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ABSTRACT. Quasi-linear elliptic problems involving intrinsic operators are con-
sidered for the first time in the system context. A special sub-supersolution
approach is developed leading to the existence of solutions and a priori esti-
mates. An explicit example illustrates the abstract result.

1. Introduction. In this article, we study the existence and location of solutions
to the following quasilinear elliptic system with homogeneous Dirichlet boundary
condition

—Apur = f1(x, Biuy, Boug, V (Biuy) , V (Baug)) in Q
—Ap,uz = fo (z, Biui, Bouz, V (Biu1), V (Baug))  in €, (P)
U1 = U = 0 on 0f2.

Problem (P) is stated on a nonempty bounded open set 2 C RY with Lipschitz
boundary 0f2. In the left-hand sides of the equations in (P), we have the negative
pi—Laplacian —A,, : Wy 7' (Q) — W~1#:(Q) for i = 1,2, where p; € (1,400) and
P = pi/(pi — 1). These operators are given by

(A0 = [ Vala)

In the statement of (P) we also have the continuous operators called intrinsic
B; : Wy (Q) — WP (Q) for i = 1,2 that satisfy the conditions (H;) and (Ha)
in Section 2. Moreover, the right-hand sides in problem (P) are expressed via
Carathéodory functions f; : QxRxRxRY xRN — R meaning that f;(, s1, s2, {1, &2)
is measurable for all (s1, s2,¢1,&2) € RxRxRY xRN and f;(z, -, -, -, ) is continuous
for a.e. x € , with ¢ = 1,2. Such nonlinearities depending on the solution and its
gradient are often called convection terms.

Pim2Gu(z) - Vo(z)de  for each u,v € Wy P ().
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The most noteworthy aspect is that there are involved nonlinearities in the form
of convection composed with intrinsic operators applied to both the solutions and
their gradients. In the case of equations, this study was initiated in [8] and further
developed in [10] and [12]. Here, for the first time, we focus on systems exhibiting
simultaneously convection and intrinsic operators. We observe that when By and
By are identities, we retrieve the framework in earlier works [1, 3, 6, 7]. If p; = po,
f1 = fo and By = Bs, we get back to [8] and [10]. A major challenge would be to
investigate problems with convection and intrinsic operators arising in the setting
of weighted Sobolev spaces (see [4, 5]).

Due to the dependence on the gradient in the nonlinearities, the application of
variational methods is not feasible. That’s why for studying problem (P) we adopt
a non-variational methodology based on a version of sub-supersolution approach in
the case of systems. Specifically, we introduce an auxiliary parametric problem (see
(Py) in Section 3) containing the truncation operators (77,75) and cut-off functions
(m1,m2) that correspond to a sub-supersolution ((u;,us), (@1,u2)). Contrary to
equations, in the case of systems we cannot introduce separately a subsolution and
a supersolution being needed to manage as a single body called sub-supersolution.
Through the theory of pseudomonotone operators we establish the existence of at
least one solution (uy,us) to the auxiliary problem (P) provided A > 0 is sufficiently
large. The main tool to resolve the auxiliary problem is the abstract surjectivity
result quoted as Theorem 3.1. By means of comparison arguments, we prove that
the solution (u,us) to the auxiliary problem is located in the ordered rectangle
(called also trapping region) u; < u; < @y and uy < us < Uy a.e. in . This
location property ensures that (u1,us) is actually a solution to the original problem
(P).

The most difficult point is to integrate the intrinsic operators (Bj, B2) in the
sub-supersolution framework for system (P). The decisive step was to achieve the
invariance of the trapping region with respect to the intrinsic operators. Due to this
device, the needed estimates still hold under the presence of the intrinsic operators.
We end the paper with a detailed example illustrating the applicability of our main
result.

The paper is arranged as follows. In Section 2 we present the preliminaries and
hypotheses needed for our results. In Section 3 we formulate the auxiliary problem
and prove the existence of solutions for it. In Section 4 we show how the auxiliary
problem permits to solve the original problem. Finally, in Section 5 we provide an
example.

