−µa2xy = λµa2xµa2y − µa2xy − xµa2y

0 = λµa2xµa2y − xµa2y

0 = µ

(
λµa2 − 1

)
xa2y

Since R is a prime ring then a2 = 0 or λµa2 − 1 = 0.
If a2 = 0 then d = 0 and

F(xy) =µF(x)F(y) + F(x)y
axy =µaxay + axy

0 =µaxay

Since µ ̸= 0 then a = 0 and then F = 0.
If λµa2 = 1 then a2 = λ−1µ−1 ∈ C and we have

F(x) = ax

and

d(x) = −µa2x = −λ−1x is an extended homoderivation associated with λ

• α(x) = qxq−1, F(x) = q−1
0 d(x), with q0 = η−1q and η ∈ C,

F(xy) = µF(x)F(y)+ F(x)y+ q0xF(y), d(xy) = µd(x)d(y)+ d(x)y+ q2
0xd(y),

(4.39)
and (

µF(x) + q0x
)
(1 − q0) = 0,

(
d(x) + µ−1q2

0x
)
(q0 − 1) = 0 (4.40)

with q0 = η−1q.

Since d is an extended homoderivation associated with λ then, by (4.39), we have

µd(x)d(y) + d(x)y + q2
0xd(y) = λd(x)d(y) + d(x)y + xd(y)

that is
0 = (λ − µ)d(x)d(y) + (1 − q2

0)xd(y)

By Remark 10 we have
0 = (λ − µ)d(x) + (1 − q2

0)x (4.41)

Note that:
− if q2

0 = 1 then by (4.41) and Remark 10 we get λ = µ;
− if λ = µ then by (4.41) we get q2

0 = 1.
In both cases we have that d(xy) = λd(x)d(y) + d(x)y + xd(y).
Assume now λ − µ = θ0 ̸= 0 and q2

0 ̸= 1.
Then by (4.41) we have

d(x) = −θ−1
0 (1 − q2

0)x (4.42)
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Moreover by (4.40) we have(
d(x) + µ−1q2

0x
)
(q0 − 1) = 0

and using (4.42) we have(
−θ−1

0 (1 − q2
0)x + µ−1q2

0x
)
(q0 − 1) = 0

that is (
−θ−1

0 (1 − q2
0) + µ−1q2

0

)
x(q0 − 1) = 0

Since q2
0 ̸= 1 and R is a prime ring then

−θ−1
0 (1 − q2

0) + µ−1q2
0 = 0

that is
−θ−1

0 (1 − q2
0) = −µ−1q2

0 (4.43)

that is (
θ−1

0 + µ−1
)

q2
0 = θ−1

0 (4.44)

Since θ0 ̸= 0 and q0 ̸= 0 then θ1 = θ−1
0 + µ−1 ̸= 0.

Then
q2

0 = θ−1
0 θ−1

1 ∈ C

By (4.42) and (4.43) we have

d(x) = −θ−1
0 (1 − q2

0)x = −µ−1q2
0x

that is an extended homoderivation associated with µq−2
0 = µη2q−2, and then

F(x) = q−1
0 d(x) = −µ−1q0x

Moreover by (4.44) we have

(θ−1
0 + µ−1)q2

0 = θ−1
0

(1 + µ−1θ0)q2
0 = 1

(1 + µ−1(λ − µ))q2
0 = 1

µ−1λq2
0 = 1

q2
0 = λ−1µ ∈ C

Hence by (4.41) we have

0 = (λ − µ)d(x) + (1 − λ−1µ)x

that is, multiplying by λ,

0 = λ(λ − µ)d(x) + (λ − µ)x
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Since λ − µ = θ0 ̸= 0 then
0 = λd(x) + x

and then

d(x) = −λ−1x is an extended homoderivation associated with λ

Moreover
F(x) = q−1

0 d(x) = −q−1ηλ−1x

Since q2
0 = λ−1µ then η−1qη−1q = λ−1µ that is λq2 = η2µ.

4.2.4 Posner’s theorems

Lemma 10. Let R be a prime unital ring of characteristic different from 2, µ ∈ C, α an au-
tomorphism of R and F : R −→ Qr an extended generalized skew homoderivation associated
with µ, α and the additive map d : R −→ Qr.
If F2(x) = 0 for all x ∈ R then one of the following possibilities holds:

• F(x) = d(x) = 0;

• F(x) = bx or F(x) = xb with b ∈ Qr, b2 = 0;

• F(x) = α(x)a, α(a)a = 0.

Proof:
By Theorem 24, we have the following cases:

• F(x) = d(x) = 0 for all x ∈ R.

• F is a generalized derivation associated with the derivation d.
By [23, Corollary 5], F2(x) = 0 if and only if there exists b ∈ Qr such that either
F(x) = bx or F(x) = xb with b2 = 0.

• F(x) = α(x)a and d(x) = (1 − µa)α(x)a − ax for all x ∈ R with a = F(1R).
Then 0 = F2(x) = α(α(x)a)a = α2(x)α(a)a for all x ∈ R that is α(a)a = 0.

• α(x) = qxq−1, F(x) = ηq−1d(x), d(x) = q0F(x) with q0 = η−1q, η ∈ C, and(
µF(x) + q0x

)
(1 − q0) = 0. (4.45)

If F2(x) = 0 then by (4.45) we have

0 =

(
µF2(x) + q0F(x)

)
(1 − q0) = q0F(x)(1 − q0)

that is
d(x)(1 − q0) = 0 (4.46)

Then
F(x)(1 − q0) = ηq−1d(x)(1 − q0) = 0 (4.47)

Moreover, multiplying the relation F(xy) = µF(x)F(y) + F(x)y + α(x)d(y) on
the right by (1 − q0) and using (4.46) and (4.47) we have

F(xy)(1 − q0) =µF(x)F(y)(1 − q0) + F(x)y(1 − q0) + α(x)d(y)(1 − q0)

0 =F(x)y(1 − q0)
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Since R is a prime ring then F = 0 or q0 = 1.
If q0 = 1 then q = η ∈ C and we have F(x) = d(x).
Then, by Theorem 18, F = d = 0 or F is a homoderivation.
If F is a homoderivation, by Lemma 1 we have F = 0.

Theorem 26. Let R be a prime unital ring of characteristic different from 2, µ ∈ C, α
an automorphism of R and F : R −→ Qr an extended generalized skew homoderivation
associated with µ, α and the additive map d : R −→ Qr.
If [F(x), x] = 0 for all x ∈ R then one of the following possibilities holds:

• F(x) = d(x) = 0;

• F(x) = f (x)− x for all x ∈ R with f : R −→ Z(R) an homomorphism.

• F(x) = xa and d(x) = −µa2x, a ∈ C.

Proof:
By Theorem 19, we have the following cases:

• F(x) = d(x) = 0 for all x ∈ R.

• F is a generalized derivation associated with the derivation d.
By [30, Corollary 3.2], if [F(x), x] = 0 for all x ∈ R, since R is not commutative,
then F = 0.

• F(x) = α(x)a and d(x) = (1 − µa)α(x)a − ax for all x ∈ R with a = F(1R).
Then 0 = [F(x), x] = [α(x)a, x] for all x ∈ R. Replacing x with x + 1 we have
[a, x] = 0, that is a ∈ C. Then [α(x), x] = 0 and by [28] we have α = idR.
Then F(x) = xa and d(x) = −µa2x.

• α(x) = qxq−1, F(x) = ηq−1d(x), d(x) = q0F(x) with q0 = η−1q, η ∈ C, and(
µF(x) + q0x

)
(1 − q0) = 0. (4.48)

If [F(x), x] = 0 for all x ∈ R then replacing x with x + γ, γ ∈ C, we have
[F(γ), x] = 0 that is

F(γ) ∈ C for all γ ∈ C. (4.49)

By (4.48) we have
F(x)(1 − q0) = −µ−1q0x(1 − q0). (4.50)

Assume q0 ̸= 1.
Multiplying [F(x), x] = 0 by 1 − q0 on the right and using (4.50) we have

0 =F(x)x(1 − q0)− xF(x)(1 − q0) =

=F(x)x(1 − q0) + µ−1xq0x(1 − q0) =

=

(
F(x) + µ−1xq0

)
x(1 − q0)

(4.51)
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Replacing x with x + 1 and using (4.51) we have

0 =

(
(F(x) + µ−1xq0) + (F(1R) + µ−1q0)

)
x(1 − q0)+

+

(
(F(x) + µ−1xq0) + (F(1R) + µ−1q0)

)
(1 − q0) =

=

(
F(1R) + µ−1q0

)
x(1 − q0)

Since R is a prime ring and q0 ̸= 1 then q0 = −µF(1R).
If q0 = −µF(1R), by (4.49) we have q0 ∈ C and by (4.48) we get

F(x) = −µ−1q0x = F(1R)x, F(1R) ∈ C,

and
d(x) = −µF(1R)

2x, F(1R) ∈ C.

Assume q0 = 1.
Then F(x) = d(x) and by Theorem 18 we have F = d = 0 or F is a homod-
erivation.
If F is a homoderivation, by Theorem 2 we have F = 0 or F(x) = d(x) =
f (x)− x for all x ∈ R with f : R −→ Z(R) an homomorphism..
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Chapter 5

An application: the sub-ring
generated by F(x)x

The study of subrings generated by images of derivations and their generalizations
has long provided valuable insights into the structure theory of prime rings.
A classical result in this direction was established by J. Bergen, I.N. Herstein, and
J.W. Kerr in 1981 [5].
They proved that if R is a prime ring of characteristic different from 2, and d : R → R
is a non-zero derivation, then the subring A generated by the set {d(r) | r ∈ R} con-
tains a non-zero ideal of R, unless the derivation d satisfies d3 = 0.
This result was later extended in 1993 by M. Brešar and J. Vukman [8], who consid-
ered the set of commutators {[d(r), r] | r ∈ R}, again under the assumption that R
is a prime ring of characteristic not equal to 2, and that d is a non-zero derivation.
They showed that the subring generated by these elements contains both a non-zero
left ideal and a non-zero right ideal of R.
In 1994, M.A. Chebotar [10] further strengthened this statement by proving that,
under the same assumptions, the subring generated by the set {[d(r), r] | r ∈ R}
actually contains a non-zero two-sided ideal of R.
An important contribution in the context of Lie structure was given by Y. Wang in
2005 [32] who proved that if R is a prime ring of characteristic different from 2 and 3,
L is a non-zero Lie ideal of R, and φ is a non-trivial Lie automorphism of R such that
φ2 − 1 is not central on L, then the subring A generated by the set {[φ(v), v] | v ∈ L}
contains a non-zero two-sided ideal of R.
More recently, in 2021, H. Argaç and V. De Filippis considered generalized skew
derivations [2]. They proved that if R is a prime ring of characteristic different from
2 and F : R → R is a non-zero generalized skew derivation associated with a skew
derivation d : R → R, defining S = {F(x)x | x ∈ R} and letting A be the subring of
R generated by S, then:

• if d ̸= 0, then A contains a non-zero left ideal of the from Rd(R)R[F(R)R, F(R)R];

• if d = 0, then A contains a non-zero right ideal of the from F(R)[A, A]R.

This chapter aims to further advance this line of investigation by situating it within
a broader and more general framework. Specifically, our objective is to replace stan-
dard derivations and skew derivations with their extended counterparts, thereby en-
riching the structural analysis of prime rings. In doing so, we contribute to a deeper
and more nuanced understanding of how operator-theoretic identities influence and
reflect the ideal structure of such rings.
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5.1 The case of a non-zero generalized homoderivation

Lemma 11. Let R be a non-commutative unital prime ring of characteristic different from 2
and d : R −→ R a homoderivation of R. If [d(x)x, d(y)y] = 0 for all x, y ∈ R then d = 0.

Proof:
By Proposition 1 we have

d(1R)(d(x) + x) = 0 = (d(x) + x)d(1R) for all x ∈ R (5.1)

In particular
d(1R)x = −d(1R)d(x) for all x ∈ R (5.2)

By hypothesis we have

[d(x)x, d(y)y] = 0 for all x, y ∈ R (5.3)

Replacing y with y + z in (5.3) we have

[d(x)x, d(y + z)(y + z)] = 0 for all x, y, z ∈ R

then

[d(x)x, d(y)y]+ [d(x)x, d(y)z]+ [d(x)x, d(z)y]+ [d(x)x, d(z)z] = 0 for all x, y, z ∈ R

By (5.3) we have

[d(x)x, d(y)z] + [d(x)x, d(z)y] = 0 for all x, y, z ∈ R

Replacing y with 1R we get

[d(x)x, d(1R)z + d(z)] = 0 for all x, z ∈ R

By (5.2) we have

[d(x)x,−d(1R)d(z) + d(z)] = 0 for all x, z ∈ R

that is
[d(x)x, (1 − d(1R))d(z)] = 0 for all x, z ∈ R

Indicate b = 1R − d(1R) and then consider the identity

[d(x)x, bd(z)] = 0 for all x, z ∈ R (5.4)

By substituting x with x + t we get

[d(x + t)(x + t), bd(z)] = 0 for all x, t, z ∈ R

then

[d(x)x, bd(z)] + [d(x)t, bd(z)] + [d(t)x, bd(z)] + [d(t)t, bd(z)] = 0 for all x, t, z ∈ R

By (5.4) we get
[d(x)t + d(t)x, bd(z)] = 0 for all x, t, z ∈ R
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Replacing x with 1R we have

[d(1R)t + d(t), bd(z)] = 0 for all t, z ∈ R

By (5.2) we have

[−d(1R)d(t) + d(t), bd(z)] = 0 for all t, z ∈ R

that is
[(1R − d(1R))d(t), bd(z)] = 0 for all t, z ∈ R

that is
[bd(t), bd(z)] = 0 for all t, z ∈ R (5.5)

Replacing z with zr in (5.5) we get

[bd(t), bd(zr)] = 0 for all t, z, r ∈ R

that is
[bd(t), bd(z)d(r) + bd(z)r + bzd(r)] = 0 for all t, z, r ∈ R

By (5.5) we have

bd(z)[bd(t), d(r)] + bd(z)[bd(t), r] + [bd(t), bzd(r)] = 0 for all t, z, r ∈ R

Replacing t with 1R we get

bd(z)[bd(1R), d(r)] + bd(z)[bd(1R), r] + [bd(1R), bzd(r)] = 0 for all z, r ∈ R

that is

−bd(z)(d(r) + r)bd(1R) + bd(1R)bzd(r)− bzd(r)bd(1R) = 0 for all z, r ∈ R

Multiplying to the right by (d(p) + p) with p ∈ R we have

− bd(z)(d(r) + r)bd(1R)(d(p) + p) + bd(1R)bzd(r)(d(p) + p)
− bzd(r)bd(1R)(d(p) + p) = 0 for all z, r, p ∈ R

By (5.1) we have d(1)(d(p) + p) = 0 therefore

bd(1R)bzd(r)(d(p) + p) = 0 for all z, r, p ∈ R

Since R a prime ring then

• bd(1R)b = 0, that is
(

1R − d(1R)

)
d(1R)

(
1R − d(1R)

)
= 0, or

• d(r)(d(p) + p) = 0 for all r, p ∈ R

I subcase Suppose that
(

1R − d(1R)

)
d(1R)

(
1R − d(1R)

)
= 0.

