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Abstract. Quasi-linear elliptic problems involving intrinsic operators are con-

sidered for the first time in the system context. A special sub-supersolution

approach is developed leading to the existence of solutions and a priori esti-
mates. An explicit example illustrates the abstract result.

1. Introduction. In this article, we study the existence and location of solutions
to the following quasilinear elliptic system with homogeneous Dirichlet boundary
condition 

−∆p1u1 = f1 (x,B1u1, B2u2,∇ (B1u1) ,∇ (B2u2)) in Ω

−∆p2u2 = f2 (x,B1u1, B2u2,∇ (B1u1) ,∇ (B2u2)) in Ω,

u1 = u2 = 0 on ∂Ω.

(P )

Problem (P ) is stated on a nonempty bounded open set Ω ⊂ RN with Lipschitz
boundary ∂Ω. In the left-hand sides of the equations in (P ), we have the negative

pi−Laplacian −∆pi
: W 1,pi

0 (Ω) → W−1,p′
i(Ω) for i = 1, 2, where pi ∈ (1,+∞) and

p′i = pi/(pi − 1). These operators are given by

⟨−∆piu, v⟩ =
∫
Ω

|∇u(x)|pi−2 ∇u(x) · ∇v(x)dx for each u, v ∈ W 1,pi

0 (Ω).

In the statement of (P ) we also have the continuous operators called intrinsic

Bi : W
1,pi

0 (Ω) → W 1,pi

0 (Ω) for i = 1, 2 that satisfy the conditions (H1) and (H2)
in Section 2. Moreover, the right-hand sides in problem (P ) are expressed via
Carathéodory functions fi : Ω×R×R×RN×RN → Rmeaning that fi(·, s1, s2, ξ1, ξ2)
is measurable for all (s1, s2, ξ1, ξ2) ∈ R×R×RN×RN and fi(x, ·, ·, ·, ·) is continuous
for a.e. x ∈ Ω, with i = 1, 2. Such nonlinearities depending on the solution and its
gradient are often called convection terms.
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The most noteworthy aspect is that there are involved nonlinearities in the form
of convection composed with intrinsic operators applied to both the solutions and
their gradients. In the case of equations, this study was initiated in [8] and further
developed in [10] and [12]. Here, for the first time, we focus on systems exhibiting
simultaneously convection and intrinsic operators. We observe that when B1 and
B2 are identities, we retrieve the framework in earlier works [1, 3, 6, 7]. If p1 = p2,
f1 = f2 and B1 = B2, we get back to [8] and [10]. A major challenge would be to
investigate problems with convection and intrinsic operators arising in the setting
of weighted Sobolev spaces (see [4, 5]).

Due to the dependence on the gradient in the nonlinearities, the application of
variational methods is not feasible. That’s why for studying problem (P ) we adopt
a non-variational methodology based on a version of sub-supersolution approach in
the case of systems. Specifically, we introduce an auxiliary parametric problem (see
(Pλ) in Section 3) containing the truncation operators (T1, T2) and cut-off functions
(π1, π2) that correspond to a sub-supersolution ((u1, u2), (u1, u2)). Contrary to
equations, in the case of systems we cannot introduce separately a subsolution and
a supersolution being needed to manage as a single body called sub-supersolution.
Through the theory of pseudomonotone operators we establish the existence of at
least one solution (u1, u2) to the auxiliary problem (Pλ) provided λ > 0 is sufficiently
large. The main tool to resolve the auxiliary problem is the abstract surjectivity
result quoted as Theorem 3.1. By means of comparison arguments, we prove that
the solution (u1, u2) to the auxiliary problem is located in the ordered rectangle
(called also trapping region) u1 ≤ u1 ≤ u1 and u2 ≤ u2 ≤ u2 a.e. in Ω. This
location property ensures that (u1, u2) is actually a solution to the original problem
(P ).

The most difficult point is to integrate the intrinsic operators (B1, B2) in the
sub-supersolution framework for system (P ). The decisive step was to achieve the
invariance of the trapping region with respect to the intrinsic operators. Due to this
device, the needed estimates still hold under the presence of the intrinsic operators.
We end the paper with a detailed example illustrating the applicability of our main
result.

The paper is arranged as follows. In Section 2 we present the preliminaries and
hypotheses needed for our results. In Section 3 we formulate the auxiliary problem
and prove the existence of solutions for it. In Section 4 we show how the auxiliary
problem permits to solve the original problem. Finally, in Section 5 we provide an
example.

2. Preliminaries and hypotheses. In this section we set forth basic facts related
to system (P ).

The function space associated to problem (P ) is the product spaceX = W 1,p1

0 (Ω)

×W 1,p2

0 (Ω) endowed with the norm

∥u∥ = ∥u1∥W 1,p1
0 (Ω)

+ ∥u2∥W 1,p2
0 (Ω)

, u = (u1, u2),

where ∥·∥
W

1,pi
0 (Ω)

denotes the usual norm of the Banach space W 1,pi

0 (Ω). In the

sequel we suppose that N > pi for i = 1, 2, thus the Sobolev critical exponents are
p∗i = Npi

N−pi
for i = 1, 2. The case where N ≤ pi can be treated in the same way.