2. Preliminaries and hypotheses. In this section we set forth basic facts related
to system (P).

The function space associated to problem (P) is the product space X = W, ()
x W, P2(€2) endowed with the norm

llul| = ||u1||W01’p1(Q) + ||u2HW01vP‘2(Q) ,u = (ug,uz),

where ||~||W01,p,i( denotes the usual norm of the Banach space Wy " (Q). In the

Q)
sequel we suppose that N > p; for i = 1,2, thus the Sobolev critical exponents are

P = ]\va_pm for 4 = 1,2. The case where N < p; can be treated in the same way.

We recall from [2] the following basic result.



SYSTEMS WITH INTRINSIC OPERATORS 3

Proposition 2.1. The negative p;—Laplacian —Ap, : W&’pi(ﬂ) — Wﬁl’p;ﬁ(Q) for
i = 1,2 is mazimal monotone, strictly monotone (so, pseudomonotone) and satisfies
the (Sy )-property, that is, any sequence {u,} C Wol’pi(Q) for which u, — u in
Wy () and limsup(—Ayp, iy, uy — u) < 0 fulfills wn, — u in Wy (Q).
n—-+oo
By a weak solution to problem (F) we mean any pair (u1,us) € X such that
fi (@, Byuy, Bouz, V (Biur) , V (Baug)) v; € LY(Q), i =1,2,

and

/ |V () [P Vi (z) - Vo (@)de = / fi (z, Biui, Baug, V (Biu1) , V (Baug)) vidz,
Q Q

/ |V ()P Vua(z) - Vs (z)de = / f2 (z, Biui, Boug, V (Biu1) , V (Baug)) vadx
Q Q

for each (v1,v9) € X.
We say that the pair ((uq,u,)),("1,u2)) € X x X is a sub-supersolution to
problem (P) if u; <w; a.e. in Q, u; <0 <7, on IN for i = 1,2, and

/ |V, ()P Vau, () - Voi(z)dz — | fi (z, Biuy, Bows, V (Biu, ), V (Bows)) vide < 0,
Q Q

/ |V, (2)[72 7% Vu, (2) - Vz(z)da —/ f2 (z, Biws, Bau,, V (Biws) , V (Bau,)) vadz < 0,

Q Q

/ ‘Vﬂ1 (1‘)|p172 Vu (I) -V (CL‘)dJZ’ — / f1 (1‘7 Biuy, Bows, V (Blﬂl) 'V (BQ’LUQ)) vidx > 0,
Q Q

/ ‘VEQ (x)|p272 Vs (.’L‘) - Voo (x)dm — fz (ZC, B1w1, BQEQ, \Y% (B1U)1) s \Y% (Bzﬂz)) vodx > 0
Q Q

for all (v1,vs) € X, with v; > 0 a.e. in Q and all (w1, ws) € X, and u; < w; < Ty
for i = 1,2, provided all the integrals involving f; and f> that appear above exist.

If ((uy,us), (W1, uz)) constitutes a sub-supersolution, then the ordered rectangle
[ug, 1] X [uy, Us] is also called trapping region, where

[w;, W] = {u e WIPH(Q) s u; <u<T; ae. in Q}

In order to simplify the presentation, for any real number r €]1, +o00[, we denote
/

r = Ll (the Holder conjugate of r).

We formulate the assumptions on the Carathéodory functions f; : @ x R x R x
RN x RYN — R and the intrinsic operators B; : Wy ¥* (Q) — WP (Q) with i = 1,2
admitting that a sub-supersolution ((uq,u,), (U1,u2)) is fixed.

(Hy) There exist functions o; € L"(Q) with r; €]1,p*[ and constants a; > 0 and
Bi €10, %[ for 1 = 1,2 such that

|f1(z,51,82,€1,82)| < o1(z) + aa (‘§1|ﬁl n |£2‘ﬁ;f2)
and .
| f2(, 51, 82,81, &)| < 02() + a2 (\§1|W + |§2\52)

for a.e. x € Q, for all (s1,s2) € [u, (x), U1 (2)] X [uy(x), Ua ()], all &, & € RV,
(H,) The maps B; : W, (Q) — W, (Q) are continuous and fulfill

u; < Biv <
for a.e. z € Q and for each v € Wol’pi(Q) with u; <v <@, i=1,2.
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(H2) There exist positive constants K; and Ky such that
HBiv||W01~Pi(Q) <K HU||W(J1’pi(Q) + Ko

for all v € W, P (Q) and i = 1,2.
Let the Nemytskij type operator Nyp : [u;,ui] X [ug, U] — WL (Q) x
W=1P2(Q) be defined by
NyB(u1,uz) = (N, p(u1,u2), Ny, 5 (u1,uz2))
with

