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Introduction

Overall Aim and Motivation

The overarching aim of this thesis is to propose statistical methods for analysing corre-

lated chronic diseases, specifically type 2 diabetes (T2D), hypertension, and their asso-

ciated complications. These conditions represent multiple chronic disease outcomes, for

which appropriate statistical models are needed to understand the progression of glucose

concentration and blood pressure, as well as their relationship with complications. Such

methods can enhance our understanding of how multiple disease processes, such as dia-

betes and hypertension, co-develop with chronic complications and influence each other

over time.

The statistical methods explored in this thesis focus on semiparametric mixed-effect mod-

els, joint models that integrate longitudinal data with time-to-event processes, incorpo-

rating one or multiple longitudinal outcomes, and principal component analysis to show

how clinical and biochemical variables are interrelated. These approaches are particularly

relevant in settings where subjects are followed over time to monitor disease progression

or medical conditions until an event occurs or censoring takes place. Progression is typi-

cally assessed through repeated measurements of biomarkers relevant to the disease, and

a key clinical interest is often to determine the effect of these biomarkers on the time to

an event of interest.

Type 2 Diabetes and Hypertension: Chronic Complications

Type 2 diabetes and hypertension frequently coexist, and persons with diabetes have a

two-to-four-fold increased risk of hypertension compared with persons without diabetes.

Each increases the risk of chronic complications independently, but when they co-occur,

the risk increases significantly. The most frequent chronic complications of hypertension

and diabetes are cardiovascular disease, chronic kidney disease, stroke, and retinopathy,

all of which contribute significantly to mortality. These complications start to arise

following the diagnosis of T2D and hypertension and are thought to result primarily from
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prolonged exposure to elevated glucose concentrations and blood pressure. Moreover,

the clinical and biochemical variables, including body mass index (BMI), low-density

lipoprotein (LDL), high-density lipoprotein (HDL), and triglycerides, may be associated

with both the trajectories of blood glucose and blood pressure, as well as the onset of

chronic complications.

A useful model is needed to understand how correlated chronic disease processes co-

develop over time; a review of analytical approaches for our overarching research aim

highlights three key statistical methods gaps. First, univariate analysis of correlated

longitudinal outcomes ignores the underlying correlation structure and may lead to in-

correct inferences. For example, analyzing glucose concentration in individuals with T2D

and hypertension using a univariate mixed-effects approach would fail to account for the

inherent association between blood pressure and glucose concentration, and vice versa.

The multivariate linear mixed model has become the most important and widely used

analytical tool for longitudinal data with multiple continuous time series. However, the

classical assumptions of multivariate normality for model errors and random effects, as

well as a strictly linear relationship between model parameters and the response, may

not always be realistic. Therefore, flexible parametric mixed-effects models for skewed

longitudinal data with multiple outcomes are essential for obtaining more reliable, less

biased statistical inferences.

Second, the time-to-event outcome is often collected alongside one or more longitudinal

biomarkers, which are repeatedly measured until the event occurs or censoring occurs.

Survival models have typically characterized exposures by a single measure at study

baseline or as an average over the study period. Such exposure characterization fails

to incorporate the overall characteristics of the longitudinal process. Joint modeling

is an approach generally used to model two response processes simultaneously: longi-

tudinal (consisting of repeated measurements) and survival (consisting of time-to-event

Processes). However, most joint models introduced in the literature so far have focused on

modelling only one longitudinal variable with one time-to-event outcome, herein referred
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to as univariate joint modelling.

In fact, if one or more correlated longitudinal biomarkers are repeatedly measured until an

event occurs, ignoring this correlation and applying univariate joint modelling may lead

to biased estimates. Moreover, much of the existing literature on joint models assumes

that longitudinal measurements follow a multivariate normal distribution, which may

be unrealistic in practice. To address this, multivariate joint models that accommodate

multiple skewed longitudinal outcomes incorporate more information and improve the

model’s prognostic ability by accounting for correlated longitudinal outcomes and their

underlying distributional properties, while remaining theoretically straightforward.

The multivariate joint modeling framework for longitudinal and survival data consists

of three components: (i) a model for time-to-event outcomes, (ii) a model for longitudi-

nal marker trajectories, and (iii) a set of shared parameters that link the two processes.

Compared with separate models, this framework improves statistical inference by address-

ing measurement error in time-dependent covariates within survival regression models,

enhancing statistical efficiency through the joint use of correlated longitudinal data on

non-fatal chronic diseases, and enabling the quantification of associations between longi-

tudinal markers and survival processes, including biochemical variables.

Third, several clinical and biochemical variables have been reported to be associated

with microvascular and macrovascular complications in people with T2D. However, the

interrelationships among these variables could distort the estimation of their effects on

disease progression. Thus, addressing collinearity is essential not only to ensure unbiased

statistical inference but also to provide insight into the intercorrelation among biochemical

and clinical variables in individuals with type 2 diabetes.

Thus, novel methods that jointly model multiple correlated, skewed longitudinal out-

comes with nonlinear trajectories over time, while also addressing the joint analysis of

longitudinal and time-to-event processes, accounting for correlation among outcomes, de-

partures from normality, and providing insight into how clinical and biochemical variables

are interrelated, remain limited. The central aim of this thesis is to contribute to the
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application of such novel methods for correlated chronic disease.

These novel methods can then address clinical objectives such as the following: To what

extent are chronic complications occurring for people with diabetes and hypertension?

When these chronic complications occurred, and how the trajectory of chronic disease

over time, such as diabetes and hypertension, jointly affect the time to event outcomes?

To what extent do the progression of two or more chronic diseases correlate with each

other over time? How biochemical and clinical variables in people with type 2 diabetes

and hypertension are intercorrelated with each other and their effects on the progression

of microvascular and macrovascular complications. Since the natural history of certain

complications can only be assessed intermittently, the model must account for the char-

acteristics of the study’s repeated-measures process or observation scheme.

To address this clinical research objective and apply relatively novel statistical methods,

the thesis is organized into three chapters. To illustrate these methods, a retrospective

cohort study design was employed, and data were collected from individuals with T2D

mellitus and hypertension treated at Felege Hiwot Comprehensive Specialized Hospital

in Ethiopia. Additionally, datasets from patients with type 2 diabetes at a polyclinic hos-

pital in Italy were utilized. The classical (frequentist) approach to parameter estimation,

which relies on the joint likelihood function, is a well-established method for estimating

unknown parameters. However, a significant statistical challenge arises from the com-

putational difficulties associated with high-dimensional random effects. To address this,

a Bayesian framework is proposed. Accordingly, a Bayesian approach to statistical in-

ference was adopted in the first two chapters, and the proposed models were assessed

through simulation studies.

Chapter 1. Semiparametric Multivariate Mixed-effects Model for Skewed

Longitudinal Data under the Bayesian Approach.

The objective of the first chapter is to introduce flexible semiparametric multivariate

mixed models for analysing multiple correlated chronic disease processes. This approach

addresses the complex statistical challenges inherent in longitudinal data, particularly the
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impact of deviations from multivariate normality and the effect of nonlinear trajectory

patterns on model results. The proposed models are applied to examine the relationship

between the trajectories of glucose concentration and blood pressure over time in people

with diabetes and hypertension. To assess how the model parameters are estimated

and to compare model performance under varying conditions, simulation studies were

conducted. Both the application dataset and the simulation results suggest that the

flexible parametric multivariate mixed model is effective, yielding minimal bias and a

low root-mean-square error in parameter estimation when accounting for skewness and

nonlinear trajectory patterns in correlated outcomes.

Chapter 2. Bayesian Joint Modelling of Bivariate Longitudinal and Time-to-

Event Data: With Application of Micro and Macro Vascular Complications

in people with Type 2 Diabetes and Hypertension.

We propose the bivariate joint modeling to address the clinical question of how the tra-

jectories of glucose concentration and blood pressure are related and how their joint pro-

gression influences the risk of developing microvascular and macrovascular complications.

A simulation study was also conducted to compare parameter-estimation performance

under different distributional assumptions for multiple longitudinal outcomes. Both the

application and simulation studies show that a multivariate joint model with a multivari-

ate skew normal distribution provides more efficient and relatively accurate parameter

estimation.

Chapter Three. Diabetic Kidney Disease Progression in People with Type 2

Diabetes using Principal Component Analysis and Ordered Logit Model.

The objective of this chapter is to investigate the intercorrelation of biochemical and

clinical variables in individuals with type 2 diabetes and their effects on the progression

of kidney disease. Diabetic kidney disease (DKD) is one of the major microvascular com-

plications of diabetes, characterized over time by a decline in kidney function, typically

measured by the estimated glomerular filtration rate. To explore these interrelationships

and their impact on disease progression, principal component analysis (PCA) combined
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with ordered logit models was employed. From the available clinical and biochemical

variables, three uncorrelated principal components were extracted. The first component,

a linear combination of glycosylated haemoglobin, glycemia, and creatinine, which are

positively correlated, showed a strong, statistically significant association with the pro-

gression of kidney disease.