We recall from [2] the following basic result.
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Proposition 2.1. The negative pi−Laplacian −∆pi : W 1,pi

0 (Ω) → W−1,p′
i(Ω) for

i = 1, 2 is maximal monotone, strictly monotone (so, pseudomonotone) and satisfies

the (S+)-property, that is, any sequence {un} ⊂ W 1,pi

0 (Ω) for which un ⇀ u in

W 1,pi

0 (Ω) and lim sup
n→+∞

⟨−∆pi
un, un − u⟩ ≤ 0 fulfills un → u in W 1,pi

0 (Ω).

By a weak solution to problem (P ) we mean any pair (u1, u2) ∈ X such that

fi (x,B1u1, B2u2,∇ (B1u1) ,∇ (B2u2)) vi ∈ L1(Ω), i = 1, 2,

and∫
Ω

|∇u1(x)|p1−2 ∇u1(x) · ∇v1(x)dx =

∫
Ω

f1 (x,B1u1, B2u2,∇ (B1u1) ,∇ (B2u2)) v1dx,∫
Ω

|∇u2(x)|p2−2 ∇u2(x) · ∇v2(x)dx =

∫
Ω

f2 (x,B1u1, B2u2,∇ (B1u1) ,∇ (B2u2)) v2dx

for each (v1, v2) ∈ X.
We say that the pair ((u1, u2)), (u1, u2)) ∈ X × X is a sub-supersolution to

problem (P ) if ui ≤ ui a.e. in Ω, ui ≤ 0 ≤ ui on ∂Ω for i = 1, 2, and∫
Ω

|∇u1(x)|
p1−2 ∇u1(x) · ∇v1(x)dx−

∫
Ω

f1 (x,B1u1, B2w2,∇ (B1u1) ,∇ (B2w2)) v1dx ≤ 0,

∫
Ω

|∇u2(x)|
p2−2 ∇u2(x) · ∇v2(x)dx−

∫
Ω

f2 (x,B1w1, B2u2,∇ (B1w1) ,∇ (B2u2)) v2dx ≤ 0,

∫
Ω

|∇u1(x)|p1−2 ∇u1(x) · ∇v1(x)dx−
∫
Ω

f1 (x,B1u1, B2w2,∇ (B1u1) ,∇ (B2w2)) v1dx ≥ 0,

∫
Ω

|∇u2(x)|p2−2 ∇u2(x) · ∇v2(x)dx−
∫
Ω

f2 (x,B1w1, B2u2,∇ (B1w1) ,∇ (B2u2)) v2dx ≥ 0

for all (v1, v2) ∈ X, with vi ≥ 0 a.e. in Ω and all (w1, w2) ∈ X, and ui ≤ wi ≤ ui

for i = 1, 2, provided all the integrals involving f1 and f2 that appear above exist.
If ((u1, u2), (u1, u2)) constitutes a sub-supersolution, then the ordered rectangle

[u1, u1]× [u2, u2] is also called trapping region, where

[ui, ui] =
{
u ∈ W 1,pi

0 (Ω) : ui ≤ u ≤ ui a.e. in Ω
}
.

In order to simplify the presentation, for any real number r ∈]1,+∞[, we denote

r′ =
r

r − 1
(the Hölder conjugate of r).

We formulate the assumptions on the Carathéodory functions fi : Ω × R × R ×
RN × RN → R and the intrinsic operators Bi : W

1,pi

0 (Ω) → W 1,pi

0 (Ω) with i = 1, 2
admitting that a sub-supersolution ((u1, u2), (u1, u2)) is fixed.

(H0) There exist functions σi ∈ Lr′i(Ω) with ri ∈]1, p∗i [ and constants ai > 0 and
βi ∈ [0, pi

(p∗
i )

′ [ for i = 1, 2 such that

|f1(x, s1, s2, ξ1, ξ2)| ≤ σ1(x) + a1

(
|ξ1|β1 + |ξ2|

β1p2
p1

)
and

|f2(x, s1, s2, ξ1, ξ2)| ≤ σ2(x) + a2

(
|ξ1|

β2p1
p2 + |ξ2|β2

)
for a.e. x ∈ Ω, for all (s1, s2) ∈ [u1(x), u1(x)]× [u2(x), u2(x)], all ξ1, ξ2 ∈ RN .

(H1) The maps Bi : W
1,pi

0 (Ω) → W 1,pi

0 (Ω) are continuous and fulfill

ui ≤ Biv ≤ ui

for a.e. x ∈ Ω and for each v ∈ W 1,pi

0 (Ω) with ui ≤ v ≤ ui, i = 1, 2.
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(H2) There exist positive constants K1 and K2 such that

∥Biv∥W 1,pi
0 (Ω)

≤ K1 ∥v∥W 1,pi
0 (Ω)

+K2

for all v ∈ W 1,pi

0 (Ω) and i = 1, 2.

