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Abstract

The interaction of light and matter is a fundamental aspect in many �elds of
physics. In recent years, there has been a growing interest in the study of light-
matter systems in the ultrastrong coupling (USC) regime, where the coupling
strength between light and matter is comparable to the characteristic frequencies
of the system, or even larger than them. This regime has enabled the prediction,
and subsequently their experimental exploration, of many new physical phenom-
ena, such as the presence of virtual photons in the system's ground state, the mod-
i�cation of the system's spectral properties, and processes that do not conserve
the number of excitations, which are forbidden in the weak and strong coupling
regimes. These phenomena have potential applications in many �elds, including
quantum information, quantum technologies, as well as in the study of fundamen-
tal aspects of quantum mechanics. Nevertheless, many questions remain open,
both from a theoretical and experimental perspective.

In this thesis, we investigate the properties of ultrastrongly coupled light-matter
systems, focusing on quantum phase transitions, spectral properties, and e�ec-
tive models. We employ a combination of analytical and numerical techniques
to study these systems, such as perturbative expansions, mean-�eld theory, and
exact diagonalization. These results are relevant for understanding the behavior
of light-matter systems in the USC regime, especially in cavity and circuit quan-
tum electrodynamics (QED) settings. Indeed, many of the results presented here
concern the spectral properties of these systems, either weakly or strongly coupled
to an external bath.

This thesis is structured as follows. In Chapter 1, we provide an overview of
the current state of the art and introduce the necessary theoretical framework em-
ployed for describing light-matter interactions, with a particular focus on the USC
regime and the models typically used to describe these systems. We also introduce
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Abstract

the concept of quantum phase transitions (QPTs) and discuss their relevance in
the context of light-matter systems.

After presenting these introductory topics, in Chapter 2, we explore in detail
one of the most fundamental models in quantum optics, the quantum Rabi model
(QRM) and its generalizations, both in cavity and circuit QED implementations.
This model describes the interaction between a two-level system and a single mode
of the electromagnetic �eld, and is commonly used to e�ectively describe light-
matter interactions in the USC regime. In particular, we analyze its spectral
properties, such as coherent and incoherent emission spectra, in the USC regime
and how they di�er between various implementations. We then investigate the
in�uence of higher energy levels of the matter subsystem, which are obviously
neglected in a two-level description of the matter subsystem (or qubit, in circuit
QED systems), on the system's behavior in the USC regime. This will lead us to
the derivation of an e�ective Hamiltonian, the renormalized QRM (RQRM), that
incorporates the e�ects of these higher-energy levels into the system's parameters
while still retaining a two-level description of the matter component (qubit).

Subsequently, in Chapter 3, this analysis is extended to the study of systems
composed of multiple two-level emitters coupled to a single mode of the electro-
magnetic �eld, which can be described by an extended Dicke model and, in the
thermodynamic limit, by the Hop�led model. We explore the evolution of the
system properties, such as energy levels and emission spectra, as a function of the
number of emitters, and how the results expected in the thermodynamic limit are
e�ectively recovered.

Chapter 4 is dedicated to the study of QPTs in ultrastrongly coupled light-
matter systems. In particular, we focus on the role of the electrostatic interactions
between the emitters, which are often neglected in simpler models, and the im-
pact they have on the system's behavior. We show that these interactions can
signi�cantly alter the occurrence and nature of QPTs. To this end, we investigate
two realistic and speci�c arrangements of the emitters: a three-dimensional lattice
of spatially separeted and highly localized dipoles and a two-dimensional layer of
such dipoles embedded in a cavity. We analyze how the geometry of the emit-
ter arrangement in�uences the system's properties, and we identify the conditions
under which a QPT can occur. This results can be placed in the context of a long-
standing debate about the occurrence of a superradiant phase transition (SPT)
in such systems, which has been the subject of much theoretical investigation in
recent years.

Finally, Chapter 5 is devoted to the study of the open Dicke model, and specif-
ically to the impact of external baths on the occurrence of the SPT in equilibrium
conditions. We will �nd that our results di�er signi�cantly from previous works
studying the open Dicke model in e�ective driven-dissipative systems. Speci�cally,
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we analyze how the presence of these baths modi�es the critical point, as well as
the macroscopic occupations in the superradiant phase. We also investigate the
role of di�erent types of baths, both ohmic and non-ohmic, and their in�uence on
the system's behavior. In the end, we present coherent emission spectra for the
open Dicke model for these types of baths and analyze their features in relation
to the usual interpretations for systems that do not exhibit QPTs.
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Chapter1

Introduction to light-matter

interaction

In this chapter, we introduce all the fundamental concepts of light-matter inter-
action, which form the basis for the topics presented in the following chapters.
We begin by discussing the notion of matter in condensed matter physics, the
basic principles of electromagnetic radiation, and the mechanisms through which
these two entities interact. Along the way, we introduce several fundamental ef-
fective models and the regimes of cavity quantum electrodynamics (QED), which
forms the theoretical framework that provides the basic quantum description of
light-matter interaction. The chapter then proceeds to introduce the concept of
quantum phase transition, which will be a central theme in the context of this
thesis.

The chapter starts with a discussion about the concept of matter, �rst from a
classical perspective and then within a quantum mechanical framework, focusing
on the e�ective modeling of atoms and molecules through widely used approxima-
tions, such as the two-level approximation. We then proceed to the description
of the electromagnetic �eld, beginning with its classical formulation via Maxwell's
equations, and subsequently moving to its quantization, which naturally leads to
the concept of photons. Using these notions, we address light-matter interac-
tion, �rst from a classical standpoint and subsequently within quantum mechan-
ics. Particular attention is given to gauge invariance, a fundamental principle that
guarantees the consistency and validity of theoretical models.

Next, we present commonly employed e�ective models and regimes of cavity
QED, with a particular focus on the ultrastrong coupling regime (USC). Many of
these models will reappear and be analyzed in detail later in the thesis. Finally,
the following section is devoted to the basics of quantum phase transitions, with
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1. Introduction to light-matter interaction

particular emphasis on their relevance in the context of light-matter interaction,
which is a key aspect of this thesis.

Altogether, this chapter aims to provide all the basic concepts for the study
of more complex systems and advanced phenomena, such as emission processes
and scattering in light-matter systems, which will be addressed in the subsequent
chapters.

1.1 What is matter?

Although seemingly straightforward, the concept of matter in physics is more
subtle and multifaceted than it might appear at �rst glance. From a naive and
non-rigorous perspective, matter can be described as the substance that makes up
the physical world around us. Its constituent are the atoms, which represent the
basic building blocks of all matter. Atoms themselves consist of a nucleus, made
up of protons and neutrons, surrounded by electrons that occupy discrete energy
levels or orbitals. In condensed matter physics, the term �matter� usually refers to
ensembles of atoms bounded together, whose arrangements and interactions de�ne
the physical properties of the di�erent materials [9�12]. Under suitable conditions,
these arrangements may change as well as their de�ning properties, giving rise to
the notion of phase transition. Familiar examples of phase transitions include
the transition from di�erent states of matter, such as solid, liquid, and gas [12�
15]. However, phase transitions can also occur in more complex systems. Typical
examples in condensed matter physics are superconductors and magnets, driven by
either thermal �uctuations, external �elds, or other types of �uctuations. In section
1.5, we will focus speci�cally on quantum phase transitions, which are instead
driven by quantum �uctuations and may thus occur also at zero temperature [16,
17]. Such transitions are characterized by a qualitative change in the ground
state of the system and often lead to new emergent phenomena, e.g. macroscopic
condensates in the superradiant phase of the Dicke model [18�22].

Returning to the notion of matter, its de�nition becomes even more puzzling
when we enter the realm of quantum mechanics (which is the primary focus of this
thesis), where the very concepts of particles and interactions acquire a deeper level
of complexity. Indeed, in classical physics, matter can be pragmatically de�ned
as whatever possesses mass and occupies space. However, this de�nition fails if
we move to the relativistic regime, where mass and energy are two sides of the
same coin, as expressed by Einstein's celebrated equation E = mc2. The situation
becomes even more intricate in the context of quantum mechanics, where particles
exhibit wave-like behavior and are described by wave functions that do not have a
well-de�ned position or momentum until a measurement is performed [23, 24]. In
this context, matter is more appropriately described in terms of wave functions and
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1.1. What is matter?

quantum states, which give rise also to phenomena with no classical counterpart.
Notable examples include the superposition principle, whereby a particle can exist
in multiple states simultaneously until a measurement is performed, and quan-
tum entanglement, where correlations persist between particles regardless of their
spatial separation or direct interaction. Such phenomena challenge our classical
intuition and require a re�ned de�nition of matter consistent with the principles
of quantum mechanics.

It is worth noting that the seemingly straightforward de�nition of matter as
a collection of atoms is itself somewhat incomplete, as it does not specify the in-
clusion of the interactions binding those atoms together. A simple yet illustrative
example is the hydrogen atom: it consists of a nucleus (a single proton, if we dis-
regard its substructure) and an electron. The two constituents are held together
by their electrostatic interaction, and thus the de�nition of matter must encom-
pass not only the particles themselves, with their mass and charge, but also the
interactions that binds them. The same reasoning extends to more complex sys-
tems, such as molecules or larger structures, which are built by atoms connected
by electrostatic forces between their constituent particles.

For these reasons, throughout this thesis we shall adopt a consistent and gen-
eral de�nition of matter as the collection of all massive (possibly charged) particles
together with the electrostatic interactions among them. Although this clari�ca-
tion may appear trivial, or even pedantic, it will prove essential in distinguishing
the degrees of freedom associated with matter from those belonging to the electro-
magnetic �eld. Indeed, overlooking this distinction can lead to ambiguities, even
in recent literature, as it will be discussed in Chapter 4.

1.1.1 Quantum harmonic oscillator

A fundamental model in physics, describing the motion of a particle in a quadratic
potential, is the harmonic oscillator. Owing to its simplicity and versatility, this
model �nds applications across a wide variety of physical systems, both in cases
where the potential is exactly quadratic (such as an LC circuit) and in situations
where it provides an accurate approximation, for instance within the linear re-
sponse regime. Its relevance becomes even more pronounced in quantum mechan-
ics, where it represents a cornerstone for the understanding of more complex phe-
nomena, including the quantization of the electromagnetic �eld (see Section 1.2.2).

Let us consider the prototypical case of a classical particle of mass m con�ned
in a one-dimensional harmonic potential V (x) = kx2/2, where k is the spring
constant. Hence, the equation of motion for the harmonic oscillator is written as

m
d2x

dt2
+ kx = 0 , (1.1)
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1. Introduction to light-matter interaction

where x is the displacement of the particle from its equilibrium position. The
solution to this equation is given by

x(t) = A cos(ωt+ ϕ) , (1.2)

where A is the amplitude of the oscillation, ω =
√
k/m is the angular frequency,

and ϕ is the phase. By simple algebra, we can show that, in the complex domain,
the solution can be also written as x(t) = Aei(ωt+ϕ).

The equation of motion in Eq. (1.1) can be derived from the Lagrangian of the
system [25], which reads

L = T (ẋ)− V (x) =
1

2
mẋ2 − 1

2
kx2 , (1.3)

where T (ẋ) = mẋ2/2 is the kinetic energy of the system. We indicated with
ẋ the time derivative of the position x, i.e. ẋ = dx/dt, as it is customary in
the Lagrangian formalism. The equations of motion can be derived from the
Lagrangian using the Euler-Lagrange equations.

Through a Legendre transform, we can also derive the Hamiltonian of the sys-
tem from the Lagrangian. The Hamiltonian is particularly useful in the quantum
mechanical description of a system and it is de�ned as

H = p ẋ− L =
p2

2m
+

1

2
kx2 , (1.4)

where p = ∂L/∂ẋ = mẋ is the momentum of the particle. The Hamiltonian
describes the total energy of the system (kinetic plus potential energies), which is
conserved in time, as the Lagrangian does not explicitly depend on t.

In the quantum mechanical description, the position and momentum are pro-
moted to operators satisfying the canonical commutation relation [x̂, p̂] = iℏ, where
ℏ is the reduced Planck's constant. Therefore, the Hamiltonian itself is promoted
to an operator preserving the same form as in Eq. (1.4), i.e.

Ĥ =
p̂2

2m
+

1

2
kx̂2 . (1.5)

In order to calculate the energy eigenvalues and eigenstates of the harmonic os-
cillator, we can rewrite this Hamiltonian in terms of the so-called creation and
annihilation operators, which are de�ned as

â =

√
mω

2ℏ

(
x̂+ i

p̂

mω

)
, â† =

√
mω

2ℏ

(
x̂− i

p̂

mω

)
, (1.6)
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Figure 1.1: Eigenstates of a one-dimensional harmonic oscillator, each shifted by
its corresponding energy eigenvalue. In black, the quadratic potential V (x). Pa-
rameters used: m = 1, k = 1.

where ω =
√
k/m is the angular frequency of the oscillator. The creation and

annihilation operators satisfy the bosonic commutation relation [â, â†] = 1. In
terms of these operators, the Hamiltonian in Eq. (1.5) can be rewritten as

Ĥ = ℏω
(
â†â+

1

2

)
. (1.7)

We observe that this Hamiltonian is diagonal in the basis of the eigenstates
of the number operator n̂ = â†â, which counts the number of excitations in the
system. The eigenvalues of the Hamiltonian are thus given by En = ℏω (n+ 1/2),
where n = 0, 1, 2, . . . is the quantum number associated with the number of exci-
tations. Notice that the ground state energy is ℏω/2, which is a consequence of
the Heisenberg uncertainty principle. By construction, the eigenvalues of the har-
monic oscillator are equally spaced, with a spacing of ℏω, as shown in Fig. 1.1. The
eigenstates of Hamitlonian in Eq. (1.7) are given by the Fock states |n⟩, which are
de�ned as the eigenstates of the number operator n̂ associated to the eigenvalue
n, i.e. n̂ |n⟩ = n |n⟩. The Fock states can be expressed in terms of the creation
operator as

|n⟩ = 1√
n!

(
â†
)n |0⟩ , (1.8)
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1. Introduction to light-matter interaction

where |0⟩ is the vacuum state, de�ned as the state with no excitations (â |0⟩ = 0)
or, analogously, as the lowest state of the energy spectrum.

As a �nal note, we introduce the so-called coherent states, which are de�ned
as the eigenstates of the annihilation operator â, i.e. â |α⟩ = α |α⟩. Notice that α
is a complex number, since â is not Hermitian. Coherent states can be expressed
in terms of the Fock states as

|α⟩ = e−
|α|2
2

∞∑

n=0

αn

√
n!

|n⟩ . (1.9)

The importance of coherent states lies in the fact that they are the closest quantum
states to classical states, as they exhibit minimum uncertainty. These states are
widely used, especially in quantum optics and quantum information theory, as
they provide a bridge between classical and quantum descriptions [26�29].

1.1.2 A simple atomic model: the double-well potential

Although the harmonic oscillator constitutes a fundamental model in physics, the
description of many quantum systems requires more elaborate potentials that in-
corporate some degree of nonlinearity. A simple yet important example is the
double-well potential, which serves as a minimal model for systems with two sta-
ble states. It can, for instance, be used as a toy model of an atom, where the two
wells represent the states (ground and excited) of interest. The quartic double-well
potential is given by

V (x) = αx4 − βx2 , (1.10)

with α, β > 0. Given that the potential is even, i.e. V (x) = V (−x), it has two
symmetric minima at x = ±

√
β/2α, which correspond to the two stable states

of the system. It can be easily shown that the anharmonicity of the system can
be tuned through the dimensionless parameter γ = mβ3/(ℏ2α2). For small values
of γ, the potential displays weak anharmonicity, meaning that the third energy
level remains relatively close in the spectrum. In contrast, in the limit γ → ∞,
the system e�ectively reduces to an ideal two-level system, as the third energy
level is pushed to in�nity. In Fig. 1.2(a,b), we show the potential in Eq. (1.10)
together with the �rst three energy eigenvalues of the system, Ei, calculated by
diagonalizing the Hamiltonian

Ĥ =
p̂2

2m
+ V (x̂) =

p̂2

2m
+ αx̂4 − βx̂2 , (1.11)

where p̂ and x̂ are the momentum and position operators, respectively. In this
example, the anharmonicity of the system is approximately ω21/ω10 ≈ 15, where
ωij = (Ei−Ej)/ℏ is the frequency associated with the transition between the energy
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Figure 1.2: Eigenstates and potential shapes for the double-well potentials in
Eqs. (1.10) and (1.14). (a,b) The quartic double-well potential V (x) in Eq. (1.10)
with (a) the ground states of the two wells, |L⟩ and |R⟩, and (b) the �rst three
energy eigenstates. The ground and �rst excited states are a symmetric and an-
tisymmetric superpositions of the two-wells states, as given in Eq. (1.12). (c,d)
The Josephson potential in Eq. (1.14) and �rst three energy eigenstates for (c)
x0 = 1/2 and (d) x0 = 12/25, corresponding to the symmetric and asymmetric
conditions, respectively. Each energy eigenstate is shifted by its corresponding
energy eigenvalue Ei. Parameters used: m = 1, α = 50, γ = 50.

levels Ei and Ej. Indeed, given the high energy barrier, the system dynamics
can be adequately described by a two-dimensional Hilbert space spanned by the
two degenerate ground states in the two wells, indicated with |L⟩ and |R⟩ (see
Fig. 1.2(a)). The ground and the �rst excited states of this double-well system
are given by the symmetric and antisymmetric superpositions of the two ground
states in each well, respectively, i.e.

|0⟩ = 1√
2
(|L⟩+ |R⟩) , |1⟩ = 1√

2
(|L⟩ − |R⟩) , (1.12)

as shown in Fig. 1.2(b) (where the states are labeled |S⟩ ≡ |0⟩ and |A⟩ ≡ |1⟩, to
better emphasize the symmetry).
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1. Introduction to light-matter interaction

The Hamiltonian of the system in the two-level approximation reads

Ĥ =
ℏ∆
2
σ̂z , (1.13)

where σ̂z = |1⟩⟨1|−|0⟩⟨0| is the Pauli operator associated with the two-level system,
and ∆ = (E1−E0)/ℏ is the frequency of the transition between the ground and the
�rst excited states. Physically, ∆ is associated with the tunneling rate between the
two wells, which is a key feature of the double-well potential. The Hamiltonian
in Eq. (1.13), describing an e�ective two-level system, is a fundamental model
in quantum mechanics and is widely used to describe various physical systems,
ranging from atoms and molecules to superconducting qubits.

For future applications in circuit QED, it is convenient to consider an alterna-
tive double-well potential to the quartic one introduced in Eq. (1.10). Speci�cally,
this potential combines the usual quadratic term with the so-called Josephson

potential used to model Josephson junction, i.e.

Vcos(x) = βx2 − γ

4
cos [2π(x− x0)] , (1.14)

which is commonly employed to describe the dynamics of superconducting qubits,
the building blocks of circuit QED, quantum computing, and quantum information
processing [30�33]. A distinctive property of Vcos(x) is that the Z2 parity symmetry
can be easily broken by tuning the parameter x0, which in experimental realizations
corresponds to the so-called �ux bias. In particular, for x0 = 1/2, corresponding
to a phase shift of π (which is usually referred to as the symmetry point or sweet
spot), the potential is symmetric and displays a pronounced double-well structure
for small values of x. By contrast, for x0 ̸= 1/2 the parity symmetry is broken and
the two wells have di�erent depths.

The Hamiltonian of the system in the two-level approximation can be written
in a similar form as in Eq. (1.13), but with an additional term accounting for the
possible symmetry breaking, namely

Ĥ =
ℏ∆
2
σ̂z +

ℏϵ
2
σ̂x , (1.15)

where ϵ is the detuning parameter, representing the energy di�erence between the
ground states of the two wells in absence of tunneling. This Hamiltonian can be
straightforwardly diagonalized, yielding the eigenvalues ±

√
∆2 + ϵ2/2.

From a formal point of view, both Hamiltonians in Eqs. (1.13) and (1.15) can
be obtained by applying to the full Hamiltonian of the systems the projection
operator P̂ = |0⟩⟨0| + |1⟩⟨1|, which, by construction, projects the Hilbert space
onto the two-dimensional subspace spanned by the ground and �rst excited states.
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1.2. What is light?

1.2 What is light?

In contrast to the notion of matter, whose de�nition has demonstrated to be
rather subtle and multifaceted, the concept of light is comparatively more intu-
itive, though no less fascinating. Indeed, the question �What is light?� has been
subject of fascination and inquiry for centuries. Di�erent views on the answer have
emerged over time, re�ecting the evolving understanding of light's nature. Most
notably, the dualism between light as a wave and light as a particle has been a
central theme in the history of physics. In modern terms, light is understood as a
quantum electromagnetic �eld, whose excited states can be described as a stream
of discrete quanta, called photons. This dual description is essential for explaining
a wide range of physical phenomena and is fundamental for much of contemporary
physics. In what follows, we will brie�y review both the classical and quantum
mechanical descriptions of light, highlighting the key concepts and theories that
have shaped our modern understanding. For a more comprehensive and detailed
discussion on the topic, the reader is referred to classical textbooks on quantum
optics, such as Refs. [26�28].

1.2.1 Classical description and Maxwell's equations

The classical description of light is intrisically linked to the notions of electromag-
netic waves, as the term �light� refers to an electromagnetic radiation propagat-
ing through space and time.1 To describe the electromagnetic waves, we rely on
Maxwell's equations, which are a set of four fundamental equations that govern
the behavior of the electric and magnetic �elds. In the vacuum, these equations
can be written in their local (di�erential) form as [34, 35]

∇ · E =
ρ

ϵ0
, (1.16a)

∇ ·B = 0 , (1.16b)

∇× E = −∂B
∂t

, (1.16c)

∇×B = µ0

(
J+ ϵ0

∂E

∂t

)
, (1.16d)

where E and B are the electric and magnetic �elds, respectively, ρ is the total
charge density, and J is the total current density. The constants µ0 and ϵ0 are the
permeability and permittivity of free space, respectively.

1In the past, the term �light� only referred to the visible spectrum, having wavelengths be-
tween 400−700 nm. However, nowadays, the term �light� refers more broadly to electromagnetic
radiation of any wavelength, whether visible or not.
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1. Introduction to light-matter interaction

We notice how the two �elds are coupled together, and, by taking the curl of
Eq. (1.16c) and substituting it in Eq. (1.16d), we can derive the wave equation for
the electric �eld (in absence of charges and currents, i.e. ρ = 0 and J = 0):

∇2E− µ0ϵ0
∂2E

∂t2
= 0 , (1.17)

which describes the propagation of a wave with speed c = 1/
√
µ0ϵ0. Analogous

treatment can be performed for the magnetic �eld, leading to the same result. In
addition, the two �eld are perpendicular to the diretion of propagation and to each
other and oscillate in phase. Notably, one of the most important discoveries in the
history of physics is that the speed of light in vacuum is a universal constant,
approximally equal to 3×108 m/s, and it is independent of the observer's frame of
reference. This invariance is a cornerstone of Einstein's theory of relativity, which
revolutionized our understanding of space and time.

The set of Eqs. (1.16) can be rewritten by the introduction of the scalar and
vector potentials, ϕ(r, t) and A(r, t), respectively, de�ned by

B = ∇×A , E = −∇ϕ− ∂A

∂t
. (1.18)

These potentials are not unique, and di�erent choices can lead to the same physical
predictions, as only the �elds E and B are physically meaningful and observable.
This possibility to freely choose the potentials is known as gauge freedom, and
it allows us to simplify calculations by choosing a gauge that is convenient for
the problem at hand. In particular, given that the gradient of any scalar �eld is
irrotational, we can artbitrarly choose a smooth scalar function χ(r, t) and rede�ne
both potentials as

A′ = A−∇χ , ϕ′ = ϕ+
∂χ

∂t
, (1.19)

This transformation leaves the electric and magnetic �elds unchanged, as can be
easily veri�ed by substituting Eq. (1.19) into Eq. (1.18).

Sometimes χ itself is referred to as gauge transformation, given that the choice
of the scalar function χ uniquely de�nes the gauge we are working in. Given
the arbitrariness of the gauge transformation, a common choice is for the vector
potential to satisfy the condition ∇ · A = 0, which is known as the Coulomb

gauge. Another particularly common gauge, that will be extensively employed in
this thesis, is the so-called multipolar gauge, which however does not possess this
property. As it will be discussed in the next section, these gauges are particularly
useful in the context of QED and, in particular, cavity QED. We stress that
the Coulomb gauge is the only gauge such that the vector potential A is purely
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1.2. What is light?

transverse, i.e. it satis�es the condition ∇ · A = 0.2 In this gauge, the scalar
potential ϕ is related to the charge density ρ through Poisson's equation, and the
vector potential A is related to the current density J through a non-homogeneous
wave equation, i.e.

∇2ϕ = − ρ

ϵ0
, (1.20a)

∇2A− µ0ϵ0
∂2A

∂t2
= −µ0J+ µ0ϵ0∇

(
∂ϕ

∂t

)
. (1.20b)

In absence of charges and currents, Eq. (1.20a) admits the trivial solution ϕ = 0,
which, in turn, leads to the homogeneous wave equation for the vector potential
A: (

∇2 − 1

c2
∂2

∂t2

)
A = 0 . (1.21)

Therefore, in the Coulomb gauge, by calculating the vector potential A, we can
straightforwardly obtain the electric and magnetic �elds through Eqs. (1.18). The
total energy stored in the electromagnetic �eld is given by

E =
1

2

∫

V

d3r

(
ϵ0|E|2 +

1

µ0

|B|2
)
, (1.22)

where the volume of integration V can be chosen to be the entire space, as in the
case of open �elds considered in standard QED, or a �nite region of interest in
which the �eld is present, such as a cavity or a waveguide (typical cases of cavity
and circuit QED systems).

To solve Eq. (1.21), we must specify the boundary conditions to be satis�ed
by the �eld. Let us consider the case of an electromagnetic �eld within a cube of
side L, and impose periodic boundary conditions on the vector potential A. The
continuum limit can be taken by letting L→ ∞. The solution to Eq. (1.21) can be
found by separation of variables, which yields, considering the periodic boundary
conditions, to the following decomposition of the vector potential

A(r, t) =
∑

k,λ

Akλ(t)fkλ(r) + h.c. , (1.23)

where k is the wave vector and λ is the polarization index, which can take
values corresponding to the two transverse polarizations of the electromagnetic

2Any �eld F can be decomposed into a longitudinal and a transverse part, F = F∥ + F⊥,
satisfying the conditions ∇×F∥ = 0 and ∇·F⊥ = 0, respectively. The nomenclature longitudinal
and transverse refers to the direction of the �eld with respect to the direction of propagation
of the wave. Speci�cally, if these conditions are expressed in the Fourier space, the longitudinal
part is parallel to the wave vector k since it satis�es k × F∥ = 0, while the transverse part is
orthogonal to the wave vector as k · F⊥ = 0.
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1. Introduction to light-matter interaction

wave. The spatial solutions, which are mutually orthonormalized, have the form
fkλ(r) = ekλe

ik·r, where ekλ are unit vectors that de�ne the polarization of the
wave. Given the trasversality of the �eld, these vectors satisfy the orthonomality
conditions k · ekλ = 0 and ekλ · ekλ′ = δλλ′ , for λ, λ′ = 1, 2. The wave vector k
is quantized due to the periodic boundary conditions, taking values of the form
k = 2π(nx, ny, nz)/L, where nx, ny, and nz are integers. On the other hand, the
time-dependent coe�cients Akλ(t) must each one satisfy the di�erential equation

(
c2k2 +

d2

dt2

)
Akλ(t) = 0 , (1.24)

where k = |k| is the magnitude of the wave vector. This is the equation of an
harmonic oscillator, with angular frequency ωk = ck, whose solution is given by

Akλ(t) = Akλe
−iωkt . (1.25)

Therefore, having an expansion for A(r, t), the Fourier expansions of the electric
and magnetic �elds follow from Eq. (1.18), leading to

E(r, t) =
∑

k,λ

(
iωkAkλe

−iωktfkλ(r) + h.c.
)
, (1.26a)

B(r, t) =
∑

k,λ

(
ik× Akλe

−iωktfkλ(r) + h.c.
)
. (1.26b)

Analogously, the energy stored in the electromagnetic �eld can be expressed in
terms of the Fourier coe�cients. It is useful to introduce dimensionless ampli-
tudes akλ, obtained by rescaling the Fourier coe�cients as Akλ =

√
ℏ/2ϵ0V ωk akλ.

Substituting this de�nition into Eq. (1.22), we obtain the energy in terms of akλ
as

E =
ℏ
2

∑

k,λ

ωk (akλa
∗
kλ + a∗kλakλ) . (1.27)

We notice that, in the classical scenario, the Fourier coe�cients akλ are c-numbers,
and thus commute with each other, allowing us to rewrite the term in parentheses
as 2|akλ|2. However, as it will be discussed in the next subsection, in the quantum
mechanical description, the Fourier coe�cients are promoted to operators that
satisfy the bosonic commutation relations. Hence, we prefer to leave the term
in parentheses as it is, to avoid confusion between the classical and the quantum
mechanical cases. By introducing the real vairables qkλ and pkλ, de�ned as

qkλ =

√
ℏ
2ωk

(akλ + a∗kλ) , pkλ = i

√
ℏωk

2
(a∗kλ − akλ) , (1.28)
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1.2. What is light?

the energy in Eq. (1.27) can be rewritten as

E =
1

2

∑

k,λ

(
p2kλ + ω2

kq
2
kλ

)
. (1.29)

This expression explicitly shows that the electromagnetic �eld can be described as
an in�nite collection of independent harmonic oscillators, each associated with a
di�erent wave vector k and polarization λ, and with qkλ and pkλ playing the role
of position and momentum operators, respectively.

1.2.2 Quantization of the electromagnetic �eld

The quantization of the electromagnetic �eld is a fundamental step in the devel-
opment of QED. The way to achieve this quantization is evident from the �nal
expression in Eq. (1.29) of the previous subsection, which can be interpreted as
the Hamiltonian of a collection of independent harmonic oscillators with unitary
masses. Indeed, for each wave vector k and polarization λ, Eq. (1.29) is formally
equivalent to the Hamiltonian of an harmonic oscillator in Eq. (1.4), whose quan-
tization has been already discussed in Section 1.1.1.

The quantization of the electromagnetic �eld Hamiltonian can be achieved by
promoting the position and momentum operators qkλ and pkλ to quantum me-
chanical operators that satisfy the canonical commutation relations [q̂kλ, p̂k′λ′ ] =
iℏδkk′δλλ′ . This is analogous to promoting the Fourier coe�cients akλ to bosonic
operators âkλ, satisfying [âkλ, â

†
k′λ′ ] = δkk′δλλ′ and [âkλ, âk′λ′ ] = 0. The Hamilto-

nian of the electromagnetic �eld in terms of creation and annihilation operators
can then be written as

Ĥ = ℏ
∑

k,λ

ωk

(
â†kλâkλ +

1

2

)
. (1.30)

We notice that, given the presence of the zero-point energy term, this Hamiltonian
is not bounded from below, which is a consequence of the in�nite number of har-
monic oscillators (or modes) in the electromagnetic �eld. However, this term can
be neglected in most physical situations, as it does not a�ect the dynamics of the
system. Indeed, as long as the processes considered describe the exchange of energy
between the �eld and some other system, it is only energy di�erences that matter,
in which case the zero-point energy can be directly omitted from the Hamiltonian.
Analogously to the standard quantum harmonic oscillator, the eigenstates of the
Hamiltonian in Eq. (1.30) are the Fock states, which are de�ned as the eigenstates
of the number operator n̂kλ = â†kλâkλ, i.e. n̂kλ |nkλ⟩ = nkλ |nkλ⟩, where nkλ is the
number of quanta (called photons) with wave vector k and polarization λ.
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1. Introduction to light-matter interaction

The quantized vector potential and the electric and magnetic �elds are thus
expressed in terms of the creation and annihilation operators as

Â(r, t) =
∑

k,λ

√
ℏ

2ϵ0V ωk

(
âkλe

i(k·r−ωkt) + â†kλe
−i(k·r−ωkt)

)
ekλ , (1.31a)

Ê(r, t) =
∑

k,λ

i

√
ℏωk

2ϵ0V

(
âkλe

i(k·r−ωkt) − â†kλe
−i(k·r−ωkt)

)
ekλ , (1.31b)

B̂(r, t) =
∑

k,λ

i

√
ℏ

2ϵ0V ωk

(
âkλe

i(k·r−ωkt) − â†kλe
−i(k·r−ωkt)

)
k× ekλ . (1.31c)

We notice that the quantized modes of the �eld are transverse. This will have im-
portant consequences when considering the interaction between light and matter,
as discussed in Section 1.3.

As a �nal note, it is possible to perform the quantization of the electromag-
netic �eld within a �nite volume, such as a cavity or a waveguide, by imposing
appropriate boundary conditions on the vector potential A. Namely, it must be
chosen such that the electric �eld vanishes at the boundaries of the cavity. The
speci�c form of the boundary conditions depends on the geometry of the cavity or
waveguide.

1.3 Light-matter interaction

The interaction between light and matter lies at the heart of a wide range of
physical phenomena, from atomic and molecular spectroscopy to quantum optics
to quantum information processing. Understanding this interaction is not only
crucial for describing fundamental processes, such as absorption, emission, and
scattering of radiation, but also for explaining emergent collective e�ects in many-
body systems and for developing new technological applications. In this section, we
provide a brief overview of both the classical and quantum mechanical descriptions
of light-matter interaction, with particular emphasis on the principle of gauge
invariance, which plays a central role in many aspects of QED and will be especially
relevant in the context of this thesis.

1.3.1 General Lagrangian and gauge transformations

The description of light-matter interaction is based on the coupling between the
electromagnetic �eld and the electric dipole moment of the matter system. As a
simple illustrative example, let us consider a single particle with charge Q and mass
m moving in an electromagnetic �eld described by the vector potential A(r, t) and
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1.3. Light-matter interaction

the scalar potential ϕ(r, t), within the non-relativistic limit. In particular, we will
consider the case of an hydrogen atom, where the electron (with charge Q = −e)
moves bounded to a proton �xed at the origin of the coordinate system. The
Lagrangian of the system can be written as [36�38]

L =
1

2
mq̇2 +

∫
L dr , (1.32)

where q̇ is the velocity of the particle and L is the Lagrangian density of the
electromagnetic �eld, given by

L =
1

2
ϵ0

((
Ȧ+∇ϕ

)2
− c2(∇×A)2

)
+ J ·A− ρϕ . (1.33)

The �rst term in Eq. (1.32) represents the kinetic energy of the particle, while the
terms in Eq. (1.33) describe the contributions of the electric and magnetic �elds
to the Lagrangian density, as well as the interaction between the particle and the
electromagnetic �eld, respectively. The current density J(r) and the charge density
ρ(r) can be expressed as

J(r) = −eq̇δ(r− q) , ρ(r) = −eδ(r− q) + eδ(r) , (1.34)

where δ(r−q) and δ(r) are the Dirac delta functions, ensuring that the electron is
in the position q(t) at time t, while the proton is �xed at the origin. The current
and charge densities clearly satisfy the continuity equation

ρ̇+∇ · J = 0 , (1.35)

which is a fundamental requirement for the conservation of charge in electromag-
netism. It can be easily veri�ed that the Lagrangian in Eq. (1.32) leads to the
correct equations of motion for the particle and the electromagnetic �eld, which
are given by the Lorentz force law and Maxwell's equations, respectively.

It is natural to choose q and A as the canonical coordinates of the particle
and the electromagnetic �eld, respectively, while the scalar potential ϕ can be
determined from the equations of motion. Furthermore, as it will be demonstrated
shortly, it is possible to eliminate the explicit presentce of the scalar potential from
the Hamiltonian of the system. The conjugate momenta to q and A are

p =
∂L
∂q̇

= mq̇− eA(q) , (1.36a)

Π(r) =
∂L

∂Ȧ(r)
= ϵ0

(
Ȧ(r) +∇ϕ(r)

)
= −ϵ0E . (1.36b)
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The Hamiltonian of the system can be obtained by performing a Legendre
transformation of the Lagrangian in Eq. (1.32), leading to

H = p · q̇+

∫
Π(r) · Ȧ(r)dr− L . (1.37)

By substituting the expressions for the conjugate momenta given in Eqs. (1.36a)
and (1.36b) and the explicit form of the Lagrangian, we obtain

H =
1

2m
(p+ eA)2 +

1

2

∫ (
Π2

ϵ0
+

B2

µ0

)
dr . (1.38)

In this expression, an additional term equal to
∫
(∇ ·Π+ ρ)ϕdr has been omitted,

as the quantity in parentheses is zero due to Maxwell's equations. Therefore, as
discussed above, the scalar potential ϕ can be eliminated from the Hamiltonian
description of the system. We highlight that the dynamical variables of the sys-
tem, satisfying the Poisson braket relations (and later, after the quantization, the
canonical commutation relations), are (q,p) and (A,Π).

Although the Hamiltonian in Eq. (1.38) closely resembles the Coulomb-gauge
Hamiltonian of QED (which will be introduced shortly), it is important to notice
that no gauge has been speci�ed yet since the vector potential A is still a generic
function of space and time and no division into longitudinal and transverse com-
ponents has been made. To further elucidate this point, let us introduce a general
gauge transformation of the potentials, as discussed in Section 1.2.1. Speci�cally,
the vector potential A and the scalar potential ϕ are rede�ned as

A′(r) = A(r)−∇χ(r) , ϕ′(r) = ϕ(r) + χ̇(r) , (1.39)

where χ(r) is an arbitrary smooth scalar function (for the sake of simplicity, we
are omitting the time dependence). In the most general case, the function χ(r)
can also depend on the vector potential at a general position. Accordingly we
introduce a gauge density χ̃ such that

χ(r, t) =

∫
χ̃(r, r′,A(r′))dr′ . (1.40)

Therefore, the new Lagrangian L′ can be written in terms of the old potentials as

L′ = L −
∫

J(r) · ∇χ(r)dr−
∫
ρ(r)χ̇(r)dr

= L+ eq̇ · ∇χ(q)−
∫

Ȧ(r)

(∫
∂χ̃ (r, r′)

A(r)
ρ(r′)dr′

)
dr . (1.41)
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If we continue to take q and A as the dynamical variables, the conjugate momenta
to these variables are now given by

p′ =
∂L′

∂q̇
= mq̇− eA′(q) + e∇χ(q) , (1.42a)

Π′(r) =
∂L′

∂Ȧ(r)
= ϵ0

(
Ȧ(r) +∇ϕ(r)

)
−P(r) , (1.42b)

where we de�ned P(r), which can be identi�ed as the polarization density, as

P(r) =

∫
∂χ̃ (r, r′)

∂A(r)
ρ(r′)dr′ . (1.43)

Comparing Eqs. (1.42a) and (1.42b) with Eqs. (1.36a) and (1.36b), we notice that
the conjugate momenta have been modi�ed by the gauge transformation, obtaining
the relations

p′ = p+ e∇χ(q) , (1.44a)
Π′(r) = Π(r)−P(r) . (1.44b)

Following the same procedure as above, we can obtain the Hamiltonian of the
system in terms of the transformed conjugate momenta, which reads

H ′ =
1

2m
(p′ + eA− e∇χ)2 + 1

2

∫ (
(Π′ +P)2

ϵ0
+

B2

µ0

)
dr . (1.45)

We stress that the new set of dynamical variables is now (q,p′) and (A,Π′),
which satisfy the Poisson bracket relations in classical mechanics, and later, af-
ter the quantization, the canonical commutation relations [q̂i, p̂

′
j] = iℏδij and

[Âi(r), Π̂
′
j(r

′)] = iℏδijδ(r − r′), respectively. It can be shown that the Hamilto-
nian in Eq. (1.45) leads to the same equations of motion as the Hamiltonian in
Eq. (1.38), which is a consequence of the gauge invariance of the theory.

If we now wish to consider a speci�c gauge, such as the Coulomb gauge, it is
convenient to decompose the vector potential A into a longitudinal and a trans-
verse part, as discussed in Section 1.2.1. In particular, we can write

A(r) = A∥(r) +A⊥(r) , (1.46)

where the longitudinal partA∥(r) is irrotational, ∇×A∥(r) = 0, and the transverse
part A⊥(r) is solenoidal, ∇ ·A⊥(r). It is now clear that the gauge transformation
in Eq. (1.39) can be interpreted as a transformation of the longitudinal part of the
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vector potential, while leaving the transverse part unchanged.3 In the following
subsection, we will discuss two of the most commonly used gauges in the context
of light-matter interaction in condensed matter physics: the Coulomb gauge and
the Power-Zienau-Woolley (PZW) gauge.

1.3.2 Coulomb gauge

In the Coulomb gauge, the vector potential is purely transverse. This gauge is
particularly useful and intuitive as the vector potential itself only contains the
dynamical degrees of freedom of the electromagnetic �eld (transverse modes). The
gauge transformation required to realize this choice must satisfy

∇χC(r) = A∥(r) , (1.47)

such that the transformed vector potentialAC(r) (the subscript C is used instead of
the general notation A′(r) to indicate that the quantity is speci�c to the Coulomb
gauge) has the equivalent properties

AC(r) = A⊥
C(r) , A

∥
C(r) = 0 , ∇ ·AC(r) = 0 . (1.48)

It can be shown that the generator of the Coulomb gauge transformation can
be expressed as

χC(r) =
1

4π

∫
A(r′) ·

(
∇′ 1

|r− r′|

)
dr′ , (1.49)

where ∇′ indicates the gradient with respect to the variable r′. Substituting
Eq. (1.49) into the de�nition of P(r) in Eq. (1.43), we obtain

PC(r) =
1

4π
∇
(∫

ρ(r′)

|r− r′|

)
dr′ . (1.50)

Being the gradient of a scalar function, PC(r) is a longitudinal vector �eld, and
it satis�es the condition ∇ · PC(r) = −ρ(r). By comparison with the Maxwell's
equations, we can identify PC(r) as the longitudinal component of the electric
polarization density, satisfying

PC(r) = −ϵ0E∥(r) . (1.51)

The momentum conjugate to the vector potential in the Coulomb gauge, from
Eqs. (1.42b) and (1.44b) is given by

ΠC(r) = −ϵ0E+ ϵ0E
∥(r) = −ϵ0E⊥(r) , (1.52)

3This is a consequence of the fact that the curl of the gradient of any scalar function v(r) is
zero by de�nition, i.e. ∇×∇v(r) = 0. Thus, any additional term to the vector potential (that
is proportional to the gradient of the scalar potential) can only modify the longitudinal part of
the vector potential, while leaving the transverse part unchanged.
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1.3. Light-matter interaction

and, hence, is a purely transverse vector �eld.
The Hamiltonian of the system in the Coulomb gauge can be derived from the

general expression in Eq. (1.45), leading to

HC =
1

2m
(pC + eAC)

2 +
1

2

∫ (
Π2

C

ϵ0
+

B2

µ0

)
dr+

1

2ϵ0

∫
P2

Cdr , (1.53)

where we used the property that the integral of the product between any longi-
tudinal and transverse vector �elds is zero. The last term in Eq. (1.53) can be
identi�ed as the Coulomb energies of the charged particles in the system. Indeed,
in the case of the hydrogen atom, PC(r) can be evaluated as

PC(r) = − e

4π
∇
(

1

|q− r| −
1

|r|

)
, (1.54)

which leads to the Coulomb energy term

1

2ϵ0

∫
P2

Cdr = − e2

4πϵ0|q|
, (1.55)

corresponding to the interaction between the electron and the proton in the hydro-
gen atom. We notice that the contributions due to the charged particles (in�nte)
self-energies have been omitted in this last integral.

1.3.3 Power-Zienau-Woolley gauge

Another commonly used gauge in the context of light-matter interaction is the
Power-Zienau-Woolley (PZW) gauge [39, 40], or multipolar gauge, which is partic-
ularly useful for describing bounded systems. The main feature of this gauge is
that, while in the Coulomb gauge PC(r) has been indenti�ed as the longitudinal
component of the polarization density, in the multipolar gauge PM(r) contains
both the longitudinal and the transverse components of the polarization density.

The vector �eld PM(r) can be expressed as

PM(r) = −e
∫ 1

0

qδ(r− λq)dλ . (1.56)

It can be shown that ∇ · PM(r) = −ρ(r), thus having the same longitudinal part
as the Coulomb gauge, i.e. P∥

M(r) = PC(r), but di�erent transverse part. Another
useful relation that can be easily derived is

ṖM(r) = J(r)−∇×M , (1.57)
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1. Introduction to light-matter interaction

where M(r) is the magnetization density, de�ned as

M(r) = −q̇× θ(r,q) , with θ(r,q) = −e
∫ 1

0

λqδ(r− λq)dλ . (1.58)

Equations (1.56) and (1.58) show that PM(r) and M(r) can be indenti�ed as the
polarization and magnetization densities of the system, respectively. It can be
shown that the generator of the PZW gauge transformation is given by

χM(r) = −
∫ ∫ 1

0

A(r′) · r δ(r′ − λr)dλdr′ , (1.59)

and it satis�es the condition

∇χM(r) = A(r)− 1

e

∫
θ(r, r′)×B(r′)dr′ . (1.60)

From Eq. (1.39), we can therefore conclude that the vector potential in the PZW
gauge is given by

AM(r) =
1

e

∫
θ(r, r′)×B(r′)dr′ , (1.61)

which has a non-zero longitudinal part, in contrast to the Coulomb gauge.
The conjugate momentum to the vector potential in the PZW gauge can be

expressed as
ΠM(r) = −ϵ0E−PM(r) = −D(r) , (1.62)

whereD(r) is the electric displacement �eld, as de�ned in the Maxwell's equations.
It can be readily veri�ed thatΠM(r) is a purely transverse vector �eld, consistently
with the well-known transversality of the electric displacement �eld.