Overall significance

Advanced statistical methods have broad applicability in both epidemiological and clin-

ical research. Our semiparametric multivariate mixed-effects model, multivariate joint

modelling approach, and PCA and ordered logit models can provide physicians with

more precise information and stronger evidence on how chronic disease processes and

chronic complications co-develop and influence each other over time. This information

is crucial for enhancing patients’ understanding of disease progression and supporting

clinical decision-making. Although this research is motivated by chronic diseases such as

hypertension, type 2 diabetes, and their related complications, the fundamental concepts

underlying the proposed methods are broadly applicable to other fields, provided that

the relevant technical assumptions are met. These statistical methods provide a method-

ological reference for biostatistics and epidemiology researchers interested in conducting

studies within this and related domains.

1



Chapter 1

Semiparametric Multivariate Mixed-effects Model for

Skewed Longitudinal Data under the Bayesian

Approach.

Abstract

In medical research, it is common to collect multivariate data by measuring subjects mul-

tiple times across different outcomes. They often use univariate mixed-effects models to

analyze this data by assuming that both the random effects and errors follow a normal

distribution. Additionally, the response variables are considered to be linear functions

of the unknown regression parameters. However, the assumption of normality may not

always yield reliable results if the data exhibit skewness; outcome variables may have

a nonlinear relationship with some covariates, such as time. Furthermore, a univariate

mixed-effects model applied to correlated multivariate longitudinal outcomes without ac-

counting for their correlation may yield biased parameter estimates. To address these

issues simultaneously, we propose a flexible semiparametric multivariate mixed-effects

model that incorporates multiple longitudinal exposures that are significantly correlated,

exhibit skewness, and use a nonparametric function to capture nonlinear time effects. The

proposed models are illustrated through an application to correlated glucose concentra-

tion and blood pressure data to study the association of glucose concentration and blood

pressure in individuals with T2D and hypertension. A simulation study is conducted to

evaluate the performance of the proposed models. The results of both the application

and simulation studies suggest that the semiparametric mixed-effect model under a skew

multivariate normal distribution for the random errors performs better than other pro-

posed models, as it accommodates the nonlinear effects of covariates and the asymmetry

of longitudinal measurements. In our application, we found a strong association between
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the changes in glucose concentration and blood pressure, with the rate of change increas-

ing over time.

Keywords: Semiparametric multivariate mixed effect model, skewed multivariate lon-

gitudinal data, multivariate skew normal distribution, type 2 diabetes, and hypertension

disease.

1.1 Introduction

Longitudinal data are often collected in clinical and other follow-up studies, in which a

cohort of subjects is monitored, and data are collected at multiple time points to assess

how various exposures, processes, or characteristics influence outcomes over time. For

example, glucose concentration and blood pressure are repeatedly measured in people

with diabetes and hypertension to monitor disease progression over time and to ensure

patient safety.

This research was driven by follow-up data obtained from people with type 2 diabetes and

hypertension, a significant global health issue that affects both developed and developing

countries. Type 2 diabetes and hypertension are chronic diseases that significantly affect

populations in both developing and developed countries. In 2021, the global prevalence

of diabetes was estimated to be 10.5% (536.6 million) and is projected to reach 12.2%

(783.2 million) by 2045. In the African region, the prevalence was 4.5% (23.6 million) in

2021 and is expected to increase to 5.2% (54.9 million) by 2045 (Sun et al., 2022). Type

2 diabetes and hypertension are rapidly rising non-communicable diseases and significant

public health challenges in Ethiopia, resulting in disability and premature death due to

the long-term effects of untreated diabetes mellitus. The prevalence of hypertension was

predicted to be 19.2% (95% CI: 18.4 to 20.0) and 2.8% (95% CI: 2.4 to 3.1) for diabetes

in Ethiopia. Substantial variation was observed in the prevalence of these diseases at

subnational levels, with the highest prevalence of hypertension observed in Addis Ababa

(30.6%) and diabetes in the Somali region (8.7%) (Koye et al., 2022)

The rapid increase of diabetes and hypertension significantly increases the risk of macro-
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and microvascular complications, including coronary artery disease, stroke, nephropathy,

and retinopathy, leading to rising mortality (Liu et al., 2021) and (Petrie et al., 2018).

These conditions represent major public health and socioeconomic challenges. Effective

control of key biomarkers, such as blood glucose concentration and blood pressure, can

significantly reduce chronic complications and reduce related deaths, although complete

prevention remains unattainable (Reaven et al., 2019). These biomarkers provide valuable

information about the functioning of the circulatory system and serve as indicators of an

individual’s cardiovascular health at a specific time point. In clinical practice, individ-

uals diagnosed with hypertension and diabetes undergo routine measurement of glucose

concentration and blood pressure at each follow-up visit. These longitudinal assessments

serve a critical role in estimating the trajectories of glucose and blood pressure over time.

Moreover, it is essential to quantify treatment efficacy and to inform and optimize in-

dividualized patient care strategies. Therefore, studying the trajectory of glucose con-

centration and blood pressure in individuals with diabetes and hypertension is critical

for understanding disease pathogenesis and enhancing patient care. In follow-up studies,

longitudinal data exhibit a variety of features over time and across subjects in many

real-world settings. Selecting appropriate methods for analysing such longitudinal data

is therefore essential to provide an unbiased inference. Linear mixed models (LMMs) are

a powerful class of statistical models frequently used in the analysis of longitudinal data

because they are more flexible in modelling intra-subject correlations within the same

subject (Laird and Ware, 1982).

Although the various extensions of linear mixed-effects models have been applied for

modelling the longitudinal data, for example, parametric nonlinear mixed-effects (Wu and

Ding, 1999) and (Wu et al., 2004), and sim-parametric nonlinear mixed-effects (Ferede

et al., 2024) and (Huang et al., 2011), nevertheless, in all of these studies, at least one of

the following issues stands out:

I) Univariate analysis of correlated longitudinal outcomes ignores the underlying corre-

lation structure and may lead to incorrect inferences. For example, analysing glucose
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concentration in individuals with type 2 diabetes and hypertension using a univariate

mixed effect approach would fail to account for the inherent association between blood

pressure and glucose concentration, and vice versa (Aniley et al., 2025; Huang et al., 2015;

Ghosh et al., 2007). Even though most analyses use a univariate mixed-effect model, the

multivariate linear mixed model (MLMM) has become the most important and commonly

used analytical tool for multiple longitudinal data, for example, (Bandyopadhyay et al.,

2010) and (Lin and Wang, 2013). All of these studies suggest that multivariate analyses

yield better results than univariate analyses, implying that if two or more longitudinal

outcomes are correlated, analysing them separately may produce biased estimates of effect

sizes.

II) The assumption of a linear relationship between model parameters and the response

may not always be realistic. For instance, the lower panel of Figure 1.2 illustrates the

relationship between fasting blood sugar and time as well as systolic blood pressure

and time among patients with diabetes and hypertension receiving treatment at Felege

Hiwot Referral Hospital. The trends observed in both glucose concentration and blood

pressure are not linear, indicating that modelling these patterns using a linear mixed

effects framework may result in a biased estimator (Yirdaw and Debusho, 2023) and

(Aniley et al., 2019).

III) Furthermore, multivariate normal distributions for model errors and random effects

are common assumptions in all mixed-effects models. However, this assumption, which

may not hold in practice, can mask critical aspects of both between- and within-subject

variability. For example, the upper panel of Figure 1.2 displays histograms of repeated

glucose concentration and blood pressure measurements for diabetic and hypertensive

subjects recruited from the diabetic and hypertensive registration book at Felegehiwot

comprehensive specialized hospital; these measurements are notably right-skewed, pri-

marily due to a subset of participants exhibiting exceptionally high glucose and systolic

blood pressure levels compared to the rest of the study subjects. Thus, conducting mixed

effects under the assumption of multivariate normality in both random effects and ran-
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dom errors can result in biased statistical inferences (Verbeke and Lesaffre, 1996) and

(Arellano-Valle et al., 2007)

There are several suggestions in the literature for accommodating the asymmetry of lon-

gitudinal data, including the multivariate skew-normal, skew-normal/independent (SNI),

and multivariate skew-t distributions, to produce robust parameter estimates. The skew-

normal distribution was first introduced by (Azzalini, 1985), providing a more flexible

approach to modelling asymmetrical data. Since then, a detailed review of skew distri-

butions has been extensively developed (Azzalini and Capitanio, 1999) and (Azzalini and

Valle, 1996) and others over the past three decades to model skewed longitudinal data.

Depending on the sign of the skewness parameter, the distribution accommodates both

positively and negatively skewed data and includes normal distributions as exceptional

cases. (Sahu et al., 2003) proposed multivariate skew-normal distributions for Bayesian

regression problems; these differ from the skew-elliptical version proposed by (Azzalini,

1985), which is based on a univariate normal distribution. To the best of our knowledge,

no study has simultaneously addressed the asymmetric distribution of both random errors

and random effects, correlated longitudinal outcomes, and nonlinear time effects within

the framework of Bayesian mixed-effects modelling. Thus, we present flexible semipara-

metric multivariable mixed-effects modelling for skewed longitudinal data with multiple

outcomes, introduce Bayesian inference, use a real dataset from people with diabetes

and hypertension to illustrate the proposed models, and conduct simulation studies to

validate our conclusions.