Let the Nemytskij type operator Nf,B : [u1, u1] × [u2, u2] → W−1,p′
1(Ω) ×

W−1,p′
2(Ω) be defined by

Nf,B(u1, u2) = (Nf1,B(u1, u2), Nf2,B(u1, u2)) ,

with

⟨Nf1,B(u1, u2), v1⟩ =
∫
Ω

f1 (x,B1u1, B2u2,∇ (B1u1) ,∇ (B2u2)) v1dx

for all v1 ∈ W 1,p1

0 (Ω), and

⟨Nf2,B(u1, u2), v2⟩ =
∫
Ω

f2 (x,B1u1, B2u2,∇ (B1u1) ,∇ (B2u2)) v2dx

for all v2 ∈ W 1,p2

0 (Ω). These operators are well defined due to hypothesis (H0).

At this point we consider the truncation operators Ti : W 1,pi

0 (Ω) → W 1,pi

0 (Ω)
associated to the ordered intervals [ui, ui] which are defined by

Tiu(x) =

 ui(x) if u(x) > ui(x),
u(x) if ui(x) ≤ u(x) ≤ ui(x),
ui(x) if u(x) < ui(x)

(1)

for all u ∈ W 1,pi

0 (Ω) and i = 1, 2. It readily follows from (1) that the operator

Ti : W 1,pi

0 (Ω) → W 1,pi

0 (Ω) is continuous and bounded (in the sense that it maps
bounded sets into bounded sets), i = 1, 2. We introduce the Nemytskij type operator

Nfi,B : W 1,pi

0 (Ω) → W−1,p′
i(Ω) as

Nfi,B = Nfi,B ◦ Ti (2)

for i = 1, 2, that is,

⟨Nf1,B(u1, u2), v1⟩ =
∫
Ω

f1 (x,B1(T1u1), B2(T2u2),∇ (B1(T1u1)) ,∇ (B2(T2u2))) v1dx

and

⟨Nf2,B(u1, u2), v2⟩ =
∫
Ω

f2 (x,B1(T1u1), B2(T2u2),∇ (B1(T1u1)) ,∇ (B2(T2u2))) v2dx.

They are well defined onW 1,p1

0 (Ω) andW 1,p2

0 (Ω), respectively, thanks to hypotheses
(H1) and (H2).

We also define the cut-off functions πi : Ω× R → R as follows

πi(x, s) =


(s− ui(x))

βi
pi−βi if s > ui(x),

0 if ui(x) ≤ s ≤ ui(x),

−(ui(x)− s)
βi

pi−βi if s < ui(x),

(3)

with the constants βi in hypothesis (H0) for i = 1, 2. The functions πi in (3) satisfy
the growth

|πi(x, s)| ≤ |s|
βi

pi−βi + ϱi(x) for a.e. x ∈ Ω, all s ∈ R, (4)

with ϱi ∈ L
pi−βi

βi
p∗
i (Ω), for i = 1, 2, given by ϱi(x) = max

{
|ui(x)|

βi
pi−βi , |ui(x)|

βi
pi−βi

}
.
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The Nemytskij operator Πi : W
1,pi

0 (Ω) → W−1,p′
i(Ω) corresponding to the func-

tion πi act as

⟨Πi(u), v⟩ =
∫
Ω

πi(x, u)vdx. (5)

Since βi <
pi

(p∗
i )

′ , by (4) and the Rellich-Kondrachov embedding theorem, we infer

that the Nemytskij operator Πi : W
1,pi

0 (Ω) → W−1,p′
i(Ω) with i = 1, 2 is completely

continuous.
Furthermore, from (3) it is seen as in [11] that the following estimates hold∫

Ω

πi(x, u(x))u(x) dx ≥ r
(i)
1 ∥u∥

pi
pi−βi

L
pi

pi−βi (Ω)
− r

(i)
2 for all u ∈ W 1,pi

0 (Ω), (6)

with positive constants r
(i)
1 and r

(i)
2 , for i = 1, 2.

3. Auxiliary problem. This section is dedicated to the study of an auxiliary
problem that will allow us to establish the existence and location of solutions for
the original problem (P ).

Let λ be a positive real parameter and consider the following auxiliary Dirichlet
problem 

−∆p1
u1 + λΠ1(u1) = Nf1,B(u1, u2) in Ω

−∆p2
u2 + λΠ2(u2) = Nf2,B(u1, u2) in Ω

u1 = u2 = 0 on ∂Ω.

(Pλ)

In the statement of problem (Pλ) the notation in (2) and (5) is used.
A weak solution to problem (Pλ) is any pair (u1, u2) ∈ X such that

fi (x,B1u1, B2u2,∇ (B1(u1)) ,∇ (B2u2)) vi ∈ L1(Ω)

for i = 1, 2 and∫
Ω

|∇u1(x)|p1−2 ∇u1(x) · ∇v1(x)dx+ λ

∫
Ω

π1(x, u1)v1dx

=

∫
Ω

f1 (x,B1(T1u1), B2(T2u2),∇ (B1(T1u1)) ,∇ (B2(T2u2))) v1dx,

∫
Ω

|∇u2(x)|p2−2 ∇u2(x) · ∇v2(x)dx+ λ

∫
Ω

π2(x, u2)v2dx

=

∫
Ω

f2 (x,B1(T1u1), B2(T2u2),∇ (B1(T1u1)) ,∇ (B2(T2u2))) v2dx

for each (v1, v2) ∈ X.
The solvability of problem (Pλ) can be guaranteed provided that λ > 0 is suffi-

ciently large as will be shown in Theorem 3.2. To achieve this we need to apply the
following theorem.

