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The aim of this thesis is to present some original results of existence, nonexistence
and multiplicity of solutions for a class of nonlocal degenerate Carrier’s problems

—a (/ u%lx) Apu = f(u) inQ,
o (M)
u>0 in Q),
u=20 on 0(),

where Q) is a bounded domain in RN, a and f are continuous functions fulfilling
some additional conditions, and 4 > 1. The main issue of this class of problems
lies in the loss of variational structure. This feature forces us to gain our results
thought new techniques. In particular, we provide some general results for ex-
istence and multiplicity of positive solutions for the nonlocal elliptic problem (1)
where the degenerate weight function could be sign-changing with a known num-
ber of positive bumps. Our results will be extended to problems of type (1) driven
by non-homogeneous operators as p(x)-Laplacian and Double Phase operator and
for problems with x-dependence on the reaction term. A careful analysis will show
that similar results can be provided also for Neumann problems. Moreover, some
nonexistence results permit us to enrich the scenario.
The main approach is based on the following steps:

e first we freeze the nonlocal term in the positive bumps of the weight degener-
ate function a and we obtain a variational elliptic problem;

* then, we provide, through sub-super solutions methods and variational tools,
the existence of at least one positive solution of the frozen problem;

* next, when it is the case, we provide the uniqueness of the solution for the
frozen problem or in any case, the existence of the unique smallest solution in
a suitable interval;

* finally, we build a one-dimensional fixed point problem that allows us to pro-
vide the existence of at least two fixed points. In particular, each fixed point of
this map will be a positive solution of our original problem (1).
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We emphasize that, in the first part of this work, we obtain our results by impos-
ing a monotonicity assumption involving the reaction term, i.e., we assume that the

map
f(t)

[ — prmY
is strictly decreasing in a suitable interval. This hypothesis, exploiting a Diaz-Saa-
type argument, permits us to obtain the uniqueness of solution of our problem with
frozen nonlocal term. In the second part, we are able to remove this monotonicity
constrain. This new challenge require a deeper analysis and the introduction of a
suitable set-valued map, in order to provide the existence of the unique smallest
solution in an appropriate interval. In both cases a sophisticated combination of
sub-super solutions methods, variational tools and fixed point theory allows us to
come back to the solutions of our original problem.
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Chapter 1

Introduction

Over the past eighty years, in the wide sea of problems that have appeared in math-
ematical analysis, a special place is reserved for nonlocal problems. However, even
in this last class of problems, many lines of research have opened up. One of the
most fascinating certainly concerns the problems introduced by Carrier [19, 20] be-
tween 1945 and 1949; here, the author, studying the deflection of beams, proposed a
mathematical model

“—2 T ’ ang _ aZ(P
[1+2n/0 ¢ (Cﬂ?)dg] 3

that would be destined to arouse widespread interest in the subsequent years. We
refer the interest reader to the works of Dickley [46, 47], Greenberg-Hu [75], Rowland
[114] and the references therein for an overview on the Carrier’s model applied on
string vibration theory.

Although these models have been originated in the context of mechanical theory,
in the last years of the previous century and in the early part of the new millennium,
the biology field has sparked renewed interest in such models. In particular, we
refer to the papers of Carillo-Chipot [17], Chang-Chipot [22], Chipot-Corréa [25],
Chipot-Lovat [26, 27], Chipot-Molinet [28], Chipot-Rodrigues [29], Chipot-Siegwart
[30], Corréa [33], Corréa-Menezes-Ferreira [34], and the related references. In these
works, the authors provide a deeper analysis of the following equation

—div [a (/Q udx> Vu} =f—AuinQ

and for parabolic counterpart. What is inferred is the possibility of using such mod-
els to describe the following feature: let us consider u as the density of bacteria in
a container (). Let f be the inflow of external resources and A > 0 be the mortality
rate. The above equation permits to describe a growth model where we may assume
that the velocity of dispersion of the bacteria’s population depends by the gradient

of density, i.e.,
v=—a (/ udx> Vu.
0

A brief but significant digression is certainly in order on Kirchhoff-type prob-
lems, see the seminal book of Kirchhoff [88]. Similarly with respect to the Carrier-
type one, the problem presents a nonlocal term

—a </Q |Vu|2dx> Au=f

but, on the contrary, in this case, the dependence of the weight function a on the
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gradient gives a fully variational structure to Kirchhoff’s models. The lack of varia-
tional structure on Carrier-type models has led to the study of such problems with
different techniques. In particular, let us consider the problem

—a </Q yu\"dx> Apu = f(u) inQ, (1.1)
u=20 on 80,

for some g > 1. We refer the interested reader to the works of Bueno-Ercole-Ferreira-
Zumpano [12], where the authors obtained an existence result by Schauder’s fixed
point Theorem, Corréa-de Morais Filho [35] in which the Galerkin method produces
solutions for Carrier problems, Dai [43] for iterative methods for Kirchhoff-Carrier
problems, Figueiredo Sousa-Morales Rodrigo-Sudrez [61] for linear and sublinear
cases with bifurcation argument, Fijatkowski-Przeradzki [62] for Krasnosel’skii fixed
point theorem use, Infante [84] and Yan-Wang [125] for fixed point index approach,
Jiang-Zhai [85] for applications of monotone and mixed monotone operators the-
ory, Jin-Yan [86] where the use of Leray-Schauder’s degree gives a multiplicity re-
sult with sign information on the solutions, do O-Lorca-Sanchez-Ubilla [108] for re-
sult exploiting a fixed point theorem of cone expansion-compression type, Santos-
Santos [116] for a combination of sub-super solutions methods with comparison
principle in singular framework, Santos-Santos-Mishra [117] for the singular case
treated with bifurcation and e-perturbation methods or Yan-Ma [123] and Yan-Ren
[124] for existence and multiplicity of solutions gained through sub-super solutions
and Rabinowitz’s bifurcation techniques. In addition, we address the curious reader
to Furter-Grinfeld [65], for a clear panoramic on the differences between local and
nonlocal models, and Lehoucg-Silling [91, Section 6.5] and Stariczy [119] for a wide
overview on nonlocal theory in all the open research lines, which are not the main
focus of this thesis.

A crucial point in the study of these nonlocal problems lies in the sign of the
weight function. In all the aforementioned papers, the weight a is strictly positive
and separated from zero, i.e., there exists some positive constant ap such that

inf a(t) >ap>0.
te[0,400)

First steps in new directions was taken, in 2017, by Ambrosetti-Arcoya [3], where the
authors consider a weight function in a Kirchhoff problem, that could approach zero
at zero or infinity. Based on this seminal idea, in 2018, Santos Jtnior and Siciliano
[118] provided an existence and multiplicity result for a class of Kirchhoff problems
such that the weight function could be zero in multiple points. Both the above results
exploited the variational structure of the Kirchhoff equation.

To obtain results for the nonvariational Carrier-type problem we have to wait
until 2019-2020, when, in two papers devoted to problem (1.1) driven by the Laplace
operator (i.e., p = 2), Gasinski-Santos Junior [70, 71] obtained results for existence,
nonexistence and multiplicity of positive solutions and Gasiriski-Santos Janior- Sicil-
iano [72] for Laplacian problem with possible singularities. Finally, in 2020, Candito-
Gasinski-Livrea-Santos Junior [15] improved the previous results of existence and
multiplicity of positive solutions for a class of p-Laplacian problems, 1 < p < +o0,
of (1.1)-type, where the function a could be sign-changing or zero in some inter-
vals. The main results in these last papers are obtained considering a monotonicity
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assumption involving the reaction term, i.e., the map

v f()

t— 1 (1.2)
is considered to be strictly decreasing in a suitable interval. Assumption (1.2) is
crucial in several points of the proofs. First, studying the problem (1.1) with frozen

nonlocal term, i.e.,
—a(a)Apu = f(u) inQ,
{ u=20 on 0Q), (1.3)

a Diaz-Saé-type argument and (1.2) guarantee us the uniqueness of solution in a
suitable interval. On the other hand, the building of a barrier from below of this
unique solution, lies in the inverse of the ¢y map. Finally, to come back to the nonlocal
problem (1.1), a fixed point map is considered, also in this last point, exploiting the
map ¢, one can achieve the right geometry to obtain the desired multiplicity result.
In particular, in [15] the authors proved the existence of at least K pairs of positive
solutions for problem (1.1), being K the number of positive bumps of the weight
function a.

Throughout this work, when it is possible, we will maintain the sign-changing
condition on the nonlocal term 4. The main goals in this thesis are to prove original
results on Carrier-type problems in the following directions:

e consider general driven operators as p(x)-Laplacian or Double Phase operator;
¢ increase the number of solutions;

¢ prove the nonexistence of solutions;

* consider different boundary conditions;

* remove any monotonicity assumption involving the reaction term.

All these objectives have been successfully pursued.
First, in Chapter 3, a (1.2)-type condition is maintained. For the existence of
multiple solutions we obtain the following;:

¢ in Section 3.1.4, we provide a multiplicity result for problem of (1.1)-type with
Neumann boundary conditions, the results of this section are contained in the
paper
A. Crespo-Blanco, G. Failla, B. Vassalo [37], multiple solutions for a nonlocal Neu-
mann p-Laplacian problem, Nonlinear Anal. Real World Appl., 87, 2026;

* in Section 3.2, we generalize the results for the Dirichlet problem (1.1), con-
sidering a variable exponent framework. Furthermore, a wise use of the sub-
super solutions method, allows us to consider a nonautonomous, but still with
splitted variables, case. These results can be found in:

P. Candito, G. Failla, R. Livrea [14], Pairs of positive solutions for a Carrier p(x)-
Laplacian type equation, Mathematics, 2024, 12, 2441.

Moreover, it is possible to improve the multiplicity result for problem (1.1) in order
to guarantee the existence of an arbitrary number of solutions.
e This result, can be found in Section 3.1.3 and in the work:

G. Failla, L. Gasifiski, J. R. Santos-Janior [54], Nonexistence and multiplicity re-
sults for p-Laplacian nonlocal problems, Submitted.
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We also prove two different nonexistence theorems for problem (1.1).

¢ These results are collected in Section 3.1.2, and in

G. Failla, L. Gasiniski, J. R. Santos-Janior [54], Nonexistence and multiplicity re-
sults for p-Laplacian nonlocal problems, Submitted.

On the other hand, in Chapter 4, we remove all type of monotonicity assumption
involving the reaction term. In this last chapter a deeper analysis of the problem re-
veals that, combining sub-super solutions method, variational tools, and truncation
techniques with set-valued analysis and fixed point theory, it is possible to obtain
new results for a very large class of nonlocal problems involving homogeneous (as
p-Laplacian) and non-homogeneous (as double phase) operators. In particular, for
multiplicity of solutions, we refer to

® Section 4.1.1, and the paper

P. Candito, G. Failla, L. Gasinski, R. Livrea [13], Multiple positive solutions for
a quasilinear nonlocal problem via topological, variational and set-valued methods,
Submitted,

for p-Laplacian problem. Furthemore, a novelty of this result lies in the possi-
bility to have a fully nonautonomous reaction term.
* Section 4.1.4 and

G. Failla, L. Gasinski [53], Nonlocal Carrier’s double phase problem, Proc. Roy. Soc.
Edinburgh Sect. A,

for the double phase counterpart.
Also in this case, we provide a many solutions-type result, where we improve the
number of solutions, see
¢ Section 4.1.2 and
G. Failla, L. Gasinski [52], Many solutions for a nonlocal p-Laplacian problem with-
out monotonicity assumptions, Submitted.

Finally,

¢ in Section 4.1.3 and again in

G. Failla, L. Gasiniski, J. R. Santos-Janior [54], Nonexistence and multiplicity re-
sults for p-Laplacian nonlocal problems, Submitted,

we prove a third nonexistence result for problem (1.1) without monotonicity
conditions.



Chapter 1. Introduction

AJIOTUOJ0UOA JO ssoT f 13dey)

Aypruojouoy :¢ 19ydeyD

sarreurwaL ] g 19ydeyD

uonpnponuy (1 193deyDd

See the diagram below as guide:

FIGURE 1.1: Guide for the readers






Chapter 2

Preliminaries

This chapter is devoted to introduce the main tools for the rest of the thesis. In
the first part, without any claim to completeness, we introduce the setting spaces in
which we will study our problems in Chapter 3 and Chapter 4. In particular, for con-
stant exponent p-Laplacian problem, the natural setting space is the classical Sobolev
space. The variable exponent problem brings the necessity to extend the classical
Sobolev spaces with the variable exponent one. Moreover, to obtain results for dou-
ble phase problems, we recall some notions on Sobolev-Musielak-Orlicz spaces. In
each subsection we furnish a wide list of references for a complete overview on these
topics. Next, we recall the main tools of sub-super solutions, variational and non-
variational methods. In particular, we point out some useful properties of the main
operators. Finally, a brief overview on set-valued analysis is provided. This last
section will be fundamental in Chapter 4.

2.1 Functional setting spaces

For a deeper analysis on functional spaces we address the reader to the seminal
books of Adams-Fournier [1] and Brézis [9] for constant exponent case, the books of
Diening-Harjulehto-Hasto-Razicka [48], Raddulescu-Repovs [113] and RiaZicka [115]
and the pivotal paper of Fan-Zhao [60] for variable exponent framework. The sem-
inal works of Orlicz [109], Musielak [106] and the book of Harjulehto-Hasto [80],
see also the recent survey of Chlebicka [31], complete the scenario with Sobolev-
Musielak-Orlicz generalization. In particular, the constant exponent framework will
be the natural setting for the p-Laplacian problems analyzed in Chapters 3 and 4.
The variable exponent Sobolev space will be a key point in Section 3.2 for p(x)-
Laplacian problems. Finally, the solutions of the double phase problem, studied in
Section 4.1.4, will find their setting in Sobolev-Musielak-Orlicz spaces.

2.1.1 Constant exponent case

Following the classical notation, we will consider L°(Q)) as the set of measurable
functions u : (3 — R in which we identify two such a functions which differ on a
zero Lebesgue-measure set. Let us consider 1 < p < 400, the following space

LP(Q) = {u e L9(Q) : /Q ulPdx < +oo}

is the classical Lebesgue space. On this space it is possible to consider the p-norm

1
4
Jully = ( f, lupx)
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The normed space (LP(Q), || - ||,) is a Banach space. Moreover, L?(Q)) is reflexive
for1 < p < +oc0 and separable for 1 < p < +o0.
For p = +o0, we define the space

L*(Q) = {u € L%(Q) : esssup |u(x)| < —|—oo}
xeQ)

equipped with the sup-norm

||lit||o = esssup |u(x)| Yu e L¥(Q).
xeQ)

For our scope, we introduce also the Sobolev spaces. Let 1 < p < +o0,
W (Q) = {u € LP(Q) : |Vu| € LP(Q)}
endowed with the norm
lllwiroy = llullp + IVull,  vu € WH(Q).

Also in this case, we have reflexive and separable Banach spaces. A useful space to

study Dirichlet problems is WS Q) =CP(Q) e equipped with the equivalent
norm (see the Poincaré’s inequality in Brézis [9, Corollary 9.19])

lull = 1 Vully ¥ € Wo" ().
Finally, we recall the space
CiQ) = {u eCl():u=00n BQ}
of continuous functions with continuous derivative and the Holder space
Cl"(Q) = {u e CHO) : [Vu], < 00}

being
[vu]v = sup ]Vu(x) — vvu(y)’
xX#Yy ‘x _y|

a seminorm, see Adams-Fournier [1, p. 10].

Embedding Theorems

The spaces defined above have embedding relations. Let

. Nl\% if p <N, 2.1)
P71 40 ifp>N, '

be the critical Sobolev exponent. Let us recall the celebrated Sobolev’s embedding
Theorem (see, e.g., Brézis [9, Corollary 9.14]).

Theorem 1. Suppose that QO C RN be an open set with 9Q) € C'. Let 1 < p < +o0. Then,
the following embedding are continuous:

o WIP(Q) — LF'(Q)ifp < N;
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s WWP(Q) — LI(Q) forallg € [p, +) if p = N;
« WIP(Q) < L%(Q) if p > N.

Thus, in particular when 1 < p < N, we infer that

ul  Vu e W, (Q)

H“| pr < Sp*|

being S,« the best constant in Sobolev embedding, see Talenti [121]. The following
is the Rellich-Kondrachov’s Theorem (see, e.g., Brézis [9, Theorem 9.16]).

Theorem 2. Suppose that Q) be a bounded domain with 90 € Cl. Let p > 1 Then, the
following embedding are compact

s WWP(Q) — LI(Q) forallg € [1,p.) if p < N;
s WWP(Q) — LI(Q) forallg € [p, +) if p = N;
s WWP(Q) — C(Q)ifp > N.

Furthermore, the following compact embedding holds, see Adams-Fournier [1,
Chapter 1],
Cy(Q) — CA(Q). 2.2)

Finally, for our scope, we introduce the following notation for the positive cone
CL(Q) = {u ceCl(Q):u> o}

with its nonempty interior

int(Cy) = {u €C+(Q):u(x) >0forallx € Q, gZ < 0}

being n the outward normal derivative.

p-Laplacian

The prototype operator of the constant exponent case is the classical p-Laplace op-
erator,
Apu = div (|VulP~2Vu)  Yu e WP (Q).

For the sake of completeness, we recall some useful properties of this operator. In
particular, the operator

—A,W,P(Q) — W(Q)
(=Dpu,v) = /Q]VuV”zVqudx Vu,vEWS’p(Q),

fulfils the following lemma, see Carl-Le-Motreanu [18, Example 2.110] and Motreanu-
Motreanu-Papageorgiou [104, Example 2.27¢] for details.

Lemma 1. Let p > 1and let O C RN, N > 1, be a bounded domain with C'-boundary.
Then —Ay is a continuous, strictly monotone, and bounded operator. Moreover, it is of

(S4)-type, ie., if u, — uin Wé’p(Q) and lim sup(—Apuy, u, —u) <0, then u, — u in
n—r+o0

1,
W,” ().
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2.1.2 Variable exponent case

In a natural way, one can generalize the functional spaces introduced in the previous
section when p is a function. Thus, let p : Q — R be a function in C%(Q) and set

1 <p- =minp(x) < p(x) < py = maxp(x).
xeQ) xeQ)

Let us introduce the so-called variable exponent Lebesgue spaces. Let 1 < p(x) <
+o00 and set the modular function

oy () = [ Ju(x)PWdx.

We recall a useful lemma on the modular function. The result can be found in
Radulescu-Repovs [113, p. 9].

Lemma 2. Suppose that p € C(Q) with p_ > 1. Let {u,,},u C LP®¥)(QQ), then, we have:
L ullp =A< pp) (§) =1(A>0);
2. |[ullppe < 1(resp. =1,>1) & () (1) < 1(resp. =1,>1);
3. Nl < 1= 1l < ooy () < [l
4l > 1= [l < o) < Il
5. |lunllpxy — O (resp. — +00) & pp(y)(un) — 0 (resp. — +o0).
The functional space

D@(Q) = {u € LQ) 1 py(a(u) < +o0}

endowed with the Luxemburg norm (see Luxemburg [95])

p(x)
Hu||p(x):inf{)\>0:/0 dx§1}

is a reflexive and separable Banach space. Incidentally, we recall that the Luxemburg
norm is equivalent to the following Amemiya norm (see Musielak [106] and Nakano

[107, p. 218])
1
=i - p(x)
||| & gfo{)\ (14—/0 |Au(x)] dx> }

Clearly, one has ||qu(x) < ulja < 2||u||p(x).
As in the constant case, we define the Sobolev space as

u(x)
A

WP () = {u € LPM(Q) : |Vul € LF’(")(Q)}

with the norm ||ul[y1p0 = [[ull,0) + [Vl px). The useful space W&’p(x)(ﬂ) =

Cr(Q) e is endowed with the equivalent norm (see Fan-Zhao [57, Proposition
2.5(iii)] for the Poincaré’s inequality on variable exponent spaces)

ltll s = 1V 2] p)-
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Embedding Theorems

In order to provide our results for variable exponent problems, we recall some em-
beddings relations also for variable exponent framework, see Edmunds-Rakosnik
[49, 50] and Fan-Shen-Zhao [57] for a complete overview on this topic.

Lemma 3. Assume thatr,s € C (ﬁ) withr_ >1,s_ > 1. Then, the following hold:
o W)(Q) < L3 (Q)) is continuous if 1 < s(x) < r*(x) forall x € Q;
o WU)(Q) s L™ (Q)) is compact if 1 < s(x) < r*(x) forall x € O;

o WM (Q) — WL (Q).

p(x)-Laplacian
The model operator for variable exponent framework is represented by the p(x)-

Laplace operator, i.e.,

Apyu = div (\Vu]p(x)’ZVu) Vu € Wé’p(x)(Q)-

p

The operator
1, 1, *
~Byi WP Q) = (WP (@)
(=D, v) = /]Vu|’°(")’2Vqudx Vu,vewg’p(x)(ﬂ),
o)

possesses the following properties, see Fan-Zhang [59, Theorem 3.1].

Lemma 4. Let p € C(Q) be such that p— > 1and let Q C RN, N > 1, be a bounded

domain. Then —Ap(x) is a continuous, strictly monotone, and bounded operator. Moreover,

it is of (S )-type, ie., if uy — win WyP™ (Q) and lim sup(—A

n——40oo

p(x) U U — u) <0, then

Uy — uin W&’p(x)(()).

2.1.3 Sobolev-Musielak-Orlicz spaces

Next, to manage the solutions of the double-phase problem, we need to recall some
notions on Musielak-Orlicz and Sobolev-Musielak-Orlicz spaces. Let us start con-
sidering the nonlinear Young function # : Q) x [0, +c0) — [0, +o0) defined as

H(x,t) = pu(x)tF +11 V(x,t) € Q x [0,+00)

being1l < g < N, g < p,s <1+ 4fandpu: Q — [0,+0), u € CO(Q). Since
the weight function y is not separated from zero, the map H shows an unbalanced

growth, i.e., there exist by, b, > 0 constants such that
bi|¢|T < H(x,&) < by(1+|¢|") foraa. x € Q), forall{ € R,

thus, H is trapped between two different powers of ||.

Remark 1. Notice that the relations on the exponents q and p ensure that q < p < g%,
being q* the critical Sobolev exponent introduced in (2.1), see Gasiriski-Papageorgiou [66,
Remark 2.1].
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Let us introduce the modular function also in this setting as

prl) = [ HCx lul)dx. @3
The so-called Musielak-Orlicz space is defined as
L) = {u € L°(Q) : py(u) < o0} .
The usual norm on this space is the Luxemburg norm
u
=i : -] <1;.
o || mf{/\ >0: py (A) < 1}

Also in this setting, it is possible to consider two equivalent norms: the Amemiya
norm (see again Musielak [106])

lulla = inf {5 (1 +pn(h0) }

and the so-called Orlicz norm (see Papageorgiou-Winkert [111, Remark 4.9.15])

|\ullo = sup {/ uvdx : py(v) < 1}
Q
being H* : (2 x Ry — R4 the Young conjugate function of H, defined as

H*(x,u) = sup {uv — H(x,v)} forall x € Q, forallv > 0.