1.1.1 The Multivariate Skew-Normal Distribution

Several extensions of the multivariate normal distribution, such as the multivariate skew-

normal and multivariate skew-t distributions (Sahu et al., 2003) and (Arellano-Valle et al.,

2007) have been used in the literature to capture asymmetry in longitudinal data. In

this study, we proposed the multivariate skew-elliptical distribution introduced by (Sahu

et al., 2003), which is implementable for conducting Bayesian inference. A K-dimensional

random vector Y follows a k-variate skew normal distribution with k × 1 location vector
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µ, k × k positive definite dispersion matrix Σ, and k × 1 skewness diagonal matrix ∆ =

diag(δ) with δ = (δ1, δ2, . . . , δk) being a skewness parameter vector, if its probability

density function (PDF) is given by (Sahu et al., 2003):

f(Y | µ,Σ,∆) = 2k |Σ +∆|−1/2 ϕk

[
(Σ + ∆)−1/2(Y − µ)

]
× Φk

[(
Ik −∆(Σ +∆2)−1∆

)−1/2
∆(Σ +∆2)−1(Y − µ)

] (1.1)

Where ϕk and Φk represent the pdf and cumulative distribution function (CDF) of the

multivariate normal distribution of the random variable Y. Ik denotes the k × k identity

matrix. We denote this distribution in short-hand representation as

Y ∼ SNk(µ,Σ,∆). (1.2)

The mean and covariance are given by E(Y ) = µ +
√

2
π
δ,Cov(Y ) = Σ +

(
1− 2

π

)
∆2.

When δ = 0, the k-variate skew-normal distribution reduces to the standard k-variate

normal distribution, and if Σ = σ2Ik, the density function factorizes into the product

of independent marginal distributions. If δ > 0, the distribution is positively skewed

(right-skewed), while if δ < 0, the distribution is negatively skewed (left-skewed).

According to Sahu et al. (2003), if Y ∼ SNk(µ,Σ,∆), it can be formulated through a

convenient stochastic representation as.

Y = µ+∆|x0|+ Σ1/2x1, (1.3)

where x0 and x1 are two independent random vectors distributed as Nk(0, Ik). Let w =

|x0|, then w follows a k-dimensional standard normal distribution Nk(0, Ik) restricted

to the space with w > 0. Thus, the hierarchical representation of equation 1.3 can be

expressed as:

Y | w ∼ Nk(µ+∆w,Σ), w ∼ Nk(0, Ik)1(w > 0) (1.4)
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1.2 Methodology

1.2.1 Semiparametric Multivariate Mixed-effects Models

In this section, we introduce a semiparametric multivariate mixed-effects modelling frame-

work for correlated multivariate responses. The model is presented in a general form to

highlight its flexibility and potential applicability across a broad range of biomedical and

longitudinal data analysis contexts. Let Yijk =
(
Yi1k, Yi2k, . . . , Yinik

)T
, k = 1, 2, be the

repeated measurements of the first and second outcomes, respectively, for the ith subject

measured at time tij, i = 1, 2, . . . ,m, j = 0, 1, 2, . . . , ni. Xijk and Zijk be the design

matrices of size ni × p and ni × q associated withthe vector of fixed effects βk and

the vector of random effects bik. Furthermore, Nik(tik) is an unknown smooth function

which is used to estimate the effect of measurement time on the kth longitudina out-

comes, and eik is the vector of residuals with ei1 and ei2 for the first and the second

outcomes. As suggested by Ferede et al. (2024) and Huang et al. (2011), we consider a

semiparametric multivariate mixed effect model within subject variation (random errors)

are assumed to follow a multivariate skew normal distribution, and the between-subject

variation (random effects) is believed to have a multivariate skew normal distribution and

can be expressed as:

Yijk = βkXik +Niktijk + bikZik + eijk (1.5)

where bi =

[
bi11, bi21, bi12, bi22

]
∼ SN(0,∆bk, Σb), Σb =



v11 v12 v13 v14

v21 v22 v23 v24

v31 v32 v33 v34

v41 v42 v43 v44


eik =

ei1
ei2

 ∼ SN(0,∆ek, Σk) ,Σk =

 var(εi1) cov(εi1, εi2)

cov(εi2, εi1) var(εi2)

 =

σ2
11 σ2

12

σ2
21 σ2

22

 .

∆bk is a skewness diagonal matrix for random effects with element δ11, δ12, δ21, δ22 and ∆ek

is the skewness diagonal matrix for the random errors, defined as ∆ejk = diag(δeik1, δeik2,
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. . . , δeikni
). In the case where δeik = δei1k = δei2k,= . . . ,= δenik = δek, then the ma-

trix simplifies to ∆ek = δekIni
, indicates that the model captures the dataset’s overall

skewness. In this study, the parameters δe1 and δe2 quantify the skewness of the first

and second outcomes, respectively. The random vectors bik and eik are assumed to be

independent. The semiparametric multivariate mixed-effects model in equation 1.5 offers

greater flexibility compared to its parametric counterpart, particularly in capturing non-

linear time effects. It simplifies to a parametric multivariate mixed-effects model when

the influence of time on the response is linear. Note that, in the above model, the correla-

tion between the bivariate responses is represented by both the variance-covariance of the

random effects (Σb) and the variance-covariance of the random errors (Σk). For instance,

in part Σb, the value of v24 indicates the association between the random slopes of two

longitudinal outcomes. Similarly, in part Σk, the value of σ2
12 shows how the residual

variance of the two longitudinal outcomes is associated.

In the moel equation 1.5, the effect of measurement time tijk =
(
ti1k, ti2k, . . . , tinik

)T
the kth longitudina outcomes is non-linear and estimated using nonparametric approach.

This is achieved by employing a smoothing function Nik(tik), which can be defined as

follows:

Nik(tik) = f(Nik(tik)) = U(tik)

Where U(tik) represents unknown smoothing functions for the population variations of

the longitudinal response Yik due to time effects tik. A regression spline base, natu-

ral cubic basis is used to specify the unknown functions U(tik) because this method is

more straightforward in application (Silverman, 1985) and (Yan et al., 2016). The main

idea of the regression spline is to approximate U(tik) by using a linear combination of

spline basis functions. let U(tik) = Vkl(t) then Vlk(t) =
(
V0k(t), V1k(t), . . . , V(l−1)k(t)

)T
Mathematically, the specification can be given by

Vkl(tik) = η0k V0k(tik) + η1k V1k(tik) + · · ·+ η(L−1)k V(L−1)k(tik)

=
L−1∑
l=0

ηlk Vlk(tik).
(1.6)
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where ηlk =
(
η0k, η1k, . . . , η(l−1)k

)T are the unknown vectors of fixed coefficients νkl(t).

Natural cubic spline bases with the percentile-based knots are used to estimate the effect

of time on the longitudinal outcomes. To select the optimal degree of the regression

spline and the number of knots, we consider different numbers of knots and compare their

deviance information criteria (DICs), choosing the smallest one (Huang et al., 2011). By

using equation 1.6, model equation 1.5 can be rewritten as:

Yik = βkXik + ηlk Vlk(ti) + bikZik + eik. (1.7)

Let vi = (Xik, Vkl(tik)) and Zik be the fixed-effect and random-effect design matrices,

respectively. Furthermore, let γk = (βT
k , η

T
kl) and bTik be the associated vectors of fixed-

effects and random-effects parameters, respectively. Then, the model in equation 1.7 can

be reformulated as.

Yik = γkvi + bikZik + eik (1.8)

bik ∼ SN(0,∆bk, Σb, ∆bk) , eik ∼ SN(0,∆ek, Σk, ∆ek) .

1.2.2 Bayesian Inference for Parameter Estimation

The classical (frequentist) approach of parameter estimation is a well-established method

for estimating all unknown parameters using the joint likelihood function. However, this

technique can be computationally demanding and may encounter convergence issues,

particularly when using the joint likelihood method with the proposed model, which

employs a multivariate skew normal distribution for the random errors and random effects

(Wu, 2002). The Bayesian inference approach offers a solution by reducing computational

complexity and enabling the incorporation of prior knowledge for the unknown parameters

(Huang et al., 2022). We present a Bayesian inference method via the Markov chain Monte

Carlo (MCMC) procedure to estimate the parameters of the semiparametric multivariate

mixed-effect model. A key feature of the Bayesian inference that allows writing the code

in Just Another Gibbs Sampler (JAGS) (Plummer et al., 2003), and the model can be

formulated in a flexible hierarchical representation. By introducing two random variable
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vectors wi =
(
wi1, wi2, . . . , wini

)T of dimension ni × 1 and gi =
(
gi1, . . . , gi2(q+1)

)T of

dimension 2(q + 1) × 1, we can present the semiparametric multivariate mixed-effect

model equation 1.8 hierarchically as suggested by (Sahu et al., 2003).

Yi | bi, wi ∼ N2ni
(γvi + Zibi + δek(wi +

√
2/π I2ni

), ΣkI2ni
),

bi | gi ∼ N2(q+1)(δbk( gi +
√

2/π I2(q+1) ), Σb),

wi ∼ N2ni
(0, I2ni

) I(wi > 0),

gi ∼ N2(q+1)(0, I2(q+1)) I(gi > 0).