Theorem 3.1. (see [2, Theorem 2.99]) Let X be a real reflexive Banach space and
let A : X → X∗ be a bounded, coercive and pseudomonotone operator. Then for
every b ∈ X∗ the equation Ax = b has at least one solution x ∈ X.

We now state the theorem regarding the solvability for the auxiliary problem
(Pλ).
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Theorem 3.2. Assume that the two pairs (u1, u2) and (u1, u2) in X form a sub-
supersolution of problem (P ) such that hypotheses (H0) − (H2) are fulfilled. Then
there exists λ0 > 0 such that whenever λ ≥ λ0 there is a solution of auxiliary
problem (Pλ).

Proof. Our aim is to apply Theorem 3.1. Towards this, for each λ > 0 we introduce
the operator Aλ : W 1,p1

0 (Ω)×W 1,p2

0 (Ω) → W−1,p′
1(Ω)×W−1,p′

2(Ω) defined by

⟨Aλ(u1, u2), (v1, v2)⟩ = A
(1)
λ (u1, u2)(v1) +A

(2)
λ (u1, u2)(v2), (7)

where

A
(i)
λ (u1, u2) = −∆pi

ui + λΠiui −Nfi,B(u1, u2),

with i = 1, 2.
We claim that the operator Aλ is bounded, i.e., it maps bounded sets into

bounded sets. From [8, Theorem 2] we know that −∆pi for i = 1, 2 is bounded
(see also [2, Lemma 2.111]). Moreover, hypotheses (H0)− (H2) imply the bounded-
ness of operators Nfi,Bi

with i = 1, 2. Therefore, combining with (4), we conclude
that the operator Aλ is bounded.

In order to show that the operator Aλ in (7) is pseudomonotone, we consider a
sequence (u1,n, u2,n) ⊂ X satisfying

(u1,n, u2,n) ⇀ (u1, u2) in X (8)

and

lim sup
n→∞

⟨Aλ (u1,n, u2,n) , (u1,n − u1, u2,n − u2)⟩ ≤ 0. (9)

We aim to show that

lim inf
n→∞

⟨Aλ (u1,n, u2,n) , (u1,n − v1, u2,n − v2)⟩

≥ ⟨Aλ (u1, u2) , (u1 − v1, u2 − v2)⟩, ∀(v1, v2) ∈ X.

Hölder’s inequality, (8) and the Rellich-Kondrachov embedding theorem yield∫
Ω

σi|ui,n − ui| dx ≤ ∥σi∥Lr′
i (Ω)

∥ui,n − ui∥Lri (Ω) → 0 as n → +∞. (10)

By the definition of the truncation operator Ti in (1) and using Hölder’s inequality
we derive∫

Ω

|∇Bi(Tiui,n)|βi |ui,n − ui|dx ≤ ∥∇Bi (Tiui,n) ∥βi

Lpi (Ω)∥ui,n − ui∥
L

pi
pi−βi (Ω)

.

Then (H1), (H2), (8), the Rellich-Kondrachov embedding theorem and the inequal-
ity pi

pi−βi
< p∗i imply

lim
n→∞

∫
Ω

|∇Bi(Tiui,n)|βi |ui,n − ui| dx = 0. (11)

Likewise, for i ̸= j, we have that∫
Ω

|∇Bi(Tiui,n)|
βjpi
pj |uj,n − uj |dx ≤ ∥∇Bi (Tiui,n) ∥

βjpi
pj

Lpi (Ω)∥uj,n − uj∥
L

pj
pj−βj (Ω)

.

As above, (H1), (H2), (8), the Rellich-Kondrachov embedding theorem and the
inequality

pj

pj−βj
< p∗j provide

lim
n→∞

∫
Ω

|∇Bi(Tiui,n)|
βjpi
pj |uj,n − uj |dx = 0. (12)
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Altogether, from (10), (11) and (12) we infer that

lim
n→∞

∫
Ω

fi (x,Bi (Tiui,n) , Bj (Tjuj,n) ,∇Bi (Tiui,n) ,∇Bj (Tjuj,n)) (ui,n−ui) dx = 0.

(13)
On the other hand from (4) and Hölder’s inequality we derive∫
Ω

|πi(x, u(x))||v(x)| dx ≤ r
(i)
3 ∥u∥

βi
pi−βi

L
pi

pi−βi (Ω)
∥v∥

L
pi

pi−βi (Ω)
+ r

(i)
4 ∥v∥

L
pi

pi−βi (Ω)
(14)

for all u, v ∈ W 1,pi

0 (Ω), with positive constants r
(i)
3 and r

(i)
4 for i = 1, 2. Then, on

the basis of (14), the inequality pi

pi−βi
< p∗i and the Rellich-Kondrachov embedding

theorem, it turns out

lim
n→∞

∫
Ω

π(x, ui,n)(ui,n − ui) dx = 0. (15)

At this point, (13), (15) and (9) result in

lim sup
n→∞

(⟨−∆p1
u1,n, u1,n − u1⟩+ ⟨−∆p2

u2,n, u2,n − u2⟩) ≤ 0. (16)

We claim that (16) reduces to

lim sup
n→∞

⟨−∆pi
ui,n, ui,n − ui⟩ ≤ 0 for i = 1, 2. (17)

Indeed, following [9], suppose by contradiction that up to subsequences it holds

lim sup
n→∞

⟨−∆p1
u1,n, u1,n − u1⟩ > 0

and

lim sup
n→∞

⟨−∆p2
u2,n, u2,n − u2⟩ < 0.