>0

The equivalence follows from the relation
ul| e < JJullo < lullpx Yu € L*(Q).

For the modular function in (2.3), it is possible to provide some properties, see
Hu-Papageorgiou [83, Proposition 4.159].

Lemma 5. In our setting, let u € L"(Q)). Then, one has
1. ifus#0and A € R, then, |[uljpn =A< py (%) =1
2. Jullpn <U(=1L>1) @ pyu(u) <1(=1,>1);

“

if [lull e < 1, then |||}y, < pp(u) < |Jullf
if ull e > 1, then ||ull,, < pp(u) < flull
- Nullpx — 0 if and only if py (u) — 0;

- Nullpn — 400 if and only if py (1) — +o0;

NS G

. Nullpn — Lifand only if py (1) — 1.

Similarly as above, we have the Sobolev-Musielak-Orlicz spaces
WIH(Q) = {u € L(Q) 1 |Vul € L)}

with the norm
ullwoze = lull g2 + |Vl pn
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and W&’H(Q) = Cg"(Q)H'”Wl’H equipped with the equivalent norm (see Poincaré’s
inequality in Harjulehto-Héast6 [80, Theorem 6.2.8, p. 130])

lell e = V]| e

In our setting, Colasuonno-Squassina [32, Proposition 2.18] ensures that || - || is
uniformly convex, then, by Milman-Pettis’ Theorem (see, e.g., [9, Theorem 3.31]) the
above spaces are reflexive.

Finally, for our convenience, we introduce the following weight Lebesgue space

(@) = {ue £20): [ peo)lupd < oo

and the related semi-norm

g = ([ o)

We point out that the following relation holds, see e.g., Gasifiski-Winkert [73, eq.
(2.2)]

i {1l g 1y § < Il 0l < s el g Ml ey o 29)
forallu € L*(Q).

Embedding Theorems

As for the previous cases, we recall some embedding relations also for Sobolev-
Musielak-Orlicz spaces.
First, by Colasuonno-Squassina [32, Proposition 2.15] one has that

LP(Q) — L*(Q) < LL(Q) N L1(Q)

with continuous embeddings.
Next, the following embeddings hold, see Crespo Blanco-Gasifiski-Winkert [39,
Proposition 2.2].

Theorem 3. Assume that QO C RN, N > 2, be a bounded domain with Lipschitz boundary
00 Letl<g<N,g<p<gq‘= NN—L and 0 < u(-) € L®(Q). Then,

o LH(Q) < L"(Q) with continuous embedding for all r € [1, q];

W&’H(Q) — WS"(Q) with continuous embedding for all v € [1,q];

Wy Q) — L'(Q) with continuous embedding for v € [1,4*] and compact for
reflq);

L7 (Q) < LL(Q) continuously;

o LP(Q) — L™(Q) continuously.
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Double Phase operator

As stated at the begining of this section, we will provide results for double phase
problems. For the sake of completeness, we recall also for this operator some valu-
able properties, see the seminal works of Crespo Blanco-Gasiriski-Harjulehto-Winkert
[38] and Liu-Dai [93] for more.

Let

Lo Wy o) = (W)
(Lu,v) = /Q(y(x)|Vu|”_2Vu+|Vu|”7_2Vu) Vodx Yu,0 € Wy (Q),

be the double phase operator. The operator fulfils the following.

Lemma 6. Assume that QO C RN, N > 2, be a bounded domain with Lipschitz boundary
90 Let1 < g <N g<p<gq =xgkand0 < u(-) € L%Q). Then, Lis
bounded, continuous, strictly monotone and of (Sy )-type, i.e, if u, — u in W&’H(Q) and
limsup(Luy,, u, —uy <0, then u, — u in W&’H(Q).

n—-+oo

For our convenience, we will indicate with
—Apu = Agu = —div (u(x)|VulP2Vu+ [Vul"?Vu) - Vu e Wy™(Q)

the double phase operator.

2.2 Sub-super solutions and variational methods

In this section, we collect some useful tools. Let us start to recall that in calculus
of variations there is a strong correlation between solutions of a partial differential
equation and the critical points of a suitable function, called energy functional. Thus,
in particular, on a Banach space consider a function | : X — IR associated to a differ-
ential problem. The critical points, i.e., the zeros of the Gateaux derivative, J'(u) = 0,
represent the (weak) solutions of the starting problem. For details on classical theory
of calculus of variations we refer the reader to Costa [36], Dacorogna [41, 42], Evans
[51, Chapter 8], Struwe [120], Willem [122] and the references therein. For the study
of the elliptic problems considered in this thesis, we recall also the definitions of sub-
solution, super-solution and weak solution, see Motreanu-Motreanu-Papageorgiou
[104, Definition 8.2 and Definition 11.5]. Consider the classical elliptic problem

—Apu = f(x,u) inQ,
{ u=20 on d(), (2.5)

being Q) C RY a bounded domain with smooth boundary.

Definition 1. We say that u € WP (Q) is a sub-solution for (2.5) if u < 0 on 0Q) and
/ |VulP~2VuVodx < / f(x,u)vdx Vo e W&’p(Q) NLE(Q).
0 0
Similarly, we say that u € WP (Q) is a super-solution for (2.5) if # > 0 on Q) and

2o _ 1,
/Q\Vu]p 2Vqudx2/Qf(x,u)vdx Vo € W,"(Q)NLEL(Q).
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Finally, we call u € Wg’p(Q) a weak solution for (2.5), if
/Q |VulP2VuVodx = /Qf(x,u)vdx Vo e W7 (Q).

Where we use the symbol L (Q)) = {u € LP(Q) : u > 0} and being f(x,-) € L"(Q) with
r € (1,p") and p’ the Holder conjugate of p, i.e., p’ is such that % + % =1

Clearly, the above definition can be extended to variable exponent framework,
see Fan [55], double phase setting, see Guarnotta-Livrea-Winkert [76] and also for
elliptic problems with Neumann boundary conditions, see Motreanu-Sciammetta-
Tornatore [105].

Furthermore, the main existence result in classical calculus of variations theory
is the so-called Direct Methods Theorem or Tonelli-Weierstrass” Theorem, see Costa
[36, Theorem 1.2] or Hu-Papageorgiou [83, Theorem 7.67].

Theorem 4. Let X be a reflexive Banach space and let | : X — R be a functional such that
] is weakly sequentially lower semi-continuous, i.e., if {u, } C X is such that u, — u, then

J(u) < Hminf](un)/

n—-4o0

and coercive, i.e.,
J(u) — +ooas ||u|| — +oo.

Then, | is bounded from below and there exists u € X such that
J(u) = 1&1f J.

Finally, a useful existence and uniqueness result is due to Minty-Browder, see
Brézis [9, Theorem 5.16].

Theorem 5. Let X be a reflexive Banach space and let A : X — X* be a continuous
nonlinear map such that A is strictly monotone, i.e.,

(Auy — Aup, uq — up) >0

forall uy,ux € X, uy # up, and coercive, that is,

(Au, u) _

ul| =0 ||ue]]

Then, for every f € X* there exists a unique solution u € X of the equation Au = f.

2.2.1 Diaz-Sad inequality and Picone’s identity

One of the main tool to provide the uniqueness of solution for Dirichlet elliptic
problems is the celebrated Diaz-Sad inequality, see the seminal paper of Brézis-
Oswald [10] for the original idea in Laplacian case, and Diaz-Sad [45] for the p-
Laplacian counterpart. We state the Diaz-Saa version of the inequality, see Diaz-Saa
[45, Lemme 2].

Lemma 7. Fori = 1,2 let w; € L™(Q)) be such that w; > 0 a.e. in O, w}/p e Wir(Q),
pril/p € L*(Q) and wy = wy on Q. Then, if (w;/w;) € L®(Q) fori #j,i,j =1,2,
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one has

1/p 1/p
A,w A,w
p% pW2
— + w1 — wy)dx > 0.
/Q( wgpfl)/p wgpl)/p>( 1~ wo)dx >

The previous result was extended to the non-smooth case by Mosconi [103, The-
orem 1.1], where the main operator has a density function that is only strictly convex
and p-positively homogeneous, but is not assumed to be C!, thus, it follows that the
related energy functional is only locally Lipschitz.

Moreover, in Section 3.2, we will use the Giacomoni-Takac [74, Theorem 2.5] ver-
sion of this inequality, which is set in a variable exponent framework. For the sake
of completeness we recall also this result.

Lemma 8. Let r € [1,+00) and p : QO — (1, +00) be a continuous function such that

1<P—=igfr7§p+=slépp<+°°

and 1 < r < p_. Then, the following inequality holds

A x) W1 A x)W2 ’ ’
/Q<— p(rll + ”(rll )(wl—wz)dXZO

wy w;

forallwy, wy € W&’p(x) (Q), such that wy > 0, wp, > 0a.e. in QY and both w1 /wy, wp /w1 €
L®(Q).

On the other hand, for Neumann and Robin elliptic problems, we recall the Pi-
cone’s identity, see the works of Allegretto-Huang [2, Theorem 1.1] and Gasiriski-
Papageorgiou [68, Theorem 6.4.8] for general introduction and Fragnelli-Mugnai-
Papageorgiou [63] for applications to Robin problems.

Lemma9. Let p > 1and v > 0, u > 0 be two differentiable functions. Set

p ub p_ w7 p—2
L(u,v) = |Vul’ + (p — 1)U7|VU| - pFVu]VM Vo,

and

uP
R(u,v) = |Vul|P =V (_1> |Vo|P2Vo.
P

Then, L(u,v) = R(u,v). Moreover, L(u,v) > 0and L(u,v) = 0 a.e. in Q) if and only if
V(%) =0ae. inQ,ie, u= kv for some constant k in each component of Q).

2.3 Set-valued analysis

We conclude the preliminaries section collecting some notions on set-valued maps.
In particular, the lack of monotonicity conditions of (1.2)-type in Chapter 4 will re-
quire the use of these tools to provide our results. For a complete overview of
these classic topics, we refer the interested reader to Carl-Le-Motreanu [18, Chap-
ter 2], Denkowski-Migoérski-Papageorgiou [44, Chapter 4], Gasiniski-Papageorgiou
[69, Chapters 3 and 7], Mig6rski-Ochal-Sofonea [101, Chapter 3] and the references
therein.
Let X, Y be two nonempty sets. A map

X —=2Y
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is called set-valued map (or multifunction) with domain
dom (&) ={x € X: ¥ (x) # D}.

The following definition on set-valued maps holds:
Definition 2. Let X, Y be two topological spaces. Consider a set-valued map .7 : X — 2Y.
* .7 is upper semi-continuous (briefly u.s.c.), if for every closed subset C C Y, the set

S (C)={xeX: X(x)NC # T}
is closed in X. Alternatively, ./ is u.s.c., if for every open subset O C Y, the set
ST(0)={xe X:S(x) CO}
is open in X.
* 7 is lower semi-continuous (briefly l.s.c.), if for every closed subset C C Y, the set
SHC)={xeX: S (x) CC}
is closed in X. Equivalently, . is l.s.c., if for every open subset O C Y, the set
S (0)={xeX: L(x)N0O # o}
is open in X.

* We say that . is continuous if it is u.s.c. and l.s.c.

For our purposes, let us also recall the following characterization of l.s.c. set-
valued functions, see e.g., Gasifiski-Papageorgiou [69, Proposition 1.2.2], Migérski-
Ochal-Sofonea [101, Proposition 3.9] and, for the proof, Fryszkowski [64, Proposition
20, p.59] or Klein-Thompson [89, Theorem 7.1.7].

Lemma 10. Let X, Y be two metric spaces. Consider a set-valued map . : X — 2¥. We
say that .7 is Ls.c., if for each u € X, and for each sequence {u,} C X such that u, — u
and u* € . (u), there exists u}, € ./ (uy,) with ul, — u* in'Y.

We recall the idea of selection for a set-valued map.

Definition 3. A function T : X — Y is called selection for ¥ : X — 2Y,if T(x) € ./ (x)
forall x € X.

Finally, we would like to conclude this brief section by mentioning the following
concepts on partially ordered sets, see Carl-Le-Motreanu [18, Definition 2.61, p. 27].

Definition 4. Let (P, <) be a partially ordered set and let A C P. An element b € P is
called lower bound of A if b < x for each x € A, and, in addition, if b € A, we say that b
is the smallest element of A. An element x € A is called a minimal element if there is no
y # x in A for which y < x. Clearly, every smallest element of A is a minimal element of
A. A subset C of P is said downward direct if for each pair x,y € C there is w € C such
thatw < xand w < y.

The following is a consequence of the Kuratowski-Zorn Lemma, see, e.g., Brézis
[9, Lemma 1.1] or Carl-Le-Motreanu [18, Theorem 2.62].

Lemma 11. If in a partially ordered set P every chain has a lower bound then P possesses
a minimal element. In particular, if P is downward directed, then P admits the smallest
element.
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Chapter 3

Existence, nonexistence and
multiplicity results via Diaz-Saa
type assumptions

3.1 Constant exponent case

3.1.1 Dirichlet boundary conditions

This section is devoted to study the Carrier nonlocal problems introduced in Chapter
1, where the reaction term satisfies the following condition condition: the map

t— f(t) (3.1)

tp—1

is strictly decreasing.

Between 2019 and 2020, Gasinski-Santos Janior [70, 71] provided new results
on existence, nonexistence and multiplicity of positive solutions for the following
nonlocal problem

—a </ uqu> Au= f(u) inQ,
Jo
u>0 in Q),
u=>0 on 0},

(3.2)

where O C RN (N > 1) is a bounded domain with smooth boundary and g > 1.
One of the main novelty on these results is the degenerate condition on the weight
function g, that is,

(H}) leta: [0,400) — [0, +00) be a continuous function. There exist positive num-
bers 0 < ap < a1 < ap < ... < ag (K > 1) such thata(ag) = 0and a > 0in

(“kqf Dék),

thus, it is possible that the left-hand side goes to zero in several points. See Figure
3.1 below for a possible plot of the weight function a.
Moreover, the authors assume that, let f € C!(RR),

(Hj

f) there exists t, > 0 such that f(t,) =0and f(t) > 0forallt € (0,t.);

(H}) themap (0,t,) >t AR @ is strictly decreasing;

(H%) ag < t1 /Q e?dx, being e; the first eigenfunction of (—A, W&’Z (Q)) normalized

in L®(Q)-norm;
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a(a)

& a1 QK
FIGURE 3.1: Example of weight function: a(t) = 1|(t — 6) sin(t)|.

(Hi) max a(t) < 1&, where y = lim Ltt) and A; » be the first eigenvalue of
te[0,ak] 12 t—0t ’

(~a W),

q-1 1 /M .
(H}) trer[\(%}f(t)t* < g/ Tar teg;i),(ak] [a(t)t] for all k € {1,...,K}, being S; the best

constant in the embedding Wol'z(Q) — L1(Q) (see Talenti [121]).

Under the previous assumptions, the authors obtained the following multiplicity
result, see Gasiniski-Santos Junior [70, Theorem 1.2].

Theorem 6. Assume that (Hy), (H}), (Hy), (Hy), (H3) and (Hy) hold. Then, problem

(3.2) admits at least 2K classical positive solutions with ordered in L1-norms, i.e.,
Kp_ </u‘7 dx</uq dx <
k-1 q k1 q k2 k
foreach k € {1,...,K}.

Moreover, in 2020, Candito-Gasiriski-Livrea-Santos Jtnior [15] improved the above
result, since they studied the following more general problem

—a (/ uqu> Apu = f(u) inQ,
Q
u>0 in ),
u=20 on 0(),

(3.3)

in a bounded domain QO C RN (N > 1) with smooth boundary 9Q), and

(HJ%) f : R — R be a function such that there exists t, > 0, f(t.) =0, f € C([0,t.])
and f(t) > Oforall t € (0,t,);

(H?) themap (0,t.) > ¢ AN {p(—f% is strictly decreasing;

(H2) agx < #] /Q eldx, being e; the first eigenfunction of <—Ap,W3’p (Q)) normal-

ized in L*(Q))-norm;
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a(w)

. VAWAVAV,\ |

FIGURE 3.2: Example of weight function:

a(t) = —2+/tsin(t) cos(2v/1).

(H?) max a(t) < %ﬂ, forallk € {1,... ,K}, where y = lir(gl 1 and A1,p be the
, t—0*t

FE [mok—1,m21] v
first eigenvalue of (—Ap, Wg’p(0)>;
(H2)  max [ta(t)] > 2L max [t£(1)), forallk € {1,...,K}.
tE [mok—1,m2¢] Lp te[0,t:]
In addition, to the best of our knowledge, this is the first paper in which the

possibility of having a sign-changing weight function is considered, i.e.,

(H?) leta : [0,+) — R be a continuous function. There exist positive numbers
0 <w <ap <ap <...<apgq < ax (K>1)suchthata(ay 1) =0 =
a(ag) and a > 0in (a1, a0¢), forall k € {1,...,K}. See Figure 3.2.

The main result for p-Laplacian is the following, Candito-Gasifiski-Livrea-Santos
Janior [15, Theorem 2.1]

Theorem 7. Assume that (H?), (H%), (H?), (H2), (H2) and (H2) hold. Then, problem
(3.3) admits at least 2K solutions belonging to int(C. ). Moreover, the solutions are ordered
in L9-norm, i.e.,

q q
Wop_1 < u dx < / u - dx <«
2k—1 /Q k1 0 k2 2k
foreach k € {1,...,K}.

As stated in Chapter 1, these type of nonlocal problems does not possesses vari-
ational structure. This lack brings to develop new proof techniques.

Remark 2. The main results were provided as follows:

1. First, consider a frozen nonlocal problem: in particular let & € (ap_1, aoy) fixed, and
consider the auxiliary problem

—a(a)Apu = f(u) inQ,
u>0 in (), (3.4)
u=20 on 0Q).
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2. Let us consider the truncated reaction term

A £(0) ifs <o,
floy=1{ f(s) ifo<s<t, (3.5)

0 ifs>t,,

and the related problem
—a (&) Apu = fu) inQ,

u>0 in (), (3.6)

u=20 on 0Q).

3. Direct methods of Calculus of Variations show that (3.6) possesses a positive solution
u, € int(Cy). Moreover, a Diaz-Sad-type arqument [45, Lemme 2] (see Lemma 7
combined with the strictly monotonicity of the map ¢ in (H?)), permits to prove the
uniqueness of u, in [0, t,].

4. Again, from the strictly decreasing of 1, it is possible to obtain a barrier control from
below of the solution u, produced above. In particular, it is possible to prove that

u=y~t (Apa(w)) e
is a positive function such that u, > u.
5. By steps 3 and 4, it is possible to well define the following one-dimensional map,
Pe ¢ (age-1,020) = R

Pr(a) = /Quidx.

The main tool here is the following: each fixed point of the map Py is a solution of
problem (3.3). In fact, notice that, if Py(a) = «, one has

—a (/Q ude) Apuy = —a(a)Apuy = f(uy) in Q.

6. Assumptions (H3) and (H3) allow us to ensures the existence of at least two fixed
point for the map Py for each positive bump of the weight function a.

We can summarize the main techniques in the following scheme:

Nonlocal problem «— One-dimensional fixed point

|

Frozen nonlocal problem

\

Sub-super solutions, variational methods and uniqueness (Diaz-Saa- type)

FIGURE 3.3: Proof path — Monotonicity
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3.1.2 First nonexistence results for p-Laplacian problems

The first results that we will present in this section are nonexistence results. In
particular, following the ideas developed for the Laplacian case by Gasiriski-Santos
Janior [71], we obtain two nonexistence results for problem (3.3) (contained in Failla-
Gasiniski-Santos Junior [54]). Considering a nonegative weight function 4, see (H}),
and the main ideas is based on the following: due to the uniqueness of solution in
[0, t,] obtained with a Diaz-Sa4 argument, one has that, if the fixed-point map Py
does not possesses fixed point, then problem (3.3) does not have any solutions with

norm in [0&(1)/ 1, a}g 7|. Geometrically, we would to prove that either the fixed point

map is strictly above or is strictly below the line

Fix (Py) = {a € (a1, a0¢) : Pr(a) = a}.

The first nonexistence result can be visualized in this Figure.

P

P(x)

Q-1 LY

FIGURE 3.4: Nonexistence 1

Theorem 8. Assume that (H}), (Hj%) and (H?) hold. Moreover, if the following

-1

1 [ ( wl/a >
a1 ala) < f

Ay llexllq

(H2) foralla € (ap, ax),

is true, then the problem (3.3) does not possesses any solution with L1-norm in [oc(l]/ 1 uci/ q} :

Proof. Assumptions (H}) and (H%) lead to the well-posedness (see Remark 2) of the
fixed point map Py : (ax_1, 4x) — R, such that

Pre(a) = /Qude Vo € (g1, a)

being u, the unique solution of the frozen problem (3.6) in [0, t.]. By the use of (H2),
we obtain that
Prla) >a Va € (ag_1,a).
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Indeed, by Remark 2, one has
Pr(a) = / ugdx > ! (Allpa(zx))q/ eldx > o
Q Q

where the last inequality follows from (H2) and the strictly decreasing of ¥, i.e.,

a(a)Ay, < 1,[]( aal ) < lim i;(_tz,

lleillg | — t=0*

and the proof follows. O

The next result provide the symmetric situation, that is, if the map Py is below
the fixed point line.

Theorem 9. Assume that (H;), (H;
fulfilled

(H2) o > 1|0}

), (H?) and (H3) hold. If, the following relation is

then, the problem (3.3) does not possesses any solution with L9-norm in {uc(l)/ 1 oc}</ q} .

Proof. By Remark 2, assumptions (H}), (HJ%) and (H?) ensure that the fixed point
map Py is well defined. Moreover, notice that

Pr(a) = /Qude <Ol <ag<a Vae (ap1,ar),

and the proof is complete. ]

Remark 3. Notice that assumptions (H3) and (H2) are mutually independent. For the sake
of clarity, see Figure 3.5 for a possible geometry of the fixed-point map in this setting.

FIGURE 3.5: Nonexistence 2

3.1.3 Many solutions

It is possible to improve the multiplicity result imposing new conditions to obtain
many fixed points of the map P, that is, many solutions for problem (3.3). In partic-
ular, following the ideas introduced for the Laplacian case in Gasifiski-Santos Jtnior
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[71], we obtain the existence of an arbitrary number of positive solutions for prob-
lem (3.3) in Failla-Gasifiski-Santos Janior [54]. Let us start to consider the following
structure on the zeros of the weight function, for each k € {1,... ,K},

op—1 < Sko < Sk1 < Sk < Sk <...< Skmy < §k,mk < Ko

being my > 1 a switching points counter. Let us set

K
K Z mk—i—l
k=1

see Figure 3.6.

n

FIGURE 3.6: Example of we1§ht function in many solutions case:
a(t) = sin” (7it) + sin® (%t)

Then, the following multiplicity result holds.