By (5.1) we have d(1R)(d(1R) + 1R) = 0 that is

−[d(1R)]
2 = d(1R)
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Therefore we have: (
1R − d(1R)

)
d(1R)

(
1R − d(1R)

)
= 0

(
d(1R)− [d(1R)]

2
)(

1R − d(1R)

)
= 0(

d(1R) + d(1R)

)(
1R − d(1R)

)
= 0

2d(1R)

(
1R − d(1R)

)
= 0

2d(1R)− 2[d(1R)]
2 = 0

2d(1R) + 2d(1R) = 0

4d(1R) = 0

Since char(R) ̸= 2 then d(1R) = 0, therefore b = 1R − d(1R) = 1R.
Then (5.5) is reduced to

[d(x), d(y)] = 0 for all x, y ∈ R

and the conclusion follows from the Lemma 2.
II subcase Suppose that d(z)(d(t) + t) = 0 for all z, t ∈ R.

By Remarks 3 and 4 we have d(t) + t = 0 for all t ∈ R, that is d(t) = −t for all t ∈ R.
In this case, by (5.3) we get

[−x2,−y2] = 0 for all x, y ∈ R

a contradiction since R is not commutative.

Theorem 27. Let R be a non-commutative unital prime ring of characteristic different from
2, F : R −→ R a non-zero generalized homoderivation associated with the homoderivation
d : R −→ R and a ∈ R such that F(1R) = a.
Consider S = {F(x)x, x ∈ R} and indicate with A =< F(x)x > the sub-ring generated
by S in R.
A contains a left non-trivial ideal I.

Proof:
Suppose that A contains neither non-trivial right ideals nor non-trivial left ideals.
For all x, y ∈ R, the element F(x + y)(x + y) is in S ⊆ A therefore

F(x)x + F(y)y + F(x)y + F(y)x ∈ A

Since F(x)x + F(y)y ∈ A then

F(x)y + F(y)x ∈ A for all x, y ∈ R (5.6)

Consider z ∈ S. Replacing y with yz, we have

F(x)yz + F(yz)x ∈ A for all x, y ∈ R, z ∈ S

that is

F(x)yz + F(y)F(z)x + F(y)zx + yd(z)x ∈ A for all x, y ∈ R, z ∈ S (5.7)
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Since z ∈ S then multiplying (5.6) to the right by z ∈ S we still get an element of A

F(x)yz + F(y)xz ∈ A for all x, y ∈ R, z ∈ S (5.8)

Since the difference of elements of A is still an element of A then subtracting (5.7)
and (5.8) we get the following element of A

F(y)[z, x] +
(

F(y)F(z) + yd(z)
)

x ∈ A for all x, y ∈ R, z ∈ S (5.9)

Consider r ∈ S. Since x ∈ R is arbitrary, we can replace it with xr in (5.9)

F(y)[z, x]r + F(y)x[z, r] +
(

F(y)F(z) + yd(z)
)

xr ∈ A for all x, y ∈ R, z, r ∈ S

(5.10)
Multiplying (5.9) by the element r ∈ S to the right we get another element of A that
is

F(y)[z, x]r +
(

F(y)F(z) + yd(z)
)

xr ∈ A for all x, y ∈ R, z, r ∈ S (5.11)

Subtracting (5.11) from (5.10) we get

F(y)x[z, r] ∈ A for all x, y ∈ R, z, r ∈ S (5.12)

Let t ∈ R. Since y is arbitrary, we can replace it with ty in (5.12). We have

F(ty)x[z, r] ∈ A for all x, y, t ∈ R, z, r ∈ S

that is, for all x, y, t ∈ R, z, r ∈ S

F(t)(F(y)x)[z, r] + F(t)(yx)[z, r] + td(y)x[z, r] ∈ A (5.13)

By (5.12), we have F(t)F(y)x[z, r] + F(t)yz[z, r] ∈ A therefore

td(y)x[z, r] ∈ A for all x, y, t ∈ R, z, r ∈ S (5.14)

Then Rd(R)R[S, S] ⊆ A.
Since A does not contain non-zero left ideals then Rd(R)R[S, S] = 0.
Since R a prime ring then d(R) = 0 or [S, S] = 0.
By Theorem 5 we have d ̸= 0 then [S, S] = 0 that is

[F(x)x, F(y)y] = 0 for all x, y ∈ R (5.15)

By Theorem 7, the cases to be analyzed are:

• d(x) = −x, F(x) = x for all x ∈ R;

• d(x) = −x, F(x) = −x for all x ∈ R;

• d(x) = [x, a]− axa, F(x) = xa for all x ∈ R, where a2 = 0;

• F(x) = d(x) for all x ∈ R where d(1R)(d(x) + x) = 0 = (d(x) + x)d(1R) for all
x ∈ R.

I case Suppose that d(x) = −x and F(x) = x for all x ∈ R.
Then by (5.15) we have

[x2, y2] = 0 for all x, y ∈ R
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A contradiction since R is not commutative.
II case Suppose that d(x) = −x and F(x) = −x for all x ∈ R.

Then by (5.15) we have

[−x2,−y2] = 0 for all x, y ∈ R

A contradiction since R is not commutative.
III case Suppose that d(x) = [x, a]− axa and F(x) = xa for all x ∈ R, where a2 = 0.

Then by (5.15) we have

[xax, yay] = 0 for all x, y ∈ R (5.16)

Since the field Z(R) does not contain any nilpotent elements, if a ∈ Z(R) then a = 0,
a contradiction.
Thus a /∈ Z(R) and (5.16) is a generalized non-trivial polynomial identity. By Mar-
tindale’s theorem [26], R is a primitive ring having a non-zero socle H, with the
extended centroid C as the associated division ring.
In light of Jacobson’s theorem [24, page 75], R is isomorphic to a dense ring of linear
transformations on some vector space V over the extended centroid C.
Since R is non-commutative, we can assume dimDV ≥ 2. If a /∈ Z(R) then there
exists v ∈ V such that the set {v, av} is linearly C-independent. For the density of R,
there exist x, y ∈ R such that

xv = 0, yv = v, yav = av, xav = v

Then by (5.16) we have 0 = [xax, yay]v = v, a contradiction.
IV case Suppose that F(x) = d(x) for all x ∈ R.

By Lemma 11 we have d = 0, a contradiction for the Theorem 5.

5.2 The case of a non-zero extended generalized homoderiva-
tion

Lemma 12. Let R be a unital prime ring of characteristic different from 2 and ω ∈ Qr. If

[ωx2, ωy2] = 0 for all x, y ∈ R (5.17)

then R is a commutative ring.

Proof:
If ω ∈ C we are done. Assume ω /∈ C. For x = 1R we have

[ω, ωy2] = 0 for all y ∈ R (5.18)

Replacing x with x + 1R in (5.17) and using (5.17) and (5.18) we have

0 = [ω(x + 1)2, ωy2] = [ωx2 + 2ωx + ω, ωy2] = [2ωx, ωy2]

that is
[ωx, ωy2] = 0 (5.19)

and in particular
[ωx, ω] = 0 (5.20)
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Replacing y with y + 1R in (5.19) and using (5.19) and (5.20) we have

0 = [ωx, ωy2 + 2ωy + ω] = [ωx, 2ωy]

that is
[ωx, ωy] = 0 (5.21)

Since ω /∈ Z(R) then (5.21) is a generalized non-trivial polynomial identity. By
Martindale’s theorem [26], R is a primitive ring having a non-zero socle H, with the
extended centroid C as the associated division ring. In light of Jacobson’s theorem
[24, page 75], R is isomorphic to a dense ring of linear transformations on some
vector space V over the extended centroid C.
Since R is non-commutative, we can assume dimDV ≥ 2. Since ω /∈ Z(R) then there
exists v ∈ V such that the set {v, ωv} is linearly C-independent. For the density of
R, there exist x, y ∈ R such that

xv = 0, yv = v, xωv = v

Then by (5.21) we have 0 = [ωx, ωy]v = ωxωyv − ωyωxv = ωv, a contradiction.

Lemma 13. Let R be a non-commutative unital prime ring of characteristic different from
2, 0 ̸= λ ∈ C and d : R −→ Qr an extended homoderivation of R associated with λ. If

[d(x)x, d(y)y] = 0 for all x, y ∈ R

then d = 0.

Proof:
By Proposition 3 we have

d(1R)(λd(x) + x) = 0 = (λd(x) + x)d(1R) for all x ∈ R (5.22)

In particular
d(1R)x = −λd(1R)d(x) for all x ∈ R (5.23)

By hypothesis we have

[d(x)x, d(y)y] = 0 for all x, y ∈ R (5.24)

Replacing y with y + z in (5.24) we have

[d(x)x, d(y + z)(y + z)] = 0 for all x, y, z ∈ R

then

[d(x)x, d(y)y]+ [d(x)x, d(y)z]+ [d(x)x, d(z)y]+ [d(x)x, d(z)z] = 0 for all x, y, z ∈ R

By (5.24) we have

[d(x)x, d(y)z] + [d(x)x, d(z)y] = 0 for all x, y, z ∈ R

Replacing y with 1R we get

[d(x)x, d(1R)z + d(z)] = 0 for all x, z ∈ R
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By (5.23) we have

[d(x)x,−λd(1R)d(z) + d(z)] = 0 for all x, z ∈ R

that is
[d(x)x, (1 − λd(1R))d(z)] = 0 for all x, z ∈ R

Indicate b = 1R − λd(1R) and then consider the identity

[d(x)x, bd(z)] = 0 for all x, z ∈ R (5.25)

By substituting x with x + t we get

[d(x + t)(x + t), bd(z)] = 0 for all x, t, z ∈ R

then

[d(x)x, bd(z)] + [d(x)t, bd(z)] + [d(t)x, bd(z)] + [d(t)t, bd(z)] = 0 for all x, t, z ∈ R

By (5.25) we get

[d(x)t + d(t)x, bd(z)] = 0 for all x, t, z ∈ R

Replacing x with 1R we have

[d(1R)t + d(t), bd(z)] = 0 for all t, z ∈ R

By (5.23) we have

[−λd(1R)d(t) + d(t), bd(z)] = 0 for all t, z ∈ R

that is
[(1R − λd(1R))d(t), bd(z)] = 0 for all t, z ∈ R

that is
[bd(t), bd(z)] = 0 for all t, z ∈ R (5.26)

Replacing z with zr in (5.26) we get

[bd(t), bd(zr)] = 0 for all t, z, r ∈ R

that is
[bd(t), λbd(z)d(r) + bd(z)r + bzd(r)] = 0 for all t, z, r ∈ R

By (5.26) we have

λbd(z)[bd(t), d(r)] + bd(z)[bd(t), r] + [bd(t), bzd(r)] = 0 for all t, z, r ∈ R

Replacing t with 1R we get

λbd(z)[bd(1R), d(r)] + bd(z)[bd(1R), r] + [bd(1R), bzd(r)] = 0 for all z, r ∈ R

By (5.22) we have d(1R)(λd(r) + r) = 0 then

−bd(z)(λd(r) + r)bd(1R) + bd(1R)bzd(r)− bzd(r)bd(1R) = 0 for all z, r ∈ R
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Multiplying to the right by (λd(p) + p) with p ∈ R we have

− bd(z)(λd(r) + r)bd(1R)(λd(p) + p) + bd(1R)bzd(r)(λd(p) + p)−
− bzd(r)bd(1R)(λd(p) + p) = 0 for all z, r, p ∈ R

By (5.22) we have d(1R)(λd(p) + p) = 0 therefore

bd(1R)bzd(r)(λd(p) + p) = 0 for all z, r, p ∈ R

Since R a prime ring then

• bd(1R)b = 0, that is
(

1R − λd(1R)

)
d(1R)

(
1R − λd(1R)

)
= 0, or

• d(r)(λd(p) + p) = 0 for all r, p ∈ R

I subcase Suppose that
(

1R − λd(1R)

)
d(1R)

(
1R − λd(1R)

)
= 0.

By (5.22) we have d(1R)(λd(1R) + 1R) = 0 that is

−λ[d(1R)]
2 = d(1R)

Therefore we have: (
1R − λd(1R)

)
d(1R)

(
1R − λd(1R)

)
= 0

(
d(1R)− λ[d(1R)]

2
)(

1R − λd(1R)

)
= 0(

d(1R) + d(1R)

)(
1R − λd(1R)

)
= 0

2d(1R)

(
1R − λd(1R)

)
= 0

2d(1R)− 2λ[d(1R)]
2 = 0

2d(1R) + 2d(1R) = 0

4d(1R) = 0

Since char(R) ̸= 2 then d(1R) = 0, therefore b = 1R − λd(1R) = 1R. Then (5.26) is
reduced to

[d(x), d(y)] = 0 for all x, y ∈ R

and the conclusion follows from the Lemma 7.

II subcase Suppose that d(z)(λd(t) + t) = 0 for all z, t ∈ R.
By Remarks 10 and 11 we have λd(t) + t = 0 for all t ∈ R, that is d(t) = −λ−1t for
all t ∈ R.
In this case, by (5.24) we get

[−x2,−y2] = 0 for all x, y ∈ R

a contradiction since R is not commutative.



94 Chapter 5. An application: the sub-ring generated by F(x)x

Theorem 28. Let R be a non-commutative unital prime ring of characteristic different from
2, d : R −→ Qr an extended homoderivation associated with 1R, η ∈ C and F : R −→ Qr a
non-zero extended generalized homoderivation associated with λ ∈ C, 0 ̸= µ ∈ C and with
the extended homoderivation d.
Consider S = {F(x)x, x ∈ R} and indicate with A =< F(x)x > the sub-ring generated
by S in R.
A contains a left non-trivial ideal I.

Proof:
Suppose that A contains neither non-trivial right ideals nor non-trivial left ideals.
For all x, y ∈ R, the element F(x + y)(x + y) is in S ⊆ A therefore

F(x)x + F(y)y + F(x)y + F(y)x ∈ A.

Since F(x)x + F(y)y ∈ A then

F(x)y + F(y)x ∈ A for all x, y ∈ R. (5.27)

Consider z ∈ S. Replacing y with yz, we have

F(x)yz + F(yz)x ∈ A for all x, y ∈ R, z ∈ S,

that is

F(x)yz + λF(y)F(z)x + µF(y)zx + µyd(z)x ∈ A for all x, y ∈ R, z ∈ S. (5.28)

Since z ∈ S then multiplying (5.27) to the right by z ∈ S we still get an element of A

F(x)yz + F(y)xz ∈ A for all x, y ∈ R, z ∈ S (5.29)

Since the difference of elements of A is still an element of A then subtracting (5.28)
and (5.29) we get the following element of A

F(y)(µzx − xz) +
(

λF(y)F(z) + µyd(z)
)

x ∈ A for all x, y ∈ R, z ∈ S (5.30)

Consider r ∈ S. Since x ∈ R is arbitrary, we can replace it with xr in (5.30)

F(y)(µzxr − xrz) +
(

λF(y)F(z) + µyd(z)
)

xr ∈ A for all x, y ∈ R, z, r ∈ S (5.31)

Multiplying (5.30) by the element r ∈ S to the right we get another element of A that
is

F(y)(µzxr − xzr) +
(

λF(y)F(z) + µyd(z)
)

xr ∈ A for all x, y ∈ R, z, r ∈ S (5.32)

Subtracting (5.32) from (5.31) we get

F(y)x[z, r] ∈ A for all x, y ∈ R, z, r ∈ S (5.33)

Then F(R)R[S, S] ⊆ A.
Since A does not contain non-zero left ideals then F(R)R[S, S] = 0.
Since R is a prime ring then F(R) = 0 or [S, S] = 0.
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If [S, S] = 0 then
[F(x)x, F(y)y] = 0 for all x, y ∈ R. (5.34)

By Theorem 15, the cases to be analyzed are:

• F is a generalized derivation associated to the derivation d;

• F(x) = d(x) with λ = η ̸= 0;

• F(x) = d(x) − θx and d(xy) = λd(x)d(y) + d(x)y + xd(y) with a = d(1R),
b = F(1R) and

θ = a − b = λ−1(µ − 1) ∈ C, with µ ̸= 1R;

• F(x) = θx or F(x) = xθ.