<Nf1,B(U1,U2),7J1>:/f1 (z, Biu1, Baua, V (Biu1) , V (Baug)) vidr
Q
for all v, € WyP*(Q), and
(N, B(u1,u2),v2) = / f2 (x, Biuy, Boua, V (Biuy) , V (Baus)) vadx
Q

for all vy € Wy"*(Q). These operators are well defined due to hypothesis (Hp).
At this point we consider the truncation operators Ty : Wy"' () — Wy ()
associated to the ordered intervals [u;, ;] which are defined by

wi(x) i w(x) >w(x),
Tiu(z) = ¢ wx) if w(r) <u(r) <), (1)
wi(z) if u(r) <w(z)
for all u € WP (Q) and i = 1,2. Tt readily follows from (1) that the operator
T; : Wy (Q) — WP (Q) is continuous and bounded (in the sense that it maps
bounded sets into bounded sets), i = 1,2. We introduce the Nemytskij type operator
Npp: Wy (Q) = WPi(Q) as
Nfi:B:Nfi’Bojji (2)
for i = 1,2, that is,

Nty B (ut,u2),v1) = /Qf1 (z, B1(Thu1), Ba(Tou2), V (Bi(Thu1)) , V (B2 (Thuz))) vide

and

Niz,B(u1,u2),v2) = /sz (z, B1(Tiur), B2(Touz), V (B1(Tiu1)), V (B2 (Tauz))) vada.

They are well defined on W, ?* () and W, ?* (Q), respectively, thanks to hypotheses
(Hl) and (HQ)
We also define the cut-off functions m; : Q x R — R as follows

Bi
(s —@;(x))ri=Fi it s> u(z),
mi(x,8) =< 0 if w;(z) <s<w(x), (3)
—(wi(@) = )77 i s <w(),
with the constants f; in hypothesis (Hy) for ¢ = 1,2. The functions 7; in (3) satisfy
the growth

Bi
|mi(z,s)] < |s|Pi=Fi 4 g;(x) for a.e. x €, all s € R, (4)

p; — B

B; Bi Bi
with g; € L™ 7 P (Q), for i = 1,2, given by ¢;(z) = max {|gi(x)|prﬂi @i ()| Pi=Fi }
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The Nemytskij operator II; : Wy P () — W~1%i(Q) corresponding to the func-

tion m; act as
(IL; (u), vy = / mi(x, u)vde. (5)
Q

Since g; < %, by (4) and the Rellich-Kondrachov embedding theorem, we infer
that the Nemytskij operator IT; : Wy P (Q) — W~ 1P (Q) with i = 1,2 is completely
continuous.

Furthermore, from (3) it is seen as in [11] that the following estimates hold

/ mi(x, u(z))u(z) de > rgi)HuH p"jff - réi) for all u € Wy (Q), (6)
Q LPi—Fi (Q)

with positive constants rgi) and réi), fori=1,2.

3. Auxiliary problem. This section is dedicated to the study of an auxiliary
problem that will allow us to establish the existence and location of solutions for
the original problem (P).
Let A be a positive real parameter and consider the following auxiliary Dirichlet
problem
—Ap ur + NI (uq) = Nf17B(u17U2) in Q
7Ap2u2 +)\H2(u2) :Nf%B(ul,UQ) in (P,\)
uy =ug =0 on JN.
In the statement of problem (Py) the notation in (2) and (5) is used.
A weak solution to problem (Py) is any pair (u1,us) € X such that

fi (ZL’, Blul, BQ’LLQ, Vv (Bl(ul)) 7V (BQUQ)) V; € Ll(Q)
for i =1,2 and

/ [V ()| 2 Vs () - Vo (a)dz + )\/ (2, up)vrde
Q Q

= /Qfl (;v,Bl(Tlul),Bg(TQUQLV(Bl(Tlul)),V(BQ(TQUQ)))vldx,

/ Vg ()72 2 Vug () - Voo (a)dz + )\/ o (2, ug)vada:
Q Q

= /Qfg (z, B1(Thu1), Ba(Tauz), V (Bi(Thw1)), V (B2 (Tauz))) vadx

for each (v1,v2) € X.