The Hamiltonian of the system in the PZW gauge can be derived from the
general expression in Eq. (1.45), leading to

HM =
1

2m
(pM + eAM)

2 +
1

2

∫ (
(ΠM +PM)

2

ϵ0
+

B2

µ0

)
dr

=
p2
M

2m
+

1

2

∫ (
Π2

M

ϵ0
+

B2

µ0

)
dr

+
1

ϵ0

∫
PM ·ΠMdr+

1

2ϵ0

∫
P2

Mdr−
∫

B · Mdr+
1

2m

(∫
θ ×Bdr

)2

,

(1.63)

where we de�ned the magnetization operator M = (θ × pM − pM × θ) /2m. In
classical mechanics the two contributions in this de�nition of the magnetization
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1.3. Light-matter interaction

operator are equal, whereas in quantum mechanics they di�er due to the non-
commutativity of pM and θ. The �rst and second terms of the last line of Eq. (1.63)
correspond to the standard interaction and self-polarization terms, respectively.
On the other hand, the third and fourth terms are present due to the interaction
with the magnetic �eld. In cavity QED, however, these magnetic contributions are
typically neglected, as atoms are usually located in regions where the magnetic �eld
vanishes or is strongly suppressed, such as at the center of a cavity.

It should be noted that the longitudinal part of the vector potential A∥(r) in
the PZW gauge does not play any role as a dynamical variable, as it does not a�ect
the commutation relations due to the transversality of ΠM(r), while the magnetic
�eld B(r) can be determined only from the transverse part of the vector potential,
as B(r) = ∇×AM(r).

1.3.4 Quantum mechanical description of light-matter

interaction

As brie�y mentioned in the previous subsections, the quantum mechanical de-
scription of light-matter interaction is based on the classical counterpart, which is
then quantized by promoting the dynamical variables to operators and imposing
the canonical commutation relations. In this section, we outline the quantization
procedure and, in particular, highlight the correspondence between gauge trans-
formations and unitary transformations, a central aspect of quantum mechanics.

The canonical quantization is performed by promoting the classical dynamical
variables to operators and requiring the following commutation relations between
the position and momentum operators of the particle, as well as between the vector
potential and its conjugate momentum of the electromagnetic �eld:

[q̂i, p̂j] = iℏδij , (1.64a)

[Âi(r), Π̂j(r
′)] = iℏδ⊥ij(r− r′) , (1.64b)

while all the other commutators vanish. Here, δ⊥ij(r − r′) is the transverse delta
function4, re�ecting the fact that only the transverse components of the �elds
possess dynamical degrees of freedom, as testi�ed by the transversality of Π̂. It is
important to emphasize that the commutation relations in Eqs. (1.64a) and (1.64b)
hold in any gauge, provided the appropriate de�nition of the conjugate momentum
is employed. In particular, as discussed in the previously, in the Coulomb gauge
the conjugate momentum to the vector potential corresponds to the transverse part
of the electric �eld, while in the multipolar gauge it corresponds to the electric
displacement �eld.

4The longitudinal and transverse delta functions are strictly linked to the decomposition of a
vector �eld into longitudinal and transverse components. See Ref. [37] for a detailed discussion.
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1. Introduction to light-matter interaction

A direct consequence is that the creation and annihilation operators used to de-
scribe the electromagnetic �eld are not physical observables, since their de�nition
depends on the chosen gauge. Speci�cally, in the Coulomb gauge they are related
to the transverse component of the electric �eld, whereas in the multipolar gauge
they are linked to the electric displacement �eld. By contrast, physical observables
such as the �elds themselves or the total energy remain gauge-invariant quanti-
ties. This point, while seemingly straightforward, is crucial: it is common practice
to associate the creation and annihilation operators with the transverse modes of
the free electromagnetic �eld, and thus with photons. However, this identi�cation
is strictly valid only in the Coulomb gauge, where the vector potential is purely
transverse and the conjugate momentum is indeed the transverse part of the elec-
tromagnetic �eld. This subtle but important distinction will play a central role in
Chapter 4.

We now establish the connection between the gauge transformations discussed
in the previous subsections and the more familiar unitary transformations of quan-
tum mechanics. In particular, we demonstrate that by introducing suitable unitary
operators it is possible to implement gauge transformations, thus obtaining equiv-
alent Hamiltonians in di�erent gauges.

The evolution of the system in a given gauge can be described by solving the
Schrödinger equation

iℏ
∂

∂t
|ψ(t)⟩ = Ĥ |ψ(t)⟩ , (1.65)

where Ĥ is the Hamiltonian of the system in the chosen gauge, as given in
Eq. (1.38). By applying a unitary transformation Û to both the wavefunctions
and the Hamiltonian, we obtain a transformed Schrödinger equation in the new
gauge, given by

iℏ
∂

∂t
|ψU(t)⟩ = iℏ

∂

∂t
Û |ψ(t)⟩ = ÛĤÛ †Û |ψ(t)⟩ = ĤU |ψU(t)⟩ , (1.66)

where ĤU = ÛĤÛ † is the Hamiltonian in the new gauge and |ψU(t)⟩ are the corre-
sponding rotated states. The unitary operator Û can be identi�ed with the gauge
transformation operator, as it transforms the wavefunctions and the dynamical
variables of the system in a way that preserves the physical observables.

As an example, let us demonstrate how the multipolar gauge Hamiltonian in
Eq. (1.63) can be obtained from the general Hamiltonian by performing a suitable
unitary transformation de�ned by the operator

ÛM = exp

(
i

ℏ
eχ̂M(q)

)
, (1.67)

where χM(q) is the generator of the PZW gauge transformation, given in Eq. (1.59).
As χM(q) depends only on q and A, it can be easily veri�ed that it commutes
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1.4. Regimes in e�ective models of cavity QED

with both these operators, i.e. [ÛM, q̂i] = 0 and [ÛM, Âi(r)] = 0, while shifting the
conjugate momenta. In particular, to compute the action of the unitary operator
on these conjugate momenta, we can use the Baker-Campbell-Hausdor� formula,
which leads to the relations

p̂M = ÛMp̂Û
†
M = p− e

∂χ̂M(q)

∂q
= p̂− e∇χ̂M , (1.68a)

Π̂M(r) = ÛMΠ̂(r)Û †
M = Π̂(r)− e

∂χ̂M(q)

∂A(r)
= Π̂(r) + P̂M(r) . (1.68b)

Hence, the new rotated Hamiltonian can be written as

ĤM = ÛMĤ (q,p,A,Π) Û †
M = Ĥ (q,pM,A,ΠM) , (1.69)

which is the same as the Hamiltonian in Eq. (1.63), thus proving the equivalence
between the two approaches.

Analogously, we can de�ne the unitary operator for the Coulomb gauge as

ÛC = exp

(
i

ℏ
eχ̂C(q)

)
, (1.70)

where χC(q) is the generator of the Coulomb gauge transformation, given in
Eq. (1.49). Proceding similarly, we obtain the new Hamiltonian in the Coulomb
gauge which coincides with the one in Eq. (1.53). The procedure outlined above
can be generalized to any gauge transformation in quantum mechanics, and it
proves useful and widely used in many applications.

1.4 Regimes in e�ective models of cavity QED

The interaction between light and matter, as described in the previous sections,
can be rather complex, especially when attempting to describe realistic systems
where multiple degrees of freedom, dissipation mechanisms, and strong correlations
are simultaneously present. A direct treatment of the full quantum electrodynam-
ical problem is in most cases intractable, both analytically and numerically, due
to the presence of several coupled degrees of freedom, in�nite dimensionality of
the Hilbert space and the need to account for di�erent energy and time scales.
To make progress, it is therefore common to employ e�ective models that retain
the essential physical ingredients while neglecting unnecessary microscopic details.
These simpli�ed descriptions not only provide analytical tractability but also of-
fer physical insight and reliable predictions, while simultaneously highlighting the
predominant mechanisms in the di�erent regimes.
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1. Introduction to light-matter interaction

In cavity QED, paradigmatic examples include the Jaynes-Cummings model,
the Tavis-Cummings model for multiple emitters, and the quantum Rabi model
(QRM), which accounts for nonperturbative e�ects. Within these frameworks, one
can explore di�erent coupling regimes, ranging from weak to strong and ultrastrong
coupling, each characterized by qualitatively distinct physical behavior. As we
will see, the appropriate choice of e�ective model is closely tied to the regime
under consideration and is fundamental for a consistent description of cavity QED
phenomena [41, 42].

1.4.1 Weak and strong coupling regimes: the rotating

wave approximation

As discussed in Section 1.1.2, one of the basic methodologies to model light-matter
interaction is to describe the matter subsystem as a two-level system (representing,
for instance, an atom or a quantum emitter), which subsequently couples to one or
more modes of the electromagnetic �eld. When restricted to a single �eld mode,
this approach leads to the QRM [43], de�ned by the Hamiltonian

ĤRabi = ℏωcâ
†â+

ℏω0

2
σ̂z + ℏg

(
â+ â†

)
(σ̂− + σ̂+) , (1.71)

where â (â†) is the annihilation (creation) operator of the cavity mode with fre-
quency ωc, σ̂z and σ̂± are the Pauli matrices describing the two-level system with
transition frequency ω0, and g denotes the light-matter coupling strength. The
QRM captures the essential physics of light-matter interaction for systems in which
the cavity frequency is nearly or perfectly resonant with the atomic transition con-
sidered. A more detailed discussion of the QRM and its properties is provided in
Section 2.1.

However, the full QRM is not always necessary to describe the system accu-
rately. In many experimental setups, the light-matter coupling strength g is much
smaller than both the cavity and atomic frequencies, i.e. g ≪ ωc, ω0. In this
regime, the rotating wave approximation (RWA) can be employed, which consists
in neglecting the so-called counter-rotating terms, âσ̂− and â†σ̂+, in the interaction
Hamiltonian. These terms describe processes where both the atom and the cav-
ity mode are simultaneously excited or de-excited, which are highly o�-resonant
and thus have a negligible e�ect on the system dynamics when g is small com-
pared to the bare frequencies. The remaining interaction terms, â†σ̂− and âσ̂+,
are commonly referred to as corotating terms since, in the interaction picture,
they remain stationary, in contrast to the counter-rotating terms, which oscillate
at much higher frequencies. Physically, these corotating terms describe energy-
conserving processes in which an excitation is coherently exchanged between the
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1.4. Regimes in e�ective models of cavity QED

atom and the cavity mode. By applying the RWA to the QRM, we obtain the
Jaynes-Cummings model [44], described by the Hamiltonian

ĤJC = ℏωcâ
†â+

ℏω0

2
σ̂z + ℏg

(
âσ̂+ + â†σ̂−

)
. (1.72)

The Jaynes-Cummings model has been extensively studied and successfully applied
in the interpretation of experimental results, providing crucial insights into the
physics of cavity QED. Its main strength lies in the analytical solvability, which
allows for a detailed understanding of fundamental phenomena such as vacuum
Rabi oscillations and Rabi splitting [45].

In particular, to block-diagonalize the Jaynes-Cummings Hamiltonian, it is use-
ful to introduce the total excitation number operator N̂exc = â†â + σ̂+σ̂−, which
commutes with the Hamiltonian, i.e. [ĤJC, N̂exc] = 0. As the total number of exci-
tations in the system is conserved, we can diagonalize the Hamiltonian in subspaces
with �xed excitation number. The eigenstates of the Jaynes-Cummings Hamilto-
nian can thus be expressed as superpositions of states with a de�nite number of
photons and atomic excitations, namely

|n,+⟩ = cos(θn/2) |e, n− 1⟩+ sin(θn/2) |g, n⟩ , (1.73)
|n,−⟩ = − sin(θn/2) |e, n− 1⟩+ cos(θn/2) |g, n⟩ , (1.74)

where |g⟩ and |e⟩ are the ground and excited states of the two-level system, re-
spectively, |n⟩ is the Fock state with n photons in the cavity mode, and θn =
arctan(2g

√
n/δ) is the mixing angle, with δ = ω0−ωc being the detuning between

the atom and the cavity mode. The corresponding eigenenergies are given by

En,± = nℏωc ±
ℏ
2

√
δ2 + 4g2n , (1.75)

for n ≥ 1, while the ground state of the system is simply |g, 0⟩ with energy E0 =
−ℏω0/2.

Given the analytical solvability of the model, its dynamics is straightforward
to compute. For instance, if the system is initially prepared in the state |e, 0⟩,
the time evolution leads to the so-called Rabi oscillations between the states |e, 0⟩
and |g, 1⟩ with a frequency ΩR =

√
δ2 + 4g2. However, the main obstacle to

the experimental observation of Rabi oscillations is the presence of dissipation
mechanisms, such as spontaneous emission and cavity losses, which can dampen
the oscillations and lead to decoherence. This is usually referred to as weak coupling
regime, and it is characterized by the condition g < γ, κ, where γ and κ are the
atomic and cavity decay rates, respectively (see Fig. 1.3(a)). In this regime, the
dynamics of the system is dominated by dissipation, and coherent phenomena
such as Rabi oscillations are typically not observable. On the other hand, when
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1. Introduction to light-matter interaction

Figure 1.3: Scale of the coupling strength g relative to the cavity and atomic decay
rates, κ and γ, de�ning the weak and strong coupling regimes in cavity QED. (a)
In the weak coupling regime, dissipation dominates the dynamics. Experimental
data of single quantum dots (QDs) interacting with a photonic nanocavity [46]. If
the QDs are resonant with the cavity frequency they decay faster, demonstrating
the Purcell e�ect [47]. (b) In the strong coupling regime, coherent exchange of
excitations between the atom and the cavity mode can occur before dissipation
takes over. Experimental data of Rydberg atoms interacting with a superconduct-
ing microwave cavity [48]. Figure reproduced with permission from Ref. [41].

the coupling strength g exceeds both γ and κ, the system enters the strong coupling
regime, where coherent exchange of excitations between the atom and the cavity
mode can occur before dissipation takes over (see Fig. 1.3(b)). In 1983 the �rst
experimental observation of the Rabi oscillations was reported by Haroche and
coworkers [49], using Rydberg atoms.

1.4.2 Ultrastrong and deep-strong coupling regimes:

beyond the rotating wave approximation

While the ratio g/{γ, κ} remains the key parameter to study the coherence of the
system, de�ning the weak and strong coupling regimes, it is important to empha-
size that the previous discussion so far assumes g ≪ ωc, ω0, such that the RWA
is safely applicable. However, if the coupling strength g is increased even further,
becoming comparable to the bare frequencies, the counter-rotating terms in the
quantum Rabi Hamiltonian can no longer be neglected, and the full model must be
considered. This regime is known as the ultrastrong coupling regime (USC), which
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1.4. Regimes in e�ective models of cavity QED

is conventionally identi�ed by the condition 0.1 ≲ g/ωc ≲ 1 [41, 42]. It should
be emphasized that, since the Hamiltonian depends continuously on the coupling
strength (and hence the intensity of higher-order processes), the distinction be-
tween di�erent regimes is gradual, and the previous bounds are just historical
conventions rather than strict physical thresholds. In the USC regime, the proper-
ties of the system change both quantitatively and qualitatively, as the light-matter
interaction becomes nonperturbative and the ground state of the system acquires a
nontrivial structure, containing virtual photons and atomic excitations. Moreover,
the total excitation number is no longer conserved, as the counter-rotating terms
allow for processes between states with di�erent numbers of excitations. However,
it is still possible to demonstrate that the parity of the excitations is a conserved
quantity. Indeed, by de�ning the parity operator as

Π̂ = exp
[
iπ
(
â†â+ σ̂−σ̂+

)]
= (−1)â

†â+ 1
2
(1+σ̂z) , (1.76)

we can verify that it commutes with the quantum Rabi Hamiltonian in Eq. (1.71),
i.e. [ĤRabi, Π̂] = 0. Therefore, this model possesses a discrete Z2 symmetry, which
has been shown to be su�cient for the model to be integrable [50]. The additional
higher-order processes allowed in USC lead to a breakdown of the simple picture
of Rabi oscillations and vacuum Rabi splitting, and new phenomena emerge, such
as the Bloch-Siegert shift [51].

Although achieving such high coupling strengths is challenging, nowadays,
the USC regime has been experimentally realized in various systems, includ-
ing superconducting circuits [30], semiconductor microcavities [53], and organic
molecules [54]. Two main strategies are typically employed to enhance the coupling
strength: (i) increase the number of emitters N coupled to the same mode, since
the collective coupling strength scales as g

√
N [18], or (ii) use di�erent platforms

where the coupling strength is not limited by the smallness of the �ne structure
constant as in the natural atoms case, such as superconducting circuits or con�ned
structures with very small mode volumes [41, 42]. Fig. 1.4 shows the scale of the
coupling strength g relative to the cavity frequency ωc, de�ning the ultrastrong
and deep-strong coupling regimes in cavity QED, along with some experimental re-
alizations. In particular, Fig. 1.4(a) shows experimental data from Ref. [30], where
a superconducting qubit was coupled to coplanar-waveguide resonator, achieving
a coupling strength of g/ωc = 0.12.

If the coupling strength is pushed even further, exceeding the bare frequencies
of the system, we enter the so-called deep-strong coupling regime (DSC), de�ned
by the condition g/ωc ≳ 1 [41, 42]. In this regime, the light-matter interaction
dominates the dynamics, and the system exhibits highly nontrivial behavior. A
typical signature of the DSC regime is the signi�cant splitting between the upper
and lower polaritons, which is larger than the bare frequencies themselves, as
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Figure 1.4: Scale of the coupling strength g relative to the cavity frequency ωc,
de�ning the ultrastrong and deep-strong coupling regimes in cavity QED. (a) In
the ultrastrong coupling regime, processes that do not conserve the number of exci-
tations are allowed, as illustrated by the avoided level crossing. Experimental data
from Ref. [30] (b) In the deep-strong coupling regime, the splitting between the
upper and lower polaritons, which is a measure of the coupling strength, becomes
considerable. Experimental data from Ref. [52], where a record high coupling
strength of g/ωc = 1.43 was achieved. Figure reproduced with permission from
Ref. [41].

shown in Fig. 1.4(b). Furthermore, in the DSC regime, the so-called light-matter
decoupling e�ect can occur, where the system e�ectively behaves as if the light and
matter subsystems are decoupled, despite the highly strong interaction between
them [55, 56].

The novel e�ects enabled by the USC and DSC regimes have attracted con-
siderable attention in recent years, both for their fundamental interest and for
their potential applications [54, 57�71]. On the fundamental side, they provide a
unique testbed to explore light-matter interaction in a genuinely nonperturbative
regime, where entirely new quantum phenomena can arise. On the applied side,
these regimes open promising perspectives for quantum information processing,
quantum simulation, and emerging quantum technologies.
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1.5 Quantum phase transitions in light-matter

models

Some e�ective models used to describe light-matter interaction predict a qualita-
tive change in the ground-state properties when the coupling strength exceeds a
critical value. Typical examples include the QRM and its generalization to multi-
ple emitters, known as the Dicke model [18]. This phenomenon is referred to as a
quantum phase transition (QPT), which occurs at zero temperature and is driven
by quantum �uctuations, in contrast to classical phase transitions that occur at
�nite temperature and are driven by thermal �uctuations [16, 17]. QPTs are typ-
ically characterized by a non-analytic behavior of the ground-state energy and a
change in the order parameter.

In this section, we brie�y present the basics concepts regarding QPTs that
will be relevant for the following chapters. In particular, we �rst outline the
main di�erences and similiarities between classical and quantum phase transitions.
We then schematically discuss two representative examples of QPTs in models
widely used in quantum optics, namely the QRM and the Dicke model. We will
highlight the main features of these transitions, such as the critical points, the
order parameters, and the nature of the phases involved.

1.5.1 Basics of quantum phase transitions

Unlike classical phase transitions, which occur at �nite temperatures and are usu-
ally driven by thermal �uctuations, QPTs are governed by quantum �uctuations
originating from the Heisenberg uncertainty principle. They take place at zero
temperature (T = 0) when a non-thermal control parameter of the Hamiltonian,
such as an external magnetic �eld or pressure, exceeds a critical value. At this
point, the ground state of the system undergoes a qualitative change of its proper-
ties, such as in the nature of the correlations, thus leading to di�erent phases [16,
17].

Let us consider a general Hamiltonian Ĥ(g) depending on a control parameter
g, which could represent, for instance, the coupling strength in a light-matter
system. Since our focus is on ground-state properties, we study the behaviour
of the ground-state energy E0(g) as a function of the parameter g. For �nite
systems, E0(g) is typically analytic, except at isolated points corresponding to
level crossings, as schematically shown in Fig. 1.5(a). This scenario can occur only
when the bare Hamiltonian Ĥ0 = Ĥ(0) is coupled to a conserved quantity Ĥ1, i.e.
Ĥ(g) = Ĥ0 + gĤ1 with [Ĥ0, Ĥ1] = 0, so that Ĥ0 and Ĥ1 can be simultaneously
diagonalized. In this case, it is possible to �nd a set of eigenfunctions that do
not depend on g, while the eigenvalues can still depend on it. In this situation,

29



1. Introduction to light-matter interaction

g

E

E0

E1

(a)

g

E

N = 2
N = 5
N = 20
N →∞

E0

E1

(b)

Figure 1.5: Schematic representation of level crossings leading to a quantum phase
transition, in arbitrary units. (a) True level crossing, where the ground-state en-
ergy E0(g) (red line) is non-analytic at the critical point gc due to the crossing
with an excited state E1(g) (blue line). (b) E�ective level crossing in the thermo-
dynamic limit, where the ground-state energy E0(g) is non-analytic at the critical
point gc only in the limit N → ∞, where N is a relevant quantity pushed to the
thermodynamic limit. For �nite N , the ground-state energy is analytic, as the
crossing is avoided.

an excited level may cross the ground state at some gc, thus becoming the new
ground state. By contrast, in systems where some relevant quantity is pushed
to the thermodynamic limit, avoided level crossings can sharpen into e�ective
level crossings, thus producing non-analyticities in E0(g), as shown in Fig. 1.5(b).
These singular points, independently if they arise from true level crossings or from
avoided level crossings in the thermodynamic limit, are identi�ed as QPTs, with
the latter mechanism being the most common.

Most of the QPTs that are studied in the literature are second-order transitions,
which are characterized by the continuous vanishing of a characteristic energy scale
of �uctuations above the ground state near the critical point. More speci�cally,
denoting by ∆ a characteristic excitation energy of the ground state of the system
(e.g. the gap to the �rst excited state), one �nds that as g → gc it vanishes as

∆ ∼ J |g − gc|zν ; , (1.77)

where J is a microscopic energy scale, ν the correlation-length exponent, and z
the dynamical critical exponent. Simultaneously, second-order QPT have a char-
acteristic correlation length scale ξ that diverges as

ξ ∼ |g − gc|−ν ; . (1.78)
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1.5. Quantum phase transitions in light-matter models

These relations establish a universal connection between the critical exponents,
which is a de�ning property of critical phenomena. Universality plays a central role
in the theory of QPTs, and more generally phase transitions: di�erent microscopic
Hamiltonians can share identical critical exponents and scaling forms, provided
they belong to the same universality class.

We emphasize that, since all the properties discussed so far refer to the ground
state of the system, true QPTs can occur only at zero temperature. However,
experiments inevitably probe systems at �nite T , even if very low. Therefore, it
is crucial to understand how the singularities at T = 0 in�uence the properties of
the system at T > 0. There are two main possibilities: the singularity exists only
at T = 0, and for any T > 0 all quantities are analytic in g, or a line of classical
second-order phase transitions (for which the thermodynamic free energy is not
continuous) extends from the quantum critical point to �nite temperatures. In
the latter case, near this line, the relevant degrees of freedom �uctuate at frequen-
cies ωrel such that ℏωrel ≪ kBT . Under these conditions, a classical description
becomes applicable. In this sense, the quantum critical point can be regarded as
the zero-temperature limit of a line of classical critical points, and hence classical
and quantum criticality are continuously connected. The Dicke model provides
a paradigmatic example of this scenario, as its classical critical point (at �nite
temperature) is continuously linked to its quantum counterpart.

1.5.2 Quantum phase transitions in quantum Rabi and

Dicke models

Let us now analyze two models widely employed in quantum optics that can exhibit
a QPT, namely the QRM and the Dicke model. Both these models are particularly
relevant in cavity QED, as they describe the interaction between a bosonic mode
and one or more two-level systems, respectively.

We begin with the QRM, whose Hamiltonian has been introduced in Eq. (1.71).
While a detailed study about the properties of this model will be presented in
Chapter 2, here we brie�y outline the conditions under which it exhibits a QPT.
It has been shown that the QRM undergoes a second-order QPT in the limit where
the ratio between the atomic and cavity frequencies diverges, i.e. ω0/ωc → ∞ [72,
73]. Although the QRM obviously does not possess a true thermodynamic limit
(as there is only one two-level system), the parameter ω0/ωc plays the role of an
e�ective one, allowing the spectral gap to the �rst excited state to close in this
limit. The critical coupling is found at gc =

√
ωcω0/2, and the order parameter

can be identi�ed with the coherence of the bosonic mode, ⟨â⟩. In the normal phase
(g < gc), this expectation value is zero, while for g > gc it becomes �nite, signaling
a spontaneous breaking of the Z2 symmetry of the Hamiltonian and the ground
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1. Introduction to light-matter interaction

state becomes double degenerate. Since the cavity �eld acquires a macroscopic
expectation value, this QPT can be classi�ed as a so-called superradiant phase

transition, similiarly to the Dicke model that will be discussed shortly. It can be
shown that the critical exponents associated with this transition are zν = 1/2
and ν = 1/4, which are respectively associated to the vanishing of the excitation
energy and to the divergence of the position quadrature of the bosonic �eld [72].

We now investigate the Dicke model, which describes the interaction between
a single bosonic mode and N identical two-level systems. A full analysis of this
model will be provided in Chapter 5, while here we restrict ourselves to a brief
overview about its QPT. The Hamiltonian of the Dicke model is given by [18, 19,
21, 74]

ĤDicke = ℏωcâ
†â+ ℏω0Ĵz +

ℏg√
N

(
â+ â†

) (
Ĵ+ + Ĵ−

)
, (1.79)

where Ĵz =
∑N

i=1 σ̂
(i)
z /2 and Ĵ± =

∑N
i=1 σ̂

(i)
± are collective spin operators that

describe the ensemble of two-level systems. The factor 1/
√
N in the coupling

term ensures a well-de�ned thermodynamic limit. This Hamiltonian exhibits a
Z2 symmetry, since it commutes with the parity operator which, in presence of
multiple two-level systems, can be de�ned as Π̂ = exp

[
iπ
(
â†â+ Ĵz +N/2

)]
. In

the thermodynamic limit, N → ∞, the Dicke model presents a second-order QPT
which occurs at the critical coupling strength gc =

√
ωcω0/2, identical to that

of the QRM. The order parameter can again be identi�ed with the coherence of
the bosonic mode, ⟨â⟩, which vanishes in the normal phase (g < gc) and becomes
�nite in the superradiant phase (g > gc), signaling a spontaneous breaking of the
Z2 parity symmetry of the Hamiltonian. The critical exponents associated with
this transition are found to be zν = 1/2 and ν = 1/4 [21]. We notice that these
values are identical to those of the QRM, showing that the two models belong to
the same universality class.
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Chapter2

One-atom models in cavity and

circuit QED: renormalization and

spectral properties

In this chapter we focus on the interaction between a single emitter and a single-
mode electromagnetic resonator. Our primary interest is in a fundamental model of
light-matter interaction, extensively employed in both cavity and circuit QED: the
quantum Rabi model (QRM). We begin by introducing the model and discussing
the gauge ambiguities that arise when truncating the matter system to its two
lowest energy levels.

Subsequently, we analyze the spectral properties of the QRM, with particular
attention to the modi�cations in the emission spectra that arise when di�erent
forms of coupling to the external environment are considered. These distinctions
become especially relevant in the ultrastrong coupling (USC) and deep strong
coupling (DSC) regimes, where the light-matter interaction strength constitutes a
signi�cant fraction of, or even exceeds, the bare frequencies of the system.

We then turn to the validity of the two-level approximation and of the QRM
itself. In particular, we highlight the necessity of renormalizing the QRM in order
to incorporate the e�ects of higher-energy levels of the matter system, which are
usually neglected in the two-level truncation. To this end, we develop a framework
for deriving renormalized QRMs (RQRMs), applicable to both cavity and circuit
QED, which provides an accurate description of the system even in the USC and
DSC regimes. Finally, we investigate key properties of these RQRMs, such as
gauge invariance.

The structure of the chapter is as follows. In Section 2.1, we introduce the
QRM Hamiltonian in both the Coulomb and multipolar gauges, and discuss the

33



2. One-atom models in cavity and circuit QED

gauge ambiguities that arise when truncating the matter system to its two lowest
energy levels. In Section 2.2, we analyze the spectral properties of the QRM
under di�erent forms of coupling to the external environment, emphasizing the
di�erences that emerge in the USC and DSC regimes. In Section 2.3, we present
the renormalization procedure for the QRM, develop the general framework for
constructing RQRMs in both cavity and circuit QED, and analyze their properties.
The content of this chapter is based on the original works in Refs. [3, 4].

2.1 The quantum Rabi model and the breakdown

of gauge invariance

The quantum Rabi model (QRM) [43, 48, 75] is a cornerstone in quantum optics,
condensed matter physics, and both cavity and circuit QED, providing a funda-
mental yet simple model for describing light-matter interactions at the quantum
level. The QRM describes the interaction between a two-level system (TLS) and
a single mode of the electromagnetic �eld. The QRM Hamiltonian can be derived
from the minimal coupling Hamiltonian in Eq. (1.53) or Eq. (1.63) by truncating
the matter system to its two lowest energy levels, in the dipole approximation.
The validity of this two-level truncation is generally justi�ed when the resonance
frequency of the cavity mode is close to the atomic transition of interest, and the
light-matter coupling strength remains small compared to the bare frequencies of
the system. However, as we will discuss, this approximation becomes problematic
in the USC regime, where the coupling strength approaches a signi�cant fraction
of these frequencies, or in presence of large detunings between the cavity and TLS
frequencies.

In particular, it has been shown [76�81] that the QRM obtained from the
two-level truncation of the Coulomb-gauge Hamiltonian is not equivalent to the
one derived in the multipolar gauge, and moreover, its predictions deteriorate more
rapidly with increasing coupling strength. This discrepancy re�ects a fundamental
gauge-invariance breakdown that arises when the full light-matter Hamiltonian is
truncated. Moreover, in the USC and DSC regimes, the standard QRM also faces
several complications in the theory of photodetection [82, 83] and in the description
of the system's coupling to the external environment [84�86].

The two-level truncation is formally implemented by projecting the Hamilto-
nian onto the subspace spanned by the two lowest-energy eigenstates of the matter
system, i.e. by applying the projection operator P̂ = |0⟩⟨0| + |1⟩⟨1|. A crucial
point is that the position and momentum operators of the matter subsystem do
not commute with the projection operator. Consequently, truncating before or
after applying the minimal coupling replacement p̂ → p̂ − qÂ (in the Coulomb
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2.1. The quantum Rabi model and the breakdown of gauge invariance

gauge) yields di�erent e�ective Hamiltonians.
If the truncation is performed �rst and applied consistently, namely by replac-

ing the matter operators with their two-level counterparts both in the Hamiltoni-
ans and in the associated unitary transformations, it has been demonstrated [87]
that it is possible to introduce a unitary transformation in the truncated Hilbert
space that maps the multipolar gauge QRM Hamiltonian to a modi�ed version of
the Coulomb-gauge QRM, which, by construction, preserves the energy spectrum.
Furthermore, this procedure is also consistent with lattice gauge principles (that,
however, are beyond the scope of this thesis), which require that any truncation or
approximation must be carried out carefully and, above all, consistently [77]. This
has been a key step in resolving the gauge issue which arises in truncated Hilbert
spaces, as it shows that gauge-invariant formulations, and thus physically consis-
tent predictions, can be consistently obtained even in truncated models, provided
that gauge transformations are implemented consistently. However, by perform-
ing the truncation before the minimal coupling replacement, the resulting QRM
Hamiltonian exhibits reduced accuracy as the coupling strength increases [88]. To
achieve a more faithful description of the system in the USC regime, it is therefore
necessary to apply the two-level truncation after performing the minimal coupling
replacement. This approach, however, comes at the expense of explicitly breaking
gauge invariance. In the following sections, we will present and compare results
obtained within both approaches.

2.1.1 The quantum Rabi Hamiltonian

Let us start by introducing the QRM Hamiltonians in both the Coulomb and
multipolar gauges [76]. As discussed in Section 1.1.2, when restricted to a one
dimension, a single electric dipole can be modeled as an e�ective particle of mass
m moving in a double-well potential V (x), where x is the distance between the two
charges, q and −q, forming the dipole. The two lowest energy eigenstates, |0⟩ and
|1⟩ (or |g⟩ and |e⟩, for ground and excited states, respectively), are separated by
an energy gap ω10. The dipole is coupled to a single mode of an electromagnetic
resonator with frequency ωc and corresponding annihilation (creation) operator
â (â†). The light-matter interaction can be described in the Coulomb gauge by
the Hamiltonian in Eq. (1.53). We �rst perform the dipole approximation, which
consists in assuming that the spatial variation of the electromagnetic �eld over
the extent of the dipole is negligible, i.e. Â(r̂) ≈ Â(0) = A0(â + â†), where A0

is the amplitude of the vector potential, which can thus be considered constant
in the region of interest. This approximation is sometimes also referred to as the
long-wavelength approximation, as it is valid when the wavelength of the electro-
magnetic �eld is much larger than the size of the dipole. The resulting Hamiltonian
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2. One-atom models in cavity and circuit QED

reads

ĤC = ℏωcâ
†â+

(p̂− qÂ)2

2m
+ V (x̂)

= ℏωcâ
†â+

p̂2

2m
+ V (x̂)− qA0

m
p̂(â+ â†) +

q2A2
0

2m
(â+ â†)2 , (2.1)

where we have used the fact that p̂ and Â ≡ Â(0) commute, as they act on di�erent
Hilbert spaces. The last term in Eq. (2.1) is the so-called diamagnetic A2 term,
which plays a crucial role in ensuring the stability of the system and preventing un-
physical predictions, such as superradiant phase transitions in the thermodynamic
limit, as discussed in Chapter 4 and Refs. [89�92]. We notice that the minimal
coupling replacement in Eq. (2.1) can be formally obtained by applying a suitable
unitary transformation Û to the free matter Hamiltonian Ĥmat = p̂2/2m + V (x̂),
namely ÛĤmatÛ

†, where

Û = exp
(
iqx̂Â/ℏ

)
= exp

(
iqA0x̂(â+ â†)/ℏ

)
. (2.2)

Indeed, by applying the Baker-Campbell-Hausdor� formula, it is possible to show
that Û p̂Û † = p̂− qÂ and Û x̂Û † = x̂. Therefore, the Hamiltonian in Eq. (2.1) can
be equivalently written as

ĤC = Ĥph + ÛĤmatÛ
† , (2.3)

where Ĥph = ℏωcâ
†â is the free photonic Hamiltonian.

We subsequently project the Hamiltonian in Eq. (2.1) onto the subspace spanned
by the two lowest energy states of the unperturbed matter system by applying the
projection operator P̂ . Hence, we obtain (from now on, we will use the calligraphic
font to denote operators belonging to the two-dimensional subspace)

ĤC = P̂ĤCP̂ = ℏωcâ
†â+

ℏω10

2
σ̂z − ℏgC10(â+ â†)σ̂x + ℏD(â+ â†)2 , (2.4)

where ωjk and gCjk = ωcqA0 ⟨j|p̂|k⟩ /ℏ are the transition frequencies and light-
matter coupling strengths (in the Coulomb gauge), respectively, concerning the
transitions between the states |j⟩ and |k⟩. Furthermore, we have introduced the
diamagnetic constant D = q2A2

0/2ℏm and the Pauli operators σ̂x = |1⟩⟨0| + |0⟩⟨1|
and σ̂z = |1⟩⟨1| − |0⟩⟨0|, acting on the two-dimensiona Hilbert space. We notice
that the coupling strength gC10 can be either positive or negative, depending on the
sign of the momentum matrix element ⟨1|p̂|0⟩ and the charge q. Thus, moving
forward, we will always implicitly consider |gjk| in de�ning the regimes of light-
matter interaction, if not explicitly stated contrarly.
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2.1. The quantum Rabi model and the breakdown of gauge invariance

Sometimes it is useful to incorporate the diamagnetic term into the bare pho-
tonic Hamiltonian through a Bogoliubov transformation [93]. Speci�cally, by
introducing new bosonic operators ĉ and ĉ† and renormalized cavity frequency
ω̃c =

√
ω2
c + 4D2, we can rewrite the QRM in Eq. (2.4) as

ĤC = ℏω̃cĉ
†ĉ+

ℏω10

2
σ̂z − ℏg̃C10(ĉ+ ĉ†)σ̂x , (2.5)

where g̃C10 = gC10
√
ωc/ω̃c is the renormalized coupling strength.

The QRM Hamiltonian in the multipolar gauge can be derived in an analo-
gous way, starting from the Hamiltonian in Eq. (1.63) and applying the dipole
approximation. Equivalently, it can be obtained by performing a unitary trans-
formation of the Hamiltonian in Eq. (2.1) with the same operator Û in Eq. (2.2).
The resulting Hamiltonian, commonly referred to as the dipole gauge Hamiltonian,
reads

ĤD = Û †ĤCÛ = Û †ĤphÛ + Ĥmat

= ℏωc

(
â† − i

qA0

ℏ
x̂

)(
â+ i

qA0

ℏ
x̂

)
+

p̂2

2m
+ V (x̂)

= ℏωcâ
†â+

p̂2

2m
+ V (x̂)− iqωcA0x̂ωc

(
â− â†

)
+
ωcq

2A2
0

ℏ
x̂2 . (2.6)

The structure of Eq. (2.6) shows that, in the dipole gauge, the Hamiltonian can
be interpreted as if the minimal coupling replacement were applied directly to the
photonic operators, i.e. â→ â+iqA0x̂/ℏ. This contrasts with the Coulomb gauge,
where the minimal coupling substitution instead is performed on the anharmonic
subsystem, i.e. on the matter operators. The last term in Eq. (2.6) is the so-
called self-polarization P 2 term, which, similarly to the diamagnetic term in the
Coulomb gauge, plays a crucial role in ensuring the stability of the system. We
notice that the unitary transformation in Eq. (2.2) does not change the spectrum of
the Hamiltonian. Therefore, the Hamiltonians in Eqs. (2.3) and (2.6) are equivalent
and lead to the same physical predictions. However, this equivalence is lost when
performing the two-level truncation, as we will see in the following.

As discussed at the beginning of this section, the two-level truncation can be
carried out either before or after applying the minimal coupling substitution via
the unitary transformation Û . Moreover, if the minimal coupling is performed
�rst, the truncation itself may be carried out with respect to di�erent states. In
particular, three distinct procedures can be identi�ed for deriving a dipole-gauge
QRM, each yielding a di�erent e�ective Hamiltonian:

� Truncation before the minimal coupling replacement: The two-level
truncation is performed directly on the matter operators, i.e. directly re-
placing the matter operators with their two-level counterparts, such as x̂→
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2. One-atom models in cavity and circuit QED

x10σ̂x. This implies that the unitary transformation Û must also be truncated
consistently, i.e.

Û → Û = exp

(
i
qA0x10

ℏ
σ̂x(â+ â†)

)
= exp

(
i
gD10
ωc

σ̂x(â+ â†)

)
, (2.7)

where gDjk = ωcqA0 ⟨j|x̂|k⟩ /ℏ are the coupling strengths in the dipole gauge,
as it will be clear shortly. With this procedure, the last term of Eq. (2.6)
becomes proportional to the identity operator, as x̂2 → x210σ̂

2
x = x210Î, and

can be thus neglected. Speci�cally, the resulting Hamiltonian reads

Ĥ(1)
D = Û †ĤphÛ + Ĥmat

= ℏωcâ
†â+

ℏω10

2
σ̂z − iℏgD10(â− â†)σ̂x , (2.8)

where Ĥmat = P̂ĤmatP̂ = (ℏω10/2) σ̂z is the truncated matter Hamiltonian,
as in Eq. (1.13). But why should we consider this approach in which the
truncation is performed before the minimal coupling replacement? The an-
swer lies in the fact that the resulting Hamiltonian in Eq. (2.8) has been
widely employed in the literature, especially in the context of cavity QED,
as it represents the simplest and historically most common form of the QRM
(up to a unitary transformation â → iâ). Moreover, as mentioned above,
this procedure is consistent with lattice gauge principles [77]. Following this
philosophy, the Coulomb-gauge QRM Hamiltonian can be obtained by ap-
plying the unitary transformation Û to the truncated matter Hamiltonian,
thus performing the minimal coupling replacement directly in the truncated
Hilbert space, i.e. Ĥ(1)

C = ÛĤmatÛ † + Ĥph, as shown in Ref. [77]. Although
this formulation has the important advantage of ensuring gauge invariance,
it turns out to yield less accurate predictions in the USC regime compared
to the other approaches.

� Truncation after the minimal coupling replacement: The two-level
truncation is performed after applying the unitary transformation Û , which
has led to the Hamiltonian in Eq. (2.6). Thus, the resulting dipole-gauge
QRM Hamiltonian reads

Ĥ(2)
D = P̂ĤDP̂

= ℏωcâ
†â+

ℏω10

2
σ̂z − iℏgD10(â− â†)σ̂x +

ℏ(G11 −G00)

2ωc

σ̂z

= ℏωcâ
†â+

ℏω̄10

2
σ̂z − iℏgD10(â− â†)σ̂x , (2.9)
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where Gjk =
∑

l gjlglk ≡ ω2
cq

2A2
0 ⟨j|x̂2|k⟩ /ℏ2, and the renormalized frequency

ω̄10 = ω10+(G11−G00)/ωc. We point out that the truncation has been carried
out with respect to the bare states of the matter Hamiltonian. The last term
in Eq. (2.8), containing the parameters Gjk, arises from the projection of
the self-polarization term onto the two-dimensional subspace, as P̂x̂2P̂ ̸=
(P̂x̂P̂)2. Due to the parity of the potential describing the electriv dipole
selection rules (no transition can occur between orbitals of the same parity),
it follows that ⟨0|x̂|0⟩ = ⟨1|x̂|1⟩ = 0, and thus P̂x̂P̂ = x10σ̂x. Therefore,
by construction, this implies that only the elements having the same parity
contribute to the x̂2 matrix elements, leading to P̂x̂2P̂ ∝ σ̂z. This approach
is the most consistent with the phylosophy of two-level truncation, as it
takes into account the e�ects of the self-polarization term. Furthermore, it
has been demonstrated that this approach leads to more accurate predictions
in the USC regime compared to the other methods [88].

� Truncation with respect to dressed states: The two-level truncation
is still performed after the application of the unitary transformation Û , but
on the dressed states of the matter system, which are obtained by diago-
nalizing the matter Hamiltonian with the inclusion of the self-polarization
term. Speci�cally, we �rst de�ne the e�ective potential Veff(x) = V (x) +
ωcq

2A2
0/ℏx2, which includes the e�ects of the self-polarization term directly

into the potential. We then diagonalize the e�ective matter Hamiltonian
Ĥeff

mat = p̂2/2m + Veff(x̂) to obtain the dressed states |j′⟩ and correspond-
ing energies ℏω′

j. Finally, we perform the two-level truncation by projecting
the Hamiltonian in Eq. (2.6) onto the subspace spanned by the two lowest
dressed states, i.e. by applying the projection operator P̂ ′ = |0′⟩⟨0′|+ |1′⟩⟨1′|.
The resulting Hamiltonian reads

Ĥ(3)
D = P̂ ′ĤDP̂ ′ = ℏωcâ

†â+
ℏω′

10

2
σ̂′
z − iℏg′D10(â− â†)σ̂′

x , (2.10)

where ω′
10 = ω′

1 − ω′
0, g

′D
jk = ωcqA0 ⟨j′|x̂|k′⟩ /ℏ, and σ̂′

x and σ̂′
z are the Pauli

operators acting on the dressed states. This approach, although leading to
more accurate results compared to the �rst method, it has been demon-
strated to perform worstly than the second if the two bare frequencies are
detuned [88].