I case Suppose that F is a generalized derivation associated to the derivation d.
Then by (5.34) we have

[F(x)x, F(y)y] = 0 for all x, y ∈ R. (5.35)

By [20], x2 ∈ C for all x ∈ R, a contradiction since R is not commutative.

II case Suppose that F(x) = d(x) with λ = η ̸= 0.
By Lemma 13 we have F = d = 0, a contradiction.

III case Suppose that F(x) = d(x) − θx and d(xy) = λd(x)d(y) + d(x)y + xd(y)
with a = d(1R), b = F(1R) and

θ = a − b = λ−1(µ − 1) ∈ C, with µ ̸= 1R.

If θ = 0 then by Lemma 13 we have F = d = 0, a contradiction.
Assume θ ̸= 0.
By (5.34) we have

[d(x)x − θx2, d(y)y − θy2] = 0 for all x, y ∈ R. (5.36)

Replacing y with 1 and x with x + 1 and using (5.36) we have

0 =[d(x)x + d(x) + d(1R)x + d(1R)− θx2 − 2θx − θ, d(1R)− θ] =

=[d(x) + d(1R)x − 2θx, d(1R)]
(5.37)

Replacing x with x + 1 and using (5.37) we have

0 = [d(x) + d(1R) + d(1R)x + d(1R)− 2θx − 2θ, d(1R)] = −2θ[x, d(1R)]

Since char(R) ̸= 2 and θ ̸= 0 then d(1R) ∈ C.
If d(1R) ̸= 0 then by Proposition 3 we have d(x) = −λ−1x for all x ∈ R.
In this case, by (5.36) we get

[−λ−1x2 − θx2,−λ−1y2 − θy2] = 0 for all x, y ∈ R.

Since µ ̸= 1 then θ ̸= −λ−1 and we have

(−λ−1 − θ)2[x2, y2] = 0 for all x, y ∈ R,
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a contradiction since R is not commutative.
Assume d(1R) = 0.
Replacing x with x + 1 in (5.36) and using (5.36) we have

[d(x)− 2θx, d(y)y − θy2] = 0 (5.38)

Replacing y with y + 1 and using (5.38) we have

[d(x)− 2θx, d(y)− 2θy] = 0 (5.39)

Replacing x with xz and using (5.39) we have

[λd(x)d(z) + xd(z), d(y)− 2θy] = 0

then, for x = 1R we have
[d(z), d(y)− 2θy] = 0 (5.40)

Replacing y with zy and using (5.40) we have

[d(z), λd(z)d(y) + zd(y)] = 0 (5.41)

that is
0 = [d(z), d(z)y] = d(z)[d(z), y] (5.42)

By Remarks 10 and 11, d = 0 or [d(z), y] = 0.
If d = 0 then by (5.36) we have [−x2,−y2] = 0, a contradiction since R is not com-
mutative.
Suppose that [d(x), t] = 0 for all x, t ∈ R, that is

d(x) ∈ Z(R), for all x ∈ R

We can assume Z(R) ̸= 0, otherwise it would be d = 0.
In particular, for each x ∈ R we have both d(x) ∈ Z(R) and also d(x2) ∈ Z(R).
Hence

d(x2) = λd(x)2 + xd(x) + d(x)x = λd(x)2 + 2xd(x) ∈ Z(R)

and then, since char(R) ̸= 2, xd(x) ∈ Z(R).
Since d(x) ∈ Z(R) then for all x ∈ R we have either d(x) = 0 or x ∈ Z(R).
In particular, if x /∈ Z(R) then d(x) = 0.
Since R is non-commutative, exists 0 ̸= x0 /∈ Z(R) such that d(x0) = 0.
Moreover, since Z(R) ̸= 0 exists 0 ̸= x1 ∈ Z(R). Therefore

d(x0x1) ∈ Z(R) ⇒ λd(x0)d(x1) + d(x0)x1 + x0d(x1) ∈ Z(R)

then x0d(x1) ∈ Z(R). Since 0 ̸= x0 /∈ Z(R) and d(x1) ∈ Z(R), we have d(x1) = 0.
Therefore d(x) = 0 in any case, a contradiction.

IV case Suppose that F(x) = θx.
Then by (5.34) we have [θx2, θy2] = 0 for all x, y ∈ R.
By Lemma 12 we get a contradiction.

V case Suppose that F(x) = xθ.
Then by (5.34) we have

[xθx, yθy] = 0 for all x, y ∈ R. (5.43)
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If θ ∈ C then [x2, y2] = 0, a contradiction since R is not commutative.
Thus θ /∈ Z(R) and (5.43) is a generalized non-trivial polynomial identity. By Mar-
tindale’s theorem [26], R is a primitive ring having a non-zero socle H, with the
extended centroid C as the associated division ring.
In light of Jacobson’s theorem [24, page 75], R is isomorphic to a dense ring of linear
transformations on some vector space V over the extended centroid C.
Since R is non-commutative, we can assume dimDV ≥ 2. Since θ /∈ Z(R) then there
exists v ∈ V such that the set {v, θv} is linearly C-independent. For the density of R,
there exist x, y ∈ R such that

xv = 0, yv = v, yθv = θv, xθv = v

Then by (5.43) we have 0 = [xθx, yθy]v = v, a contradiction.

5.3 The case of a non-zero generalized skew homoderivation

Theorem 29. Let R be a non-commutative unital prime ring of characteristic different from
2, α an automorphism of R, d : R −→ R a homoderivation and F : R −→ R a non-zero
generalized skew homoderivation associated with α and d.
Consider S = {F(x)x, x ∈ R} and indicate with A =< F(x)x > the sub-ring generated
by S in R.
A contains a left non-trivial ideal I.

Proof:
First of all, note that if d = 0 then F is a homoleft multiplier and, since the only
homoleft multiplier on a semiprime ring is the zero mapping ([6] ), then F = 0, a
contradiction.
Then assume d ̸= 0.
Suppose that A contains neither non-trivial right ideals nor non-trivial left ideals.
For all x, y ∈ R, the element F(x + y)(x + y) is in S ⊆ A therefore

F(x)x + F(y)y + F(x)y + F(y)x ∈ A

Since F(x)x + F(y)y ∈ A then

F(x)y + F(y)x ∈ A for all x, y ∈ R (5.44)

Consider z ∈ S. Replacing y with yz, we have

F(x)yz + F(yz)x ∈ A for all x, y ∈ R, z ∈ S

that is

F(x)yz + F(y)F(z)x + F(y)zx + α(y)d(z)x ∈ A for all x, y ∈ R, z ∈ S (5.45)

Since z ∈ S then multiplying (5.44) to the right by z ∈ S we still get an element of A

F(x)yz + F(y)xz ∈ A for all x, y ∈ R, z ∈ S (5.46)

Since the difference of elements of A is still an element of A then subtracting (5.45)
and (5.46) we get the following element of A

F(y)[z, x] +
(

F(y)F(z) + α(y)d(z)
)

x ∈ A for all x, y ∈ R, z ∈ S (5.47)
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Consider r ∈ S. Since x ∈ R is arbitrary, we can replace it with xr in (5.47)

F(y)[z, x]r + F(y)x[z, r] +
(

F(y)F(z) + α(y)d(z)
)

xr ∈ A for all x, y ∈ R, z, r ∈ S

(5.48)
Multiplying (5.47) by the element r ∈ S to the right we get another element of A that
is

F(y)[z, x]r +
(

F(y)F(z) + α(y)d(z)
)

xr ∈ A for all x, y ∈ R, z, r ∈ S (5.49)

Subtracting (5.49) from (5.48) we get

F(y)x[z, r] ∈ A for all x, y ∈ R, z, r ∈ S (5.50)

Let t ∈ R. Since y is arbitrary, we can replace it with ty in (5.50). We have

F(ty)x[z, r] ∈ A for all x, y, t ∈ R, z, r ∈ S

that is, for all x, y, t ∈ R, z, r ∈ S

F(t)(F(y)x)[z, r] + F(t)(yx)[z, r] + α(t)d(y)x[z, r] ∈ A (5.51)

By (5.50), we have F(t)F(y)x[z, r] + F(t)yx[z, r] ∈ A therefore

α(t)d(y)x[z, r] ∈ A for all x, y, t ∈ R, z, r ∈ S

and, replacing t with α−1(t) we have

td(y)x[z, r] ∈ A for all x, y, t ∈ R, z, r ∈ S

Then Rd(R)R[S, S] ⊆ A.
Since A does not contain non-zero left ideals then Rd(R)R[S, S] = 0.
Since R a prime ring then d(R) = 0 or [S, S] = 0.
Since d ̸= 0 then [S, S] = 0 that is

[F(x)x, F(y)y] = 0 for all x, y ∈ R (5.52)

By Theorem 20, the cases to be analyzed are:

• F = d is a homoderivation;

• d(x) = −x and F(x) = α(x);

• α(x) = qxq−1, d(x) = −x and F(x) = ax with a = F(1R) and a2 = 1R;

• α(x) = qxq−1, η ∈ C, q0 = η−1q, q2
0 = 1, d(x) = q0F(x) is a homoderivation

and F(x) = q0d(x). Moreover, we have(
d(x) + x

)
(q0 − 1) = 0

I case Suppose that F = d is a homoderivation.
Then by Lemma 11 we have F = d = 0, a contradiction.
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II case Suppose that F(x) = α(x) and d(x) = −x for all x ∈ R.
Then by (5.52) we have

[α(x)x, α(y)y] = 0 for all x, y ∈ R

By [20], x2 ∈ C for all x ∈ R, a contradiction since R is not commutative.

III case Suppose that α(x) = qxq−1, d(x) = −x and F(x) = ax with a = F(1R) and
a2 = 1R.
Then by (5.52) we have [ax2, ay2] = 0 for all x, y ∈ R.
By Lemma 12 we get a contradiction.

IV case Suppose that α(x) = qxq−1, η ∈ C, q0 = η−1q, q2
0 = 1, d(x) = q0F(x) is a

homoderivation, F(x) = q0d(x) and we have(
d(x) + x

)
(q0 − 1) = 0 (5.53)

that is
d(x)q0 = d(x)− x(q0 − 1) (5.54)

and in particular
d(1R)q0 = d(1R)− (q0 − 1) (5.55)

Moreover, by Proposition 1 we have

d(1R)(d(x) + x) = 0 = (d(x) + x)d(1R) for all x ∈ R (5.56)

In particular
d(1R)x = −d(1R)d(x) for all x ∈ R (5.57)

By (5.52) we have
[q0d(x)x, q0d(y)y] = 0 for all x, y ∈ R (5.58)

Replacing y with y + z in we have

[q0d(x)x, q0d(y + z)(y + z)] = 0 for all x, y, z ∈ R

then

[q0d(x)x, q0d(y)y] + [q0d(x)x, q0d(y)z] + [q0d(x)x, q0d(z)y] + [q0d(x)x, q0d(z)z] = 0
for all x, y, z ∈ R

By (5.52) we have

[q0d(x)x, q0d(y)z] + [q0d(x)x, q0d(z)y] = 0 for all x, y, z ∈ R

Replacing y with 1R we get

[q0d(x)x, q0d(1R)z + q0d(z)] = 0 for all x, z ∈ R

By (5.57) we have

[q0d(x)x,−q0d(1R)d(z) + q0d(z)] = 0 for all x, z ∈ R
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that is
[q0d(x)x, q0(1 − d(1R))d(z)] = 0 for all x, z ∈ R

Indicate b = q0(1R − d(1R)) and then consider the identity

[q0d(x)x, bd(z)] = 0 for all x, z ∈ R (5.59)

Replacing x with x + t we get

[q0d(x + t)(x + t), bd(z)] = 0 for all x, t, z ∈ R

then

[q0d(x)x, bd(z)]+ [q0d(x)t, bd(z)]+ [q0d(t)x, bd(z)]+ [q0d(t)t, bd(z)] = 0 for all x, t, z ∈ R

By (5.59) we get

[q0d(x)t + q0d(t)x, bd(z)] = 0 for all x, t, z ∈ R

Replacing x with 1R we have

[q0d(1R)t + q0d(t), bd(z)] = 0 for all t, z ∈ R

By (5.57) we have

[−q0d(1R)d(t) + q0d(t), bd(z)] = 0 for all t, z ∈ R

that is
[q0(1R − d(1R))d(t), bd(z)] = 0 for all t, z ∈ R

that is
[bd(t), bd(z)] = 0 for all t, z ∈ R (5.60)

Replacing z with zr we get

[bd(t), bd(zr)] = 0 for all t, z, r ∈ R

that is
[bd(t), bd(z)d(r) + bd(z)r + bzd(r)] = 0 for all t, z, r ∈ R

By (5.60) we have

bd(z)[bd(t), d(r)] + bd(z)[bd(t), r] + [bd(t), bzd(r)] = 0 for all t, z, r ∈ R

Replacing t with 1R we get

bd(z)[bd(1R), d(r)] + bd(z)[bd(1R), r] + [bd(1R), bzd(r)] = 0 for all z, r ∈ R

that is

−bd(z)(d(r) + r)bd(1R) + bd(1R)bzd(r)− bzd(r)bd(1R) = 0 for all z, r ∈ R

Multiplying to the right by (d(p) + p) with p ∈ R we have

− bd(z)(d(r) + r)bd(1R)(d(p) + p) + bd(1R)bzd(r)(d(p) + p)−
− bzd(r)bd(1R)(d(p) + p) = 0for all z, r, p ∈ R
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By (5.56) we have d(1)(d(p) + p) = 0 therefore

bd(1R)bzd(r)(d(p) + p) = 0 for all z, r, p ∈ R

Since R is a prime ring then

• bd(1R)b = 0, that is q0

(
1R − d(1R)

)
d(1R)q0

(
1R − d(1R)

)
= 0, or

• d(r)(d(p) + p) = 0 for all r, p ∈ R

I subcase Suppose that q0

(
1R − d(1R)

)
d(1R)q0

(
1R − d(1R)

)
= 0.