(1.9)

where Yi | bi, wi ∼ N2ni
(γvi+Zibi+ δek(wi+

√
2/π I2ni

),ΣkI2ni
) is the conditional distri-

bution of the longitudinal responses given the random effects (bi) and latent variable (wi),

which follows a multivariate skew normal distribution with mean equal to the sum of the

fixed effects (γvi), the random-effects (Zibi), and skewness term (δek(wi +
√

2/π)) with

covariance matrix equal to Σk. vi and Zi be the covariates design matrices associated with

the vector of fixed effects β and the vector of random effects bi, respectively. i = 1, ..., n,

and n is the total number of subjects, ni is the number of repeated measurements for sub-

ject i, and q is the number of random slopes and intercepts for each longitudinal outcome.

bi | gi ∼ N2(q+1)(δbk( gi +
√
2/π),Σb) is the conditional distribution of the random effect

given another latent variable gi, which follows a multivariate skew normal distribution

with mean equal to δbk( gi +
√

2/π) with covariance Σb. wi and gi are auxiliary latent

variables, each assumed to follow a multivariate normal distribution truncated to non-

negative values. These truncated normal variables generate the asymmetric components

of both the longitudinal response and random-effects distributions, thereby forming the

overall multivariate skew-normal structure. δek and δbk are the skewness parameters for

random errors and random effects, respectively, and I2ni
and I2(q+1) are identity matrices.

To carry out Bayesian inference, it is necessary to understand and define prior beliefs or

distributions over the parameters and observed data to update them. It works by starting

with a prior distribution representing initial beliefs about the parameters, then updating

it to a posterior distribution after observing data using the likelihood function. Thus,
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we need to define prior distributions for all unknown parameters in equation 1.8. The

fixed-effect and skewness parameters are assumed to be multivariate normally distributed.

Additionally, the variance-covariance matrix for the random effects and random errors is

assumed to follow an inverse Wishart distribution, as shown below.

γ ∼ N(γ0, ΩΓ), ∆ek ∼ N(∆0, Ω∆ek
),

∆bk ∼ N(∆0, Ω∆bk
), Σek ∼ IW (Ω1, ω1), Σbk ∼ IW (Ω2, ω2).

(1.10)

Where γ is a vector of fixed-effect coefficients, γ0 is a prior mean vector for γ, ΩΓ is

the prior covariance matrix for γ. ∆0, Ω∆bk
, and Ω∆ek

represent the prior mean vector

and prior covariance matrices associated with the skewness parameters of the random

effects (∆bk) and those of the random errors (∆ek), respectively. Ω1,Ω2 are the scale or

dispersion matrices for the variance covariance of the random errors (Σek) and the variance

covariance of the random effects (Σbk), respectively, with ω1, ω2 are the respective degrees

of freedom.

For convenient implementation, the hyperparameter matrices ΩΓ, Ω∆ek
, Ω∆bk

, Ω1, Ω2

are assumed to be diagonal. This assumption indicates that these matrices represent

independent or uncorrelated components. For instance, if we consider the parame-

ter vector γ and the hyperparameter matrix ΩΓ is diagonal, this suggests that the el-

ements or effect parameters associated with γ are independent or uncorrelated. let

Ω =
(
γ, ∆ek, ∆bk, Σbk, Σek

)
be the collection of unknown population parameters in

model equation 1.8. We assume that they are independent of each other in other words

π(Ω) = π(γ)π(∆ek) π(∆bk) π(Σek) π(Σbk). let Dn = {Yi, vi} be the observed data, f(·) be

a density function, f(·/·) be a conditional density function and π(·) be a prior density

function, then the likelihood function is denoted by L(Ω | Dn) = f(Dn | Ω) and its
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density function is given by:

f(Dn | Ω) =
n∏

i=1

∫
f2ni

(Yi; γvi + Zibi + δek(wi +
√

2/π × I2ni
),Σk × I2ni

)

× f2(q+1)(bi; δbk(gi +
√

2/π × I2(q+1)),Σb)

× f2ni
(wi; 0, I2ni

) I(wi > 0)

× f2(q+1)(gi; 0, I2(q+1)) I(gi > 0) dbi (1.11)

This means that the likelihood function is the product of each subject’s density for the

longitudinal outcomes Yi, the random effect bi, and the two latent variables wi and gi,

with integration over ior distributions of the unknown model parameters and the observed

data, we can draw samples for statistical inference from the posterior density by combining

the likelihood function 1.11 and the priors. The joint posterior density of the unknown

parameter is the product of the likelihood and the prior distributions. That is, the joint

posterior density of Ω given the observed data, Dn, can be given by

f(Ω | Dn) ∝ f(Dn | Ω)× π(Ω) =

f(Ω | Dn) ∝
{ n∏

i=1

∫
f2ni

(Yi; γvi + Zibi + δek(wi +
√
2/π × I2ni

),Σk × I2ni
)

× f2(q+1)(bi; δbk(gi +
√

2/π × I2(q+1)),Σb)

× f2ni
(wi; 0, I2ni

) I(wi > 0)

× f2(q+1)(gi; 0, I2(q+1)) I(gi > 0)dbi

}
× π(Ω)

(1.12)

The posterior distribution of the equation 1.12 does not have a closed-form solution. As a

result, calculating the posterior distribution directly from the observed data is challenging.

MCMC procedures have been employed to sample from the posterior distribution using

Gibbs sampling.
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1.2.3 Application to Diabetes and Hypertension Data

Motivating Glucose Concentration and Blood Pressure Data

We illustrate the proposed method by analysing electronic medical record data from a

primary care patient cohort to investigate the trajectory patterns of glucose concentration

and blood pressure, along with their associations with demographic factors. The data

were collected from patients with diabetes and hypertension at Felegehiwot Comprehen-

sive Specialized Hospital in Ethiopia. This paper includes individuals with diabetes and

hypertension who had two or more visits during the 5-year study period, spanning Jan-

uary 2018 to December 2022. After applying the inclusion and exclusion criteria, we

included 220 subjects in the study. A total of 1,837 longitudinal measurements were

collected from these participants.

Demographic variables (age, sex, and residence) were extracted from their medical chart.

The fasting blood glucose in milligrams per deciliter (mg/dL) and systolic blood pres-

sure in millimeters of mercury (mmHg) were measured every 6 months over 5 years and

recorded in medical charts. Of the 220 people with type 2 diabetes and hypertension,

132 (60.00%) are male; the mean of the baseline fasting blood glucose and systolic blood

pressure are 200.90 (62.27) mg/dL and 142 (14.21) mmHg, respectively, as shown in Ta-

ble 1.1. The mean age of people with T2D and hypertension was 53.75, with a standard

deviation of 11.09 years.

The upper panel of Figure 1.2 shows the histograms of FBS and SBP, respectively. As

shown in the graph, the distributions of the longitudinal outcome variables, fasting blood

sugar and systolic blood pressure, deviate from normal. Although both outcomes are

positively skewed, FBS skewness is much greater than that of SBP. We further examined

the normality of the FBS and SBP outcomes using Shapiro–Wilk’s test, which revealed

that the normality assumption was violated. The bottom panel of Figure 1.2 shows the

FBS and SBP trajectories of five randomly selected patients. The randomly selected

sample trajectories of FBS and SBP clearly demonstrated fluctuations over time.
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Figure 1.1: The mean trajectory plots of FBS and SBP by place of residence and sex

We fit individual profiles using a univariate linear mixed-effects model for each outcome,

assuming that the residual terms and random effects are normally distributed. Figure

1.3 suggests that although estimated subject-specific slopes appear normally distributed,

variation in intercepts may not be normally distributed. Figure 1.1 explores the mean

trajectory plot of glucose concentration and blood pressure with categorical variables over

time. The mean trajectory of glucose concentration in people with T2D and hypertension

living in rural areas was higher than in those living in urban areas. In contrast, blood

pressure remained higher until the midpoint of the study period (36 months). However,

after 36 months, the trajectory reversed. The mean trajectories of glucose concentration

and blood pressure differ by sex; females appear to have lower mean trajectories than

males, though the trends reverse at times.
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Table 1.1: Descriptive statistics for variables at baseline: frequency (proportion) for
categorical variables and mean (SD) for quantitative variables

Variables Category Proportion / Mean

Sex Male 132 (60.00%)

Female 88 (40.00%)

Residence Urban 143 (65.00%)

Rural 77 (35.00%)

Baseline age 53.75 (11.09)

Measurement time 33

Baseline FBS 200.90 (62.27)

Baseline SBP 142.15 (14.21)

Figure 1.2: The histogram of FBS and SBP (standardized scale) (upper panel) and the trajectory profiles
of FBS and SBP (standardized scale) for randomly selected subjects (lower panel) in people with T2D
and hypertension.
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Figure 1.3: Distribution of subject-specific intercepts and slope

1.2.4 Model Implementation

We illustrate the proposed methods using the clinical data on diabetes and hypertension

described in Section 1.2.3. Sex, age, and residence were included as covariates, and three

time-spline basis functions with four random effects were used to model the longitudinal

trajectories of glucose concentration and systolic blood pressure. In this model, we assume

that the mean trajectories of FBS and SBP differ by sex and residence. We conducted

the following scenarios. First, we compare the semiparametric multivariate mixed-effects

model with its fully parametric counterpart, which assumes multivariate normal distribu-

tions for both the random effects and model errors, to assess how nonlinear time effects

influence model results. Second, we investigated the performance of the proposed models

under different distributional assumptions of the random effects and random errors. We

consider the following fully parametric multivariate mixed-effects model to model the

trajectory of glucose concentration and blood pressure:

Yijk = (β1k + bik1) + (β2k + bik2) timeijk + β3k agei + β4k sexi + β5k residencei + eijk (1.13)
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Where k = 1 and 2, denote the repeated measurements of the glucose concentration

in mg/dL and systolic blood pressure in mmHg, respectively, for the ith subject mea-

sured at time tij (expressed in months, i = 1, 2, . . . , 220, j = 0, 1, 2, . . . , 10). agei be

the age of the ith subject at baseline. The vector of fixed-effect parameters is βT =

(β11, β21, β31, β41, β51, β12, β22, β32, β42, β52)
T , representing the intercept and the effects of

time, age, sex, and residence on glucose concentration and blood pressure, respectively.