Theorem 10. Assume that (H?), (HJ%), (H?) and (H3) hold. Moreover, let

p-1 p—1 1/q
(H,) s, als) < 14l g (sz > ke {1,...,K}andi€ {1,...,m);

(H2) a(S)sp; > £ Y max [tf(1)] VK€ {1,... K} and i€ {1,...m].
4 te|0,t

Then, (3.2) admits at least 2K positive solutions.

Proof. Fix k € {1,...,k} and observe that (H2), (HJ%) and (H?) imply that the
fixed point map Py is well defined (see Candito-Gasinski-Livrea-Santos Janior [15,
Proposition 2.2]). Moreover, by (H?) and Candito-Gasiriski-Livrea-Santos Junior [15,

Proposition 2.7], for all k € {1, ... ,K}, we have

hm Pk( ) > qop_q and lim Pk(&) > Kok (3.7)

DC—>D(2k 1 (X—){){Zk

Thus, by (H3) and (H%,), and by strictly monotonicity of the i map, we get

1/q

S
lIJ_l (Al,pa(skli)) > HekllH Vi e {1,...,mk},
q

that is,

Pk(sk,i) = /Ougk/idx > lp_l (Al,pa(sk,i))q ||€1||Z > Sk Vi e {1,..., mk}.
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On the other hand, for i € {1, ..., m;}, considering the auxiliary problem,

_ _ g—l .
{ Apu Us, in Q, (3.8)

u=2~0 on d(),

and following the proof of Candito-Gasiriski-Livrea-Santos Janior [15, Proposition
2.7], we obtain

1
<z |£2| p(g—1) ’ 3 Vi
D ) < H e

k(sk'l> - (a(sk,i))tl,p & tlg[lgé] [tf(t)] < Sk 'e {O, ,mk}

(the last inequality being the consequence of hypothesis (H2,)). By the Intermediate
Mean Value Theorem, we conclude that Py has at least 2(my + 1) fixed points, i.e.,
(3.3) has at least 2K positive solutions, ordered in L7-norm. O

For the sake of clarity, we show a possible plot of the fixed point map P in this
last case, see Figure 3.7.

K2k—1 Sk Sk,1 Sk1 X2k

FIGURE 3.7: P, map.
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3.1.4 Neumann boundary conditions

Inspired by the paper of Candito-Gasiniski-Livrea-Santos Janior [15], in this section,
we detail the results obtained in Crespo Blanco-Failla-Vassallo [37], where a new
multiplicity result for Neumann nonlocal Carrier’s problem is provided. Let us con-
sider the elliptic degenerate problem

a (/Q uqu) (=Apu+ p(x)up™) = f(u) inQ,
u>0 in Q),
|VulP=294 = ¢(u) on 9Q),

(3.9)

where QO ¢ RN, N > 2, be a bounded domain with boundary 0Q2 € C? and 1 be the
outward normal.

For the best of our knowledge, this is the first work dealing with these type of
boundary conditions. The choice of Neumann boundary conditions is due to the
wide applicability of these problems, see, for instance, Mazumder [100, Chapters 2
and 7] for applications and numerical simulations in heat flux through boundary;,
the description of the flow for fluid (liquid flow) and electromagnetic (electric field)
systems with Neumann boundary conditions driven by classical operator as the p-
Laplacian.

Assume that

(Hu) p € L*(Q), p = essinfu(x) > 0 and the following relation holds:

xeQ)

(I—u(x))(p—2) >0foraa.x € Q.

On the weight function a, we maintain the possible sign-changing property, i.e. we
assume that (H2) holds.

Throughout this section we consider the equivalent weight norm, see Maz’ja [99,
Section 1.1.16],

1
p

= llu, = Pd / VulPd
Jull = Wl = ( [ wolupts + [ [9upz)

on the Sobolev space W'7(Q). In particular, we point out that this norm is such that
lllwrr = Nully + 1V ullp < €llul,

being
25T i0< <1

¢ A B2 (3.10)
27 ifu>1.

To state our assumptions on the reaction term, we recall the following due to
Gasiniski-Papageorgiou [67, Proposition 2.1].

Proposition 1. Assume that y € L*(Q)). Then, the following eigenvalue problem

{—Aw+y@wwﬂu=XMmWV4ui”Q (3.11)

|VulP=294 =0 on 9Q),
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possesses a smallest eigenvalue Ay (u) € R which is simple, and has a corresponding LP-
normalized eigenfunction g1 € CY(Q) for some 0 < v < 1 with ¢1(x) > 0 for a.a.
x € Q. Moreover, whenever u(x) > 0 for a.a. x € Q) one has A () > 0.

On the reaction term and on the boundary condition function, we assume that
(H?) f : R — R be a function such that there exists t, > 0 with f(t.) = 0 and

f(t) >0in (0,t.), f € C(]0,t.]);

(H7) themap (0,t.) > ¢ AN {p( ) is strictly decreasing;

(Hgl) ¢ : R — R be a function such that g(t.) = 0 being ¢, as in (Hj%) and g(t) >0
in (0,t.), g € C*([0,t.]) for some v € (0,1);
(ng) the map (0,¢,) >t — tgp( 2 is strictly decreasing;

Furthermore, consider the following

f(t) 8(t)
Tr= tligh =1 and 7g = tll>r(r]1+ 1

Then, we assume that
(Hg3) 7gl0Qlpv < llpll;

(H3) agy < tz/ eldx being e; = Torlm H and ¢; as in Proposition 1;
0

(H}) max a(a)< 'yfmm{ 1oL } forallk € {1,... ,K};

W€ [aop_1,0¢] Iillx” /\1( )

(H3) foreachk € {1,...,K} there exists T, € (a1, xox) such that

o(r) () = #1001 max [1g(1)]) > 610 max [e7(0)

being ¢ = 2¢¢7 | QP11

Remark 4. In the above assumptions appear the (n — 1)-dimensional Hausdorff measure of
the boundary of the domain, |0Q)|yyn-1. Moreover, in the following, a crucial role will plays
by the trace operator v : WP (Q) — LP(9Q) in

|, 6y (e)do.

For the sake of simplicity, we will omit the symbol vy where it is clear. For a complete study
on these topics we refer to Carl-Le-Motreanu [18, pp. 8-9] and Evans [51, pp. 257-261].

The main result for Neumann problem is achieved through variational and fixed-
point arguments. Let us start to consider the following truncations for the functions

fand g
R f(0) ifs <0,
fiy =4 f) ifo<s<t, (3.12)
0 ifs>t,,
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and
g(0) ifs <0,
gt) =< g(t) ifo<s<t, (3.13)
0 ifs>t,.

Fixed k € {1,...,K} and & € (ap_1,5), consider the following variational trun-
cated problem

-~

a(a) (—Apu+u(x)uP~t) = f(u) inQ,
{ u>0 in Q, (3.14)
|Vu|P=294 = g(u) on 9Q).

Due to the non-zero boundary conditions, according to Definition 1, we look for
weak solutions for problem (3.14), i.e., functions u € W7 (Q) such that

a(oc)/Q|Vu|p_2Vqudx+a(a)/Qy(x)|u\”_2uvdx
—/Of(u)vdx—a(a) /mg(u)vda Vo € WP (Q).

Set

F(s) :/Osf(t)dt and G(s) :/Osg(t)dt.

Then, we can prove that problem (3.14) possesses a unique solution for each k €
{1,...,K} fixed. One of the main issue on Neumann boundary problems is the
absence of Diaz-Saa-type arguments. The main technique to cover the uniqueness
of the solution for the frozen problem (3.14) lies in the celebrated Picone’s identity,
see Lemma 9.

Theorem 11. Assume that (H?), (HJ%), (H3), (H;l), (H;’Z) and (H;a) hold. Then, for
each o € (@k_1, ayy), the problem (3.14) admits a unique solution u, € [0, t.]. Moreover,
u, € C(Q) for somev € (0,1).

Proof. First, notice that, the energy functional associated to (3.14), ] : W'P(Q) — R
defined as

J(u) = a(p“)||u|\”—/01-"(u)dx—a(oc) /aQG(u)dU Yu e W (Q),

is well-posed, coercive and sequentially weakly lower semi-continuous, then Theo-
rem 4 ensures that there exists a global minimum u, € W7(Q) of ], that is a weak
solution for (3.14). Testing the weak formulation of u, with v = —u, € W?(Q)
and v = (u, — t,)* € W' (Q), we infer that 0 < u, < t,. On the other hand, let
¢1 = ‘al—m and u = t¢; for t small enough. De 1'Hopital rule leads to the following

lim J(¢¢1)
t—0+ tV
o a@lpll o F(E) F(t1) 2p
- [pram;N_l Jo T eidx—a [ Ggjpeiar
_oa(@)flplls vy 1O v a(w)
plOQs P 10O P Pl
1

= = —7¢|Q| — 0O yn-1) .
o @l = 7l0] - a(@) o0
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By (H§’3) and (H3), we infer that

J(ug) < J(u) <0,

that is, u, # 0. Furthermore, the maximum principle in Gasifiski-Papageorgiou [68,
Theorem 6.4.6] ensures that 1, > 0. Finally, we prove that u, is the unique solution
of (3.14) such that u, € [0,t,]. For this scope, we exploit the Picone’s identity, see
Lemma 9. Assume that v, > 0 be a solution of (3.14) such that u, # v, and v, €
[0, t.]. For the sake of simplicity, we indicate with # = u, and v = v,. Set

R(u,v) = |Vu|f — |Vo|P~ Zvvv< pp1> (3.15)

We know that, if v > 0 and u > 0 are smooth function, then R(u,v) > 0, and
R(u,v) = 01if and only if u = kv, for some k € R. Notice that

/f (3.16)
- / A, ( 2L )ax-rat) [ nta)ar — oo

By Green’s formula (see Casas-Fernandez [21]), we get
P
a(a) /QApu <u - ul’—1> dx
= VulP2Vuv o )4
= —a(zx)/0| ul uV {u— oy | dx
P\ ou
p=2(, Y o
+a(w) /aa |Vl (u uP—l) anda
= —a(uc)/ |VulP2VuVv u—v—p dx +a(w )/ (u) (u— of do
B 0’ up—1

= —a(a)||Vul|p+a(x) /ywv’ 2wv< >dx

+a(w) /an(u) (u - uZ:) do

p
- _ P p_ p p—2 o
= —a(@)|Vul}+ala) [/Qwvy Vol + |VuP2Vuv (up1>dx]

+a(w) [ g(w) <u _ ujjpl> do
= —a(w) |IVull; = 01} + [ Rowds| +aw) [ gt0) (0= o ) do

f(u) Zp_lpdx+a(a) /an(u) (u — ui:) do
— aa) [||W||;3—y|vU||§+/QR(v,u)dx] +a(oc)/ﬂy(x)(u”—vp)dx.
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On the other hand, switching the roles of # and v, we obtain

= olw) IVl ~ [Vl + [ R 0)as] +ala) [ po) o7 )i

Then, combining the above identities and the monotonicity conditions on f and g,

we have
0 > /Q<f(u) f(v)>(up_vp)dx

up—1 pr—1

+a(w) /aQ (g(u) g(v)) (uP —oP)do

b=l pp-1
= a(a) /Q (R(v,u) + R(u,v))dx > 0.

Since a(a) > 0, we obtain a contradiction. Then, u = v. Moreover, a deeper analysis
shows that u, € L*(Q) and by <H§1)r one has ¢ € CF([0,t.]), thus by Lieberman

[92, Theorem 2] (see also Lé [90]), we deduce that u, € C*(Q) for some v € (0,1).
]

The main tool to come back from the frozen problem to our original problem, is
the following one-dimensional fixed point map: let Py : (a1, ax) — R defined as

Pr(a) = /Qude Vo € (aop_1, tox)- (3.17)

Notice that if & € Fix(Py) = {a € (ag_1, a2¢) : Px(a) = a}, then, one has

a </Q ude) (—Apua + y(x)uﬁl)
= a(a) (/Q ude) (—Apua +y(x)u§71) = f(uy) in Q.

Now, the following results permit us to guarantee a suitable geometry for the map
Py such that, for each positive bump of the weight a4, we produce two different fixed
points, see Figure 3.8 below. First, we prove the continuity of P.

Proposition 2. Assume that (H7), (Hy), (H}), (H}), (H3,), (Hg,), (H;) and (H3)

f
hold. Then, the map Py defined in (3.17) is continuous.

Proof. Fixk € {1,...,K} and let {a,} C (ap_1, ) be a sequence such that &, —
ay € (agg_1, k). Consider u, be the sequence of minimum of the energy functional
associated to ;. Then, for all n € IN, one has

Q)

el [ Flund—ate) [ Glude <0

ie.,

a7 < a(zn) [F(£)[ Q] + a(an) G (1) [Q5y-1]
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Thus, since a(,) > 0, we infer that {u,} is a bounded sequence in W'*(Q), and by
Brézis [9, Theorem 4.9], one has

Uy — y in LY(Q)) and u, (x) — u.(x) ae. in Q,

for some u, € W'7(Q). Moreover, for all n € IN and for all v € W7 (Q), one has
a(txn)/ \Vun|P*2Vqudx +a(ay) / ;M(x)u,’fldx
0 o)

:/Qf(un)vdera(ocn)/aog(un)vda,

and, passing to the limsup as n — +oco and exploiting the boundedness of j?and g,
we get
a(a,) imsup(—Apuy, 1, — uy) < 0.
n—-4oo
The (S )-property of the operator ensures that u, — u, in W7 (Q). Finally, we
show that u, # 0. Set

= max max a(t)
ke{l,... K} teage_q,a]

and lete € (0, Yr— H";)”f d) . Clearly, ¢ is well posed by (Hj3). Consider the function

yr= l/f1 (H’?}H’la(zx) +£) € Wl'p(Q)

being ¢ as in (H?). Furthermore, (H7) leads to

)

~

to top—1 __ t ~
F(t) :/0 f(s)dx:/o zilf(s)dsz tp(t) /O sP1ds — :)tf(t).

I
—_

Thus, since under our assumptions ¢ and a(a) are positive functions, we have

Ik,zx(yf)
(1p*1 (%a(zx) —i—s))p
_a@llplh E.(yy)
b G e
alu G*(yf o
( )/30 (v (Yata) +8>)pd
al@) A
< p /Q (110—1 (”‘w‘la(zx) +S))pd
<A@l 17 flu)
h p pJo yh
lplhate) _ plha@) e &6
p p p p

That is,
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and passing to the limit as n — 400, we infer

J(us) < —8’;2’ [lﬁ_l <H|l;)”‘1a(oc*) +8>] < 0.

This shows that u, # 0 and the proof is complete. O

Next, we build a control of the unique solution u, of the frozen problem. This
will be crucial to obtain the fixed points of P.

Lemma 12. Assume that (H2), (H;i’), (H}), (Hy,), (Hg,) and (Hgs) hold. For k €
{1,... , K} and « € (ap_1, o), set

~

0<u=op " (M(wa(a))u <t

being uy the first eigenfunction as in Proposition 1 normalized in L®°-norm. Then, u is a
sub-solution for the frozen Neumann problem

a(a) (—Apu+pu(x)uP~1) = f(u) inQ,
{ u>0 inQ, (3.18)
|Vu|P=29% = o(u) on 0Q).

Proof. Since 1 is a strictly decreasing map and ||u1]« = 1, we infer that

. C FT M maw) _ fw)
) = )P S
that is,
a(a) (—Apu + pt(x)u”_1>
= @y (a(pa@)? " (=dpm + p(x)uf ")
= a(@hi () (A (wa()ruf !
= a(@A()u" < fu)

S JF®) i s u),
f“”‘%@w>ﬁtswm 19
and
) g(t) if > u(x),
g“”‘%@@)ﬁtswm N

and the C!-functional

~ a(a) p / ~ / ~
= — — [ F(x,u)dx — G(x,u)d
Ty = S~ [ Foxwdx — a(w) [ G
- t ~ t ~
being F(x,t) = / f(x,s)ds and G(x,t) = / Q(x,s)ds. J is coercive, then by Tonelli-
0 0

Weierstrass” Theorem (see Theorem 4), there exists a global minimum v, € WLP(Q)
of J, such that 0 < v, < t,. Clearly, v, # 0. Indeed, if we consider 0 < tu < u with
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€(0,1)in Q,

) [ul|”

o) < (o) = ¢ (O Rt —ate) [ gtuac) <o

for t small enough. Choosing as test functions v = —v, and v = (v, — )" in
WLP(Q), and, again by strong maximum principle in Gasifiski-Papageorgiou [68,
Theorem 6.4.6], we infer that 0 < v, < t.. Moreover, choosing v = (1 —v,)" €
WLP(Q) as test function, we deduce that

-1
a () (=Apvn, (1 —va) ") +a(a)(p(x)or, (u—va) ")
= / x,00) (1 —v)Tdx +a(a) | g(x,04)(u—vy)"do
0 20
> a(a)(=Bpu, (u—0a) ") +a(a) (p()u’ ™, (4 —0va)").
Thus, combining the monotonicity of the operator and (3.19)-(3.20), we get v, > u
and

1 ~ -~

—a(a)Apvy +a(a)p(x)on = f(x,00) = f(vn) = f(2a)-
O

Now, we are ready to show as the assumptions (H3) and (H3) lead to the exis-
tence of at least two fixed points for the map Py in each positive bump of a.

Proposition 3. Assume that (H?), (H,), (HJ%), (H?), (H;l), (ng), (H§3), (H3), (H3)

and (H3) hold. Then, for each k € {1,... ,K} the map Py has at least two fixed points.

Proof. Fix k € {1,...,K} and notice that, by Lemma 12, we have
Pr(a) = /Quf,{dx >yt (}Akl(y)u(a))q/ﬂu'{dx Voo € (agr_1, a2k )-
Thus, by (H53), the following hold

Him P(a) > lim g~ YAa(u )a(tx))q/ u{fdx:tZ/ uldx > ap_q,
0 0

a—ag )

and

lim Py(a) > lim ¢! (Xl(y)a(a))q/ uldx = ti/ uldx > ay,
a0y a0y Q Q

being u; = ”e‘:ﬁ and e as in Proposition 1.
On the other hand, we prove that, for each k € {1, ... ,K} there exists at least one
ag € (tpx_1, ax), such that
Pk(ao) < .

For each fixed a € (ap_1, ar), we can consider the auxiliary problem

_Apu_ky(x)%ul”*l :uz_l in Q,
o (3.21)
5 =0 on 0,

being u, the unique solution of (3.14). Furthermore, by Minty-Browder’s Theorem,
see Theorem 5, the problem (3.21) possesses a unique positive solution w,. Choosing
v = U, € WP (Q)) as test function in the weak formulation of w,, and by Holder’s
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inequality, we infer

Prla) = /Qude:/Q]Vwa]”’2Vanuadx+/Qy(x)wfflu,xdx

) 1 1 -1 1
/ |Vw, [P~ ]Vua\der/ u(x)rwlh p(x) P ugdx
0 )

p—1 1 p—1; 1
IVl [[Vuallp + [l wallp {7 allp (3.22)

-1 1 -1 1
(Ivewally™ + llreeally ™) (I9ually + 17 uall, )

1 1 1
< 27 [fewal]PT20 fu |
= 2ffwn [P fJuall-

Holder
<
<

Recall that u, possesses a variational structure, that is,

a(tx)/Q]Vua\pdx—l—a(zx)/ay(x)ugdx (3.23)
:/Qf(ua)uadx—ka(zx) /mg(ua)uada.

Thus,

1

0 v
il < [ a5 max [F0)] + PO max (0] (324)

On w, we can compute that Holder’s inequality and assumption (H,,) lead to

ap - “pd /V apd
o] | pwdrax+ [ [V dx

Y wa|Pd Vuw,|Pd
F o 14
< [ n@) eltdx+ [ [Vapax

3.21 1
.2 /ufzé wWydx
Q
1
7

1

Hold / P

OSW </ ugﬂfl)p dx)p (/ wﬁdx)p
0 0

1
< ) wall,
1
-1
< |Q|” tz (||wa||p+||vwa||p)
1
< QY wall,

being ¢ as in (3.10). Then,
1
[w||Pt < gl ¢ (3.25)
Combining (3.24) and (3.25) with (3.22), we achieve

Pre(a) < 2lfwalP~|ue]

1
1 Q] P
<2~Q’t’11‘— FF(t 90| yn- to(t
< 2c]Qfr a(@tg‘&é][ﬂ )+ | Iywltg[lgg][g( )l

Finally, assumption (Hj) guarantees us that there exists at least one ag € (a1, az¢)
such that,
Pk(l)(o) < &p. (3.26)
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The continuity of the Px map, see Proposition 2, leads to the existence of at least two
tixed points, see Figure 3.8. O

Then, our main theorem reads as follows.

Theorem 12. Assume that (H?), (HJ%), (H}), (H3), (H3), (H3), (Hgl) and (ng) hold.
Then, the problem (3.9) admits at least K pairs of positive smooth solutions uy 1, Uy €

CH(Q), for some v € (0,1). Moreover, the solutions are ordered in L1-norm, i.e.,

Wopq < /Q”Z,ldx < /Q”Z,zdx < wox

forallk € {1...,K}.

Proof. The proof follows showing that the fixed point map admits at least two fixed
point for each positive bump of the weight function a. In particular, our hypotheses
lead to Proposition 3, that ensures the right geometry for the Py map. Thus, for each
k € {1,...,K}, we provide the existence of at least two positive smooth solutions
u1,ugy € CH(Q), forsomev € (0,1), for problem (3.9). Furthermore, the geometry
of the fixed point map also provides the following order: for each k € {1,...,K},
one has

o < /Q”Z,ldx < /Q”Z,zdx < Kok

3.2 Variable exponent case

This section is devoted to improve the previous existence and multiplicity results for
a variable exponent nonlocal degenerate elliptic problem. Moreover, for the best of
our knowledge, this result, contained in Candito-Failla-Livrea [14], is the first one
in which the reaction term may be non autonomous but maintaining the separation
of variables. One of the main issues here is the lack of homogeneity of the driven
operator, that forces us to produce new ideas for the control of the fixed point map.
In particular, here we introduce the sub-super solutions method to obtain a control
from above and from below of the (unique) solution of the frozen-truncated prob-
lem. The main problem of this section is the following

—a </Q uqu) Apyu = B(x)f(u) inQ,
u>0 in Q),
u=20 on d(),

(3.27)

where QO C RN, N > 2, is a bounded domain with 0Q € C?, g > 1 and the main
operator is the p(x)-Laplacian, i.e.,

Apxyu = div (|Vu|p(x)’2Vu> Yu e WS"”(")(Q)-

In particular, we assume that the weight function fulfils (H2), that is, a could be sign-
changing. On the nonlinearity, we assume that (HJ%) holds. Moreover, we assume
the following structure:

(p) p:Q — Rbea C!-function such that
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(i) 1 <p- =minp(x) < p(x) < ps = maxp(x) <N;
xeQ) xeQ)

(ii) there exists a vector £ € RN \ {0} such that for all x € Q, the function
p(x + tl) is monotone for t € X = {t: x + t{ € O}.