Since q0 is a non-zero invertible element then(
1R − d(1R)

)
d(1R)q0

(
1R − d(1R)

)
= 0

By (5.56) we have d(1R)(d(1R) + 1R) = 0 that is

−[d(1R)]
2 = d(1R)

Therefore by
(

1R − d(1R)

)
d(1R)q0

(
1R − d(1R)

)
= 0 we have:

(
d(1R)− [d(1R)]

2
)

q0

(
1R − d(1R)

)
= 0

(
d(1R) + d(1R)

)
q0

(
1R − d(1R)

)
= 0

2d(1R)q0

(
1R − d(1R)

)
= 0 (5.61)

By (5.55) we have d(1R)q0 = d(1R)− (q0 − 1). Then

2
(

d(1R)− (q0 − 1)
)(

1R − d(1R)

)
= 0

2
(

d(1R) + 1 − q0

)(
1R − d(1R)

)
= 0

Since char(R) ̸= 2 then(
d(1R) + 1

)(
1R − d(1R)

)
= q0

(
1R − d(1R)

)

d(1R)− [d(1R)]
2 + 1R − d(1R) = q0

(
1R − d(1R)

)
d(1R) + d(1R) + 1R − d(1R) = q0

(
1R − d(1R)

)
d(1R) + 1R = q0

(
1R − d(1R)

)
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Multiplying on the right by d(1R) we then have(
d(1R) + 1R

)
d(1R) = q0

(
1R − d(1R)

)
d(1R)

0 = q0

(
d(1R)− [d(1R)]

2
)

0 = q0

(
d(1R) + d(1R)

)
0 = 2q0d(1R)

Since q0 is an invertible element and char(R) ̸= 2 then d(1R) = 0.
Moreover by (5.53) we have

0 =

(
d(1R) + 1

)
(q0 − 1) = q0 − 1

that is q0 = 1.
Therefore b = q0(1R + d(1R)) = q0 = 1 and (5.60) is reduced to

[d(x), d(y)] = 0 for all x, y ∈ R

and by Lemma 2 we get d = 0, a contradiction.
II subcase Suppose that d(z)(d(t) + t) = 0 for all z, t ∈ R.

By Remarks 3 and 4 we have d(t) + t = 0 for all t ∈ R, that is d(t) = −t for all t ∈ R.
In this case, by (5.58) we get [q0x2, q0y2] = 0 for all x, y ∈ R.
By Lemma 12 we get a contradiction.

5.4 The case of a non-zero extended generalized skew ho-
moderivation

Theorem 30. Let R be a non-commutative unital prime ring of characteristic different from
2, 0 ̸= λ, 0 ̸= µ ∈ C, α an automorphism of R, d : R −→ Qr a non-zero extended
homoderivation associated with λ and F : R −→ Qr a non-zero extended generalized skew
homoderivation associated with µ, α and d.
Consider S = {F(x)x, x ∈ R} and indicate with A =< F(x)x > the sub-ring generated
by S in R.
A contains a left non-trivial ideal I.

Proof:
Suppose that A contains neither non-trivial right ideals nor non-trivial left ideals.
For all x, y ∈ R, the element F(x + y)(x + y) is in S ⊆ A therefore

F(x)x + F(y)y + F(x)y + F(y)x ∈ A

Since F(x)x + F(y)y ∈ A then

F(x)y + F(y)x ∈ A for all x, y ∈ R (5.62)
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Consider z ∈ S. Replacing y with yz, we have

F(x)yz + F(yz)x ∈ A for all x, y ∈ R, z ∈ S

that is

F(x)yz + µF(y)F(z)x + F(y)zx + α(y)d(z)x ∈ A for all x, y ∈ R, z ∈ S (5.63)

Since z ∈ S then multiplying (5.62) to the right by z ∈ S we still get an element of A

F(x)yz + F(y)xz ∈ A for all x, y ∈ R, z ∈ S (5.64)

Since the difference of elements of A is still an element of A then subtracting (5.63)
and (5.64) we get the following element of A

F(y)[z, x] +
(

µF(y)F(z) + α(y)d(z)
)

x ∈ A for all x, y ∈ R, z ∈ S (5.65)

Consider r ∈ S. Since x ∈ R is arbitrary, we can replace it with xr in (5.65)

F(y)[z, x]r + F(y)x[z, r] +
(

µF(y)F(z) + α(y)d(z)
)

xr ∈ A for all x, y ∈ R, z, r ∈ S

(5.66)
Multiplying (5.65) by the element r ∈ S to the right we get another element of A that
is

F(y)[z, x]r +
(

µF(y)F(z) + α(y)d(z)
)

xr ∈ A for all x, y ∈ R, z, r ∈ S (5.67)

Subtracting (5.67) from (5.66) we get

F(y)x[z, r] ∈ A for all x, y ∈ R, z, r ∈ S (5.68)

Let t ∈ R. Since y is arbitrary, we can replace it with ty in (5.68). We have

F(ty)x[z, r] ∈ A for all x, y, t ∈ R, z, r ∈ S

that is, for all x, y, t ∈ R, z, r ∈ S

F(t)(µF(y)x)[z, r] + F(t)(yx)[z, r] + α(t)d(y)x[z, r] ∈ A (5.69)

By (5.68), we have F(t)µF(y)x[z, r] + F(t)yx[z, r] ∈ A therefore

α(t)d(y)x[z, r] ∈ A for all x, y, t ∈ R, z, r ∈ S

and, replacing t with α−1(t) we have

td(y)x[z, r] ∈ A for all x, y, t ∈ R, z, r ∈ S

Then Rd(R)R[S, S] ⊆ A.
Since A does not contain non-zero left ideals then Rd(R)R[S, S] = 0.
Since R a prime ring then d(R) = 0 or [S, S] = 0.
Since d ̸= 0 then [S, S] = 0 that is

[F(x)x, F(y)y] = 0 for all x, y ∈ R (5.70)
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By Theorem 25, the cases to be analyzed are:

• F = d is an extended homoderivation;

• d(x) = −µ−1x is an extended homoderivation associated with µ;
F(x) = µ−1α(x);

• d(x) = −λ−1x is an extended homoderivation associated with λ;
F(x) = ax with a = F(1R) and a2 = µ−1λ−1 ∈ C;

• α(x) = qxq−1, η ∈ C, q0 = η−1q, q2
0 = 1;

d(x) = q0F(x) is an extended homoderivation associated with µ;
F(x) = q0d(x) and we have(

µF(x) + q0x
)
(1 − q0) = 0,

(
d(x) + µ−1x

)
(q0 − 1) = 0.

• α(x) = qxq−1, η ∈ C, λq2 = η2µ;
d(x) = −λ−1x is an extended homoderivation associated with λ;
F(x) = −q−1ηλ−1x.

I case Suppose that F = d is an extended homoderivation.
Then by Lemma 13 we have F = d = 0, a contradiction.

II case Suppose that F(x) = µ−1α(x) and d(x) = −µ−1x for all x ∈ R.
Then by (5.70) we have

[α(x)x, α(y)y] = 0 for all x, y ∈ R

By [20], x2 ∈ C for all x ∈ R, a contradiction since R is not commutative.

III case Suppose that d(x) = −λ−1x and F(x) = ax with a = F(1R) and a2 ∈ C.
Then by (5.70) we have [ax2, ay2] = 0 for all x, y ∈ R.
By Lemma 12 we get a contradiction.

IV case Suppose that α(x) = qxq−1, η ∈ C, q0 = η−1q, q2
0 = 1, d(x) = q0F(x) is an

extended homoderivation associated with µ, F(x) = q0d(x) and we have(
µF(x) + q0x

)
(1 − q0) = 0,

(
d(x) + µ−1x

)
(q0 − 1) = 0 (5.71)

Then
d(x)q0 = d(x)− µ−1x(q0 − 1) (5.72)

and in particular
d(1R)q0 = d(1R)− µ−1(q0 − 1) (5.73)

Moreover, by Proposition 3 we have

d(1R)(µd(x) + x) = 0 = (µd(x) + x)d(1R) for all x ∈ R (5.74)

In particular
d(1R)x = −µd(1R)d(x) for all x ∈ R (5.75)

By (5.70) we have
[q0d(x)x, q0d(y)y] = 0 for all x, y ∈ R (5.76)
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Replacing y with y + z in we have

[q0d(x)x, q0d(y + z)(y + z)] = 0 for all x, y, z ∈ R

then

[q0d(x)x, q0d(y)y] + [q0d(x)x, q0d(y)z] + [q0d(x)x, q0d(z)y] + [q0d(x)x, q0d(z)z] = 0
for all x, y, z ∈ R

By (5.70) we have

[q0d(x)x, q0d(y)z] + [q0d(x)x, q0d(z)y] = 0 for all x, y, z ∈ R

Replacing y with 1R we get

[q0d(x)x, q0d(1R)z + q0d(z)] = 0 for all x, z ∈ R

By (5.75) we have

[q0d(x)x,−µq0d(1R)d(z) + q0d(z)] = 0 for all x, z ∈ R

that is
[q0d(x)x, q0(1 − µd(1R))d(z)] = 0 for all x, z ∈ R

Indicate b = q0(1R − µd(1R)) and then consider the identity

[q0d(x)x, bd(z)] = 0 for all x, z ∈ R (5.77)

By substituting x with x + t we get

[q0d(x + t)(x + t), bd(z)] = 0 for all x, t, z ∈ R

then

[q0d(x)x, bd(z)]+ [q0d(x)t, bd(z)]+ [q0d(t)x, bd(z)]+ [q0d(t)t, bd(z)] = 0 for all x, t, z ∈ R

By (5.77) we get

[q0d(x)t + q0d(t)x, bd(z)] = 0 for all x, t, z ∈ R

Replacing x with 1R we have

[q0d(1R)t + q0d(t), bd(z)] = 0 for all t, z ∈ R

By (5.75) we have

[−µq0d(1R)d(t) + q0d(t), bd(z)] = 0 for all t, z ∈ R

that is
[q0(1R − µd(1R))d(t), bd(z)] = 0 for all t, z ∈ R

that is
[bd(t), bd(z)] = 0 for all t, z ∈ R (5.78)

Replacing z with zr we get

[bd(t), bd(zr)] = 0 for all t, z, r ∈ R
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that is
[bd(t), µbd(z)d(r) + bd(z)r + bzd(r)] = 0 for all t, z, r ∈ R

By (5.78) we have

µbd(z)[bd(t), d(r)] + bd(z)[bd(t), r] + [bd(t), bzd(r)] = 0 for all t, z, r ∈ R

Replacing t with 1R we get

µbd(z)[bd(1R), d(r)] + bd(z)[bd(1R), r] + [bd(1R), bzd(r)] = 0 for all z, r ∈ R

that is

−bd(z)(µd(r) + r)bd(1R) + bd(1R)bzd(r)− bzd(r)bd(1R) = 0 for all z, r ∈ R

Multiplying to the right by (µd(p) + p) with p ∈ R we have

− bd(z)(µd(r) + r)bd(1R)(µd(p) + p) + bd(1R)bzd(r)(µd(p) + p)−
− bzd(r)bd(1R)(µd(p) + p) = 0 for all z, r, p ∈ R

By (5.74) we have d(1R)(µd(p) + p) = 0 therefore

bd(1R)bzd(r)(µd(p) + p) = 0 for all z, r, p ∈ R

Since R is a prime ring then

• bd(1R)b = 0, that is q0

(
1R − µd(1R)

)
d(1R)q0

(
1R − µd(1R)

)
= 0, or

• d(r)(µd(p) + p) = 0 for all r, p ∈ R

I subcase Suppose that q0

(
1R − µd(1R)

)
d(1R)q0

(
1R − µd(1R)

)
= 0.

Since q0 is a non-zero invertible element then(
1R − µd(1R)

)
d(1R)q0

(
1R − µd(1R)

)
= 0

By (5.74) we have d(1R)(µd(1R) + 1R) = 0 that is

−µ[d(1R)]
2 = d(1R)

Therefore by
(

1R − µd(1R)

)
d(1R)q0

(
1R − µd(1R)

)
= 0 we have:

(
d(1R)− µ[d(1R)]

2
)

q0

(
1R − µd(1R)

)
= 0

(
d(1R) + d(1R)

)
q0

(
1R − µd(1R)

)
= 0

2d(1R)q0

(
1R − µd(1R)

)
= 0 (5.79)
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By (5.73) we have d(1R)q0 = d(1R)− µ−1(q0 − 1). Then

2
(

d(1R)− µ−1(q0 − 1)
)(

1R − µd(1R)

)
= 0

2
(

µd(1R) + 1 − q0

)(
1R − µd(1R)

)
= 0

Since char(R) ̸= 2 then(
µd(1R) + 1R

)(
1R − µd(1R)

)
= q0

(
1R − µd(1R)

)

µd(1R)− µ2[d(1R)]
2 + 1R − µd(1R) = q0

(
1R − µd(1R)

)
µd(1R) + µd(1R) + 1R − µd(1R) = q0

(
1R − µd(1R)

)
µd(1R) + 1R = q0

(
1R − µd(1R)

)
Multiplying on the right by d(1R) we then have(

µd(1R) + 1R

)
d(1R) = q0

(
1R − µd(1R)

)
d(1R)

0 = q0

(
d(1R)− µ[d(1R)]

2
)

0 = q0

(
d(1R) + d(1R)

)
0 = 2q0d(1R)

Since q0 is an invertible element and char(R) ̸= 2 then d(1R) = 0.
Moreover by (5.71) we have

0 =

(
d(1R) + µ−1

)
(q0 − 1) = µ−1(q0 − 1)

that is q0 = 1.
Therefore b = q0(1R + µd(1R)) = q0 = 1 and (5.78) is reduced to

[d(x), d(y)] = 0 for all x, y ∈ R

and by Lemma 7 we get d = 0, a contradiction.

II subcase Suppose that d(z)(µd(t) + t) = 0 for all z, t ∈ R.
By Remarks 10 and 11 we have µd(t) + t = 0 for all t ∈ R, that is

d(t) = −µ−1t



108 Chapter 5. An application: the sub-ring generated by F(x)x

for all t ∈ R.
In this case, by (5.76) we get

[q0x2, q0y2] = 0 for all x, y ∈ R

By Lemma 12 we get a contradiction.

V case Suppose that α(x) = qxq−1, η ∈ C, λq2 = η2µ, d(x) = −λ−1x is an extended
homoderivation associated with λ and F(x) = −q−1ηλ−1x.
By (5.70) we have

[q−1x2, q−1y2] = 0 for all x, y ∈ R (5.80)

By Lemma 12 we get a contradiction.
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Chapter 6

An application:
on the distance of generalized
skew derivations to the Jordan
homoderivations

To conclude this dissertation, we propose an application of the theoretical frame-
work developed thus far.
As a preliminary step, we introduce the following definition:

Definition 10. An additive map d : R −→ R is called a Jordan homoderivation, if

d(x2) = d(x)2 + d(x)x + xd(x) holds for all x ∈ R.

The principal result we aim to establish is the following:

Theorem 31. Let R be a prime ring of characteristic different from 2, Qr its right Martindale
quotient ring and C its extended centroid. Let L be a non-central Lie ideal of R, F and G be
generalized skew derivations of R associated with the same automorphism α such that

F(x2) = G(x)2 + G(x)x + xG(x)

for any x ∈ L.
Then either R satisfies s4 or one of the following conditions holds

(a) there exists λ ∈ C such that

F(x) = λ(λ + 2)x and G(x) = λx

for any x ∈ R;

(b) there exist λ ∈ C and an automorphism α of R such that

F(x) = λ2α(x)− x and G(x) = λα(x)− x

for any x ∈ R.

Let us begin by noting that the statement of the Theorem 31 may be interpreted as
follows: what is the precise structure of the maps F and G when they behave as a general-
ization of Jordan homoderivations?
Indeed, when F = G, we recover a Jordan homoderivation.
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Furthermore, we observe that in the special case F = G, both conclusions derived
from the Theorem 31 imply that the map in question is, in fact, a homoderivation.
This naturally leads us to inquire whether, analogously to the classical correspon-
dence between Jordan derivations and derivations in characteristic not equal to 2,
every Jordan homoderivation is necessarily a homoderivation in this setting as well.

We now proceed by presenting a series of intermediate results that will be funda-
mental to establish the final proof of Theorem 31. Firstly we recall some well known
results related to a prime ring R that will be useful to us later.