The second inequality, along with the (S+)−property of −∆pi
on W 1,pi

0 (Ω) as de-

scribed in Proposition 2.1, leads to u2,n → u2 in W 1,p2

0 (Ω), from which a contradic-
tion with (16) arises. Hence (17) is proven.

According to (17) and the (S+)−property of the operator −∆pi
on W 1,pi

0 (Ω), we
are able to deduce that

lim
n→∞

⟨Aλ (u1,n, u2,n) , (u1,n − v1, u2,n − v2)⟩ = ⟨Aλ (u1, u2) , (u1 − v1, u2 − v2)⟩

for every (v1, v2) ∈ X, which establishes that the operator Aλ is pseudomonotone.
Finally, we check that the operator Aλ : X → X∗ is coercive, that is, for every

sequence {(u1,n, u2,n)} ⊆ X such that ∥(u1,n, u2,n)∥ → +∞ we have

lim
n→+∞

⟨Aλ (u1,n, u2,n) , (u1,n, u2,n)⟩
∥ (u1,n, u2,n) ∥

= +∞. (18)

To this end, by (1) it holds ui ≤ Tiu ≤ ui a.e. in Ω for every u ∈ W 1,pi

0 (Ω), which
is essential to refer to hypothesis (H0). Through Hölder’s and Young’s inequalities,
the Sobolev embedding theorem and assumptions (H0) − (H2), for each ε > 0 we
obtain that∣∣∣∣∫

Ω

f1 (x,B1 (T1u1,n) , B2 (T2u2,n) ,∇B1 (T1u1,n) ,∇B2 (T2u2,n))u1,n dx

∣∣∣∣
≤

∫
Ω

[
σ1(x) + a1

(
|∇B1 (T1u1,n) |β1 + |∇B2 (T2u2,n) |

β1p2
p1

)]
|u1,n|dx
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≤ ∥σ1∥Lr′1 (Ω)
∥u1,n∥Lr1 (Ω) + ε∥∇B1(T1u1,n)∥p1

Lp1 (Ω) + c(ε)∥u1,n∥
p1

p1−β1

L
p1

p1−β1 (Ω)

+ε∥∇B2(T2u2,n)∥p2

Lp2 (Ω) + c(ε)∥u1,n∥
p1

p1−β1

L
p1

p1−β1 (Ω)

≤ C1∥u1,n∥W 1,p1
0 (Ω)

+ εK̄1∥T1u1,n∥p1

W
1,p1
0 (Ω)

+ c(ε)∥u1,n∥
p1

p1−β1

L
p1

p1−β1 (Ω)
+D1(ε)

+εK̄2∥T2u2,n∥p2

W
1,p2
0 (Ω)

+ c(ε)∥u1,n∥
p1

p1−β1

L
p1

p1−β1 (Ω)
+D2(ε)

≤ C1∥u1,n∥W 1,p1
0 (Ω)

+ εK̄1∥u1,n∥p1

W
1,p1
0 (Ω)

+ εK̄2∥u2,n∥p2

W
1,p2
0 (Ω)

+c(ε)∥u1,n∥
p1

p1−β1

L
p1

p1−β1 (Ω)
+D(ε),

and, similarly,∣∣∣∣∫
Ω

f2 (x,B1 (T1u1,n) , B2 (T2u2,n) ,∇B1 (T1u1,n) ,∇B2 (T2u2,n))u2,n dx

∣∣∣∣
≤ C2∥u2,n∥W 1,p2

0 (Ω)
+ εK̄1∥u1,n∥p1

W
1,p1
0 (Ω)

+ εK̄2∥u2,n∥p2

W
1,p2
0 (Ω)

+c′(ε)∥u2,n∥
p2

p2−β2

L
p2

p2−β2 (Ω)
+D′(ε),

with positive constants C1, C2, K̄1, K̄2, c(ε), c
′(ε), D1(ε), D2(ε), D(ε) and D′(ε).

Combining with (6) ensures

⟨A(1)
λ (u1,n, u2,n) , u1,n⟩ ≥ (1− εK̄1)∥u1,n∥p1

W
1,p1
0 (Ω)

+ (λr
(1)
1 − c(ε))∥u1,n∥

p1
p1−β1

L

p1
p1−β1 (Ω)

−C1∥u1,n∥W1,p1
0 (Ω)

− εK̄2∥u2,n∥p2
W

1,p2
0 (Ω)

−D(ε)

and

⟨A(2)
λ (u1,n, u2,n) , u2,n⟩ ≥ (1− εK̄2)∥u2,n∥p2

W
1,p2
0 (Ω)

+ (λr
(2)
1 − c′(ε))∥u2,n∥

p2
p2−β2

L

p2
p2−β2 (Ω)

−C2∥u2,n∥W1,p2
0 (Ω)

− εK̄1∥u1,n∥p1
W

1,p1
0 (Ω)

−D′(ε).