The random-effect vector is bi = (bi11, bi21, bi12, bi22), corresponding to the random inter-

cepts and random slopes for the longitudinal outcomes (glucose concentration and blood

pressure). eijk are the random errors with dimension ni × 1, representing the within-

subject residuals for glucose concentration and blood pressure, respectively.

In addition to the fully parametric fixed-effects model, we present a semiparametric (par-

tial linear) multivariate mixed-effects model to analyse the trajectories of glucose concen-

tration and blood pressure.

Yijk = (β1k + bik1) + bik2 Timeijk + ηk0 V0k(Timeijk) + ηk1 V1k(Timeijk)

+ ηk2 V2k(Timeijk) + β2k age + β3k sex + β4k residance + eijk.

(1.14)

Vkl(t) =
(
Vk0(Timeijk), Vk1(Timeijk), Vk2(Timeijk)

)T is a vector of natural cubic spline

bases used in the regression spline method and ηTk = (ηk0, ηk1, ηk2)
T are the corresponding

fixed effect parameter. To approximate the spline bases, we chose two internal knots

located at arbitrary months between 0 and 54, as well as two boundary knots positioned

at 0 and 54 months. The locations of the two internal knots were determined from

the distribution of observed measurement time points, specifically at the 25th and 75th

quantiles. We further explore how skewness in the distributions of model errors and

random effects influences the precision of parameter estimates by comparing the following

three models.

Model N: Model with multivariate normal distribution for both random errors and

random effects.

Model SNE: Model with multivariate skew-normal distribution for the random errors
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and multivariate normal distribution for the random effects.

Model SNR: Model with multivariate skew-normal distribution for the random effects

and multivariate normal distribution for the random errors.

To perform Bayesian inference for the proposed models, we need to specify the hyper-

parameter values for the prior distributions. In the absence of historical data or experi-

ments, we specify weakly informative priors for all model parameters to obtain a proper

posterior distribution. Specifically, each component of the fixed effects vectors β, η as

well as the skewness parameter ∆bk and ∆ek were assumed to follow independent normal

distributions with mean zero and variance 100, i.e. N (0, 100). The prior for the variance–

covariance matrices of the random effects, Σb, and random errors, Σk, is assumed to follow

an inverse Wishart distribution with Ω∆bk
= diag(1, 1, 1, 1), degrees of freedom = 5, and

Ω∆ek
= diag(0.01, 0.01), degrees of freedom = 3, respectively.

For each model, we ran three MCMC sampling chains, each consisting of 30,000 itera-

tions, with initial values dispersed. We discarded the first 7,000 iterations as a burn-in

period and retained every 20th sample thereafter. Thus, we obtain 3450 samples from

the targeted posterior distributions and use them to make statistical inferences. We as-

sessed convergence of the generated samples, indicating that the algorithm has reached

its equilibrium target distribution, using standard JAGS diagnostics, such as trace plots,

density plots, and autocorrelation plots. Figures 1.4 display the trace plot, density plot,

and autocorrelation plot of the some parameter used in the illustration. Note that only

the plots for some parameters in semiparametric mixed-effect models are shown here; the

remaining parameters for this model can be found in the appendix. The trace plots (up-

per panel) indicate that the lines from the three distinct chains intersect, demonstrating

that the algorithm has achieved convergence. It implies that the regression coefficients

for the selected parameters converge to their target distributions. Additionally, the pos-

terior density plots in the middle panel provide valuable insights. The density plots from

each chain closely overlap and resemble the density estimates from the other chains, in-

dicating that all chains are sampling from the exact posterior distribution. We further
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monitor convergence using autocorrelation plots (bottom panel), which show a drop in

autocorrelation after lag 3 for all parameters, and for others, it trails off quickly. The au-

tocorrelations decay rapidly to zero within just a few lags, and all chains display consistent

behaviour. This indicates independence between successive samples, efficient exploration

of the posterior distribution, and substantial evidence that the chains have converged to

the target distribution.

In addition to visual inspection, it is essential to employ formal statistical tests to assess

the convergence of the samples generated from the MCMC procedure. In this study,

we employed the Gelman-Rubin statistic (Gelman and Rubin, 1992) to evaluate whether

multiple chains have converged to the same target distribution, a crucial step in ensuring

reliable inference. The results are not presented here, but all parameters have R-hat

values below 1.005, indicating that their distributions are converging toward the target

distribution.

1.3 Results and Discussion

1.3.1 Comparison of Model Fitting Results

We conducted the following scenarios. First, a fully parametric multivariate mixed-effects

model is compared with a partially parametric mixed-effects model that assumes normal

distributions for both random effects and model errors to evaluate how the non-linearity

of the model parameter influences the modeling results. Second, we examined how the

asymmetric distributions of random errors and random effects (Models SNE and SNR)

fit the longitudinal data and how their parameter estimates compare with those from the

standard multivariate normal distribution (Model N). To improve the efficiency of the

estimation algorithm and reduce variability due to measurement errors, we standardized

longitudinal data on fasting blood sugar and systolic blood pressure. Additionally, to

avoid unstable estimates, the covariates age and measurement time were standardized.

Therefore, the results are expressed in standard units rather than the original units of
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Figure 1.4: Trace plot (upper panel), density plot (middle panel), and autocorrelation function plot
(lower panel) for some parameters
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measurement.

To select the best-fitting model, the deviance information criterion (DIC) is used, along

with the residual sum of squares (RSS) and expected predictive deviance. Like other

model selection criteria, we caution that DIC, RSS, and expected predictive deviance

are not intended to identify the “correct” model, but rather to compare a collection of

alternative model formulations.

We begin by initially comparing the performance of two models: the proposed semipara-

metric (partial linear) multivariate mixed-effects model and a fully parametric multivari-

ate mixed-effects model that assumes normal distributions for both the random effects

and model errors. The posterior mean, standard deviation, and 95% credible interval

of the two models are shown in Table 1.2. The results show that the posterior mean

of all fixed-effect parameters in a fully parametric multivariate mixed-effects model is

slightly lower than in a semiparametric multivariate mixed-effects model. For instance,

the estimates from a fully parametric multivariate mixed-effects model, with values β11

= 0.002 and β12 = 0.022, increase to 0.067 and 0.163 in a semiparametric multivariate

mixed-effects model. In contrast, the estimated within-subject variances and covariances

in the fully parametric model are larger than in the semiparametric model.

The DIC, RSS, and expected predictive deviance values for the fully parametric multi-

variate mixed effects model are greater than those for the semiparametric multivariate

mixed effects model, indicating that the semiparametric model fits the data better than

the fully parametric model (see Table 1.3 ). This suggests that accounting for the nonlin-

earity of the time effect, particularly when the data exhibit a nonlinear relationship, as

shown in the lower panels of Figure 1.2, improves model fitting and parameter estimation

by providing the flexibility of the multivariate mixed-effects model. After selecting the

semiparametric multivariate mixed effects model as the most suitable model that fits the

data perfectly, we further investigate how the asymmetric distribution of random effects

and model errors contributes to the modelling results by fitting models N, SNE, and SNR.
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Table 1.2: Comparison of posterior mean and standard deviation (SD) between the fully
parametric multivariate mixed effect model and the semiparametric multivariate mixed
effect model

Parameter Fully parametric Semiparametric

Estimate SD 95% CI Estimate SD 95% CI

β11 0.002 0.060 0.001, 0.116 0.067 0.071 0.019, 0.207
β31 0.047 0.037 0.022, 0.120 0.051 0.036 0.026, 0.126
β41 -0.069 0.075 -0.119, 0.077 -0.068 0.075 -0.119, 0.080
β51 0.141 0.078 0.088, 0.294 0.137 0.075 0.085, 0.282
β12 0.022 0.057 -0.018, 0.138 0.163 0.073 0.114, 0.302
β32 0.131 0.037 -0.018, 0.204 0.135 0.037 0.108, 0.206
β42 -0.065 0.076 -0.116, 0.081 -0.063 0.074 -0.113, 0.080
β52 0.043 0.079 -0.010, 0.201 0.043 0.076 -0.007, 0.193
σ2
11 0.601 0.023 0.585, 0.647 0.579 0.022 0.564, 0.175

σ2
12 0.206 0.017 0.193, 0.240 0.187 0.017 0.175, 0.222

σ2
22 0.651 0.024 0.634, 0.700 0.631 0.024 0.615, 0.678

The DIC, EPD, and expected predictive deviance in Model SNE are smaller than those

for Model N and Model SNR, as shown in Table 1.3. This suggests that Model SNE

provides a better fit to the data than Model N and Model SNR. Furthermore, Figure 1.6

shows the diagnostic plots of observed values vs. fitted values of FBS and SBP based

on Model N, Model SNE, and Model SNR to assess the goodness-of-fit of the proposed

models. As shown in the figure, Model SNE provides a much better fit to the observed

values of FBS and SBP compared to Model SNR and Model N. Thus, according to the

DIC, RSS, expected predictive deviance, and the diagnostic plots, we conclude that the

semiparametric multivariate mixed effect model, which assumes a skewed multivariate

normal distribution for the model errors, is the best fit model for the observed skewed

FBS and SBP data. Thus, we further report the detailed findings from Model SNE.