The solvability of problem (P)) can be guaranteed provided that A > 0 is suffi-
ciently large as will be shown in Theorem 3.2. To achieve this we need to apply the
following theorem.

Theorem 3.1. (see [2, Theorem 2.99]) Let X be a real reflexive Banach space and
let A: X — X* be a bounded, coercive and pseudomonotone operator. Then for
every b € X* the equation Ax = b has at least one solution © € X.

We now state the theorem regarding the solvability for the auxiliary problem
(Py)-
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Theorem 3.2. Assume that the two pairs (uy,us) and (U1, us) in X form a sub-
supersolution of problem (P) such that hypotheses (Hy) — (H2) are fulfilled. Then
there exists Ag > 0 such that whenever X > Xg there is a solution of auziliary
problem (Py).

Proof. Our aim is to apply Theorem 3.1. Towards this, for each A > 0 we introduce
the operator Ay : Wy P () x WyP*(Q) — W=1P1(Q) x W=1P2(Q) defined by

(Ax(ur, uz), (v1,v2)) = AV (ur, uz) (v1) + A (w1, up) (v2), (7)
where
Ag\i)(ul,m) = —Apu; + Alu; — Ny, p(ur, ug),
withi=1,2.

We claim that the operator A, is bounded, i.e., it maps bounded sets into
bounded sets. From [8, Theorem 2] we know that —A,,, for ¢ = 1,2 is bounded
(see also [2, Lemma 2.111]). Moreover, hypotheses (Hp) — (Hz) imply the bounded-
ness of operators Ny, p, with ¢ = 1,2. Therefore, combining with (4), we conclude
that the operator A, is bounded.

In order to show that the operator Ay in (7) is pseudomonotone, we consider a
sequence (uj pn,u2,) C X satisfying

(U1,n,u2,n) = (ur,u2) in X (8)

and

lim sup(Ax (u1,n,U2.n) , (U1, — U1, Uz — uz)) < 0. 9)
n—oo

We aim to show that

lm inf(Ax (u1,n, U2.n) , (U1,n — V1, U2.n — V2))
n— oo

> (Ax (u1,u2), (u1 — vi,u2 — v2)), V(vi,v2) € X.
Holder’s inequality, (8) and the Rellich-Kondrachov embedding theorem yield

/Ui|ui,n ;| dx < ||0Z
Q

By the definition of the truncation operator T; in (1) and using Holder’s inequality
we derive

VB Tt ) Pt = il < VB, (Tt ) 55, o i = ]

Q)Hm n = Wil|Lri (@) — 0 as n — +00. (10)

PR ()
Then ( 1), (H2), (8), the Rellich-Kondrachov embedding theorem and the inequal-
1ty ’ - < p; imply

lim / |V Bi(Tsw; )| i — wi| dz = 0. (11)

n—oo

Likewise, for i # j, we have that
Bip; Bjpi

v D
A IVBi(Tiwin)| 7 [ujm — ujlde < |[VBi (Titin) || v () 1w — ugll

_Pi_
LPi—Pj (Q)
As above, (Hi), (Hz), (8), the Rellich-Kondrachov embedding theorem and the
inequality - £ 13- < pj provide

Bip;

lim | |VBi(Tiuin)l 0 |ujm — u;ldz = 0. (12)
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Altogether, from (10), (11) and (12) we infer that

lim fz (3;‘ B (T (17 n) ,Bj (Tjuj,n) ,VBi (Tluhn) 5 VB]‘ (Tju]‘m)) (u@n—ui) dr = 0.