Now, if we choose ε ∈
]
0,

1

2K̄i

[
for i = 1, 2 and λ > max

{
c(ε)

r
(1)
1

, c′(ε)

r
(2)
1

}
, we obtain

from (7) that (18) holds because pi > 1. Therefore the operator Aλ : X → X∗ is
coercive.

Consequently, owing to Theorem 3.1, there exists (u1, u2) ∈ X such that Aλ(u1,
u2) = 0. According to (7), (u1, u2) is a (weak) solution to auxiliary problem (Pλ),
which completes the proof.

4. Main result. Our main result reads as follows.

Theorem 4.1. Let ((u1, u2), (u1, u2)) be a sub-supersolution of problem (P ) such
that hypotheses (H0)−(H2) are fulfilled. Then system (P ) possesses a weak solution
(u1, u2) ∈ X located in the corresponding trapping region, that is, u1 ≤ u1 ≤ u1 and
u2 ≤ u2 ≤ u2 almost everywhere in Ω.

Proof. Fix a λ > 0 sufficiently large such that by Theorem 3.2 there exists a weak
solution (u1, u2) ∈ X of auxiliary problem (Pλ). We claim that (u1, u2) is a solution
of the original problem (P ). The proof will be conducted through comparison
arguments.
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First, let us show that u1 ≤ u1 a.e. in Ω. Using the positive part (u1 − u1)
+ ∈

W 1,p1

0 (Ω) as a test function in the definition of sub-supersolution of problem (P ) and
taking w2 = T2u2 (which is meaningful in view of the definition of the truncation
operator T2) we find that∫

Ω

|∇u1|p1−2 ∇u1 · ∇(u1 − u1)
+dx

≥
∫
Ω

f1 (x,B1u1, B2(T2u2),∇ (B1u1) ,∇ (B2(T2u2))) (u1 − u1)
+dx.

Using now (u1 − u1)
+ ∈ W 1,p1

0 (Ω) as a test function in the definition of solution to
auxiliary problem (Pλ), we get∫

Ω

|∇u1|p1−2 ∇u1 · ∇(u1 − u1)
+dx+ λ

∫
Ω

π1(x, u1)(u1 − u1)
+dx

=

∫
Ω

f1 (x,B1(T1u1), B2(T2u2),∇ (B1(T1u1)) ,∇ (B2(T2u2))) (u1 − u1)
+dx.

By subtraction and thanks to (1) we derive∫
Ω

(
|∇u1|p1−2 ∇u1 − |∇u1|p1−2 ∇u1

)
∇(u1 − u1)

+ dx

+λ

∫
Ω

π1(x, u1)(u1 − u1)
+ dx

≤
∫
Ω

(
f1 (x,B1(T1u1), B2(T2u2),∇ (B1(T1u1)) ,∇ (B2(T2u2)))

−f1 (x,B1u1, B2(T2u2),∇ (B1u1) ,∇ (B2(T2u2)))
)
(u1 − u1)

+ dx

=

∫
{u1>u1}

(
f1 (x,B1(T1u1), B2(T2u2),∇ (B1(T1u1)) ,∇ (B2(T2u2)))

−f1 (x,B1u1, B2(T2u2),∇ (B1u1) ,∇ (B2(T2u2)))
)
(u1 − u1) dx = 0. (19)

We also note that∫
Ω

(
|∇u1|p1−2 ∇u1 − |∇u1|p1−2 ∇u1

)
∇(u1 − u1)

+ dx

=

∫
{u1>u1}

(
|∇u1|p1−2 ∇u1 − |∇u1|p1−2 ∇u1

)
∇(u1 − u1) ≥ 0.

In view of (3) and (19), this amounts to saying that∫
{u1>u1}

(u1 − u1)
p1

p1−β1 dx =

∫
Ω

π1(x, u1)(u1 − u1)
+ dx ≤ 0,

thereby meas {x ∈ Ω : u1(x) > u1(x)} = 0, or equivalently u1 ≤ u1 a.e in Ω.
Carrying out similar comparison arguments enables us to deduce that u1 ≤ u1

and u2 ≤ u2 ≤ u2 a.e in Ω. Hence we have (u1, u2) ∈ [u1, u1]× [u2, u2].
Exploiting the inclusion (u1, u2) ∈ [u1, u1] × [u2, u2], we infer from (1) and (3)

that Tiui = ui and Πi(ui) = 0 for i = 1, 2. Therefore (u1, u2) is a solution of the
original problem (P ), which concludes the proof.
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5. Example. In thee sequel the following equations will play a major part:{
−∆pi

ui = 1 in Ω

ui = 0 on ∂Ω,
(20)

which has a unique solution ui ∈ W 1,pi

0 (Ω) for i = 1, 2, and{
−∆pi

φ1,pi
= λ1,pi

φpi−1
1,pi

in Ω

φ1,pi = 0 on ∂Ω,
(21)

where λ1,pi stands for the first eigenvalue of−∆pi onW 1,pi

0 (Ω) and the eigenfunction
φ1,pi is chosen to be positive and normalized as ∥φ1,pi∥Lpi (Ω) = 1, i = 1, 2.