Preliminary results

Fact 1. Let R be a prime ring, then the following statements hold:

• Any automorphism of R can be uniquely extended to Qr
[11, Fact 2].

• Every generalized skew derivation of R can be uniquely extended to Qr as fol-
lows: by a (right) generalized skew derivation we mean an additive mapping
G : Qr −→ Qr such that

G(xy) = G(x)y + α(x)d(y) for all x, y ∈ Qr,

where d is a skew derivation of R and α is an automorphism of R. Moreover,
there exists G(1) = a ∈ Qr such that G(x) = ax + d(x) for all x ∈ R
[9, Lemma 2].

Fact 2. If Φ(xi, D(xi)) is a generalized polynomial identity for R, for D an outer skew
derivation of R, then R also satisfies the generalized polynomial identity Φ(xi, yi),
where xi and yi are distinct indeterminates [14].

Fact 3. Let Φ(xi, α(xi)) be a generalized polynomial identity for R, α an outer auto-
morphim of R.
If α(xi)-word degree is ≤ m, for any indeterminate xi and either char(R) = 0 or
char(R) ≥ m + 1, then R also satisfies the generalized polynomial identity Φ(xi, yi),
where xi and yi are distinct indeterminates
[12, Theorem 3].

Fact 4. Let R be a prime ring and I be a two-sided ideal of R. Then I, R, and Qr
satisfy the same generalized polynomial identities with coefficients in Qr [13].
Furthermore, I, R and Qr satisfy the same generalized polynomial identities with
automorphisms
[12, Theorem 1].

Fact 5. Let R be a prime ring, α, β ∈ Aut(Qr) and d, δ be skew derivations of R
associated with the automorphism α. If there exist 0 ̸= η ∈ C and p ∈ Qr such that

δ(x) = ηd(x) + px − β(x)p for all x ∈ R,

then either α = β or px − β(x)p = 0 and δ(x) = ηd(x) for any x ∈ R.
[17, Lemma 3.2].

Fact 6. Let C be a infinite field and m ≥ 2.
If A1, . . . , Ak are not scalar matrices in Mm(C) then there exists some invertible ma-
trix P ∈ Mm(C) such that any matrix PA1P−1, ..., PAkP−1 has all non-zero entries
[16, Lemma1.5].
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Fact 7. Let C be a field of characteristic different from 2, R = Mt(C) the matrix ring
over C and t ≥ 3. Let a, b ∈ R, with a = ∑t

r,s=1 arsers and b = ∑t
r,s=1 brsers, for

ars, brs ∈ C.
Suppose that a, b satisfy the following condition:
If i ̸= j are fixed integers such that aijbij = 0, then for any inner automorphism φ of R it
follows a′ijb

′
ij = 0 where φ(a) = ∑t

r,s=1 a′rsers, φ(b) = ∑t
r,s=1 b′rsers.

Then, if aijbij = 0 for all i ̸= j, either a ∈ C or b ∈ C
[18, Proposition 1].

The inner case

In this section, we initiate our analysis by considering maps expressed in their inner
forms.
We begin by focusing on the particular case where L = [R, R], and where F and G
are assumed to be inner generalized skew derivations of the ring R.

Recall that an example of a generalized derivation is a map of the from

F(x) = ax + xb,

for some a, b ∈ R; such maps are referred to as inner generalized derivations.
Furthermore, an additive map F is called a generalized skew derivation if there ex-
ists a skew derivation d of R, associated with an automorphism α ∈ Aut(R) such
that

F(xy) = F(x)y + α(x)d(y),

for all x, y ∈ R.
In this context, d is called the associated skew derivation of F and α is referred to as
its associated automorphism. A standard example in this setting is the inner gener-
alized skew derivation, given by

F(x) = ax + α(x)b

for some a, b ∈ R and α ∈ Aut(R).

Lemma 14. Let R be a prime ring of characteristic different from 2, Qr its right Martindale
quotient ring, C its extended centroid and a, b, c, d ∈ Qr such that

(c − a)[x1, x2]
2 + [x1, x2]

2(d − b) + c[x1, x2]
2d + [x1, x2](dc + d + c)[x1, x2]+

+ c[x1, x2]c[x1, x2] + [x1, x2]d[x1, x2]d

is a generalized polynomial identity for R. If R does not satisfy any non-trivial generalized
identity then a, b, c, d ∈ C and a + b = (c + d)(c + d + 2).

Proof:
By our hypothesis,

(c − a)[x1, x2]
2 + [x1, x2]

2(d − b) + c[x1, x2]
2d + [x1, x2](dc + d + c)[x1, x2] + c[x1, x2]c[x1, x2]+

+ [x1, x2]d[x1, x2]d = 0 ∈ T = Qr ∗C C{x1, x2}
(6.1)

where T = Qr ∗C C{x1, x2} is the free product over C of the C-algebra Qr and the
free C-algebra C{x1, x2}.
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If {d, 1} are are linearly C-independent, then

(c + 1)[x1, x2]
2d + [x1, x2]d[x1, x2]d = 0 ∈ T = Qr ∗C C{x1, x2}

that is
(c + 1)[x1, x2]

2 + [x1, x2]d[x1, x2] = 0 ∈ T = Qr ∗C C{x1, x2} (6.2)

If {c, 1} are are linearly C-independent, then

(c + 1)[x1, x2]
2 = 0 ∈ T = Qr ∗C C{x1, x2}

a contradiction.
Then we may assume c ∈ C and by (6.2) we have

[x1, x2](d + c + 1)[x1, x2] = 0 ∈ T = Qr ∗C C{x1, x2}

that is d + c + 1 = 0. Then d = −c − 1 ∈ C, a contradiction.

Consider now d ∈ C. Then by (6.1) we have

(c − a + 2d + d2 + cd)[x1, x2]
2 − [x1, x2]

2b + (d + c + 1)[x1, x2]c[x1, x2] =

= 0 ∈ T = Qr ∗C C{x1, x2}
(6.3)

If {b, 1} are are linearly C-independent, then [x1, x2]2b = 0 ∈ T = Qr ∗C C{x1, x2}, a
contradiction.
Then b ∈ C and by (6.3) we get

(c − a + 2d + d2 + cd − b)[x1, x2]
2 + (d + c + 1)[x1, x2]c[x1, x2] =

= 0 ∈ T = Qr ∗C C{x1, x2}
(6.4)

If {c, 1} are are linearly C-independent, then

c[x1, x2](c + d + 1)[x1, x2] = 0 ∈ T = Qr ∗C C{x1, x2}

Hence c + d + 1 = 0 that is c = −d − 1 ∈ C, a contradiction.
Therefore c ∈ C and by (6.4) we have(
−a − b + (c + d)(c + d + 2)

)
[x1, x2]

2 = 0 ∈ T = Qr ∗C C{x1, x2} with b, c, d ∈ C

(6.5)
Hence we have a ∈ C and a + b = (c + d)(c + d + 2).

Lemma 15. Let R be a prime ring of characteristic different from 2 and b, d ∈ Qr be such
that

[x1, x2]
2b − [x1, x2]d[x1, x2]d = 0 (6.6)

is a non-trivial generalized polynomial identity for R. Then b, d ∈ C, b = d2.

Proof:
Since (6.6) is a non-trivial generalized polynomial identity for R, in view of [24, The-
orem 2.5 and Theorem 3.5], we know that both Qr and Qr ⊗C C̄ are centrally closed,
where C̄ is the algebraic closure of C. We may replace Qr by itself or Qr ⊗C C̄ ac-
cording as C is finite or infinite. Therefore we may assume that Qr is centrally closed
over C which is either finite or algebraically closed. By Martindale’s theorem, Qr is
a primitive ring having a non-zero socle H, with C as the associated division ring. In
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light of Jacobson’s theorem [25, page 75], Qr is isomorphic to a dense ring of linear
transformations on some vector space V over C.
If dimCV = t is finite, t ≥ 2, then Qr ∼= Mt(C).
Taking eii and eij instead of x1 and x2 respectively in (6.6) with i, j ∈ {1, . . . , t}, i ̸= j
we have eijdeijd = 0 that is d ∈ C. Then by (6.6) we get [x1, x2]2(b − d2) = 0 that is
b = d2 ∈ C.
Assume dimCV = ∞ and that there exist h1, h2 ∈ H such that [h1, b] ̸= 0 or [h2, d] ̸= 0.
By Litoff’s theorem there exists an idempotent element e ∈ H such that

h1, h2, h1b, bh1, h2d, dh2 ∈ eQre ∼= Mt(C)

for some integer t. Since

[x1, x2]
2(ebe)− [x1, x2](ede)[x1, x2](ede) = 0

is a generalized identity for eQre ∼= Mt(C) then by the finite dimensionality case we
have ede, ebe ∈ eCe and this contradicts the choices of h1 and h2.

Lemma 16. Let R be a prime ring of characteristic different from 2 and a, c ∈ Qr be such
that

(c − a)[x1, x2]
2 + (c + 1)[x1, x2]c[x1, x2] = 0 (6.7)

is a non-trivial generalized polynomial identity for R. Then a, c ∈ C, a = c2 + 2c.

Proof:
Since (6.7) is a non-trivial generalized polynomial identity for R, in view of [24, The-
orem 2.5 and Theorem 3.5], we know that both Qr and Qr ⊗C C̄ are centrally closed,
where C̄ is the algebraic closure of C. We may replace Qr by itself or Qr ⊗C C̄ ac-
cording as C is finite or infinite. Therefore we may assume that Qr is centrally closed
over C which is either finite or algebraically closed. By Martindale’s theorem, Qr is
a primitive ring having a non-zero socle H, with C as the associated division ring. In
light of Jacobson’s theorem [25, page 75], Qr is isomorphic to a dense ring of linear
transformations on some vector space V over C.
If dimCV = t is finite, t ≥ 2, then Qr ∼= Mt(C).
Taking eii and eij instead of x1 and x2 respectively in (6.7) with i, j ∈ {1, . . . , t}, i ̸= j
we have (c + 1)eijceij = 0 that is c ∈ C. Then by (6.7) we get (c2 + 2c − a)[x1, x2]2 = 0
that is a = c2 + 2c ∈ C.
Assume dimCV = ∞ and that there exist h1, h2 ∈ H such that [h1, a] ̸= 0 or [h2, c] ̸= 0.
By Litoff’s theorem there exists an idempotent element e ∈ H such that

h1, h2, h1a, ah1, h2c, ch2 ∈ eQre ∼= Mt(C)

for some integer t. Since

e(c − a)e[x1, x2]
2 + e(c + 1)e[x1, x2]ece[x1, x2] = 0

is a generalized identity for eQre ∼= Mt(C) then by the finite dimensionality case we
have eae, ece ∈ eCe and this contradicts the choices of h1 and h2.

Lemma 17. Let R be a prime ring of characteristic different from 2 and u, ω, t, c, d ∈ Qr be
such that

ϕ(x1, x2) =

u[x1, x2]
2 + [x1, x2]

2ω + c[x1, x2]
2d + [x1, x2]t[x1, x2] + c[x1, x2]c[x1, x2] + [x1, x2]d[x1, x2]d

(6.8)



114
Chapter 6. An application:

on the distance of generalized skew derivations to the Jordan homoderivations

is a non-trivial generalized polynomial identity for R.
Then ω + u = −(c2 + d2 + cd + t) ∈ C with c, d, t ∈ C and, if R ⊈ M2(C), then
ω, u ∈ C.

Proof:
Since (6.8) is a non-trivial generalized polynomial identity for R as well as for Qr,
in view of [24, Theorem 2.5 and Theorem 3.5], both Qr and Qr ⊗C C̄ are centrally
closed, where C̄ is the algebraic closure of C. We may replace Qr by itself or Qr ⊗C C̄
according as C is finite or infinite. Therefore we may assume that Qr is centrally
closed over C which is either finite or algebraically closed. By Martindale’s theorem,
Qr is a primitive ring having a non-zero socle H, with C as the associated division
ring.
In light of Jacobson’s theorem [25, page 75], Qr is isomorphic to a dense ring of linear
transformations on some vector space V over C.
If dimCV = t is finite then Qr ∼= Mt(C) with t ≥ 2.
Taking eii and eij instead of x1 and x2 respectively in (6.8) with i, j ∈ {1, . . . , t}, i ̸= j
we have

eijteij + ceijceij + eijdeijd = 0 (6.9)

Multiplying (6.9) to the left by eij, we obtain eijceijceij = 0 thus (cji)
2 = 0 and then

cji = 0 for all i ̸= j. With standard arguments it follows that c is central.
Similarly, multiplying to the right (6.9) by eij, it follows that d is central.
Then by (6.8) we get

[x1, x2]
2ω + [x1, x2]t[x1, x2] + (c2 + d2 + cd + u)[x1, x2]

2 = 0

and taking eii and eij instead of x1 and x2 we get t ∈ C.
Then R satisfies

[x1, x2]
2ω + (c2 + d2 + cd + u + t)[x1, x2]

2 = 0 (6.10)

In case [x1, x2]2 is central valued on R, it follows that

ω + u = −(c2 + d2 + cd + t) ∈ C

Thus we assume that [x1, x2]2 is not central valued on R, that is t ≥ 3.
Let S be the additive subgroup of R generated by {[x1, x2]2 : xi ∈ R}.
Since [x1, x2]2 is not central and char(R) ̸= 2, then S must contain a non-central Lie
ideal L of R. Moreover, since L is not central, then [R, R] ⊆ L.
Therefore, by (6.10) we have

[r1, r2]ω + (c2 + d2 + cd + u + t)[r1, r2] = 0

Taking eii and eij instead of r1 and r2 we have

eijω + (c2 + d2 + cd + u + t)eij = 0 (6.11)

Multiplying (6.11) to the left by ejj, we obtain (c2 + d2 + cd + u + t)ji = 0 and with
standard arguments it follows that c2 + d2 + cd + u + t is central.
Multiplying (6.11) to the right by eii, we obtain ωji = 0 and with standard arguments
it follows that ω is central.
Moreover ω + u = −(c2 + d2 + cd + t) ∈ C.
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Now suppose that V has infinite dimension on C and suppose that none of the ex-
pected conclusions are true and show that a contradiction follows. Hence, by con-
tradiction we assume there exist r1 ∈ H such that either [c, r1] ̸= 0 or [d, r1] ̸= 0 or
[t, r1] ̸= 0 or [ω + u, r1] ̸= 0.
By Litoff’s Theorem, there exists an idempotent element e ∈ H such that

r1, cr1, r1c, r1d, dr1, r1t, tr1, r1(ω + u), (ω + u)r1,∈ eQre

with eQre ∼= Mk(C), for some integer k. Of course ϕ(x1, x2) is a generalized identity
for eQre, as well as

eue[x1, x2]
2 + [x1, x2]

2eωe + ece[x1, x2]
2ede + [x1, x2]ete[x1, x2]+

+ ece[x1, x2]ece[x1, x2] + [x1, x2]ede[x1, x2]ede

Then, by the finite dimensionality case, we have that ece, ede, ete, e(ω + u)e ∈ eCe
and this contradicts the choice of r1.