(13)
On the other hand from (4) and Holder’s inequality we derive
Bi
i (x, u(x))||v(z dx<7° ul| P e (Z 14
| e el de < SOl ey (0

for all u,v € W, (Q), with positive constants rél) and ry) for i = 1,2. Then, on
the basis of (14 ) the 1nequahty ﬁ < p; and the Rellich- Kondrachov embedding
theorem, it turns out

lim [ mw(x,uin)(uin —w;)de =0. (15)

n— oo Q
At this point, (13), (15) and (9) result in

lim sup ((—Ap, w1 p, Ur,n — 1) + (—Ap, U2, U m — u2)) < 0. (16)

n—oo

We claim that (16) reduces to
limsup (—Ap, Ui n, Uin —w;) <0 fori=1,2. (17)

n—oo

Indeed, following [9], suppose by contradiction that up to subsequences it holds
lim sup (—A,, U1 p, U1, —u1) >0
n—oo
and
lim sup (— A, u2 5, U2 5, — uz) < 0.
n—oo
The second inequality, along with the (S4)— property of —A,, on I/V1 Pi(Q) as de-
scribed in Proposition 2.1, leads to ug , — ug in W 1.p2 (Q), from which a contradic-
tion with (16) arises. Hence (17) is proven.
According to (17) and the (S )—property of the operator —A,, on WyPH(Q), we
are able to deduce that

nll_{n (Ax (u1,m,u2.0) , (U1, — V1, U2y — V2)) = (Ax (U1, u2), (U1 — v1,u2 — v2))

for every (v1,v2) € X, which establishes that the operator Ay is pseudomonotone.

Finally, we check that the operator Ay : X — X™ is coercive, that is, for every
sequence {(u1 n,u2n)} € X such that ||(ug n,u2n,)| = +00 we have

<A)\ (ul,na u2,n) ) (ul,na u2,n)>

lim
(ul,mu2,n) I

n—4oo

= +o00. (18)

To this end, by (1) it holds u; < Tyu < T; a.e. in Q for every u € Wy (Q), which
is essential to refer to hypothesis (Hy). Through Holder’s and Young’s inequalities,
the Sobolev embedding theorem and assumptions (Hy) — (Hz), for each e > 0 we
obtain that

/ f1 (CU, B,y (T1U1,n) , B2 (T2U2,n) , VB (T1U1,n) , VB, (Tzuz,n)) Ui,n dx
Q

Bipa
< / {ol(x) +ay (IVBl (Thurn) |7 + |V By (Toug,,) | )} |u1,n|d
Q



8 ROBERTO LIVREA, DUMITRU MOTREANU AND ANGELA SCIAMMETTA

< ol o lrs o0 + €IV B (i) gy + @l 22
+€HVB2(TQUQ7TL)”I[)I2PQ(Q) + C( )”Ul n” pl ﬁl @
< ﬁ
< Cl”ul,nuwolvm ) + ek, 1 () + C( )||U1 n| 1 o + D1(€)
+EK2HT2U2 "”ml 20 + C( )”ul n| m 51 + DQ(E)
ez ()
< Cl”“l,n“wlvm Q) + EK1||’U,17n||p1 + EKQ

7 (9) Wi @)

+ele )llmnH“ D),
()

and, similarly,

/ fa (x, By (Thu,p) , Bo (Tousy) , VB (Tiuyy,), VBs (Toug ) g,y da

< 02||u2n||W1 p2(Q) +8K1||U1n||p1 —|—€K2

() Wi )

+c'(e)||us, nl - 55 + D'(e),
B2 ()

with positive constants Cy, Cy, K1, Ka, c(¢), ¢/(¢), D1(¢), Da(¢), D(¢) and D’(¢).
Combining with (6) ensures

P1

(AL (i, uzn) yurn) > (1= K1) upn|P + Ot — (@) llurn | P

Wf},pl(n) LP1-P1(Q)
—Cillurnllyy e g €R2|\U2,n|\€;g,p2<m — D(e)
and
P2
(AP (urn,uzim) uzm) > (1—eKa)us, nl[?2 10 + (M = (@) luznl 22
() LP2 Bz Q)
I
—Calluz,nll 1 wivr )~ 5K1||U1,n\|€;01,p1(m =D (e).

1 ’
Now, if we choosese]o e [forz—l 2andA>max{iEf)),Cr((§>)},we obtain
1 1

from (7) that (18) holds because p; > 1. Therefore the operator Ay : X — X* is
coercive.