The aim of the present section is to prove the existence of solutions as well as a
priori estimates for the Dirichlet problem

−∆p1
u1 =

C1(min{u+
1 , u1})h1

(1 + min{u+
2 , u2})(1 + |∇(min{u+

1 , u1}|)
in Ω

−∆p2
u2 =

C2(min{u+
2 , u2})h2

(1 + min{u+
1 , u1})(1 + |∇(min{u+

2 , u2}|)
in Ω

u1 = u2 = 0 on ∂Ω,

(S)

with nonnegative constants Ci and hi, i = 1, 2.
We state our result on system (S).

Theorem 5.1. If hi < pi − 1 and Ciu
hi
i ≤ 1 for i = 1, 2, then problem (S)

admits a weak solution (u1, u2) ∈ X satisfying the a priori estimate ui ≤ ui almost
everywhere in Ω and i = 1, 2.

Proof. The idea is to apply Theorem 4.1. To this end we have to show that system
(S) can be written in the form of (P ), thus identifying the maps fi and Bi, with
i = 1, 2. In this respect we set

f1(x, s1, s2, ξ1, ξ2) =
C1|s1|h1

(1 + |s2|)(1 + |ξ1|)
and

f2(x, s1, s2, ξ1, ξ2) =
C2|s2|h2

(1 + |s1|)(1 + |ξ2|)
.

We see that fi : Ω× R× R× RN × RN → R (i = 1, 2) is a Carathéodory function
satisfying

|fi(x, s1, s2, ξ1, ξ2)| ≤ Ci(1 + |si|pi−1). (22)

Moreover, we introduce

Biu = min{u+, ui}, i = 1, 2,

which produces a continuous map Bi : W
1,pi

0 (Ω) → W 1,pi

0 (Ω) for i = 1, 2. Since for

any v ∈ W 1,pi

0 (Ω) it holds

∇(Biv)(x) = ∇(min{v+, ui})(x) =

 0 if v(x) < 0
∇v(x) if 0 ≤ v(x) ≤ ui(x)
∇ui(x) if ui(x) < v(x),

it follows that

∥Biv∥W 1,pi
0 (Ω)

≤ ∥v∥
W

1,pi
0 (Ω)

+ ∥ui∥W 1,pi
0 (Ω)

for i = 1, 2, so condition (H2) is satisfied.



SYSTEMS WITH INTRINSIC OPERATORS 11

With the preceding notation, system (S) becomes of type (P ), namely
−∆p1

u1 =
C1(B1u1)

h1

(1 +B2u2)(1 + |∇(B1u1)|)
in Ω

−∆p2u2 =
C2(B2u2)

h2

(1 +B1u1)(1 + |∇(B2u2)|)
in Ω

u1 = u2 = 0 on ∂Ω.

(23)

Fix an ε > 0 such that

εφ1,pi
≤ ui, i = 1, 2, (24)

which is possible by applying the strong maximum principle to equations (20) and
(21). Moreover, since hi < pi − 1 for i = 1, 2, we can choose ε > 0 so small to have

εp1−1−h1φp1−1−h1

1,p1
λ1,p1

(1 + u2)(1 + ε|∇φ1,p1
|) ≤ C1 (25)

and

εp2−1−h2φp2−1−h2

1,p2
λ1,p2

(1 + u1)(1 + ε|∇φ1,p2
|) ≤ C2. (26)

Set ui = εφ1,pi
for i = 1, 2. We are going to prove that ((u1, u2), (u1, u2)) is a

sub-supersolution to system (23) (which actually is just (S)).

By (20) and the hypothesis Ciu
hi
i ≤ 1, i = 1, 2, we note that

−∆p1
u1 = 1 ≥ C1u

h1
1 ≥ C1

uh1
1

(1 + w2)(1 + |∇u1|)
= C1

(B1u1)
h1

(1 +B2w2)(1 + |∇(B1u1|)
for u2 = εφ1,p2

≤ w2 ≤ u2, and

−∆p2
u2 = 1 ≥ C2u

h2
2 ≥ C2

uh2
2

(1 + w1)(1 + |∇u2|)
= C2

(C2u2)
h2

(1 +B1w1)(1 + |∇(B2u2|)
for u1 = εφ1,p1 ≤ w1 ≤ u1.

By (21), (25) and (26) we arrive at

−∆p1
u1 = λ1,p1

εp1−1φp1−1
1,p1

≤ C1

εh1φh1
1,p1

(1 + u2)(1 + ε|∇φ1,p1 |)

≤ C1
(B1u1)

h1

(1 +B2w2)(1 + |∇(B1u1|)
for u2 = εφ1,p2

≤ w2 ≤ u2, and

−∆p2
u2 = λ1,p2

εp2−1φp1−1
1,p2

≤ C2

εh2φh2
1,p2

(1 + u1)(1 + ε|∇φ1,p2 |)

≤ C2
(B2u2)

h2

(1 +B1w1)(1 + |∇(B2u2|)

for u1 = εφ1,p1 ≤ w1 ≤ u1. Our previous discussion and (24) entail that ((u1, u2),
(u1, u2)) forms a sub-supersolution to system (23) (or equivalently (S)).