The three di�erent procedures for deriving a dipole-gauge QRM lead to di�er-
ent Hamiltonians, which, by construction, are not equivalent. Furthermore, it has
been demonstrated that the second approach leads to more accurate predictions in
the USC regime compared to the other two, especially if the two bare frequencies
are detuned [88]. Nontheless, each of these Hamiltonians performs better than
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2. One-atom models in cavity and circuit QED

the Coulomb-gauge QRM in Eq. (2.4), which, as stated above, leads to inaccu-
rate predictions much faster than the dipole-gauge ones as the coupling strength
increases [76, 87]. This discrepancy arises because the interaction term in the
Coulomb-gauge light-matter Hamiltonian in Eq. (2.1) depends on the momentum
operator p̂, whereas in the dipole gauge in Eq. (2.6), it depends on the position op-
erator x̂. Since the matrix elements of p̂ grow signi�cantly faster than those of x̂ in-
creasing the system's nonlinearity, as given by the relation ⟨j|p̂|k⟩ = imωjk ⟨j|x̂|k⟩,
the Coulomb gauge is less suitable to perform accurate truncation in the non-
perturbative regime g ≳ 0.1 [76]. This analysis is consistent with Refs. [77, 87],
which attributed the poorer accuracy in the Coulomb gauge to the non-locality of
the truncated potential.

2.1.2 Symmetry-breaking quantum Rabi Hamiltonian

In the previous section, we have introduced the QRM Hamiltonians in both the
Coulomb and dipole gauges, derived by considering a symmetric double-well po-
tential modeling the electric dipole. However, especially in the context of circuit
QED, it is common to consider asymmetric potentials, leading to additional terms
in the quantum Rabi Hamiltonians which break the Z2 symmetry of the models.
Indeed, when asymmetries are present in the potential, both the position and mo-
mentum operators acquire non-zero matrix elements between states of the same
parity. This stands in contrast to the symmetric case of cavity QED, where such
matrix elements vanish due to parity selection rules.

Let us consider a simple example which is widely employed in circuit QED,
namely a single-junction �uxonium qubit [94�97], as shown in Fig. 2.1. Such
circuital element is composed by a Cooper-pair box, with a Josephson junction
with energy EJ and a capacitance CJ , shunted by a large inductance L. The
�uxonium qubit can be modeled as a particle of mass CJ moving in a potential
given by the sum of a cosine potential, arising from the Josephson junction, and
a parabolic potential, arising from the inductive shunt. The external �ux ϕex

threading the loop formed by the inductance and the Josephson junction allows
to tune the asymmetry of the potential. The Hamiltonian of this system can be
formally derived by applying the circuit quantization rules [94, 95], where the �ux
at the node ϕ̂ and the corresponding charge Q̂ are the conjugate variables, i.e.
[ϕ̂, Q̂] = iℏ. This choice corresponds to the so-called �ux gauge. The resulting
Hamiltonian reads

Ĥflux =
Q̂2

2CJ

+
ϕ̂2

2L
− EJ cos

(
ϕ̂− ϕex

ϕ0

)
, (2.11)

where ϕ0 = ℏ/2e is the reduced superconducting �ux quantum. As it can be eas-
ily observed, for ϕex/ϕ0 = kπ (with k ∈ Z), the potential is symmetric, whereas
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ϕϕ0 ϕex

EJ , CJ

L

Figure 2.1: Schematic representation of single-junction �uxonium qubit, composed
by an inductively shunted Cooper-pair box with an applied external �ux ϕex. The
Josephson junction has energy EJ and capacitance CJ . The groung node ϕ0 is
chosen as the reference point for the electric potential.

for ϕex/ϕ0 ̸= kπ, it becomes asymmetric. The eigenstates of the �uxonium qubit
can be obtained by numerically diagonalizing the Hamiltonian in Eq. (2.11). It
is customary to express this Hamiltonian in the basis of two states with persis-
tent supercurrents �owing in opposite directions (clockwise and counterclockwise)
around the qubit loop, |L⟩q and |R⟩q, respectively. This naturally leads to the
two-level truncation of the Hamiltonian, resulting in

Ĥflux = −ℏ
2
(∆σ̂x + ϵσ̂z) , (2.12)

where ∆ and ϵ are the tunneling amplitude and energy bias between the two
persistent-current states, respectively, tunable through the external �ux ϕex. We
note that the Pauli matrices are written with respect to the persisten currents
basis chosen, di�erently from the common convention of cavity QED in which
σ̂x is associated to the transition operator. This choice is made to be consistent
with the literature on circuit QED. The Hamiltonian in Eq. (2.12) can be easily
diagonalized, leading to the eigenstates |0⟩ and |1⟩, which are superpositions of
the persistent-current states. The Hamiltonian in Eq. (2.12) can be rewritten in
the energy eigenbasis as

Ĥflux =
ℏω10

2
σ̂z , (2.13)
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2. One-atom models in cavity and circuit QED

ϕ1
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ϕex
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Figure 2.2: Schematic representation of a single-junction �uxonium qubit coupled
to an electromagnetic resonator. The coupling can be capacitive (Coulomb gauge)
or inductive (multipolar gauge).

where ω10 =
√
∆2 + ϵ2 is the transition frequency between the two lowest energy

states, and the Pauli operators are now expressed in the new basis of eigenstates.
The relation between the two bases is given by a rotation around the y axis of an
angle θ de�ned by cos θ = ϵ/ω10 and sin θ = ∆/ω10.

When the �uxonium qubit is coupled to a single mode of an electromagnetic
resonator (see Fig. 2.2), their interaction can be e�ectively described by the QRM
Hamiltonian with additional terms due to the breaking of the Z2 symmetry of the
model. This model will be discussed in more detail in Section 2.3.2, where we
will see that the presence of these additional terms has signi�cant implications for
the renormalization of the QRM Hamiltonians. Here, we will simply present the
resulting Hamiltonian in the full Hilbert space and its truncated version, derived
by following analogous procedure as in Section 2.1.1.

The Hamiltonian of the �uxonium qubit coupled to a single-mode electromag-
netic resonator, which is modeled as an LC circuit, reads

Ĥfl-res =
Q̂2

1

2C1

+
ϕ̂2
1

2L1

− EJ cos

(
ϕ̂1 − ϕext

ϕ0

)
+

Q̂2
2

2C2

+
(ϕ̂2 − ϕ̂1)

2

2L2

, (2.14)

where the subscripts 1 and 2 refer to the �uxonium qubit and the resonator vari-
ables, respectively. We then perform the two-level truncation by projecting the
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2.2. Spectral properties of the quantum Rabi model in the USC regime

Hamiltonian in Eq. (2.14) onto the subspace spanned by the two lowest energy
eigenstates of the �uxonium qubit, as done in Eq. (2.13). This is equivalent to
applying the projection operator P̂ to the interacting Hamiltonian in the full
Hilbert space, i.e. Ĥfl-res = P̂Ĥfl-resP̂ . Such procedure is analogous to the sec-
ond approach for deriving the dipole-gauge QRM Hamiltonian in Eq. (2.9). The
canonical variables of the electromagnetic resonator can be expressed in terms of
bosonic operators de�ned as â = (ωcϕ̂2 + iQ̂2)/ωcϕzpf , where ωc = 1/

√
L2C2 and

ϕzpf =
√

ℏ/2C2ωc are the resonator frequency and the zero-point �uctuations of
the �ux, respectively. The resulting Hamiltonian reads

Ĥfl-res = ℏωcâ
†â+ ℏ

ω̄10

2
σ̂z + ℏ

G01

ωc

σ̂x − ℏ
(
g11 − g00

2
σ̂z + g01σ̂x

)(
â+ â†

)
, (2.15)

where ωc = 1/
√
L2C2 is the resonator frequency, and

gjk =
ϕzpfϕjk

ℏL2

, Gjk =
ℏL2ωc

2ϕ2
zpf

∑

l

gjlglk =
ωc

2ℏL2

Φjk , (2.16)

with ϕij = ⟨i| ϕ̂1 |j⟩ and Φij = ⟨i| ϕ̂2
1 |j⟩ =

∑
k ϕikϕkj. The renormalized qubit

frequency is given, as above, by ω̄10 = ω10 + (G11 − G00)/ωc. We point out that
in Eq. (2.15) some higher-order terms have been neglected, as it is customary in
the literature [98, 99]. However, these terms can be included straightforwardly if
needed, as discussed in Section 2.3.2. The third term, proportional to σ̂x, arises
from the projection of the ϕ̂2

1 term onto the two-dimensional subspace, analogously
to the self-polarization term in the dipole-gauge QRM in Eq. (2.9). In many works
and experimental realizations, this term is neglected due to its smallness compared
to the other terms. We observe that the interaction Hamiltonian contains an
additional term proportional to σ̂z compared to Eq. (2.34), which arises from the
non-zero diagonal matrix elements of the �ux operator due to the asymmetry of
the potential, as discussed above.

The Hamiltonian in Eq. (2.15) has been used in a wide range of theoretical
and experimental works in the context of circuit QED [97�101], where it has been
used to describe the interaction between a �uxonium or �ux qubit and a single
mode of an electromagnetic resonator in the USC regime, both theoretically and
experimentally.

2.2 Spectral properties of the quantum Rabi

model in the USC regime

In this section, we discuss the coherent and incoherent emission spectra of the QRM
Hamiltonians in both cavity and circuit QED. In order to allow the measurement
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2. One-atom models in cavity and circuit QED

(a) (b)

Figure 2.3: (a,b) Schematic representation of a �ux qubit galvanically coupled to
an electromagnetic resonator, which is in turn coupled to an external transmission
line (TL). The coupling between the resonator and the TL can either be (a) mutual
inductive or (b) capacitive.

of these spectra experimentally, the system must be coupled to an external envi-
ronment, which is typically modeled as a thermal bath of harmonic oscillators. We
will show that the form of the coupling between the circuit Hamiltonians and the
environment plays a crucial role, giving rise to distinct spectral features. These
di�erences become particularly pronounced in the USC and DSC regimes. The
discussion presented here is based on the results of Ref [3], where detailed deriva-
tions and a thorough analysis of the various coupling mechanisms and their impact
on the emission spectra can be found.

Let us consider a �ux qubit [102] galvanically coupled to an electromagnetic
resonator [98�100, 103�106], as in the system described in Section 2.1.2. To en-
able the measurement of emission spectra, the resonator is further coupled to an
external transmission line (TL). This con�guration provides signi�cant �exibility,
both in tuning the system parameters and in selecting the system-reservoir cou-
pling mechanism. In particular, the coupling between the resonator and the TL
can be either inductive or capacitive, as illustrated in Fig. 2.3. In the following,
we will analyze how these two distinct coupling mechanisms in�uence the emission
spectra of the system, and we will highlight their similarities and di�erences with
a typical cavity QED scenario.

As discussed above, the Hamiltonian of the �ux qubit coupled to a single-
mode electromagnetic resonator can be described by the QRM Hamiltonian sup-
plemented with additional terms arising from the breaking of the Z2 symmetry.
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2.2. Spectral properties of the quantum Rabi model in the USC regime

In the qubit eigenbasis, and after expading the electromagnetic resonator in terms
of bosonic operators, the resulting two-level Hamiltonian takes a form analogous
to the one in Eq. (2.15). For convenience, we rewrite it here in a more compact
notation, neglecting the self-polarization term and adopting natural units (ℏ = 1):

Ĥfl-res = ωrâ
†â+

ω0

2
σ̂z + ωrη ˆ̃σx

(
â+ â†

)
, (2.17)

where ωr ≈ 1/
√

(LC + L)C and ω0 =
√
∆2 + ϵ2 are the resonator (renormalized by

the coupler LC) and qubit (see Eq. (2.13)) frequencies, respectively. The parameter
η = LCIpΦzpf/Lωr is the normalized coupling strength, with Ip being the persistent
critical current �owing in the qubit loop. For the sake of compactness, we de�ned
ˆ̃σx = cos θσ̂x + sin θσ̂z, with cos θ = ϵ/ω0 and sin θ = ∆/ω0. It is worth stressing
that whatever variation of the applied �ux, which is proportional to ϵ, would
modify the resonance frequency ωr of the LC circuit, and, as a consequence, both
the zero-point �uctuations Φzpf and the normalized coupling η. However, in this
theoretical framework, ωr and Φzpf are assumed to be independent from ϵ. A
thorough analysis of this aspect can be found in Refs. [99, 107].

We now consider the coupling between this system and an external TL, which
can be either inductive or capacitive. In the �rst case (see Fig. 2.3a), where the
coupling is realized through a mutual inductance M , the total Hamiltonian reads

ĤM = Ĥfl-res + ĤTL + V̂M , (2.18)

where Ĥfl-res is given in Eq. (2.17) and

ĤTL =

∫ ∞

0

ωb̂†ω b̂ω dω (2.19)

is the Hamiltonian of the TL, modeled as an in�nite bath of harmonic oscillators
with bosonic operators b̂ω and b̂†ω, satisfying the commutation relation [b̂ω, b̂

†
ω′ ] =

δ(ω − ω′). The mutual interaction term between the resonator and the TL reads

V̂M = iX̂M

∫ ∞

0

g(ω)
(
b̂†ω − b̂ω

)
dω , (2.20)

where X̂M = Φ̂L/Φzpf = â + â† − 2η ˆ̃σx is the system operator coupling the sys-
tem with the TL, being Φ̂L = Φ̂ − Φ̂q the �ux operator across the inductor of
the resonator. g(ω) =

√
γrω/2πωr represents the coupling strength between the

resonator and the mode of frequency ω of the TL.1
1The in�nite transmission line can be modeled as a lumped element circuit composed by an

in�nite series of LC circuits, and, subsequently, the continuum limit of this con�guration can
be implemented by increasing the number of sites to the in�nity while reducing their mutual
distance. In this framework, the damping rate can be expressed as

√
γr/2π = αΦzpfΛ

√
ωr/v0,

where Λ =
√
Z0/4π (Z0 is the TL impedance) and α = M/LlT . v0 = 1/

√
lT cT is the propagation

velocity of the light in the TL, with lT = LT /∆x and cT = CT /∆x being the inductance and
capacitance per unit length, respectively, with ∆x being the distance between two sites.
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2. One-atom models in cavity and circuit QED

In the second case (see Fig. 2.3b), where the coupling is realized through a
capacitance CK , the total Hamiltonian ĤC has similiar form as in Eq. (2.18), but
in this case the interaction term between the resonator and the TL reads

V̂C = iX̂C

∫ ∞

0

g(ω)
(
b̂†ω − b̂ω

)
dω , (2.21)

where the system operator coupling the system with the TL is now X̂C = i(â− â†),
and g(ω) is de�ned as above.2 Furthermore, it can be demostrated that the input-
output relations for the two di�erent coupling mechanisms, mutual inductive and
capacitive, respectively, read

V̂ ±
M,out(x, t) = V̂ ±

in (x, t)−
M

2L
˙̂
Φ±

L(x, t), (2.22a)

V̂ ±
C,out

(
t− x

v0

)
= V̂ ±

in

(
t+

x

v0

)
+ Z0

CK

C
˙̂
Q±
(
t− x

v0

)
. (2.22b)

The superscripts ± denote the positive and negative frequency components of the
voltage operator V̂ (x, t).

The di�erence in the system operator X̂ coupling the system with the TL,
and consequently the input-output relations in Eqs. (2.22) above, has signi�cant
implications for the emission spectra of the system, especially in the USC and DSC
regimes, as we will see shortly. Detailed derivations of the previous Hamiltonians
and input-output relations can be found in Ref. [3].

For completeness, we also consider the case of a cavity QED system, composed
by a two-level atom coupled to a single mode of an electromagnetic resonator,
which is in turn coupled to an external reservoir. In this case, a similar analysis
can be performed, where the coupling operator X̂ corresponds to the electric �eld,
whose representation depends on the gauge choice. Speci�cally, in the Coulomb
gauge, the system operator coupling the system with the reservoir is X̂Coul =
i(â− â†), whereas in the dipole gauge, it is X̂D = â+ â†− 2ησ̂x, where η = g/ωc is
the normalized coupling strength, with g being the coupling strength between the
atom and the resonator.

2.2.1 Incoherent emission spectra

In this section, we will focus on the incoherent emission spectra of the system,
which can be calculated by considering the coupling between the system and the
external TL. In particular, we will consider incoherent thermal-like excitation of
the qubit, in absence of any coherent drive on the system,

〈
V̂ ±
in

〉
= 0. Therefore,

2In this case, namely a semi-in�nite TL coupled capacitively, the damping rate can be ex-
pressed as

√
γr = CKωr/

√
v0cTC.
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2.2. Spectral properties of the quantum Rabi model in the USC regime

the voltage measured at the output of the TL will be solely determined by the
system operator (see Eqs. (2.22)), namely

˙̂
Φ ∝ ˙̂

XM = i
(
â† − â

)
− 2η

ω0

ωr

sin θσ̂y , (2.23a)

˙̂
Q ∝ ˙̂

XC = −
(
â+ â† + 2η ˆ̃σx

)
, (2.23b)

in the inductive and capacitive coupling cases, respectively.
The dynamics of the system can be described by the use of a generalized mas-

ter equation [85], which is suitable for the USC regime. Speci�cally, the master
equation for the density matrix ρ̂(t) of the system reads

˙̂ρ = −i
[
Ĥfl-res, ρ̂

]
+ LGMEρ̂ , (2.24)

where Ĥfl-res is given in Eq. (2.17), and LGME is the Liouvillian superoperator,
which takes into account the dissipation and decoherence processes of the system
or eventual additional dissipation channels. The explicit form of LGME can be
found in Refs. [3, 85]. We assume that the interaction between the qubit and its
reservoir occurs through the operator ˆ̃σx, for both the inductive and capacitive
coupling cases.

Once the steady-state density matrix ρ̂ss is obtained by solving (numerically)
the master equation in Eq. (2.24), the power spectrum can be calculated as the
Fourier transform of the two-time correlation function of the output �eld operator
X̂, as given by the Wiener-Khinchin theorem [108, 109]. The system operator X̂ is
given by X̂M , X̂C , or X̂D, in the case of inductive and capacitive coupling in circuit
QED and dipole gauge in cavity QED, respectively. We point out that in the cavity
QED case, given the gauge invariance of the physical observables (speci�cally, of
the electric �eld), the emission spectrum must be the same independently from
the gauge choice if the observables are correctly considered [81]. Therefore, we will
only present the results for the dipole gauge.

The power spectrum reads [28, 29, 83, 110, 111]

S(ω) =
1

2π

∫ ∞

−∞
dτ eiωτ ⟨ ˙̂

X−(t) ˙̂
X+(t+ τ)⟩ss , (2.25)

where ⟨· · · ⟩ss = Tr {ρ̂ss(· · · )}, and X̂+ (X̂−) is the positive (negative) frequency
component of the operator X̂, which can be obtained by expressing X̂ in the basis
of the eigenstates of the system Hamiltonian Ĥfl-res and retaining only the terms
which lower (raise) the energy of the system [82, 112]. Namely, if we denote the
eigenstates and eigenvalues of the system Hamiltonian as |j⟩ and ωj, respectively,
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2. One-atom models in cavity and circuit QED

such that Ĥfl-res |j⟩ = ωj |j⟩, then the positive frequency component of the operator
X̂ reads

X̂+ =
∑

j,k>j

Xjk |j⟩⟨k| , (2.26)

where Xjk = ⟨j| X̂ |k⟩ are the matrix elements of the operator X̂ in the eigenbasis
of the system Hamiltonian. The negative frequency component X̂− is simply given
by the Hermitian conjugate of X̂+. The two-time correlation function in Eq. (2.25)
can be calculated by using the quantum regression theorem [83, 110, 111], which
allows to express it in terms of single-time expectation values. Moreover, we
point out that the power spectrum in Eq. (2.25) is calculated in the steady-state
regime, thus the time shifts and spatial dependence in the input-output relations
in Eqs. (2.22) can be neglected. An explicit calculation of the emission spectrum in
Eq. (2.25) shows that it depends on the transition matrix elements of the operator
X̂, i.e.

S(ω) ∝
∑

j ̸=k

|Ẋjk|2 ρss,kk
λ
(R)
jk(

ω − λ
(I)
jk

)2
+
(
λ
(R)
jk

)2 , (2.27)

where λ(R)
jk and λ(I)jk are the real and imaginary parts of the eigenvalues of the Liou-

villian superoperator LGME, respectively, and ρss,kk = ⟨k| ρ̂ss |k⟩ is the steady-state
population of the state |k⟩. Eq. (2.27) can be interpreted as a sum of Lorentzian
pro�les spanning all the possible transitions between the eigenstates of the sys-
tem Hamiltonian, weighted by the corresponding transition matrix elements and
steady-state populations.

The incoherent emission spectra presented in this section are calculated numer-
ically by assuming a �nite e�ective temperature for the qubit reservoir, Tq/ωr ̸= 0
(in natural units, kB = 1), while the photonic reservoir is assumed to be at zero
temperature, Tr = 0. The numerical simulations are performed by using Quantum-
Toolbox.jl [113], which is a Julia package designed for quantum physics simulations,
closely emulating the popular Python QuTiP package [114, 115].

The system incoherent excitation through the qubit reservoir is able to populate
the low energy excited states of the system |ñ±⟩, which in turn decay towards the
lower energy states. In the QRM, beyond the strong-coupling regime, the eigen-
states do not exhibit the simple structure of the Jaynes-Cummings (JC) model.
Therefore, we use a generalized notation for these states by introducing a tilde [83,
84]. In particular, the system energy states are labeled so that in the small η limit
|ñ±⟩ coincides with the corresponding JC state |n±⟩.

Fig. 2.4(a,b) present the resulting emission steady-state spectra as a function
of the system coupling rate η. Speci�cally, Fig. 2.4(a) shows the case of capaci-
tive coupling with the TL, as given in Eq. (2.21), while Fig. 2.4(b) displays the
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Figure 2.4: Logarithmic emission spectra obtained for Tq/ωr = 0.1, ∆/ωr = 1,
ϵ = 0, and γq/∆ = 10 ·γr/ωr = 10−2. (a,b) Logarithmic spectra as a function of η
at the steady state ρ̂ss for (a) the system capacitively coupled to the TL (coinciding
with the spectra in the cavity QED case) and (b) for the mutual inductive coupling.
The spectra are normalized with respect to the absolute maximum value. (c,d)
Vertical cuts of the colormaps for (c) η = 0.4 and (d) η = 1.

spectra obtained for the inductive coupling with the input-output TL, given in
Eq. (2.20). Both panels clearly highlight (in ascending order of frequency) the
transitions

∣∣1̃−
〉
→
∣∣0̃
〉
,
∣∣2̃−
〉
→
∣∣1̃−
〉
, and

∣∣1̃+
〉
→
∣∣0̃
〉
. As expected, the

∣∣1̃−
〉
→
∣∣0̃
〉

transition line, corresponding to the transition from the lower ibridazed state of
one excitation (at η = 0) to the ground state, is the most intense for any values of
η at such low e�ective temperature, being the lowest energy transition allowed in
the system. The other transitions tend to become brighter at increasing coupling
strength, until the light-matter decoupling occurs in the DSC limit [55, 56, 116].
Figures 2.4(c) and (d) display the spectra obtained �xing speci�c values of the
normalized coupling, namely η = 0.4 and η = 1, respectively. We observe that the
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Figure 2.5: (a,b) Squared modulus of two transition matrix elements as a function
of η, for the trasitions (a)

∣∣1̃−
〉
→
∣∣0̃
〉
and (b)

∣∣1̃+
〉
→
∣∣0̃
〉
. For ϵ = 0, the operator

associated with the electric �eld in the dipole gauge has the same expression as
˙̂
XC , up to a phase rotation. Consequently, the matrix elements of X̂D coincide
with those of ˙̂

XC (red curves). This observation is crucial in explaining why the
emission spectra of the capacitive coupling scheme match those of the cavity QED
model in Fig. 2.4(a). The parameters used for the calculations are the same as in
Fig. 2.4.

mutual inductive spectra exhibit a quenching of the
∣∣1̃+
〉
→
∣∣0̃
〉
spectral line when

the coupling ranges roughly from 0.4 to 1, as visible in Fig. 2.4(b). This di�erent
behaviour between the two spectra is determined by the matrix elements of the
corresponding system observables coupled to the output channels, as expressed in
Eq. (2.27).

Figure 2.5 shows the squared modulus of the system matrix elements determin-
ing the output emission associated to the transitions

∣∣1̃−
〉
→
∣∣0̃
〉
and

∣∣1̃+
〉
→
∣∣0̃
〉
,

as a function of the normalized coupling strength η. These matrix elements explain
the behavior observed above, namely the quenching of the (1̃+, 0̃) spectral line in
the mutual inductive coupling case, as validated by the vanishing of the matrix

element
∣∣∣
〈
1̃+
∣∣ ˙̂
XM

∣∣0̃
〉∣∣∣

2

in Fig. 2.5(b) approximately in the range 0.4 ≲ η ≲ 1.

The results presented above are clear evidence how the calculated spectra are
in�uenced by the observable coupled to the output port. This in�uence, however,
becomes evident only in the USC or DSC regime. It is also interesting to com-
pare these �ndings for circuit QED systems (for zero �ux o�set, ϵ = 0) with the
corresponding spectra for a cavity QED model. Speci�cally, we consider an atom
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Figure 2.6: Logarithmic emission spectra obtained for Tq/ωr = 0.15, ∆/ωr = 1,
η = 0.6, and γq/∆ = 10 · γr/ωr = 10−2. (a,b) Logarithmic spectra as a function
of the �ux o�set ϵ at the steady state ρ̂ss for (a) the system capacitively coupled
to the TL and (b) for the mutual inductive coupling. The spectra are normalized

with respect to the absolute maximum value. (c,d) Matrix elements of ˙̂
XC and

˙̂
XM for the transitions (c)

∣∣2̃
〉
→
∣∣0̃
〉
and (d)

∣∣3̃
〉
→
∣∣1̃
〉
.

interacting with the cavity �eld via standard dipolar coupling [36, 37, 81, 83, 87,
117], and where the photodetection rate is proportional to the expectation value of
the product of the negative and positive electric-�eld operators [112]. This implies
that the correct observable coupled to the external environment is the electric �eld
operator, which, in the dipole gauge, is given by X̂D = â+ â†−2ησ̂x. The resulting
incoherent emission spectra are also shown in Fig. 2.4(a). Indeed, it turns out that
the dipolar cavity QED spectra coincide with the circuit QED ones computed for
the capacitive coupling to the output TL. This behavior can be understood by
observing that, applying a phase rotation â → iâ (â† → −iâ†) to the cavity QED
Hamiltonian and to the electric-�eld operator X̂D, we obtain the circuit QED
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2. One-atom models in cavity and circuit QED

Hamiltonian and the output operator proportional to ˙̂
Q in Eq. (2.23b). We can

interpret this correspondence, noting that the output capacitive coupling carries
on the information of the electric �eld.

For completeness, we also report the incoherent emission spectra obtained for a
�nite �ux o�set (ϵ ̸= 0), which breaks the parity symmetry of the system Hamilto-
nian. In particular, in Fig. 2.6 we present incoherent emission spectra as functions
of the �ux o�set ϵ for a �xed normalized coupling strength η = 0.6. We consider
an e�ective temperature of the qubit Tq/ωr = 0.15. Note that we have switched
the notation of the energy eigenstates from |ñ±⟩ to |ñ⟩, labeled in order of increas-
ing energy, as the JC notation cannot be used anymore. For non-zero �ux o�set,
the spectra exhibit additional spectral lines corresponding to transitions that were
previously forbidden due to parity conservation. Speci�cally, we can observe the
presence of the

∣∣2̃
〉
→
∣∣0̃
〉
and

∣∣3̃
〉
→
∣∣1̃
〉
transitions, which are now allowed due

to the broken symmetry. This behavior is illustrated by the matrix elements in

Fig. 2.6(c,d), which clearly show that the quantities
∣∣∣
〈
2̃
∣∣ ˙̂
XC

∣∣0̃
〉∣∣∣

2

and
∣∣∣
〈
3̃
∣∣ ˙̂
XM

∣∣1̃
〉∣∣∣

2

vanish for ϵ = 0 and become non-zero as soon as ϵ ̸= 0. Moreover, we observe
that these matrix elements explain the di�erent intensities of the lines highlighted
above in the spectra of Fig. 2.6(a,b). Obviously, in this case, it is meaningless to
compare the spectra obtained for the circuit QED system with those of the cavity
QED model, as the latter always preserves the parity symmetry.

2.2.2 Coherent emission spectra

In this section, we examine the coherent emission spectra of the system. Specif-
ically, we will focus on re�ection spectra, which can be measured by applying a
weak coherent drive to the system through the input TL and subsequently measur-
ing the output through the same port. In the USC regime, the time dependence
of the driving Hamiltonian, involving the operators coupled to the TL, cannot
be eliminated through a unitary transformation, due to the presence of counter-
rotating terms [118]. This limitation prevents the existence of a stationary steady
state, resulting in a periodic time-dependent density matrix ρ̂ss(t). The period
T = 2π/ωd only depends on the frequency of the input signal ωd/2π. This behav-
ior aligns with the Floquet formalism [119], as discussed in Refs. [107, 120, 121].
Consequently, the steady state can be expressed as a Fourier series

ρ̂ss(t) =
+∞∑

k=−∞
ρ̂(k)eikωdt , (2.28)

where k is an integer number. By employing this expansion and using the for-
malism of generalized master equation, the di�erent Fourier components of the
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2.2. Spectral properties of the quantum Rabi model in the USC regime

density matrix can be determined. In particular, when computing the expectation
value of a positive-frequency operator, e.g., ⟨X̂+⟩ at the drive frequency ωd, the
k = −1 contribution is the only relevant term. This can be understood by sim-
ply observing that, when calculating the expectation value of a positive-frequency
operator, only the terms oscillating at the negative frequency of the drive will
result in a time-independent contribution. For a driving tone in a coherent state,
the frequency-dependent re�ection SM

11 for the mutual inductive coupling can be
directly obtained from Eq. (2.22a), yielding

SM
11 =

∣∣∣∣∣∣

〈
V̂ +
Mout

〉

〈
V̂ +
in

〉

∣∣∣∣∣∣
=

∣∣∣∣∣1−
√
2π

|bin|

√
ωd γm
ωr

Tr
{
X̂+

M ρ̂(−1)
}∣∣∣∣∣ , (2.29)

where |bin|2 represents the photon rate of the coherent drive, and γm denotes the
damping rate of the input-output port. It is important to note that Eq. (2.29)
describes a one-port excitation-detection con�guration from the perspective of the
circuit QED system (re�ection). However, from the standpoint of the TL, this
setup can also be interpreted as a two-port scheme, since the signal is detected on
the side opposite to the input. In this section, we will also compare our spectra
with those reported in Refs. [99, 100]. Since Ref. [100] treats â+ â† as the system
operator coupled to the input-output port, it is instructive to also evaluate the
re�ection spectrum using a trace over (â+ â†)+, rather than X̂+

M as in our primary
analysis. We therefore de�ne

S̄11 =

∣∣∣∣∣1−
√
2π

|bin|

√
ωd γm
ωr

Tr
[
(â+ â†)+ρ̂(−1)

]
∣∣∣∣∣ . (2.30)

Similarly, starting from Eq. (2.22b), the re�ection in the capacitive coupling
scheme can be written as

SC
11 =

∣∣∣∣∣∣

〈
V̂ +
Cout

〉

〈
V̂ +
in

〉

∣∣∣∣∣∣
=

∣∣∣∣∣1 +
√
2π

|bin|

√
ωd γc
ωr

Tr
{
X̂+

C ρ̂
(−1)
}∣∣∣∣∣ , (2.31)

where γc is the damping rate of the input-output port. A similar method to derive
a semi-analytical expression of the coherent spectra as well as the relationship
between the matrix elements of the output operators and the spectral amplitude
can be found in Ref. [107]. In the following, we will present coherent re�ection
spectra calculated using Eq. (2.29) and Eq. (2.31), with parameters which are very
similar to those in Ref. [100], namely η = 1.01 and ∆/ωr = 0.69.

Figure 2.7(a) shows the re�ection for the mutual inductive coupling with the
TL (SM

11 ) as function of ωd/ωr and ϵ/ωr. The transitions
∣∣1̃
〉
→
∣∣0̃
〉
,
∣∣2̃
〉
→
∣∣0̃
〉
, and
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Figure 2.7: (a-c) Coherent re�ection spectra as a function of the �ux o�set ϵ for
(a) the mutual inductive coupling SM

11 (ωd), (b) using â+ â† as the coupling system
operator S̄11(ωd), and (c) the capacitive coupling SC

11(ωd). Transitions discussed
in the main text are explicitly labeled. The colormap is normalized such that the
maximum value is 1, and the minimum corresponds to the lowest value across all
spectra. The parameters used for the calculations are η = 1.01, ∆/ωr = 0.69,
γm/ωr = γc/ωr = 10−3, γq/ωr = 0.005 and Tr/ωr = Tq/ωr = 0.55. In order to also
excite higher energy levels, |bin| is set to 0.03.

∣∣2̃
〉
→
∣∣1̃
〉
are those with the lowest re�ection (the highest reduction of the input

signal). As discussed above, a complete comparison between di�erent models also
requires computing S̄11, obtained by considering the coupling system operator as
â + â†, which is included in Fig. 2.7(b). Moreover, in Fig. 2.7(c), we display the
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Figure 2.8: Squared modulus of the transition matrix elements as a function of
ϵ/ωr for the transitions (a)

∣∣3̃
〉
→
∣∣0̃
〉
and (b)

∣∣4̃
〉
→
∣∣1̃
〉
, for di�erent system

operators.

re�ection spectra (SC
11) for the system capacitively coupled to the TL. The main

di�erences between the three panels of Fig. 2.7 can be traced back to the spectral
lines associated to the transitions

∣∣2̃
〉
→
∣∣0̃
〉
,
∣∣3̃
〉
→
∣∣0̃
〉
and

∣∣4̃
〉
→
∣∣1̃
〉
.

Speci�cally, the
∣∣2̃
〉
→
∣∣0̃
〉
transition is visible up to ϵ/ωr = 1.5 in both S̄11 and

SC
11 spectra. However, this spectral line quenches for ϵ/ωr ≥ 1.2 in the SM

11 re�ection
spectra (see Fig. 2.7(a)). The

∣∣3̃
〉
→
∣∣0̃
〉
spectral line displays a greater reduction

of the input signal (i.e., lower re�ection) in Fig. 2.7(c) compared to Fig. 2.7(b),
while almost disappearing in Fig. 2.7(a) with complete quenching observed for
ϵ/ω ≥ 0.3. Finally, the

∣∣4̃
〉
→
∣∣1̃
〉
transition is not visible in Fig. 2.7(a), while

it is present in both Fig. 2.7(b,c). All the previous observations are supported
by the matrix elements shown in Fig. 2.8, which display the squared modulus of
the transition matrix elements associated with the output operators ˙̂

XM , ˙̂
XC , and

â + â† for the corresponding transistion. Unfortunately, this spectral region was
not reported in Ref. [100], although the spectra presented therein show excellent
agreement in the accessible range. In summary, the results in Fig. 2.7 show that
the coherent spectra calculated using â + â† as system operator coupled to the
output port, i.e. (S̄11), can di�er signi�cantly in the USC and DSC regimes from
those associated with X̂M or X̂C , which account for the inductive or capacitive
coupling between the resonator and the TL, respectively.

The di�erences observed between circuit and cavity QED spectra (both co-
herent and incoherent), even at zero �ux o�set, ultimately stem from the dis-
tinct forms of the light-matter coupling Hamiltonian (or Lagrangian). In cavity
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2. One-atom models in cavity and circuit QED

QED, the interaction Lagrangian takes the form of a coordinate-momentum cou-
pling, namely between the �eld coordinate Â and the matter momentum p̂ in the
Coulomb gauge, and conversely in the dipole gauge (see Section 1.3). In contrast,
in the circuit QED systems considered here, the corresponding interaction term is
of the coordinate-coordinate type, as the system is quantized in the �ux gauge, or
equivalently, momentum-momentum in the so-called charge gauge [94, 95, 97].

These results further con�rm the �ndings presented in Section 2.2.1 for the in-
coherent emission spectra, highlighting the importance of correctly identifying the
coupling mechanism between the system and the external environment, especially
in the USC and DSC regimes.

2.3 Renormalization of the quantum Rabi model

In the previous section, we have shown how the emission spectra of a circuit
QED system in the USC and DSC regimes depend on the speci�c system oper-
ator coupled to the external environment. However, additional inaccuracies may
also arise from the modelling of the system Hamiltonian itself, due to neglecting
the higher energy levels of the arti�cial (or natural) atom when approximating it
as a two-level system. These higher levels can e�ectively renormalize key system
parameters, such as the qubit and resonator frequencies and the light-matter cou-
pling strength, with signi�cant consequences for the dynamics, energy spectrum,
and measurable observables, particularly in the USC and DSC regimes.

We begin by analyzing the paradigmatic case of cavity QED, where a natural
atom interacts with a single cavity mode, which can be modeled by the standard
QRM.We then extend the analysis to circuit QED, focusing on a �ux qubit coupled
to an electromagnetic resonator, which requires the inclusion of symmetry-breaking
terms in the QRM Hamiltonian.

To systematically capture the in�uence of higher atomic levels while retain-
ing analytical tractability, we propose a framework based on the Schrie�er-Wol�
transformation, which yields e�ective low-energy Hamiltonians. This approach
leads to the formulation of the Renormalized Quantum Rabi Model (RQRM), an
extension of the QRM that incorporates the e�ects of high-energy states while still
retaining a two-level description for the qubit. We also highlight the connections
between our method and alternative theoretical techniques, such as the resolvent
approach. Finally, we investigate two central aspects of the RQRM: its gauge
invariance properties and its implications for physical observables.

The original results presented in this section are based on Ref. [4], where ad-
ditional discussions and a detailed analysis of the renormalization e�ects in both
cavity and circuit QED systems are reported.
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2.3. Renormalization of the quantum Rabi model

2.3.1 Renormalization in cavity QED

Let us consider a single electric dipole of charge q and massm in a one-dimensional
potential, which interacts with a single cavity mode with frequency ωc. In the
electric-dipole approximation, the radiation wavelength is much larger than the
atomic size, allowing us to neglect the spatial dependence of the vector potential,
i.e. Â = A0

(
â+ â†

)
, where A0 is the zero-point �uctuation amplitude and â

(
â†
)

is the annihilation (creation) operator of the electromagnetic mode. As outlined
in Section 2.1, the Hamiltonian of the system can be expressed in di�erent gauges,
such as the Coulomb gauge or the dipole gauge. In the Coulomb gauge, the
Hamiltonian reads (see Eq. (2.1))

ĤC = ωc â
†â+

(
p̂− qÂ

)2

2m
+ V (x̂) , (2.32)

where x̂ and p̂ are the position and momentum operators of the dipole, respectively,
and V (x̂) is the con�ning potential.

On the other hand, in the dipole gauge, the Hamiltonian reads (see Eq. (2.6))

ĤD =
p̂2

2m
+ V (x̂) + ℏωc

(
â† − i

qA0

ℏ
x̂

)(
â+ i

qA0

ℏ
x̂

)

=
p̂2

2m
+ V (x̂) + ℏωcâ

†â− iqωcA0x̂ωc

(
â− â†

)
+
ωcq

2A2
0

ℏ
x̂2 . (2.33)

We remind that the two Hamiltonians ĤC and ĤD are connected by a unitary
transformation, i.e. ĤD = ÛĤCÛ

†, where Û = exp
(
−iqA0x̂(â+ â†)/ℏ

)
. However,

as discussed in Section 2.1, when the dipole is truncated to a two-level system, the
resulting QRM Hamiltonians in the two gauges are no longer unitaryly equivalent,
thus leading to di�erent physical predictions. Given that the interaction term in
the dipole gauge Hamiltonian is directly proportional to the dipole operator, it
results to be more suitable for a two-level truncation, while the Coulomb gauge
provides less accurate results given that the interaction term is proportional to
the momentum p̂, whose matrix elements grow signi�cantly faster compared to x̂
for increasing system's nonlinearity (see Section 2.1.1). For these reasons, in the
following we will focus on studying and renormalizing the QRM within the dipole
gauge.

The QRM Hamiltonian in the dipole gauge can be obtained from Eq. (2.33) by
applying the projection operator P̂ =

∑1
n=0 |n⟩⟨n|, where |n⟩ are the eigenstates

of the bare atomic Hamiltonian Ĥa = p̂2/2m + V (x̂). For the atomic potential,
we will consider a quartic double-well potential as in Eq. (1.10), namely V (x̂) =
αx̂4 − βx̂2, with α, β > 0. By tuning the dimensionless anharmonicity parameter
γ = mβ3/(ℏα)2, we can control the system's nonlinearity, with larger values of γ
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Figure 2.9: (a) Plot of the frequency ratio ω21/ω10 as a function of the anhar-
monicity γ, highlighting its monotonic increase. (b) (Left panel) Bare atomic
energy levels. (Right panel) Energy levels comparison between the full model in
Eq. (2.33) and the QRM in Eq. (2.34), as functions of the normalized coupling
strength g/ωc. As shown, when the anharmonicity is insu�cient compared to the
detuning, the third atomic level ω2 signi�cantly a�ects the spectral properties,
making the two level approximation meaningless. (c) Energy levels comparison
as a function of the anharmonicity, showing progressive convergence as the anhar-
monicity increases. The parameters used are: (b) m = 1, γ = 60, and ωc = 7ω10;
(c) m = 1, g = 1.5ω10, and ωc = 3ω10.

corresponding to a more pronounced double-well shape. The standard QRM in
the dipole gauge is then obtained as

ĤD = P̂ĤDP̂ =
ℏω̄10

2
σ̂z + ℏωcâ

†â− iℏg01σ̂x(â− â†) , (2.34)

where ω̄10 = ω10+(G11−G00)/ωc is the two-level resonance frequency renormalized
by the truncation of the x̂2 contribution, as Gjk =

∑
l gjlglk ≡ ω2

cq
2A2

0 ⟨j|x̂2|k⟩ /ℏ2.
The terms gjk = ωcqA0 ⟨j|x̂|k⟩ /ℏ are the light-matter coupling strengths between
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2.3. Renormalization of the quantum Rabi model

the atomic states |j⟩ and |k⟩. We notice that Eq. (2.34) is analogous to Eq. (2.9).

Before proceeding with the renormalization analysis, it is important to assess
the validity of the two-level approximation. Speci�cally, when the anharmonicity of
the atomic potential is too small (compared to the detuning between the cavity and
the two-level transition frequency), higher atomic levels can signi�cantly in�uence
the system's spectrum even at low energies, leading to a breakdown of the two-level
approximation. In Fig. 2.9, we present a systematic analysis of this aspect. As
previously discussed, increasing the anharmonicity parameter γ leads to an increase
in the frequency ratios ωjk/ω10. Of particular interest are the ratios involving
transitions from the two lowest-energy levels to higher excited states, as these
mostly determine the validity of the two-level truncation itself and of the dispersive
regime, which is crucial in the derivation of the renormalized QRM, as we will see
shortly. For illustrative purposes, Fig. 2.9(a) displays the growth of the ratio
ω21/ω10 with increasing γ. Fig. 2.9(b) illustrates how the two-level approximation
breaks down when the system's anharmonicity is small compared to the detuning
between the cavity and the two-level transition frequency, ωc−ω10. In this regime,
the third atomic level (ω2, shown in the left panel) starts to signi�cantly in�uence
the hybridized energy levels, as evidenced by the growing discrepancies between
the full model and the standard QRM, even at low excitation energies. Fig. 2.9(c)
con�rms the gradual improvement in the validity of the two-level approximation
as the anharmonicity increases. As expected, the lowest-energy levels converge
more rapidly, while higher-energy levels require larger values of γ to achieve a
comparable level of accuracy.

Let us now delve into the renormalization of the QRM, and its importance in
accurately describing the system's spectral properties. Speci�cally, the standard
QRM in Eq. (2.34) is well-known to closely match the full model when ω̄10 ≃ ωc

or for weak coupling strengths [122, 123]. However, when these conditions are
not met, its accuracy progressively worsens [76, 88]. To address these limita-
tions, we now ask whether an improved version of the QRM can be developed,
still within a two-level description, leading us to the introduction of the RQRM.
To this end, we �rst apply a Schrie�er-Wol� (SW) transformation [124, 125] to
the full Hamiltonian in Eq. (2.34), and subsequently project it onto the two-level
subspace. The chosen generator of the SW transformation is chosen such that
it e�ectively treats the high-energy subspace as a perturbation, while the two-
level subspace is handled non-perturbatively, marking a clear di�erence from the
traditional SW approach. A detailed point-by-point derivation of the RQRM is
provided in the Appendix A, as well as a detailed discussion on the di�erences
between this approach and traditional perturbative methods (as standard SW).
Indeed, the application of this SW procedure is possible because the higher-energy
atomic levels are in the so-called dispersive regime with the cavity, characterized
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Figure 2.10: We consider a single electron in a one-dimensional double-well po-
tential, interacting with a cavity mode. (a) Standard procedure for obtaining
the QRM from the full Hamiltonian, which consists of simply projecting in the
low-energy subspace of the atomic eigenstates. (b) Renormalization of the QRM,
which takes into account the interaction of photons with the higher-energy atomic
levels, providing more accurate results while still manteining a two-level descrip-
tion. (c) Comparison of the eigenvalues in the full model (blue solid), the stan-
dard QRM (red dashed), and the RQRM (green dash-dotted). The RQRM pro-
vides more accurate results, even for strong coupling strengths. Parameters used:
m = 1, γ = 60, and ωc = 3ω10. (d,e) Mean square error of the eigenvalues of the
�rst 5 excited states with respect to the full model, as a function of the anhar-
monicity parameter γ, for (d) g/ωc = 0.8 and (e) g/ωc = 1.5.

by the propterty |gjk/(ωjk − ωc)| ≪ 1. This condition is satis�ed for large enough
atomic anharmonicities, which ensure that the transitions from the two lowest
energy levels to the higher ones are not resonant with the cavity frequency, i.e.
|ωjk| ≫ ωc. This approach allows for a fully non-perturbative treatment of the
interactions belonging to the two-level subspace of the QRM, while e�ectively
dressing both the two-level system and the cavity �eld parameters by the contri-
butions of higher atomic levels (see Fig. 2.10(a,b)). The resulting Hamiltonian,
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2.3. Renormalization of the quantum Rabi model

i.e. the RQRM in cavity QED, reads

Ĥeff
D =

ℏω̃10

2
σ̂z + ℏωcâ

†â+ ℏ (B+ +B−σ̂z)
(
â− â†

)2

− iℏg̃01σ̂x
(
â− â†

)
−D01σ̂y

(
â+ â†

)
, (2.35)

with ω̃10 = ω̄10 + 2A− and g̃01 = g01 + C01 being the renormalized two-level
resonance frequency and coupling strength, respectively. The whole derivation
of Eq. (2.35) can be found in Appendix A. The coe�cients A±, B±, C01 and D01

are the renormalization parameters de�ned in Eqs. (A.23-A.26), which depend
on the microscopic details of the high energy states and e�ectively account for
the virtual transitions (up to the �rst order) between the two-level subspace and
higher energy states. Notably, the RQRM in Eq. (2.35) provides a signi�cantly
more accurate description of the full system without requiring explicit enlargement
of the Hilbert space.