(Hg) B € L*(Q)) be such that = essglfﬁ(x) > 0;
- xe

(H}) r € [1,p-]. Themap (0,t.) > ¢ UGIUEN strictly decreasing;

=1

(H3) azxx < (W)q / @]dx, being ¢ the first eigenfunction of (—Ap(x), Wg’p(x) (Q)),
0 Q

r—1
(H3) max a(a)< Evllgnlls } foreachk € {1,... ,K}, being vy = lirél+ {,(_tl)
t—

-1
€ g1, ] Aty max{ 1]l |5

and Ay () the first eigenvalue of (—Ap(x), W&’p(x) (Q))

Finally, set

B0 () 3) o

being I' the Euler’s Gamma function. Assume that

Ky =

(H}) forallk € {1,...,K} such that a. < ay 1, there exists T, € (a1, xox) satis-
tying one of the following: either

0 a(w)p- > ¥ (OIF (1+3) " Bl max £(0)
or
(ii)

p—-1
7. 7 a(t) >

(N+D)(pe =D\ (2@~ et
< P+ > < p_ (NP ”5||°°te[olt*]f(f)> [e] :

Remark 5. Some comments on the above setting are necessary.

* We point out that the assumption (p)(ii) is due to Fan [58, Theorem 3.3] (see also Fan
[56], Hu-Papageorgiou [83, Theorem 4.177(b)], and Ridulescu-Repovs [113, p. 56]).
This monotonicity on the p function guarantees us that the first eigenvalue Ay ;) of

(_Ap(x)/ Wé'p (x) (Q)) is strictly positive.

o A careful reading of the assumption (Hy) shows that the constant

1

(ra+3)"
N7

appears, this is the best constant in the Sobolev embedding Wy (Q) — L%(Q)
We refer the reader to the seminal work of Talenti [121] and the book of Kesavan [87,
p. 461, for a complete overview on the best constant embedding and its relations with
geometrical aspect as the isoperimetrical inequality in RN,

Co= (3.28)
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The main result of this section is the following

Theorem 13. Assume that (p), (H?), (Hj%), (Hp), (H}), (H3), (H3) and (Hy) hold.
Then, for all k € {1,...,K} such that a,, < waor_q, the problem (3.27) admits at least
K — k + 1 pairs of positive solutions (uy 1, uyo) € int(Cy) ordered in L7-norm, i.e.,

Kop_q < /Q”Z,flx < /Q”Z,zdx <wy Vke{l,...,K}

Following the ideas introduced for the p-Laplacian, we freeze the nonlocal term
in the positive bumps of the weight function. Fix a € (ao;_1, ap) and consider

—a(w) Ap(x)u =p(x)f(u) inQ,
u>0 in Q), (3.29)
u=20 on 0Q).

The main idea is to build a suitable fixed point map with a geometry that per-
mits us to obtain the desired number of fixed points. To this scope, we control the
solutions of the problem (3.29) truncating the reaction term with appropriate sub-
and super-solutions. We refer the reader to Chapter 2 for definition of sub-solution
and super-solution. Clearly, the constant function

ﬁ:t*

is a super-solution of (3.29). To build a barrier from below, consider the following
lemma.

Lemma 13. Assume that (p), (H?), (H2

%), (Hp), (Hi) and (H3) hold. For each k €
{1,..., K} and a € (apr_1, a2x), set

a(@)M 0 max {1, i[5 |

k, =
' lpullss '

and
P10
m

<c < |¢1le,

being m > Lol - consider ¥, 1 (0,7) — (0,t.) the inverse function of {,. Then, the

[
function
. {w;l (%) e ez (%)

4 otherwise,
71l

=

)|

(3.30)

is a sub-solution for (3.29).

Proof. Clearly, by the strictly decreasing of ¢, stated in assumption (Hj) and ob-
serving that, by (H3) one has %‘* < 19, the inverse function ¢, ' : (0,7) — (0,t,) is

well-posed. Let y < +oo, similarly it follows for v = +oco. By definition of ¢, (see

(H})), we have
c (kY B sw
e (7)) ()"

=
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thus,

ko' 71 < éf(g) < B(x)f(u) foraa. xeQ.
Now, we analyze two cases, let v € Wé’p(x) Q)N Li(x) (Q).

-1 Q
Case 1: If || @1 |oo > 1,71 (7) ie., W < 1, arguing by duality, we get

o) / |Vu|P 2V uVodx
o

ot (%)

_ a(tx)'/ﬂ V(M(Pl)
1k p(x)—1

= a(zx)/@(lprl(ﬁ)) |V 1 |P¥) =2V o Vodx

[ZY1S

@110

p(x)—2 B
\Y% (mqol) Vodx

-1

,
()
___\P/ Vo |PM) -2 0 Vod
61(06)( H(PlHOO /Q| (Pl’ $1vVoax

<
r—1
()
= a(a)A = / PO odx
( ) 1,p(x) H(Plnoo Q(Pl
r—1
=1 (ke -1
R S ¢ ) A R T
L) (1] eo QH%H(@x)—l 1
r—1
; (E) plx)-1
B p+—1 1
< a(lx))\l,p(x) W max{1,||§01||oo+ } Qwvdx
[1leo
+— r—1
o &)y max{l, lgafes 1}/ gt [ i
B lpa ]l ' ’
A 1, p+—1
_ a0 max(L, g }/u,_lvdx
o1l 0

= /kurlvdx</,8 u)vdx.
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Case 2: If || 1o < 1,1 (%),
oc)/ |Vu|PM 2V uVodx
o)
¢ p(x)-2 c
= a(a V() V( >Vvdx
“ oY Tl ) ol
= a(« — \Y Y7V o1 Vodx
N " 4“
r—1
< a(a) <C> /|Vq01]p(x)*2Vg01Vvdx
[91leo
= a(a)Ay, / odx
@ (i) o
¢ - H§01||go p(x)—1
= A —_ vdx
o i (qullloo) Qg ||P(’f)—1(’)1
A 1, P+_1 p(x)—1
P CRYIE) maxf 1H¢1\ }/ ( ) i
[zt
r—1
Sk/cr1<q01) vdx
0 [1]eo
= /kurlvdx</ﬁ u)vdx.
Then, in both cases, u is a sub-solution for (3.29). O

Next, bearing in mind that to obtain solutions of problem (3.27) we will associate
a fixed-point problem to the frozen one, we truncate the reaction term in the frozen
problem to manage its solutions. Let us consider the Carathéodory function

A flu) ift <u(x);
Jut) =9 f() ifulx) <t <u(x); (3.31)
)
and the associated frozen truncated problem

u>0 in Q, (3.32)
u=20 on d0Q).
The following existence result holds.

Proposition 4. Assume that (p), (H3), (Hg), (H}) and (H3) hold. Then, there exists
a unique solution u, € int(Cy) of (3.32). Moreover, each solution of (3.32) is such that
u < u, <1, that is, u, solves (3.29).

Proof. Fixk € {1,... ,K} and « € (ap_1,a2). Let

J(u) = a(e) /Q p(lx)’vu|p(x)dx — /Q,B(X)F(x,u)dx Yu € W(}/P(x)(Q)

S A
be the energy functional associated to (3.32), where F(x,s) = / f(x,t)dt. By Lemma
0

2 and (3.31) one has that | is coercive and weakly lower semi-continuous (see, e.g.,
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Radulescu-Repovs [113, Lemma 3] or Diening-Harjulehto-Héasto-Razicka [48, Chap-
ter 13, Section 2]). Then, Tonelli-Weierstrass” Theorem (see Theorem 4) ensures that
there exists u, € W&’p *) (Q) global minimum of ], that is a weak solution of (3.32).
Thus, in particular, u, fulfils

a(w) / Vit [P 2V 1, Vodx = / B(x) f(x, u)vdx Vo e WY (Q).  (333)
Q O

Consider the functions v; = (1 —u)” and v, = (u—u)*, v, v € WSIP(")(Q)
(see Motreanu-Motreanu-Papageorgiou [104, Remark 1.35]). By definition of sub-
solution, one has

a(uc)/ |Vu|P9 2V uVodx < / B(x)f(x,u)vdx, Vo€ W&’p(x)(()) N Lﬁ(x)(Q).
0 0

(3.34)
Choosing v = v; and combining (3.31) and the strictly monotonicity of —A, (), we
infer

/ (IVul® 29 — |V, [P¥) -2V, ) Vordx < 0.
Q

That is, the measure of the sub-level {u, < u} is zero, thus u, > u. Similarly,
follows that u, < % combining the super-solution and the test function v = v;.
Then, a deeper analysis of the truncation (3.31) shows that, each solution of (3.32)
is a solution of (3.29). Finally, we prove that u, is the unique solution such that
u < u, < u. For this scope, we exploit the strictly monotonicity of the map ¢, (see
(H})). In particular, a Diaz-Saa-type argument is possible also for variable exponent
framework, see Lemma 8. Suppose that there exists v, # u, solution of (3.29), such
that u < v, <1, then, we have

Aty AN\ Vu
0 < [ (- B ur - o

oot ) e

a clear contradiction, thus u, = ©v,. Furthermore, our solution u, € L®(Q), thus
Lieberman [92, Theorem 1] (see also Gasifiski-Papageorgiou [69, Theorem 1.5.6])
ensures that u, € C(Q) for some v € (0,1). The maximum principle of Fan
[55, Proposition 3.1] (see also Pucci-Serrin [112] and Zhang [126]) guarantees that
U, € int(Cy). O

Now, we are ready to prove the multiplicity results of this section. First, we
consider the map Py : (wox_1, ®2x) — R defined as

Pelw) = [ uldx V€ (o m20),
being u, the unique solution obtained in the previous proposition. We highlight

that, each fixed point of Py is a solution of (3.27), in fact, let & € (ap_1, ao;) such that
Pr(a) = , then

—a </Q ude) Apytta = —a(@)Apita = B(x)f(1a) in Q. (3.35)

Thus, the following propositions permit us to build the right geometry to ensure the
existence of fixed points for Py. For the sake of clarity, we furnish a possible plot for
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Kof—1Uk,1 Qs Uko O

FIGURE 3.8: A possible plot for Py («)

the fixed-point map Py (see Figure 3.8).
First, we prove that the map Py is continuous.

Proposition 5. Assume that (p), (H2), (Hg), (H{) and (H3) hold. Then, for every k €
{1,...,K}, the map Py : (apx_1,00¢) — R defined as

Pk(a) = /ngdx Yua € (OCZkfllaZk)

is continuous.

Proof. Let {a,} C (agr_1,az) be such that &, — a € (apr_1,ap¢) and let {u, } be the
associated sequence. By Proposition 4, u,, < u, < u and u, is a global minimum of
J. Our aim is to prove that

Pr(atn) = Pr(a)

as n — +oo. Let us start to prove that {u,} is a bounded sequence in Wé’p(x) (Q).
Clearly, by Lemma 2, if p,,(x)(Vuy) < 1, we have [lu,|| < 1. Then, it is not restrictive
to assume that p,,(x) (Vi) > 1. One has

aan) _

e Ly NG CAE

aw 1 un|PWdyx — x)F(x,uy,)dx
< alan) [ oo |V — [ (e un)dx <0

where the last inequality holds since u, is a global minimum of | for each n € IN and
J(0) = 0. Thus, we infer

a(ay,
), - < Bl 3,100 < 4o

That is, {u,} is a bounded sequence. Then Banach-Aloauglu-Bourbaki and Kaku-
tani’s Theorems, see Brézis [9, Theorem 3.16 and Theorem 3.17], ensure that u,, — u

in W&’p(x)(ﬂ), and by Brézis [9, Theorem 4.9], we obtain u, — u in L'(Q)) and

un(x) = u(x) a.e. in Q) for some u € W&’p(x) (Q). Moreover, u, is a weak solution of
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(3.32),i.e.,
a(zxn)/ !Vun\??(x)QVuandx:/ B(x)f(x,un)vdx Vo € W&,p(x)(Q)
o o

then, choosing v = u, — u as test function and passing to the limit we deduce

a(a) imsup(—A, Uy, Uy — 1) < 0.

n—-+4o0

p(x)

The (S5 )-property of the main operator (see Lemma 4), allows us to infer that u, —

U in Wol'p (x)(Q). Moreover, since u,, < u, < U, and by the continuity of a and ,,
passing to the limit, we obtain that lim u, = u > 0, then u # 0. Finally, by

n—-+4o0
Lebesgue Dominate Convergence’s Theorem (see, e.g., Brézis [9, Theorem 4.2]) and

by the uniqueness of solution provided in Proposition 4, we obtain that P (a,) —

Pr(a). O

Next, we obtain that if « is close to the boundary of the interval (ap;_1, @), the
map Py(a) > a.

Proposition 6. Assume that (p), (H3), (Hg), (H}), (H3) and (H3) hold. Then, for each
ke {1,...,K}, follows that

im  Pr(a) > age_q and lim Pr(a) > ay.
zx—)rx;rkfl X0y

Proof. From Lemma 13, we know that 1, > u, then

Pr(a) = /Qude > /S.)qux Vo € (apr_1, ok )-

On the other hand, one has, by (3.30)

4);1(%) q q 1 —1 kuc .
[ s = <|Mm loal] if lgrlle =t (%) 5 536

q .
(W) |p1]l7  otherwise.

Thus, passing to the limit and by (H3), the proof is complete. O

On the other hand, we obtain the existence of at least one point a, € (ao_1, a2),
such that

Proposition 7. Assume that (p), (H3), (Hg), (Hy), (H3) and (Hy) hold. Then, for each
ke {1,...,K} there exists a, € (apr_1,00x) such that Py(ay) < ay.

Proof. Let u,, be a solution of (3.32). By (H?2), for each &, € (a_1,a2) one has
a(ay) > 0. Clearly, we have

Byt = B fl) < LB o (1)

p(x) a(a,) a(ay) tefo,t.]

Set
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and consider the elliptic problem
A hw =M in Q
p(x) L ,
{ u=20 on Q). (3:37)
Moreover, consider the following constants:
P-
¢t = N+DET T 6t (3.39)
(p+)(p-) 7
and
N+1)2
c. — N+ CO(Z) 0%, (3.39)
(p+) (p-) 7+

with Cp as in (3.28). Notice that, these constants depend only on the data of the

problem.

Let w be the unique solution (by Minty-Browder’s Theorem, see Theorem 5) of

(3.37), by Fan [55, Lemma 2.1], one has

_1
C*M)- T if M, > —F

[w]eo < ,

210Q|NCy

C.MIFif M, < —5

—.
210N Gy

(3.40)

On the other hand, the comparison principle of Fan [55, Proposition 2.3] ensures

that, since u, < w on d(2 and

then, u, < win Q.
We dived our study in two cases:

p_ p4+-1
[elkqe

1

Case 1: Let us assume that M,, < , then
2|1Q|N Gy
1
wllw < CeMg™
(N +1)(2Co) #* mﬁ’%)(
(l’+) 2
(p+) (p-)
N+1)(p+_1 2p+ 12p+ 1C’p+ 1C}7+ 1‘0‘ P+

aife] N T

P+
(N+1)(

)(p 2C0|Q|%
P+
1)

N1,

1 -1

()t (p-)re?

1

(ra+5)~

P+ N

NG
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This computation implies
Pile) = [ uldx <%0
174
CN+DUM—H>QFN1+¥MIIM%§

P+

Assumption (H})(i) guarantees us that

“ﬁ>CN+2f+_DY

2

ra+$H]" |
N ] [olkia (3.41)

Moreover, by definition of M,,, one has

1Ble H[l(?)i]f( ) .
< T ,
aas) 2|1Q| v Co
that is, )
N N
oy > 5= (1000 (145 ) ) 18l max 700 (.42)

Case 2: Let us assume that M,, > , then

1
2|Q|N Gy

1
lwllew < C'Mg

(N+1)(2C)") | vy 1Bl max. f(£)) 7=
o T -

(r—

(p+) (p-) -
Thus,
Pela) = [ uldx < wlL|0)]
1 q
= N Bl max (1)) 7
< [ WM DTG )
P (P—)p ! a(‘x*)
1 q
p p_—1
_ a1, 1) [2 10T Bl ma ()
P+ a(as)p—

q

- (8pony 20+ )7 1Bl ma f(5] ™ o

P p- (NP a(a)
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In order to ensure that Py (a.) < a., we have

p—-1
aa)a, " >

<<N+1><p+ —1))?‘1 (2P<r<1+¥>>’”w
p

qp—+N(p—-1)

o t) ] [Q2 N,
1Bl tg[lg};ﬁf( )>| |

P+ p-(NVm)P-
that follows by ( ij)(ii). Furthermore, since again by definition of M,_,
00 t
1Bl fé&?ﬁﬁf( ) L
a(a) 2108 G’

ie.,

O 2’)) IBlles max £(5), (3.43)

te[0,t,]

and one has

q
[yp— Ny E= "
N+ 1) (p, — 1\ |2 TA+2) 7Bl max (1) JPE
e
o> () p (NP ala) .
_ _a
s (Db 2 Qs p |7 e
- P+ p-(NVm)P~ 2|Q[nCy
_ ((N+1)<p+—1>)q T+ 3~ ",QW
B Pt TNV ‘
which is guaranteed by hypothesis (H}). O

Finally, we are ready to prove our main result for variable exponent framework.

Proof of Theorem 13. First, by Proposition 5, the map Py is continuous. Proposition 6
and Proposition 7 provide the right geometry to obtain at least two fixed points (see
again Figure 3.8) for the map Py («) for each positive bump of the weight function a
(see (H2)). The proof follows from (3.35). O

Remark 6. We emphasize that, when p_ = p = p, that is , when we come back to constant
exponent case, we obtain an original result also for p-Laplacian, since assumption (Hj) is
different with respect to (H2) obtained in Candito-Gasifiski-Livrea-Santos Juinior [15].
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Chapter 4

Existence, nonexistence and
multiplicity of solutions without
monotonicity-type assumptions

4.1 Lack of monotonicity

The aim of this chapter is to remove any monotonicity assumption connected to the
reaction term. As pointed out in Chapter 3, the strictly decreasing of the map

(t)

p—1

—

(0,t.) > t+5

—

(see, for instance, assumption (H%) in Chapter 3), is crucial in several points of the
proof’s results. In particular, it is essential to apply a Diaz-Saé-type argument to ob-
tain the uniqueness of solution, crucial to well define the fixed point map Py. More-
over, through the inverse of the map 1, it is possible to produce a lower barrier of
the frozen problem. This control became fundamental to provide the right geometry
of the fixed point map.

The main question of this last chapter is the following: is it possible to remove
any monotonicity assumption involving the reaction term?

Here, we address the issue and we provide a general result of multiplicity of
positive solutions for Carrier-type problem driven by p-Laplacian. Furthermore,
we produce a result for the celebrated double phase operator. For the best of our
knowledge, this is the first result in literature that explore the Carrier version of the
double phase problem.

However, the lack of monotonicity causes many difficulties. As we will prove
in the following sections, to obtain our results we need to arrange the ideas arose
in Chapter 3 with new techniques. In particular, we combine variational and sub-
super solutions methods with set-valued analysis. Finally, again a suitable one-
dimensional fixed point problem will permits us to cover the troubles encountered
in this new setting.

Throughout this chapter, we will assume the sign-changing condition on the
weight function a. For reader’s convenience, we recall this assumption here:

(H2) leta : [0,+) — R be a continuous function. There exist positive numbers
0 < < <ap < ... < o1 < dog (K > 1) such that E[(DCzk,l) =0=
a(ag) and a > 0in (a1, a0¢), forallk € {1,... ,K}.

The new ideas developed in this chapter can by summarized in the following
scheme:
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Nonlocal problem < One-dimensional fixed point

\ |

Frozen nonlocal problem  Set-valued Analysis (smallest solution)

N

Sub-super solutions and variational methods

FIGURE 4.1: Proof path — No monotonicity

4.1.1 The p-Laplacian case

First, we remove the monotonicity assumption of (1.2)-type, in the p-Laplacian case.
We provide a multiplicity result for the following problem

—a (/ uqu> Apu = f(x,u) inQ,
Q
u>0 in (),
u=20 on 0Q).

(4.1)

Notice that, this is the first time in which, in addition to removing the monotonic-
ity assumption, the fully nonautonomous case is considered, i.e., without any spe-
cial split assumptions as in Section 3.2. The results presented here are contained in
the works Candito-Failla-Gasiriski-Livrea [13] for existence and multiplicity of solu-
tions, and Failla-Gasiniski [52] for the increase in the number of solutions.

We set our problem in a bounded domain (2 C RN, N > 1, with smooth bound-
ary 0Q). We consider again a possible sign-changing weight function a as in assump-
tion (H?). Furthermore, on the reaction term we assume that f : QO x R — R is a
Carathéodory function fulfilling the following:

(H?) there exists t. > 0 such that f(x,t.) = 0 fora.a. x € ();
(H?) for each compact interval | C (0, t.), one has that

inf t) >
essinff(x,) > pj

for each t € ] and some p; > 0 constant;

(H3) there exists a constant M > 0 such that

esssup f(x,t) < M;
(x,£)€Qx[0t]

(H3) let Ay, be the first eigenvalue of (—Ap, W&’p (Q)), and

max max a(a)
kE{l,... ,K} lXE[Dézk,l,Dézk}

lim inf
t—0t+

1p

f(,i'f) -

uniformly for a.a. x € Q).
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Moreover, to obtain a suitable geometry for the fixed point map Pk, we assume that
the following relations, between the weight function 2 and the reaction term f, hold.

(H3) Foreachk € {1,...,K} there exists T € (ay_1,ao) such that
Qlp

T,fa(rk)>’/\tf(q_l) esssup [tf(x,)];
Lp (xt)eQrx[0,t,]

(H2) aox < tl]le1]|d being ey the first eigenfunction of (—Ap, Wol’p(ﬂ)) normalized

in L*®-norm.

Notice that the assumption (H;) is the generalization of the positivity, f(t) > 0
in (0, t.) in the nonatonomous case. Moreover, if we came back to f(x,t) = f(¢t),
assumption (H5) is free.

One of the key points of this new framework is a clever construction of the sub-
solution for the frozen problem. Then, let us start freezing the nonlocal term: let
ke{l,...,K} and a € (ap_1,a2¢), and consider the variational problem

—a(a)Apu = f(x,u) inQ,
u>0 in ), (4.2)
u=20 on 9Q).

The following lemma holds.

Lemma 14. Assume that (H?), (HJ?), (H3), (H3) and (H3) hold. Then, problem (4.2)

possesses a positive sub-solution u € Cy* (Q) for some v € (0,1) such that 0 < u < t..