We point out that (22)implies that condition (H0) holds true because it only
involves (s1, s2) ∈ [u1(x), u1(x)]×[u2(x), u2(x)]. Let us also notice that the operator
Bi is the identity on the ordered interval [ui, ui] with i = 1, 2. Consequently,
condition (H1) is verified, too.

All the requirements to apply Theorem 4.1 to system (23) are fulfilled. The
desired conclusion regarding system (S) is thus achieved.



12 ROBERTO LIVREA, DUMITRU MOTREANU AND ANGELA SCIAMMETTA

REFERENCES

[1] P. Candito, R. Livrea and A. Moussaoui, Singular quasilinear elliptic systems involving gra-
dient terms, Nonlinear Anal. Real World Appl., 55 (2020), 103142, 15 pp.

[2] S. Carl, V. K. Le and D. Motreanu, Nonsmooth Variational Problems and Their Inequalities.

Comparison Principles and Applications, Springer Monographs in Mathematics, Springer,
New York, 2007.

[3] S. Carl and D. Motreanu, Extremal solutions for nonvariational quasilinear elliptic systems

via expanding trapping regions, Monatsh. Math., 182 (2017), 801-821.
[4] V. Gol’dshtein, D. Motreanu and V. V. Motreanu, Non-homogeneous Dirichlet boundary

value problems in weighted Sobolev spaces, Complex Var. Elliptic Equ., 60 (2015), 372-391.

[5] V. Gol’dshtein, V. V. Motreanu and A. Ukhlov, Embeddings of weighted Sobolev spaces
and degenerate Dirichlet problems involving the weighted p-Laplacian, Complex Var. Elliptic

Equ., 56 (2011), 905-930.

[6] U. Guarnotta, Singular quasilinear elliptic problems with convection terms, AIP Conference
Proceedings, 2425 (2022), 210002.

[7] U. Guarnotta and S. A. Marano, Infinitely many solutions to singular convective Neumann
systems with arbitrarily growing reactions, J. Differential Equations, 271 (2021), 849-863.

[8] D. Motreanu and V. V. Motreanu, (p, q)−Laplacian equations with convection term and an

intrinsic operator, Differential and Integral Inequalities, 589-601, Springer Optim. Appl., 151,
Springer, Cham, 2019.

[9] D. Motreanu, V. V. Motreanu and N. Papageorgiou, Topological and Variational Methods

with Applications to Nonlinear Boundary Value Problems, Springer, New York, 2014.
[10] D. Motreanu and A. Sciammetta, On a Neumann problem with an intrinsic operator, Axioms,

13 (2024), 497.

[11] D. Motreanu, A. Sciammetta and E. Tornatore, A sub-super solutions approach for Neumann
boundary value problems with gradient dependence, Nonlinear Anal. Real World Appl., 54

(2020), 1-12.

[12] D. Motreanu and E. Tornatore, Elliptic equations with unbounded coefficient, convection
term and intrinsic operator, Math. Z., 308 (2024), Paper No. 38, 13 pp.

Received March 2025; revised May 2025; early access May 2025.

http://mathscinet.ams.org/mathscinet-getitem?mr=MR4088531&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2020.103142
http://dx.doi.org/10.1016/j.nonrwa.2020.103142
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2267795&return=pdf
http://dx.doi.org/10.1007/978-0-387-46252-3
http://dx.doi.org/10.1007/978-0-387-46252-3
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3624945&return=pdf
http://dx.doi.org/10.1007/s00605-015-0874-9
http://dx.doi.org/10.1007/s00605-015-0874-9
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3311964&return=pdf
http://dx.doi.org/10.1080/17476933.2014.936863
http://dx.doi.org/10.1080/17476933.2014.936863
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2838228&return=pdf
http://dx.doi.org/10.1080/17476933.2011.555541
http://dx.doi.org/10.1080/17476933.2011.555541
http://dx.doi.org/10.1063/5.0082998
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4153245&return=pdf
http://dx.doi.org/10.1016/j.jde.2020.09.024
http://dx.doi.org/10.1016/j.jde.2020.09.024
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3972137&return=pdf
http://dx.doi.org/10.1007/978-3-030-27407-8_22
http://dx.doi.org/10.1007/978-3-030-27407-8_22
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3136201&return=pdf
http://dx.doi.org/10.1007/978-1-4614-9323-5
http://dx.doi.org/10.1007/978-1-4614-9323-5
http://dx.doi.org/10.3390/axioms13080497
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4052621&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2020.103096
http://dx.doi.org/10.1016/j.nonrwa.2020.103096
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4801854&return=pdf
http://dx.doi.org/10.1007/s00209-024-03591-9
http://dx.doi.org/10.1007/s00209-024-03591-9

	1. Introduction
	2. Preliminaries and hypotheses
	3. Auxiliary problem
	4. Main result
	5. Example
	REFERENCES