Figure 2.10(c) shows a comparison of the eigenvalues of the �rst 5 excited states
obtained from the full model ĤD in Eq. (2.33) (solid blue line), the standard QRM
in Eq. (2.34) (red dashed), and the RQRM in Eq. (2.35) (green dash-dotted). The
results con�rm that the RQRM yields more accurate predictions than the standard
QRM, which diverges at relatively high coupling strengths. The coupling strength
g = |g01| was varied through A0, which proportionally scales all the other coupling
strengths gjk as well. In Fig. 2.10(d-e), we show the mean square error with respect

to the full model σ =
√∑N

j=1

(
Ej − Efull

j

)2
/N of the eigenvalues of the �rst N = 5

excited states of the full light-matter system. We compare the QRM with the
RQRM as a function of the anharmonicity parameter γ for two di�erent coupling
strengths, namely g/ωc = 0.8 and g/ωc = 1.5. We observe that the RQRM not
only provides more accurate results (green line is always signi�cantly lower than
the red one), but also scales better with increasing anharmonicity (higher slope of
the green curve).

A detailed analysis of the coe�cients in Eq. (2.35) and their dependence on the
system parameters reveals that some of the renormalization terms become negligi-
ble for high anharmonicity, speci�cally the B− and D01 terms (see Appendix A).
Therefore, we can write a simpli�ed version of the RQRM, which is given by

Ĥ′
D =

ℏω̃10

2
σ̂z + ℏωcâ

†â+ ℏB+

(
â− â†

)2 − iℏg̃01σ̂x
(
â− â†

)
. (2.36)

We now perform a Bogolioubov transformation on the above Hamiltonian, which
allows us to diagonalize the purely photonic terms. The resulting Hamiltonian
reads

Ĥ′
D =

ℏω̃10

2
σ̂z + ℏω̃cb̂

†b̂− iℏg̃01
√
ωc

ω̃c

σ̂x

(
b̂− b̂†

)
, (2.37)
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where ω̃c =
√
ω2
c − 4B+ωc is the renormalized cavity frequency, and the momen-

tum is rescaled as b̂ − b̂† =
√
ω̃c/ωc(â − â†). Remarkably, Eq. (2.37) preserves

a QRM-like structure with renormalized frequencies and coupling, although in
general providing slightly less accurate results with respect to Eq. (2.35).

One important question arises: why does the standard QRM still provide a
reasonable �t of the experimental data in many USC and DSC experiments (e.g.,
Refs. [99, 100]), despite the in�uence of higher atomic levels? The answer lies in
the form of Eq. (2.37) itself. Indeed, in many experimental settings, the system
parameters are �xed, and the renormalization e�ects can be e�ectively absorbed
into the �tted constants, as showed by the renormalized parameters in Eq. (2.37).
In other words, when �tting the experimental data with the standard QRM, the
�tted parameters already include the renormalization e�ects through e�ective scal-
ing factors that remain indistinguishable in experimental �ts. However, as illus-
trated in Fig. 2.10(c), such a �t procedure breaks down when varying the coupling
strength g (or other system parameters) in a wide range. In such cases, the renor-
malization of the system frequencies, depending on g, plays a crucial role and must
be incorporated for an accurate description over all the range, as is done in the
RQRM.

2.3.2 Renormalization in circuit QED

The renormalization of the QRM is not limited to cavity QED systems, but it
is equally (if not more) relevant in circuit QED setups, where arti�cial atoms
(superconducting qubits) are coupled to electromagnetic resonators. To illustrate
our approach, we focus on a speci�c example involving the �uxonium qubit [96].

In particular, we study a �uxonium-resonator system [97, 127] represented in
Fig. 2.11(a), bearing in mind that the same procedure can be applied to other
circuits, once the corresponding Hamiltonian is derived. The �uxonium qubit is
characterized by higher anharmonicity when compared to other devices, such as the
transmon qubit, making it an ideal candidate for the study of the renormalization
of the QRM. Speci�cally, the system under study is composed by a Josephson
junction with energy EJ and capacitance C1 in parallel with a inductance L1,
forming the �uxonium qubit, which is then coupled in series to an L2C2 resonator.
An external �ux ϕext is threading the qubit loop formed by the Josephson junction
and the inductance L1.

The corresponding Hamiltonian is obtained through the usual quantization pro-
cedure [94, 95], already introduced in Section 2.1.2. In the so-called �ux gauge, the
node �ux variables are chosen as the canonical coordinates, while their conjugate
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2.3. Renormalization of the quantum Rabi model

Figure 2.11: (a) Circuital realization of a �uxonium qubit, de�ned by a Josephson
junction with energy EJ and a capacitance C1 in parallel with a inductance L1,
galvanically coupled to a LC resonator. (b,c) First eigenstates of the �uxonium
qubit for (b) ϕext = π and (c) ϕext = 3π/4. The dashed black line correspond to
the potential. (d,e) Comparison of the eigenvalues between the full model (solid
blue line), the standard QRM (dashed green line), and the RQRM (dotted red
line), as a function of the normalized coupling g/ωc, and for (d) ϕext = π and
(e) ϕext = 49π/50. As for the natural atoms case, the RQRM provides better
results. (f) Time evolution of

〈
i(â− â†)

〉
after a π-pulse on the qubit, for ϕext =

49π/50. Also in this case, the RQRM provides a better agreement with the full
model. The parameters used in this Figure are: EC = q2/(2C1) = 2.5 GHz,
EL = (ℏ/2q)2/L1 = 0.5 GHz, EJ = 9 GHz, and ωc = 3ω10, which reproduce
typical experimental values for �uxonium qubits [96, 126]. For the π-pulse, we
used ωdr = E10, σdr = 50/(E21 − E10) and t0 = 3σdr (see main text).

momenta correspond to the node charges. The resulting Hamiltonian reads

Ĥfl-res =
Q̂2

1

2C1

+
Q̂2

2

2C2

+
ϕ̂2
1

2L1

+

(
ϕ̂2 − ϕ̂1

)2

2L2

− EJ cos

(
ϕ̂1 − ϕext

ϕ0

)

= Ĥflux

(
ϕ̂1, Q̂1

)
+ Ĥres

(
ϕ̂2 − ϕ̂1, Q̂2

)
, (2.38)
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2. One-atom models in cavity and circuit QED

where Ĥflux and Ĥres are the �uxonium and resonator bare Hamiltonians, given by

Ĥflux

(
ϕ̂1, Q̂1

)
=

Q̂2
1

2C1

+
ϕ̂2
1

2L1

− EJ cos

(
ϕ̂1 − ϕext

ϕ0

)
, (2.39)

Ĥres

(
ϕ̂2, Q̂2

)
=

Q̂2
2

2C2

+
ϕ̂2
2

2L2

, (2.40)

respectively, with ϕ0 = ℏ/2e being the reduced �ux quantum and ϕi (Qi) the
�ux (charge) variables of the i-th node. Equation (2.40) can be rewritten by the
introduction of the bosonic operator â = (ωcϕ̂2+iQ̂2)/ωcϕzpf , where ωc = 1/

√
L2C2

is the frequency of the resonator and ϕzpf =
√

ℏ/2C2ωc is the zero-point �uctuation
amplitude of the �ux variable, which leads to Ĥres = ℏωcâ

†â.
The Hamiltonian in Eq. (2.38) exhibits a striking similarity to the cavity-QED

Hamiltonian in Eq. (2.33), with the �ux variable ϕ̂1 playing the role of the dipole
position operator x̂, and the resonator �ux ϕ̂2 playing the role of the vector poten-
tial Â. Indeed, as discussed in Section 2.1.1, Eq. (2.33) can be obtained by per-
forming a minimal coupling replacement on the harmonic subsystem, i.e. on the
photonic operators, de�ned by â→ â+ iqA0x̂/ℏ [81, 128]. Analogously, Eq. (2.38)
presents a minimal coupling replacement on the resonator variables, speci�cally
ϕ̂2 → ϕ̂2 − ϕ̂1. The primary distinction between the two cases lies in the nature
of the coupling. In the former, the interaction term is of the form coordinate-
momentum (x̂ Ê), while in the latter it involves the two �uxes, which correspond
to the generalized coordinates in the �ux gauge. Therefore, the two Hamiltonians
can be mapped into each other by the unitary transformation T̂ = exp

(
iπâ†â/2

)
,

which e�ectively swaps the roles of the position and momentum operators of the
harmonic subsystem (see Appendix Section A.3 for details). Consequently, the
same procedure and part of the results of the previous section can be applied here.

First, we derived the Hamiltonian for the QRM by projecting the full Hamil-
tonian in the low-energy subspace of the �uxonium qubit, which results in

Ĥfl-res = ℏωcâ
†â+

ℏω̄10

2
σ̂z + ℏ

G01

ωc

σ̂x

− ℏ
(
g11 + g00

2
Î +

g11 − g00
2

σ̂z + g01σ̂x

)(
â+ â†

)
, (2.41)

where

gjk =
ϕzpfϕjk

ℏL2

, Gjk =
ℏL2ωc

2ϕ2
zpf

∑

l

gjlglk =
ωc

2ℏL2

Φjk , (2.42)

with ϕij = ⟨i| ϕ̂1 |j⟩ and Φij = ⟨i| ϕ̂2
1 |j⟩ =

∑
k ϕikϕkj. The renormalized qubit

frequency ω̄10 = ω10 + (G11 − G00)/ωc has the same de�nition as in the cavity
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2.3. Renormalization of the quantum Rabi model

QED case. Three additional terms emerge in Eq. (2.41) due to the breaking of Z2

symmetry, originating from the external �ux ϕext. These additional terms vanish
when ϕext/ϕ0 = kπ (with k ∈ Z), where the symmetry is restored. We notice that
Eq. (2.41) is analogous to Eq. (2.15), where we retained all the terms arising from
the two-level projection, without neglecting any of them. Namely, these additional
terms are the third and the fourth of Eq. (2.41). In particular, the third term arises
from the projection of ϕ̂2

1 onto the unperturbed �uxonium states, similarly to the
self-polarization term of the cavity QED case, while the fourth term is usually
neglected since, near the symmetry point, g11 ≈ −g00. Even though these terms
are often disregarded, we retain them here for the sake of completeness.

Following our approach, outlined in the previous subsection, we now proceed to
renormalize the QRM Hamiltonian in Eq. (2.41) by applying a SW transformation
to the full Hamiltonian in Eq. (2.38), and subsequently projecting it onto the
two-level subspace of the �uxonium qubit. A detailed derivation of the RQRM
in circuit QED is provided in Appendix Section A.3. The resulting renormalized
Hamiltonian, i.e. the RQRM in circuit QED, is given by

Ĥeff
fl-res = ℏωcâ

†â+
ℏω̃10

2
σ̂z + ℏ

(
G01

ωc

+ A10 + A01

)
σ̂x

−ℏ
(
g̃11 + g̃00

2
Î +

g̃11 − g̃00
2

σ̂z + g̃01σ̂x

)(
â+ â†

)

−ℏ
(
B+Î +B−σ̂z + 2B01σ̂x

) (
â+ â†

)2

+iℏ (A10 − A01) σ̂y

(
â2 − â†

2
)
− iℏD01σ̂y

(
â− â†

)
, (2.43)

with ω̃10 = ω̄10 + 2A− and g̃jk = gjk + Cjk. The Hamiltonian in Eq. (2.43) is
the Circuit QED version of the RQRM. It is worth noting that all the coe�cients
are the same as those in the natural atom case in Eq. (2.35), de�ned explicitly in
the Appendix Section A.2, with the only di�erence lying in the de�nitions of the
coupling coe�cients gjk and Gjk. Notably, in the case of cavity QED, where the
system's Hamiltonian presents the Z2 parity symmetry, the coupling gij vanishes
between states of the same parity (namely, gij = 0 for i + j even), in contrast to
the circuit QED Hamiltonian, where this symmetry is broken (thus gij ̸= 0 for
i+ j even). This is a direct consequence of the fact that the �uxonium potential is
not symmetric when ϕext/ϕ0 ̸= kπ (with k ∈ Z), thus giving rise to the additional
terms in Eq. (2.43).

Figure 2.11(b,c) shows the shapes of the �uxonium potential (already de�ned in
Eq. (1.14)) and the respective eigenstates for (b) the symmetric and (c) asymmetric
cases, with values of the �ux o�set corresponding to ϕext/ϕ0 = π and ϕext/ϕ0 =
3π/4, respectively. Fig. 2.11(d,e) show the comparison of the eigenvalues of the
�rst 5 excited states obtained from the full model in Eq. (2.38) (blue solid), the
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2. One-atom models in cavity and circuit QED

standard QRM in Eq. (2.41) (red dashed), and the RQRM in Eq. (2.43) (green
dash-dotted), as a function of the normalized coupling g/ωc, and for both (d) the
symmetric and (e) asymmetric cases. Figure 2.11(f) shows the time evolution of
the expectation value ⟨i(â−â†)⟩, considering the system initially in its ground state
and applying a π-pulse on the qubit, in presence of symmetry breaking.3 All these
results demonstrate that the RQRM provides signi�cantly more accurate results
than the standard QRM, even in absence of parity symmetry in the anharmonic
potential, as explicitly demonstrated in Fig. 2.11(e), while still retaining a two-level
description and analytical tractability. Furthermore, the RQRM performs better
also in describing the system dynamics (see Fig. 2.11(f)) and its impact on the
observables. In particular, the impact of the renormalization on the observables
will be further examined in the following subsections.

2.3.3 Gauge invariance of the RQRM

In the previous subsections, we derived the RQRM in the dipole (�ux) gauge for
cavity (circuit) QED system. However, as discussed in Section 2.1.1, the choice of
gauge can signi�cantly impact the results when the Hilbert space is truncated to
a two-level description. This naturally raises the question of whether the renor-
malization procedure we employed preserves gauge invariance.

Gauge invariance in truncated models is a subtle and complex issue that has
been the subject of extensive debate in recent years [77, 78, 87, 129, 130], as
also mentioned in Section 2.1. One of the most important drawbacks in models
that do not preserve gauge invariance is that they may lead to incorrect phys-
ical predictions. A striking example is provided by the Dicke model, where an
in�nite collection two-level systems coupled to light was originally predicted to
undergo a second-order phase transition to a photon condensate [18�21, 74, 131,
132]. However, it was later shown that this phase transition is actually forbidden
if the so-called Â2 term, which ensures the gauge invariance of the model, is not
neglected [92, 133]. More generally, photon condensation has been shown to be
forbidden by the gauge invariance itself, both in truncated systems [89] and in the
full Hilbert space [90, 91, 134]. Nonetheless, this point remains a topic of ongo-
ing debates in the literature, with some works suggesting that a phase transition
could occur in speci�c conditions if the electrostatic interactions are taken into
account [78, 129, 130]. This issue will be addressed in detail in Chapter 4. In the

3The π-pulse is modeled as a Gaussian drive on the qubit, described by the Hamiltonian
Ĥdr(t) =

(
ℏπ/σdr

√
2π
)
e−(t−t0)

2/2σdr cos(ωdrt) ϕ̂1, where ωdr is the drive frequency and σdr is
the pulse width. The time evolution is computed by solving the time-dependent Schrödinger
equation with the total Hamiltonian Ĥtot(t) = Ĥfl-res + Ĥdr(t). For the QRM and RQRM cases,
the drive term is projected onto the two-level subspace, i.e. Ĥdr(t) = P̂Ĥdr(t)P̂. The parameters
used for the pulse are speci�ed in the caption of Fig. 2.11.
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2.3. Renormalization of the quantum Rabi model

remainder of this subsection, we focus on the single-atom case and explicitly derive
the RQRM in a gauge-invariant form for the cavity QED setting, highlighting the
implications of this result.

To facilitate the discussion about gauge invariance, as it is customary in litera-
ture [78, 88], we can introduce a gauge parameter η which gives rise to a continuous
family of η-dependent Hamiltonians Ĥ(η) in the full Hilbert space interpolating be-
tween the Coulomb and the dipole gauges, spanned by the unitary transformation
Û (η) = exp

(
iηqx̂Â/ℏ

)
. Explicitly, in the long-wavelength approximation, i.e. for

a spatially constant vector potential, we have

Ĥ(η) = Û (1−η)ĤaÛ
(1−η)† + Û (η)ĤphÛ

(η) , (2.44)

where Ĥa = p̂2/(2m) + V (x̂) and Ĥph = ℏωcâ
†â are the usual bare atomic and

photonic Hamiltonians, respectively. For η = 0, we recover the Coulomb gauge
Hamiltonian (ĤC = Ĥ(0)) with the usual minimal coupling replacement applied to
the matter variables, whereas for η = 1 we obtain the dipole gauge Hamiltonian
(ĤD = Ĥ(1)), showing that in this case the minimal coupling is applied to the
photonic term4.

When truncating to the atomic low-energy subspace, gauge invariance breaks
down, since ĤC = P̂ĤCP̂ and ĤD = P̂ĤDP̂ are no longer linked by any unitary
transformation. This issue was resolved by applying the minimal coupling replace-
ment directly in the projected Hilbert space [79, 80, 87]. Indeed, analogously to
the case of the full models, we can de�ne a unitary transformation directly in the
truncated Hilbert space similarly to Eq. (2.7), namely Û (η) = exp

[
iηqP̂x̂P̂Â

]
=

exp
[
iηg01σ̂x(â+ â†)/ωc

]
, which interpolates between the Coulomb and dipole gauges

as
Ĥ(η) = Û (1−η)ĤaÛ (1−η)† + Û (η)†ĤphÛ (η) , (2.45)

where Ĥa = P̂ĤaP̂ = ℏω10σ̂z/2. This procedure restores a discrete form of gauge
invariance directly within the truncated space [77, 87].

Following the same reasoning, the RQRM in Eq. (2.37) can be interpreted in
a gauge-preserving form, since

Ĥ′
D = Ĥ′

a + Û ′(1)†Ĥ′
phÛ ′(1) , (2.46)

where the renormalized atomic and photonic Hamiltonians are, respectively,

Ĥ′
a =

ℏω̃10

2
σ̂z , Ĥ′

ph = ℏω̃cb̂
†b̂ , (2.47)

4Notice that, by de�nition, Û (0) = Î
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Figure 2.12: Mean square error of the eigenvalues of the �rst 5 excited states with
respect to the full model, as a function of the gauge parameter η, for g/ωc =
0.8, m = 1, γ = 60, and ωc = 3ω10. The QRM (red dashed) breaks gauge
invariance, showing that the dipole gauge (η = 1) is the most accurate. On the
other hand, the gauge invariant RQRM, Ĥ′(η), in Eq. (2.49) (green dotted) is not
only gauge invariant but also provides more accurate results. For completeness,
we also compare these models with the gauge-preserving QRM, Ĥ(η), in Eq. (2.45)
(blue dash-dotted), which, however, does not take into account the renormalization
of the higher energy levels, as testi�ed by its lower accuracy.

and the renormalized (η-dependent) unitary operator is

Û ′(η) = exp

[
iη
g̃01
ω̃c

√
ωc

ω̃c

σ̂x

(
b̂+ b̂†

)]
. (2.48)

Consequently, the η-interpolated RQRM becomes

Ĥ′(η) = Û ′(1−η)Ĥ′
aÛ ′(1−η)† + Û ′(η)†Ĥ′

phÛ ′(η) . (2.49)

Figure 2.12 shows the mean square error on the energies of the �rst �ve excited
states, compared to those obtained from the full model as a function of the gauge
parameter η, for g/ωc = 0.8. While the standard QRM breaks gauge invariance
(with dipole gauge being the most accurate), the QRM derived by gauge principles
in Eq. (2.44), Ĥ(η), and RQRM in Eq. (2.49), Ĥ′(η), ensure gauge invariance, with
the latter providing a better accuracy.
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2.3. Renormalization of the quantum Rabi model

2.3.4 Higher-order corrections to the RQRM

The e�ective Hamiltonians both in cavity and circuit QED, in Eq. (2.35) and
Eq. (2.43) respectively, are obtained by performing a SW transformation up to the
second order in the gjk/(ωjk−ωc) expansion, as detailed in Appendix Section A.1.
This leads to an improvement in the accuracy, as can be seen from Fig. 2.10(c-e)
and Fig. 2.11(d-f). One may wonder whether higher-order corrections can further
improve the accuracy of the renormalization procedure. Notice that, even expand-
ing the series of the SW to higher orders, the original eigenvalues are not recovered
because the unitary transformation Ĥ → e−ŜĤeŜ preserves the spectrum of the
Hamiltonian only if no projection is performed.

In order to quantify the impact of higher-order corrections on the renormaliza-
tion, here we adopt another widely used framework in the context of condensed
matter physics, namely the resolvent (or Green's function) method [38, 135, 136].
In particular, we focus on the cavity QED model, but the same analysis can be
applied to other cases. To apply the resolvent method, we start by considering the
eigenvalue equation of the full Hamiltonian in the dipole gauge, i.e.

ĤD |ψD⟩ = E |ψD⟩ . (2.50)

It is possible to derive an eigenvalue equation for an e�ective Hamiltonian, which
is de�ned in the projected subspace, such that

Ĥ(res.)
D (E) |ψD⟩ = E |ψD⟩ , (2.51)

where E is the same eigenvalue as in the full case in Eq. (2.50). The energy-
dependent e�ective Hamiltonian is given by

Ĥ(res.)
D (E) = P̂ ĤDP̂ + P̂ ĤDQ̂

1

E − Q̂ĤDQ̂
Q̂ĤDP̂ , (2.52)

where Q̂ = Î − P̂ is the projector on the subspace complementary to P̂ .
Equation (2.51), by construction, gives the exact eigenvalues in the low-energy

subspace. However, the implicit dependence of the e�ective Hamiltonian on the
eigenvalue E may make the problem highly challenging. Nonetheless, the resolvent
ĜQQ(E) ≡ (E−Q̂ĤDQ̂)

−1 can be expanded in series by using the operator property
(A−B)−1 = A−1

∑∞
n=0(BA

−1)n, with A = −Q̂Ĥ0′Q̂ and B = Q̂ĤH
int,DQ̂−E. Here,

Ĥ0′ and Ĥint,D are de�ned in Appendix Section A.2. By substituting this series
expansion for the resolvent ĜQQ(E) into Eq. (2.51), and subsequently truncating
the series up to the M -th order, we derive a polynomial expression in E for the
e�ective Hamiltonian. This reformulation simpli�es the initial task into solving a
polynomial eigenvalue problem. The order of the polynomial in the variable E,
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Figure 2.13: Mean square error of the �rst 5 excited states with respect to the full
model, as a function of the order of the resolvent expansion. The error decreases
exponentially with the order of the series M , showing the convergence of the
resolvent method. To make a comparison, we show also the QRM and RQRM
errors. We used the same parameters as in Fig. 2.10(c) with g/ωc = 0.8.

determined by the self-energy, corresponds to the order M at which the series is
truncated. In the limit of M → ∞, we recover the exact solution.

Figure 2.13 shows the mean square error of the �rst 5 excited states with respect
to the full model, as a function of the order of the resolvent expansion. We observe
that the error decreases exponentially with M , showing the convergence of the
method. As a comparison, we plot also the QRM (red line) and RQRM (green line)
errors. While the resolvent method provides higher accuracy, it remains purely
numerical. In contrast, the SW approach developed in the previous subsections
enables the analytical derivation of an e�ective Hamiltonian, i.e. the RQRM,
which already provides a signi�cant improvement in accuracy.

2.3.5 Impact of the renormalization on the observables

In the previous subsections, we have established that the renormalization signif-
icantly improves the energy spectrum of the system. However, a comprehensive
understanding requires also examining how renormalization in�uences other phys-
ical quantities. In the following, taking the cavity QED case as an example, we
analyze how the renormalization a�ects both photonic and atomic observables and
matrix elements.
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Figure 2.14: (a) Expectation value of (â + â†)2 on the third excited state of the
full model (blue solid), QRM (red dashed) and the RQRM (green dash-dotted),
as a function of the coupling strength g/ωc. The renormalized QRM provides
more accurate results, even for strong coupling strengths. (b,c) Matrix elements
of (b) the cavity �eld â + â† and (c) the atomic position operator x̂, between the
ground and the second excited, as a function of g/ωc. While in the panel (b) the
renormalization improves the accuracy, in the panel (c) it does not. This behavior
can be explained by (d) the in�delity of the second excited state of the RQRM
with respect to the QRM, as a function of g/ωc, for both the reduced density
matrix of the cavity (solid light blue) and the atom (dashed orange).

Figure 2.14(a) shows the expectation value ⟨ψ3| (â+ â†)2 |ψ3⟩ on the third ex-
cited state, as a function of the coupling strength g/ωc. The RQRM provides more
accurate predictions, even for large coupling strengths. A similar improvement is
observed in Fig. 2.14(b), which displays the matrix element | ⟨ψ0|(â+ â†)|ψ2⟩ |, be-
tween the ground and the second excited states. Although not directly observable,
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2. One-atom models in cavity and circuit QED

this quantity is closely related to dissipation rates and line broadening, which play
an important role in experimental realizations [84, 85, 137].

Interestingly, Fig. 2.14(c) reveals that renormalization does not improve the
accuracy of the matrix element | ⟨ψ0|x̂|ψ2⟩ |, and of many other matter observables.
This behavior can be in part understood by observing Fig. 2.14(d), which shows
the in�delity 1 − F of |ψ2⟩ between the standard QRM and the RQRM, for the
reduced density matrices of the cavity and atom, as a function of g/ωc. More
speci�cally, the �delity F is calculated as:

F = Tr

[√√
ρ̂µσ̂µ

√
ρ̂µ

]
, (2.53)

where ρ̂µ and σ̂µ are the reduced density matrices for the renormalized and stan-
dard QRM, respectively, with µ indicating either the cavity or atom subsys-
tems. The plot reveals that the renormalization does not signi�cantly change
the atomic subsystem, compared to the standard QRM, explaining the behavior
in Fig. 2.14(c). On the contrary, the degrees of freedom of the cavity are strongly
a�ected by the renormalization to more accurately reproduce the full model. In
fact, the operator x̂ includes contributions from higher energy levels that cannot be
reproduced by the corresponding operator projected into a two-level Hilbert space.
Furthermore, the two-level truncation inherently discretizes space [77], introducing
intrinsic inaccuracies in atomic observables that persist even after renormalization.
These di�erences explain the contrasting behaviors observed between panels (a,b)
and panel (c).
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Chapter3

The Dicke and Hop�eld models:

from few-atom to e�ective

bosonic models

In the previous chapter, we discussed in detail the physics of a single atom in-
teracting with a single mode of the electromagnetic �eld, from the derivation of
the quantum Rabi model to its spectral properties and the renormalization of its
parameters. A natural question that follows is how this picture changes when not
just one, but several atoms interact with the same �eld mode. Moreover, one may
wonder what happens when the number of atoms becomes very large, approaching
the thermodynamic limit.

These questions form the subject of the present chapter, where we will introduce
two cornerstone models of quantum optics: the Dicke model and the Hop�eld
model. Both have been extensively studied in the literature and have historically
provided crucial insights into the collective behavior of light-matter systems. The
Dicke model has been �rstly introduced for the description of a collection of two-
level atoms coupled to a single electromagnetic mode, while the Hop�eld model has
been independently developed for describing the interaction between two bosonic
modes, one representing the electromagnetic �eld and the other the collective
excitations of the polarization density. In the following, we will show how the
usual Dicke model must be extended to include the self-polarization term (in the
dipole gauge) when describing systems whose interactions are through electric
dipoles. This additional term is essential to ensure the physical consistency of the
model in the ultrastrong and deep strong coupling regimes, as well as to guarantee
its gauge invariance. Furthermore, we will demonstrate how this extended Dicke
model naturally converges to the Hop�eld model in the thermodynamic limit,
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3. From few-atom to effective bosonic models

through the analysis of both the energy spectrum and the emission properties of
the system, considering both collective as well as individual reservoirs.

Speci�cally, we will begin by studying the interaction between a few two-level
atoms and a single electromagnetic mode, with particular attention to the resulting
energy spectrum and emission properties. We will then extend the analysis to
systems composed of many atoms, where collective phenomena emerge, including
the appearance of e�ective bosonic modes that describe the collective excitations
of the atomic ensemble. Finally, we will address the thermodynamic limit, in which
the number of atoms tends to in�nity, and examine how this limit naturally leads
to an e�ective bosonic description provided by the Hop�eld model. Subsequently,
we will examine the di�erences that emerge when the self-polarization term in
the dipole-gauge Hamiltonian is either included or neglected. While this term is
typically omitted in the standard Dicke model, its presence is essential to guarantee
gauge invariance and ensure the stability of the system in the USC and DSC
regimes. Moreover, as we will show in Section 3.2, it is precisely this term that
governs the convergence of the extended Dicke model to the Hop�eld model in
the thermodynamic limit. Finally, we will analyze how di�erent forms of coupling
to the external environment, namely di�erent dissipation channels, in�uence the
emission properties of the system. In particular, we will compare two distinct
scenarios: one where each atom interacts individually with its own independent
bath, and another where all atoms couple collectively to a common bath. As we
will see, the choice between individual and collective dissipation channels results
in qualitatively distinct emission features.

In this chapter, we will not take into account electrostatic interactions between
atoms. These interactions have been at the center of an extensive debate in the
literature, particularly in connection with superradiant phase transitions, since
they can substantially alter the system's behavior. For the sake of simplicity,
however, we will assume that the atoms are su�ciently far apart so that their
electrostatic interactions can be safely neglected. This assumption is well justi�ed
in many experimental settings, where individual atoms are placed inside a cavity
or resonator and their mutual distance is large enough. A detailed discussion of the
role of electrostatic interactions, and of how they may a�ect the system properties,
will be provided in Chapter 4.

This chapter is organized as follows. In Section 3.1, we investigate the inter-
action between a small number of two-level systems and a single bosonic mode,
focusing on the evolution of the energy spectrum as a function of the coupling
strength and the number of atoms. Particular attention will be given to the role
of the self-polarization term, and to the di�erences that arise when this term
is included or neglected. In Section 3.2, we extend the discussion to ensembles
composed of many atoms, where collective phenomena emerge and the system ap-
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3.1. Few atoms interacting with a bosonic mode

proaches the Hop�eld model in the thermodynamic limit. Finally, in Section 3.3,
we analyze the emission spectra of both few- and many-atom systems, emphasiz-
ing the in�uence of di�erent dissipation channels. The results presented in this
chapter are based on Ref. [5], where a detailed analysis of the energy spectrum
and emission properties of few-atom to many-atom systems, from the weak to the
DSC regimes, is presented.

3.1 Few atoms interacting with a bosonic mode

In this section, we investigate the interaction between a few two-level atoms and a
single mode of the electromagnetic �eld. This scenario is particularly insightful, as
it already reveals the onset of collective atomic behavior, such as the enhancement
of the e�ective light-matter coupling strength and the subsequent reduction of the
energy gaps in the level anticrossings, allowing us to examine how these collective
e�ects modify the system's properties. The analysis presented here will serve as
a foundation for the study of many-atom systems in the following section. This
study is also of direct experimental relevance in both cavity and circuit QED.
In particular, circuit QED platforms enable the engineering of setups where a
small number of arti�cial atoms (superconducting qubits) are coupled to a single
resonator mode, making them ideal testbeds for exploring the physics of few-
emitter systems.

Our analysis will focus in particular on the energy spectrum and emission prop-
erties of the system across di�erent coupling regimes, ranging from weak to USC
and DSC, as the number of emitters increases. Special attention will be devoted to
the role of the self-polarization term in the dipole gauge Hamiltonian. Although
often neglected, this term, which plays the same role as the A2 contribution in the
Coulomb gauge, is crucial for ensuring the physical consistency of the model and
the stability of the system in the USC and DSC regimes.

Finally, we will examine how di�erent types of dissipation channels a�ect the
emission properties. Speci�cally, we will compare the case where each atom couples
individually to its own independent resorvoir with the case where all atoms interact
collectively with a common resorvoir, highlighting the di�erent spectral features
that arise in the two scenarios.

3.1.1 The Hamiltonian in dipole and Coulomb gauges

Let us consider a system composed of N identical two-level systems (TLSs) in-
teracting with a single bosonic mode. This framework can describe either natural
atoms, in the two-level approximation, interacting with a single-mode cavity or
superconducting qubits coupled to a resonator. In the present chapter, we will
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3. From few-atom to effective bosonic models

not take into account the contributions of the electrostatic interactions between
the atoms, which will be discussed in detail in Chapter 4. In cavity QED, this
assumption is justi�ed when the atoms are su�ciently far apart from each other,
such that the dipole-dipole interactions can be neglected. In the case of supercon-
ducting qubits, this assumption is equivalent to consider con�gurations where the
qubits are not directly coupled to each other, but only interacting via the common
mode of the resonator.

The total Hamiltonian of the system in the dipole gauge can be derived by
generalizing the single-atom Hamiltonian in Eq. (2.6). Namely, in the dipole ap-
proximation and two-level truncation, the resulting Hamiltonian for N atoms reads

ĤD = ℏωcâ
†â+

ℏ
2

N∑

i

ω(i)
a σ̂

(i)
z − iℏλωc(â− â†)

N∑

i

σ̂(i)
x + ℏλ2ωc

( N∑

i

σ̂(i)
x

)2

, (3.1)

where â (â†) is the annihilation (creation) operator of the bosonic mode with
frequency ωc, and σ̂

(i)
α (with α = x, y, z) are the Pauli operators for the i-th TLS

with transition frequency ω(i)
a . The parameter λ = η/

√
N is the e�ective single-

atom coupling, where η is the collective normalized coupling strength, de�ned as
η = g/ωc. We are implicitly assuming that all atoms are coupled with the same
strength to the bosonic mode, which is a valid assumption if they are located
within a region of space much smaller than the wavelength of the mode.

If all the atoms are identical, as we are assuming here, ω(i)
a = ωa for all i, and

thus we can introduce the collective spin operators Ĵα = 1
2

∑N
i σ̂

(i)
α , which satisfy

the angular momentum commutation relations [Ĵα, Ĵβ] = iϵαβγ Ĵγ, where ϵαβγ is the
Levi-Civita symbol. The total spin operator is given by Ĵ2 = Ĵ2

x + Ĵ2
y + Ĵ2

z , with
eigenvalues j(j+1), where j can take values from 0 (or 1/2) to N/2, depending on
whetherN is even or odd. The Dicke states, which are the simultaneous eigenstates
of Ĵ2 and Ĵz, are denoted as |j,m⟩, where m is the eigenvalue of Ĵz and can take
values from −j to j in integer steps. With these de�nitions, the Hamiltonian in
Eq. (3.1) can be rewritten as

ĤD = ℏωcâ
†â+ ℏωaĴz − i2ℏλωc(â− â†)Ĵx + 4ℏλ2ωcĴ

2
x . (3.2)

The Hamiltonian in Eq. (3.2) can be regarded as an extended version of the well-
known Dicke Hamiltonian [18, 22], as it includes the transverse self-polarization
term ∝ Ĵ2

x . This additional contribution is essential for a consistent description
of the system in the non-perturbative USC and DSC regimes. For convenience, in
the following we will refer to the Hamiltonian in Eq. (3.2) as extended Dicke model,
while using the nomenclature standard Dicke model (or simply Dicke model) for
the case when the Ĵ2

x term is omitted. As we will show in Section 3.2, the Ĵ2
x term

also plays a crucial role in ensuring the gauge invariance of the model and dictates
the convergence to the Hop�eld model in the thermodynamic limit.
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3.1. Few atoms interacting with a bosonic mode

To obtain a unitary equivalent Hamiltonian in the Coulomb gauge, we apply
the unitary transformation Û = exp

(
−2iλ(â+ â†)Ĵx

)
, de�ned directly in the

truncated Hilbert space of the TLSs [77, 87, 128]. This procedure preserves the
gauge invariance of the model, as discussed in Section 2.1.1. Similiarly to the
single-atom case, the bosonic operators are not gauge invariant, transforming as
â→ Û âÛ † = â+ 2iλĴx. The resulting Hamiltonian in the Coulomb gauge reads

ĤC = ℏωcâ
†â+ ℏωa

[
Ĵz cos

(
2λ(â† + â)

)
+ Ĵy sin

(
2λ(â† + â)

)]
. (3.3)

3.1.2 Energy spectrum: the importance of the

self-polarization term

In this section, we will study the energy spectrum of the Hamiltonians in Eqs. (3.2)
and (3.3), focusing in particular on the di�erences that arise when including or
omitting the self-polarization term.

Let us �rst de�ne the basic nomenclature of the energy levels of the system.
In the absence of light-matter interaction (λ = 0), the eigenstates of the system
are simply given by the tensor product of the Fock states of the bosonic mode and
the Dicke states of the atomic ensemble, i.e. |n⟩ ⊗ |j,m⟩, where n is the number
of photons in the mode, and j and m are the quantum numbers associated to the
collective spin operators, as de�ned in Section 3.1.1.

However, when the light-matter interaction is turned on (λ ̸= 0), the eigen-
states of the system are no longer separable, and they become entangled states
of the bosonic mode and the atomic ensemble. In particular, if we consider weak
coupling strengths, the counter-rotating terms in the Hamiltonian can be neglected
(rotating wave approximation, RWA), and thus we recover the well-known Tavis-
Cummings model [138]. In this case, the eigenstates of the system can be classi�ed
according to the total number of excitations, which is a conserved quantity for the
model's Hamiltonian, de�ned as the eigenvalue of the operator N̂exc = â†â+ Ĵz+j.
In this case, the eigenstates eigenstates of the Hamiltonian can be written as su-
perpositions of states with the same total number of excitations.

If the coupling strength is increased even more, the counter-rotating terms can
no longer be neglected, and the total number of excitations is no longer a con-
served quantity, and thus the eigenstates of the system can no longer be classi�ed
accordingly, as they become more complex entangled states of the bosonic mode
and the atomic ensemble. However, the parity of the total number of excitations,
de�ned as the eigenvalue of the operator Π̂ = exp

(
iπN̂exc

)
, remains a conserved

quantity even in the USC and DSC regimes. This means that the eigenstates of
the system can be classi�ed according to their parity, being either even or odd.
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Figure 3.1: Energy states, and their corresponding labeling, of the extended Dicke
Hamiltonian in Eq. (3.2) for N = 2 TLSs, as a function of the normalized coupling
strength η = λ

√
N . The energy levels are labeled using the notation

∣∣∣c̃, k̃
〉
, where

c̃ is the excitation number of the multiplet at η = 0 and k̃ indicates the levels in
ascending order of energy within each multiplet. Two levels,

∣∣1̃, 3̃
〉
and

∣∣3̃, 1̃
〉
, are

highlighted in red to evidence an avoided level crossing occurring at approximately
η ∼ 0.65. On the right of the anti-crossing, the energy levels exchange character,
and thus, we e�ectively swap the labels of the two states.

In the following, we will label the eigenstates of the system as
∣∣∣c̃, k̃

〉
, where

c̃ indicates the total number of excitations in the RWA limit, and k̃ is an index
that orders the states within each excitation manifold according to their energy,
starting from the lowest one (indicated by 1). For example, the ground state of the
system will be denoted as

∣∣0̃, 1̃
〉
, while the �rst excited state will be

∣∣1̃, 1̃
〉
, and so

on (see Fig. 3.1). Notice that some ambiguity in labeling the energy levels persists
in the vicinity of the anti-crossing regions. When two levels exhibit a small (with
respect to the bare resonance frequencies) avoided level crossing, we label them
describing explicitly the superposition at the anticrossing and nearby it. Outside
the avoided level crossing region, we choose to label the states as if they would
cross. As a result, to the right of the anti-crossing, the labels of the states are
exchanged with respect to the left.

An example of this labeling scheme is shown in Fig. 3.1, where we plot the
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3.1. Few atoms interacting with a bosonic mode

energy levels of the extended Dicke Hamiltonian in Eq. (3.2) for N = 2 TLSs
as a function of the normalized coupling strength η. The two levels

∣∣1̃, 3̃
〉
and∣∣3̃, 1̃

〉
are highlighted in red to evidence an avoided level crossing occurring at

approximately η ∼ 0.65. This anti-crossing is characterized by the formation of
hybridized superposition states, denoted as

∣∣∣Ψ±
1̃3̃;3̃1̃

〉
. At the anti-crossing, the

energy levels exchange character, and thus, we e�ectively swap the labels of the
two states.

Let us now analyze the energy spectrum of the system as a function of the
normalized coupling strength η = λ

√
N , comparing the results obtained with the

extended Dicke Hamiltonian in Eq. (3.2) (including the self-polarization term) and
the standard Dicke Hamiltonian (without the self-polarization term). In Fig. 3.2,
we plot the energy levels of both Hamiltonians for N = 1, 2, 3 TLSs, as a func-
tion of η on a logarithmic scale, for the resonant case ωa = ωc. The energy levels
are plotted up to the third excitation manifold, considering the ground state en-
ergy as reference. As we can see from Fig. 3.2, the energy spectra of the two
Hamiltonians are very similar in the weak and strong coupling regimes, while sig-
ni�cant di�erences arise in the USC and DSC regimes, especially for increasing
number of TLSs. In particular, for N = 1 TLS in Fig. 3.2(a), the two Hamiltoni-
ans coincide as the self-polarization term reduces to a constant energy shift, since
Ĵ2
x = σ̂2

x/4 = Î/4 (see discussion in Section 2.1.1). However, in Fig. 3.2(b,c), we
observe that dropping the self-polarization term signi�cantly alters the behavior
of the energy levels. In the absence of this term, the energy levels diverge and do
not approach the light-matter decoupling as η ≫ 1, with the exception of a couple
of levels for each multiplet, which become degenerate in the DSC regime.

On the contrary, in the DSC regime, the energy levels of the extended Dicke
Hamiltonian in Eq. (3.2) correctly approach the light-matter decoupling [55, 56],
where the bosonic mode and the atomic ensemble behave as two independent sys-
tems. In this limit, the energy levels tend to those of a bare quantum harmonic
oscillator with frequency ωc, i.e. En = nℏωc. Indeed, for λ ≫ 1, the Ĵz term can
be regarded as a small perturbation of the system's Hamiltonian. In this limit,
the eigenstates of the system become 2N -fold degenerate and can be approximated
as displaced harmonic oscillator states, with displacements determined by the col-
lective spin state of the atomic ensemble. More speci�cally, the Hamiltonian in
Eq. (3.2) can be split as the sum of two contributions, namely ĤD = Ĥ′

0 + Ĥ′
1,

where

Ĥ′
0 = ℏωcâ

†â+ 2iℏλωcĴx
(
â† − â

)
+ 4ℏλ2ωcĴ

2
x = ℏωcÂ†Â , (3.4)

Ĥ′
1 = ℏωaĴz , (3.5)

with Â = â + 2iλĴx being the shifted bosonic operator, satisfying the canonical
commutation relation [Â, Â†] = 1. Hence, the Hamiltonian Ĥ′

0 describes a dis-
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Figure 3.2: Comparison between the lowest energy eigenvalues of the generalized
Dicke Hamiltonian in Eq. (3.2) (blue solid lines) and those of the standard Dicke
Hamiltonian, without the self-energy polarization term (red dashed lines). The
energy levels are shown as a function of the normalized coupling strength η = λ

√
N

on a logarithmic scale for (a) N = 1, (b) N = 2, and (c) N = 3 TLSs, for the
resonant case ωa = ωc. The energy levels are displayed considering the ground
state energy as reference.

placed harmonic oscillator with frequency ωc, shifted by an amount depending on
Ĵx. The remaining term Ĥ′

I = ℏωaĴz can be safely treated as a perturbation in the
limit λ≫ ωa, ωc, since its matrix elements between the eigenstates of Ĥ′

0 scale as
exp{(−2λ2)}. A detailed derivation of this result, together with the nomenclature
of the energy levels, can be found in Ref. [5].