Lemma 18. Let R be a prime ring of characteristic different from 2, Qr its right Martindale
quotient ring, C its extended centroid and

F(x) = ax + xb, G(x) = cx + xd

two inner generalized derivations of R such that R satisfies

ϕ(x1, x2) = G([x1, x2])
2 + G([x1, x2])[x1, x2] + [x1, x2]G([x1, x2])− F([x1, x2]

2)

Then one of the following holds:

• there exists λ ∈ C such that F(x) = λ(λ + 2)x and G(x) = λx, for any x ∈ R;

• R ⊆ M2(C) and there exists λ ∈ C such that

G(x) = λx and F(x) =
(

λ(λ + 2)− b
)

x + xb

Proof:
In light of our assumption, for all x1, x2 ∈ R we have ϕ(x1, x2) = 0 with

ϕ(x1, x2) =

(c − a)[x1, x2]
2 + [x1, x2]

2(d − b) + c[x1, x2]
2d + [x1, x2](dc + d + c)[x1, x2]+

+ c[x1, x2]c[x1, x2] + [x1, x2]d[x1, x2]d

By Lemma 14 we may assume that ϕ(x1, x2) is a non-trivial generalized polynomial
identity for R as well as for Qr and by Lemma 17 it follows that c, d, a + b ∈ C with
a + b = (c + d)(c + d + 2) and, if R ⊈ M2(C), then a, b ∈ C.
The required conclusions follow by setting c + d = λ with λ ∈ C.

Lemma 19. Let R be a prime ring of characteristic different from 2, a1, a2, a3, a4, a5, a6, a7 ∈
Qr and q an invertible element of Qr \ C such that, for all X = [x1, x2] ∈ [R, R]

a1X2 − qX2a2 + qXa3X + a4Xa5X + qXa6Xa7 + a4XqXa7 = 0 (6.12)

is a non trivial generalized polynomial identity for [R, R].
Then one of the following occurs:
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• a2, a7 ∈ C and there exist λ, µ ∈ C such that a1 = µq, a4 = λq and µq − qa2 +
q(λa5 + a7a6 + λa7q + a3) = 0;

• a2, a7, a5 + a7q, a3 + a7a6 ∈ C and a1 − qa2 + q(a3 + a7a6) + a4(a5 + a7q) = 0;

• there exist λ, µ, θ, ω ∈ C such that a4 = −µq, a6 = µq + λ, a3 − µa5 = θ, λa7 −
a2 = ω, a1 = −(θ + ω)q.

Proof:
In light of our assumption, for all X = [x1, x2] ∈ [R, R], (6.12) is a non trivial GPI for
R and for Qr.
Moreover Qr is a primitive ring having a non-zero socle H, with C as the associated
division ring. In light of Jacobson’s theorem [25, page 75], Qr is isomorphic to a
dense ring of linear transformations on some vector space V over C.

Assume dimCV < ∞. Then Qr ∼= Mt(C), t ≥ 2.

Suppose that C is infinite.

Assume that a6 + a4 and a7 are not scalar matrices. Then by Fact 6 there exists some
invertible matrix P ∈ Mt(C) such that P(a6 + a4)P−1, Pa7P−1 have all non-zero en-
tries.
Since (6.12) is a non trivial GPI for R then, in particular, for all X ∈ [R, R] we have

Pa1P−1X2 − PqP−1X2Pa2P−1 + PqP−1XPa3P−1X+

+ Pa4P−1XPa5P−1X + PqP−1XPa6P−1XPa7P−1 + Pa4P−1XPqP−1XPa7P−1 = 0
(6.13)

Taking X = eij instead of X in (6.13) and multiplying to the left and to the right by
eij we get

(PqP−1)ji(P(a6 + a4)P−1)ji(Pa7P−1)ji = 0

a contradiction. Then a7 ∈ C or a6 + a4 ∈ C.

I case: Assume a7 ∈ C. Then by (6.12) we have

a1X2 − qX2a2 + qX(a3 + a7a6)X + a4X(a5 + a7q)X = 0 (6.14)

Assume that q−1a4 and a5 + a7q are not scalar matrices. Then by Fact 6 there exists
some invertible matrix Q ∈ Mt(C) such that Q(q−1a4)Q−1, Q(a5 + a7q)Q−1 have all
non-zero entries.
Since (6.14) is a non trivial GPI for R then, in particular, for all X ∈ [R, R] we have

Qa1Q−1X2 − QqQ−1X2Qa2Q−1 + QqQ−1XQ(a3 + a7a6)Q−1X+

+ Qa4Q−1XQ(a5 + a7q)Q−1X = 0
(6.15)

Taking X = eij instead of X in (6.15) and multiplying to the left by eijQq−1Q−1 we
get

(Qq−1a4Q−1)ij(Q(a5 + a7q)Q−1)ij = 0

a contradiction. Then q−1a4 ∈ C or a5 + a7q ∈ C.
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If a5 + a7q ∈ C then by (6.14) we have

a1X2 − qX2a2 + qX(a3 + a7a6)X + a4(a5 + a7q)X2 = 0 (6.16)

Assume a3 + a7a6 /∈ C. Then, as before, by Fact 6 there exists some invertible matrix
T ∈ Mt(C) such that T(a3 + a7a6)T−1 has all non-zero entries.
Since (6.16) is a non trivial GPI for R then, in particular, for all X ∈ [R, R] we have

Ta1T−1X2 − TqT−1X2Ta2T−1 + TqT−1XT(a3 + a7a6)T−1X + Ta4(a5 + a7q)T−1X2 = 0
(6.17)

For X = eij in (6.17) and multiplying to the left by eij we get

eijTqT−1eijT(a3 + a7a6)T−1eij = 0 (6.18)

a contradiction.
Then one of the following cases occurs:

I subcase: q−1a4 ∈ C.
Then multiplying (6.14) to the left by q−1 we get

q−1a1X2 − X2a2 + X(a3 + a7a6)X + q−1a4X(a5 + a7q)X = 0

and, since q−1a4 ∈ C, we have

q−1a1X2 − X2a2 + X
(
(a3 + a7a6) + q−1a4(a5 + a7q)

)
X = 0 (6.19)

Taking X = eij instead of X we get

eij

(
(a3 + a7a6) + q−1a4(a5 + a7q)

)
eij = 0

and with standard arguments it follows that ∆ = (a3 + a7a6) + q−1a4(a5 + a7q) is
central.
Hence by (6.19) we have

q−1a1X2 − X2a2 + ∆X2 = 0 (6.20)

Let S be the additive subgroup of R generated by {[x1, x2]2 : xi ∈ R}.
Since [x1, x2]2 is not central and char(R) ̸= 2, then S must contain a non-central Lie
ideal L of R. Moreover, since L is not central, then [R, R] ⊆ L. Therefore, by (6.20)
we have

q−1a1X − Xa2 + ∆X = 0 (6.21)

Taking X = eij instead of X we have

q−1a1eij − eija2 + ∆eij = 0 (6.22)

Multiplying (6.22) to the left by eij we get eijq−1a1eij = 0 and with standard argu-
ments it follows that q−1a1 is central.
Multiplying (6.22) to the right by eij we get eija2eij = 0 and with standard arguments
it follows that a2 is central.
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Therefore by (6.21) we have q−1a1 − a2 + ∆ = 0 that is

q−1a1 − a2 + a3 + a7a6 + q−1a4(a5 + a7q) = 0

that is

a1 + q(−a2 + a3 + a7a6) + a4(a5 + a7q) = 0 with q−1a4 ∈ C, a2 ∈ C, q−1a1 ∈ C

Indicating λ = q−1a4, µ = q−1a1 then a4 = λq, a1 = µq and by (6.12) we have

µqX2 − qX2a2 + qXa3X + λqXa5X + qXa6Xa7 + λqXqXa7 = 0 with a2, a7 ∈ C
(6.23)

Taking X = eij instead of X we have

qeij

(
a3 + λa5 + a6a7 + λqa7

)
eij = 0 with a2, a7 ∈ C

and then, with standard arguments, it follows that η = a3 + a6a7 + λ(qa7 + a5) ∈ C.
Therefore by (6.23) we have

µqX2 − qa2X2 + qηX2 = 0

and then
µq − qa2 + qη = 0

with a1 = µq, a4 = λq, a2 ∈ C, a7 ∈ C and η = a3 + a6a7 + λ(qa7 + a5) ∈ C.

II subcase: a5 + a7q, a3 + a7a6 ∈ C.
By (6.14) we have

a1X2 − qX2a2 + q(a3 + a7a6)X2 + a4(a5 + a7q)X2 = 0 (6.24)

Let S be the additive subgroup of R generated by {[x1, x2]2 : xi ∈ R}.
Since [x1, x2]2 is not central and char(R) ̸= 2, then S must contain a non-central Lie
ideal L of R. Moreover, since L is not central, then [R, R] ⊆ L. Therefore, by (6.24)
we have

a1X − qXa2 + q(a3 + a7a6)X + a4(a5 + a7q)X = 0 (6.25)

Taking X = eij and multiplying to the right by eij we get −qeija2eij = 0 and then,
with standard arguments, it follows that a2 ∈ C.
Then by (6.25) we have

a1 − qa2 + q(a3 + a7a6) + a4(a5 + a7q) = 0

II case: Assume a6 + a4 ∈ C.
If a7 ∈ C then for the previous case we are done. Therefore assume a7 /∈ C.
Then

a4 = λ − a6 with λ ∈ C (6.26)

and by (6.12) we have

a1X2 − qX2a2 + qXa3X + λXa5X − a6Xa5X + qXa6Xa7 + λXqXa7 − a6XqXa7 = 0
(6.27)

Assume λq−1 − q−1a6 /∈ C.
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Then there exists some invertible matrix S ∈ Mt(C) such that S(λq−1 − q−1a6)S−1

has all non-zero entries.
Since (6.27) is a non trivial GPI for R then, in particular, for all X ∈ [R, R] we have

Sa1S−1X2 − SqS−1X2Sa2S−1 + SqS−1XSa3S−1X + XSλa5S−1X − Sa6S−1XSa5S−1X+

+ SqS−1XSa6S−1XSa7S−1 + XSλqS−1XSa7S−1 − Sa6S−1XSqS−1XSa7S−1 = 0
(6.28)

Taking X = eij and multiplying to the right by eij we get

SqS−1eijSa6S−1eijSa7S−1eij + eijSλqS−1eijSa7S−1eij − Sa6S−1eijSqS−1eijSa7S−1eij = 0
(6.29)

Multiplying to the left by eijSq−1S−1 we get

(S(λq−1 − q−1a6)S−1)ji(SqS−1)ji(Sa7S−1)ji = 0

a contradiction. Then
q−1a6 = λq−1 + µ with µ ∈ C (6.30)

and by (6.26) we have q−1a4 ∈ C.

Assume now that a6 − µq /∈ C. Then there exists some invertible matrix N ∈ Mt(C)
such that N(a6 − µq)N−1 has all non-zero entries.
Since (6.27) is a non trivial GPI for R then, in particular, for all X ∈ [R, R] we have

Na1N−1X2 − NqN−1X2Na2N−1 + NqN−1XNa3N−1X + XNλa5N−1X−
− Na6N−1XNa5N−1X + NqN−1XNa6N−1XNa7N−1 + XNλqN−1XNa7N−1−
− Na6N−1XNqN−1XNa7N−1 = 0

(6.31)

Taking X = eij in (6.31) and multiplying to the right by eij and to the left by Nq−1N−1

we get

eijNa6N−1eijNa7N−1eij + Nλq−1N−1eijNqN−1eijNa7N−1eij−
− Nq−1a6N−1eijNqN−1eijNa7N−1eij = 0

Using (6.30) we have

eijNa6N−1eijNa7N−1eij − eijNµqN−1eijNa7N−1eij = 0

that is
(Na6N−1)ji(Na7N−1)ji − (NµqN−1)ji(Na7N−1)ji = 0

a contradiction. Then
a6 = µq + η with η ∈ C (6.32)

Then
q−1a6 = q−1(µq + η)

and by (6.30) it follows that

λq−1 + µ = q−1(µq + η)
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that is
λq−1 + µ = µ + q−1η

λ = η

Then by (6.32) we have
a6 = µq + λ (6.33)

and then by (6.26) we have

a4 = λ − a6 = λ − µq − λ = −µq (6.34)

Hence by (6.27) we have

a1X2 − qX2a2 + qXa3X + λXa5X − (µq + λ)Xa5X + qX(µq + λ)Xa7+

+ λXqXa7 − (µq + λ)XqXa7 = 0

that is
a1X2 + qX2(−a2 + λa7) + qX(a3 − µa5)X = 0 (6.35)

Taking X = eij we have
qeij(a3 − µa5)eij = 0

that is
a3 − µa5 = θ with θ ∈ C (6.36)

Then by (6.35) we have

a1X2 + qX2(−a2 + λa7) + θqX2 = 0 (6.37)

Let S be the additive subgroup of R generated by {[x1, x2]2 : xi ∈ R}.
Since [x1, x2]2 is not central and char(R) ̸= 2, then S must contain a non-central Lie
ideal L of R. Moreover, since L is not central, then [R, R] ⊆ L. Therefore, by (6.37)
we have

a1X + qX(−a2 + λa7) + θqX = 0 (6.38)

Taking X = eij and multiplying to the right by eij we get

qeij(−a2 + λa7)eij = 0

that is
−a2 + λa7 = ω ∈ C (6.39)

and then by (6.38) we have
a1 + q(ω + θ) = 0 (6.40)

Suppose now that C is finite.

Let E be an infinite field which is an extension of the field C and let R̄ = Mt(E) ∼=
R ⊗C E.
Consider the generalized polynomial

ϕ(x1, x2) = a1[x1, x2]
2 − q[x1, x2]

2a2 + q[x1, x2]a3[x1, x2]+

+ a4[x1, x2]a5[x1, x2] + q[x1, x2]a6[x1, x2]a7 + a4[x1, x2]q[x1, x2]a7
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which is a generalized polynomial identity for R. Moreover, it is multi-homogeneous
of multi-degree (2, 2) in the indeterminates x1, x2. Hence the complete lineariza-
tion of ϕ(x1, x2) is a multilinear generalized polynomial ϕ′(x1, x2, y1, y2). Moreover,
ϕ′(x1, x2, y1, y2) = 22ϕ(x1, x2). Clearly, the multilinear polynomial ϕ′(x1, x2, y1, y2) is
a generalized polynomial identity for R and R̄ too. Since char(R) ̸= 2, we obtain
ϕ(x1, x2) = 0 for all x1, x2 ∈ R̄, and the conclusion follows by the previous case.

Now suppose that V has infinite dimension on C.

By [33] R satisfies

ϕ(x) = a1x2 − qx2a2 + qxa3x + a4xa5x + qxa6xa7 + a4xqxa7. (6.41)

Suppose that none of the expected conclusions are true and show that a contradiction
follows.
Therefore, by contradiction, suppose that there exists hi ∈ H, i = 1, . . . , 14, such that

• [a7, h1] ̸= 0;

• a4h2 ̸= 0;

• [a3 + a7a6, h3] ̸= 0;

• [a2, h4] ̸= 0;

• (a1 + q(a3 + a7a6 − a2))h5 ̸= 0;

• [a5 + a7q, h6] ̸= 0;

• [a4, h7] ̸= 0;

• (a1 + q(a3 + a7a6 − a2) + a4(a5 + a7q))h8 ̸= 0;

• {a2h9, a7h9, h9} are C-linearly independent;

• {a1h10, qh10} are C-linearly independent;

• {a4h11, qh11} are C-linearly independent;

• {a6h12, qh12, h12} are C-linearly independent;

• {a7h13, a2h13, h13} are C-linearly independent;

• [a5, h14] ̸= 0.