Proof. Fix a € (ao_1,a2). By definition of limit inferior, assumption (H3) gives us
the following structure: there exist Qg C Q, with |()g| = 0 and é > 0 such that

flx,t) >y, max a(a) V(xt)€Q\Qx (03] (4.3)

€ fargge1,002]
Fix x € O\ Qp and put
T(x,a):= {t €[0,t]: f(x,t) = tp_l)\l,pa(oc)}. (4.4)

Clearly, by (4.3) and the continuity of f(x, -), one has T(x, «) is non-empty and com-
pact. In particular, its minimum is attained, and we set

tH(x, &) = min T(x, a). (4.5)

Again, by (4.3), we have t(x, &) > J. Finally, setting

tHa) = inf *(x,a), 4.6

()= inf x0) *6)
one has

0<6<ta)<t,. 4.7)

Next, let us consider the classical eigenvalue p-Laplacian problem

(4.8)

—Aput = A plulP~?u inQ,
u=20 on dQ).
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It is well known that problem (4.8) possesses a positive solution ¢; € Cy"(Q) for
some v € (0,1), see Motreanu-Motreanu-Papageorgiou [104, Chapter 9 Section 2]
and Lieberman [92, Theorem 1]. Let us define

u=t(a)e (4.9)

being e; = ”(If'%l”w. Clearly, by (4.7), we get that u > 0 in (). Moreover, one has that

0<u<supu=ta)|elec=t(n) <t

and, since by construction, #(«) is the minimum positive solution of the equation
f(x,t) = tP71A1 pa(a), by (H3), we infer

a(@)Arp (Ha)er)P ™' < f(x, Hw)er),
- a(oc))\llpgp’l < f(x,u).

Thus, combining the above computations, we obtain

N
el = ”(\rcpluw> Ao

I ta) \7 o
- UM”“<H<P1H00> 7

= a(a)Auf ' < f(xu),
that is, u is a sub-solution for problem (4.2). O

We highlight that the previous lemma permits us to obtain a well-order pair
(u,u) of sub- and super-solutions for problem (4.2). In particular

O<u=t(a)e <t,=T1u.

Hence, following the notation in Motreanu-Motreanu-Papageorgiou [104, p. 307],
we consider the symbol

7] = {u € WP (Q) : u(x) < u(x) <7(x) foraa. x € Q} .

For the sake of clarity, we refer to Figure 4.2 for the building of sub-solution.
Next, we truncate the reaction term to obtain a control from above and from
below of some set of solutions. Let us consider the Carathéodory function

)
fx,t) ifu(x) < )t <7(x); (4.10)

and the associated truncated variational elliptic problem

-~

—a(a) Apu = f(x,u) inQ,
u>0 in Q), (4.11)
u=20 on dQ).
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FIGURE 4.2: Idea of building sub-solutions

Arguing as in Proposition 4, the following holds.

Proposition 8. Assume that (H?), (HJE}), (H3), (H3), and (H3) hold. Then, the problem

(4.11) admits at least one positive solution u, € Cé’v (Q) such that u < u < .

Clearly, since we removed any monotonicity assumption of (1.2)-type, we can
not ensures the uniqueness of the solution u, with a Diaz-Saa-type argument. Thus,
to define a suitable fixed point map and come back to the solutions of problem (4.1),
we must find a new path. The main ideas for a possible proof, come from the work of
Liu-Motreanu-Zeng [94] (see also the evolution of these ideas in Baldelli-Guarnotta
[6], Candito-Livrea-Moussaoui [16], Guanotta-Marano [77], and Guarnotta-Marano-
Motreanu [78]) where the authors, involving a suitable set-valued map, obtained
solutions for a class of convective problems.

The aim of the following propositions is to obtain the unique smallest solution
for (4.11). This unique positive solution will be the starting point to guarantee the
existence and multiplicity results for problem (4.1). Let us consider the set-valued

map . : (ok_1, o) — 260(Q) defined as
S () = {u € C{(D) : u solves (4.11)} Vo € (aor_1, a0k
Clearly, by Proposition 8, we infer that
S () C [uu]. (4.12)

The following propositions permits us to build a suitable geometry for the set-valued
map .. First, we prove that . maps convergent sequences of (apr_1, @) into se-
quences with convergent subsequences in C} (Q).

Proposition 9. Assume that (H?), (Hj?) (H3), (H3),and (H3) hold. Let ay, € (ak—1, ap)
be a sequence such that , — « € (apr_1,00r). Set u, € #(a,). Then, there exists

u € . (a) such that u, — u € . (w).

Proof. Consider a,, and u, be sequences that satisfy the statement. Since u,, € ./ (o),
one has that u,, solves

~

—a (an) Apuy = f(x,u) inQ),
Uy > 0 inQ, (4.13)
u, =0 on d(),
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for each n € IN. Combining Proposition 8 and Lieberman [92, Theorem 1] (see
also Gasinski-Papageorgiou [69, Theorems 1.5.5 and 1.5.6]) and since a(«a,,) > 0 for
each n € IN, we get u, € C(l)’V (Q) for some v € (0,1). By compact embedding
Cy"'(Q) — CH(Q) (see (2.2)), we know that, up to subsequence, u, — u in C}(Q2).
Passing to the limit in (4.13), we infer

~

—a(a)Apu = f(x,u) inQ,
u>0 inQ, (4.14)
u=20 on 0(),

this completes the proof. O

Next, to prove the existence of the (unique) smallest solution, we show in the
following results, that . is L.s.c. and downward direct.

Proposition 10. Assume that (H?), (H?), (H}), (H3), and (H3) hold. Then, . is Ls.c.

Proof. We prove the statement exploiting the characterization in Lemma 10. Let
{an} C (@op_1, a2x) be such that a, — ain (a1, a2 ) and let v € (). For each
n € IN, consider the problem

~

—a(ay)Apu = f(x,v) inQ,
u>0 in O, (FTy,)
u=20 on 9Q).

Minty-Browder Theorem’s (see Theorem 5) ensures that problem (FT} ) possesses a
unique positive solution 1) € Cy¥(Q) for some v € (0,1). Arguing as in Proposi-
tion 9, the sequence {u}} is bounded in C}*(Q) for some v € (0,1). By compact
embedding of Cy"'(Q) < C§(Q) (see (2.2)), one has that {1} is relatively compact
in Cj(€2). Then, up to subsequence {uf) } of {u}}, we have uj — u € Cj(QQ) as
k — +co, where u is clearly the unique solution of

~

—a(a)Apu = f(x,v) inQ,
u>0 in Q),
u=20 on 9().

On the other hand, since v € . (), by the definition of .#(a), we have that v is
a solution of

-~

—a(a)Apv = f(x,v) inQ,
v>0 in Q),
v=0 on dQ).

Thus, it follows that u = v. Since each subsequence {uj, } of {u)} converges to the
same limit v, then
lim u9 =v.
n——+00
Again, for each n € IN consider the problem

~

—a(ay)Bpu = f(x,uf) inQ, .
u>0 in O, (FT2,)
u=20 on 0Q).
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0
As above, there exists a unique solution u} of (FT,), for each n € IN, such that

lim ul =o.
n—r—+00
By iterating this process, for any k > 1, we get a sequence {uX}, such that uf is a

solution of N
—a(an)Apuk = f(x,ul™) inQ,

k . k=1
uy >0 inQ), (FTy, )
u’,; =0 on 0Q),
and
lim X =v VkeN. (4.15)
n——+o0

Fix n > 1, arguing as in Proposition 9, since {uf} is relatively compact in C}(Q),
then, up to subsequence, we have that

uk — u, ask — 400,

that is, it solves R
—a(ay)Apuy = f(x,u,) inQ,
U, >0 in Q, (FTym)

U, =0 on 0Q).

Arguing as in Proposition 9, by (4.15), and double limit lemma (see, e.g. Gasiniski-
Papageorgiou [68, Proposition A.2.35]), it follows that u, — v in C}(Q2). Thus, by
Lemma 10, the proof is achieved. O

For the downward directness of the set-valued map, first we prove the following
classical result, see Carl-Le-Motreanu [18, Remark 3.61] and Liu-Motreanu-Zeng [94,
Lemma 10].

Lemma 15. Assume that (H?), (H?), H3), (H3), and (H3) hold. Let uy, i, € W (Q)
be two super-solutions of (4.11), then U = min{uy, %} € WYP(Q) is also a super-solution
for (4.11).

Proof. Letuy,up € WP(Q) be two super-solutions for (4.11). Let ¢ > 0 and consider
the following Lipschitz continuous truncation function 7. : R — IR, defined by

if t<0;
if 0<t<e (4.16)
if t>e

Ws(t) =

—_mie O

Notice that, by Ziemer [130, Theorem 2.1.11] (see also Adams-Fournier [1, Lemma
8.34] and Marcus-Mizel [98]), one has 7:(i; — #1) € W'(Q), and, by Lebesgue
Dominate Convergence Theorem (see e.g., Brézis [9, Theorem 4.2]), we get

He(tiy — 1) (X) = X{m<m} (X) foraa. x € Qase — 07, (4.17)

where xr is the characteristic function of the set E. Moreover, by chain rule, we
observe that

Vie(tiy — iy )v = 0V (i — U1) + (1 — u1) Vo Vo € Ci°(Q) 4.
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Now, by definition of super-solution (see Definition 1), we have

a(x) /Q (Vi1 |P 2V Vrdx > /Qf(x,ﬁl)(pldx Vo1 € W (Q) N LE (),
and

a(w) /Q Vit |P 2Vt V gpdx > /Q Fla,m)padx Voo € WP (Q) N LE(Q).

Choosing ¢1 = 7:(ti; — 1)v and @, = (1 — 1e(H, — u1))v for v € CP(Q)4, and
adding the two previous inequalities, we get

a(a) /Q Vi P2V V [ (2 — )0 dx
+a(a) /Q V|2V [(1 — 5 (11 — 1) 0] dx
> /Q]?(x,ﬁl)iyg(ﬁz—ﬁl)vdx—i—/ﬂf(x,ﬁz)(l—qg(ﬁz—ﬁ1))vdx.
By direct computation, we have
a(w) /Q VT P2V Y [ (T, — 10)0) dx
= a(oc)/n]Vﬂﬂp’ZVﬁang(Hz—ﬁl)-vdx
+a(oc)/QyvalyP—ZVﬂlvU-ng(ﬁz—ﬁl)dx

= a(:c) / ‘VﬂﬂpizVﬁlV(ﬁz - ﬁl) -vdx
{0<t, -7y <e}

ta(a) /Q VT P2V Vo - 1 (12 — T )dx.
Similarly, we get
a(w) /Q VP2V, V [(1 — 5 (Tl — Ty ) 0] dx
- a(a)/n|Vﬁ2]’7’2Vﬂ2V(1—qg(ﬁz—ﬁl))-vdx

ta(a) /Q VP2V Vo - (1 — (i — ))dx

€
{0<ﬂ2—ﬁ1 <8}

ta(a) /Q VP2V Vo - (1 — (7 — 7)) dx.

__aw) / Vil |[P2V iV (1 — ) - vdx

Putting the above computation together, gives
a(a) /Q VT [P 2V Vo - (T — T )dx
ta(a) / Vit |P 2V, Vo - (1 — (702 — 1) )dx
O

> /Qf(x,m)ng(ﬁz—ﬁl)vdx—f—/QfA(x,ﬁz)(l—ng(HQ—ﬂl))vdx.
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By (4.17), passing to the limit as ¢ — 07, we get

a(a) / ]Vﬁﬂ’”ZVﬂledx—l—a(zx) / \Vﬁz\"”ZVEszdx

{m<uy} {1 >}

> / F(x, 7 )vdx + / F(x, ) vdx

{m <} {m >}

for all v € CF(Q)+. Recall that, since uy,1, € WLP(Q), then 1 = min{uy, i} €
Wl'V(Q) (see Carl-Le-Motreanu [18, Lemma 2.87]). Moreover, # > 0 on 9(), and

Viuy(x) foraa. x € {uy <z},

Vii(x) = { Vip(x) fora.a. x € {u; > uy}. (4.18)

Thus, we obtain that

a(oc)/ \Vu|P2VuVodx > / flx,@)vdx Yo e CP(Q),.
o) o)

Finally, since C°(Q2)+ is dense in Wé’p (Q))+ (see Chapter 2), then we can choose
v e Wg P(Q) N LP(Q) and we conclude the proof. O

Proposition 11. Assume that (H2), (H3), (H}), (H5), and (H3) hold. Then, the set . ()

f
is downward direct.

Proof. Fix & € (apr_1,a2r) and let uq,up € . («). Set u = min{uy, up}. Notice that,
since 11, uy are solutions of (4.11) they are also super-solutions of (4.11). Then, by
Lemma 15, u is a super-solution for (4.11). Let us consider the following truncation

)
fulx,8) =1 Flx,s) if u(x) <s<i(x); (4.19)
)

and the associated problem

—a(a)Apu = fu(x,u) inQ,
>0 in Q, (FTT,)
u=20 on 0Q).

Now, arguing as in Proposition 8, there exists u solution of (FTT,), such that u <
u < u. Then, u is obviously a solution of (4.11), and u € .#(«). Thus, for each
a € (apr—1, o), one has that .7 (a) is partially ordered and downward direct. O

Now, we are ready to obtain the existence of the unique smallest solution of
(4.11).

Proposition 12. Assume that (H2), (H3

2), (H3), (H3), and (H3) hold. Then, (4.11) admits

the smallest solution u; € [u,u).

Proof. LetC C .(«) be a chain, by Hu-Papageorgiou [82, Lemma 3.10], there exists
{u,} C C such that

lim u, =infC.
n—-+4o0

On the other hand, u, solves (4.11) for each n € IN. Arguing as in Proposition 9, up
to subsequence if necessary, there exists v € C}(Q) such that u, — v in C}(Q)) and
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it maintain v > u, that is v = infC. The Kuratowski-Zorn Lemma (see Lemma 11)
completes the proof. O

The following results will help us to obtain a suitable geometry for the fixed
point map.

Proposition 13. Assume that (H?), (H?), (H3), (H3), and (H3) hold. Then, the function
T: (a1, a0r) — R such that

[(a) =u; Vo< (agy_1,ax%)

is well defined and continuous.

Proof. First, notice that, by the uniqueness of 1, the function I' is well defined. More-
over, I is a selection of .. Let a;, € (aox_1, @o¢) such that &, — a € (a1, an). For
each n € IN, one has that u}; = I'(«,) solves

o~

—a(ay)Apuy = f(x,uy) inQ,
ui >0 inQ, (4.20)
uy, =0 on dQ).

Arguing as in Proposition 9, up to subsequence, uj, — u in Cj(Q)) and u € . («).
By Lemma 10, there exists {v,} C C}(Q) such that v, € .#(a,) for all n € N and
vy — I'(a) € .7 («). By minimality of T, we infer

I(a)=u; < lim u;, = lim T'(a,) < lim v, =T(a).

n—r—+o0 n—r—+00 n—r+00

Thus, lim T'(a,) =T(a). O
n—-+o0
Therefore, the use of set-valued methods allowed us to remove any monotonicity
assumption involving the reaction term (as in (1.2)), but maintain the existence of
the unique smallest solution for the frozen problem. Thus, we can define the map
Pr : (ax_1,22¢r) — R such that

Pr(a) = [T () [[§ Vo € (a1, o).

The final part of this section is devoted to realize a suitable geometry to guaran-
tee the existence of at least two fixed points for each positive bump of the weight
function a. As in Chapter 3, we have that each fixed point of this map is a solution
for problem (4.1). Indeed,

—a </Q(u2)qu) Apuy = —a(a)Apuy = f(x,uy) in Q. (4.21)

Let us start proving that Py is a continuous map.

Proposition 14. Assume that (H2), (H3?), (H?), (H5), and (H3) hold. Then the map Py

f
is continuous.

Proof. Let o, € (apr_1,2;) be a sequence such that &, — a € (a1, a2). Since
I'(ay) = uj, is a solution of (4.11) for each n € IN, and I' is a continuous selection for
Z (see Proposition 13), by (4.12), we have u,, € [u,u]. Lebesgue Dominate Conver-
gence Theorem (see, e.g., Brézis [9, Theorem 4.2]) ensures that

lim Py(an) = lim [[T(w)|l] = Pe(a),

n—r+4oo
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and the proof follows. O
Next, we prove that, if « approach the boundary of (a1, ay), then Pr(a) > a.

Proposition 15. Assume that (H?), (H?), (H3), (H3), (H3) and (H2) hold. Then, for
eachk € {1,... K}, the following limits are true:

lir£1 Pr(a) > ao_q, and lim Pr(a) > ay. (4.22)

A=l 4 D(Htxic

Proof. First, we show that f(a) — t. as a goes to the boundary of (ap_1,ao;). Let
Oy C Q, T*(x,«), t(x,a) and t(a), for x € O\ Qp and & € (ap_1, @), be as in the
proof of Lemma 14. We show that

lim t(a) = lim f(a) = t.. (4.23)

a—)aZGl zx—m;k
Assume, by contradiction, that (4.23) is false, then there exist fe (0,t,) and a se-

quence {B,} C (Dc2~;<,1,042k), with B, — ay (the case B, — ag;—1 follows similarly),
such that t(B,) — tasn — +oo. By (4.6) and (4.7), for every n,h € IN™, there exists

x,(f) € O\ O such that

EB) < (™, Bu) < H(Ba) + %

Thus, lirJrrl ?(x,(f), Bn) = t, and there exists a compact interval | C (0, t,) such that
n—-+oo

?(x,ﬁ”), Bn) € ] foralln € N*. Now, using (Hg), for eachn € N', we have
P, Ba)Apa(Ba) = Fx T, Ba)) > ess inf FF M, B)) > vy
Passing to the limits in the previous inequality, we obtain
v > 0= Aq P la(ay) = ngToo Al,p?p_l(x;gn),ﬁn)a(ﬁn) > vy

a contradiction. This proves (4.23).
Now, by Lemma 14, for all k € {1, ...,K} and a € (ap_1, ap), we have

Pela) = [ (uyidx > [

tdx = t(a)? [ el
| widx (@) | e1dx

Thus, passing to the limits and using (Hz) and (4.23), we have

lim Pi(a) > lim t((x)q/ eldx = ti/ eldx > ax > ag 1, (4.24)
"‘_)"‘;1(71 oc—nx;kil Q Q
and
lim Py(a) > lim t((x)”// eldx = ti/ eldx > ax > ayy. (4.25)
=0ty a0y O Q

O]

Finally, we provide the existence of at least one point T € (a1, a2), for each
k € {1,...,K}, such that the fixed point map is low enough.
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Proposition 16. Assume that (H?), (H?), (H?), (H3), (H3) and (H;) hold. Then, for all

ke {1,...,K}, there exists T, € (apr_1,aox) such that Pr(tx) < Ti.

Proof. Fixk € {1,... ,K} and & € (a,_1,a2¢), and consider the following auxiliary
problem

(4.26)

—Ayw = (u})”! inQ,
u=20 on 0Q),

where u} is the unique smallest positive solution obtained in Proposition 12. Minty-
Browder’s Theorem (see Theorem 5) ensures that there exists a unique positive so-
lution w of (4.26). Moreover, by variational formulation of w, i.e.,
/ V| 2 VwVody = / ) vdx Vo € WP (Q), 4.27)
Q o)

choosing v = u; as test function in (4.27) and by Holder’s inequality, we have

Pula) = /( ”’dx—/ V| 2wa*dx</ Vool [Vt |dx (4.28)

1
(/ Vel 7~ W)p (/ Wu:\”?f)”:rrwup1Hu;:u.
Q

Now, since u} is a solution of (4.11), we infer

Vul|Pd :/A,;; “dx.
zx)/ﬂ\u!x Qf(xu)ux

IN

Thus, :
|uyl| < 101 esssup [tf(x,t)] ' (4.29)
T\ a@®) wheaxon] '

On the other hands, since w solves (4.26) and every solution of (4.11) lies in [u, U] (see
Proposition 8 and (4.12)), by Holder’s inequality and the variational characterization

of the first eigenvalue of (—Ap, Wg’p (Q)) (see Motreanu-Motreanu-Papageorgiou
[104, Chapter 9]), choosing v = w in (4.27), we have
1
( / w? dx> '
Q

oll? = [ [Valtax= /Q(MZ)“wde(/Q( DO )’

1 1
< |0l 7w, < QA IIwH

==

Thus, we get
1 4 -1
[Pt < 10177, (4.30)
Now, combining (4.28), (4.29) and (4.30), we obtain

1

esssup [tf(x, t)]) .

)‘LP"‘(“) (x,)€Qx[0,t]

Pre(a) < Q[ (
Assumption (H;) ensures that there exists 7 € (ag_1, @) such that

p
T a(t) > ﬂtf(q_l) esssup [tf(x,1)],
Mp (x,)eQx[0,t,]
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that is,
Pr(te) <

and the proof is complete. O
Then, we are ready to prove our main result for p-Laplacian problem.

Theorem 14. Assume that (H?), (HJS() (HY), (H3), (H3), (H3) and (H2) hold. Then, the

problem (4.1) admits at least K pairs of positive solutions ordered in L1-norm.

Proof. First, observe that, by (4.21), it is enough to prove that the fixed point map
P admits at least two fixed points for each positive bump of the weight function
a. Proposition 14 guarantees us that the map is continuous, and by Proposition 15
and Proposition 16, we realize a suitable geometry (see again Figure 3.8) for the
fixed-point map. Then, there exist K pairs (11, uy2) of positive solutions of (4.1).
Moreover, by construction of the map Py, we obtain

ocZk_1</ uzldx</uzzdx<(x2k Vke {1,...,K}.
ok o &

O

We present an example of application of the previous theorem. For the sake of
simplicity we drop the x-dependence.

Example 1. Set N = 2, Q) = B(0,1) be the ball of radius one centred in zero, K = 2,
p=4q=1and
ng=0 =0<am=2<az3=4<a4 =6.

Moreover, let
f(t) = c — t — sin®(2ct)

beingc > 1+ ﬁ, see Figure 4.3 below. Notice that

Finally, consider
p(t) =t =2)(t—4)(6—1), a(t)=Ap(t),
with A > %cz. Then, Theorem 14 ensures that problem
1Lp

—a </ udx) Agu = c —u —sin®(2cu) in Q,
0

u > O in Q/ (E)
u=20 on 0Q),

possesses at least four positive solutions, uq, ua, uz, us, ordered as follows

O</uldx</u2dx<2<4</u3dx</u4dx<6.
o) o) Q Q
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f(t) £

13

by

FIGURE 4.3: Possible plot for the functions f(f) and %
in problem (E)

Finally, we would highlight two different assumptions that allow us to build the
same geometry for the fixed point map. Consider the following number

R = maxd(x,0Q)
xeQ)

being d : Q) — R the distance function

d(x) = - Q.
(x) = ;ggg!x yl Vxe

Assume that
(H3)" foreachk € {1,..,K},

2P (2N —1 max a(«
11m1nff( ) > ( )ﬂe[aqu,azk] (®)

S0 T T Re (142N (BN p 1) = By (N, p+ 1))

uniformly w.r.t. x € () and where B and 1 are the Euler’s beta function

— xl yl
Bl y) = x+y+1 /t at

with I' the Euler’s Gamma function, and

By = [ e ar

1
2

the incomplete beta function, respectively, see Arkfen-Harris-Weber [4, Chap-
ter 13].