As a �nal note, we observe that the matter-decoupling is not recovered in the
standard Dicke Hamiltonian, precisely for the absence the self-polarization term,
which is essential to reconstruct in Ĥ′

0 the shifted bosonic operator Â, leading to
the displaced harmonic oscillator.

Finally, let us present the energy spectrum of the extended Dicke Hamiltonian
in Eq. (3.2) for systems composed of up to N = 6 TLSs. A detailed analysis of
Fig. 3.3(b), corresponding to the case of N = 2 emitters, reveals an avoided level
crossing around η = 0.65 (highlighted in green), as already previously observed.
This crossing involves the highest level of the c̃ = 1 multiplet, namely

∣∣1̃, 3̃
〉
, and

the lowest level of the c̃ = 3 multiplet,
∣∣3̃, 1̃

〉
.

In the N = 3 case, shown Fig. 3.3(c), two avoided level crossings involving∣∣1̃, 3̃
〉
are observed. The �rst, marked in orange, is analogous to N = 2 case

and couples
∣∣1̃, 3̃

〉
to
∣∣3̃, 1̃

〉
. The second, highlighted in red, is characterized by

a narrower energy gap and involves the interaction with the state
∣∣3̃, 3̃

〉
. These

avoided level crossings are higher-order processes enabled by the interaction terms
that do not conserve the number of excitations (namely, the counter-rotating terms,
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Figure 3.3: (a-f) Lowest energy eigenvalues of the generalized Dicke Hamiltonian
in Eq. (3.2) for systems composed by N = 1 up to N = 6 TLSs, as a function of the
normalized coupling strength η = λ

√
N . All the energy levels are taken with the

ground state energy as reference. Increasing the number of quantum emitters, the
number of energy levels rises exponentially as 2N . Multi-dipole systems present
avoided level crossings between energy levels corresponding to states with the same
parity, highlighted in green (b) for N=2, and in orange and red (c) for N = 3.
These avoided crossings become narrower when the number of TLSs increases. (f)
The red-highlighted energy levels correspond to the Dicke states belonging to the
maximum total angular momentum manifold, j = N/2.

which however conserve the parity), hence coupling states belonging to di�erent
excitation manifolds.

This pattern persists as the number of emitters increases. We notice that the
avoided crossings become progressively narrower increasing the number of emitters,
scaling as 1/

√
N . In particular, for N = 5 and N = 6 in Fig. 3.3(e,f), the energy

gaps of the avoided level crossings become extremely small, so much so that the
levels appear to cross. These crossings will become exact in the thermodynamic
limit, as we will see in the next section.

Finally, we observe that the red-highlighted energy levels in Fig. 3.3(f) corre-
spond to the Dicke states belonging to the maximum total angular momentum
manifold, j = N/2. These states are of particular interest because they are sym-
metric with respect to the exchange of any two atoms and thus embody the col-
lective behavior of the atomic ensemble. As we will see in the next sections, these
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3. From few-atom to effective bosonic models

states play a crucial role in the thermodynamic limit and in the emergence of
collective phenomena, especially in the emission spectra.

3.2 Many atoms and the thermodynamic limit

In this section, we extend the previous analysis to systems composed of many
atoms (up to N = 100), where collective phenomena emerge. In particular, we
explicitly study how the system approaches the thermodynamic limit. In this limit,
the number of atoms N tends to in�nity, while the coupling strength λ, scaling as
1/
√
N , is compensated by the collective enhancement e�ects of the coupling due

to the formation of the collective modes, so that the e�ective coupling η = λ
√
N

remains �nite. As a consequence, the total interaction energy between the atomic
ensemble and the bosonic �eld mode also remains �nite in the thermodynamic
limit. From an experimental perspective, for instance, this situation corresponds
to a collection of natural atoms or nanoparticles coupled to the same cavity or
resonator mode (see, e.g., Ref. [139]), as we will discuss in more detail in Chapter 4.

3.2.1 Bosonization of the atomic ensemble and

thermodynamic limit

In Section 3.1.1, we introduced Eq. (3.2) to describe systems with a �nite number
N of emitters interacting with a single-mode cavity electromagnetic �eld in the
dipole gauge. We now extend this study, considering the thermodynamic limit
(N → ∞), while keeping the e�ective coupling η �nite. It is well established that,
in this limit, the collective behavior of the atomic ensemble dominates the system's
dynamics, leading to the emergence of e�ective bosonic modes that describe the
collective excitations of the atomic ensemble [21]. These collective modes natu-
rally emerge from the symmetric states belonging to the maximum total angular
momentum manifold, j = N/2, since they exhibit the strongest e�ective coupling
to the bosonic mode.

A standard tool to introduce the collective modes is the Holstein-Primako�
mapping [11, 140, 141], which allows to represent the spin operators Ĵα in terms
of bosonic operators, b̂ and b̂†, satisfying the canonical commutation relations
[b̂, b̂†] = 1. The Holstein-Primako� transformations are de�ned as

Ĵz = b̂†b̂− j , (3.6a)

Ĵ+ = b̂†
√
2j − b̂†b̂ , (3.6b)

Ĵ− =

√
2j − b̂†b̂ b̂ , (3.6c)
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where Ĵ± = Ĵx± iĴy are the raising and lowering operators, and j is the maximum
total spin, which for a system of N identical TLSs is given by j = N/2. This
mapping is particularly useful in the thermodynamic limit, where the number of
atoms becomes very large. Indeed, if the system is not macroscopically excited,
the number of bosonic excitations

〈
b̂†b̂
〉
is much smaller than the maximum total

spin j, and thus we can approximate the square root in Eqs. (3.6b) and (3.6c)

as
√

2j − b̂†b̂ ≈ √
2j =

√
N . Applying this transformations to Eq. (3.2), we can

express the dipole-gauge Hamiltonian for an in�nite collection of TLSs in terms of
bosonic operators as

Ĥ(∞)
D = ℏωcâ

†â+ ℏωab̂
†b̂+ iℏηωa(â

† − â)(b̂† + b̂) + ℏη2ωa(b̂
† + b̂)2, (3.7)

where we used the relation η = λ
√
N . The last term of this equation originates

from the self-polarization term in Eq. (3.2). We observe that the resulting Hamil-
tonian in Eq. (3.7) is formally equivalent to the Hop�eld Hamiltonian for a single-
mode electromagnetic resonator interacting with a bosonic polarization wave [128,
142], thus con�rming that the Hop�eld model provides the correct description of
the transverse sector of a light-matter system in the thermodynamic limit.

An analogous procedure can be followed to obtain the Coulomb-gauge Hamil-
tonian in this limit. Importantly, we point out that it can also be derived by
applying a suitable unitary transformation to the Hamiltonian in Eq. (3.7). For
consistency, similiarly to what was done in Section 2.1.1 for the two-level trunca-
tion, to obtain the Coulomb gauge Hamiltonian in the thermodynamic limit we
need to �rst apply the Holstein-Primako� mapping directly to the exponent of
the unitary operator Û = exp

(
−2iλ(â+ â†)Ĵx

)
that connects the two gauges. In

particular, using Eqs. (3.6), we obtain Û = exp
(
−iη(â+ â†)(b̂† + b̂)

)
[87, 128].

By applying this operator to the Hamiltonian in Eq. (3.7), we obtain the Coulomb
gauge Hamiltonian in the thermodynamic limit, which reads

Ĥ(∞)
C = ℏωcâ

†â+ ℏωab̂
†b̂− iℏηωa(b̂

† − b̂)(â† + â) + ℏη2ωa(â
† + â)2 , (3.8)

where the last term represents the usual diamagneticA2 contribution in the Coulomb-
gauge Hamiltonian.

3.2.2 Many-atom energy spectrum and convergence to the

Hop�eld model

Let us now analyze the energy spectra of the Hamiltonians in Eqs. (3.7) and (3.8),
which are unitarily equivalent and thus yield identical results, and compare them
with the results obtained for �nite number of TLSs in Section 3.1.1. In particular,

83



3. From few-atom to effective bosonic models

our primary focus is to examine how the energy spectrum converges to that of the
Hop�eld model in the thermodynamic limit.

Since the Hamiltonian in Eqs. (3.7) and (3.8) is quadratic in the bosonic op-
erators, its energy spectrum can be obtained analytically through a Bogoliubov
transformation [128, 142]. The resulting polaritonic eigenfrequencies are given by

E±/ℏ = ωc

√√√√√1

2


1 +

ω2
a

ω2
c

+ 2η2 ±
√(

1− ω2
a

ω2
c

)2

+ 4η2
(
1 +

ωa

ωc

)2

 , (3.9)

where E− and E+ denote to the lower and upper polariton branches, respectively.
The resulting energy spectrum is plotted in Fig. 3.4 as orange solid lines for the
resonant case ωa = ωc, as a function of the normalized coupling strength η. We
notice that the full energy spectrum is built from linear combinations of these
polariton states, i.e. En−,n+ = n−E− + n+E+, where n− and n+ are non-negative
integers indicating the number of excitations in the lower and upper polariton
branches, respectively.

Fig. 3.4 also shows the energy levels of the extended Dicke Hamiltonian in
Eq. (3.2) belonging to the maximum angular momentum manifold, j = N/2, for
systems composed of N = 10, 50, 100 TLSs. For comparison, the corresponding
energy levels of the Hop�eld model in Eqs. (3.7) and (3.8) are superimposed. As
expected, increasing N , drives the spectrum of the extended Dicke model towards
that of the Hop�eld model, hence con�rming that the latter correctly describe the
physics of the system in the thermodynamic limit. The discrepancies between the
two models (due to the �nite number of emitters, although very large) are more
pronounced in the USC and DSC regimes and for higher excited states, becoming
progressively negligible as N grows. In addition, we observe that the avoided level
crossings present in the energy spectra of the extended Dicke Hamiltonian for
�nite N become gradually narrower as N increases, ultimately turning into exact
crossings in the thermodynamic limit.

Finally, we point out that, if the self-polarization term is omitted in Eq. (3.7),
the standard Dicke Hamiltonian in its bosonized form would be recovered, i.e.

Ĥ(∞)
Dicke = ℏωcâ

†â+ ℏωab̂
†b̂+ ℏηωa(â

† + â)(b̂† + b̂) , (3.10)

where we applyed the unitary transformation â → −iâ, as commonly done in the
literature to express the Dicke Hamiltonian in a more symmetric form [21, 22].
A comprehensive analysis of this model, and in particular of its interaction with
the external environment, especially near the critical point, will be presented in
Chapter 5. Here, we limit ourselves to point out that the energy spectrum of this
Hamiltonian can also be obtained analytically through a Bogoliubov transforma-
tion, and it exhibits a superradiant phase transition (SPT) at a critical coupling
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Figure 3.4: Lowest energy eigenvalues of the extended Dicke Hamiltonian belong-
ing to the maximum angular momentum manifold (blue solid lines) for (a) N = 10,
(b) N = 50, and (c) N = 100, as a function of the normalized coupling strength
η. For comparison, the corresponding energy levels of the Hop�eld model are also
displayed (orange solid lines).
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3. From few-atom to effective bosonic models

strength ηc =
√
ωc/4ωa [19�21]. This transition is characterized by macroscopic

occupations of the bosonic modes in the ground state of the system, which becomes
two-fold degenerate above the critical coupling strength. Moreover, as discussed in
Ref. [92], if the coe�cient of the self-polarization term is treated as a free param-
eter, rather than being �xed by the Thomas-Reiche-Kuhn (TRK) sum rule [143],
one obtains a family of models interpolating between the standard Dicke model
and the Hop�eld model. Indeed, they show that a superradiant phase transition
can occur for su�ciently small values of the self-polarization coe�cient.

3.3 Emission spectra

In this section, we investigate the incoherent emission spectra of the system and
analyze how they evolve as the number of TLSs increases and the thermodynamic
limit is approached. The theorical framework required to describe the interaction
between the system and its environment in ultrastrongly-coupled systems, and
in particular the calculation of emission spectra, has already been introduced in
Section 2.2.1. Here, we brie�y summarize the main results needed for the present
discussion.

The dynamics of the system in the USC and DSC regimes can be accurately
described within the generalized master equation (GME) formalism [85]. In this
framework, the dynamics is governed by the master equation

˙̂ρ(t) = − i

ℏ
[Ĥ, ρ̂(t)] + LGMEρ̂(t) , (3.11)

where Ĥ is the system's Hamiltonian, given in Eq. (3.2), and LGME is the Liou-
villian superoperator describing the dissipation processes (see also Eq. (2.24)). Its
explicit form can be found in Ref. [85]. The operators appearing in the dissipators
of LGME determine the system-environment interaction, and thus directly a�ect
the emission properties. In the following, we consider two di�erent scenarios for
the emitters: (i) individual atomic decay channels, ŝ(j)ind = σ̂

(j)
− for each j, and (ii)

collective atomic decay channel, ŝcoll =
∑

j σ̂
(j)
− /

√
N . For the cavity mode, we

consider a single dissipation channel, ŝc = â.
The physical observable that couples the system to the external environment

is the electric �eld operator Ê(r, t), and the photon-detection probability is pro-
portional to the normally ordered correlation function of this operator [110, 112].
Importantly, in the USC and DSC regimes, the positive and negative frequency
components of the electric �eld operator must be expressed in the dressed basis of
the system, i.e. in terms of the eigenstates of the system's Hamiltonian [81, 82].
The emission spectrum is then given by the Fourier transform of the two-time cor-
relation function of the positive and negative frequency components of the electric
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�eld operator, as described in Eq. (2.25). Namely,

S(ω) ∝ Re

∫ ∞

0

〈
Ê−(t+ τ)Ê+(t)

〉
e−iωτdτ , (3.12)

where ⟨· · ·⟩ = Tr{ρ̂ss(t) · · · } denotes the expectation value over the system's steady
state density matrix ρ̂ss(t), which is obtained by solving numerically the master
equation in Eq. (3.11).

Throughout this section we assume the system is incoherently excitated through
the quantum emitters. Their continuous-wave incoherent pumping is modeled by
coupling them to a thermal (ohmic) bath at an e�ective temperature Ta > 0 (in
natural units, ℏ = kB = 1). Unless stated otherwise, we set the cavity bath tem-
perature to Tc = 0, while for the emitters we �x Ta/ωc = 0.15. The emission
spectra are calculated as a function of the normalized coupling strength η, ranging
from the weak to the DSC regimes. For each system we analyze, in addition to the
cavity dissipation channel, the case of (i) purely individual atomic dissipation, (ii)
purely collective atomic dissipation, and (iii) the coexistence of both channels. For
all the numerical calculations of the emission spectra, we use the following bare
damping rates: γc = 10−3ωc, γcoll = 10−3ωc (for the collective qubits reservoir),
γind = 10−3ωc (for the individual qubits reservoirs). When both types of atomic
reservoirs are present simultaneously, the dissipation rates γind and γcoll are halved
to facilitate a consistent comparison.

3.3.1 Incoherent emission spectra for few atoms

Let us begin by analyzing the incoherent emission spectra of systems with a small
number of TLSs. The single emitter case has already been examined in detail in
Section 2.2.1. Therefore, in this subsection, we focus on the range N = 2 to N = 6.

We �rst focus on the N = 2 case, whose energy spectrum was already pre-
sented in Fig. 3.3(b). The corresponding incoherent emission spectra are shown
in Fig. 3.5 for di�erent e�etive atomic temperatures T̃a = Ta/ωc, in the resonant
condition ωa = ωc and at �xed normalized coupling strength η = 0.3. Only in-
dividual dissipation channels are considered. The orange line (rhombus marker)
corresponds to the e�ective temperature T̃a = 0.15, which will also be adopted
for all subsequent emission spectra presented in this section. Although somewhat
arbitrary, this value of the temperature represents a convenient compromise: it is
su�ciently high to prevent an almost exclusive population of the ground state, yet
low enough to prevent signi�cant excitation of higher-energy states. As expected,
increasing the temperature enables the population of higher excited levels, thus
giving rise to additional emission lines. The peaks in Fig. 3.5 occur at the allowed
transition frequencies of the system, which will be discussed in more detail below.
For the moment, let us only highlight the presence of an emission line at the bare
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Figure 3.5: Incoherent emission spectra for a system composed of N = 2 TLSs for
η = 0.3, with individual dissipation channels. The emission spectra are calculated
at di�erent e�ective temperatures, shown in the legend on top of the �gure. For
a better comparison, the emission spectra are vertically shifted along the emission
intensity axis, which is in a logarithmic scale. The orange spectrum line corre-
sponds to the temperature T̃a = Ta/ωc = 0.15, which is used for all the other
emission spectra. Notice the presence of the emission line at ω = ωc for high
enough temperatures. We consider the resonant case ωa = ωc.

cavity frequency ω = ωc, which becomes more pronounced at higher tempera-
tures. This feature, present only when individual atomic dissipation channels are
included, originates from the transitions between states involving antisymmetric
matter states (dark states), such as the transitions

∣∣2̃, 2̃
〉
→
∣∣1̃, 2̃

〉
,
∣∣3̃, 2̃

〉
→
∣∣2̃, 2̃

〉

and, more generally,
∣∣c̃+ 1, 2̃

〉
→
∣∣c̃, 2̃

〉
. Obviously, at low temperature, the main

contribution comes from the �rst of these transitions, namely
∣∣2̃, 2̃

〉
→
∣∣1̃, 2̃

〉
. The

appearance of this emission line is a direct consequence of the individual coupling
of the quantum emitters to their respective baths, which enables the population of
these (otherwise optically inactive) states, as well as their radiative decay into one
another. Such states are characterized by j = 0, and therefore exist only for sys-
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Figure 3.6: (a-c) Incoherent emission spectra for a system of N = 2 quantum emit-
ters as a function of the normalized coupling strength η. The light-matter system
interact with the reservoir in di�erent con�gurations: (a) collective dissipation
channel for the TLSs, (b) individual channels for each TLS, (c) a con�guration
where both are present. (d) Lowest level transitions' energies of the system as
function of η. The solid curves represent the transition energies observable in the
spectra (a-c), whereas the dotted curves correspond to transition lines that exhibit
weak emission or are optically inactive.

tems with an even number of emitters. In the N = 2 case, these are antisymmetric
two-qubit states with n photons, explicitly given by

|n⟩ ⊗ 1√
2
(|1, 0⟩ − |0, 1⟩) . (3.13)

It is straightforward to verify that these states are also eigenstates of the interaction
Hamiltonian with zero eigenvalue. Consequently, they remain una�ected by the
light-matter coupling and give rise to energy levels that are independent of λ (or,
equivalently, η).

To further consolidate this point, we now analyze the incoherent emission spec-
tra for N = 2 TLSs, shown in Fig. 3.6, in presence of (a) collective, (b) individual,
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3. From few-atom to effective bosonic models

and (c) combined atomic dissipation channels, as functions of the normalized cou-
pling strength η. This system exhibits a signi�cantly di�erent behavior compared
to the single-emitter case presented in Fig. 2.4. In particular, as discussed below,
increasing the number of emitters enlarges the Hilbert space, giving rise to a greater
number of energy eigenstates and, consequently, to additional emission lines. Al-
though the three cases in Fig. 3.6 share several common spectral features, a key
distinction emerges: the appearance of a constant emission line at the frequency
ω = ωc in the presence of individual-dissipation reservoirs (see Fig. 3.6(b,c)). This
line, already visible at relatively small interaction strengths η, originates (as dis-
cussed above) from transitions involving antisymmetric matter states. It turns out
that these transitions are forbidden for systems interacting with the bath collec-
tively, explaining their absence in Fig. 3.6(a). The spectral features observed in
Fig. 3.6(a-c) can be understood more clearly by comparing them with the lowest
transition energies shown in Fig. 3.6(d) as a function of η. Solid curves describe the
transition energies which can be observed in the spectra, while the dotted curves
correspond to the dark or weakly emitting transitions. The most relevant features
in the emission spectra are associated with transitions terminating in the ground
state, or, at most, in the lower polariton state of the �rst excitation manifold. In
the weak to moderate coupling regimes, the brightest emission lines correspond to
the transitions

∣∣1̃, 1̃
〉
→
∣∣0̃, 1̃

〉
and

∣∣1̃, 3̃
〉
→
∣∣0̃, 1̃

〉
. As the number of emitter in-

creases,these transitions progressively evolve into the characteristic emission lines
associated with the lower and upper polariton branches of the Hop�eld model,
respectively.

If more quantum emitters are included, the number of energy levels within a
given spectral region also grows exponentially, adding complexity and making the
system more challenging to analyze. However, at the e�ective temperature con-
sidered T̃a = 0.15, many transitions are not su�ciently populated to be observed.
As a result, the emission spectra tend to simplify, with a reduction in the number
of prominent emission lines. As we will see, this behavior can be understood by
noting that, for increasing N , the most active transitions of the system gradually
acquire a harmonic-like character, as will be shown in Section 3.3.2, thus further
hinting at the bosonization of the matter degrees of freedom in the thermodynamic
limit.

Fig. 3.7 displays the emission spectra for systems composed of N = 3-6 emitters
coupled to a single cavity mode. As for the N = 2 case, we consider con�gurations
with either only individual dissipation channels (Fig. 3.7(a,d,g,j)) or collective
reservoirs (Fig. 3.7(b,e,h,k)). When both types of dissipation channels are present
simultaneously, the resulting spectra are qualitatively similar to those obtained
with only individual dissipation channels, hence, for brevity, we omit them here.
As the number of emitters increases, many emission lines become signi�cantly less
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Figure 3.7: Incoherent emission spectra for systems composed ofN = 3-6 as a func-
tion of the normalized coupling strength η. The emission spectra obtained consid-
ering: (a,d,g,j) individual reservoirs for the TLSs, (b,e,h,k) collective reservoir,
and (c,f,i,l) collective reservoirs with transitions only between states of maximum
total angular momentum j = N/2.

intense. In contrast, the transitions
∣∣1̃, 1̃

〉
→
∣∣0̃, 1̃

〉
and

∣∣1̃, 3̃
〉
→
∣∣0̃, 1̃

〉
consistently

dominate the spectra as the brightest emission lines. We also observe several
avoided level crossings along these emission lines, especially evident in the transi-
tion

∣∣1̃, 3̃
〉
→
∣∣0̃, 1̃

〉
, caused by the interaction of states with the same parity but

di�erent excitation number. While the number of such avoided crossings increases
with N , their width scales as N−1/2, thus becoming progressively narrower. By
N = 6, they are already barely distinguishable.
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3. From few-atom to effective bosonic models

It is worth emphasizing that the brightest emission lines are associated with
transitions between eigenstates belonging to the maximum angular momentum
manifold, j = N/2. This naturally motivates us to focus on the emission spectra
restricted to this manifold, which includes the ground and �rst excited states and
couples most strongly to the photonic mode [21]. Such a restriction not only
captures all the physically relevant spectral features but also brings a signi�cant
computational advantage when dealing with larger systems. In Fig. 3.7(c,f,i,l), we
present the emission spectra obtained by restricting the matter Hilbert space to
the j = N/2 manifold, for systems with N = 3-6 emitters coupled to collective
reservoirs. We observe that, as N increases, the di�erences between the full and
restricted spectra rapidly vanish. This is because the emission lines associated with
j < N/2 manifolds become negligible in the limit N → ∞. These observations
justify restricting our analysis to the j = N/2 manifold in the following subsection,
where we address the thermodynamic limit.

3.3.2 Incoherent emission spectra for many atoms and the

thermodynamic limit

In this subsection, we examine the emission spectra of systems composed of a
large number of emitters (N = 10, 50, 100), approaching the thermodynamic limit
N → ∞, whose energy spectra were already shown in Fig. 3.4. As mentioned
earlier, our analysis is restricted to the maximum angular momentum manifold
j = N/2, which is su�cient to capture all the relevant collective emission features
for such large systems.

Fig. 3.8(a-c) display the incoherent emission spectra for systems with N =
10, 50, 100 emitters, as functions of the normalized coupling strength η, considering
only collective dissipation channels. For comparison, Fig. 3.8(d) shows the emis-
sion spectrum in the thermodynamic limit, obtained from the Hop�eld model in
Eqs. (3.7) and (3.8). As illustrated in Fig. 3.8, the number of visible emission lines
decreases rapidly as N increases, eventually leaving only the two most dominant
emission lines, corresponding to the transitions

∣∣1̃, 3̃
〉
→
∣∣0̃, 1̃

〉
and

∣∣1̃, 1̃
〉
→
∣∣0̃, 1̃

〉
.

The avoided level crossings, still faintly visible for N = 10 (see Fig. 3.8(a)), disap-
pear entirely for larger N .

The overall behavior displayed in these spectra for �nite N already closely
mimics that of the lower and upper polariton modes in the thermodynamic limit
(see Fig. 3.8(d)). Indeed, as derived in Eqs. (3.7) and (3.8), the collective dynamics
of the quantum emitter ensemble can be e�ectively described through bosoniza-
tion, leading to the bosonic Hop�eld model. The progressive disappearance of
higher-order transitions is a clear manifestation of the system's tendency toward
harmonicity as N → ∞. These conclusions hold within the weak excitation regime
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Figure 3.8: Incoherent emission spectra for systems of (a) N = 10, (b) N = 50,
(c) N = 100 and (d) N → ∞ (thermodynamic limit) TLSs as function of the
normalized coupling strength η, considering a collective dissipation channel.

considered here. At higher e�ective temperatures, where more excited states be-
come signi�cantly populated, deviations from the Hop�eld model may reemerge,
and a larger number of emitters would be required to maintain the same level of
agreement with the thermodynamic limit.
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Chapter4

Quantum phase transitions in

ultrastrongly coupled light-matter

systems: the role of electrostatic

interactions

The occurrence of a potential quantum phase transition in systems composed of
a large number of dipoles ultrastrongly coupled to a single-mode cavity �eld has
been a topic of intense debate in the literature, with many theoretical predictions
often in con�ict. This controversy is further complicated by the presence of both
no-go and counter no-go theorems, which often rely on simpli�ed models that may
not capture all relevant physical e�ects. In particular, many of these theorems are
based on the role of the A2 term in the Coulomb-gauge light-matter Hamiltonian,
or equivalently the P2 term of the multipolar gauge, as well as on the impact of
the electrostatic interactions between dipoles, which are frequently neglected or
treated in an oversimpli�ed manner.

In this chapter, we aim to shed light on this long-standing debate by analyzing
two speci�c arrangements of atoms, namely a three-dimensional cubic lattice and
a cavity-embedded square-lattice layer. The latter provides a realistic model for
single-mode cavity-QED setups with coupled dipoles in the thermodynamic limit.
The predictions obtained from these models are shown to signi�cantly di�er from
those of the standard Dicke model. In particular, we demonstrate that in the ther-
modynamic limit a realistic description leads to the introduction of renormalized
Hop�eld models. Moreover, we show that for su�ciently large atom-�eld coupling
strengths, a ferroelectric phase transition can in principle occur, although its na-
ture di�ers from the original superradiant phase transition predicted by the Dicke
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model. While the normal phase below the critical point can be accurately de-
scribed using collective matter modes via a standard linearized Holstein-Primako�
approach, the description of the condensed phase beyond the critical point re-
quires the inclusion of nonlinear terms in the Holstein-Primako� mapping. Our
theoretical predictions are further supported by experimental observations of the
polaritonic spectrum in bulk crystals of gold nanoparticles. In such system, highly-
localized gold nanoparticles interact strongly with light through localized surface
plasmons, which are the collective oscillations of conduction electrons. Their large
oscillator strength makes them excellent building blocks for engineered materials
exhibiting ultrastrong light-matter interactions.

This chapter is organized as follows. In Section 4.1, we provide a brief histor-
ical overview of the occurrence of superradiant phase transitions in light-matter
systems, highlighting the main controversies and debates in the literature. In
Section 4.2, we introduce a theoretical model for a three-dimensional lattice of
dipoles, explicitly taking into account the electrostatic dipole-dipole interactions.
We derive a renormalized Hop�eld-like Hamiltonian and analyze its polaritonic
eigenmodes, discussing the possible occurrence of a quantum phase transition.
Furthermore, we present experimental observations that support our theoretical
predictions, demonstrating the relevance of our models in experimental realiza-
tions. Finally, in Section 4.3, we extend our analysis to a cavity-embedded planar
layer of dipoles, deriving an e�ective light-matter Hamiltonian and examining its
predictions for the polaritonic spectrum. The results presented in this chapter
are based on Ref. [2], where detailed derivations and additional discussions can be
found.

4.1 Historical overview of the occurrence of SPT

in light-matter systems

The Dicke model, introduced in 1954 by R. H. Dicke [18], was originally formulated
to describe the collective behavior of a large number of two-level atoms interact-
ing with a common radiation �eld. A key prediction of the model is that when
the coupling strength between the electromagnetic �eld and the atoms exceeds
a critical value, the system undergoes a transition to a phase characterized by
a macroscopic occupation of the cavity mode and a collectively ordered atomic
state. This phenomenon, known as superradiant phase transition (SPT), has been
extensively studied in various contexts, including cavity QED, circuit QED, and
solid-state systems [19�22, 74, 144]. Early studies considered the Dicke model at
�nite temperature [19, 20, 74], predicting a classical phase transition, while later
works extended the analysis to zero temperature [21, 144], revealing its quantum
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nature.

Since its formulation, the Dicke model has been the subject of intense theoret-
ical and experimental investigations. In particular, the possibility of a quantum
phase transition (QPT) between a normal state and a photon-condensate state
within light-matter systems under the in�uence of electric dipolar interactions has
been a long-standing debate for many decades [76, 145�154]. Even in recent years,
several apparently con�icting no-go and counter no-go theorems have continued to
dispute over the occurrence of a SPT in such systems [89�92, 130, 155, 156].

Notably, such debates are limited to the case of electric dipolar interactions,
as there is a general consensus regarding the potential occurrence of a SPT in
the presence of magnetic interactions, since in these systems the so-called A2

diamagnetic term in the Coulomb gauge Hamiltonian (or P2 self-polarization term
in the multipolar gauge Hamiltonian), which prevents the SPT, is either negligible
or totally absent [134, 157]. This originates from the fact that magnetic couplings
arise from spin degrees of freedom and are typically described by Zeeman-like
interactions, linear in the vector potential A [158]. In this case, these quadratic
terms (if present) are not constrained by the Thomas-Reiche-Kuhn (TRK) sum
rule [143], which instead applies to electric dipolar interactions. Very recently,
a Dicke-like SPT has been experimentally observed in a magnonic system [159],
where a magnon mode of ordered Fe3+ spins couples ultrastrongly to paramagnetic
Er3+ spins, e�ectively realizing a Dicke-like model, where the Fe3+ mode plays the
role of the bosonic mode while the Er3+ spins represent the two-level systems.

In contrast, for electric dipolar systems, the presence of the A2 or P2 terms
has been shown to prevent the SPT [91, 146, 154]. These quadratic terms are not
only required to preserve gauge invariance, but also ensure the correct recovery of
fundamental classical limits [128, 154, 160]. Recent no-go theorems further argue
that gauge invariance itself forbids any transition to a photon-condensate state
when the cavity mode is assumed to be spatially uniform in the region where the
dipoles are located [90, 91], or when magnetic interactions can be neglected [89].

On the other hand, several works argue that a SPT remains possible in many-
dipole cavity-QED systems, grounded on the assumption that the system Hamil-
tonian can be mapped onto a Dicke-like model [78, 129, 130, 148, 149, 161]. This
apparent possibility arises from a compensation mechanism between direct elec-
trostatic dipole-dipole interactions and transverse polarization-�eld terms in the
multipolar gauge. To make the situation even more intricate, there is no general
agreement on the nature of this controversial QPT. According to [130], it corre-
sponds to a ferroelectric-like spontaneous polarization of the dipoles, without a
macroscopic transverse �eld. Conversely, Ref. [148] argues that any mean-�eld po-
larization in the displacement �eld, far from the dipoles, must be accompanied by
a transverse electric �eld. Refs. [129, 161], instead, suggest that the nature of the
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QPT is gauge dependent, being ferroelectric-like only in the Coulomb gauge. Still,
several studies document consistent physical predictions based on this compensa-
tion [162, 163]. In contrast, Ref. [150] concludes that longitudinal dipole-dipole
interactions cannot induce any QPT, at least in the idealized case of in�nite, ho-
mogeneous, and isotropic ensembles of non-overlapping dipoles.

To shed light on these long-standing controversies, we investigate the interac-
tion between the electromagnetic �eld and ordered lattices of atoms. Speci�cally,
in our treatment, we consider isotropic, localized two-level atomic dipoles with
threefold orientation degeneracy. Whitin the two-level approximation, a consis-
tent atomic model requires accounting for the orientational degeneracy of one of
the two levels (e.g., the excited state), since the electric-dipole transitions are only
allowed between states of di�erent parity (such as between s and p orbitals). In an-
alyzing these lattices, we explicitly take into account the discrete, non-overlapping
topology of the system, which is often neglected during the di�erent approxima-
tions and limiting procedures employed to derive the Dicke model. We begin
with a cubic lattice array (an isotropic system in the long-wavelength limit) and
subsequently examine a cavity-embedded planar layer with a square lattice.

In the thermodynamic limit, such dipole arrays are described by a light-matter
Hamiltonian with a Hop�eld-like structure, with an additional dipole-dipole in-
teraction term. This contribution cannot be discarded and is explicitly retained
here to provide a comprehensive description of the system. Accordingly, our ap-
proach yields a physically grounded model for single-mode cavity QED in the
dipole approximation and in the thermodynamic limit. Importantly, the results of
our analysis shows that, for su�ciently strong atom-�eld coupling, a ferroelectric
QPT can in principle still emerge, although with di�erent features with respect to
the original Dicke SPT.

4.2 Theoretical models for a three-dimensional

lattice of dipoles

Let us �rst consider the case of a three-dimensional lattice of atoms interacting
with an electromagnetic �eld. For notational convenience, in the following, we will
omit the ·̂ symbol on the operators, as we are working entirely within the quantum
regime and no ambiguity can arise.

The quantization of the electromagnetic �eld and its subsequent interaction
with the matter subsystem can be carried out as described in Sections 1.2.2 and 1.3,
respectively. Here, we brie�y summarize the main steps of the derivation. As usual,
the radiation �eld is quantized by the introduction of phtonic bosonic operators
ak,λ for each mode k and polarization λ. The corresponding mode frequency
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is ωk = v |k|, where v = c/
√
ϵm is the speed of light in a medium of relative

dielectric constant ϵm. The vector potential of the electromagnetic �eld can then
be expanded in plane waves as

A(r) =
∑

λ

∑

k

Ekeik·rak,λêλ +H.c. , (4.1)

with Ek =
√

ℏ/2ϵ0ϵmV ωk , where V is the quantization volume, and êλ (λ = 1, 2)
are the two polarization unit vectors orthogonal to k̂. The Hamiltonian of the free
electromagnetic �eld then takes the standard form

Hph = ℏ
∑

λ,k

ωka
†
k,λak,λ . (4.2)

On the other hand, the atoms are modeled as localized dipoles in the sites
Rn of a lattice. For the sake of simplicity, we will consider single-electron atoms.
Generalization to many-electron atoms does not a�ect the obtained results. We
assume that the atoms are su�ciently far apart to neglect any overlap between
their electronic wavefunctions. This allows us to treat the atoms as distinguishable
particles, each described by its own position and momentum operators. Therefore,
the bare Hamiltonian of N non-interacting identical atoms is given by

HA =
∑

n

p2
n

2m
+ VC(rn) , (4.3)

where rn and pn are the position and momentum operators of the electron of the
n-th atom, satisfying the canonical commutation relations [rn,α, pm,β] = iℏδnmδαβ,
with α, β = x, y, z. Here, m is the electron mass and VC(rn) is the intra-atomic

Coulomb potential of the n-th atom, bounding each electron to its nucleus, which
gives rise to the typical anharmonic atomic energy spectrum.

4.2.1 Dipole-dipole electrostatic interactions: the matter

Hamiltonian

Before approaching the full light-matter Hamiltonian, it is useful to �rst focus only
on the matter subsystem. As discussed in Section 1.1, the matter Hamiltonian
must include not only the bare atomic Hamiltonian HA, but also the electrostatic
interactions between atoms of the lattice. These interactions turn out to play a
central role in determining the collective resonance frequencies of the system and,
ultimately, the possible occurrence of a QPT.

To this end, we begin by evaluating the contribution of the electrostatic interac-
tions to the total Hamiltonian. In the long-wavelength approximation, and under
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the assumption of non-overlapping atomic wavefunctions, the total polarization
density can be expressed as

P(r) =
∑

n

Pn(r) =
∑

n

dnδ(r−Rn) , (4.4)

where dn is the total electric dipole of the n-th atom. The corresponding electro-
static interatomic interaction term in the Hamiltonian reduces to the dipole-dipole
interaction, which is given by

Hdip =
1

2

∑

n̸=m

Vdip(Rn,Rm) =
1

8πϵ0ϵm

∑

n̸=m

dn ·dm − 3(dn ·r̂nm)(dm ·r̂nm)
r3nm

, (4.5)

with rnm = Rn − Rm and r̂nm = rnm/rnm, where rnm = |rnm|. Hence, the total
matter Hamiltonian is given by

Hmatter = HA +Hdip . (4.6)

We now perform the two-level approximation to derive Dicke-like models, re-
ducing the atomic states to just the ground and excited levels. Importantly, as
previously mentioned, to ensure a consistent description of the atomic dipole de-
grees of freedom, we must take into account the orientation (threefold) degeneracy
of the excited state, corresponding to three possible orthogonal orientations for the
atomic dipole moment. Accordingly, we de�ne generalized spin operators σx,y,z

n for
each atom, as detailed in Appendix Section B.1. This subtlety, often overlooked
in simpli�ed models, is crucial for a correct microscopic description.

In the thermodynamic limit (N, V → ∞, at �xed density), the many-body
dynamics can be bosonized using a generalized Holstein-Primako� mapping (see
Appendix Section B.2). Since we are considering a threefold degenerate excited
state, we introduce three commuting bosonic operators bn,α (α = x, y, z) for each
atom, which annihilate an excitation in the n-th atom with dipole orientation along
the α-axis. In the low-excitation regime, where the number of atomic excitations
is much smaller than the total number of atoms, these Holstein-Primako� trans-
formations can be linearized. This approximation is valid throughout the normal
phase below the critical point of the QPT. As it will be shown shortly, above the
critical point, however, nonlinear terms in the Holstein-Primako� mapping must
be included to accurately describe the condansates in the system.

In the end, the total Hamiltonian for the matter subsystem (according to the
convention of �matter� adopted in this thesis) reads

Hmat = ℏω0

∑

α,k

b†k,αbk,α + ℏ
∑

α,β,k

χ2ω0fk,α,β

(
bk,α + b†−k,α

)(
b−k,β + b†k,β

)
, (4.7)
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where the �rst term is the thermodynamic limit of the bare atomic Hamiltonian
HA, with ω0 being the atomic transition frequency between the ground and excited
states, while the second term originates from the electrostatic dipole-dipole inter-
action in Eq. (4.5) in the thermodynamic limit (see Ref. [2] for a detailed deriva-
tion). The dimensionless structure factor fk,α,β depends on the lattice geometry
and, for a simple cubic lattice in the long-wavelength limit, is approximatively
fk,α,β ≈

(
3(k̂ · êα)(k̂ · êβ)− δαβ

)
/3. The interaction strength between the dipoles

is given by χ =
√
d2N/2ℏϵ0ϵmV ω0 [164]. The bosonic operators bk,α are de�ned

in the reciprocal space as bk,α = (1/
√
N)
∑

n bn,αe
−ik·Rn , and satisfy the canonical

commutation relations [bk,α, b
†
k′,β] = δkk′δαβ.

The matter Hamiltonian in Eq. (4.7) can be diagonalized through a Bogoliubov
transformation [93], yielding

Hmat = ℏ
∑

α,k

ω̃k,αc
†
k,αck,α , (4.8)

where ω̃k,α = ω0

√
1 + 4χ2fk,α,α is the renormalized matter frequency and ck,α

are the bosonic eigenoperators, which are linear combinations of the original op-
erators bk,α and b†−k,α. These new transverse eigenmodes describe the collective
matter excitations which e�ectively couple with the radiation �eld, giving rise to
a Hop�eld-like description of the coupled light-matter system.

4.2.2 Light-matter interaction Hamiltonian: a

renormalized Hop�eld model

Let us now consider the interaction between the three-dimensional bulk lattice of
atoms and the quantized electromagnetic �eld. When the matter system interacts
with the radiation �eld solely through its polarization, e.g. assuming negligible
magnetic interactions, the full light-matter Hamiltonian can be obtained either
by applying the minimal coupling replacement in the Coulomb gauge, or (equiv-
alently) by working in the multipolar gauge (see Section 1.3.4). In the following,
we will adopt the multipolar gauge. Within the long-wavelength approximation,
the multipolar-gauge Hamiltonian can be obtained by applying a suitable unitary
transformation U to the bare photonic Hamiltonian. This transformation e�ec-
tively performs a minimal coupling replacement on the photonic variables (see
Eq. (2.6)), thus ensuring the gauge invariance of the theory [128]. The unitary
operator U is de�ned as

U = exp

(
i

ℏ

∫
A(r) ·P(r)d3r

)
. (4.9)
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By inserting the mode expansion for the vector potential and the de�nition of the
polarization density in Eqs. (4.1) and (4.4), respectively, we obtain the explicit
form of the unitary operator

U = exp

[
i

ℏ
∑

λ,k,n

Ek
(
eik·Rnak,λ + e−ik·Rna†k,λ

)
êλ · dn

]
. (4.10)

We can now apply the transfromation U to the bare photonic Hamiltonian in
Eq. (4.2). Subsequently, we employ the two-level approximation for the atomic
dipoles (Appendix Section B.1) and the generalized Holstein-Primako� transfor-
mations (Appendix Section B.2). In the thermodynamic limit, this procedure
yields the full light-matter Hamiltonian in the multipolar gauge, which reads

H = ℏ
∑

λ,k

ωka
†
k,λak,λ + ℏ

∑

α,k

ω̃k,αc
†
k,αck,α

+ iℏ
∑

α,λ,k

η′
√
ωkω̃⊥

k

(
a†−k,λ−ak,λ

)(
c†k,α+c−k,α

)
(êλ ·êα)

+ ℏ
∑

α,β,λ,k

η′2ω̃⊥
k

(
c†k,α+c−k,α

)(
c†−k,β+ck,β

)
(êλ ·êα) (êλ ·êβ) , (4.11)

where ω̃⊥
k = ω0

√
1 + 4η2f⊥

k and η′ = η ω0/ω̃
⊥
k denote, respectively, the trans-

verse resonance frequency and light-matter coupling, both renormalized by the
dipole-dipole interaction. The bare light-matter coupling η is de�ned by η =√
d2N/2ℏϵ0ϵmV ω0 . As it can be easily veri�ed, only in the 3D case, this expres-

sion coincides with χ, which is the dipole-dipole interaction strength introduced
in Section 4.2.1. The parameters f⊥

k and f
∥
k corresponds to the transverse and

the longitudinal components of fk,α,α, respectively (notice that f⊥
k = −1/3). The

same Hamiltonian in Eq. (4.11) can equivalently be derived by �rst applying the
two-level approximation and bosonization to the exponent of the unitary transfor-
mation in Eq. (4.10), and then applying the resulting operator to the bare photonic
Hamiltonian in Eq. (4.2), as demonstrated in Appendix D of Ref. [2].

Notably, the Hamiltonian in Eq. (4.11) exhibits a Hop�eld-like structure, with
an additional dipole-dipole interaction term, included in the renormalized matter
frequency ω̃⊥

k and light-matter coupling η′. This contribution is essential, as it
plays a crucial role in determining the collective resonance frequencies of the system
and, ultimately, the possible occurrence of a QPT, as it will be shown in the
following subsection.

Moreover, we point out that we could have chosen to not perform the initial
Bogoliubov transformation on the matter Hamiltonian in Eq. (4.7), as this step is
not strictly necessary to diagonalize the full light-matter Hamiltonian in Eq. (4.11).

102



4.2. Theoretical models for a three-dimensional lattice of dipoles

Indeed, this step was introduced merely for clarity sake, and to highlight the
physical interpretation of the di�erent contributions in Eq. (4.11). Had we not
performed this transformation, the matter part of the Hamiltonian in Eq. (4.11)
would have remained expressed in terms of the original bosonic operators bk,α,
with the light-matter coupling and the P2 term expressed in terms of the bare
quantities ω0 and η, but with an additional dipole-dipole interaction term. In this
alternative approach, the full light�matter Hamiltonian reads

H =ℏ
∑

λ,k

ωka
†
k,λak,λ + ℏω0

∑

α,k

b†k,αbk,α

− iℏ
∑

α,λ,k

η
√
ωkω0

(
ak,λ − a†−k,λ

)(
b−k,α + b†k,α

)
(êλ ·êα)

+ ℏ
∑

α,β,λ,k

ηω0

(
b−k,α + b†k,α

)(
bk,β + b†−k,β

)
(êλ ·êα) (êλ ·êβ)

+ ℏ
∑

α,β,k

χ2ω0fk,α,β

(
b−k,α + b†k,α

)(
bk,β + b†−k,β

)
. (4.12)

where η is the bare light-matter coupling in the dipolar gauge and the last term
in Eq. (4.12) is the dipole-dipole interaction term, as de�ned above. In the follow-
ing subsection, we will see that this Hamiltonian produces the same polaritonic
eigenmodes as in Eq. (4.11), as expected by physical consistent models.