By Litoff’s Theorem, there exists an idempotent element e ∈ H such that

h1, h2, h3, h4, h5, h6, h7, h8, h9, h10, h11, h12, h13, h14,

a7h1, h1a7, a4h2, (a3 + a7a6)h3, h3(a3 + a7a6), a2h4, h4a2, (a1 + q(a3 + a7a6 − a2))h5,

(a5 + a7q)h6, h6(a5 + a7q), a4h7, h7a4, (a1 + q(a3 + a7a6 − a2) + a4(a5 + a7q))h8,

a2h9, a7h9, a1h10, qh10, a4h11, qh11, a6h12, qh12, a7h13, a2h13, a5h14, h14a5 ∈ eQre,

with eQre ∼= Mk(C), for some integer k.
Of course ϕ(x) is a generalized identity for eQre, as well as

ϕ(x) = ea1ex2 − eqex2ea2e + eqexea3ex + ea4exea5ex + eqexea6exea7e + ea4exeqexea7e.
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Then from the finite dimensional case a series of contradictions follow.

Theorem 32. Let R be a prime ring of characteristic different from 2, Qr its right Martindale
quotient ring, C its extended centroid, q an invertible element of Qr \ C and

F(x) = ax + qxq−1b, G(x) = cx + qxq−1d

two inner generalized skew derivations of R such that R satisfies

ϕ(x1, x2) = G([x1, x2])
2 + G([x1, x2])[x1, x2] + [x1, x2]G([x1, x2])− F([x1, x2]

2)

Then one of the following holds:

(a) there exists λ ∈ C such that

F(x) = λ(λ + 2)x and G(x) = λx

for any x ∈ R;

(b) there exist µ ∈ C such that

F(x) = µ2qxq−1 − x and G(x) = µqxq−1 − x

for any x ∈ R.

Proof:
In light of our assumption, for all x1, x2 ∈ R

ϕ(x1, x2) = (c − a)[x1, x2]
2 − q[x1, x2]

2q−1b + q[x1, x2]q−1d(c + 1)[x1, x2]+

+ (c + 1)[x1, x2]c[x1, x2] + q[x1, x2]q−1dq[x1, x2]q−1d + (c + 1)[x1, x2]q[x1, x2]q−1d
(6.42)

is a non trivial GPI for R and for Qr.
Then, by Lemma 19, one of the following conditions holds:

• q−1b, q−1d ∈ C and there exist λ, µ ∈ C such that

c − a = µq, and c + 1 = λq (6.43)

and
µq − b + q(λc + q−1dq−1dq + λq−1dq + q−1dc + q−1d) = 0

that is, since q−1d ∈ C,

µq − b + λqc + d2 + λdq + dc + d = 0 (6.44)

Using (6.43) in (6.44) we have

c − a − b + c2 + c + d2 + dc + d + dc + d = 0

that is
a + b = c2 + d2 + 2dc + 2(d + c)

Therefore we have

F(x) = ax + qxq−1b =

= (a + b)x =

=

(
c2 + d2 + 2dc + 2(c + d)

)
x
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and

G(x) = cx + qxq−1d =

= (c + d)x

Since R satisfies (6.42) then, for all X = [x1, x2] ∈ [R, R], we have

(c+ d)X(c+ d)X +(c+ d)X2 + X(c+ d)X −
(

c2 + d2 + 2dc+ 2(c+ d)
)

X2 = 0

that is
(c + d + 1)X(c + d)X − (c2 + d2 + 2dc + c + d)X2 = 0

Then by Lemma 16 we have c + d ∈ C, c2 + d2 + 2dc + 2c + 2d ∈ C and

c2 + d2 + 2dc + 2c + 2d = (c + d)2 + 2(c + d)

that is dc = cd.
Therefore, indicating γ = c + d, we have

F(x) = ax + qxq−1b =

= (a + b)x =

= γ(γ + 2)x

and

G(x) = cx + qxq−1d =

= γx

• q−1b, q−1d, c + d ∈ C and

c − a − b + q(q−1d(c + 1) + q−1dq−1dq) + (c + 1)(c + d) = 0

that is
a + b = (c + d)(c + d + 2) ∈ C

Therefore, indicating γ = c + d, we have

F(x) = ax + qxq−1b =

= (a + b)x =

= γ(γ + 2)x

and

G(x) = cx + qxq−1d =

= γx

• there exist λ, µ, θ, ω ∈ C such that

(1) c + 1 = −µq,

(2) q−1dq = µq + λ, that is
q−1d = µ + λq−1
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(3) q−1d(c + 1)− µc = θ, and using (1) and (2) we have

q−1d(c + 1)− µc =θ

(µ + λq−1)(−µq)− µ(−µq − 1) =θ

−µλ + µ =θ

(4) λq−1d − q−1b = ω, and using (2) we have

q−1b =λq−1d − ω

=µλ + λ2q−1 − ω

(5) c − a = −(θ + ω)q, that is

c + θq = a − qω

Therefore we have

G(x) = cx + qxq−1d

and using (2) G(x) = cx + µqx + λqxq−1

G(x) = (c + µq)x + λqxq−1

and using (1) G(x) = −x + λqxq−1

and

F(x) = ax + qxq−1b

and using (4) F(x) = ax + µλqx + λ2qxq−1 − ωqx

F(x) = (a + µλq − qω)x + λ2qxq−1

and using (5) F(x) = (µλq + c + θq)x + λ2qxq−1

and using (3) F(x) = (µq + c)x + λ2qxq−1

and using (1) F(x) = −x + λ2qxq−1

Theorem 33. Let R be a prime ring of characteristic different from 2, Qr its right Martindale
quotient ring, C its extended centroid and

F(x) = ax + α(x)b, G(x) = cx + α(x)d

two non-zero inner generalized skew derivations of R, associated with the same automor-
phism α such that R satisfies

F([x1, x2]
2) = G([x1, x2])

2 + G([x1, x2])[x1, x2] + [x1, x2]G([x1, x2])

Then either R satisfies s4 or one of the following holds:

(a) there exists λ ∈ C such that F(x) = λ(λ + 2)x, G(x) = λx, for any x ∈ R;

(b) there exist λ ∈ C and an automorphism α of R such that F(x) = λ2α(x)− x, G(x) =
λα(x)− x, for any x ∈ R.

Proof:
If α = idR then the conclusions follow from Lemma 18.
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If α is inner then the conclusions follow from Theorem 32.
Suppose then that α ̸= idR is outer. Then, by hypothesis R satisfies

a[x1, x2]
2 + α([x1, x2])

2b =

(c[x1, x2] + α([x1, x2])d)2 + (c[x1, x2] + α([x1, x2])d)[x1, x2] + [x1, x2](c[x1, x2] + α([x1, x2])d)
(6.45)

Since α is outer, by Fact 3, R also satisfies

a[x1, x2]
2 + [y1, y2]

2b =

(c[x1, x2] + [y1, y2]d)2 + (c[x1, x2] + [y1, y2]d)[x1, x2] + [x1, x2](c[x1, x2] + [y1, y2]d)
(6.46)

In particular, starting from (6.46) R satisfies simultaneously the following identities

[y1, y2]
2b − [y1, y2]d[y1, y2]d = 0 (6.47)

(c − a)[x1, x2]
2 + (c + 1)[x1, x2]c[x1, x2] = 0 (6.48)

By Lemmas 15 and 16 we have

a, b, c, d ∈ C, a = c2 + 2c, b = d2. (6.49)

Then by (6.45) and (6.49) we have

c2[x1, x2]
2 + 2c[x1, x2]

2 + α([x1, x2])
2d2 =

= (c[x1, x2] + α([x1, x2])d)2 + (c[x1, x2] + α([x1, x2])d)[x1, x2] + [x1, x2](c[x1, x2]+

+ α([x1, x2])d) =

= c2[x1, x2]
2 + cd[x1, x2]α([x1, x2]) + cdα([x1, x2])[x1, x2] + d2α([x1, x2])

2+

+ c[x1, x2]
2 + dα([x1, x2])[x1, x2] + c[x1, x2]

2 + d[x1, x2]α([x1, x2])

that is

0 = (c + 1)d
(
[x1, x2]α([x1, x2]) + α([x1, x2])[x1, x2]

)
and then d = 0 or c = −1.
By (6.49) we have d = b = 0 or c = a = −1.

The main result

In this section, we present the proof of the final theorem of this dissertation.
First, recall that if F and G are generalized skew derivations of R, then we can write
F(x) = ax + d(x) and G(x) = cx + δ(x) for all x ∈ R and suitable a, c ∈ Qr and d, δ
skew derivations associated with the same automorphism α [9, Lemma 2].
We also remind that if d is a skew derivation of R then

d([x1, x2]) = d(x1)x2 + α(x1)d(x2)− d(x2)x1 − α(x2)d(x1)



126
Chapter 6. An application:

on the distance of generalized skew derivations to the Jordan homoderivations

and then

d([x1, x2]
2) =

d([x1, x2])[x1, x2] + α([x1, x2])d([x1, x2]) =

d(x1)x2[x1, x2] + α(x1)d(x2)[x1, x2]− d(x2)x1[x1, x2]− α(x2)d(x1)[x1, x2]+

+ α([x1, x2])d(x1)x2 + α([x1, x2])α(x1)d(x2)− α([x1, x2])d(x2)x1 − α([x1, x2])α(x2)d(x1)

Theorem 34. Let R be a prime ring of characteristic different from 2, Qr its right Martindale
quotient ring and C its extended centroid. Let L be a non-central Lie ideal of R, F and G be
generalized skew derivations of R associated with the same automorphism α such that

F(x2) = G(x)2 + G(x)x + xG(x)

for any x ∈ L.
Then either R satisfies s4 or one of the following holds:

(a) there exists λ ∈ C such that

F(x) = λ(λ + 2)x and G(x) = λx

for any x ∈ R;

(b) there exist λ ∈ C and an automorphism α of R such that

F(x) = λ2α(x)− x and G(x) = λα(x)− x

for any x ∈ R.

Proof:
By our main hypothesis, the non central Lie ideal L of R satisfies

F(x2) = G(x)2 + G(x)x + xG(x) (6.50)

Since char(R) ̸= 2, we may assume there exists a non-central two-sided ideal I of R
such that [I, R] ⊈ Z(R) and [I, R] ⊆ L. Hence the set [I, R] satisfies (6.50) and we
know that the prime ring R and its ideal I satisfy the same identities with automor-
phisms and derivations, so we have that

F(x2) = G(x)2 + G(x)x + xG(x), for all x ∈ [R, R]

that is

a[x1, x2]
2 + d([x1, x2]

2) =(
c[x1, x2] + δ([x1, x2])

)2

+

(
c[x1, x2] + δ([x1, x2])

)
[x1, x2] + [x1, x2]

(
c[x1, x2] + δ([x1, x2])

)
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that is

ψ

(
x1, x2, d(x1), d(x2), δ(x1), δ(x2), α(x1), α(x2)

)
=

a[x1, x2]
2 + d(x1)x2[x1, x2] + α(x1)d(x2)[x1, x2]− d(x2)x1[x1, x2]− α(x2)d(x1)[x1, x2]+

+ α([x1, x2])d(x1)x2 + α([x1, x2])α(x1)d(x2)− α([x1, x2])d(x2)x1 − α([x1, x2])α(x2)d(x1)−

−
(

c[x1, x2] + δ(x1)x2 + α(x1)δ(x2)− δ(x2)x1 − α(x2)δ(x1)

)2

−

−
(

c[x1, x2] + δ(x1)x2 + α(x1)δ(x2)− δ(x2)x1 − α(x2)δ(x1)

)
[x1, x2]−

− [x1, x2]

(
c[x1, x2] + δ(x1)x2 + α(x1)δ(x2)− δ(x2)x1 − α(x2)δ(x1)

)
= 0

(6.51)

Assume that d, δ are not simultaneously inner skew derivations, otherwise the con-
clusions follow from Theorem 33.

I case Assume that d and δ are C-linearly independent modulo inner skew deriva-
tions.
In (6.51) the following words occur:

d(x1), d(x2), δ(x1), δ(x2), α(x1), α(x2)

If we denote
d(x1) = z1, d(x2) = z2, δ(x1) = t1, δ(x2) = t2

then we have that ψ

(
x1, x2, z1, z2, t1, t2, α(x1), α(x2)

)
= 0 is a generalized iden-

tity for Qr, where zi, ti, xi are independent variables.
In particular for x1 = 0 we have 0 = (t1x2 − α(x2)t1)

2.
If α is outer by Fact 3, R satisfies 0 = (t1x2 − z2t1)

2 and for z2 = 0 we get the
contradiction 0 = (t1x2)2.
If α ̸= idR is inner then R satisfies 0 = (t1x2 − qx2q−1t1)

2 and replacing t1 with
qt1 we have that 0 = q[t1, x2]q[t1, x2], forcing the commutativity of R.

II case Assume that d ̸= 0 and δ ̸= 0 are C-linearly dependent modulo inner skew
derivations.
In this case, there exist λ, µ ∈ C, u ∈ Qr and β ∈ Aut(Qr) such that

λd(x) + µδ(x) = ux − β(x)u for all x ∈ R

I subcase Assume λ ̸= 0 and µ ̸= 0.
Then

δ(x) = ηd(x) + px − β(x)p for all x ∈ R

where p = µ−1u and η = −µ−1λ.
Moreover, by Fact 5, either p = 0 or α = β.
If p = 0, that is δ(x) = ηd(x), then by (6.51) we have

ψ

(
x1, x2, d(x1), d(x2), ηd(x1), ηd(x2), α(x1), α(x2)

)
= 0
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Since d is outer, by Fact 2 we have

ψ

(
x1, x2, z1, z2, ηz1, ηz2, α(x1), α(x2)

)
= 0

and for x1 = 0 we get

0 =

(
ηz1x2 − α(x2)ηz1

)2

If α = β then δ(x) = ηd(x) + px − α(x)p and

G([x1, x2]) =

c[x1, x2] +

(
ηd(x1) + px1 − α(x1)p

)
x2 + α(x1)

(
ηd(x2) + px2 − α(x2)p

)
−

−
(

ηd(x2) + px2 − α(x2)p
)

x1 − α(x2)

(
ηd(x1) + px1 − α(x1)p

)
=

(c + p)[x1, x2] + ηd(x1)x2 − ηd(x2)x1 + ηα(x1)d(x2)− ηα(x2)d(x1)− α([x1, x2])p

and then by (6.51) we have

ψ1

(
x1, x2, d(x1), d(x2), α(x1), α(x2)

)
=

a[x1, x2]
2 + d(x1)x2[x1, x2] + α(x1)d(x2)[x1, x2]− d(x2)x1[x1, x2]−

− α(x2)d(x1)[x1, x2] + α([x1, x2])d(x1)x2 + α([x1, x2])α(x1)d(x2)−

− α([x1, x2])d(x2)x1 − α([x1, x2])α(x2)d(x1)−
{
(c + p)[x1, x2]+

+ ηd(x1)x2 − ηd(x2)x1 + ηα(x1)d(x2)− ηα(x2)d(x1)− α([x1, x2])p
}2

−

−
{
(c + p)[x1, x2] + ηd(x1)x2 − ηd(x2)x1 + ηα(x1)d(x2)− ηα(x2)d(x1)−

− α([x1, x2])p
}
[x1, x2]− [x1, x2]

{
(c + p)[x1, x2] + ηd(x1)x2 − ηd(x2)x1+

+ ηα(x1)d(x2)− ηα(x2)d(x1)−−α([x1, x2])p
}

= 0

Since d is outer then by Fact 2, R also satisfies

ψ1

(
x1, x2, z1, z2, α(x1), α(x2)

)
= 0

and for x1 = 0 we have

0 =

(
ηz1x2 − ηα(x2)z1

)2

(6.52)

Therefore both in the case where p = 0 and in the case where α = β, R satisfies
the identity (6.52). In that case, if α is outer then by (6.52) and by Fact 3, R satis-
fies (ηz1x2 − t2ηz1)

2 = 0 and for t2 = 0 we get the contradiction 0 = (ηz1x2)2.
If α ̸= idR is inner then by (6.52) R satisfies (ηz1x2 − ηqx2q−1z1)

2 = 0 and
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replacing z1 with qz1 we have that 0 = η2q[z1, x2]q[z1, x2], forcing the commu-
tativity of R.