Then, the following holds.

Lemma 16. (H3) implies (H3).
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Proof. By the variational characterization of A1 j, see Motreanu-Motreanu-Papageorgiou
[104, Chapter 9], one has

[V ul|}
Mp= inf O (4.31)

wewP@nor 1l

Let xo € Q) be such that d(x,9Q2) = R, consider B(xo,R) C Q, fix # > 0, and put

0 if xeQ\ B(xo,R),
¢(x) = 2(R—|x—x|) if x€B(xo,R)\B(x0,%), (4.32)
Ui if XGB(XQ,%).

Clearly, ¢ € Wg’p (Q)) and its derivative is

0 if xe€Q\B(xy,R),
Vp(x) = { %’7 if x € B(xp,R)\B(x0,%), (4.33)
0 if x€B(xp5%).

One can compute that

2n [P 2n\ "7 R
P _ “n _ (41 =
W = [ [l () oo (n5)
B(x0,R)\B(x0,5 )
27\F N 1
(R) T(1+§)R (1—21\]) (4.34)
N
= W(1_1> RN-P.
r(1+7%) 2N
Moreover, one has
2 p
ol = [ [RR-penb axr [
B0 R)\B(x0 ) B(s0.d)

N N p
_ _nPm2 (R 21 / ol — xal [P
Ty (2) +(R> IR — |x — xol|" dx.

B(xo,R)\B(x0,5 )
We calculate the following
/ IR — |x — xo||" dx.
B(x0,R)\B(x0,5 )

Passing to the N-dimensional spherical coordinates (see Adams-Fournier [1, p. 121]),
i.e., letr = |x — xg| , where the determinant of the Jacobian matrix is

det(]) = rN"1sinV=2(8;) sinV 3(6,)... sin(Oy_ ) drd6,d6s...d0N_1,
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being 6y, ... ,0n_2 in [0, 77| and Oy_1 in [0,277[, one has,
/ IR — |x — xo||" dx
B(xo,R)\B(x0,5)

27r
= / / / / N_l sin N- (91) SlI’l (92) Sil’l(QN_z)di’deld@z R dQN_l
R 21
= ﬂ( rN- 1dr/ / / 61 sm (92) -sin(On_2)d61d6; ...dON_1.

2

Notice that,

ol

27
/ / / 2(9,) sinN"3(6,) - - sin(GN_Z)d(?ldGz...dGN_lzr(ln),

+
N[z

that is, the volume of the ball of radius one. Furthermore,

AR(R —r)PrNldr = RNTP (,B(N,p +1)-p

2

(N,p—l—l)) )

1
2

Indeed,

R R R
[, R=ryeN Tty = [F(R =N — [T(R =),
0 0

2

In the first integral, by substitution » = Rt, one has

R 1
/ (R —r)PrN=Ydr = / (R — Rt)PRN-1N=1R¢
0 0

1
RN+P/ (1—t)PtN"1dt = RNTPB(N,p +1).
0

Again, for r = Rt, in the second integral, one has

R 1
/2 (R — r)PrN—1dr = /2 (R — RE)PRN-1N-1Rg}
0 0
1

RN [5(1— 7V -lat = R¥47By (N, p+1).
0

Then, .
/R (R —r)PrN=1dr = RN*P <,B(N,p +1)-p8

2

(N,p+1)).

1
2

Putting all together, we infer
]l Zr(g) -

F(l+§) (N,p+1)>,

1
2

i.e.,

19lFr ) = 'Wiv) <§>N [1+2N+P (ﬁ(N,p+1) —B (N,p+1))] . (4.35)

1
2
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Finally, from (4.34) and (4.35), in view of (4.31), we obtain the following estimate on
Al,p/

B IVOIT, 20 (2N - 1)
Ly > = .
o7y R [1+2N+P (ﬂ(N,p—i—l) —,B%(N,p—i—l))}
Thus, assumption (Hj3)' implies (H3). O

Finally, consider the following.

(H3)" Poreachk € {1,..., K} there exists T, € (a1, aox) such that

Z=

p—1 P -
EEER S i I——
p—1 N7p? 2 (x,5)€0x[0t.]

Theorem 15. Assume that (H?), (H?), (H}), (H3), (H3)!, (H3)" and (HZ) hold. Then,
the conclusion of Theorem 14 holds.

Proof. Clearly, by Lemma 16, assumption (H3)' implies (H3). We point out that,
assumption (H;) plays a crucial role to realize the suitable geometry for the fixed
point map, in particular, to conclude our theorem, we need to show that assumption
(HJ)' realizes the geometry condition provided in Proposition 16, i.e., for every k €
{1,...,K} there exists & € (ap_1, ) such that

Pr(a) < &. (4.36)

For this scope, we exploit the comparison principle, see Fan [55, Lemma 2.1]. Fix
ke{l,...,K} and a € (ap_1, ap) and consider the following auxiliary problem

{ —Apz=M inQ), (4.37)

z=20 on 0(),
being M = % esssup f(x,t). This problem admits a unique positive solution

@) e ryeax(on]

z € Wg’p(ﬂ) N L*(Q) (see Costa [36, Theorem 1.2] and Gasiniski-Papageorgiou [68,
Theorem 1.5.5]). Furthermore, we deduce that

* 1 * A
—Apuy = mf(x, uy) <M= —Apz. (4.38)

Then, since u; = z on 0() because they are solutions of Dirichlet problems, and
—Apuy < —Apz, Fan [55, Proposition 2.3] ensures that u; < z in (). Again by Fan
[55, Lemma 2.1], we obtain the following estimate on the L*-norm of z,

~ o~

1
HZHL“’(Q) < CM-T, (439)

g (IN+Dp ( 2 1),,1 <yQ|r <1+N)>W”. (4.40)
p—1 \Nympr 2

where
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Hence, exploiting the above computations, we get

~ 1

Pew) = [ ()" dx < |zllfuq) |0l < ERFT|O)

2“)

qp

 /(N+1D)p\* "

B ( p-1 ) <pr’l’> (
1

(cl(a) (el e t)>

Then, assumption (H3)" produces the geometry in (4.36). The proof follows as in
Theorem 14. O

Np-+qp—N
’Q| N(p-1)

Remark 7. We stress that the assumptions (H3)' and (H3)' involve only numerical data
relating to the geometry of the problem, and the explicit dependence on the first eigenvalue
A1, is not required.

Remark 8. We observe that in the number C in (4.40), appears the best constant of the con-
tinuous embedding Wy (Q) < L~ (Q)), which is related to the isoperimetrical inequality

on RN see (3.28) and Kesavan [87, p. 46].
4.1.2 Many solutions for p-Laplacian

It is possible to improve Theorem 14 at least in the autonomous case, i.e., f(x,t) =
f () to obtain a free number of solutions for problem (4.1), we refer to Failla-Gasiriski
[52] for the main result. In particular, we remove any monotonicity assumption in
the results gained in Section 3.1.3. Consider again the following structure, for each
ke{l1,...,K},

Kop—1 < Skp < Sk1 < Sk < Sk <...< Sk,my < gk/mk < Kok
being m; > 1 a switching points counter, see Figure 3.6. As in Section 3.1.3, set
K
K= Z (mp+1).
k=1

Clearly, in the autonomous case, we can collect the assumptions (HJ5(), (H), (H3)
and (H3) as follows.

HS2) Let f : R — R be a function such that there exists t, > 0 such that f(t,) =0,
f
f € C([0,t.]) and f(t) > 0in (0, t,). Moreover,

) t
lim -4 > Ay, max max a(a).
t—0t tP— ke{l K} D(G[(sz 1“2](]

Now, we state the following assumptions.
(H3) s; < H(sgs)" /Q eldx Vke {1,...,K}ie{1,...,m};

(H2) a(5,)s,, > %tzw” trer&?;(}[tf( )] Vke{l,...,K}ie{l,..., m},
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being
t(a) = min {t €0,t]: f(t) = /\Lptp’la(zx)} :
Then, the following holds.
Theorem 16. Assume that (H2), (H3), (HZ), (H2) and (H3) hold. Then, the problem

f
—a </ u”’dx) Apu = f(u) inQ,
0
u>0 inQ), (4.41)
u=20 on 0Q),

possesses at least 2K positive solutions ordered in Li-norm.

Proof. Clearly, by assumptions (H2), (ﬁ?) and (HZ) and Proposition 14-Proposition
15 ensure that Py is well defined, continuous and the limits on the boundary are
great enough.

Next, by (H?), we infer that

Pr(ski) > sp; Vke {1,.,K},ie{l,.,m};

indeed, since u;‘ki > 1, we obtain that

Pr(sis) = /Q (uf, )dx > H(sy,)" /Q eldx. (4.42)
On the other hand, assumption (H3) permits us to have
Pk(gk,i) <5 Vke {1,...,K}, i € {1,..., my}.

Fixk € {1,..,K} and i € {1,..,mi}. For 5;; € (ap_1,az) as in Proposition 16,
consider the following auxiliary problem

Sk,i

—Apyw = (uf )11 inQ),
u=20 on d(),

(4.43)

being u; the unique smallest positive solution of (4.2) such that ug > u. Clearly,
Mmty-Browder s Theorem (see Theorem 5) ensures that there ex1sts a unique posi-
tive solution w of (4.43). By variational formulation of w, one has

— * 91 ,
/Q|war’ ZVwVvdx:/Q@f ) edx Yo e WoP (). (4.44)

Sk,i

Choosing v = ug‘ki as test function in (4.44) and by Holder’s inequality, we have

Pr(ski) = /Q( u; qu—/ \Vw|P2VwVul dx</ V[P~ Vil ldx

Ski

(/ |Vw|(P-1>P’dx) (/ Vit |de) ol 445)
(@)

Since w is a solution of (4.43), Holder’s inequality and the variational character-

IN

ization of the first eigenvalue of (—Ap, Wg’p (Q)), ensure that choosing v = w in
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(4.44), one gets

3=

(fyora)

|w||P = /()‘Vw“’dx:/ﬂ(ug‘kli)q*lwdxg (/Q(u:)(fll)p/dx>v
L og—1 L og-1 -1
< O E wll, < Q7 ETA N fwl].
Thus, we infer
1. 1
P~ < Q7 HTA, ) (4.46)

On the other hand, ug‘ki solves (4.2), then

a(ses) |1V, Pax = [ £, ), d,

thus,

s, || < ( 9] max][tf(t)]> g (447)

a(Sk i) telot,
Combining (4.46) and (4.47) in (4.45), we conclude that

max [tf(t)])‘l’ .

Pr(ski) < Q1 (
k(Ski) < Q] M,pa(Ski) te(ot.]

The proof follows as in Theorem 14 (see also Theorem 10 and Figure 3.7). O

4.1.3 Another nonexistence result for p-Laplacian problems

We present a third nonexistence result, see Failla-Gasifiski-Santos Janior [54]. In
contrast to the theorems proved in Section 3.1.2, here we do not require any mono-
tonicity assumption involving the reaction term but we remove the zero of the non-
linearity. On the weight function a we assume the hypothesis (H}). In particular, let
us start to consider the torsion problem

{ —Apu=1 inQ,

u=20 on 9Q). (4.48)

By Minty-Browder’s Theorem (see Theorem 5) and classical regularity theory (Lieber
man [92, Theorem 1]), there exists a unique positive solution ¢; € Cé’” (5) for some
v € (0,1) for the problem (4.48). Then, our theorem reads as follows.

Theorem 17. Assume that (H}) holds. Moreover, suppose that

(H3) there exists some constant 1 > 0 such that f(t) > ¢ forall t > 0;

p=1 ~ -
(H) o« 7 a(a) < 9| ¢l forall a € (g, ax).
Then, the problem (3.3) does not admits any positive solution.

Proof. First, we point out that, by (Hj), problem (3.3) does not possesses solution u

such that / uldx = ay with ay zero of the weight function a. In fact, if it is not true,
Q
we get

0:a</(2uqu)Apu:f(u)2$>O
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a contradiction. Let us assume that u be a solution of (3.3) such that / wldx # ay. A
o)

straightforward computation shows that

—a </Q ”qu> Apu=f(u) > =19-1=—PAypr = -4, (@ﬁ(/’t) -

On the other hand, since u is a solution of (3.3), one has

o f )=~ (o ) )

Combining the above computations, we infer

—Ayp <a (/Q uqu> & u) DAY (&ﬁ(p&

that we can read as )

p=T ~ 1
a </ uqu) u>Pprie;.
0
Finally, elevating to the g power and integrating on (), follows that

q
p-1 ~_1
a uldx / uldx > prT .
(/Q > Q = 1IJ H‘Pth

Clear in contrast with (H3). O
Let us conclude this section with a computable example of nonexistence.

Example 2. Let us assume that Q) = B(0,R) C RN be the ball centered in zero with radius
R and Q) = SN=1(0) be its boundary. Consider the torsion problem

{ —Apu=1 inB(0,R), (4.49)

u=0 onSN"1(0).

It is well known (see, e.g., Bueno-Ercole [11]) that, for all p > 1, problem (4.49) admits a
unique positive (radial) solution

being r = |x| <R, ¢; € CY¥(Q) for some v € (0,1).
Fixp=49=1,N=3R=1K=2anday =0 < a; =1 < ap = 2. Consider
a(t) = sin®(7tt) and f(t) = cosh(t) + ¢, being

max [t sin(7tt)]

~ 64 t€(0,2] 64 ;/4m 3 .2
= = ¢/ — t t)| ~ 1.45.
v> 5 T 81V 105 oy [ sin? (1)

[ (- x[)” dx

B(0,1)
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Then, by Theorem 17, the problem

—sin? | 7t / udx | Aqu = cosh(u) +¢ in B(0,1),
B(0,1) (4.50)
u>0 in B(0,1),
u=0 on S2(0),

does not admits any positive solution.

414 The Double-phase case

In this last section we prove a multiplicity result for a double phase nonlocal Carrier
problem. The main theorem have been proven in Failla-Gasiriski [53]. We highlight
that for the best of our knowledge, this is the first result for Carrier’s type problem
driven by such a operator in Musielak-Orlicz space. In this new setting a lot of issues
arise. In particular, we point out that the double phase operator is a non homoge-
neous operator, there are no regularity results in term of global Holder regularity
and only few results on eigenvalue problem are available. A careful reading of the
previous section shows that, at least for p-Laplacian problem, the above mentioned
ingredients are fundamental. This lack of regularity for the double phase operator,
force us to find new proofs paths. On the other hand, in recent years, the double
phase operator has been the subject of numerous publications. This wide produc-
tion is also due to the large range of problems modelled by this operator. We refer the
interested readers to the works of Bahrouni-Radulescu-Repovs [5] for transonic flow
models, Benci-D’Avenia-Fortunato-Pisani [7] that provide applications in quantum
physics field, Bonheure-D’Avenia-Pomponio [8] for investigation on the Born-Infeld
equation in electromagnetism, image restoration and denoising have been studied
in Charkaoui-Ben Loghfyry-Zeng [23] and Harjulehto-Hésto [79], Cherfils-Il'yasov
[24] that produced models on reaction-diffusion system, and the seminal works of
Marecellini [96, 97] and Zhikov [127, 128, 129] that dealing with elasticity theory to
describe the behaviour of composite materials made of two different materials un-
der deformation. See also the two recent surveys due to Mingione-Radulescu [102],
and Papageorgiou [110].

The main problem in this section is the following: consider the double phase
operator

G(u) = div (u(x)|Vul"2Vu + |VulT?Vu) - Yu e Wy™(Q)
and the elliptic nonlocal degenerate problem
—a </ u’ —i—v(x)usdx) G(u) = f(u) inQ,
o)

u>0 in ),
u=~0 on 9(),

(4.51)

where Q) € RN, N > 2 is a bounded domain with Lipschitz boundary 9Q. First, we

assume the following:

(Hg) let1<q < N,q<p 5 <1l4y,rs>1pu:Q—[0,+00) withp e C¥(Q)
andv: Q) — [0,+), v € C(Q).
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Notice that the weight function y is not separated from zero, this issue force
the setting space in Sobolev-Musielak-Orlicz spaces, we refer the interest reader to
the book of Harjulehto-Hésto [80] and the recent paper Crespo Blanco-Gasiriski-
Harjulehto-Winkert [38] as well as Section 2.1.3 of Chapter 2 in this thesis for an
overview on this setting space and on this class of operators. Moreover, we high-
light that assumption (Hg) implies that g < p < g* being q* = NN—EI the critical
Sobolev exponent (see (2.1)), see, e.g., Gasinski-Papageorgiou [66, Remark 2.1].

Again, we maintain assumption (H?) on the nonlocal sign-changing weight func-
tion a, and we state our assumptions on the reaction term: let f : R — R be a
function fulfilling the following.

(Hj}) There exists t, > 0 such that f(t.) = 0, f € C([0,t.]) and f(t) > 0 for all
t e (0,t).

(H®) Let

lim f(t) > max max a(a).

t—0+ ke{l... K} a€apr_1,00]
Next, due to the absence of eigenvalue results on this type of problems (see Cola-
suonno - Squassina [32] for details), we need to build a sub-solution for our problem
in a new way. Let us consider the torsion problem

—Gu)=1 inQ,
{ u=20 on 0Q). M

Clearly, problem (T) admits a unique positive solution (see Theorem 5) ¢; € Wé’H ()N
L*(Q)) (see Ho-Winkert [81, Theorem 4.2] and Crespo Blanco-Winkert [40, Theorem
3.1]). The following assumptions ensure the correct correlation between the weight
function a and the reaction term f.

(HS) Assume that t, < ||¢¢]lc and agx < t]|et]|s + £ ||e:]|S minv, being e; = (ﬁ\ 7
Q (o)

[

(H) foreachk € {1,...,K} there exists T € (a1, a) such that

q |£2’q < r—1 s—1 >q
Ta(t) > — [t "+ "maxv | max[tf(t)],
k ( k) Al,q Id te[O,t*}[ f( )]

where A1 4 is the first eigenvalue of (—Aq, Wg g (Q)) .

The mathematical issues for double phase problem can be summarized as fol-
lows: on one hand, building a sub-solution for an appropriate frozen double phase
problem is challenging, as we have lost both the homogeneity of the operator and an
appropriate variational formulation of the first eigenvalue. On the other hand, the
lack of global regularity results for this type of operators, makes it more difficult to
prove the existence of the smallest solution.

Let us start to recover the existence of a suitable sub-solution for the frozen non-
local counterpart of (4.51), i.e.,

—a(a)G(u) = f(u) inQ,
>0 inQ, (4.52)
U= on dQ).
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Lemma 17. Assume that (H?), (Hg), (Hj}), (H®) and (H$) hold. Then, (4.52) admits a

positive sub-solution u € Wg’H(Q) NL®(Q).

Proof. First, let us consider the Torsion problem (T). Let ¢; € W&’H (Q)NL*®(Q) be
its unique positive solution and consider the set

tHa) = min {t € [0,£,] : f(t) = a(a)}. (4.53)

Putu = t(a)e; being ey = qu(’ﬁ' The structure of t(«) allows us to infer that f(¢(a)) <

f(t) forall t € (0,t(a)). Moreover, by (HS), we have t(a) < t, < ||¢t]|e. thatis,
u = t(a)e; < t(a). Thus, we obtain

1 1
Ca(@)G () < —a(a)min{“"‘) )p (o) )q }g«po
< a(w) = F(t®)) < Flw).

Thus, u € W&’H (Q)) N L*®(Q) is a sub-solution of (4.52). O

Remark 9. Arguing as in Proposition 15, we can show that t(a) — t, as « — af, | and
& — &y Moreover, the pair (u, 1) being u as in the previous Lemma and U = t,, represent
a well ordered pair of sub-super solutions.

By the use of the above remark we can consider the following truncation on the

reaction term
flu(x)) if s <u(x
Flrs) =4 fs)  if u(x) <
f(u(x)) if s>u(x
To build the fixed point map, we require the existence of the unique smallest solution
for the frozen truncated problem

)
s < 7(x); (4.54)
).

~

—a(a)G(u) = f(x,u) inQ,
u>0 inQ, (4.55)
u=20 on Q).

A classical argument shows that the associated energy functional ] : W&’H (Q) - R
defined as

J(u) = a(;)HVuHZ,y + a(;)HVuHZ — /QF(x,u)dx Yu e WS’H(Q),

~

t
being F(x,t) = / f(x,s)ds, possesses a global minimum (see argument in Propo-

sition 4). Thus, the set of solutions of the problem (4.55) is not empty and its so-
lutions u, lies in [u,#%]. Furthermore, arguing as for problem (T) above, we get
Uy € WS’H(Q) N L*(Q). Such considerations permit us to well define the follow-

ing set-valued map . : (ag_1, ) — W (Q)NL™(Q) gych that
() = {u € W&’H(Q) NL*(Q) : u solves (4.55)} Vo € (a1, o),

with
() C [u,ul.
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The lack of C(l)’v-regularity does not allow us to argue as in Proposition 9. Therefore,
we prove the following.

Proposition 17. Assume that (H?), (Hg), (Hj?), (H®) and (HS) hold. Then the map .

maps convergent sequences in (ap_1, ko) into sequences with convergent subsequences in
W, (Q) NL2(Q).

Proof. Let {a,} C (apr_1,a2) be a sequence such that &, — a € (ag_1,az) and
u, € .(a,). We prove that, up to a subsequence u, — u € .#(a). By definition of
<, one has that, for all n € IN, u,, is a solution of

~

—a(ay)G(uy) = f(x,u,) inQ,
1y > 0 in Q, (4.56)
u, =0 on 0Q).

Notice that, {1, },eN is a bounded sequence in WS’H (Q)). Indeed

a(ﬂcn)/Q (1(x)|[Vup|P2Vuy, + |Vuy|72Vuy,) Vodx
= /f(x,un)vdx VUEW&’H(Q).
Q

That is, by (2.4) and (Hf}),

a(n) /Q (1(x) | Vit |P 2V 1t + |Vt -2V, ) Vodax < O] max [tf(1)]  (457)

b x

thus ||u,|| < +oo for all n € IN. Then, up to a subsequence, we have u, — u in
Wé’H(Q) and u, — u in L™ (Q) (remember that W&’H(Q) — L9(Q)) compactly for
g < p*and L1(Q) — L™(Q) continuously, see (2.4) and Colasuonno-Squassina [32,
Proposition 2.18]). Then, we obtain

ngTw(g(un) —G(u),u, —u) =0, (4.58)
and by the (S, )-property of G (see Section 2.1.3), u, — u in Wy"**(Q2). Moreover,

by the Lebesgue Dominate Convergence Theorem (see e.g., Brézis [9, Theorem 4.2]),
passing to the limit in (4.56), u is a solution of

-~

—a(a)G(u) = f(x,u) inQ,
u>0 inQ), (4.59)
u= on dQ),

ie,ue . (a). O

The previous proposition allows us to cover the convergence issues arise from
the lack of Holder regularity. Now, arguing as in Propositions 10-11 we can prove
that . is l.s.c. and downward direct. Then, there exists the smallest solution u}; €
W, *(Q) NL*(Q) and u} € [u,7]. Furthermore, we can define the fixed point map
Pr : (ak_1, 2r) — R such that

Pr(a) = /Q((MZ)“rV(X)(ui)S)dx Vo € (a1, o).
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Following the notation of the p-Laplacian case, we set I'(«) = u}. Arguing as in
Proposition 14, one can prove that the map

Pr(e) = [IT@) [} + [T(@)[l5, Ve € (w21, x2)
is continuous. Moreover the following properties hold.