4.2.3 Dispersion relation and the occurence of a QPT

The Hamiltonian in Eq. (4.11) can be diagonalized through a Hop�eld-Bogoliubov
transformation [142], which yields the polaritonic eigenmodes of the coupled light-
matter system. Due to the isotropy of the system, the two transverse modes are
degenerate, and the corresponding dispersion relation is given by

ω2
k

Ω2
⊥
= 1 +

4η′2ω̃⊥2

k

ω̃⊥2

k − Ω2
⊥
, (4.13)

where Ω⊥ is the transverse polaritonic eigenfrequency. The longitudinal modes, in
contrast, are decoupled from the transverse electromagnetic �eld and their disper-
sion relation is simply given by Ω∥ = ω̃

∥
k. It is worth noting that the same dispersion

relation in Eq. (4.13) can be also derived without performing the two-step Bogoli-
ubov transformation. Indeed, we can directly diagonalize the full light-matter
Hamiltonian in Eq. (4.12), which include explicitly the dipole-dipole interaction
term, through a single Hop�eld-Bogoliubov transformation. In this case, how-
ever, the physical interpretation of the results becomes less transparent, although
equivalent.
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Figure 4.1: Lower polariton frequencies for di�erent modes ωk/ω0 = 0.6 (blue),
0.8 (orange), 1 (green), 1.3 (red), as functions of (a) the renormalized coupling
strength η′ and (b) bare coupling strength η. The vertical dashed line indicates
the coupling strength η′ = 1.83 measured in Ref. [139], corresponding to η = 0.78.
The softening of the lower polariton frequency for ηc ≈

√
3/2 (in isotropic systems)

signals the occurrence of a QPT.

The dispersion relation in Eq. (4.13) has the same structure as that of a stan-
dard Hop�eld model, but with renormalized matter frequency ω̃⊥

k and light-matter
coupling η′. In Fig. 4.1, we show the lower branch of the transverse polaritonic
dispersion relation as a function of both (a) the renormalized coupling η′ and (b)
the bare coupling η, for di�erent photonic modes ωk.

Let us now discuss the possibility for the system to undergo a QPT. Firstly,
we recall that Eq. (4.13) can be formally obtained by diagonalizing a Hop�eld-
like model with e�ective coupling constant η′. As it is well known, such a model
does not display any radiation-induced QPT for any �nite value of η′, as shown in
Fig. 4.1(a) [92]. However, when expressed in terms of the bare light-matter cou-
pling strength η, the model can exhibit a vanishing eigenfrequency. This behavior
originates from the additional dipole-dipole interactions in the matter Hamilto-
nian in Eq. (4.7), which enable the occurrence of a QPT transition. Speci�cally,
the softening of the transverse renormalized matter frequency ω̃⊥

k for increasing
dipole-dipole interaction strengths χ (= η), induces the softening of the entire po-
laritonic mode, as illustrated in Fig. 4.1(b). This QPT takes place even in the
absence of retardation e�ects and leads to a transverse polarization condensate,
while no condensation occurs in the electric �eld, as it will be explicitly shown be-
low (see also Appendix Section B.4). Consequently, this QPT should be classi�ed
as ferroelectric rather than superradiant. We emphasize that this distinction is
not merely semantic, as this QPT is fundamentally di�erent from the Dicke SPT,
being driven by dipole-dipole interactions rather than by the coupling with the
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4.2. Theoretical models for a three-dimensional lattice of dipoles

radiation �eld.
As a concrete example, for isotropic systems in the long-wavelength approxi-

mation, such as the one here considered, the QPT occurs for η > ηc ≈
√
3/2, as

demonstrated by Fig. 4.1(b). In contrast, near the critical point, η′ = η ω0/ω̃
⊥
k

is not a meaningful control parameter since it diverges for η → ηc. This relation
between η and η′, and especially the behavior of the polaritonic eigenfrequencies
as a function of η′, clari�es why the Hop�eld model remains a valid description
even for many-dipole systems approaching a ferroelectric QPT.

Beyond the critical point, i.e. in the condensed phase, the e�ective bosonic
Hamiltonian in Eq. (4.11) is no longer valid, as the low-excitation approxima-
tion necessary for the linearization of the generalized Holstein-Primako� mapping
breaks down. To accurately describe the system in this regime, higher-order terms
in the Holstein-Primako� transformation must be included [2, 21]. The explicit
form and derivation of the full Hamiltonian in the condensed phase are reported
in Appendix Section B.3. Here, we only present the corresponding transverse
polaritonic dispersion relation in the condensed phase, which is given by

ω2
k

Ω2
⊥
= 1 +

ω2
0/f

⊥
k

ω2
0

(
1− 16η4f⊥

k
2
)
+ Ω2

⊥

, for η > ηc , (4.14)

while Eq. (4.13) holds for η ≤ ηc. It is worth emphasizing that neither the critical
point nor the ground-state transverse polarization in the condensed phase are
a�ected by the coupling with the photon �eld, but are determined solely by the
strength of dipolar interactions, as expected for a ferroelectric phase transition.
Nevertheless, since this QPT involves transverse matter excitations, the explicit
form of the transverse polaritons above the critical point is modi�ed.

As mentioned above, the QPT occurring in this system is characterized by a
spontaneous macroscopic transverse polarization of the dipoles in the ground state,
⟨P⊥

k ⟩ ̸= 0, which in turn induces a macroscopic occupation of ⟨Dk⟩ ̸= 0. The latter,
in the multipolar gauge, is proportional to the �eld momentum, i.e. ⟨ak,λ⟩ ̸= 0.
This occurrence induced recent works [129, 161] to characterize the phase transition
as ferroelectric or superradiant depending on the gauge choice. In contrast, our
calculations (explicitly reported in Appendix Section B.4) show that ⟨Dk⟩ = ⟨P⊥

k ⟩,
which, from the de�nition of the displacement �eld, implies ⟨E⊥

k ⟩ = 0. Therefore,
the QPT is purely ferroelectric, with no superradiant component. Indeed, having
⟨ak,λ⟩ ̸= 0 does not imply a macroscopic occupation of the transverse electric �eld
or any photon condensation. It is important to emphasize that observables such
as D(r) and the transverse electric �eld E⊥(r) are the physical quantities, whose
expectation values are not gauge dependent. Conversely, operators such as the
�eld momentum and the bosonic operators are nonphysical quantities that serve
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only as calculation tools, and thus they are not suitable to characterize the nature
of physical processes [27].

We now brie�y examine a common cancellation procedure that is often invoked
to justify the validity of the standard Dicke [129, 130, 147, 161]. This approach
is based on the interplay between electrostatic dipole-dipole term in Eq. (4.7) and
the interatomic part of the self-polarization term in the light-matter Hamiltonian,
which originates from light-matter interaction itself. In particular, a key step of
this procedure is the decomposition of the polarization �eld P(r) in its intra- and
interatomic, longitudinal and transverse parts. After the compensation between
the interatomic contributions, further approximations are applyied to obtain the
Dicke model, namely a single-polarization single-mode reduction of the radiation
and a strict two-level approximation of the dipoles (which neglects the orientational
degrees of freedom). Under these assumptions, the remaining intra-atomic part of
the self-polarization term becomes proportional to the identity operator. Following
this procedure, one arrives at a Dicke-like Hamiltonian in the multipolar gauge for
a single mode (see, e.g., Ref. [129] for a detailed derivation):

HDicke = ℏω0b
†b+ ℏωka

†a− iℏη
√
ωkω0

(
a† − a

) (
b† + b

)
, (4.15)

where, given the previous assumptions, subscripts on the operators are no longer
necessary.

This model, in contrast with the Hop�eld-like Hamiltonian in (4.11), predicts a
light-induced QPT for a critical value of the coupling η̃c = 0.5. Being the transition
enabled by the photons, it can be classi�ed as superradiant [21, 129]. Nonetheless,
neglecting the dipole orientations in the description of realistic three-dimensional
systems constitutes a signi�cant oversimpli�cation, leading to erroneous assess-
ments of the interactions. Indeed, by ignoring the orientational degrees of freedom,
contributions belonging to the transverse and longitudinal sectors of the Hamilto-
nian are mixed, resulting in an incorrect evaluation of the light-matter interaction.

In Fig. 4.2, we compare the lower polariton frequencies predicted by the three
models here considered as functions of the bare coupling strength η: the renormal-
ized Hop�eld-like model in Eq. (4.13) (solid lines), the Dicke-like Hamiltonian in
Eq. (4.15) (dashed lines), and a standard Hop�eld model omitting the dipole-dipole
interactions (dash-dotted lines). The di�erent line colors correspond to di�erent
photonic modes ωk. As clearly shown, for small values of η, which is the typical
regime of experimental settings, all three models yield similar predictions. How-
ever, increasing the coupling strength, the di�erences between the models become
more pronounced. It should be noted that having highly-localized dipoles in the
USC regime is a challenging task to achieve. This explains why, so far, the validity
of one model over the others has remained experimentally unveri�ed.

As already stated, increasing the coupling strength induces signi�cant dis-
crepancies. Notably, only the renormalized Hop�eld-like model predicts a QPT
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Figure 4.2: Comparison between the lower polariton frequencies obtained from
the renormalized Hop�eld-like model in Eq. (4.13) (solid lines), a Dicke-like model
as in Eq. (4.15) (dashed lines), and a standard Hop�eld model without dipole-
dipole interactions (dash-dotted lines), as functions of the bare coupling strength
η. The di�erent colors correspond to di�erent photonic modes: ωk/ω0 = 0.6 (blue),
0.8 (orange), 1 (green). The vertical dashed line indicates the coupling strength
corresponding to η = 0.78 measured in Ref. [139].

at ηc ≈
√
3/2, whereas the Dicke-like model predicts a SPT at the lower value

η̃c = 0.5. In contrast, the standard Hop�eld model without dipole-dipole interac-
tions does not exhibit any QPT. The vertical dashed line in Fig. 4.2 marks the
coupling strength η = 0.78 (corresponding to η′ = 1.83), measured in a recent
experiment reported in Ref. [139], which is the highest value reported in the lit-
erature for a three-dimensional lattice of dipoles. For such coupling strengths,
the three models already yield fairly di�erent predictions, making it possible to
validate the adequacy of one model with respect to the others.

To this end, in Fig. 4.3, we compare the theoretical predictions for the trans-
verse polaritonic frequencies obtained from the three models here presented with
the experimental data reported in Ref. [139]. The experimental measurements of
the lower polariton branch (black dots) show excellent agreement with the the-
oretical predictions of the Hop�eld-like model including the dipolar interactions,
hence demonstrating its validity. The data set reports measurements regarding
a three-dimensional arti�cial crystal made of spatially separated gold nanopar-
ticles, which achieved a record normalized light-matter coupling strength in the
deep-strong coupling regime (η′ = 1.83). This system falls within the assumptions
of our model, since the nanoparticles are highly localized and their polarization
�elds can be safely considered as non-overlapping. The gold nanoparticles, each
supporting triply-degenerate localized dipolar surface plasmons, couple through
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Figure 4.3: Comparison between the three theoretical models presented here and
the experimental data in Ref. [139]: (a) region near the experimental data, (b)
broader view including the upper polariton. As shown, the theoretical dispersion
relations derived from the renormalized Hop�eld-like in Eq. (4.11) (solid blue)
perfectly �ts the experimental data (black dots). In contrast, the curves derived
from the Dicke-like model (dashed green) and from the Hop�eld model neglecting
the dipolar interaction (red dash-dotted) signi�cantly di�er from the experimental
data. The relevant parameters are η′ = 1.83, ω0 = 1.83 eV and ϵm = 1.96, while
the full set of parameters for the experimental curves can be found in Ref. [139].

dipole-dipole interactions, giving rise to collective plasmons that extend over the
whole metamaterial [165]. These excitations can be e�ectively described in terms
of collective bosonic operators, analogously to the atomic collective excitations in
the thermodynamic limit discussed above. No experimental data are available for
the upper polariton branch given its high energy, which collocates it above the
onset of the gold interband transitions. Thanks to their structural properties and
the high coupling strength achieved, these arti�cial gold crystals represent an ideal
testbed for discerning among the di�erent models considered, and thus help solving
the long-standing debate about QPTs in many-dipoles systems. These experimen-
tal data have already been compared in Ref. [139] itself with a Hop�eld model
whose light-matter coupling strength was renormalized with respect to transverse
matter polaritonic frequency, which corresponds to our η′, indeed showing excellent
agreement. However, possibly due to this parametrization, it was not pointed out
there that a QPT could in principle occur at higher couplings. Here, we explicitly
clarify the relation between the bare and renormalized parameters involved in the
models.

The high coupling experimentally achieved (η′ = 1.83, corresponding to η =
0.78 > η̃c), according to the Dicke-like model, would imply a condensed phase and
a dispersion relation (dashed green lines in Fig. 4.3) strongly di�erent from the
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4.3. Theoretical models for a two-dimensional lattice of dipoles

experimental dataset. We point out, however, that beyond the critical point, the
dispersion relation for the atomic system and for the arti�cial crystal may present
quantitative di�erences owing to the di�erent nonlinear response of these systems.
Furthermore, we notice that the achieved coupling strength η = 0.78 is close to the
critical value ηc ∼ 0.87, such that the consequent softening of ω̃⊥

k , which dictates
the asymptotic behavior of the lower polariton, can already be appreciated, both
theoretically and in the experimental dataset. Nevertheless, realizing this QPT
is experimentally challenging, as achieving the required high coupling strength
necessitates densities approaching the point of system solidi�cation [166, 167].
Indeed, owing to the small size of the �ne structure constant, the dipole-dipole
interaction strength χ ≈ 10−3 r2λ0/a

3 is usually far from the critical value χc, with
λ0 = 2πv/ω0 being the characteristic matter wavelength and r the mean atomic
radius. Moreover, to avoid signi�cant wavefunction overlap between emitters, the
condition 4r < a must generally be satis�ed.

These results provide further evidence of the crucial role played by electrostatic
contributions in determining the correct polaritonic dispersion and the conditions
for the occurence of a QPT, as well as its nature.

4.3 Theoretical models for a two-dimensional

lattice of dipoles

In this section, we extend the analysis presented above to a two-dimensional lattice
of dipoles embedded in a cavity, as schematically illustrated in Fig. 4.4. This con-
�guration is particularly relevant for practical applications, as it can be experimen-
tally realized by embedding a monolayer of dipoles within an optical cavity. The
results of this analysis provide additional con�rmation of the conclusions reached
in the previous section, in particular concerning the impossibility of applying a
compensation procedure to realistic dipolar arrangements.

The planar con�guration of the dipoles naturally induces a decomposition of
the vector potential in terms of k∥, the in-plane discrete component of the wave
vector with corresponding quantization surface S, and its orthogonal component
kz, quantized by the length of the cavity L. Consequently, the photonic opera-
tors can be labeled as ak∥,kz ,λ, where λ indicates the two transverse polarizations.
Therefore, the mode expansion of the vector potential can be written as

A(r) =
∑

λ,k∥

∑

kz

Ek eik∥·r∥ eikzz ak∥,kz ,λ êλ +H.c.

=
∑

λ,k∥

∑

kz>0

Ek eik∥·r∥
(
eikzzal,k∥,kz ,λ + e−ikzzar,k∥,kz ,λ

)
êλ +H.c. , (4.16)
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Figure 4.4: Schematic representation of a two-dimensional lattice of dipoles em-
bedded in a cavity. We consider radiation modes orthogonal to the atomic layer
(xy plane).

where Ek =
√

ℏ/2ϵ0ϵmωkSL and ωk = v
√

k∥
2 + k2z , with v = c/

√
ϵm. In the second

line of this decomposition, we introduced the left and right creation operators
al(r),k∥,kz ,λ ≡ ak∥,±kz ,λ, where the index l (r) is associated with the +(−) sign. If
we consider only modes orthogonal to the planar surface, having k∥ = 0 (and thus
k = kzẑ), Eq. (4.16) considerably simpli�es given that the two polarization vectors
êλ now lie in the xy plane and the bosonic operators become independent on k∥,
i.e. al(r),k∥=0,kz ,λ ≡ al(r),kz ,λ. De�ning the even and odd radiation modes operators
as ae(o),kz ,λ = (al,kz ,λ ± ar,kz ,λ) /

√
2, the Hamiltonian of the free electromagnetic

�eld reads [168]
Hph = ℏ

∑

j=e,o

∑

λ

∑

kz>0

ωkza
†
j,kz ,λ

aj,kz ,λ . (4.17)

Following a procedure analogous to that applied to the three-dimensional dipole
lattice, we �rst perform the two-level approximation including the dipole orienta-
tional degrees of freedom, as outlined in Appendix Section B.1, We then introduce
bidimensional collective bosonic operators bk∥,α, de�ned for each orthogonal ori-
entation α ∈ 1, 2, 3, which re�ect the bidimensionality of the layer. For incidence
orthogonal to the planar surface (k∥ = 0), the matter Hamiltonian takes the form

Hmat = ℏω0

∑

α

b†αbα + ℏ
∑

α,β

χ2ω0fz,α,β

(
bα + b†α

)(
bβ + b†β

)
, (4.18)

where bα ≡ bk∥=0,α and the (structure-dependent) dipole-dipole interaction strength
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for a bidimensional square lattice is χ =
√
d2µ/ℏϵ0ϵma3ω0, with a being the lattice

constant and µ ≈ 6.78/4π (see Appendix C of Ref. [2] for details).
As in the three-dimensional case, the Hamiltonian in Eq. (4.18) can be diagonal-

ized through a Bogoliubov transformation, which leads to the introduction of eigen-
operators cα with a corresponding renormalized frequency ω̃α = ω0

√
1 + 4χ2fz,α,α.

After including the interaction with the radiation �eld, the full light-matter Hamil-
tonian in the multipolar gauge can be written as

H =ℏ
∑

j=e,o

∑

λ

∑

kz>0

ωkza
†
j,kz ,λ

aj,kz ,λ + ℏ
∑

λ

ω̃λc
†
λcλ

− iℏ
∑

λ,kz>0

η′
√
ωkz ω̃

⊥
(
a†e,kz ,λ − ae,kz ,λ

)(
c†λ + cλ

)

+ ℏ
∑

λ,kz>0

η′2ω̃⊥
(
c†λ + cλ

)(
c†λ + cλ

)
, (4.19)

where η′ = η ω0/ω̃
⊥ and ω̃⊥ are the renormalized light-matter coupling for the pla-

nar layer and transverse matter frequency, respectively, with η =
√
d2N/ℏϵ0ϵmSLω0.

In Eq. (4.19), without loss of generality, we have chosen the same basis for the
dipole orientations and the radiation polarizations, i.e. êα = êλ. We notice that
only the even radiation modes couple with the matter �eld [168]. When considering
a single cavity mode kz and a single transverse polarization mode, the Hamilto-
nian in Eq. (4.19) reduces to that of a two coupled harmonic oscillators model,
as the Dicke Hamiltonian in the thermodynamic limit, but with the additional
self-polarization term.

From the total light-matter Hamiltonian in Eq. (4.19), we can derive the trans-
verse dispersion relation through a Hop�eld-Bogoliubov transformation, which
reads

Ω2
⊥ − ω̃⊥2

2ω̃⊥ + 2η′2ω̃⊥
∑

kz>0

Ω2
⊥

ω2
kz
− Ω2

⊥
= 0 . (4.20)

In the single-mode cavity approximation, such a relation reduces to the disper-
sion relation derived from a renormalized Hop�eld-like model, as in the three-
dimensional lattice. This result is to be expected due to the formal equivalence
between the structures of the Hamiltonians in Eqs. (4.11) and (4.19).

Let us now highlight the subtle yet crucial di�erences between the three-
dimensional and two-dimensional cases. In both arrangements, the dipole-dipole
coupling strength χ scales as a−3. However, the scaling of the light-matter cou-
pling with the lattice constant di�ers. In particular, in the three-dimensional bulk,
η can be directly related to the volumetric density ρ, leading to the proportion-
ality η2 ∝ ρ ∝ a−3. In contrast, for a bidimensional layer, this relation no longer
holds since the charges are arranged in a planar structure with a surface density
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4. QPTs in ultrastrongly coupled light-matter systems

σ ∝ a−2. It is precisely the surface density that enters the expression for the
light-matter coupling together with the cavity length L for this arrangement, such
that η2 ∝ σ/L ∝ a−2L−1. Consequently, in the bidimensional case, η cannot be
straightforwardly connected to χ. Importantly, it is precisely the latter factor the
one driving the QPT. Furthermore, we emphasize that in this case the cancellation
procedure loses meaning, since the couplings that governing the dipole-dipole and
the light-matter interactions, χ and η respectively, are di�erent, despite both being
dependent on the atomic dipole moment. Therefore, no perfect compensation can
always be achieved.

In summary, together with the results of the previous section, these �ndings
provide further evidence for the ferroelectric nature of the predicted QPT, as
demonstrated by the following observations:

� the QPT occurs even without including the transverse coupling between
matter and photons, and its inclusion neither shifts the critical point nor
modi�es the transverse polarization condensate;

� the critical parameter χ does not necessarily coincide with the light-matter
coupling strength, despite both depending on the atomic dipole moment, as
illustrated by the two-dimensional case, where in addition only χ depends
on the cavity length;

� the QPT gives rise to a macroscopic transverse polarization of matter in the
ground state, yet without any accompanying coherent macroscopic transverse
electric or magnetic �elds.
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Chapter5

Quantum phase transition in the

open Dicke model: criticality in the

presence of external baths

In this chapter, we study the critical behaviour of the open Dicke model in the
presence of di�erent types of baths, with particular focus on the vicinity of the
critical point. This aspect is crucial for accurately reproducing experimental ob-
servations, especially in systems that are not driven-dissipative. Over the years,
many approaches have been developed to study the driven-dissipative Dicke model,
such as Lindblad master equations or Keldysh path integrals, which rely on well-
established and widely-used approximations, including the Born-Markov approx-
imation. However, if the system is not driven, many of these approximations fail
in proximity of the critical point, thus preventing an accurate description of the
critical behaviour. For instance, the Born-Markov approximation relies on the
smallness of the ratio between the system-bath coupling strength and the rele-
vant resonance frequencies of the systems, i.e. its eigenfrequencies. However, in
proximity of the critical point, the lowest excitation energy of the system vanishes
and the systems unavoidably enters �rst into the ultrastrong system-bath coupling
regime, and subsequently the deep-strong coupling regime. As a consequence, the
Born-Markov approximation becomes invalid.

In order to overcome these limitations, in this chapter we develop a general
theoretical framework based on the quantum Langevin equations, valid in both the
normal and superradiant phases. This method does not rely on approximations,
and is thus well suited for describing equilibrium (non-driven) dissipative QPTs
near their critical points. Furthermore, it enables the calculation of the spectral
properties of the system when probed by a coherent weak tone, for arbitrary values
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5. Quantum phase transition in the open Dicke model

of the critical parameters, di�erent bath spectral densities (ohmic or non-ohmic),
and arbitrary large damping rates. In our derivation, we consider the general
case in which both the subsystems (harmonic and anharmonic) can interact with
their respective reservoirs. The formalism can be straightforwardly extended to
include additional loss channels, which have not been considered here for the sake
of simplicity. Our �ndings show excellent agreement with recent experimental
observations obtained in magnonic systems, where the SPT of a Dicke-like model
was observed for the �rst time in a non-driven dissipative system.

This chapter is organized as follows. In Section 5.1, we brie�y review the main
properties of the standard Dicke model for an isolated system, deriving the e�ective
Hamiltonians and the excitation energies in both the normal and superradiant
phases. In Section 5.2, we extend this formalism to the open system case by
including the interaction of each subsystem with its own thermal bath. We derive
the quantum Langevin equations for both phases and study the critical behaviour
of the system in presence of ohmic and non-ohmic baths. In Section 5.3, we
compute the coherent emission spectra of the system when probed by a weak
coherent tone, and analyze the e�ects of di�erent types of baths on the spectral
properties of the system, especially near the critical point. Finally, in Section 5.4,
we investigate the ground-state squeezing of the system in vicinity of the critical
point. The results presented in this chapter are based on Ref. [7].

5.1 SPT in the Standard Dicke model

In this section, we brie�y summarize the main features of the standard Dicke model
for an isolated system at zero temperature, in order to introduce the notations and
the formalism that will be used in the following sections. We focus in particular
on the properties of the Dicke model in the thermodynamic limit and on the asso-
ciated superradiant phase tranition (SPT), as already mentioned in Section 1.5.2.
Special attention will be devoted to the derivation of the e�ective Hamiltonians
and of the eigenfrequencies of the system in both the normal and superradiant
phases. In Section 5.2, we will then extend this formalism to the open system
case, by including the coupling of each subsystem to its respective thermal bath.
For notational convenience, in the following, we will omit the ·̂ symbol on the op-
erators, as we are working entirely within the quantum regime and no ambiguity
can arise.

5.1.1 Standard Dicke model and its properties

The Dicke Hamiltonian, which describes a single bosonic mode with resonance
frequency ωa interacting with a collection of N identical two-level systems (TLSs)
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with transition frequency ωb, is usually written as

Hsys = ℏωaa
†a+

ℏωb

2

N∑

i=1

σz
i +

ℏg√
N

(
a† + a

) N∑

i=1

σx
i , (5.1)

where a is the bosonic annihilation operator, σα
i (with α = x, y, z) are the usual

Pauli operators associated to the i-th TLS and g is the coupling strength. This
model does not include the A2 (or P2) term, which must be included when de-
scribing electric dipoles coupled to the electromagnetic �eld of a cavity in the
Coulomb (dipole) gauge, as discussed in Chapter 3. Nevertheless, it is well-suited
for systems displaying a Zeeman-like interaction, such as magnonic systems [157,
158].

Being an ubiquitous model in many areas of physics, the Dicke model has been
extensively investigated and numerous generalizations have been proposed over
the years. A �rst natural extension considers non-homogeneous couplings between
the TLSs and the radiation �eld [22, 74]. Moreover, several extended versions
of the Dicke model with additional interaction terms have been proposed, such
as transverse spin-spin couplings (e.g. the introduction of the P2 term discussed
in Chapter 3 and the Lipkin-Meshkov-Glick model [169]), longitudinal couplings
[151], or the coupling to multiple bosonic modes [21, 170].

In this chapter, however, we will focus on the standard Dicke model in Eq. (5.1),
which is the most basic model capturing the essential features of the SPT. Since
all the TLSs are assumed to be identical, Eq. (5.1) can be equivalently rewrit-
ten by introducing collective spin operators Jα =

∑
i σ

α
i /2, satisfying the usual

angular momentum algebra (notice that here we are not including the factor ℏ
into this de�nition, in contrast to the common convention). Therefore, the Dicke
Hamiltonian can be expressed as

Hsys = ℏωaa
†a+ ℏωbJ

z +
ℏg√
N

(
a† + a

) (
J+ + J−) , (5.2)

where J± = Jx ± iJy are the raising and lowering operators, respectively. It is
straightforward to verify that the Dicke Hamiltonian presents a global Z2 sym-
metry, since it is invariant under the transformation a → −a and J± → −J±.
Formally, such symmetry can be expressed by noticing that the Hamiltonian com-
mutes with the parity operator Π = exp

[
iπ
(
a†a+ Jz +N/2

)]
, i.e. [Hsys,Π] = 0.

This symmetry is associated to a conserved quantity, namely the parity of the total
number of excitations. Indeed, every term in Eq. (5.2) preserves the total num-
ber of excitations with the exception of the counter-rotating terms a†J+ and aJ−,
which however still create or annihilate two excitations at a time, thus conserving
parity. The SPT occurring in the Dicke model corresponds to the spontaneous
breaking of this Z2 symmetry [21]. For g < gc, which is usually referred to as
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the normal phase, the ground state of the system respects this symmetry. On the
contrary, for g > gc, the systems enters the so-called superradiant phase, where
the symmetry is spontaneously broken and the ground state becomes doubly de-
generate. In this phase, both the bosonic mode and the collective spin acquire a
macroscopic occupation in the ground state, either of which can serve as an order
parameter for the SPT.

Another important property of the Dicke Hamiltonian in Eq. (5.2) is that it
commutes with the total angular momentum operator J2. This allows the Hilbert
space to be decomposed into independent sectors, each characterized by a di�erent
eigenvalue j(j + 1) of J2, with j ∈ [j0, N/2] in integer steps, where j0 = 0 for
N even and j0 = 1/2 for N odd. The dimension of each spin-j sector is given
by Dj = (2j + 1)N ! / (N/2 − j)! (N/2 + j + 1)!, so that the maximum angular
momentum sector (j = N/2) has dimension DN/2 = N + 1. This block structure,
derived by the division of the matter Hilbert space into the direct sum of these
spin-j sectors, makes it possible to numerically diagonalize the Dicke Hamiltonian
in each sector independently, greatly reducing the computational cost. This is
particularly advantageous for large N , since the total dimension of the Hilbert
space scales as 2N , while the maximum angular momentum sector scales only
linearly with N . Moreover, the numerical diagonalization can be further simpli�ed
by working in the so-called polaron frame, which has the advantage of reducing
the number of bosonic excitations required to achieve convergence [171, 172].

Of particular interest is the thermodynamic limit of this model, which is ob-
tained by letting N → ∞. In this limit, the Dicke model undergoes a second-order
QPT at a critical coupling strength gc =

√
ωaωb/2 [21, 92]. This value is in accor-

dance with the mean-�eld result for �nte termperature derived by Hepp and Lieb
in their seminal work [19], which is given by gc =

√
ωaωb coth(ℏωb/2kBT )/2. In

the zero-temperature limit, coth(ℏωb/2kBT ) → 1, recovering the previous result
(see Section 1.5). Since our focus is on the quantum nature of this QPT, it is
convenient to work directly at T = 0. In this case, both the ground state and the
�rst excited state of the system lie in the maximum angular momentum manifold,
which therefore becomes the most relevant for analyzing the SPT. Henceforth, we
restrict our attention to this sector (j = N/2), which is composed by the states
that couple most strongly with the bosonic �eld [21].

5.1.2 E�ective bosonic Hamiltonian in the thermodynamic

limit

We now employ the Holstein-Primako� transformations [11, 140, 141] to derive two
e�ective bosonic Hamiltonians, one for each phase of the system. We remind that
the Holstein-Primako� transformations map the angular momentum operators into
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bosonic operators b and b† as

Jz =

(
b†b− N

2

)
, (5.3a)

J+ = b†
√
N − b†b , (5.3b)

J− =
√
N − b†b b . (5.3c)

The bosonic vacuum |0⟩b corresponds to the state with all TLSs in their ground
state, i.e. |0⟩b = |g⟩⊗N . By inserting these de�nitions into Eq. (5.2), we can
rewrite the Dicke Hamiltonian in terms of bosonic operators only. We stress that
this mapping is exact as long as we remain in the maximum angular momentum
sector, since the dimension of such sector isN+1, which corresponds to the number
of excitations allowed for the bosonic mode b. Therefore, the bosonic version of
the Dicke Hamiltonian reads

Hsys =ℏωaa
†a+ ℏωbb

†b

+ ℏg
(
a† + a

)
(
b†
√
1− b†b

N
+

√
1− b†b

N
b

)
. (5.4)

We now consider the thermodynamic limit of this Hamiltonian. As discussed
above, in the normal phase (g < gc), the ground state of the system is not macro-
scopically occupied, thus in the low-excitation regime we can linearize the operators
in the Holstein-Primako� maps, i.e. b†

√
1− b†b/N ≃ b† and

√
1− b†b/N b ≃ b.

This leads to the e�ective Hamiltonian in the normal phase

HNP = ℏωaa
†a+ ℏωbb

†b+ ℏg
(
a† + a

) (
b† + b

)
. (5.5)

Such Hamiltonian can be straightforwardly diagonalized by considering the corre-
sponding Hop�eld-Bogoliubov matrix ANP, whose eigenvalues represent the exci-
tation energies of the system, Ω. In the normal phase, such matrix reads

ANP =




ωa 0 g g
0 −ωa −g −g
g g ωb 0
−g −g 0 −ωb


 . (5.6)

Therefore, the corresponding eigenfrequencies can be calculated by solving the
eigenvalue problem ANPv = Ωv, where v is the eigenvector associated to the
eigenvalue Ω in the basis {a, a†, b, b†}. The two positive eigenvalues Ω± are given
by

Ω2
± =

1

2

[
ω2
a + ω2

b ±
√

(ω2
a − ω2

b )
2 + 16g2ωaωb

]
. (5.7)
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As previously discussed, and as can be directly veri�ed from Eq. (5.7), the
lowest excitation energy Ω− vanishes in the limit g → gc, thereby signaling the
occurence of the SPT. In contrast, in the superradiant phase (g > gc), the e�ective
Hamiltonian in Eq. (5.5) is no longer valid, since both �elds acquire a macroscopic
coherent occupation. To properly account for these condensates, the bosonic op-
erators are shifted as

a→ as +
√
α , b→ bs −

√
β , (5.8)

where α and β are c-number of order O(N), while as and bs are bosonic operators
describing the �uctuations with respect to the respective mean value. By inserting
these de�nitions into Eq. (5.4), we obtain a new Hamiltonian expressed in terms
of the shifted bosonic operators, which reads (up to constant terms)

Hsys =ℏωa

(
a†sas +

√
α(a†s + as)

)
+ ℏωb

(
b†sbs −

√
β(b†s + bs)

)

+ ℏg
√
N − β

N

(
a†s + as + 2

√
α
) (
b†s
√
ξ +

√
ξ bs − 2

√
β
√
ξ
)
, (5.9)

where, for notational convenience, we de�ned the operator

√
ξ =

√
1− b†sbs −

√
β(bs + b†s)

N − β
. (5.10)

We can now expand
√
ξ in series of 1/N and substitute the resulting expression

into Eq. (5.9). Retaining only terms up to the second order in the bosonic oper-
ators as and bs, we �nally obtain a quadratic Hamiltonian in the shifted bosonic
operators, which still depends on the displacement parameters α and β. By im-
posing the equilibrium condition on the energy functional, corresponding to the
vanishing of the linear terms in as and bs, we obtain non-zero macroscopic mode
occupations, which are given by [21]

α =
Ng2

ω2
a

(
1− 1

λ2

)
, β =

N

2

(
1− 1

λ

)
, (5.11)

where λ = 4g2/ωaωb = g2/g2c . Hence, the corresponding e�ective Hamiltonian in
the superradiant phase reads

HSP = ωaa
†
sas + ω̃bb

†
sbs + g̃(as + a†s)(bs + b†s) +D(bs + b†s)

2 , (5.12)

where ω̃b = ωb (λ+ 1) /2, g̃ = gc
√

2/(λ+ 1) and D = ωb(λ− 1)(3λ+ 1)/8(λ+ 1).
The Hop�eld-Bogoliubov matrix in the superradiant phase is thus given by

ASP =




ωa 0 g̃ g̃
0 −ωa −g̃ −g̃
g̃ g̃ ω̃b + 2D 2D
−g̃ −g̃ −2D −ω̃b − 2D


 . (5.13)
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Figure 5.1: Upper and lower excitation energies for the isolated system in the nor-
mal (yellow background) and superradiant (cyan background) phases as a func-
tion of the (a) normalized coupling and (b) frequency ratio. Parameters: (a)
ωb/ωa = 1, (b) g/ωa = 0.18.

The corresponding eigenfrequencies can be calculated analogously to the normal
phase, which leads to the two positive eigenvalues Ω± given by

Ω2
± =

1

2

[
ω2
a + λ2ω2

b ±
√

(ω2
a − λ2ω2

b )
2
+ 4ω2

aω
2
b

]
. (5.14)

In Fig. 5.1(a), the upper and lower excitation energies of the standard (closed
system) Dicke model are plotted as a function of the normalized coupling strength
g/ωa. Similarly, Fig. 5.1(b) presents these excitation energies as a function of the
frequency ratio ωb/ωa, which can be more easily controlled in a typical experimen-
tal realization [159].

5.2 Open Dicke model and its critical behaviour

In this section, we extend the well-established results of the previous section to
include the interaction of the system with its external environment. This aspect is
crucial for accurately reproducing experimental results, especially in systems that
are not driven-dissipative. Indeed, the equilibrium SPT has been the subject of
intense theoretical interest for decades, but its experimental demonstration still
remains very challenging. Numerous non-equilibrium realizations of SPTs have
been proposed over the years [144, 173]. E�ective Dicke Hamiltonians in driven-
dissipative systems have been reported, for example, in cold-atom systems driven
by laser �elds [174�178] and trapped ions [179]. However, despite strong analo-
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gies with the equilibrium SPT, such driven-dissipative transitions are inherently
di�erent phenomena [22, 180�183].

Theoretical proposals for the observation of equilibrium SPTs consider circuit
QED systems [92, 152, 184�188], electron gases that either display a Rashba spin-
orbit coupling [189] or interact with a spatially varying electromagnetic �eld [134,
190], and magnetic molecules coupled to superconducting microwave resonators
via the Zeeman interaction [157, 191, 192]. Interesting related applications in-
volve quantum computations in models exhibiting QPTs [193�195]. Recently, a
proposal based on Er3+ spins collectively interacting with a magnonic �eld acting
as the photonic mode [158] has led to the spectroscopic evidence of an equilibrium
SPT [159].

In the following, we demonstrate that a large class of thermal baths, consisting
of an in�nite number of harmonic oscillators interacting with the system via a
potential displaying a metastable minimum and with a well-behaved density of
states (properly vanishing as ω → 0), does not a�ect the critical point with respect
to the corresponding closed system. This �nding, which aligns with the recent
experimental results of Ref. [159], contrasts with earlier theoretical predictions
obtained for driven-dissipative systems within master equation approaches [196�
198]. We will also show that, in this case, the ground-state condensation occurring
in the system in�uences the bath state, but not vice versa.

We begin by introducing a general theoretical framework based on the quantum
Langevin equations, valid in both the normal and superradiant phases, which is
approximation-free, thus particularly suitable for the description of non-driven
dissipative QPTs near their critical points. In our derivation, we consider the
general case in which both subsystems, A and B, interact with their respective
external environments through the decay rates γa and γb (see Fig. 5.2). The
formalism can be straightforwardly extended in the case of additional loss channels,
such as additional input-output ports or non-radiative losses, which have not been
included here for the sake of simplicity. The external baths are modeled as in�nite,
discrete collections of independent harmonic oscillators, coupled to the system
Hamiltonian through their coordinates [111]. Hence, the total Hamiltonian takes
the form

H = Hsys +
1

2

∑

j=a,b

∑

n

[
p2jn + kjn(qjn −Xj)

2
]
, (5.15)

where qjn and pjn are the coordinate and momentum associated to the n-th mode of
the j-th oscillator, respectively, and kjn are the coupling constants determining the
strength of the interaction between the system operator Xj and the n-th mode of
the j-th bath. This form of coupling is physically well-grounded, as it admits a clear
and straightforward interpretation: the bath coordinates qjn are shifted from their
unperturbed equilibrium position by the in�uence of the system coordinates Xj.
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5.2. Open Dicke model and its critical behaviour

A B
g

γa γb

S11

Ra Rb

Figure 5.2: Schematic representation of the open Dicke model. A single bosonic
mode interacts with a collection of N TLSs with coupling strength g. Each sub-
system is coupled to its own thermal bath, characterized by a frequency-dependent
coupling γj(ω), which may be ohmic or non-ohmic. The coupling of a subsystem
with its own reservoir can also be regarded as an input-output port, through which
the system can be excited and probed. In our analysis, we will explicitly consider
a single tone coherent excitation of subsystem A and calculate the corresponding
re�ection coe�cient S11. The framework presented can be easily generalized to
include the interaction with additional baths.

This interaction potential has the additional advantage of displaying a metastable
energy minimum. On the other hand, another commonly employed form of the
system-bath interaction term is given just by a sum of products between the system
and bath coordinates, i.e. qjnXj. Di�erently from the expression in Eq. (5.15),
the latter coupling term does not display an energy minimum and may therefore
introduce additional instabilities into the system description. In what follows, we
analyze the open-system dynamics by deriving the quantum Langevin equations
directly from Eq. (5.15), without introducing any further approximation to the
system-bath coupling. An equivalent alternative formulation involves the Fano-
Hop�eld-Bogoliubov diagonalization of the full Hamiltonian (see, e.g., Refs. [168,
199]).

The system coordinates, Xj, that couple the external environments with the
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5. Quantum phase transition in the open Dicke model

subsystems A and B are given by, respectively,

Xa =

√
ℏ
2ωa

(
a† + a

)
, Xb =

√
ℏ
2ωb

(
b†
√

1− b†b

N
+

√
1− b†b

N
b

)
. (5.16)

These de�nitions will be used in the following to derive the quantum Langevin
equations for both phases of the system.

5.2.1 Normal phase of the open Dicke model

In this subsection, we derive the quantum Langevin equations for the open Dicke
model in the normal phase, while simultaneously identifying the critical point of
the system. Indeed, in the thermodynamic limit, the ground state of the system
in this phase is not macroscopically occupied, thus we can linearize the Holstein-
Primako� transformations in Eq. (5.3), as done in Section 5.1.2. Therefore, the
system operator Xb can be approximated as Xb ≃

√
ℏ/2ωb(b

†+ b). We now derive
the quantum Langevin equations for the bosonic operators a and b by following
the procedure described in Ref. [111]. In particular, we use the standard form of
the quantum Langevin equations for a generic system operator Y , which reads

Ẏ (t) =
i

ℏ
[Hsys, Y (t)]

−
∑

j=a,b

i

2ℏ

[
[Xj, Y ] , ξj(t)−

∫ t

t0

Ẋj(t
′)fj(t− t′) dt′ − fj(t− t0)Xj(t0)

]

+

,

(5.17)

where [A,B]+ = AB + BA is the anticommutator, fj(t) =
∑

n kjn cos(ωjnt) plays
the role of a memory function, and t0 is the initial time at which the system and
baths are assumed to be uncorrelated. The noise operators ξj(t) are de�ned as

ξj(t) =
∑

n

√
ℏkjnωjn

2

(
c†jn(t0)e

iωjn(t−t0) + cjn(t0)e
−iωjn(t−t0)

)
, (5.18)

which satisfy the commutation relations [ξi(t), ξj(t′)] = iℏfj(t − t′)δij. The oper-
ators cjn and c†jn are the annihilation and creation operators of the n-th mode of
the j-th bath, respectively, and ωjn are the corresponding mode frequencies. The
�rst term on the right-hand side of Eq. (5.17) describes the closed-system dynam-
ics, while the second term takes into account the e�ects of the external baths on
the system evolution. The latter includes both a noise contribution, described by
the operators ξj(t), and a dissipation contribution, which is non-local in time and
depends on the memory functions fj(t), which are directly related to the spectral
density of the baths.
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5.2. Open Dicke model and its critical behaviour

We now specialize Eq. (5.17) to the system's bosonic operators, obtaining the
following set of quantum Langevin equations

ȧ = −iωaa− ig(b† + b)− i

2ωa

∫ t

t0

fa(t− t′)[ȧ†(t′) + ȧ(t′)]dt′ +
i√
2ℏωa

ξa (5.19a)

ȧ† = iωaa
† + ig(b† + b) +

i

2ωa

∫ t

t0

fa(t− t′)[ȧ†(t′) + ȧ(t′)]dt′ − i√
2ℏωa

ξa (5.19b)

ḃ = −iωbb− ig(a† + a)− i

2ωb

∫ t

t0

fb(t− t′)[ḃ†(t′) + ḃ(t′)]dt′ +
i√
2ℏωb

ξb (5.19c)

ḃ† = iωbb
† + ig(a† + a) +

i

2ωb

∫ t

t0

fb(t− t′)[ḃ†(t′) + ḃ(t′)]dt′ − i√
2ℏωb

ξb (5.19d)

where we omitted the time dependence of the operators for the sake of clarity, aside
from the memory functions. We analyze these equations in the frequency domain,
assuming that the initial condition is set in the distant past, i.e., t0 → −∞. The
aforementioned assumption, combined with the constraint that f(t) is generally a
highly localized function around the zero of its argument (a Dirac delta function
for an ohmic bath), allows the last term in Eq. (5.17) to be safely neglected. We
de�ne the decay rate function γj(ω) as the Fourier transform of θ(t)fj(t), where
θ(t) is the Heaviside step function, needed to ensures causality. Although in general
γj(ω) is a complex-valued function, it must satisfy the property γ∗j (ω) = γj(−ω),
since fj(t) is real-valued function. For the purposes of this paper, we assume γj(ω)
itself to be real. Nonetheless, in explicit calculations, there is no restriction against
taking it as complex.