Consequently, owing to Theorem 3.1, there exists (u1,u2) € X such that A (uq,
uz) = 0. According to (7), (u1,uz) is a (weak) solution to auxiliary problem (P ),
which completes the proof. O

4. Main result. Our main result reads as follows.

Theorem 4.1. Let ((uy,u,), (U1,T2)) be a sub-supersolution of problem (P) such
that hypotheses (Ho)— (Hz) are fulfilled. Then system (P) possesses a weak solution
(u1,u2) € X located in the corresponding trapping region, that is, uy < uy < Uy and
Uy < ug < U almost everywhere in ).

Proof. Fix a A > 0 sufficiently large such that by Theorem 3.2 there exists a weak
solution (uy,us) € X of auxiliary problem (Py). We claim that (u1,us2) is a solution
of the original problem (P). The proof will be conducted through comparison
arguments.
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First, let us show that u; <y a.e. in Q. Using the positive part (u; — ;)™ €
Wy (Q) as a test function in the definition of sub-supersolution of problem (P) and

taking wy = Thus (which is meaningful in view of the definition of the truncation
operator T5) we find that

/ |Vﬂ1|pl_2 Vﬂl . V(u1 — ﬂ1)+dl’

Q

Z / f1 (fﬂ, Blﬂl, BQ(TQUQ), \% (Blﬂl) 5 v (BQ(TQUQ))) (u1 - ﬂl)erZE.
Q

Using now (u; — @)+ € WP (Q) as a test function in the definition of solution to
auxiliary problem (Py), we get

/ |Vur [P 72 Vg - V(ug — ) e + )\/ 7y (2, u) (uyg — ) Ve
Q Q
= / i (@, Bi(Tiur), B (Touz), V (Bi(Tiw)) , V (Ba(Tzuz))) (w1 — ) * da.
Q
By subtraction and thanks to (1) we derive

/ (|V’UJ1|ZD172 Vui — |Vﬂ1|p172 Vﬂl) V(Ul 7ﬂl)+ dz
Q

+)\/ wl(x,ul)(ul 7ﬂl)+d1'
Q

IA

/Q(fl (2, By(Tvuy), Ba(Tous), V (By(Tiuy)) , V (By(Thus)))
i (o, B, By(To), ¥ (Bi) ¥ (By(Tyus)) ) (s — 1) *
B /{u1>u1} (£1 @ By(Trwn), Bo(Tou), ¥ (By(Tyw)) . V (B (Taua)))
—f1 (&, By, Ba(Toug), V (Byy), V (B (Taus))) ) (w1 — 1) da = 0. (19)
We also note that
/Q (WW'M—Q Vuy — Vi [ Vﬂl) V(u — )t de
B /{u1>u1} <|W1 [V v Wl) V(ur =) > 0.

In view of (3) and (19), this amounts to saying that

/ (’Z,Ll 7ﬁ1)p1p_1ﬂ1 dr = / 7T1($,’U,1)(U1 7ﬂl)+ dx < 0,
{U/1>ﬂ1} Q

thereby meas{z € Q : uy(z) > w1 (x)} = 0, or equivalently u; <y a.e in Q.
Carrying out similar comparison arguments enables us to deduce that u; < u;
and uy < up < Up a.e in . Hence we have (u1,us) € [uy,u1] X [uy, Us).
Exploiting the inclusion (uy,us) € [uy, 1] X [uy, Uz, we infer from (1) and (3)
that Tyu; = u; and II;(u;) = 0 for ¢ = 1,2. Therefore (u1,us2) is a solution of the
original problem (P), which concludes the proof. O



10 ROBERTO LIVREA, DUMITRU MOTREANU AND ANGELA SCIAMMETTA

5. Example. In thee sequel the following equations will play a major part:

w; =0 on 01,
which has a unique solution w; € VVO1 Pi(Q) for i = 1,2, and
_Apﬁpl,m = Al,p#ﬁ’ffp_,-l in 2 (21)
V1p; =0 on 012,

where \; ,, stands for the first eigenvalue of —A,,, on W, () and the eigenfunction
©1,p, is chosen to be positive and normalized as ||¢1 p,

The aim of the present section is to prove the existence of solutions as well as a
priori estimates for the Dirichlet problem

Cy (min{uf,ﬂl})hl

Ly =1,i=1,2.

AUy = in
2T e min{ud, w ) (U [Vmin{uf )
CApus = . €2£m1n{u2 ,Uz}) — 0 (S)
(1 4+ min{u;", w1 })(1 + |V(min{ug , 2}|)
up =uo =0 on 0,

with nonnegative constants C; and h;, i = 1, 2.
We state our result on system (.59).