II subcase Assume λ = 0 and µ ̸= 0.
Then δ(x) = px − β(x)p and, since a generalized skew derivation admits a
unique associated automorphism, then α = β and so δ(x) = px − α(x)p for all
x ∈ R. Then

G([x1, x2]) = (c + p)[x1, x2]− α([x1, x2])p

If d were inner then the conclusion follows by Theorem 33.
If d is outer then by Fact 2, R satisfies

a[x1, x2]
2 + z1x2[x1, x2] + α(x1)z2[x1, x2]− z2x1[x1, x2]− α(x2)z1[x1, x2]+

+ α([x1, x2])z1x2 + α([x1, x2])α(x1)z2 − α([x1, x2])z2x1 − α([x1, x2])α(x2)z1 =

=

{
(c + p)[x1, x2]− α([x1, x2])p

}2

+

{
(c + p)[x1, x2]− α([x1, x2])p

}
[x1, x2]+

+ [x1, x2]

{
(c + p)[x1, x2]− α([x1, x2])p

}
For z1 = z2 = 0 we get

− a[x1, x2]
2 +

{
(c + p)[x1, x2]− α([x1, x2])p

}2

+

{
(c + p)[x1, x2]− α([x1, x2])p

}
[x1, x2]+

+ [x1, x2]

{
(c + p)[x1, x2]− α([x1, x2])p

}
= 0

If α(x) = qxq−1, by Theorem 32 we have q−1 p, c ∈ C, a = c(c + 2) ∈ C and
then

δ(x) = px − α(x)p = px − qxq−1 p = px − qq−1 px = 0

a contradiction. Then α is outer and by Fact 3, R satisfies

− a[x1, x2]
2 +

{
(c + p)[x1, x2]− [t1, t2]p

}2

+

{
(c + p)[x1, x2]− [t1, t2]p

}
[x1, x2]+

+ [x1, x2]

{
(c + p)[x1, x2]− [t1, t2]p

}
= 0

and for x1 = x2 = 0 we get the contradiction
{
−[t1, t2]p

}2

= 0.

III subcase Assume λ ̸= 0 and µ = 0.
Then d(x) = ux − β(x)u and since a generalized skew derivation admits a
unique associated automorphism, then α = β and so d(x) = ux − α(x)u for all
x ∈ R where u = λ−1 p.
If δ were inner then the conclusion follows by Theorem 33.
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If δ is outer then by (6.51), and using Fact 2, we have

(a + u)[x1, x2]
2 − α([x1, x2]

2)u =

=

(
c[x1, x2] + t1x2 + α(x1)t2 − t2x1 − α(x2)t1

)2

+

(
c[x1, x2] + t1x2 + α(x1)t2−

− t2x1 − α(x2)t1

)
[x1, x2] + [x1, x2]

(
c[x1, x2] + t1x2 + α(x1)t2 − t2x1 − α(x2)t1

)
and for x1 = 0 we have 0 = (t1x2 − α(x2)t1)

2.
If α is outer then by Fact 3, R satisfies 0 = (t1x2 − y2t1)

2 and for y2 = 0 we get
the contradiction 0 = (t1x2)2.
If α ̸= idR is inner then R satisfies 0 = (t1x2 − qx2q−1t1)

2 and replacing t1 with
qt1 we have that 0 = q[t1, x2]q[t1, x2], forcing the commutativity of R.

III case Assume d = 0 and δ ̸= 0.
Since F ̸= 0 we may assume a ̸= 0. Moreover δ is not an inner skew derivation
of R, otherwise both F and G should be inner generalized skew derivations
and the conclusion follows by Theorem 32. By (6.51) R satisfies

a[x1, x2]
2 −

(
c[x1, x2] + δ(x1)x2 + α(x1)δ(x2)− δ(x2)x1 − α(x2)δ(x1)

)2

−

−
(

c[x1, x2] + δ(x1)x2 + α(x1)δ(x2)− δ(x2)x1 − α(x2)δ(x1)

)
[x1, x2]−

− [x1, x2]

(
c[x1, x2] + δ(x1)x2 + α(x1)δ(x2)− δ(x2)x1 − α(x2)δ(x1)

)
= 0

Using Fact 2, we have

a[x1, x2]
2 −

(
c[x1, x2] + t1x2 + α(x1)t2 − t2x1 − α(x2)t1

)2

−

−
(

c[x1, x2] + t1x2 + α(x1)t2 − t2x1 − α(x2)t1

)
[x1, x2]−

− [x1, x2]

(
c[x1, x2] + t1x2 + α(x1)t2 − t2x1 − α(x2)t1

)
= 0

and for x1 = 0 we get (t1x2 − α(x2)t1)
2 = 0.

If α is outer by Fact 3, R satisfies 0 = (t1x2 − z2t1)
2 and for z2 = 0 we get the

contradiction 0 = (t1x2)2.
If α ̸= idR is inner then R satisfies 0 = (t1x2 − qx2q−1t1)

2 and replacing t1 with
qt1 we have that 0 = q[t1, x2]q[t1, x2], forcing the commutativity of R.

IV case Assume d ̸= 0 and δ = 0.
Since G ̸= 0, we may assume in c ̸= 0. Moreover, we may also suppose d is
not an inner skew derivation of R. (6.51) R satisfies

(a − c)[x1, x2]
2 + d(x1)x2[x1, x2] + α(x1)d(x2)[x1, x2]− d(x2)x1[x1, x2]−

− α(x2)d(x1)[x1, x2] + α([x1, x2])d(x1)x2 + α([x1, x2])α(x1)d(x2)−
− α([x1, x2])d(x2)x1 − α([x1, x2])α(x2)d(x1)− (c + 1)[x1, x2]c[x1, x2] = 0
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Using Fact 2, we have

(a − c)[x1, x2]
2 + z1x2[x1, x2] + α(x1)z2[x1, x2]− z2x1[x1, x2]− α(x2)z1[x1, x2]+

+ α([x1, x2])z1x2 + α([x1, x2])α(x1)z2 − α([x1, x2])z2x1 − α([x1, x2])α(x2)z1−
− (c + 1)[x1, x2]c[x1, x2] = 0

(6.53)

and for z1 = z2 = 0 we get (a − c)[x1, x2]2 − (c + 1)[x1, x2]c[x1, x2] = 0.
By Lemma 16 we have a, c ∈ C with a = c2 + 2c. Then, by (6.53) we have

z1x2[x1, x2] + α(x1)z2[x1, x2]− z2x1[x1, x2]− α(x2)z1[x1, x2]+

+ α([x1, x2])z1x2 + α([x1, x2])α(x1)z2 − α([x1, x2])z2x1 − α([x1, x2])α(x2)z1 = 0

For z1 = 0 we have(
α(x1)z2 − z2x1

)
[x1, x2] + α([x1, x2])

(
α(x1)z2 − z2x1

)
= 0 (6.54)

If α is inner then, replacing z2 with qx2 we have 2q[x1, x2]2 = 0, a contradiction.
If α is outer then, by (6.54) and by Fact 3 we have(

t1z2 − z2x1

)
[x1, x2] + [t1, t2]

(
t1z2 − z2x1

)
= 0

and for t2 = 0, t1 = x1, z2 = x2 we get the contradiction [x1, x2]2 = 0.





133

Chapter 7

Summary of all possible
characterizations of the analyzed
maps

To conclude, we present a concise synthesis of the admissible configurations of the
newly introduced maps, along with the corresponding parameters, considered within
the framework of prime unital rings.

HOMODERIVATION and EXTENDED HOMODERIVATION
If d(xy) = λd(x)d(y) + µd(x)y + µxd(y)
then one of the following conditions holds

µ λ d
µ = 1 λ = 1 d is a homoderivation

d(xy) = d(x)d(y) + d(x)y + xd(y)
µ = 1 λ ∈ C d(xy) = λd(x)d(y) + d(x)y + xd(y)
µ ̸= 1 λ ∈ C d(x) = d(1R)x

EXTENDED HOMORIGHT MULTIPLIER and EXTENDED HOMOLEFT MULTIPLIER
If F(xy) = λF(x)F(y) + µxF(y) (or F(xy) = λF(x)F(y) + µF(x)y)

then one of the following conditions holds

µ ̸= 0 λ F
µ = 1 λ = 0 F(xy) = xF(y)

(or F(xy) = F(x)y)
µ = 1 λ ̸= 0 F = 0
µ ̸= 1 λ ̸= 0 F(x) = λ−1(1 − µ)x
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GENERALIZED HOMODERIVATIONS ASSOCIATED WITH A HOMODERIVATION d
If F(xy) = F(x)F(y) + F(x)y + xd(y), a = F(1R),

and d(xy) = d(x)d(y) + d(x)y + xd(y)

then a
(

d(x) + x
)
= 0 =

(
d(x) + x

)
a for all x ∈ R and one of the following conditions holds

d F
d(x) = −x F(x) = x
d(x) = −x F(x) = −x

d(x) = [x, a]− axa , a ̸= 0 F(x) = xa
F(x) = d(x) F(x) = d(x)

EXTENDED GENERALIZED HOMODERIVATIONS ASSOCIATED WITH AN ADDITIVE MAP d
If F(xy) = λF(x)F(y) + µF(x)y + µxd(y)
then one of the following conditions holds

λ µ ̸= 0 d F
λ ̸= 0 µ = 1 d = 0 F = 0
λ = 0 µ = 1 d = 0 F = ax with a = F(1R)

λ ̸= 0 µ ̸= 1 d = 0 F = λ−1(1 − µ)x
λ = 0 µ = 1 d is a derivation F is a generalized derivation associated with d
λ ̸= 0 µ = 1 d = F is a homoderivation d = F is a homoderivation
λ ̸= 0 µ ̸= 1 d is an extended homoderivation F(x) = λ−1(1 − µ)x + d(x)

d(xy) = λd(x)d(y) + d(x)y + xd(y)

d(x) =
(

µ−1 − µ−1λa
)

xa − ax F(x) = xa with a = F(1R)

EXTENDED GENERALIZED HOMODERIVATIONS ASSOCIATED WITH AN EXTENDED HOMODERIVATION
If F(xy) = λF(x)F(y) + µF(x)y + µxd(y)
and d(xy) = ηd(x)d(y) + d(x)y + xd(y)
then one of the following conditions holds

λ µ η d(1R) = a, F(1R) = b F and d
λ ̸= 0 µ = 0 ηa2 + a = 0, F(xy) = λF(x)F(y)

(λb)2 = λb d(xy) = ηd(x)d(y) + d(x)y + xd(y)
λ = 0 µ = 1R a = 0 F(x) = bx

d(x) = 0
λ ̸= 0 µ ̸= 0 a = 0 F(x) = −λ−1(µ − 1)x

µ ̸= 1R d(x) = 0
λ = 0 µ ̸= 0 η = 0 a = 0 F is a generalized derivation associated with d

λ = η ̸= 0 µ = 1R λ = η ̸= 0 ηa2 + a = 0 F(x) = d(x)
λ = η ̸= 0 µ ̸= 0 λ = η ̸= 0 ηa2 + a = 0 F(x) = xb

µ ̸= 1R

λ = η ̸= 0 µ ̸= 0 λ = η ̸= 0 ηa2 + a = 0 F(x) = d(x)−
(
a − b

)
x

µ ̸= 1R

µ ̸= 0 ηa2 + a = 0 F(x) = bx
0 ̸= b ∈ Z(R) d(x) =

(
µ−1b − λµ−1b2 − b

)
x

λ = η µ ̸= 0 λ = η ηa2 + a = 0 F(x) = xb
0 ̸= b /∈ Z(R) d(x) = µ−1xb − bx − λµ−1bxb

(1 − µ)b − λb2 = 0

If F(xy) = λF(x)F(y) + µF(x)y + µxd(y)
and d(x) = −η−1x, a = −η−1

then one of the following conditions holds

λ µ η d(1R) = a, F(1R) = b F and d
λ ̸= 0 a ∈ Z(R) b ∈ Z(R) F(x) = bx

d(x) = ax
λ = 0 µ = 1R a = 0 F(x) = bx

d(x) = 0
λ = 0 µ ̸= 1R a ̸= 0 F(x) = (1 − µ)−1µax

d(x) = ax
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GENERALIZED SKEW HOMODERIVATIONS ASSOCIATED WITH AN ADDITIVE MAP d
If F(xy) = F(x)F(y) + F(x)y + α(x)d(y) with a = F(1R)

then one of the following conditions holds

α d F
d = 0 F = 0

α ̸= 0 d(x) = (1 − a)α(x)a − ax F(x) = α(x)a
q ∈ Qr , η ∈ C d(x) = q0F(x) F(x) = q−1

0 d(x)
q0 = η−1q d(xy) = d(x)d(y) + d(x)y + q2

0xd(y) F(xy) = F(x)F(y) + F(x)y + q0xF(y)

α(x) = qxq−1
(

d(x) + q2
0x

)
(1 − q0) = 0

(
F(x) + q0x

)
(1 − q0) = 0

EXTENDED GENERALIZED SKEW HOMODERIVATIONS ASSOCIATED WITH AN ADDITIVE MAP d
If F(xy) = µF(x)F(y) + F(x)y + α(x)d(y) with a = F(1R)

then one of the following conditions holds

α d F
d = 0 F = 0

d is a derivation F is a generalized derivation associated with d
α ̸= 0 d(x) = (1 − µa)α(x)a − ax F(x) = α(x)a

q ∈ Qr , η ∈ C d(x) = q0F(x) F(x) = q−1
0 d(x)

q0 = η−1q d(xy) = d(x)d(y) + d(x)y + q2
0xd(y) F(xy) = µF(x)F(y) + F(x)y + q0xF(y)

α(x) = qxq−1
(

d(x) + µ−1q2
0x

)
(q0 − 1) = 0

(
µF(x) + q0x

)
(1 − q0) = 0

EXTENDED GENERALIZED SKEW HOMODERIVATIONS ASSOCIATED WITH AN EXTENDED HOMODERIVATION
If F(xy) = µF(x)F(y) + F(x)y + α(x)d(y) with a = F(1R)

and d(xy) = λd(x)d(y) + d(x)y + xd(y)
then one of the following conditions holds

d F
F = d is an extended homoderivation F = d is an extended homoderivation

d(x) = −µ−1x F(x) = µ−1α(x)
a2 = µ−1λ−1 ∈ Z(R) d(x) = −λ−1x F(x) = ax

α(x) = qxq−1 and q0 = η−1q
η ∈ C and q2

0 = 1 d(x) = q0F(x) F(x) = q0d(x)
α(x) = qxq−1 and q0 = η−1q

η ∈ C and λq2 = η2µ d(x) = −λ−1x F(x) = −q−1ηλ−1x
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