Therefore, by taking the Fourier transform of Eqs. (5.19), we obtain the fol-
lowing set of quantum Langevin equations in the frequency domain for the normal
phase, which can be written compactly in matrix form as

−iωṽ(ω) = −i
(
ANP − i

2
ΓNP(ω)

)
ṽ(ω) + F̃in(ω) , (5.20)

where ṽ = (ã, ã†, b̃, b̃†)T is the vector of the Fourier-transformed bosonic operators
and F̃in is the Langevin force vector of the input �elds in the frequency domain,
whose components are given by

F̃in =

(
i√
2ℏωa

ξ̃a, −
i√
2ℏωa

ξ̃a,
i√
2ℏωb

ξ̃b, −
i√
2ℏωb

ξ̃b

)T

. (5.21)

The decay matrix Γ depends on how the losses of the system are modeled, which
in turn are microscopically linked to the bath-system couplings kjn. To simplify
the notation, from now on we will omit the explicit dependence on ω whenever it
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5. Quantum phase transition in the open Dicke model

is not strictly necessary. By introducing the matrix M(A,Γ) = A − iΓ/2 − ωI,
Eq. (5.20) can be compactly written as

iM(A,Γ)ṽ = F̃in . (5.22)

An analogous procedure can be followed to derive the quantum Langevin equations
for the output �elds, by taking into account the �nal condition at tf → +∞,
rather than the initial condition at t0 → −∞. The resulting quantum Langevin
equations are similiar to Eq. (5.20), with the only di�erence that the sign of the
decay matrix is reversed and the Langevin force vector now describes the output
�elds. Therefore, the matrix form of quantum Langevin equations for the output
�elds in the frequency domain reads

iM(A,−Γ)ṽ = F̃out . (5.23)

We remark that Eqs. (5.22) and (5.23) are exact and valid for any form of the
decay rates γj(ω), thus allowing us to describe both ohmic and non-ohmic baths.
In the next subsection, we show that this same form of the quantum Langevin
equations holds also in the superradiant phase, with the only di�erence that the
Hop�eld-Bogoliubov and decay matrices are replaced by their superradiant coun-
terparts, ASP and ΓSP, respectively. For the speci�c cases of only one bath for
each of the two subsystems A and B, as shown in Fig. 5.2, the resulting decay
matrix Γ in the normal phase can be expressed as

ΓNP =




γa −γa 0 0
−γa γa 0 0
0 0 γb −γb
0 0 −γb γb


 . (5.24)

The o�-diagonal elements originates from the counter-rotating terms in the system-
bath interaction in Eq. (5.15).

We can now use Eq. (5.22) to determine the excitation energies of the open
system. If the system is not coherently driven, the mean values of the input �elds
vanish. Consequently, by averaging Eq. (5.22) and imposing the compatibility
constraint on the system of equations, we obtain

ζNP(ω;ωa, ωb, γa, γb) ≡ det [M(ω;ANP,ΓNP)] = 0 . (5.25)

The roots of this characteristic polynomial ζNP(ω), denoted by Ω, correspond to
the complex eigenfrequencies of the equilibrium open Dicke model, since by con-
struction they are the eigenvalues of the non-Hermitian matrix ANP − iΓNP/2.
The evolution of these complex eigenvalues as a function of the coupling strength
g determines the critical properties of the open system. A detailed discussion on
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5.2. Open Dicke model and its critical behaviour

their behaviour, together with a discussion of their main features, will be presented
in Section 5.2.3. At this stage, we simply observe that the critical point of the
open system can be identi�ed in a similar way to the closed Dicke model, namely
through the vanishing of one of the complex eigenfrequencies. Remarkably, this oc-
curs at the same critical coupling strength as in the closed case, i.e. gc =

√
ωaωb/2.

Beyond this critical point, the ground state of the system acquires a macroscopic
occupation, requiring a revised description of the system. These implications will
be addressed in the following subsection.

5.2.2 Superradiant phase of the open Dicke model

To properly describe the properties of the open Dicke model in the superradiant
phase, it is essential to account for the condensates that develop in the system's
ground state. A comprehensive and consistent treatment requires a direct analysis
of the total Hamiltonian in Eq. (5.15), which includes both system and bath vari-
ables. This approach ensures a proper account of the mutual in�uence between
the system and its environment, which becomes relevant in the strong system-
bath coupling regime. This methodology signi�cantly di�ers from previous studies,
which typically rely on either the minimization of the e�ective system's degrees of
freedom through a master equation approach [196, 198] or the analytic continu-
ation of the system's Green function [200]. Such treatments e�ectively disregard
possible modi�cations of the reservoirs induced by the QPT. In contrast, the frame-
work adopted here enables a more comprehensive description of the open-system
dynamics, capturing key e�ects that can emerge due to the strong system-bath
interactions, which becomes inevitable in the vicinity of an equilibrium QPT.

To analyze the superradiant phase, we follow a procedure analogous to that
adopted for the standard Dicke model, but with a crucial re�nement: we shift
both the system and bath bosonic operators, in order to accomodate a possible
condensation of the bath modes as well. Speci�cally, we introduce the following
shifted operators

a = as +
√
α , b = bs −

√
β ,

can = cs,an +
√
σan , cbn = cs,bn −

√
σbn ,

(5.26)

where cjn = (ωjnqjn + ipjn) /
√

2ℏωjn are the bosonic operators of the j-th bath.
We emphasize that the baths can have di�erent dimensionalities. In the super-
radiant phase, the system operators Xb can no longer be approximated as linear
functions of the bosonic operators, as done in the normal phase, but should be
expressed in terms of the shifted operators and subsequently expanded in series
in the total Hamiltonian. A complete derivation of the e�ective Hamiltonian in
the superradiant phase, obtained by inserting the de�nitions in Eq. (5.26) into
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5. Quantum phase transition in the open Dicke model

Eq. (5.15) and expanding up to second order in the shifted operators, is presented
in Appendix C. The resulting non-zero macroscopic occupations α, β, σan, and σbn
can be determined by imposing the equilibrium condition on the energy functional,
which corresponds to the vanishing of the linear terms in the shifted operators.
This procedure leads to the following expressions for the macroscopic occupations:

α =
Ng2

ω2
a

(
1− 1

λ2

)
, β =

N

2

(
1− 1

λ

)
,

σan =
kan
ωanωa

α , σbn =
kbn
ωbnωb

λ+ 1

2λ
β .

(5.27)

Notably, this minimization procedure reveals that the open Dicke model predicts a
macroscopic ground state condensation in the superradiant phase which is exactly
the same as in the isolated system, as evidenced by the same values of α and β as
in Eq. (5.11). These results highlight what can be described as a resilience of the
condensate against the e�ects of system-bath coupling. Furthermore, although the
ground state condensation of the system remains una�ected by the presence of the
baths, it nevertheless induces a macroscopic occupation in the bath �elds. This
phenomenon is to be expected in equilibrium conditions and can be interpreted
as the baths inheriting a property of the system, much like a material develops
magnetization when placed in contact with a magnet. The resilience of the QPT
to the interaction of the system with the external baths can be ultimately traced
to the speci�c form of the system-bath coupling introduced in Eq. (5.15). Indeed,
the form of the microscopic system-bath interaction can signi�cantly in�uence the
predicted outcomes. For instance, in the present case, the compensation among
some of the terms involved in the minimization process, which in turn plays a
crucial role in determining the macroscopic mode occupations, is directly tied to
this choice.

The resulting e�ective Hamiltonian in the superradiant phase can be compactly
expressed as

H = HSP +
1

2

∑

j=a,b

∑

n

[
p2jn + k̃jn (qs,jn − xj)

2
]
, (5.28)

where qs,jn =
√

ℏωjn/2kjn

(
c†s,jn + cs,jn

)
are the coordinate �uctuation operators.

Likewise, the e�ective system coordinates coupled to the baths are given by xa =√
ℏ/2ωa(a

†
s + as) and xb =

√
2ℏ/ωb(λ+ 1)2(b†s + bs), while the e�ective coupling

constants are k̃an = kan and k̃bn = kbn (λ+ 1) /2λ. The e�ects of condensation are
incorporated through the λ-dependent factors. As shown in Appendix Section C.2,
the quantum Langevin equations in the superradiant phase preserve the same
structure as in Eq. (5.23), upon the introduction of the decay matrix ΓSP, obtained
by the replacement γb → γ̃b = 2γb/λ(λ+1) in ΓNP in Eq. (5.24). The e�ective loss
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5.2. Open Dicke model and its critical behaviour

rate of subsystem B, γ̃b, coincides with the bare damping rate γb at the critical
point but gradually decreases to zero as the coupling strength increases. This
behavior arises from saturation e�ects, which become increasingly signi�cant and
are determined by the values of the condensates. Similarly to the normal phase,
the excitation energies in the superradiant phase can be calculated by computing
the roots of the characteristic polynomial ζSP(ω) = det [M(ω;ASP,ΓSP)].

5.2.3 Excitation energies and critical point of the open

Dicke model

In this subsection, we analyze in detail the excitation energies of the open Dicke
model, obtained as the complex eigenvalues of the non-Hermitian matrixA−iΓ/2.
As already mentioned, they correspond to the roots of the characteristic polynomial
ζNP(ω), de�ned in Eq. (5.25) for the normal phase, and ζSP(ω) for the superradiant
phase.

Fig. 5.3 displays the real and imaginary parts of the complex excitation ener-
gies as a function of the normalized coupling strength g/ωa for ohmic baths. In
particular, Fig. 5.3(a) displays the real parts of the upper and lower excitation
energies of the open Dicke model (red lines), compared with those of the closed
Dicke model (blue lines). Fig. 5.3(c), on the other hand, presents the opposite
of the imaginary parts of the upper (gray line) and lower (orange line) excitation
energies of the open Dicke model. Finally, Fig. 5.3(b) is a zoom of Fig. 5.3(a,c)
near the critical point.

The most notable distinction from the excitation spectra of the closed Dicke
model is the emergence of a gap region between the normal and superradiant
phases (Fig. 5.3(b)), where the real part of the lower polariton becomes zero while
its imaginary part splits. We identify the critical point of the QPT with the
vanishing of the imaginary part of a complex excitation energy, which necessarily
coincides with the vanishing of the total complex eigenfrequency. It is important to
highlight that extending the normal-phase excitation frequencies beyond the crit-
ical point would incorrectly predict a positive imaginary component for the lower
mode, violating the principle of causality, which requires the response functions
to not have any poles in the upper half of the complex frequency plane. Indeed,
in the next section, we will show that the poles of a causal response function in
the frequency domain (the re�ection coe�cient S11) actually coincide with these
complex excitation energies, thereby validating the present analysis. Remarkably,
it can be shown that the critical point in this equilibrium open Dicke model coin-
cides with that of the corresponding closed Dicke model, provided the dissipation
rates are well-behaved, even if not ohmic. To clarify this point, we analyze the
behavior of the complex excitation energies in the normal phase by examining the
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Figure 5.3: (a) Real parts of the upper and lower excitation energies as a function
of the normalized coupling in the closed (blue) and open (red) Dicke models. (b)
Inset zooming near the critical point of the lower polaritons of both the closed
and open Dicke models. (c) Negative imaginary parts of the upper (gray) and
lower (orange) excitation energies. In panel (b) the imaginary part of the upper
polariton is not shown for the sake of clarity, as it is almost constant. Parameters
used: ωa = ωb = 1, γa = 0.3, γb = 0.2.

explicit expression of ζNP(ω), given by

ζNP(ω) = ω4+ i(γa + γb)ω
3 − (ω2

a + ω2
b + γaγb)ω

2

− i(ω2
aγb + ω2

bγa)ω − 4g2ωaωb + ω2
aω

2
b .

(5.29)

As can be readily observed, in the limit ω → 0 (i.e., near the QPT), only the con-
stant terms in Eq. (5.29) are relevant, provided the damping rates are physically
meaningful. By this, we refer to the constraint that ωγ(ω) must vanish as ω → 0,
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5.2. Open Dicke model and its critical behaviour

though the rate at which it approaches zero may vary [201]. These constant terms
vanish when the coupling strength reaches g =

√
ωaωb/2 = gc, which coincides with

the critical coupling of the SPT in the closed Dicke model, thus demonstrating the
resilience of the SPT against the coupling with the external environments. This
result sharply constrasts with previous �ndings obtained using a master equation
approach, where a �nite gap between the excitations of the normal and superra-
diant phases emerged, thus preventing the identi�cation of a well-de�ned critical
point [196�198].

Another peculiar feature is the behavior in the energy spectrum at low coupling
strengths, where the imaginary parts of the upper and lower excitation energies
split (see Fig. 5.3(c)), while their real parts tends to converge. This characteristic
behavior marks the transition between the weak and strong coupling regimes.
Notably, if one of the channel e�ectively acts as a gain that compensates for the
system's losses, i.e. γb = −γa, the e�ective Hamiltonian in the normal phase
would display PT symmetry and the transition would have been associated to an
exceptional point [202�207].

Although Eq. (5.29) remains valid for any well-behaved dissipation rates, the
case of constant decay rates (γj(ω) ≡ γ0j, for frequencies well below a high-
frequency cuto�) is of particular interest. This corresponds to the ohmic dissipa-
tion described in Ref. [201], as it yields the familiar velocity-dependent damping
term of a classical damped harmonic oscillator. Indeed, considering as an exam-
ple the decoupled oscillator A (thus g = 0), the frequency-domain equation of
motion reads −iωP̃a = −ω2

aX̃a − iωγaX̃a + ξ̃a and we can identify the familiar
damping term proportional to Ẋa in the time domain. Since the damping rates
must satisfy the condition γ∗j (ω) = γj(−ω), we model their low-frequency behav-
ior as γj(ω) = γ0j|ω|s, where s = 0 corresponds to the ohmic case. Baths with
−1 < s < 0, where the damping rate vanishes more slowly as ω → 0 than in
the ohmic case, are classi�ed as subohmic, while those with s > 0 are referred
to as superohmic. Pathological cases with s ≤ −1 are excluded from the present
analysis. Remarkably, due to the form of γj(ω), the behavior of ζNP(ω) near the
QPT remains qualitatively una�ected, leaving the critical point unchanged even
in presence of non-ohmic baths.

Fig. 5.4 shows the real (red) and imaginary (blue) parts of the lower eigen-
frequency for subohmic (Fig. 5.4(a), dotted lines) and superohmic (Fig. 5.4(b),
dash-dotted lines) baths, in comparison with the ohmic case (solid lines). The
damping rates are intentionally set to high values to emphasize the relative di�er-
ences between the various types of baths. This choice is allowed by the fact that
our approach does not impose any constraints on the smallness of the damping
rates, enabling an unrestricted exploration of their e�ects. We can notice that,
while the critical point remains unchanged, the behavior of the imaginary parts
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Figure 5.4: Comparison of the real (red) and imaginary (blue) parts of the lower
excitation energy for ohmic baths (solid lines) with those for (a) subohmic baths
(dotted lines) and (b) superohmic baths (dashed lines), plotted as functions of the
normalized coupling strength g/ωa. Notice the di�erent scale of the g axis between
the two panels. Parameters used: ωa = ωb = 1, γ0a = 0.3, γ0b = 0.2.

of the excitation energies is signi�cantly in�uenced by the nature of the baths. In
particular, although being qualitatively similar, the imaginary parts of the exci-
tation energies for subohmic and superohmic baths exhibit narrower and broader
pro�les, respectively, compared to the ohmic case.

5.3 Coherent emission spectra

The theoretical framework previously presented, as discussed in the previous sec-
tion, o�ers several advantages in analyzing the open Dicke model. Beyond its
applicability across a broad range of parameters, thanks to the absence of approx-
imations, and the possibility of addressing non-ohmic baths, it also allows for the
analytical calculation of re�ection and transmission spectra for both ohmic and
non-ohmic environments. In this section, we develop the theoretical framework re-
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5.3. Coherent emission spectra

quired for such analysis and subsequently analytically compute, as examples, the
coherent re�ection spectra of the open Dicke model in both phases of the system,
for ohmic and non-ohmic baths.

We start by introducing the input and output �elds associated with each bath,
following the approach outlined in Refs. [111, 208]. In particular, we de�ne the
input and output �elds in the time domain as

Cin,j(t) =

∫ ∞

0

√
ℏ

4πω

(
c̃in,j(ω)e

−iωt + c̃†in,j(ω)e
iωt
)
dω , (5.30)

with a similar relation holding for the output �elds, Cout,j(t). The creation and
annihilation operators, in which these �elds are decomposed, satisfy the canonical
commutation relations

[
c̃in/out,j(ω

′) , c̃†in/out,k(ω
′′)
]
= δjkδ(ω

′ − ω′′) and are strictly
related to the baths noise operators, as we will discuss in the following. For
convenience, we adopted the continuum limit on the bath degrees of freedom.
We observe that, in absence of the RWA, both co-rotating and counter-rotating
terms in Cin,j(t) must be considered. It can be shown that, in the normal phase,
the Langevin forces are proportional to the �elds in the frequency domain, i.e.
F̃in/out,j(ω) ∝

√
γj/ωj C̃in/out,j(ω). A similar relation holds in the superradiant

phase, upon the introduction of a prefactor 2/(λ + 1) preceding C̃in/out,b. A de-
tailed discussion on the derivation and properties of the input and output �elds
is provided in Appendix D of Ref. [7]. The input-output relations [29, 111, 208]
can be obtained by combining Eqs. (5.22) and (5.23), reformulated in terms of the
input and output �elds C̃in/out,j, which yields

(
C̃out,j

−C̃out,j

)
=
∑

k

√
ωj

ωk

γk
γj

M (A,−Γ)M (A,Γ)−1
∣∣
jk

(
C̃in,k

−C̃in,k

)
, (5.31)

where M (A,−Γ)M (A,Γ)−1
∣∣
jk

is the (j, k)-th 2× 2 block for j, k = 1, 2 (= a, b),
as we are considering both the co-rotating and counter-rotating terms. Thus, we
can now introduce the scattering matrix S(ω), whose elements are de�ned by

Sjk =
⟨C̃out,j⟩
⟨C̃in,k⟩

∣∣∣∣∣
⟨C̃in,i⟩=0 for i̸=k

(5.32)

As already highlighted, a key advantage of this approach lies in the absence
of any approximation in the derivation of Eq. (5.32), which makes it suitable
for describing the system properties across all range of the parameters, including
highly nontrivial cases such as those in the proximity of the critical point or in
presence of strong dissipation.
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5. Quantum phase transition in the open Dicke model

As illustrative examples, in the following sections we compute coherent re-
�ection spectra through port a, i.e. S11, obtained by evaluating Eq. (5.32) for
j = k = 1, which leads to

S11 =
⟨C̃out,a⟩
⟨C̃in,a⟩

∣∣∣∣∣
⟨C̃in,b⟩=0

=

(
1√
2
,− 1√

2

)
M (A,−Γ)M (A,Γ)−1

∣∣
11

(
1/
√
2

−1/
√
2

)

=
ζ(ωa, ωb,−γa, γb)
ζ(ωa, ωb, γa, γb)

. (5.33)

As already previously mentioned, the denominator in this expression corresponds
to the characteristic polynomial of the open Dicke model and thus the poles of S11

coincide with the complex excitation energies of the system. We are not employing
any subscripts to distinguish between the normal and superradiant phases, as
Eq. (5.33) is valid in both phases, provided the appropriate Hop�eld-Bogoliubov
and decay matrices are used. Furthermore, Eq. (5.33) is valid for both ohmic
and non-ohmic baths. Spectra associated with alternative input-output channels,
such as the transmission spectrum S12, can be readily obtained by appropriately
applying Eq. (5.32).

5.3.1 Ohmic emission spectra

In this subsection, we focus our attention on the analysis of ohmic spectra (s = 0),
which corresponds to assuming constant damping rates, i.e. γj(ω) = γ0j in
Eq. (5.33). While maintaining constant damping rates over a broad spectral range
is not entirely realistic, here our main interest lies in the low-frequency region,
where the softening of the lower polariton occurs near the critical point. Never-
theless, the theoretical framework employed here allows for the incorporation of
more complex frequency-dependent damping rates without any issues, as we will
demonstrate in the next subsection.

In Fig. 5.5, we plot the re�ection spectra for an ohmic bath over a wide range
of parameters, taking advantage of the opportunities our treatment allows for. A
key feature observed is the presence of a coupling-dependent Lamb shift, which
displaces the re�ection minima relative to the eigenfrequencies of the isolated sys-
tem (green solid lines). However, while the Lamb shift is appreciable far from
the critical point, it vanishes in the vicinity of gc, as highlighted in the inset of
panel (a) and panels (e-f). Simultaneously, the left-side broadening of the asym-
metric Lorentzian pro�le shrinks to zero at the same rate as the minima, ensuring
a consistent spectral description even in the low-frequency regime. We point out
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Figure 5.5: (a-d) 2D ohmic re�ection spectra S11, with an inset near the critical
point in (a). The corresponding close-system excitation energies Ω are superim-
posed on the plots (green lines). (e,f) 1D spectra in the proximity of the critical
point. Vertical lines represent the corresponding closed-system lower excitation en-
ergies Ω−, showing excellent agreement with the minima of the re�ection spectra,
both in (e) normal and (f) superradiant phases. Parameters used: (a) ωa = ωb = 1,
γa = γb = 0.1; (b) ωa = 1.2, ωb = 1, γa = 0.2, γb = 0.1; (c) ωa = 1.2, ωb = 1,
γa = 0.1, γb = 0.2; (d) ωa = ωb = 1, γa = 0.1, γb = 0.5; (e-f) ωa = ωb = 1,
γa = 0.05, γb = 0.075.

that the re�ection spectrum exactly at the critical point is not entirely physically
meaningful for the lower polariton, as it exhibits a re�ectivity di�erent from 1 at
ω = 0. However, this does not pose a practical issue in experiments and appli-
cations, since the critical point represents a singular set of zero measure in the
coupling parameter space and cannot be precisely accessed due to various intrinsic
system noises. Indeed, for any coupling g = gc ± ϵ, where ϵ is a arbitrary small
positive quantity, the spectra remain well-behaved. While panel (a) represents a
resonant system (ωa = ωb = 1), a comparison of panels (b) and (c) provides ad-
ditional insight: both depict detuned systems (ωa = 1.2, ωb = 1), but in panel (b)
the subsystem A has an higher damping rate compared to B (γa = 0.2, γb = 0.1),
whereas panel (c) illustrates the opposite scenario. The most striking consequence
is the di�erence in the depth of the re�ection minima for the upper and lower
excitation energies, which is to be expected due to the di�erent nature of the po-
laritons at low and high coupling strengths. Panel (d) showcases a more extreme
scenario where γb = 0.5, placing it well outside the parameter range where the
Born-Markov approximation remains valid, regardless of the coupling strength. In
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5. Quantum phase transition in the open Dicke model

this case, we observe a considerable Lamb shift, particularly for the upper exci-
tation energy and for weak couplings in the lower branch. However, even in this
extreme situation, the Lamb shift vanishes when approaching the critical point for
the lower polariton. Finally, panels (e,f) present 1D re�ection spectra near the crit-
ical point (solid lines), alongside the excitation energies of the closed Dicke model
described by Eqs. (5.7) and (5.14) (vertical dashed lines). Remarkably, these plots
con�rm that, in the proximity of the critical point, the usual interpretation of the
real and imaginary parts of the complex eigenfrequencies as re�ection minima and
linewidths, respectively, breaks down. Indeed, since the two quantities become
comparable in magnitude, the re�ection minima are instead better determined
by the closed-system excitation energies. This feature explains why, even near
a QPT, experimental �ts remain accurate when compared with the conventional
closed-system eigenfrequencies (see, e.g., the theoretical description and related �t
in Ref. [159]). Furthermore, this analysis aligns with the previous observation of
the vanishing of the Lamb shift near the critical point, both from (e) below and
(f) above.

5.3.2 Non-ohmic emission spectra

In this subsection, we explore the impact of non-ohmic baths on the re�ection spec-
tra of the open Dicke model. As previously discussed, our theoretical framework
allows for the consideration of arbitrary frequency-dependent damping rates with-
out any restrictions. In particular, as illustrative examples, we consider s = −0.5
for the subohmic and s = 0.5 for the superohmic cases, and calculate the corre-
sponding re�ection spectra using Eq. (5.33). Spectra for other types of baths or
di�erent channels can be straightforwardly computed using the same procedure.

In Fig. 5.6(a,b), we present subohmic re�ection spectra, utilizing the same pa-
rameters as those used in panels (a) and (c) of Fig. 5.5, respectively. Similarly,
Fig. 5.6(c,d) displays superohmic re�ection spectra for the corresponding param-
eter set. In the subohmic spectra, we observe a broadening of the full width at
half maximum (FWHM) for the lower polariton and a narrowing for the upper
polariton compared to the ohmic case. This behavior arises from the frequency-
dependent scaling of the damping, γj(ω) = γ0j/

√
|ω|, which ampli�es losses at low

frequencies while reducing them at high frequencies. Conversely, in the superohmic
case, characterized by γj(ω) = γ0j

√
|ω|, losses are enhanced at high frequencies

and suppressed at low frequencies. This behavior is particularly evident in the
insets near the critical point shown in Fig. 5.6(a,c), especially when compared to
the inset of Fig. 5.5(a) for the ohmic bath. The range of all three insets is the
same to better highlight the di�erences in spectral characteristics. Fig. 5.6(e,f) dis-
play 1D lower polariton spectra for coupling strengths close to the critical point,
showing the di�erences between various baths both (e) below and (f) above the
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Figure 5.6: (a-d) 2D re�ection spectra S11 for subohmic (a,b) and superohmic (c,d)
baths, with the corresponding close-system excitation energies Ω (green lines). The
insets near the critical point highlight the di�erences in the spectral behavior. (e,f)
Comparison of the 1D spectra in the proximity of the critical point, both in (e)
normal and (f) superradiant phases, for di�erent coupling strengths in the three
cases studied: ohmic (solid), subohmic (dashed) and superohmic (dash-dotted).
The constants γ0j have been chosen such that the damping rates of the lower
excitation energies γj(Ω−) for the blue lines would be equal, allowing for a better
comparison between the lineshapes. Parameters used: (a,c) ωa = ωb = 1, γ0a =
γ0b = 0.1; (b,d) ωa = 1.2, ωb = 1, γ0a = 0.1, γ0b = 0.2; (e,f) ωa = ωb = 1,
γ0a = 0.05, γ0b = 0.075 for the ohmic case, while in the subohmic and superohmic
cases the dampings have been respectively divided or multiplied by a factor 3.162
in the normal phase and 2.656 in the superradiant phase.

QPT. The most notable di�erence lies in the distinct lineshapes between di�er-
ent baths, which cannot be solely attributed to variations in FWHM. Instead, it
directly arises from the frequency dependence of γj(ω), leading to a highly asym-
metric Lorentzian behavior. To better illustrate this feature, the damping rates in
Fig. 5.6(e,f) have been deliberately chosen to di�er across the three cases, while
coinciding at a speci�c point. Speci�cally, the values of γ0j for the di�erent baths
have been adjusted so that the damping rates evaluated at the lower eigenfre-
quency, i.e. γj(Ω−), are all equal for speci�c coupling strengths near the critical
point (g = 0.495 and g = 0.505 for the normal and superradiant phases, respec-
tively, corresponding to the blue lines). This ensures a fair comparison of the
spectral asymmetry originating from the frequency dependence of γj(ω).
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5. Quantum phase transition in the open Dicke model

5.4 Squeezing near the critical point and its

observability

Fundamental concepts as squeezing and entanglement have been extensively stud-
ied in quantum optics for several decades. Their relevance has further increased
with the development of various �elds, including quantum computing and quan-
tum cryptography, as well as in many-body systems displaying QPTs near their
criticality [209�211]. It has been demonstrated that the ground state of the Dicke
model exhibits two-mode squeezing, which becomes perfect at the critical point
of the QPT [21, 212]. This result may have signi�cant implications for sensing
applications [213], since intrinsic squeezing has the potential to enhance the ro-
bustness of quantum sensing and information processing against photon loss and
decoherence [214, 215]. Typically, squeezing is observed in signals with appreciable
intensity; however, the ground state, by de�nition, does not radiate. Nonetheless,
recent advancements in nonlinear optical techniques, in particular electro-optic
sampling, have enabled the probing of vacuum �uctuations [216�218]. Since the
detection of a signal necessarily requires considering an open system, the investi-
gation of the open Dicke model becomes essential in this context. In this section,
we explore the presence of squeezing in the ground state of the open Dicke model
and discuss its potential observability. Speci�cally, while focusing on the normal
phase, we will present results obtained in the dispersive regime, leaving a more
general treatment to Appendix E of Ref. [7].

In electro-optic sampling, the measured output �eld results from the convo-
lution of the input �eld with the �eld inside the system, each oscillating at its
respective eigenfrequency. This principle is strictly correlated to energy conser-
vation [219]. Consequently, when de�ning the �eld quadratures, it is essential
to express them in terms of physical operators oscillating at the actual system
eigenfrequencies, rather than in terms of bare operators (a and b), which do not
possess a well-de�ned frequency due to the presence of counter-rotating terms in
the interaction and therefore contain contributions from both positive and negative
frequencies [82, 220]. The correct construction of the quadratures thus requires de-
composing �elds into their positive- and negative-frequency components, denoted
X+(ω) and X−(ω), respectively.

As an illustrative example, let us consider the case in which the measurement
apparatus is placed outside the reference system, assumed here to be a single-mode
electromagnetic resonator coupled to a magnetic material. Probing vacuum �uc-
tuations implies providing the free vacuum �eld as input state and analyzing how
its interaction with the system modi�es the state. In light of the aforementioned
considerations, we de�ne the positive- and negative-frequency operators as

X+(ω) = C̃out,a(ω) , X−(ω) = C̃†
out,a(ω) . (5.34)
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5.4. Squeezing near the critical point and its observability

The corresponding ϕ-dependent quadrature operator is therefore given by

Xϕ(ω) = eiϕX+(ω) + e−iϕX−(ω) , (5.35)

whose ground-state variance is (∆Xϕ)
2 ≡ ⟨0| (Xϕ)

2 |0⟩−⟨0|Xϕ |0⟩2 = ⟨0| (Xϕ)
2 |0⟩.

To highlight the fundamental physics without heavy mathematical treatment,
in this section we analyze the problem within the dispersive regime [221]. We refer
the reader to Appendix E of Ref. [7] for a more general treatment, which does not
rely on this approximation. In the dispersive limit, ωb ≫ ωa, the spin dynamics
can be traced out through the use of a suitable Schrie�er-Wol� transformation
[124, 125], resulting in an e�ective Hamiltonian in the normal phase

HSW = ℏωaa
†a− ℏg2

4ωb

(
a† + a

)2
+

1

2

∑

n

[
p2an + kan(qan −Xa)

2
]
, (5.36)

where the coupling operator Xa is the same as in Eq. (5.15). Notably, it can be
veri�ed that the application of the Schrie�er-Wol� transformation does not alter
the coupling between the system and the thermal bath, kan.

Proceeding in a similar manner as in the previous sections, we derive the input-
output relation for the e�ective Hamiltonian in Eq. (5.36), which reads

C̃out,a(ω) =
ω(ω − iγa)ωb + ωa(4g

2 − ωaωb)

ω(ω + iγa)ωb + ωa(4g2 − ωaωb)
C̃in,a (ω) . (5.37)

As expected, this equation coicides with the dispersive limit of Eq. (5.31). In-
deed, by taking the dispersive limit of the (1, 1)-th block in Eq. (5.31), i.e. of
M (A,−Γ)M (A,Γ)−1

∣∣
11
, we recover exactly the prefactor in Eq. (5.37). In turn,

the input �eld can be expressed in terms of the bath operators as

C̃in,a(ω) = i

√
ℏ
2ω
c̃in,a(ω) , (5.38)

for ω > 0, whereas it is proportional to the creation operator c̃†in,a(ω) for ω < 0, as it
can be veri�ed by taking the Fourier transform of Eq. (5.30). Inserting Eqs. (5.37)
and (5.38) into Eq. (5.34) and recalling that c̃in,a(ω) |0⟩ = 0 by de�nition, we obtain

(∆Xϕ)
2 = ⟨0|X+(ω)X−(ω) |0⟩ = ℏ

2ω
. (5.39)

The resulting variance (∆Xϕ)
2 is independent of the angle ϕ, thus demonstrating

that the squeezing in the ground state cannot be detected using these techniques.
Eq. (5.39) is strictly related to the experimental scheme employed in electro-optical
detection. The impossibility of accessing ground-state squeezing aligns with the
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5. Quantum phase transition in the open Dicke model

�ndings of Ref. [220]. It is worth noting, however, that their analysis focused on
systems where counter-rotating terms were included only in the system Hamilto-
nian, while the system-bath interaction was simpli�ed using the RWA. Further-
more, their detection model was based on homodyne detection rather than on
electro-optic sampling.

On the contrary, we expect that strong two-mode squeezing and quantum en-
tanglement could be observable near the critical point if a non-adiabatic time
modulation of either the coupling strength g or of one of the two bare frequencies
ωa/b is implemented. Such a physical process is in close analogy with the dynam-
ical Casimir e�ect observed in superconducting circuits [222, 223] and quantum
vacuum radiation in polariton systems [224], in the absence of QPTs. Instead,
the theoretical framework presented here also provides the means for investigat-
ing these dynamical modulations in the proximity of a critical point, which could
greatly enhance the generation of quantum correlations, entanglement and squeez-
ing.
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Chapter6

Conclusions

This thesis explores various ultrastrongly-coupled systems and their properties,
with particular focus on quantum phase transitions, spectral features, and e�ective
models. In particular, it is structured in chapters that progressively build on each
other, starting from Chapter 1, which provided all the basics and theoretical tools
necessary to understand the subsequent chapters.

Chapter 2 was devoted to the simplest case of a single two-level emitter cou-
pled to a single mode of the electromagnetic �eld in the ultrastrong coupling
(USC) regime, which can be described by the quantum Rabi model (QRM). In
particular, we investigated the properties of this model in both cavity and circuit
quantum electrodynamics (QED) implementations, highlighting how the coher-
ent and incoherent emission spectra may di�er signi�cantly in the USC regime.
Speci�cally, we studied circuit QED systems described by an extended QRM with
parity-symmetry breaking terms, which are coupled to the external environment
either inductively or capacitively. We showed that this two coupling mechanisms
lead to signi�cantly di�erent emission spectra, especially in the USC regime, for
both coherent and incoherent emission. We explained these di�erences in terms
of the dynamical variables that couple the system with the external environment,
being either the �ux or the charge operator of the qubit, further highlighting the
importance of correctly identifying the interaction mechanism. We then compared
these results with cavity QED spectra, �nding that they coincide with those of
capacitively coupled circuit QED setups. In the same chapter, we also investi-
gated the in�uence of higher-energy levels of the matter subsystem (which, by
de�nition, are neglected in a two-level description) on the system's behavior in the
USC regime. This led us to the introduction of the renormalized QRM (RQRM),
through which we were able to incorporate the e�ects of these higher-energy levels
into the system's parameters while still retaining a two-level description. To this
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end, we employed a slightly variation of the Schrie�er-Wol� transformation, which
allowed us to obtain analytical expressions for the renormalized parameters of the
RQRM, both in cavity and circuit QED. These results were validated numerically
by exactly diagonalizing the full Hamiltonian, demonstrating a signi�cant improve-
ment in accuracy of the RQRM over the standard QRM, particularly in the USC
regime. Beyond the energy spectrum, we also analyzed the gauge invariance of
the RQRM, showing that it is possibly to recover a notion of gauge invariance,
inspired by that de�ned in truncated Hilbert spaces introduced in Refs. [77, 87].
Finally, we discussed how the renormalization a�ects the system's observables and
how higher-order correction can further improve the accuracy, though at the cost
of losing the analyticity of the treatment.

Chapter 3 extended the previous analysis to systems composed of multiple two-
level emitters coupled to a single mode of the electromagnetic �eld, which can be
described by an extended Dicke model including the additional self-polarization
term. In this chapter, the electrostatic interactions between the emitters are still
not taken into account, which will be instead addressed later. We explored the
evolution of the system properties, such as energy levels and emission spectra,
as a function of the number of emitters, and how these results converge toward
those of the Hop�eld model in the thermodynamic limit. We also studied how
di�erent coupling mechanisms between the emitters and the external environment,
either individual or collective, a�ect the system's emission spectra, showing that
collective coupling can lead to the emergence of an emission line at the cavity
frequency which can be traced back to the presence of the dark states, that are
not optically active in the case of individual emitter-bath couplings.

In Chapter 4, we investigated the impact of the electrostatic interactions be-
tween the emitters, which are often neglected in simpler models, on the system's
behavior. This topic has been the subject of much controversy in recent years, es-
pecially regarding the occurrence of a superradiant phase transition (SPT) in such
systems, with many works arguing both for and against its occurrence (see Sec-
tion 4.1 for a brief review of the literature on this topic). In this chapter, we demon-
strated that these electrostatic interactions can indeed induce a quantum phase
transition (QPT) in the system, which however has di�erent characteristics from
the standard SPT predicted by the Dicke model. To further support these results,
we investigated two realistic arrangement of the emitters: a three-dimensional lat-
tice of spatially separated and highly localized dipoles and a two-dimensional dipole
layer embedded in a cavity. Especially in the latter case, by carefully modeling
the system, we showed that a supposed compensation between the dipole-dipole
interactions and the inter-atomic contribution of the self-polarization term is in-
deed not possible. This mechanism was in fact at the basis of many arguments
supporting the occurrence of a SPT in such systems.
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Finally, Chapter 5 was devoted to the study of the open Dicke model, and
speci�cally to the impact of external baths on the occurrence of the SPT in equilib-
rium conditions. This topic is of great importance, as in realistic implementations
the system is always coupled to an external environment, which in principle could
modify its behavior. Unlike most of the existing literature, which concentrates on
driven-dissipative versions, this chapter is focused on the equilibrium case, where
many of the usual approximations (such as the Born-Markov approximation) break
down, especially in the vicinity of the critical point. To overcome these limitations,
we employed an approch based on the quantum Langevin equations, which allowed
us to exactly solve the system in the thermodynamic limit, even in the presence
of strong coupling with the environment or in presence of non-ohmic baths. Re-
markably, we found that the presence of the baths does not modify the critical
point with respect to the closed system, in striking contrast to previous works on
driven-dissipative systems. Furthermore, the macroscopic occupations in the su-
perradiant phase are also una�ected by the presence of the baths, while the baths
themselves on the other hand acquire macroscopic occupations of their modes in
the superradiant phase. This formalism also allowed us to analytically study the
coherent emission spectra of the open Dicke model, which we analyzed for di�erent
types of baths, both ohmic and non-ohmic. In the end, we discussed the possibility
of observing squeezing in the vicinity of the critical point.

In conclusion, this thesis aims to contribute to the understanding of the prop-
erties of ultrastrongly-coupled light-matter systems, both closed and open, ranging
from single-emitter to many-emitter con�gurations and their thermodynamic limit.
Particular emphasis was placed on the occurrence of quantum phase transitions
and on the spectral properties of these systems, which were analyzed in detail.
Furthermore, we introduced e�ective models that can accurately describe these
systems while maintaining simple analytical forms, thus o�ering reliable tools for
both the theoretical analysis and its physical interpretation. Overall, I hope that
the results presented in this thesis will prove useful for future theoretical and
experimental research in this rapidly evolving �eld.

However, this thesis does not cover all the works I contributed to during my
PhD, as some of them did not directly �t into the main narrative. In particular, I
would like to brea�y discuss the publication reported in Ref. [6], which, although
not involving ultrastrongly coupled systems, is sitll relevant to the �eld of light-
matter interactions.

In this work, carried out in collaboration with an experimental group from
the University of Modena and Reggio Emilia, we reported the observation of Per-
fect Absorption (PA) in a system consisting of molecular spin centers coherently
coupled to a planar microwave resonator at millikelvin temperatures and in the
single-photon regime. Two di�erent samples of molecular spin ensembles were in-
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vestigated: (i) a spin ensemble with a single dominant transition, consisting of
diluted α, γ-bisdiphenylene-β-phenylallyl (BDPA) organic radical spins, and (ii)
a sample with multiple hyper�ne transitions due to the presence of a large nu-
clear spin (I = 7/2), which consists of a diluted tetraphenylporphyrinato oxo-
vandium(IV) complex (VOTPP) spins. The platform employed allows for a �ne
tuning of the spin-photon coupling and to control the e�ective dissipation of the
two subsystems towards the environment, by adjusting either the distance between
the spin samples and the resonator or between the probing antenna and the res-
onator, respectively. The central result of this work was the observation of PA in
a system of molecular spin ensembles at cryogenic temperatures, supported by a
theoretical description within the framework of non-Hermitian physics.

From the theoretical standpoint, we developed a model based on the input-
output formalism and its mapping to e�ective non-Hermitian Hamiltonians, that
was able to accurately reproduce the experimental results. Since the interactions
were mainly due to the magnetic component of the coplanar waveguide resonator
�eld, which interacts with the spins via their magnetic dipole moment, a Dicke-
like model was employed to describe the system. For the BDPA sample, this
reduces to the standard Dicke Hamiltonian, while the VOTPP sample required
a generalized multi-level, multi-coupling Dicke Hamiltonian to account for the
di�erent hyper�ne transitions and their corresponding coupling strengths. Both
these models have been solved in the thermodynamic limit through the use of the
Holstein-Primako� transformations. Importantly, the coupling strengths achieved
in this platform never achieved the USC regime, thus justifying the use of the
rotating wave approximation in the Hamiltonian description.

Subsequently, we focused on the analysis of the open system properties and,
in particular, on the development of a framework able to predict the presence of
PA. In general, PA occurs when there is a dip in the re�ection spectrum reaching
zero re�ectivity. We reported its observation both in the weak and strong cou-
pling regimes and demonstrated how this phenomenon can be easily explained in
terms of non-Hermitian physics. In particular, we showed that PA occurs when
the imaginary part of a complex eigenvalue of an e�ective non-Hermitian Hamilto-
nian vanishes. These �ndings constitues a generalization of the results presented
in, e.g., Ref. [225], where the e�ective non-Hermitian Hamiltonian exhibited PT -
symmetry. In contrast, being our Hamiltonian composed of more than two in-
teracting subsystems, the very notion of PT -symmetry is not applicable, thus
requiring a more general framework.

Speci�cally, we showed that the presence PA can be linked with the emergence
of a Hermitian subspace in the e�ective non-Hermitian Hamiltonian describing the
system, characterized by a real eigenvalues, i.e. vanishing of the corresponding
imaginary part. This generalizes the concept of PT -symmetry and provides a
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Figure 6.1: Surface plot illustrating the imaginary part of the complex eigenvalues
of the e�ective non-Hermitian Hamiltonian in the case of two interacting bosons,
as a function of the detuning ∆ and the spins decay rate γs. The two red lines
indicate where an Hermitian subspace is realized, i.e., the intersection with the
Im(Ω̃) = 0 plane (in blue), where one of the eigenvalues becomes real. These lines
coalesce at the point (γs,∆) = (γc, 0), marked by the red triangle, corresponding
to the PT symmetry condition, where γc is the e�ective gain of the cavity.

broader criterion for PA. Furthermore, we demonstrated (both theoretically and
experimentally) that these Hermitian subspaces can be engineered through the
resonator-spin detuning, which controls the composition of the polaritons in terms
of its photon and spin contents. Importantly, given the previous considerations,
the realization of Hermitian subspaces is of easier experimental realization with
respect to the realization of exceptional points, which instead requires a much
�ner tuning of the system parameters. Fig. 6.1 illustrates this concept for the
case of two interacting bosons, namely a single resonator mode and a single spin
transition of the BDPA sample. The surface plot shows the imaginary part of
the complex eigenvalues Ω̃ of the e�ective non-Hermitian Hamiltonian for such a
systems, as a function of the detuning ∆ and the spins decay rate γs. The red
lines indicate the realization of Hermitian subspaces, where one of the eigenvalues
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6. Conclusions
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Figure 6.2: (a,d) Normalized re�ection maps measured for the VOTPP crystal
as a function of the externally applyed static magnetic �eld B0 and driving fre-
quency. PA is observed in proximity of multiple hyper�ne levels. The strongest
(position #A) and the weakest (position #D) coupling regimes are shown, re-
spectively. b,e Simulated re�ection maps obtained by �tting the maps in panels
(a,d). (c,f) (Upper panels) Imaginary parts of the complex frequencies as a func-
tion of the magnetic �eld B0, for each polariton frequency. The horizontal black
dotted line corresponds to the the vanishing of the imaginary part, i.e. the PA
condition.(Lower panels) Real parts of the polariton frequencies with the predicted
PA points, showing excellent agreement with the experimental data. (g,h,i) Ex-
perimental (red dots) and theoretical (blue lines) normalized re�ection data in
correspondence of the vertical lines B1, B2, and B3, displaying (g,h) perfect ab-
sorption dips and one (i) not satisfying this condition.

becomes purely real, i.e., Im(Ω̃) = 0 (in blue). These two lines coalesce at the
point (γs,∆) = (γc, 0), where γc is the e�ective gain of the cavity (e�ective feeding
due to the drive minus intrinsic losses). This point, marked by the red triangle,
corresponds to the PT -symmetry condition. This �gure clearly illustrates how
that Hermitian subspaces, and thus the presence of PA, can be achieved for a wide
range of parameters, not only at the PT -symmetry point.
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The theoretical predictions were found to be in excellent agreement with the ex-
perimental results, both in the weak and strong coupling regimes, thus con�rming
the validity of our model. Fig. 6.2 shows the experimental and theoretical re�ec-
tion maps for the VOTPP sample, which exhibits multiple hyper�ne transitions.
The left-most panels (a,d) display the experimental normalized re�ection maps as
a function of the externally applied static magnetic �eld B0 and driving frequency,
clearly showing the possibility to achieve PA in both coupling regimes. The middle
panels (b,e) show the corresponding theoretical simulations, which perfectly repro-
duce the experimental results. The right-most panels (c,f) present the imaginary
(upper panels) and real (lower panels) parts of the complex polariton frequencies,
Ω̃j, as a function of the magnetic �eld B0. The horizontal black dotted line at
Im(Ω̃) = 0 identi�es the PA condition, while the corresponding markers in the
lower panels highlight the predicted PA points, in excellent correspondence with
the experimental dips in the re�ection spectra. Finally, panels (g,h,i) show three
representative vertical cuts of the normalized re�ection data in correspondence of
the dips at three values of the magnetic �eld B1, B2, and B3, further consolidating
the excellent agreement between the experimental data (red dots) and theoretical
�t (blue lines). The �rst two panels (g,h) display perfect absorption dips, while
the last one (i) does not satisfy the PA condition.