Proposition 18. Assume that (H?), (Hg), (H®

f), (H?) and (HS) hold. Then,

lim  Pi(a) > agp_q and lim Py(a) > ay. (4.60)

+ —
0(—)0(2](71 IX—)(XZk

Proof. We show the first limit, the second being analogous. First, by Lemma 17, for
allk € {1,..,K} and « € (ap;_1,a2;), we have

Pi(a) = /Q ((ua)" +v(x)(uy)") dx (4.61)
> [ waxtminy [ wdx = o) e} + He)* minvfe:
0 a Jo 9
By the definition of ¢(«) (see (4.53)) and by hypotheses (H?)-(Hf), we obtain that
lim f(a) = lim t(a) = t.. (4.62)
“—qu,l X0y

Indeed, by assumptions (HJ?)-(H?), the map t — f(t) is strictly positive in (0, £,), it
possesses a zero value at t = t, and

lim f(f) > max a(s) > a(a).

t—0t SE[D&zk,l,Dézk]
Arguing by contradiction, assume that t(a) - f, as « — a5, ;. Recall that a(a) — 0
as a — zxzrk_l and then, there exists an accumulation point f < f, of t(a), i.e., there
exists a sequence {a,} C [ap_1, a0, such that o, — oc;rkfl, t(ay) — t (obviously
F > 0). But, by the continuity of f and 4, this means that f(t) = lirJrr1 a(ay) = 0 (see

n——+0o0

(4.53)). Thus, f(f) = 0, a contradiction to hypotheses (HJ?)

Finally, passing to the limit in (4.61) as & — &, _,, by (HS), we get

im  Pi(a) > £ [lee][7 + £ minvlle; |3 > aok.
= [@

O]

We prove the existence of at least one mid point 7 in (ap_1, &) such that
Pe(t) < 7 forall k € {1,...,K}. In particular, we move our problem to the g-

Laplacian case exploiting the continuous embedding W, ™ (Q) «— W&’q(Q).

Proposition 19. Assume that (H?), (Hg), (HJ(}), (H?%), (H$) and (HS) hold. Then, for
each k € {1,...,K}, there exists T € (tpx_1, &px) Such that

Pk(Tk) < Tg.
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Proof. Consider the auxiliary problem

—Aw = () + () ) inQ,
u>0 in ), (4.63)
u=20 on 0(),

being u; € W&’H () N L=(Q) the unique minimal solution of (4.55). By Minty-
Browder’s Theorem (see Theorem 5), there exists a unique positive solution w &
Wg’q(ﬂ) N L®(Q) of (4.63). Recalling that the embedding Wé’H(Q) — Wé’q(ﬂ) is
continuous, choosing v = u, as a test function in the weak formulation of (4.63) and
applying the Holder’s inequality, we infer

Pelw) = [ () +v(x)(0)) dx
= /Q|Vw]q’2Vqu;dx

< / Vel 11|Vt |dx (4.64)
Q

1
7

1
< </ |Vw|(”/_1)‘7/dx> ' </ |Vuz|qu> " dx
o 0

-1 %
= [[Vwllf [ Vuz g
Note that, since u} solves (4.55), then, for v = u,
a(w) [ (Il + Vil dx = [ s,

That is, one has

[e]

IVuills < IVl +1Viilly < 55 max [E£(0)], (4.65)
and :
IVuzll, < ('“' max [tf(t)])" (4:66)
M=\ a(a) teor] '

holds. On the other hand, since w is a weak solution of (4.63), choosing v = w as test
function and by Holder’s inequality, we have

IVwl] = /|Vw|‘7dx
Q

= [ () v n) )

</0 () + V(x)(uzz)s’l)q, dx> q </Q \wmdx> :

1
< (e e tmaxy) jof
(@]

Qe

1/q
Al,q

IN

IN

(t71 +£ max) [V,
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monotonicity-type assumptions
that is,
1 QT
Vwl|d '< | ‘1/ <t11 4571 maxv) . (4.67)
Ay a

Finally, putting together (4.66) and (4.67) in (4.64), we have

Pe(w) < |[Volld Vil

1

3 Q| 7
< 7 r—1 s—1 ’
< Qs (t* + mng) <a(uc))\1,q trer@)i] [tf(t)])

max [Hf(£)] 1
= Q] <t‘fﬁ1 + t5 ! max 1/> bt )
[e) 11(06))\1,01
The proof follows by (HS). O

Finally, from the continuity of the map Pk, combining Propositions 18-19, and
arguing as in Theorem 14, the following holds.

Theorem 18. Assume that (H?), (Hg), (H?), (H®), (HS) and (HS) hold. Then, the

problem (4.51) admits at least K pairs of positive solutions (uy,1,ur2) lying in Wy ™ (Q) N
L®(Q).



75

Bibliography

[1] R. A. Adams and J. J. E. Fournier. Sobolev spaces. Elsevier/Academic Press,
2003.

[2] W. Allegretto and Y. X. Huang. “A Picone’s identity for the p-Laplacian and
applications”. In: Nonlinear Anal. 32.7 (1998), pp. 819-830. DOI: 10 . 1016 /
S0362-546X(97)00530-0.

[3] A. Ambrosetti and D. Arcoya. “Positive solutions of elliptic Kirchhoff equa-
tions”. In: Adv. Nonlinear Stud. 17.1 (2017), pp. 3-16. DOI: 10.1515/ans-2016-
6004.

[4] G.B. Arfken, F. E. Harris, and H. ]. Weber. Mathematical methods for physicists.
Academic Press, Oxford, Ed. 7, 2012. DOI: 10.1016/C2009-0-30629-7.

[5] A. Bahrouni, V. D. Radulescu, and D. D. Repovs. “Double phase transonic
flow problems with variable growth: nonlinear patterns and stationary waves”.
In: Nonlinearity 32.7 (2019), pp. 2481-2495. DOI: 10.1088/1361-6544/ab0b03.

[6] L. Baldelli and U. Guarnotta. “Existence and regularity for a p-Laplacian
problem in RN with singular, convective, critical reaction”. In: Adv. Nonlinear
Anal. 13.1 (2024). DOI: 10.1515/anona-2024-0033.

[7] V. Benci, P. D’Avenia, D. Fortunato, and L. Pisani. “Solitons in several space
dimensions: Derrick’s problem and infinitely many solutions”. In: Arch. Ra-
tion. Mech. Anal. 154.4 (2000), pp. 297-324. DOI: 10.1007/s002050000101.

[8] D.Bonheure, P. D’Avenia, and A. Pomponio. “On the electrostatic Born-Infeld
equation with extended charges”. In: Commun. Math. Phys. 346.3 (2016), pp. 877-
906. DOI: 10.1007/s00220-016-2586-7.

[9] H. Brézis. Functional Analysis, Sobolev Spaces and Partial Differential Equations.
Springer, 2011. DOI: 10.1007/978-0-387-70914-7.

[10] H. Brézis and L. Oswald. “Remarks on sublinear elliptic equations”. In: Non-
linear Anal. 10.1 (1986), pp- 55-64. DOI: 10.1016/0362-546X (86)90011-8.

[11] H. Bueno and G. Ercole. “Solutions of the Cheeger problem via torsion func-
tions”. In: J. Math. Anal. Appl. 381.1 (2011), pp. 263-279. DOI: 10 . 1016/ .
jmaa.2011.03.002.

[12] H. Bueno, G. Ercole, W. Ferreira, and A. Zumpano. “Existence and multiplic-
ity of positive solutions for the p-Laplacian with nonlocal coefficient”. In: J.
Math Anal. Appl. 343.1 (2008), pp. 151-158. DOI: 10.1016/j . jmaa.2008.01 .
001.

[13] P. Candito, G. Failla, L Gasiriski, and R. Livrea. “Multiple positive solutions
for a quasilinear nonlocal problem via topological, variational and set-valued
methods”. In: Submitted ().

. Candito, G. Failla, an . L1vrea. airs o ositive solutions for a Carrier

[14] P. Candito, G. Failla, and R. Livrea. “Pairs of positive solutions for a Carri
p(x)-Laplacian type equation”. In: Mathematics 12.16, 2441 (2024). DOL: 10.
3390/math12162441.


https://doi.org/10.1016/S0362-546X(97)00530-0
https://doi.org/10.1016/S0362-546X(97)00530-0
https://doi.org/10.1515/ans-2016-6004
https://doi.org/10.1515/ans-2016-6004
https://doi.org/10.1016/C2009-0-30629-7
https://doi.org/10.1088/1361-6544/ab0b03
https://doi.org/10.1515/anona-2024-0033
https://doi.org/10.1007/s002050000101
https://doi.org/10.1007/s00220-016-2586-y
https://doi.org/10.1007/978-0-387-70914-7
https://doi.org/10.1016/0362-546X(86)90011-8
https://doi.org/10.1016/j.jmaa.2011.03.002
https://doi.org/10.1016/j.jmaa.2011.03.002
https://doi.org/10.1016/j.jmaa.2008.01.001
https://doi.org/10.1016/j.jmaa.2008.01.001
https://doi.org/10.3390/math12162441
https://doi.org/10.3390/math12162441

76

Bibliography

[15]

[18]

[19]

[20]

[21]

[22]

[28]

[29]

P. Candito, L. Gasiniski, R. Livrea, and J. R. Santos Janior. “Multiplicity of
positive solutions for a degenerate nonlocal problem with p-Laplacian”. In:
Adv. Nonlinear Anal. 11.1 (2021), pp. 357-368. DOI: 10 . 1515/ anona - 2021 -
0200.

P. Candito, R. Livrea, and A. Moussaoui. “Singular quasilinear elliptic sys-
tems involving gradient terms”. In: Nonlinear Anal. Real World Appl. 55 (2020),
p- 15. DOI: 10.1016/j .nonrwa.2020.103142.

S. Carillo and M. Chipot. “On some nonlocal in time and space parabolic
problem”. In: Appl. Numer. Math. 208 (2025), pp. 314-322. DOI: 10.1016/j .
apnum.2024.11.001.

S. Carl, V. K. Le, and D. Motreanu. Nonsmooth Variational Problems and Their
Inequalities: Comparison Principles and Applications. Springer Science & Busi-
ness Media, 2007. DOI: 10.1007/978-0-387-46252-3.

G. E Carrier. “A note on the vibrating string”. In: Quart. Appl. Math. 7 (1949),
pp- 97-101. DOI: 10.1090/qam/28511.

G. F. Carrier. “On the non-linear vibration problem of the elastic string”. In:
Q. J. Appl. Math. 3.2 (1945), pp. 157-165. DOI: 10.1090/qam/12351.

E. Casas and L. A. Ferndndez. “A Green’s formula for quasilinear elliptic
operators”. In: J. Math. Anal. Appl. 142.1 (1989), pp. 62-73. DOI: 10 . 1016/
0022-247X(89)90164-9.

N. -H. Chang and M. Chipot. “Nonlinear nonlocal evolution problems”. In:
RACSAM. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 97.3 (2003), pp. 423-
445. DOI: 10.5167/uzh-21861.

A. Charkaoui, A. Ben-Loghfyry, and S. Zeng. “ A novel parabolic model driven
by double phase flux operator with variable exponents: application to image
decomposition and denoising”. In: Comput. Math. Appl. 174 (2024), pp. 97—
141. DOI: 10.1016/j . camwa.2024.08.021.

L. Cherfilsa and Y. Il'yasov. “On the stationary solutions of generalizedreac-
tion diffusion equations with p & g-Laplacian”. In: Commun. Pure Appl. Anal.
4.1 (2005), pp- 9-22. DOI: 10.3934/cpaa.2005.4.9.

M. Chipot and F. J. S. A. Corréa. “Boundary layer solutions to functional el-
liptic equations”. In: Bull. Braz. Math. Soc. 40.3 (2009), pp. 381-393. DOI: 10.
1007/s00574-009-0017-9.

M. Chipot and B. Lovat. “On the asymptotic behaviour of some nonlocal
problems”. In: Positivity 3.1 (1999), pp. 65-81. DOI: 10.1023/A:1009706118910.

M. Chipot and B. Lovat. “Some remarks on nonlocal elliptic and parabolic
problems”. In: Proceedings of the Second World Congress of Nonlinear Analysts,
Part 7 (Athens, 1996), Nonlinear Anal. 30.7 (1997), pp. 4619-4627. DOI: 10.1016/
S0362-546X(97)00169-7.

M. Chipot and L. Molinet. “Asymptotic behaviour of some nonlocal diffu-
sion problems”. In: Appl. Anal. 80.3—4 (2001), pp. 279-315. DOI: 10 . 1080/
00036810108840994.

M. Chipot and J. F. Rodrigues. “On a class of nonlocal nonlinear elliptic prob-
lems”. In: RAIRO Modél. Math. Anal. Numér. 26.3 (1992), pp. 447-467. DOIL:
10.1051/m2an/1992260304471.


https://doi.org/10.1515/anona-2021-0200
https://doi.org/10.1515/anona-2021-0200
https://doi.org/10.1016/j.nonrwa.2020.103142
https://doi.org/10.1016/j.apnum.2024.11.001
https://doi.org/10.1016/j.apnum.2024.11.001
https://doi.org/10.1007/978-0-387-46252-3
https://doi.org/10.1090/qam/28511
https://doi.org/10.1090/qam/12351
https://doi.org/10.1016/0022-247X(89)90164-9
https://doi.org/10.1016/0022-247X(89)90164-9
https://doi.org/10.5167/uzh-21861
https://doi.org/10.1016/j.camwa.2024.08.021
https://doi.org/10.3934/cpaa.2005.4.9
https://doi.org/10.1007/s00574-009-0017-9
https://doi.org/10.1007/s00574-009-0017-9
https://doi.org/10.1023/A:1009706118910
https://doi.org/10.1016/S0362-546X(97)00169-7
https://doi.org/10.1016/S0362-546X(97)00169-7
https://doi.org/10.1080/00036810108840994
https://doi.org/10.1080/00036810108840994
https://doi.org/10.1051/m2an/1992260304471

Bibliography 77

[30] M. Chipot and M. Siegwart. “On the asymptotic behaviour of some nonlocal
mixed boundary value problems”. In: Nonlinear analysis and applications: to V.
Lakshmikantham on his 80th birthday 1-2 (1992), pp. 431-449. DOI: 10 . 1007/
978-94-010-0035-2.

[31] I Chlebicka. “A pocket guide to nonlinear differential equations in Musielak-
Orlicz spaces”. In: Nonlinear Anal. 175 (2018), pp. 1-27. DOI: 10.1016/j .na.
2018.05.003.

[32] F. Colasuonno and M. Squassina. “Eigenvalues for double phase variational
integrals”. In: Ann. Math. Pura Appl. 195.6 (2016), pp. 1917-1959. DOI: 10 .
1007/510231-015-0542-7.

[33] E.J.S.A.Corréa. “On positive solutions of nonlocal and nonvariational ellip-
tic problems”. In: Nonlinear Anal. 59.7 (2004), pp. 1147-1155. DOI: 10.1016/j .
na.2004.08.010.

[34] FE. J.S. A. Corréa, S. D. B. Menezes, and J. Ferreira. “On a class of problems
involving a nonlocal operator”. In: Appl. Math. Comput. 147.2 (2004), pp. 475-
489. DOI: 10.1016/30096-3003(02)00740-3.

[35] E J.S. A. Corréa and D. C. de Morais Filho. “On a class of nonlocal elliptic
problems via Galerkin method”. In: J. Math. Anal. Appl. 310.1 (2005), pp. 177-
187. DOI1: 10.1016/j . jmaa.2005.01.052.

[36] D.G. Costa. An Invitation to Variational Methods in Differential Equations. Springer,
2007. DOI: 10.1007/978-0-8176-4536-6.

[37] A. Crespo-Blanco, G. Failla, and B. Vassallo. “Multiple solutions for nonlo-
cal Neumann p-Laplacian problem”. In: Nonlinear Anal. Real World Appl. 87
(2026). DOI: 10.1016/j .nonrwa.2025.104449.

[38] A. Crespo-Blanco, L. Gasinski, P. Harjulehto, and P. Winkert. “A new class of
double phase variable exponent problems: existence and uniqueness”. In: J.
Differential Equations 323 (2022), pp. 182-228. DOI: 10.1016/j . jde.2022.03.
029.

[39] A. Crespo-Blanco, L. Gasiniski, and P. Winkert. “Least energy sign-changing
solution for degenerate Kirchhoff double phase problems”. In: J. Differential
Equations 411 (2024), pp. 51-89. DOI: 10.1016/j . jde.2024.07.034.

[40] A. Crespo-Blanco and P. Winkert. “Nehari manifold approach for superlinear
double phase problems with variable exponents”. In: Ann, Math. Pura Appl.
203.2 (2024), pp. 605-634. DOI: 10.1007/s10231-023-01375-2.

[41] B. Dacorogna. Direct methods in the calculus of variations. Springer, NY, Ed. 2,
2008. DOI: 10.1007/978-0-387-55249-1.

[42] B. Dacorogna. Introduction to the calculus of variations. Imperial College Press,
London, 2004. DOI: 10.1142/p361.

[43] Q. Dai. “Iterative method for Kirchhoff-Carrier type equations and its appli-
cations”. In: J. Differential Equations 271 (2021), pp. 332-342. DOI: 10.1016/j .
jde.2020.08.033.

[44] Z. Denkowski, S. Migérski, and N. S. Papageorgiou. An introduction to non-
linear analysis: theory. Elsevier / Academic Press, 2003. DOI: 10.1007/978-1-
4419-9158-4.

[45] ]. I Diaz and ]. E. Sad. “Existence et unicité de solutions positives pour cer-
taines équations elliptiques quasilinéaires”. In: CR Acad. Sci. Paris Sér. I Math
305.12 (1987), pp. 521-524.


https://doi.org/10.1007/978-94-010-0035-2
https://doi.org/10.1007/978-94-010-0035-2
https://doi.org/10.1016/j.na.2018.05.003
https://doi.org/10.1016/j.na.2018.05.003
https://doi.org/10.1007/s10231-015-0542-7
https://doi.org/10.1007/s10231-015-0542-7
https://doi.org/10.1016/j.na.2004.08.010
https://doi.org/10.1016/j.na.2004.08.010
https://doi.org/10.1016/S0096-3003(02)00740-3
https://doi.org/10.1016/j.jmaa.2005.01.052
https://doi.org/10.1007/978-0-8176-4536-6
https://doi.org/10.1016/j.nonrwa.2025.104449
https://doi.org/10.1016/j.jde.2022.03.029
https://doi.org/10.1016/j.jde.2022.03.029
https://doi.org/10.1016/j.jde.2024.07.034
https://doi.org/10.1007/s10231-023-01375-2
https://doi.org/10.1007/978-0-387-55249-1
https://doi.org/10.1142/p361
https://doi.org/10.1016/j.jde.2020.08.033
https://doi.org/10.1016/j.jde.2020.08.033
https://doi.org/10.1007/978-1-4419-9158-4
https://doi.org/10.1007/978-1-4419-9158-4

78

Bibliography

[46]

[49]

[50]

[56]

[57]

[58]

[59]

R. W. Dickey. “Infinite systems of nonlinear oscillation equations related to
the string”. In: Proc. Amer. Math. Soc. 23.3 (1969), pp. 459-468. DOI: 10.1090/
S0002-9939-1969-0247189-8.

R. W. Dickey. “Stability of periodic solutions of the nonlinear string”. In:
Quart. Appl. Math. 38 (1980), pp. 253-259. DOI: 10.1090/QAM/580884.

L. Diening, P. Harjulehto, P. Hastd, and M. Rtzicka. Lebesgue and Sobolev
Spaces with Variable Exponents. Springer, 2011. DOI: 10 . 1007 /978 - 3 - 642 -
18363-8.

D. Edmunds and J. Rédkosnik. “Sobolev embeddings with variable exponent”.
In: Studia Math. 143.3 (2000), pp. 267-293. DOI: 10.4064/sm-143-3-267-293.

D. Edmunds and ]. Rédkosnik. “Sobolev embeddings with variable exponent.
I1”. In: Math. Nachr. 246247 (2002), pp. 53-67. DOI: 10.1002/1522-2616 (200212)
246:1<53::AID-MANA53>3.0.C0;2-T.

L. C. Evans. Partial differential equations. American Mathematical Society, Prov-
idence, RI, Ed. 2, 2010. DOI: 10.1090/gsm/019.

G. Failla and L. Gasifiski. “Many solutions for a nonlocal p-Laplacian prob-
lem without monotonicity assumptions”. In: Submitted ().

G. Failla and L. Gasifiski. “Nonlocal Carrier’s Double Phase Problem”. In:
Proc. Roy. Soc. Edinburgh Sect. A (). DOI: 10.1017/prm.2025.10099.

G. Failla, L. Gasiniski, and ]. R. Santos Janior. “Nonexistence and multiplicity
results for p-Laplacian nonlocal problems”. In: Submitted ().

X. L. Fan. “On the sub-supersolution method for p(x)-Laplacian equations”.
In: J. Math. Anal. Appl. 330.1 (2007), pp. 665-682. DOI: 10.1016/j . jmaa.2006.
07.093.

X. L. Fan. “Remarks on eigenvalue problems involving the p(x)-Laplacian”.
In: J. Math. Anal. Appl. 352.1 (2009), pp. 85-98. DOI: 10.1016/j . jmaa.2008.
05.086.

X. L. Fan, J. Shen, and D. Zhao. “Sobolev embedding theorems for spaces
Wk'f’(x)(Q)”. In: . Math. Anal. Appl. 262.2 (2001), pp. 749-760. DOL: 10.1006/
jmaa.2001.7618.

X. L. Fan, Q. Zhang, and D. Zhao. “Eigenvalues of p(x)-Laplacian Dirichlet
problem”. In: J. Math. Anal. Appl. 302.2 (2005), pp. 306-317. DOI: 10.1016/j .
jmaa.2003.11.020.

X. L. Fan and Q. H. Zhang. “Existence of solutions for p(x)-Laplacian Dirich-
let problem”. In: Nonlinear Anal. 52.8 (2003), pp. 1843-1852. DOI: 10.1016/
S0362-546X(02)00150-5.