Bayesian inference across the three models shows that almost all population parameters

are overestimated in models N and SNR relative to model SNE. The standard deviation

of the fixed-effects parameters in model SNE is much smaller than those in the other

two models (see Table 1.4). The findings suggest that failing to account for skewness in

the mixed-effects model may lead to substantial underestimation or overestimation of the

parameter estimates. This indicates that the semiparametric multivariate mixed-effects
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model, which uses a multivariate skew-normal distribution for model errors, yields results

that are relatively unbiased compared to the model that assumes a multivariate normal

distribution.

Future more, the magnitude of the estimated within-subject variances σ2
11, σ2

22 and co-

variance σ2
12, (see Table 1.4) and between-subject variance-covariance values (v11 to v34)

(see Table 1.5) for model SNE are smaller than those for models N. The difference is

expected because high variability and skewness are related to the model’s assumption of

a skewed distribution of model errors and random effects.

Figure 1.6: The observed values versus fitted values of FBS and SBP based on model N, model SNE,
and model SNR.
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Table 1.3: Model comparison using expected predictive deviance, RSS, and DIC criteria

criteria Semiparametric Fully parametric Model N Model SNE Model SNR

Deviance 8393.025 8495.05 8393.025 4844.393 8375.145

RSS 1897.858 1971.358 1897.858 939.127 1883.926

DIC 9422.5 9484.8 9422.5 4667.2 9377.9

Results of analysis based on Model SNE

The posterior mean (PM), the corresponding standard deviation (SD), and the 95%

credible interval (LCL and UCL) for the fixed-effect parameters and skewness across the

three models are presented in Table 1.4. The estimated skewness parameters for the

random errors and random effects explain the asymmetry in the longitudinal outcomes.

The posterior mean estimates of the skewness parameters accounted for in the random

errors δ1 and δ2 are 0.99 and 0.32, with their corresponding 95% confidence intervals (0.98,

1.00) and (0.28, 0.43), respectively. This indicates positive Skewness, providing evidence

of right skewness in our bivariate, correlated longitudinal data. In addition, the skewness

of fasting blood glucose is greater than that of systolic blood pressure, which implies

that the glucose concentration data is more skewed than the systolic blood pressure data.

Thus, incorporating a skewness parameter in the model is necessary to provide unbiased

parameter estimates.

The progression of fasting blood glucose levels in people with type 2 diabetes and hyper-

tension living in rural areas was faster than in those living in urban areas. For instance,

the residence coefficient (β41 = 0.05, 95% CI (0.01, 0.17)) indicates that the standardized

mean FBS value for people with diabetes and hypertension in rural areas is 0.05 mg/dl

higher than for those in urban areas, when the effects of other covariates remain constant.

The variances associated with both the random intercept and random slope were sig-

nificant, underscoring substantial inter-individual variability in baseline disease severity
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Table 1.4: Summary of estimated posterior mean (PM), standard deviation (SD), and
95% credible intervals for fixed effects, skewness, based on Models N, SNE, and SNR.

Response Model Stat β11/12 β21/22 β31/32 β41/42 η01/02 η11/12 η21/22 δ1/2 δ11/12 δ21/22 σ2
12 σ2

11/22

FBS

Model N

PM 0.06 0.05 -0.06 0.13 -0.18 -0.02 0.48 – – – 0.18 0.57
SD 0.07 0.03 0.07 0.07 0.09 0.15 0.09 – – – 0.01 0.02
LCL 0.01 0.02 -0.11 0.08 -0.24 -0.12 0.41 – – – 0.17 0.56
UCL 0.20 0.12 0.08 0.28 0.05 0.28 0.67 – – – 0.22 0.62

Model SNE

PM 0.04 0.04 -0.01 0.05 -0.13 -0.08 0.43 0.99 – – 0.03 0.08
SD 0.05 0.02 0.06 0.06 0.07 0.13 0.08 0.01 – – 0.02 0.01
LCL 0.01 0.02 -0.05 0.01 -0.18 -0.16 0.37 0.98 – – 0.01 0.07
UCL 0.15 0.10 0.10 0.17 0.01 0.16 0.60 1.00 – – 0.07 0.11

Model SNR

PM 0.07 0.05 -0.06 0.13 -0.17 -0.02 0.48 – 0.28 -0.01 0.18 0.57
SD 0.07 0.03 0.07 0.07 0.09 0.15 0.10 – 0.24 0.14 0.01 0.02
LCL 0.02 0.02 -0.11 0.08 -0.23 -0.12 0.41 – 0.10 -0.11 0.17 0.56
UCL 0.21 0.12 0.07 0.28 0.01 0.28 0.68 – 0.62 0.29 0.22 0.62

SBP

Model N

PM 0.16 0.13 -0.06 0.04 0.04 -0.33 0.44 – – – – 0.63
SD 0.07 0.03 0.07 0.07 0.09 0.15 0.09 – – – – 0.02
LCL 0.11 0.11 -0.11 -0.01 -0.02 -0.43 0.37 – – – – 0.58
UCL 0.30 0.20 0.08 0.18 0.23 -0.02 0.62 – – – – 0.67

Model SNE

PM 0.15 0.13 -0.04 0.01 -0.05 -0.36 0.41 0.32 – – – 0.58
SD 0.07 0.03 0.07 0.07 0.09 0.15 0.09 0.05 – – – 0.02
LCL 0.10 0.10 -0.09 -0.03 -0.01 -0.46 0.35 0.28 – – – 0.56
UCL 0.29 0.20 0.10 0.16 0.23 -0.05 0.59 0.43 – – – 0.63

Model SNR

PM 0.16 0.12 -0.05 0.03 0.03 -0.34 0.43 – 0.36 -0.04 – 0.62
SD 0.07 0.03 0.07 0.08 0.09 0.15 0.09 – 0.22 0.13 – 0.02
LCL 0.11 0.10 -0.10 -0.01 -0.02 -0.44 0.37 – 0.30 -0.13 – 0.61
UCL 0.31 0.19 0.08 0.18 -0.02 -0.44 0.37 – 0.63 0.19 – 0.67

and progression among people with type 2 diabetes and hypertension, as shown in Ta-

ble 1.5. This result confirms the need to incorporate random effects into the model to

account for the correlation among repeated measurements within subjects appropriately.

Additionally, a positive random intercept for a given subject suggests that the ith subject

has higher baseline glucose and blood pressure levels than the population average. In

contrast, a positive random slope implies that the ith subject experiences a more rapid

increase in glucose concentration and blood pressure over time relative to the average

trajectory.

The estimated overall posterior covariance between glucose concentration and blood pres-

sure progression is significantly positive, despite varying degrees of association. More-

over, the random intercept and random slopes are positively associated with both glucose

concentration and blood pressure; specifically, the covariance values of v12 = 0.10 and

v34 = 0.06, in model SNE expressed in standardized units, indicate the covariance between

the random intercept and slope for glucose concentration and blood pressure, respectively.

This shows that a higher glucose concentration at the time of diabetes diagnosis may lead
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to faster progression of glucose concentration. In the same way, people whose blood pres-

sure was higher at the first measurement show a quicker rise in blood pressure. This

suggests that patients with worse disease severity at the beginning tend to have a faster

disease progression rate and vice versa.

Table 1.5: A summary of the estimated posterior mean of the variance covariance matrix
of the random effects, the corresponding standard deviation (SD), and 95% credible
interval for model N, model SNE, and model SNR.

Model Stat v11 v22 v33 v44 v12 v13 v14 v23 v24 v34

N PM 0.29 0.15 0.23 0.13 0.11 0.12 0.11 0.06 0.08 0.07

SD 0.03 0.02 0.03 0.02 0.02 0.02 0.02 0.02 0.01 0.02

LCL 0.27 0.13 0.21 0.11 0.10 0.10 0.09 0.05 0.06 0.06

UCL 0.37 0.20 0.30 0.17 0.16 0.18 0.15 0.10 0.12 0.11

SNE PM 0.22 0.11 0.22 0.12 0.10 0.09 0.09 0.05 0.06 0.06

SD 0.02 0.01 0.03 0.01 0.01 0.02 0.01 0.01 0.01 0.01

LCL 0.19 0.10 0.20 0.10 0.08 0.07 0.08 0.04 0.05 0.05

UCL 0.26 0.14 0.29 0.16 0.10 0.13 0.13 0.07 0.08 0.10

SNR PM 0.24 0.15 0.17 0.12 0.11 0.11 0.10 0.06 0.08 0.07

SD 0.05 0.02 0.04 0.02 0.02 0.02 0.02 0.02 0.01 0.01

LCL 0.20 0.13 0.14 0.11 0.09 0.10 0.09 0.05 0.06 0.06

UCL 0.35 0.20 0.26 0.17 0.16 0.18 0.15 0.10 0.12 0.11

1.3.2 Simulation Study

Simulation studies were conducted to evaluate the performance of the proposed semi-

parametric multivariate mixed-effects model under different distributional assumptions

of both random errors and random effects. We want to investigate how well the param-

eters are estimated across the proposed models. The simulation studies were designed

as follows. The bivariate correlated longitudinal outcomes Yijk were simulated using the
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following semiparametric multivariate mixed effects model:

Yijk = (β1k + bik1) + bi2k Timeij + ηk0 V0k(Timeijk) + η1k V1k(Timeijk)

+ η2k V2k(Timeijk) + β2k agei + β3k sexi + β4k residencei + eijk, (1.15)

Where Yij1 and Yij2 are the respective glucose concentration and blood pressure for ith

subject at measured time tij, βT =
(
β1k, β2k, β3k, β4k

)T are intercept, the effect of age,

sex, and residence on glucose concentration and blood pressure. ηTk =
(
ηk0, ηk1, ηk2

)T are

the nonlinear time effect on glucose concentration and blood pressure. bi =
(
bi11, bi21, bi12,

bi22
)

are the random intercept and random slope for glucose concentration and blood pres-

sure. V0k(Timeijk), V1k(Timeijk), V2k(Timeijk) is a vector of natural cubic spline bases

used to estimate the nonlinear effects of measurement time on glucose concentration and

blood pressure through the regression spline method. To generate these spline bases, we

consider 10 equally spaced visiting time points between 0 and 54 (tij = 0, 6, 12, . . . , 54)

where the longitudinal measurements are taken from each subject. The locations of these

knots were determined based on the quantiles of the distribution of observed measure-

ment time points. The model includes three covariates: age, sex, and residence. Age,

a continuous variable, is simulated from a normal distribution with a mean of 54 and a

standard deviation of 11. In contrast, sex and residence, categorical variables, are sim-

ulated from Bernoulli distributions with probabilities of 0.32 and 0.4, respectively. The

random effects vector bi = (bi11, bi21, bi12, bi22) is simulated from a multivariate normal

distribution with mean zero and a variance–covariance matrix obtained from the real

data in model SNE.

To introduce skewness into the longitudinal data, random errors were generated using a

gamma distribution. Specifically, the random errors for fasting blood sugar and systolic

blood pressure were generated using a gamma distribution with both the shape and scale

parameters set to 1. We set the true values of model parameters as those obtained from

real data analysis for Model SNE, which are present in Table 1.4. The parameter vectors

are defined as follows: βT
1 = (β11, β21, β31, β41)

T = (0.048, 0.043, −0.013, 0.057)T, βT
2 =
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(β12, β22, β32, β42)
T = (0.155, 0.132, −0.042, 0.016)T, ηT1 = (η01, η11, η21)

T = (−0.136,

− 0.085, 0.435)T, ηT2 = (η02, η12, η22)
T = (0.052, −0.360, 0.419)T.

In accordance with the study design described above, we generate a sample of 400 sub-

jects and repeat the simulation 100 times (i.e., create 100 simulated datasets). We then

fit models N, SNE, and SNR to each simulated data set. The Bayesian framework for

statistical inference, the specification of prior distributions, and the tools for convergence

diagnostics were similar to those in the model implementation section 1.2.4. We used

7000 iterations after discarding the initial 2000 iterations to draw an inference. To com-

pare the performance of the estimated parameters across the three models, we computed

biases,B(θ) = 1
M

∑M
i=1 θ̂i − θT , Root Mean Square Error(θ) =

√
1
m

∑m
i=1

(
θ̂i − θT

)2
, and

the deviance information criterion (DIC), where θ̂i is the estimate of the true parameter

θT from the ith simulation and θT the true parameter value, which are obtained from

the application dataset, and m is the total number of replications. Table 1.6 summarizes

the simulation results, including the true parameter value (TP), bias, RMSE, and DIC

value. Among the three models, the model SNE has the lowest DIC (10418.97), indi-

cating the best model fit. In contrast, the multivariate skew-normal distribution model

for the random effects (model SNR) has a DIC of 18228.97, and the multivariate normal

distribution (model N) has a DIC of 18333.44.

Since one of the main focuses of this simulation study is to compare parameter estimation

across models N, SNE, and SNR, we assessed the impact of distributional assumptions on

estimates of the fixed effects parameters. The multivariate semiparametric mixed-effect

model, which employs a multivariate skew-normal distribution for the model error, esti-

mates the fixed-effect parameters with slightly smaller bias and root-mean-square errors

than the other models. Thus, our simulation results suggest that although unbiased es-

timation is still possible under normality, failure to appropriately account for the true

features of the random effects and random errors leads to biased inference. Figure 1.7

displays a bar plot illustrating the bias induced by misusing the model distribution as-

sumption for some parameters in the mixed-effects model. Among all three models, model
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SNE has the relatively smallest RMSE.

Table 1.6: Summary of true parameter (TP) values, bias, and RMSE for Models N, Model
SNE, and Model SNR.

Parameter TRV Model N Model SNE Model SNR

Bias RMSE Bias RMSE Bias RMSE

β11 0.048 -0.272 0.278 -0.279 0.283 -0.277 0.283
β21 0.043 0.003 0.021 0.000 0.018 0.001 0.021
β31 -0.013 0.001 0.044 -0.006 0.040 0.003 0.045
β41 0.057 0.000 0.049 0.003 0.033 -0.001 0.046
η01 -0.136 -0.011 0.052 -0.003 0.042 0.009 0.056
η11 -0.085 -0.021 0.093 -0.004 0.069 0.000 0.108
η21 0.435 -0.005 0.049 -0.006 0.045 0.003 0.051
β12 0.155 -0.127 0.141 -0.130 0.143 -0.116 0.131
β22 0.132 0.004 0.029 0.002 0.025 0.000 0.025
β32 -0.042 0.006 0.052 0.002 0.054 -0.001 0.053
β42 0.016 0.000 0.057 0.006 0.051 0.004 0.047
η02 0.052 -0.005 0.063 -0.004 0.056 0.004 0.056
η12 -0.360 -0.007 0.114 -0.010 0.101 -0.010 0.102
η22 0.419 0.002 0.051 -0.006 0.052 -0.003 0.060

DIC value – 18333.44 10418.97 18228.97

Figure 1.7: Bar plots of the estimated root mean square error for the semiparametric multivariate mixed
effect model with different distributions of random errors and random effects

1.3.3 Discussion

A flexible semiparametric multivariate mixed-effect model was used to analyse correlated

multivariate longitudinal outcomes that exhibit skewness and nonlinear trajectory pat-

30



terns over time, with Bayesian parameter estimation. We illustrate the proposed model

to examine the relationship between longitudinal patterns of glucose concentration and

blood pressure, and to assess the effects of covariates that influence these patterns among

individuals with type 2 diabetes and hypertension. Incorporating the asymmetric fea-

ture of data into the mixed-effect model by modifying the commonly assumed distribu-

tions has received much attention over the past few years (Huang et al., 2022) and (Xu

et al., 2021). Our study results also support this conclusion: the skewness parameters in

the semiparametric multivariate mixed-effect models are significantly positive, indicating

positive skewness (right skew) in both glucose concentration and blood pressure data.

Moreover, the semiparametric multivariate mixed-effects model better fits the data than

the fully parametric model. This finding is consistent with those reported by (Aniley

et al., 2025) and (Huang et al., 2011).

The results from the various mixed-effect models indicate that including a skew-normal

distribution and a non-linear time effect improve the efficiency and precision of parameter

estimation. The simulation studies also confirmed the results of the real-data analysis,

showing that Model SNE achieves greater efficiency and accuracy in parameter estimation

when the covariate exhibits a non-linear relationship and when significant skewness is

present in the response variables. This result is similar to those reported in (Huang

et al., 2011, 2022; Ferede et al., 2024).

The study also compares the parameter estimates obtained from the semiparametric

mixed-effects model, which assumes that random effects follow a multivariate skew dis-

tribution (model SNR), with those from the multivariate normal distribution (model N).

We found that the modeling results based on the multivariate skew-normal distribution

for random effects are similar to those from a multivariate normal distribution. This

finding is consistent with (Huang and Dagne, 2010) and (Huang et al., 2011), despite

using a data set on HIV dynamic response, and it features a mixed-effects joint model

with a skew-normal distribution.

From a clinical perspective, we found a strong, direct relationship between the trajec-
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tories of FBS and SBP, with the rate of change increasing over time. This finding is

consistent with several earlier studies showing an association between blood sugar and

blood pressure in patients with T2D (Suharto and Nurseskasatmata, 2020) and (Lv et al.,

2018). Even if patients diagnosed with hypertension and diabetes typically start treat-

ment immediately to lower both glucose and blood pressure, our results contradicted this

expectation, showing a rapid increase in both glucose levels and blood pressure over time.

Results from this study will inform healthcare policy and improve service delivery, making

care for patients with the two correlated chronic diseases more effective and efficient.

Age is directly associated with glucose concentration and blood pressure; as diabetic and

hypertensive individuals are aging, they tend to have elevated blood pressure and glucose

levels over time. Even though the extent of the relationships varies across studies, our

findings are similar to those of a previous study in (Jaffa et al., 2016; Godana et al., 2023;

Feleke et al., 2021). The study suggests that older individuals with type 2 diabetes should

effectively manage their glucose and blood pressure levels, and healthcare professionals

should consider their age when planning treatment.