Since these results were obtained in the linear response regime, future studies
could explore the possibility of achieving PA in purely quantum systems, such
as those described by the quantum Rabi model, where nonlinear quantum e�ects
could play a crucial role.
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AppendixA

Derivation of the RQRM in cavity

and circuit QED

In this Appendix, we provide additional details on the derivation of the Renormal-
ized Quantum Rabi Model (RQRM) presented in Section 2.3. We �rst introduce
the general framework of the Schrie�er-Wol� transformation, which is used to
include the contributions of the higher-energy levels into an e�ective low-energy
Hamiltonian. Subsequently, we apply this method to the derivation of the RQRM
for both cases studied in Section 2.3, namely a cavity QED setup where a natural
atom interacts with a single-mode cavity �eld, and a circuit QED setup where a
superconducting qubit is coupled to a resonator.

A.1 Schrie�er-Wol� transformation

The standard Schrie�er-Wol� (SW) transformation is a perturbative method that
allows for the derivation of an e�ective Hamiltonian in a low-energy manifold by
eliminating the interactions with higher-energy states [11, 124, 125]. This tech-
nique has been widely employed in various �elds of physics, including condensed
matter, quantum optics, and quantum information. In the context of cavity and
circuit QED, the SW transformation has been used to derive e�ective models
for systems operating in the dispersive regime [221]. This approach assumes the
Hamiltonian to be divisible into two parts: a term belonging to the low-energy
manifold, and a perturbative term that couples the low-energy manifold with the
high-energy one. More formally, let the total Hamiltonian be expressed as

Ĥ = Ĥ0 + Ĥ1 , (A.1)
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A. Derivation of the RQRM in cavity and circuit QED

where Ĥ0 is the term lying in the low-energy manifold (plus eventual diagonal
elements of Ĥ1), while Ĥ1 includes the contributions that links the low-energy
manifold with the high-energy one and the terms residing in the high-energy sub-
space itself. As we will see in the next subsection, for our system, we will identify
Ĥ0 = Ĥ0′+Ĥ

L
int,D and Ĥ1 = ĤH

int,D. The SW procedure consists in �nding a suitable
unitary transformation Û = eŜ (where Ŝ must be an anti-Hermitian operator for
Û to be unitary), which allows for the truncation of the Hilbert space to the low-
energy manifold to incorporate the e�ects of the high-energy states perturbatively.
To this end, we apply the Baker-Campbell-Hausdor� formula, which transformes
the Hamiltonian into

Ĥstd = eŜĤe−Ŝ = Ĥ +
[
Ĥ, Ŝ

]
+

1

2

[[
Ĥ, Ŝ

]
, Ŝ
]
+ · · · . (A.2)

If we consider Ĥ1 to be proportional to a small parameter, we can truncate the
series in Eq. (A.2) at the second order in this parameter. The goal of the SW
transformation is to �nd Ŝ such that the transformed Hamiltonian Ĥstd does not
include any coupling term between the low-energy and high-energy manifolds, at
least up to the second order in the perturbation parameter, after the projection
into the low-energy manifold. This can be achieved by choosing the SW generator,
Ŝ, such that it satis�es the condition

Ĥ1 +
[
Ĥ0, Ŝ

]
= 0 . (A.3)

The e�ective Hamiltonian can thus be expressed as

Ĥstd
eff ≃ Ĥ0 + Ĥ1 +

[
Ĥ0, Ŝ

]
+
[
Ĥ1, Ŝ

]
+

1

2

[[
Ĥ0, Ŝ

]
, Ŝ
]
, (A.4)

where we have truncated the series at the second order in the perturbation param-
eter. By applying the condition in Eq. (A.3), we can simplify Eq. (A.4) to

Ĥstd
eff = Ĥ0 +

1

2

[
Ĥ1, Ŝ

]
. (A.5)

This equation provides the e�ective Hamiltonian up to the second order in the
perturbation parameter. The next step consists in projecting this e�ective Hamil-
tonian into the low-energy manifold by applying the projector P̂ , which leads to

Ĥstd
eff = P̂ Ĥstd

eff P̂ = Ĥ0 +
1

2
P̂
[
Ĥ1, Ŝ

]
P̂ , (A.6)

where Ĥ0 = P̂ Ĥ0P̂ , which almost coincides with the Ĥ0 Hamiltonian itself, except
for the diagonal higher-energy terms induced by the projection of Ĥ1. Eq. (A.6)
represents the standard SW e�ective Hamiltonian.
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A.2. Derivation of the RQRM in cavity QED

From the condition in Eq. (A.3), we can explicitly write the matrix elements
of the generator as

⟨n|Ŝ|m⟩ = ⟨n|Ĥ1|m⟩
Em − En

, (A.7)

where En and |n⟩ are the eigenvalues and eigenvectors of Ĥ0, respectively. An
explicit expression of the last term in Eq. (A.6) can be provided by using Eq. (A.7),
namely

1

2
⟨n|
[
Ĥ1, Ŝ

]
|m⟩ = 1

2
⟨n|Ĥ1Ŝ − ŜĤ1|m⟩

=
1

2

∑

l

[
⟨n|Ĥ1|l⟩ ⟨l|Ŝ|m⟩ − ⟨n|Ŝ|l⟩ ⟨l|Ĥ1|m⟩

]

=
1

2

∑

l

⟨n|Ĥ1|l⟩ ⟨l|Ĥ1|m⟩
[

1

Em − El

+
1

En − El

]
. (A.8)

Therefore, by performing the two-level truncation on the atomic bare basis, i.e.
by applying the projector P̂ , we obtain the e�ective Hamiltonian:

Ĥstd
eff =

∑

n

EnP̂ |n⟩⟨n| P̂

+
1

2

∑

n,m

∑

l

⟨n|Ĥ1|l⟩ ⟨l|Ĥ1|m⟩
[

1

Em − El

+
1

En − El

]
P̂ |n⟩⟨m| P̂ . (A.9)

While this approach treats the low-energy subspace unperturbatively, it requires
the knowledge of the eigenvalues and eigenvectors of Ĥ0. In the case of the QRM,
although being integrable, �nding their analytical form is challenging [50], as they
involve transcendental equations and con�uent Heun functions. Indeed, Ĥ0 is usu-
ally diagonalized numerically, and therefore also Ĥstd

eff . This poses a clear limitation
of this approach.

On the contrary, in order to obtain the RQRM, we slightly modify the standard
SW procedure. In particular, we only require

ĤH
int,D +

[
Ĥ0′ , Ŝ

]
= 0 , (A.10)

as it will be clear in the next subsection. This choice allows us to achieve an
analytical expression for the generator Ŝ, as Ĥ0′ is already diagonal.

A.2 Derivation of the RQRM in cavity QED

In this subsection, we present the derivation of the RQRM in the cavity QED
setting introduced in Section 2.3.1.
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A. Derivation of the RQRM in cavity and circuit QED

We consider the full Hamiltonian expressed in the dipole gauge in Eq. (2.33),
as the perturbative expansion of the SW transformation is not suitable in the
Coulomb gauge due to the growth of the interaction term, as already discussed in
Section 2.1.1. Let us �rstly rewrite this dipole-gauge Hamiltonian in the basis of
the bare atomic eigenstates, which yields

ĤD = ℏωcâ
†â+ ℏ

∑

j

ωj |j⟩⟨j| − iℏ
∑

j,k

gjk |j⟩⟨k|
(
â− â†

)
+ ℏ

∑

j,k

Gjk

ωc

|j⟩⟨k| (A.11)

where the coupling constants have been de�ned in Eq. (2.34). We now divide the
full Hamiltonian into three terms:

ĤD = Ĥ0′ + ĤL
int,D + ĤH

int,D , (A.12)

where
Ĥ0′ =

∑

j

ℏω′
j |j⟩⟨j|+ ℏωcâ

†â (A.13)

is the quasi-free Hamiltonian, which includes the high-energy frequencies renor-
malized by the diagonal contributions of the x̂2 term, i.e.

ω′
j =

{
ωj if j ≤ 1,

ωj +
Gjj

ωc
if j > 1

. (A.14)

The remaining terms of the light-matter interaction are divided into the low-energy
and high-energy terms given by, respectively,

ĤL
int,D =− iℏ

∑

j,k∈S
gjk |j⟩⟨k|

(
â− â†

)
+ ℏ

∑

j,k∈S

Gjk

ωc

|j⟩⟨k| , (A.15)

ĤH
int,D =− iℏ

∑

j,k∈S

gjk |j⟩⟨k|
(
â− â†

)
+ ℏ

∑

j,k ̸=j∈S

Gjk

ωc

|j⟩⟨k| , (A.16)

where S = {0, 1}2 is the low-energy manifold corresponding to the ground and �rst
excited atomic states, and S = N2 \S is its complementary subspace. This implies
that ĤL

int,D has elements only in the low-energy subspace, while ĤH
int,D contains

elements in the high-energy subspace.
While the low-energy interaction term cannot be treated perturbatively, the

high-energy interaction term ĤH
int,D can be regarded as a perturbation on Ĥ0′ .

Speci�cally, we assume that the cavity and the high-energy transitions are in the
dispersive regime with the cavity, i.e.

∣∣gjk/(ω′
jk − ωc)

∣∣≪ 1. Under this condition,
we employ the SW transformation to derive the e�ective in�uence of the high-
energy terms on the low-energy subspace.
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A.2. Derivation of the RQRM in cavity QED

To this end, we introduce the generator of the SW transformation, Ŝ, which
can be expanded as (see Eq. (A.2))

e−ŜĤDe
Ŝ = ĤD +

[
ĤD, Ŝ

]
+

1

2

[[
ĤD, Ŝ

]
, Ŝ
]
+ . . . , (A.17)

By truncating the series to the second order in the perturbation, and subsequently
projecting into the two-level subspace, we obtain the e�ective Hamiltonian in the
truncated Hilbert space

Ĥeff
D = P̂

{
Ĥ0′ + ĤL

int,D + ĤH
int,D

+
[
Ĥ0′ , Ŝ

]
+
[
ĤL

int,D, Ŝ
]
+
[
ĤH

int,D, Ŝ
]
+

1

2

[[
Ĥ0′ , Ŝ

]
, Ŝ
]}

P̂ , (A.18)

with P̂ =
∑1

j=0 |j⟩⟨j| the projector onto the two-level subspace. We point out
that the series is consistently truncated up to the second order in A0, which is the
parameter varied in the plots of the main text. We choose the generator Ŝ such
that [

Ĥ0′ , Ŝ
]
= −ĤH

int,D , (A.19)

in order to eliminate the high-energy terms from the e�ective Hamiltonian, while
still treating the low-energy contribution ĤL

int,D exactly. This leads to the following
expression for the generator

Ŝ = i
∑

j,k∈S

gjk
∆jk

[
ω′
jk

(
â− â†

)
+ ωc

(
â+ â†

)]
|j⟩⟨k| − 1

ωc

∑

j,k ̸=j∈S

Gjk

ω′
jk

|j⟩⟨k| , (A.20)

and, consequently, the e�ective Hamiltonian becomes

Ĥeff
D = P̂

{
Ĥ0′ + ĤL

int,D +
1

2

[
ĤH

int,D, Ŝ
]
+
[
ĤL

int,D, Ŝ
]}

P̂ . (A.21)

We notice that P̂
[
ĤL

int,D, Ŝ
]
P̂ = 0, because ĤL

int,D is only composed of terms

acting on the two-level subspace, and Ŝ is composed of terms acting only on its
complementary subspace, resulting in a �rst-order zero contribution in the low-
energy subspace. Finally, by explicitly expanding the other terms, we get the
following e�ective Hamiltonian, up to an identity term

Ĥeff
D =ℏωcâ

†â+ ℏ
(
ω10

2
+
G11 −G00

2ωc

+ A−

)
σ̂z

+ ℏ (B+ +B−σ̂z)
(
â− â†

)2

− iℏ (g01 + C01) σ̂x
(
â− â†

)
− ℏD01σ̂y

(
â+ â†

)
, (A.22)
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A. Derivation of the RQRM in cavity and circuit QED

where A± = A11 ±A00 and B± = B11 ±B00, with the following de�nitions for the
coe�cients:

Ajk =
∞∑

l>1

[
gjlglk
2

ωc

∆lk

− GjlGlk

4ω2
c

(
1

ω′
lk

+
1

ω′
lj

)]
(A.23)

Bjk =
∞∑

l>1

gjlglk
4

(
ω′
lk

∆lk

+
ω′
lj

∆lj

)
(A.24)

Cjk =
∞∑

l>1

1

2ωc

(
gjl
Glk

ω′
kl

+ glk
Gjl

ω′
jl

+
glk
∆lk

Gjlω
′
kl +

gjl
∆jl

Glkω
′
jl

)
(A.25)

Djk =
∞∑

l>1

1

2

(
gjl
∆jl

Glk −
glk
∆lk

Gjl

)
. (A.26)

The e�ective Hamiltonian Eq. (A.22), which coincides with Eq. (2.35) upon the
introduction of the renormalized parameters, describes the low-energy physics of
the system in the dipole gauge. However, many of these terms become negligible
for increasing anharmonicities. Speci�cally, we notice that Djk scales as gjlg2kl/ω

2
jl,

where j and k are states in the low-energy subspace and l belongs to the high-
energy subspace, while the remaining coe�cients scale linearly. Consequently, Djk

approaches zero more rapidly compared to the other coe�cients. Furthermore,
although the individual terms Bjj are non-negligible, their di�erence B11 −B00 =
B− also scales quadratically with the nonlinearity. With these considerations, we
�nally get the reduced e�ective Hamiltonian in Eq. (2.36).

A.3 Derivation of the RQRM in circuit QED

In this subsection, we present the derivation of the RQRM in the circuit QED
setting, namely a �uxonium qubit coupled to a electromagnetic resonator, intro-
duced in Section 2.3.2, using an analogous procedure as the one employed in the
previous subsection.

We �rst rewrite the Hamiltonian in Eq. (2.38) by using the bosonic operator
â for the bare mode of the harmonic resonator in Eq. (2.40), while employing the
unperturbed states of the �uxonium Hamiltonian in Eq. (2.39) for the anharmonic
variables. Therefore, the resulting Hamiltonian reads

Ĥfl-res = ℏωcâ
†â+ ℏ

∑

j

ωj |j⟩⟨j| −
ϕzpf

L2

∑

j,k

ϕjk |j⟩⟨k|
(
â+ â†

)
+

1

2L2

∑

j,k

Φjk |j⟩⟨k| .

(A.27)
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A.3. Derivation of the RQRM in circuit QED

By the introduction of the coupling strengths gjk and Gjk as in Eq. (2.42), the
Hamiltonian in Eq. (A.27) reads

Ĥfl-res = ℏωcâ
†â+ℏ

∑

j

ωj |j⟩⟨j|−ℏ
∑

j,k

gjk |j⟩⟨k|
(
â+ â†

)
+ℏ
∑

j,k

Gjk

ωc

|j⟩⟨k| . (A.28)

Both the generator Ŝ of the SW transformation and the e�ective Hamilto-
nian can be determined by using a key observation: Hamiltonian in Eq. (A.28) is
structurally equivalent to the dipole gauge Hamiltonian of the cavity QED case in
Eq. (A.11), upon the application of the unitary transformation T̂ = exp

(
iπâ†â/2

)
,

as Ĥfl-res ≡ T̂ ĤDT̂
†, with the only di�erence lying in the de�nitions of the coupling

constants. This unitary transformation T̂ interchanges the roles of the position
and momentum operators of the resonator, as the only formal di�erence between
the two Hamiltonians lies in the nature of the coupling term, as already mentioned
in the main text. Therefore, upon the application of the unitary transformation
T̂ to Eq. (A.20), the SW generator for the Hamiltonian of a �uxonium-resonator
circuit can be written as

Ŝ =
∑

j,k∈S

gjk
∆jk

[
ω′
jk

(
â+ â†

)
+ ωc

(
â− â†

)]
|j⟩⟨k| − 1

ωc

∑

j,k ̸=j∈S

Gjk

ω′
jk

|j⟩⟨k| . (A.29)

Hence, following the same procedure as in the cavity QED case presented in the
previous section, the renormalized Hamiltonian is given by

Ĥeff
fl-res = ℏωcâ

†â+ ℏ
(
ω10

2
+
G11 −G00

2ωc

+ A−

)
σ̂z + ℏ

(
G01

ωc

+ A10 + A01

)
σ̂x

− ℏ
(
g̃11 + g̃00

2
Î +

g̃11 − g̃00
2

σ̂z + g̃01σ̂x

)(
â+ â†

)

− ℏ
(
B+Î +B−σ̂z + 2B01σ̂x

) (
â+ â†

)2

+ iℏ (A10 − A01) σ̂y

(
â2 − â†

2
)
− iℏD01σ̂y

(
â− â†

)
, (A.30)

where g̃jk = gjk+Cjk and the coe�cients are identical to those of natural atoms, as
no a priori selection rules have been employed in the derivation of the coe�cients.
However, in evaluating the e�ective Hamiltonian for the cavity QED setting in
Eq. (A.22), it has been taken into account that the parity of the potential leads to
the vanishing of the coupling constants gjk between states of the same parity. As
a consequence, Gjk vanishes between states of di�erent parity. On the other hand,
in the circuit QED case, where such symmetry can be broken, several additional
terms appear in the renormalized Hamiltonian in Eq. (A.30).
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AppendixB

Two-level approximation with

threefold degeneracy and

generalized Holstein-Primako�

transformations

In this Appendix, we provide additional details on the two-level approximation
with threefold degeneracy and the generalized Holstein-Primako� transformations
used in Chapter 4. We �rst introduce the two-level approximation with a three-
fold degeneracy of the excited state, due to the orientational degree of freedom of
the dipole moment, which leads to the introduction of generalized spin operators.
Subsequently, we present generalized Holstein-Primako� transformations that al-
low us to express these spin operators in terms of bosonic operators, which take
into account the threefold degeneracy, facilitating the analysis of the system in the
thermodynamic limit. As an application, we derive the e�ective bosonic Hamilto-
nian for a collection of isotropic dipoles interacting with the electromagnetic �eld,
in the ferroelectric phase, where non-linear terms in the expansion of the general-
ized Holstein-Primako� must be retained, as discussed in Chapter 4. Finally, we
calculate the ground state occupations of the �elds in this phase.

B.1 Two-level approximation with threefold

degeneracy of the excited state

In this subsection, we introduce the two-level approximation considering the three-
fold degeneracy of the excited state. Let us consider isotropic atoms with inver-
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B. Two-level approximation and generalized Holstein-Primakoff

sion symmetry. Owing to isotropy and electric-dipole selection rules, a consistent
two-level model requires that the excited state is threefold degenerated, while the
ground state is unique (p-like and s-like orbitals, respectively). We denote with
|−⟩n the ground state of the n-th atom, while we use |+α⟩n for the excited states
in the three di�erent orientations α ∈ {1, 2, 3}, which are orthogonal to each
other. Therefore, we can de�ne generalized orientation-dependent Pauli opera-
tors, describing the transitions from the ground to the respective orientation. In
particular, we de�ne the operator Sz

n = ℏσz
n/2 (where n = 1, . . . , N is the index

of the atom) such that it satis�es the usual relations for spin-1
2
systems

Sz |−⟩ = −ℏ
2
|−⟩

Sz |+α⟩ =
ℏ
2
|+α⟩

∀α ∈ {1, 2, 3} , (B.1)

where momentarily we dropped the atomic index n for notational convenience.
Compactly, we can write the previous relations as an eigenvalue equation, i.e.
Sz |mα⟩ = ℏm |mα⟩, where |mα⟩ ∈ {|−⟩ , |+α⟩} and m ∈ {−1

2
, 1
2
} are the respective

eigenvalues. Analogously, we de�ne the orientation-dependent raising and lowering
operators S±

α = ℏσ±
α which raise or lower the state in the corresponding direction

α, characterized by the following properties

S+
α |−⟩ = ℏ |+α⟩
S+
α |+β⟩ = 0

S−
α |−⟩ = 0

S−
α |+β⟩ = δαβℏ |−⟩

∀α, β ∈ {1, 2, 3} , (B.2)

In the basis {|+1⟩ , |+2⟩ , |+3⟩ , |−⟩}, these Pauli operators have the following ma-
trix representation:

σ−
α =




0 0 0 0
0 0 0 0
0 0 0 0
δα1 δα2 δα3 0


 , (B.3)

σ+
α =

(
σ−
α

)†
, (B.4)

σx
α = σ−

α + σ+
α , (B.5)

σy
α = i

(
σ−
α − σ+

α

)
, (B.6)

σz =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


 . (B.7)
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B.2. Generalized Holstein-Primako� transformations

It can be shown that these operators satisfy generalized commutation relations ex-
pected from angular-momentum-like operators. In particular, the relation [Sz, S±

α ] =
±ℏS±

α holds. Using these notions, we can express the dipole moment operator of
the n-th atom as

dn =
∑

α

dn,αêα =
∑

α

dσx
n,αêα =

∑

α

d
(
σ−
n,α + σ+

n,α

)
êα , (B.8)

where êα is the unit vector in the α direction. We considered the dipole moment
having the same modulus in the di�erent directions, due to the isotropy of the
atoms. Notice that the de�nition in (B.8) is consistent with the selection rules
prohibiting the transition between states of the same parity.

B.2 Generalized Holstein-Primako�

transformations

In this subsection, we introduce generalized Holstein-Primako� transformations
(which have a similar form to the standard Holstein-Primako� mapping [11, 140,
141]) that allow us to express the generalized spin operators introduced in the
previous subsection in terms of bosonic operators. Initially, we will bosonize a two-
level system with a threefold degenerated excited state, and successively extend
the mapping to a collection of such systems.

To this end, let us �rst derive a closed form for the action of S±
α on a generic

state |mβ⟩. We notice that, by de�nition, S±
α |mβ⟩ = c±αβ |m± 1β⟩, where the

coe�cients c±αβ can be determined by the following relation

|c±αβ|2 = ∥S±
α |mβ⟩ ∥2 = ⟨mβ|S∓

α S
±
α |mβ⟩

= ℏ2 [s (s+ δαβ)−m (m± δαβ)] , (B.9)

where in our case s = 1/2. Thus, in accordance with the Condon-Shortley phase
convention, we select the coe�cients to be real and positive, namely

c±αβ = ℏ
√
s (s+ δαβ)−m (m± δαβ)

= ℏ
√

(s∓m) (s±m+ δαβ) . (B.10)

Introducing the operator N = s + Sz/ℏ, which represent the number of exci-
tations in the system, we observe that the eigenvectors of Sz can be relabeled, as
they are evidently also eigenvectors of N with a shifted eigenvalue. Thus, we write
N |nα⟩ = n |nα⟩, with n = 1

2
+m ∈ {0, 1}. We notice that n = 0 if the system is

in the ground state, while n = 1 if the system is in its excited state, consistently
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B. Two-level approximation and generalized Holstein-Primakoff

with the physical interpretation of the N . From Eqs. (B.1), (B.2) and (B.10), the
actions of Sz and S±

α on |nβ⟩ in terms of the excitation number therefore are

Sz |nβ⟩ = ℏ
(
n− 1

2

)
|nβ⟩ , (B.11)

S+
α |nβ⟩ = ℏ

√
n+ δαβ

√
1− n |n+ 1β⟩

= ℏδαβ
√
n+ 1

√
1− n |n+ 1β⟩ , (B.12)

S−
α |nβ⟩ = ℏ

√
1− (n− δαβ)

√
n |n− 1β⟩

= ℏδαβ
√

1− (n− 1)
√
n |n− 1β⟩ , (B.13)

where in the last steps of Eqs. (B.12) and (B.13) we exploited the isomorphism
between the two members. These relations are indeed consistent with the physical
interpretation of S±

α , since we expect the operator S
+
α (S

−
α ) to be able to increase

(decrease) the quantum number only in the α-direction.
We can now de�ne commuting bosonic operators for the di�erent orientations,

indicated by bα, which satisfy the usual bosonic properties

bα |nβ⟩ = δαβ
√
n |n− 1β⟩ , (B.14)

b†α |nβ⟩ = δαβ
√
n+ 1 |n+ 1β⟩ , (B.15)

b†αbα |nβ⟩ = δαβ n |nβ⟩ , (B.16)[
bα, b

†
β

]
= δαβ . (B.17)

Therefore, using the previous relations in Eqs. (B.11-B.13), we can establish the
generalized Holstein-Primako� transformations for a single two-level system, re-
lating the generalized spin and bosonic operators, as

S+
α = ℏb†α

√
1−

∑

β

b†βbβ , (B.18)

S−
α = ℏ

√
1−

∑

β

b†βbβ bα , (B.19)

Sz = ℏ

(∑

β

b†βbβ −
1

2

)
. (B.20)

In the limit of low excitations in the system (corresponding to a low average
excitation per site), we can expand the radicals in Eqs. (B.18) and (B.19) and
retain only the lowest power term in each expression, which yields to

S−(+)
α ≈ ℏb(†)α . (B.21)
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B.3. E�ective bosonic Hamiltonian in the ferroelectric phase

Finally, we consider a collection of N spin-1
2
identical systems and construct

collective operators in the three-dimensional k-space. In particular, labeling with
bn,α the bosonic operator associated with the n-th site, we de�ne the collective
bosonic operators bk,α as

bk,α =
1√
N

∑

n

e−ik·Rnbn,α . (B.22)

It can be readily veri�ed that these operators obey the commutation relations
[bk,α, bk′,β] = δkk′δαβ. In the derivation of the Hamiltonians, we will make use of
the relation

∑
n b

†
n,αbn,α =

∑
k b

†
k,αbk,α, which can be easily demonstrated. Further-

more, using Eqs. (B.21) and (B.22), we derive the relations for the low-excitation
regime

N∑

n=1

e−(+)ik·RnS−(+)
n,α = ℏ

√
Nb

(†)
k,α . (B.23)

B.3 E�ective bosonic Hamiltonian in the

ferroelectric phase

In this subsection, we apply the previous results to derive the e�ective bosonic
Hamiltonian for a collection of isotropic dipoles interacting with the electromag-
netic �eld in the ferroelectric phase, where non-linear terms in the expansion of the
generalized Holstein-Primako� must be retained. In particular, after the expansion
of the radicals in Eqs. (B.18) and (B.19), we keep terms up to the second order,
and subsequently minimaze the resulting Hamiltonian to determine the mean-�eld
macroscopic occupations of the modes.

Speci�cally, in order to account for these macroscopic occupations, we shift the
bosonic radiation and matter operators of each mode as

ak,λ = ãk,λ − iAk,λ , (B.24)
bk,α = b̃k,α +Bk,α , (B.25)

where the real parameters Ak,λ and Bk,α are linked to the macroscopic mean �eld
mode occupation. Therefore, we expect them to be zero in the normal phase and
of order O(

√
N) beyond the phase transition. After substituting these relations

into the full light-matter Hamiltonian in the dipole gauge in Eq. (4.12), expand-
ing the square root contribution in the generalized Holstein-Primako� mapping
and retaining only the terms up to second order, the resulting condensed phase
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B. Two-level approximation and generalized Holstein-Primakoff

Hamiltonian, in the thermodynamic limit, is given by

H = ℏ
∑

λ,k

ωkã
†
k,λãk,λ

+ ℏ
∑

α,k

[
ω0 + 2

g̃k

Ñk

ωk

∑

λ,β

Ak,λBk,βeλβ
− 4

g̃2k
Ñk

ωkf̃k,β,γ
∑

β,γ

Bk,βBk,γ

]
b̃†k,αb̃k,α

− iℏ
∑

λ,k

[
2g̃kωk

∑

α

Bk,αeλα − ωkAk,λ

](
ãk,λ − ã†−k,λ

)

− ℏ
∑

α,k

[
2g̃kωk

∑

λ

Ak,λeλα −
(
ω0 + 2

g̃k

Ñk

ωk

∑

λ,β

Ak,λBk,βeλβ

)
Bk,α

+4g̃2kωk

(
Bk,α

Ñk

∑

β,γ

Bk,βBk,γ f̃k,β,γ −
∑

β

Bk,β f̃k,α,β

)](
b̃k,α + b̃†−k,α

)

− iℏ
∑

α,λ,k

[
g̃k

Ñk

ωk

(
Ñkeλα −Bk,α

∑

β

Bk,βeλβ

)](
ãk,λ − ã†−k,λ

)(
b̃−k,α + b̃†k,α

)

+ ℏ
∑

α,β,λ,k

g̃k

Ñk

ωk

[
Ak,λBk,α

2Ñk

(
2Ñkeλβ

+Bk,β

∑

γ

Bk,γeλγ

)

+

(
Ñkf̃k,α,β − 4Bk,α

∑

γ

f̃k,β,γBk,γ

)](
b̃−k,α + b̃†k,α

)(
b̃k,β + b̃†−k,β

)
(B.26)

where g̃k = gk

√
Ñk/N , Ñk = N − ∑αB

2
k,α and f̃k,α,β =

∑
λ eλαeλβ

+ fk,α,β,
with eλα = êλ · êα. The parameters Ak,λ and Bk,α, at equilibrium, are �xed by
the stationary condition of the energy functional, which in turn is equivalent to
impose the vanishing of the linear terms in the shifted bosonic operators. Thus,
for each mode k, we have the resulting system of two coupled equations in the two
parameters Ak,λ and Bk,α:





2g̃kωk

∑
αBk,αeλα − ωkAk,λ = 0

2g̃kωk

(∑
λAk,λeλα − Bk,α

Ñk

∑
λ,β Ak,λBk,βeλβ

)
− ω0Bk,α

+4g̃2kωk

(
Bk,α

Ñk

∑
β,γ Bk,βBk,γ f̃k,β,γ −

∑
β Bk,β f̃k,α,β

)
= 0 .

(B.27)

We now focus our attention on the transverse mode solutions, since those are the
ones coupling with the radiation �eld. This system of Eqs. (B.27) admits, beside
the trivial solution Ak,λ = Bk,α = 0 corresponding to the normal phase where no
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B.3. E�ective bosonic Hamiltonian in the ferroelectric phase

condensation occurs, a nontrivial solution which is de�ned by the conditions
∑

α

B2
k,α =

N

2

(
1 +

1

4η2f⊥
k

)
, (B.28)

Ak,λ = 2g̃k
∑

α

Bk,αeλα . (B.29)

Inserting these values of the parameters in (B.26), we obtain the Hamiltonian
describing the condensed phase at the equilibrium

Hcp = ℏ
∑

λ,k

ωkã
†
k,λãk,λ + ℏ

∑

α,k

ω0
1− 4η2f⊥

k

2
b̃†k,αb̃k,α

− iℏ
∑

α,λ,k

[
g̃k

Ñk

ωk

(
Ñkeλα −Bk,α

∑

β

Bk,βeλβ

)](
ãk,λ − ã†−k,λ

)(
b̃−k,α + b̃†k,α

)

+ ℏ
∑

α,k

η2ω0

(
1 + f⊥

k

) 4η2f⊥
k − 1

8η2f⊥
k

(
b̃−k,α + b̃†k,α

)(
b̃k,α + b̃†−k,α

)

+ ℏ
∑

α,β,k

η2ω0

N

[
12η2f⊥

k − 1

4η2f⊥
k − 1

− 4
(
1 + f⊥

k

)]
Bk,αBk,β ×

(
b̃−k,α + b̃†k,α

)(
b̃k,β + b̃†−k,β

)
. (B.30)

The dispersion relation derived by this Hamiltonian (B.30) can be calculated
by means of a Bogoliubov transformation, analogously to what was done in the
normal phase. In particular, we obtain the following dispersion relation for the
transverse mode solutions

ω2
k

Ω2
⊥
= 1 +

ω2
0/f

⊥
k

ω2
0

(
1− 16η4f⊥

k
2
)
+ Ω2

⊥

, (B.31)

which coincides with the one reported in Eq. (4.14) of the main text. Therefore,
combining Eqs. (4.13) and (B.31), we obtain the dispersion relations before and
after the QPT





ω2
k

Ω2
⊥
= 1 +

4η2ω2
0

ω2
0

(
1 + 4η2f⊥

k

)
− Ω2

⊥
η < ηc ,

ω2
k

Ω2
⊥
= 1 +

ω2
0/f

⊥
k

ω2
0

(
1− 16η4f⊥

k
2
)
+ Ω2

⊥

η > ηc ,
(B.32)

where the critical coupling is given by ηc =
√
3/2 (we remind that f⊥

k = −1/3 in
the bulk case).
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Figure B.1: Upper and lower polaritons as functions of η for di�erent modes:
ωk/ω0 = 0.6 (red), 0.8 (blue), 1 (green), 1.2 (purple), 1.5 (yellow). The polaritons
in the normal (yellow background) and ferroelectric (cyan background) phases are
calculated by Eqs. (4.13) and (B.31), respectively.

In Fig. B.1, we plot the upper and lower polariton branches as functions of
the coupling strength η for di�erent values of the bare photon frequency ωk. We
can observe that, at the critical point ηc =

√
3/2, the lower polariton frequency

vanishes for all the modes, consistently with the softening mechanism of QTPs.
Beyond this point, in the condensed phase, the lower polariton branch increases
again with η, as described by Eq. (B.31). In the next subsection, we will analyze
the macroscopic occupations of the physical �elds occurring after the QPT, and
e�ectively demonstrate that this phase can be classi�ed as a ferroelectric.

B.4 Macroscopic ground state occupations in the

ferroelectric phase

In this subsection, we analyze the macroscopic ground state occupations of the
physical �elds occurring after the QPT in terms of mean mode occupation derived
in the previous subsection. In particular, we demonstrate that the electric dis-
placement �eld D(r) has a mean mode occupation, ⟨Dk⟩, which is equal to the
mean mode occupation of the transverse polarization �eld, ⟨P⊥

k ⟩.
To this end, we �rstly remind that, in the multipolar gauge, the radiation

�eld canonical momentum is Π(r) = −D(r), which leads to the expansion of the
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B.4. Macroscopic ground state occupations in the ferroelectric phase

displacement �eld in terms of the bosonic operators as

D(r) = −Π(r) = iϵm
∑

λ,k

√
ℏωk

2ϵmV

(
eik·rak,λ − e−ik·ra†k,λ

)
eλ. (B.33)

We can now insert the shifted bosonic operator ãk,λ, de�ned in (B.24), which
physically represents the �uctuations around Ak,λ, into this equation. Therefore,
by averaging out these �uctuations, the mean value of mode k of the displacement
�eld is given by

⟨Dk⟩ = ϵm
∑

λ

√
ℏωk

2ϵmV

(
eik·r + e−ik·r)Ak,λeλ, (B.34)

where we considered that, by de�nition, ⟨ãk,λ⟩ = 0. Using relation (B.29), this
mean value can be rewritten after some algebraic manipulations as

⟨Dk⟩ =
d
√
N

V

∑

α

√
1

2

(
1− 1

4η2f⊥
k

)(
eik·r + e−ik·r)Bk,αeα, (B.35)

where Bk,α is de�ned by (B.28).
On the other hand, we can write the polarization �eld in terms of the bosonic

operators as

P(r) =
d
√
N

V

∑

α,k


eik·r

√
1− 1

N

∑

β

b†k,βbk,β bk,α

+e−ik·rbk,α

√
1− 1

N

∑

β

b†k,βbk,β


 eα. (B.36)

Using (B.25) and taking the mean value of (B.36), recalling that ⟨b̃k,α⟩ = 0, we
obtain the mean mode occupation of the transverse polarization �eld

⟨P⊥
k ⟩ =

d
√
N

V

∑

α

(
eik·r + e−ik·r)Bk,α

√
1− 1

N

∑

β

Bk,β eα

=
d
√
N

V

∑

α

√
1

2

(
1− 1

4η2f⊥
k

)(
eik·r + e−ik·r)Bk,αeα. (B.37)

Therefore, by comparison of Eqs. (B.35) and (B.37), we conclude that the mean
mode occupations of the displacement and transverse polarization �elds are equal,
i.e. ⟨Dk⟩ = ⟨P⊥

k ⟩.
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B. Two-level approximation and generalized Holstein-Primakoff

Moreover, given the de�nition of the displacement �eld D(r) = ϵmE
⊥(r) +

P⊥(r), by taking the mean value of this relation in k-space, we easily conclude
that the mean mode occupation of the transverse electric �eld, ⟨E⊥

k ⟩, must be zero.
Moreover, we remark that the same mean �eld mode occupations are predicted
even by applying the same procedure directly only to the matter Hamiltonian,
further con�rming the ferroelectricity of the QPT. In fact, the mean occupation
of the matter �eld is dictated only by the strength of dipolar interactions and not
on the interaction with the radiation �eld.

As a �nal note, it is instructive to point out that if the factor fk,α,β is regarded
as a free parameter, we can recover relevant known models and their critical be-
haviors. For instance, the Dicke model can be recovered by restricting the study
only to the transverse modes and considering f⊥

k,α,β = −δαβ (implying f̃⊥
k,α,β = 0).

As a consequence, relation (B.31) reduces to the already known Dicke dispersion
relation beyond the SPT [21]. Another notable case is f⊥

k,α,β = 0, corresponding to
a pure Hop�eld model neglecting the dipole-dipole interactions. For such a model,
the system of equations (B.27) admits only the trivial solution, which is consistent
with the well-known impossibility for a pure Hop�eld Hamiltonian to undergo a
phase transition.
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AppendixC

E�ective Hamiltonian in the

superradiant phase of the open

Dicke model and quantum Langevin

equations

In this Appendix, we provide additional details on the derivation of the e�ective
Hamiltonian in the superradiant phase of the open Dicke model in Eq. (5.28),
as well as the calculation of the mean-�eld condensates of both the system and
bath modes. This approach is based on the minimization of the total system-bath
Hamiltonian, ensuring a self-consistent treatment that also accounts for possible
modi�cations of the bath's degrees of freedom. This represents a fundamental dis-
tinction from previous theoretical methods, which typically assume a weak system-
bath coupling and rely on corresponding approximations. Finally, we will derive
the quantum Langevin equations used to compute the input-output relations of
the system in the superradiant phase.

C.1 Derivation of the e�ective Hamiltonian in the

superradiant phase

In this subsection, we focus on the derivation of the e�ective Hamiltonian in the
superradiant phase of the open Dicke model and the corresponding mean-�eld con-
densates of both the system and bath modes. Therefore, to accurately describe the
superradiant phase, it is essential to account for the macroscopic coherent occu-
pation of both the system �elds and the eventual induced macroscopic occupation
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C. Superradiant phase of the open Dicke model

that could arise in the baths. Thus, the bosonic operators have to be shifted as
de�ned in Eq. (5.26) of the main text. The system coordinates, to which the bath
operators couple, in the superradiant phase are Xa =

√
ℏ/2ωa(a

†
s + as + 2

√
α)

and Xb =
√

ℏ/2ωa

√
(λ+ 1)/2λ(b†s

√
ξ +

√
ξ bs − 2

√
β
√
ξ) for systems A and B,

respectively, where ξ = 1− [b†sbs −
√
β(b†s + bs)](N − β)−1 (as in Eq. (5.10)).

Upon substituting these de�nitions into the total Hamiltonian in Eq. (5.15),
and successively considering the thermodynamic limit and expanding up to the
second order in the bosonic operators the square roots contributions, we obtain
the total Hamiltonian in terms of the shifted bosonic operators (up to constant
terms)

H

ℏ
= ωaa

†
sas +

[
2g

√
αβ

N(N − β)
+ ωb

]
b†sbs −

[
2g

√
β(N − β)

N
− ωa

√
α

]
(a†s + as)

+

[
2g(N − 2β)

√
α

N(N − β)
− ωb

√
β

]
(b†s + bs)

+
g(2N − β)

2(N − β)

√
αβ

N(N − β)

(
b†s + bs

)2
+ g(N − 2β)

√
1

N(N − β)
(a†s + as)(b

†
s + bs)

+
∑

n

{
ωanc

†
s,ancs,an −

1

2

√
kanωan

ωa

(
c†s,an + cs,an

) (
a†s + as

)
+
kan
4ωa

(
a†s + as
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+
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N − β

√
kbn
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+

[
2N − β

4(N − β)2
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kbnωbnσbnβ
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+
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4ωb

(
1− 4β

N − β
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−
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)
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. (C.1)
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C.2. Quantum Langevin equations in the superradiant phase

We now proceed to the minimization of this Hamiltonian, corresponding to the
vanishing of the linear terms in the bosonic operators in Eq. (C.1), which leads to
a set of coupled equations for the mean-�eld condensates α, β, σan and σbn. The
solution of this system of equations is given by the trivial solution α = β = σan =
σbn = 0 for g < gc, corresponding to the normal phase, and by the non-trivial
solution for g > gc, corresponding to the non-zero macroscopic occupations of the
superradiant phase, which are given by

α =
Ng2

ω2
a

(
1− 1

λ2

)
, β =

N

2

(
1− 1

λ

)
,

σan =
kan
ωanωa

α , σbn =
kbn
ωbnωb

λ+ 1

2λ
β ,

(C.2)

where λ=4g2/(ωaωb), as in the closed Dicke model presented in Section 5.1. Insert-
ing these equilibrium values into Eq. (C.1) and grupping the terms, the e�ective
total Hamiltonian for the superradiant phase can be written in the compact form

H = HSP +
1

2

∑

j=a,b

∑

n

[
p2jn + k̃jn (qs,jn − xj)

2
]
, (C.3)

coinciding with Eq. (5.28) of the main text. In writing this equation, we have
de�ned the following quantities: qs,jn =

√
ℏωjn/2kjn

(
c†s,jn + cs,jn

)
are the co-

ordinate �uctuation operators of the j-th bath, xa =
√
ℏ/2ωa(a

†
s + as) and xb =√

2ℏ/ωb(λ+ 1)2(b†s+bs) are the displaced coordinates of the system, and k̃an = kan
and k̃bn = kbn (λ+ 1) /2λ are the e�ective coupling constants. The e�ects of con-
densation are incorporated through the λ-dependent factors.

C.2 Quantum Langevin equations in the

superradiant phase

To calculate the quantum Langevin equation in the superradiant phase, we apply
the same methodology applyed in Section 5.2, but now using the e�ective Hamil-
tonian of the superradiant phase in Eq. (5.28). Indeed, it can be observed that
the Hamiltonians in Eqs. (5.15) and (5.28) for the two phases have the same for-
mal structure, with the only di�erence being that the bare bosonic operators are
replaced by the shifted ones. Hence, the Langevin equations in the superradiant
phase retain a similiar form to those in the normal phase, and can be expressed as
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C. Superradiant phase of the open Dicke model

ȧs =− iωaas − ig̃(b†s + bs) +
1

2

∫ t

−t0

fa(t− t′)(a†s(t
′)− as(t

′))dt′ +
i√
2ℏωa

ξa (C.4a)

ȧ†s = iωaa
†
s + ig̃(b†s + bs)−

1

2

∫ t

−t0

fa(t− t′)(a†s(t
′)− as(t

′))dt′ − i√
2ℏωa

ξa (C.4b)

ḃs =− iω̃bbs − ig̃(a†s + as)− 2iD(b†s + bs) +
i√
2ℏω̃b

√
2

λ(λ+ 1)
ξb

+
1

2

2

λ(λ+ 1)

∫ t

−t0

fb(t− t′)(b†s(t
′)− bs(t

′))dt′ (C.4c)

ḃ†s = iω̃bb
†
s + ig̃(a†s + as) + 2iD(b†s + bs)−

i√
2ℏω̃b

√
2

λ(λ+ 1)
ξb

− 1

2

2

λ(λ+ 1)

∫ t

−t0

fb(t− t′)(b†s(t
′)− bs(t

′))dt′ (C.4d)

where ω̃b, g̃ and D are de�ned in Section 5.1.1. The previous system of equations
can be reformulated within the frequency domain in a compact form as

−iω




ãs
ã†s
b̃s
b̃†s


= −i

(
ASP − i

2
ΓSP

)



ãs
ã†s
b̃s
b̃†s


+




i√
2ℏωa

ξ̃a
−i√
2ℏωa

ξ̃a
i√

ℏω̃bλ(λ+1)
ξ̃b

−i√
ℏω̃bλ(λ+1)

ξ̃b




, (C.5)

which coincides with Eq. (5.20), which describes the normal phase, except for the
replacement of the matrices ANP and ΓNP with ASP and ΓSP, respectively.
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