Theorem 5.1. If h; < p; — 1 and C’iﬂz” < 1 fori = 1,2, then problem (S)
admits a weak solution (ui,us) € X satisfying the a priori estimate u; < U; almost
everywhere in Q and i = 1, 2.

Proof. The idea is to apply Theorem 4.1. To this end we have to show that system
(S) can be written in the form of (P), thus identifying the maps f; and B;, with
i = 1,2. In this respect we set

Cy|s1|™

i s1,82,80.62) = A @D

and
02 ‘82 |h2

fQ(xa31752a§1352) - .
(L+ |s1D(X +1&21)
We see that f; : @ x Rx R x RY x RY — R (i = 1,2) is a Carathéodory function
satisfying

i@, 51,82,&1,&)| < Ci(1+ [P ). (22)

Moreover, we introduce

Byu = min{ut 7%}, i=1,2,
which produces a continuous map B; : Wol’p'i Q) — Wol’pi (@) for i = 1,2. Since for
any v € W, 7*(Q) it holds
0 it w(xz)<0
V(Byv)(x) = V(min{v", 7, })(z) = { Vou(z) if 0<o(z) <u(z)
Vu(x) i w(r) <wv(x),
it follows that
HBiUHWOl’pi Q) < HUHWOI’“ Q) + ||ﬂiHW01mi(Q)
for i = 1,2, so condition (H2) is satisfied.
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With the preceding notation, system (S) becomes of type (P), namely

C1(Bl’u1)h1 .
—Ap up = in Q
T (1 B2u2)((1 + |)V(31U1)|)
Bouy)" . (23)
AU in
7272 7 (14 Byuy)(1 + |V (Bauz)|)
u; =us =0 on 0f).
Fix an € > 0 such that
EP1,p; <w;, 1=1,2, (24)

which is possible by applying the strong maximum principle to equations (20) and
(21). Moreover, since h; < p; — 1 for i = 1,2, we can choose £ > 0 so small to have

Ep1717h1<p1 p11 hl)‘l p1(1+u2)(1+5|v901 P1|) <O (25)
and
é‘inlihQ(pl p21 hz)‘l p2(1+u1)(1+€|v<‘014’2|) < 02' (26)

Set u; = ep1,p, for i = 1,2. We are going to prove that ((u;,u,), (U1,u2)) is a
sub-supersolution to system (23) (which actually is just (5)).
By (20) and the hypothesis C’iﬂ}-“’ <1,¢=1,2, we note that
—h1 — \h
_ _ U (B )™
Ay =1> 0y >C - =C
P TS S U w) (L +[Va)) (1 + Baws) (1 + [V(Biw )

for uy, = 1 p, < wa < Uy, and

ay” -, (Cotiz)"
(1 +wi)(1+ |Val) (14 Brwy)(1 + |V(Bouz|)

—A,, Ty = 1> Cotiy® > Cy

for u; = ep1p, <wy <7
By (21), (25) and (26) we arrive at
G
(1+ ) (1 +&[Verp,|)

— - p1—1, _p1—1
Aiﬂlgl - )‘1,1715 P1,p1 <G

(Blﬂl)hl
(1 + Baws)(1 + |V(Biy,|)

for uy = €1 p, < wa < U, and

<C;

i
(1 +u1)(1 +elVeorp,l)

_ _ p2—1, p1—1
Ap2@2_)‘171725 P1,ps <Gy

(Bauy)"
(1 + Brw1)(1 + |V(Bau,|)

for u; = ep1 p, < w1 <. Our previous discussion and (24) entail that ((u;,u,),
(U1,ug)) forms a sub-supersolution to system (23) (or equivalently (S5)).

We point out that (22)implies that condition (Hp) holds true because it only
involves (s1, $2) € [uy (x), Ty (x)] X [ug(x), Uz (x)]. Let us also notice that the operator
B, is the identity on the ordered interval [u;,@;] with ¢ = 1,2. Consequently,
condition (H;) is verified, too.

All the requirements to apply Theorem 4.1 to system (23) are fulfilled. The
desired conclusion regarding system () is thus achieved. O

< Cqy
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