X. L. Fan and D. Zhao. “On the spaces LP¥) (QQ) and W"-P(¥) (Q)”. In: ]. Math.
Anal. Appl. 263.2 (2001), pp- 424-446. DOI: 10.1006/jmaa.2000.7617.

T. S. Figueiredo-Sousa, C. Moreles-Rodrigo, and A. Suarez. “A non-local non-
autonomous diffusion problem: linear and sublinear cases”. In: Z. Angew.
Math. Phys. 68.5 (2017), 20 pp. DOI: 10.1007/s00033-017-0856-y.

P. Fijatkowski and B. Przeredzki. “On a boundary value problem for a nonlo-
cal elliptic equation”. In: J. Appl. Anal. 9.2 (2003), pp. 201-209. DOI: 10.1515/
JAA.2003.201.


https://doi.org/10.1090/S0002-9939-1969-0247189-8
https://doi.org/10.1090/S0002-9939-1969-0247189-8
https://doi.org/10.1090/QAM/580884
https://doi.org/10.1007/978-3-642-18363-8
https://doi.org/10.1007/978-3-642-18363-8
https://doi.org/10.4064/sm-143-3-267-293
https://doi.org/10.1002/1522-2616(200212)246:1<53::AID-MANA53>3.0.CO;2-T
https://doi.org/10.1002/1522-2616(200212)246:1<53::AID-MANA53>3.0.CO;2-T
https://doi.org/10.1090/gsm/019
https://doi.org/10.1017/prm.2025.10099
https://doi.org/10.1016/j.jmaa.2006.07.093
https://doi.org/10.1016/j.jmaa.2006.07.093
https://doi.org/10.1016/j.jmaa.2008.05.086
https://doi.org/10.1016/j.jmaa.2008.05.086
https://doi.org/10.1006/jmaa.2001.7618
https://doi.org/10.1006/jmaa.2001.7618
https://doi.org/10.1016/j.jmaa.2003.11.020
https://doi.org/10.1016/j.jmaa.2003.11.020
https://doi.org/10.1016/S0362-546X(02)00150-5
https://doi.org/10.1016/S0362-546X(02)00150-5
https://doi.org/10.1006/jmaa.2000.7617
https://doi.org/10.1007/s00033-017-0856-y
https://doi.org/10.1515/JAA.2003.201
https://doi.org/10.1515/JAA.2003.201

Bibliography 79

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

G. Fragnelli, D. Mugnai, and N. S. Papageorgiou. “The Brezis-Oswald result
for quasilinear Robin problems”. In: Adv. Nonlinear Stud. 16.3 (2016), pp. 603—
622. DOI: 10.1515/ans-2016-0010.

A. Fryszkowski. Fixed point theory for decomposable sets. Topol. Fixed Point
Theory Appl., 2, Kluwer Academic Publishers, Dordrecht, 2004. DOI: 10 .
1007/1-4020-2499-1.

J. Furter and M. Grinfeld. “Local vs. nonlocal interactions in population dy-
namics”. In: J. Math. Biol. 27 (1989), pp. 65-80. DOI: 10.1007/BF00276081.

L. Gasiniski and N. S. Papageorgiou. “Double phase logistic equations with
superdiffusive reaction”. In: Nonlinear Anal. Real World Appl. 70 (2023). DOI:
10.1016/j.nonrwa.2022.103782.

L. Gasiniski and N. S. Papageorgiou. “Existence and uniqueness of positive
solutions for Neumann p-Laplacian”. In: Positivity 17.2 (2013), pp. 309-332.
DOI: 10.1007/s11117-012-0168-6.

L. Gasiniski and N. S. Papageorgiou. Nonlinear Analysis. CRC Press, 2005. DOI:
10.1201/9781420035049.

L. Gasiniski and N. S. Papageorgiou. Nonsmooth Critical Point Theory and Non-
linear Boundary Value Problems. CRC Press, 2004. DOI: 10.1201/9780367801632.

L. Gasinski and J. R. Santos Junior. “Multiplicity of Positive Solutions for an
Equation with Degenerate Nonlocal Diffusion”. In: Comput. Math. Appl. 78.1
(2019), pp. 136-143. DOI: 10.1016/j . camwa.2019.02.029.

L. Gasinski and J. R. Santos Junior. “Nonexistence and Multiplicity of Posi-
tive Solutions for an Equation with Degenerate Nonlocal Diffusion”. In: Bull.
Lond. Math. Soc. 52.3 (2020), pp. 489—497. DOI: 10.1112/blms.12342.

L. Gasinski, J. R. Santos Junior, and G. Siciliano. “Positive Solutions for a
Class of Nonlocal Problems with Possibly Singular Nonlinearity”. In: J. Fixed
Point Theory Appl. 24.3 (2022). DOI: 10.1007/s11784-022-00982-5.

L. Gasifiski and P. Winkert. “Existence and uniqueness results for double
phase problems with convection term”. In: J. Differential Equations 268.8 (2020),
pp- 4183—4193. DOI: 10.1016/j . jde.2019.10.022.

J. Giacomoni and P. Taka¢. “A p(x)-Laplacian extension of the Diaz-Saa in-
equality and some applications”. In: Proc. Roy. Soc. Edinburgh Sect. A 150.1
(2020), pp. 205-232. DOI: 10.1017/prm.2018.91.

J. M. Greenberg and S. C. Hu. “The initial value problem for a stretched
string”. In: Quart. Appl. Math. 38.3 (1980), pp. 289-311. DOI: 10. 1090/ qam/
592197.

U. Guarnotta, R. Livrea, and P. Winkert. “The sub-super solution method
for variable exponent double phase systems with nonlinear boundary condi-
tions”. In: Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 34.3 (2023), pp. 617-
639. DOI: 10.4171/r1m/1021.

U. Guarnotta and S. A. Marano. “Infinitely many solutions to singular con-
vective Neumann systems with arbitrarily growing reactions”. In: J. Differen-
tial Equations 271 (2021), pp. 849-863. DOI: 10.1016/j.jde.2020.09.024.

U. Guarnotta, S. A. Marano, and D. Motreanu. “On a singular Robin problem
with convection terms”. In: Adv. Nonlinear Stud. 20.4 (2020), pp. 895-909. DOI:
10.1515/ans-2020-2093.


https://doi.org/10.1515/ans-2016-0010
https://doi.org/10.1007/1-4020-2499-1
https://doi.org/10.1007/1-4020-2499-1
https://doi.org/10.1007/BF00276081
https://doi.org/10.1016/j.nonrwa.2022.103782
https://doi.org/10.1007/s11117-012-0168-6
https://doi.org/10.1201/9781420035049
https://doi.org/10.1201/9780367801632
https://doi.org/10.1016/j.camwa.2019.02.029
https://doi.org/10.1112/blms.12342
https://doi.org/10.1007/s11784-022-00982-5
https://doi.org/10.1016/j.jde.2019.10.022
https://doi.org/10.1017/prm.2018.91
https://doi.org/10.1090/qam/592197
https://doi.org/10.1090/qam/592197
https://doi.org/10.4171/rlm/1021
https://doi.org/10.1016/j.jde.2020.09.024
https://doi.org/10.1515/ans-2020-2093

80

Bibliography

[79]

[80]

[81]

[83]

[84]

[85]

[86]

[90]

[91]

[92]

[93]

P. Harjulehto and P. Hasto. “Double phase image restoration”. In: . Math.
Anal. Appl. 501.1 (2021), 12 pp. DOL: 10.1016/j . jmaa.2019.123832.

P. Harjulehto and P. Hasto. Orlicz spaces and generalized Orlicz spaces. Lecture
Notes in Math., 2236, Springer, Cham, 2019. DOI: 10 . 1007 /978 - 3 - 030 -
15100-3.

K. Ho and P. Winkert. “New embedding results for double phase problems
with variable exponents and a priori bounds for corresponding generalized
double phase problems”. In: Calc. Var. Partial Differential Equations 62.8 (2023),
38 pp. DOI: 10.1007/s00526-023-02566-8.

S. Hu and N. S. Papageorgiou. Handbook of multivalued analysis. Vol. I. Theory.
Kluwer Academic Publishers, Dordrecht, 1997. DOIL: 10.1007/978-1-4615-
6359-4.

S. Hu and N. S. Papageorgiou. Research topics in analysis, Vol. II. Applications.
Birkhduser/Springer, Cham, 2024. DOI: 10.1007/978-3-031-64189-3.

G. Infante. “Nonzero positive solutions of nonlocal elliptic systems with func-
tional BCs”. In: |. Elliptic Parabol. Equ. 5.2 (2019), pp. 493-505. DOI: 10.1007/
541808-019-00049-6.

R. Jiang and C. Zhai. “Properties of unique positive solutions for a class of
nonlocal semilinear elliptic equations”. In: Topol. Methods Nonlinear Anal. 50.2
(2017), pp. 669-682. DOI: 10.12775/tmna. 2017 .036.

E. Jin and B. Yan. “The sign-changing solutions for nonlinear elliptic problem
with Carrier type”. In: J. Math. Anal. Appl. 487.2 (2020), 24 pp. DOI: 10.1016/
j.jmaa.2020.124002.

S. Kesavan. Symmetrization and Applications; Series in Analysis. World Scientific
Publishing Co. Pte. Ltd.: Hackensack, NJ, USA, Vol. 3, 2006. DOI: 10 . 1142/
6071.

G. R. Kirchhoff. Vorlesungen iiber Mathematiche Physik: Mechanik. Teuber: Leipzig,
Germany, 1876.

E. Klein and A. Thompson. Theory of correspondences. Including applications
to mathematical economics. Canad. Math. Soc. Ser. Monogr. Adv. Texts Wiley-
Intersci. Publ. John Wiley & Sons, Inc., New York, 1984.

A. Lé. “Eigenvalue problems for the p-Laplacian”. In: Nonlinear Anal. 64.5
(2006), pp. 1057-1099. DOIL: 10.1016/j .na.2005.05.056.

R. B. Lehoucq and S. A. Silling. “Peridynamic Theory of Solid Mechanics”.
In: Adv. in Appl. Mech. 44 (2010), pp. 77-168. DOI: 10.1016/50065-2156 (10)
44002-8.

G. M. Lieberman. “Boundary regularity for solutions of degenerate elliptic
equations”. In: Nonlinear Anal. Theory Methods Appl. 12.11 (1988), pp. 1203—
1219. DOI: 10.1016/0362-546X(88) 90053- 3.

W. Liu and G. Dai. “Existence and multiplicity results for double phase prob-
lem”. In: . Differential Equations 265.9 (2018), pp. 4311-4334. DOI: 10.1016/j .
jde.2018.06.006.

Z. Liu, D. Motreanu, and S. Zeng. “Positive solutions for nonlinear singular
elliptic equations of p-Laplacian type with dependence on the gradient”. In:
Calc. Var. Partial Differential Equations 58.1 (2019), p. 22. DOI: 10.1007/s00526 -
018-1472-1.


https://doi.org/10.1016/j.jmaa.2019.123832
https://doi.org/10.1007/978-3-030-15100-3
https://doi.org/10.1007/978-3-030-15100-3
https://doi.org/10.1007/s00526-023-02566-8
https://doi.org/10.1007/978-1-4615-6359-4
https://doi.org/10.1007/978-1-4615-6359-4
https://doi.org/10.1007/978-3-031-64189-3
https://doi.org/10.1007/s41808-019-00049-6
https://doi.org/10.1007/s41808-019-00049-6
https://doi.org/10.12775/tmna.2017.036
https://doi.org/10.1016/j.jmaa.2020.124002
https://doi.org/10.1016/j.jmaa.2020.124002
https://doi.org/10.1142/6071
https://doi.org/10.1142/6071
https://doi.org/10.1016/j.na.2005.05.056
https://doi.org/10.1016/S0065-2156(10)44002-8
https://doi.org/10.1016/S0065-2156(10)44002-8
https://doi.org/10.1016/0362-546X(88)90053-3
https://doi.org/10.1016/j.jde.2018.06.006
https://doi.org/10.1016/j.jde.2018.06.006
https://doi.org/10.1007/s00526-018-1472-1
https://doi.org/10.1007/s00526-018-1472-1

Bibliography 81

[95]
[96]

[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

W. A.]. Luxemburg. Banach function spaces. Thesis, Delft Techn. Univ., 1955.

P. Marcellini. “Regularity and existence of solutions of elliptic equations with
p,q- growth conditions”. In: J. Differ. Equ. 90 (1991), pp. 1-30. DOI: 10.1016/
0022-0396(91)90158-6.

P. Marcellini. “Regularity of minimizers of integrals in the calculus of varia-
tions with nonstandard growth conditions”. In: Arch. Ration. Mech. Anal. 105
(1989), pp. 267-284. DOIL: 10. 1007 /BF00251503.

M. Marcus and V. J. Mizel. “Absolute continuity on tracks and mappings of
Sobolev spaces”. In: Arch. Rational Mech. Anal. 45 (1972), pp. 294-320. DOI:
10.1007/BF00251378.

V. G. Maz'ja. Sobolev spaces with applications to elliptic partial differential equa-
tions. Springer-Verlag, Berlin Heidelberg, Ed. 2, 2011. DOI: 10.1007/978-3-
642-15564-2.

S. Mazumder. Numerical methods for partial differential equations. Finite differ-
ence and inite volume methods. Elsevier /Academic Press, Amsterdam, 2016.

S. Migorski, A. Ochal, and M. Sofonea. Nonlinear inclusions and hemivariational
inequalities. Models and analysis of contact problems. Springer, NY, 2013. DOI:
10.1007/978-1-4614-4232-5.

G. Mingione and V. D. Radulescu. “Recent developments in problems with
nonstandard growth and nonuniform ellipticity”. In: . Math. Anal. Appl. 501.1
(2021). DOI: 10.1016/j . jmaa.2021.125197.

S.J. N. Mosconi. “A non-smooth Brezis-Oswald uniqueness result”. In: Open
Math. 21.1 (2023), 28 pp. DOI: 10.1515/math-2022-0594.

D. Motreanu, V. V. Motreanu, and N. S. Papageorgiou. Topological and Varia-
tional Methods with Applications to Nonlinear Boundary Value Problems. Springer,
2014. DOI: 10.1007/978-1-4614-9323-5.

D. Motreanu, A. Sciammetta, and E. Tornatore. “A sub-supersolution ap-
proach for Neumann boundary value problems with gradient dependence”.
In: Nonlinear Anal. Real. World Appl. 54 (2020), 12 pp. DOI: 10.1016/j .nonrwa.
2020.103096.

J. Musielak. Orlicz Spaces and Modular Spaces. Lecture Notes in Math, 1034,
Berlin, Springer-Verlag, 1983. DOI: 10.1007/BFb0072210.

H. Nakano. Topology and Linear Topological Spaces. Tokyo Math. Book Series,
Vol. 3, Maruzen, Tokyo, 1951.

J. M. do O, S. Lorca, J. Sanchez, and P. Ubilla. “Positive solutions for some
nonlocal and nonvariational elliptic systems”. In: Complex Var. Elliptic Equ.
61.3 (2016), pp. 297-314. DOT: 10.1080/17476933.2015.1064404.

W. Orlicz. “Uber konjugierte exponentenfolgen”. In: Studia Mathematica 3.1
(1931), pp. 200-211.

N. S. Papageorgiou. “Double Phase Problems: a survey of some recent re-
sults”. In: Opuscula Math. 42.2 (2022), pp. 257-278. DOI: 10 . 7494 / opmath .
2022.42.2.257.

N. S. Papageorgiou and P. Winkert. Applied nonlinear functional analysis. An
introduction. De Gruyter, Berlin, Ed. 2, 2024. DOI: 10.1515/9783111286952.

P. Pucci and J. Serrin. The Maximum Principle. Birkhduser Basel, 2007. DOI:
10.1007/978-3-7643-8145-5.


https://doi.org/10.1016/0022-0396(91)90158-6
https://doi.org/10.1016/0022-0396(91)90158-6
https://doi.org/10.1007/BF00251503
https://doi.org/10.1007/BF00251378
https://doi.org/10.1007/978-3-642-15564-2
https://doi.org/10.1007/978-3-642-15564-2
https://doi.org/10.1007/978-1-4614-4232-5
https://doi.org/10.1016/j.jmaa.2021.125197
https://doi.org/10.1515/math-2022-0594
https://doi.org/10.1007/978-1-4614-9323-5
https://doi.org/10.1016/j.nonrwa.2020.103096
https://doi.org/10.1016/j.nonrwa.2020.103096
https://doi.org/10.1007/BFb0072210
https://doi.org/10.1080/17476933.2015.1064404
https://doi.org/10.7494/opmath.2022.42.2.257
https://doi.org/10.7494/opmath.2022.42.2.257
https://doi.org/10.1515/9783111286952
https://doi.org/10.1007/978-3-7643-8145-5

82

Bibliography

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

V. D. Radulescu and D. D. Repovs. Partial differential equations with variable ex-
ponents. Variational methods and qualitative analysis. Monogr. Res. Notes Math.
CRC Press, Boca Raton, FL, 2015. DOI: 10.1201/b18601.

D. Rowland. “Understanding nonlinear effects on wave shapes: Comment
on "An experimental analysis of a vibrating guitar string using high-speed
photography” [Am. J. Phys. 82(2), 102-109 (2014)]”. In: Am. . Phys. 83 (2015),
pp- 979-983. DOL: 10.1119/1.4931714.

M. RaZicka. Electrorheological Fluids: Modeling and Mathematical Theory. Springer,
2007. DOI: 10.1007/BFb0104029.

C. A.Santos and L. Santos. “How to break the uniqueness of Wllo’f (Q)-solutions
for very singular elliptic problems by non-local terms”. In: Z. Angew. Math.
Phys. 69.6 (2018), 22 pp. DOL: 10.1007/500033-018-1040-8.

C. A. Santos, L. Santos, and P. W. Mishra. “Continuums of positive solutions
for a classes of non-autonomous and non-local problems with strong singular
term”. In: J. Math. Pures Appl. 131.9 (2019), pp. 225-250. DOI: 10.1016/j .
matpur.2019.09.009.

J. R. Santos Junior and G. Siciliano. “Positive solutions for a Kirchhoff prob-
lem with vanishing nonlocal term”. In: J. Differential Equations 265.5 (2018),
pp- 2034-2043. DOL: 10.1016/j . jde.2018.04.027.

R. Stariczy. “Nonlocal elliptic equations”. In: Nonlinear Anal. 47 (2001), pp. 3579—
3584. DOI: 10.1016/50362-546X(01) 00478- 3.

M. Struwe. Variational methods. Applications to nonlinear partial differential equa-
tions and Hamiltonian systems. Springer-Verlag, Berlin, Ed. 4, 2008. DOI: 10 .
1007/978-3-540-74013-1.

G. Talenti. “Best constant in Sobolev inequality”. In: Annali di Matematica 110
(1976), pp- 353-372. DOI: 10.1007/BF02418013.

M. Willem. Minimax theorems. Birkhduser, Boston, MA, 1996. DOI: 10. 1007/
978-1-4612-4146-1.

B. Yan and T. Ma. “The existence and multiplicity of positive solutions for a
class of nonlocal elliptic problems”. In: Bound. Value Probl. 165 (2016), 35 pp.
DOI: 10.1186/s13661-016-0670-z.

B. Yan and Q. Ren. “Existence, uniqueness and multiplicity of positive solu-
tions for some nonlocal singular elliptic problems”. In: Electron. ]. Differ. Equ.
138.21 (2017), pp. 1-21.

B. Yan and D. Wang. “The multiplicity of positive solutions for a class of
nonlocal elliptic problem”. In: J. Math. Anal. Appl. 442.1 (2016), pp. 72-102.
DOIL: 10.1016/7 . jmaa.2016.04.023.

Q. Zhang. “A strong maximum principle for differential equations with non-
standard p(x)-growth conditions”. In: J. Math. Pures Appl. 312.1 (2005), pp. 24—
32. DOI: 10.1016/j . jmaa.2005.03.013.

V. V. Zhikov. “Averaging of functionals of the calculus of variations and elas-
ticity theory”. In: Izv. Akad. Nauk SSSR Ser. Mat. 50 (1986), pp. 675-710. DOI:
10.1070/IM1987v029n01ABEH000958.

V. V. Zhikov. “On Lavrentiev’s phenomenon”. In: Russian |. Math. Phys. 3.2
(1995), pp. 249-269.


https://doi.org/10.1201/b18601
https://doi.org/10.1119/1.4931714
https://doi.org/10.1007/BFb0104029
https://doi.org/10.1007/s00033-018-1040-8
https://doi.org/10.1016/j.matpur.2019.09.009
https://doi.org/10.1016/j.matpur.2019.09.009
https://doi.org/10.1016/j.jde.2018.04.027
https://doi.org/10.1016/S0362-546X(01)00478-3
https://doi.org/10.1007/978-3-540-74013-1
https://doi.org/10.1007/978-3-540-74013-1
https://doi.org/10.1007/BF02418013
https://doi.org/10.1007/978-1-4612-4146-1
https://doi.org/10.1007/978-1-4612-4146-1
https://doi.org/10.1186/s13661-016-0670-z
https://doi.org/10.1016/j.jmaa.2016.04.023
https://doi.org/10.1016/j.jmaa.2005.03.013
https://doi.org/10.1070/IM1987v029n01ABEH000958

Bibliography 83

[129]

[130]

V. V. Zhikov. “On variational problems and nonlinear elliptic equations with
nonstandard growth conditions”. In: J. Math. Sci. (N.Y.) 173.5 (2011), pp. 463—
570. DOI: 10.1007/510958-011-0260-7

W. P. Ziemer. Weakly differentiable functions. Sobolev spaes and functions of bounded
variation. Grad. Texts in Math. 120 Springer-Verlag, NY, 1989. DOI: 10.1007/
978-1-4612-1015-3.


https://doi.org/10.1007/s10958-011-0260-7
https://doi.org/10.1007/978-1-4612-1015-3
https://doi.org/10.1007/978-1-4612-1015-3

	Abstract
	Acknowledgements
	List of Symbols
	Introduction
	Preliminaries
	Functional setting spaces
	Constant exponent case
	Embedding Theorems
	p-Laplacian

	Variable exponent case
	Embedding Theorems
	p(x)-Laplacian

	Sobolev-Musielak-Orlicz spaces
	Embedding Theorems
	Double Phase operator


	Sub-super solutions and variational methods
	Díaz-Saá inequality and Picone's identity

	Set-valued analysis

	Existence, nonexistence and multiplicity results via Díaz-Saá type assumptions
	Constant exponent case
	Dirichlet boundary conditions
	First nonexistence results for p-Laplacian problems
	Many solutions
	Neumann boundary conditions

	Variable exponent case

	Existence, nonexistence and multiplicity of solutions without monotonicity-type assumptions
	Lack of monotonicity
	The p-Laplacian case
	Many solution for p-Laplacian
	Another nonexistence result for p-Laplacian problems
	The Double-phase case


	Bibliography