The trajectory of fasting blood glucose and blood pressure levels in individuals with type

2 diabetes and hypertension living in rural areas is faster than that of those residing in

urban areas. This finding is consistent with the research by (Shita and Isayu, 2022; An-

dargie and Zeru, 2018), which indicates that individuals living in rural areas experience a

faster progression of glucose concentration and blood pressure. The possible explanation

for this difference may be the lower awareness of treatment adherence among individuals

with type 2 diabetes and hypertension who live in rural areas. Therefore, healthcare pro-

fessionals should provide clear information and provide focused attention to individuals

from these areas to help them manage their glucose levels and blood pressure effectively.

Most previous analyses of the relationship between glucose and blood pressure trajecto-

ries focused on regression models and correlation coefficients from measurements taken

at single time points. These methods do not reveal how the two patterns change and

relate over time. Our model addresses these limitations by using follow-up measurements
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of blood sugar and blood pressure over time in people with T2D and hypertension, ap-

plying a flexible mixed-effects model. Additionally, the model accounts for the nonlinear

trajectory of the time effect and the skewness of the longitudinal measurements, offer-

ing greater flexibility in understanding the association between blood glucose and blood

pressure trajectories and enhancing the model’s fit to the data.

The proposed method may be of significant importance for chronic disease research that

involves longitudinal follow-up data, characterized by nonlinear effects of measurement

time and a departure from symmetric distributions. This is because accurate statistical

inference about disease progression is essential for robust conclusions and reliable clin-

ical decisions. Although the semiparametric mixed-effects model provides flexibility in

modelling a nonlinear covariate effect on correlated, skewed longitudinal outcomes, it

has a limitation in interpreting the nonlinear impact of covariates on these outcomes.

Moreover, the statistical inference for the random effect was conducted using a paramet-

ric approach, which assumed either a multivariate normal distribution or a multivariate

skew normal distribution due to computational intensity; however, it is also possible to

estimate this non-parametrically using a nonparametric Dirichlet process. Our models

may be extendable to more advanced mixed-effect models. For instance, (I) statistical

inference for nonparametric random effects could be integrated to enhance the capture of

within-subject correlation (Li et al., 2010) while the longitudinal outcomes exhibit skew-

ness. (II) Alternative and more flexible distributional assumptions could be explored for

both random errors and random effects; for example, multivariate skew-t distributions

(Chen and Huang, 2015), multivariate normal/independent distributions (Bandyopad-

hyay et al., 2010), and fully nonparametric distributions. Although these extensions are

beyond the present scope, our ongoing investigation warrants their inclusion in our future

research.

1.3.4 Conclusion

We have proposed a semiparametric Bayesian modelling approach with flexible distribu-

tions for multivariate longitudinal data to examine the progression of glucose concentra-
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tion and blood pressure and identify their determinant in people with type 2 diabetes

and hypertension. Accounting for skewness in the model is essential when data exhibits

noticeable skewness, as estimated parameters can differ significantly between models with

skewed distributions and those with normal distributions. Our simulation studies also

suggested that a semiparametric Bayesian modelling approach with flexible distributions

provides relatively unbiased parameter estimates and has lower RMSE than the normal

distribution. We recommend carefully considering the specifications of functional forms

for longitudinal biomarkers, the distributional assumptions of model errors, and the corre-

lations among multiple longitudinal outcomes when modeling complex longitudinal data.
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Chapter 2

Bayesian Joint Modeling of Bivariate Longitudinal and

Time-to-Event Data: With Application of Micro and

Macro Vascular Complications in People with Type 2

Diabetes and Hypertension

Abstract

Many medical and epidemiological studies record longitudinal measurements until a time-

to-event outcome occurs. When there is an association between the time-to-event and the

longitudinal outcomes, separately modelling them may lead to biased estimates. Joint

modelling of longitudinal and survival data is an effective method for analysing their

relationship. In most cases, univariate joint modelling of longitudinal and time-to-event

outcomes is an effective method to evaluate their association. However, this model-

based analysis can yield biased estimates when multiple longitudinal outcomes are highly

correlated and do not follow a multivariate normal distribution. To overcome the prob-

lem, we develop a bivariate joint model with a skewed multivariate normal distribution,

providing a flexible approach for non-symmetric and correlated longitudinal outcomes.

The proposed model specification consists of two sub-models linked by shared random

effects. This involved the Cox proportional hazards model for time-to-event data and

the multivariate mixed-effects model for correlated longitudinal data following bivariate

skew-normal distributions. We estimate the parameters using a Bayesian framework and

implement Markov chain Monte Carlo methods in R with JAGS. We assess the perfor-

mance of the proposed models via simulations and apply the methodology to a data set

to assess the association between longitudinal blood sugar and blood pressure measures

and time to chronic complications. Our studies suggest a strong, significant positive rela-
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tionship between patterns of blood glucose levels and systolic blood pressure. Over time,

increases in systolic blood pressure raised the risk of microvascular and macrovascular

complications. In bivariate joint modeling, employing a skewed multivariate normal dis-

tribution instead of a standard multivariate normal distribution improves model fit and

yields more accurate parameter estimates for the longitudinal biomarker.

key words, Bayesian inference, bivariate joint model, longitudinal and time to event

data, type 2 diabetes and hypertension, micro and macro vascular complications.

2.1 Introduction

Joint modeling of longitudinal and survival outcomes involves simultaneously analyzing

longitudinal and survival data, accounting for the relationship between repeated mea-

surements and time-to-event outcomes. It consists of two sub-models: a longitudinal

sub-model for longitudinal outcomes and a survival sub-model for time-to-event outcomes

(Faucett and Thomas, 1996) and (Guo and Carlin, 2004). Joint modeling of longitudinal

and survival outcomes is an active area of research in biostatistics and epidemiology. It

improves inference for time-to-event outcomes by accounting for repeated measurements

of endogenous time-varying covariates. It also measures the rate of change in endoge-

nous time-varying covariates, accounting for differences between subjects and changes

over time within the same subject, while exploring the relationship between repeated

measurements and the time-to-event outcome (Guo and Carlin, 2004) and (Tsiatis and

Davidian, 2004).

Follow-up studies often involve repeated measurements of multiple responses from the

same subject over time, together with one or more time-to-event outcomes. For exam-

ple, in studies of diabetes and hypertension, researchers and physicians typically collect

two types of outcomes: longitudinal measurements of glucose concentration and blood

pressure at each follow-up and the time to onset of microvascular or macrovascular com-

plications. Glucose concentration is commonly used as a longitudinal marker of diabetes

severity, while blood pressure serves as a marker of hypertension severity. In addition,
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investigators are often interested in determining when an event will occur, how many

individuals experience it, and how repeated measurements influence the outcome.

Most of the joint models in the existing statistical literature focus on (I) models with a

single longitudinal outcome linked to time-to-event data; see, for example, (Baghfalaki

et al., 2013) and (Sweeting and Thompson, 2011). However, patient assessments often

include two or more longitudinal outcomes that could affect time-to-event results. Ex-

tending the univariate joint model to the multivariate joint model that considers possible

correlated longitudinal outcomes enables us to incorporate more information about the

time-to-event outcome. This enhances prognostic accuracy and provides researchers with

a deeper understanding of the complex dynamics of disease progression, ultimately lead-

ing to more accurate effect estimates (Huang et al., 2022).

II), The commonly assumed distribution for model error in the longitudinal outcome sub-

model is the normal distribution due to mathematical tractability and computational

convenience. However, the assumption of a multivariate normal distribution may not

be realistic and could lead to inaccurate statistical inferences (Ferede et al., 2022) and

(Hickey et al., 2018). As a result, a normal distribution for model errors may not capture

true variability within and between individuals, and it may not be strong enough to

handle deviations from symmetry.

III), Many studies in practice aim to gather data on multiple longitudinal responses,

potentially showing significant correlations. For instance, there may be a correlation be-

tween FBS and SBP; failing to account for this correlation could lead to biased results

and reduce the efficiency of effect estimation. The classical joint model has been for-

mulated in the univariate data framework; ignoring the correlation between longitudinal

exposures can lead to bias (Huang et al., 2022).

To address the identified limitation, we employed a Bayesian bivariate joint model, using

an appropriate distribution for bivariate longitudinal data while optimizing inference

of the time-to-event process. A fully Bayesian framework was utilized for statistical

inference due to its computational efficiency and its ability to facilitate inference from
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complex joint models of this type. The novelty of this study lies in its integration of three

pivotal elements: (I) modelling longitudinal data with inherent feature distributions; (II)

within-subject correlations arising from repeated measurements within each subject; and

(III) bivariate longitudinal outcomes that exhibit correlation. The main objective of

this study is to introduce a bivariate joint modelling method to examine the dynamic

association between measuring multiple biomarkers over time and their joint effect on

the risk of micro- and macrovascular complications in people with type 2 diabetes and

hypertension.

2.2 literature Review

T2D and hypertension are frequently coexisting, and persons with diabetes have a two-to-

four-fold increased risk of hypertension compared with persons without diabetes (Man-

cia, 2005). Each increases the risk of microvascular and macrovascular complications

independently, but when they co-occur, the risk increases significantly, especially for

women (Ceriello et al., 2023). Coexistence of hypertension and diabetes is associated

with increased microvascular and macrovascular complications like cardiovascular dis-

ease, chronic kidney disease, stroke, and retinopathy (Viazzi et al., 2019) and (Wan

et al., 2020). An et al. (2015) identified these complications as the primary cause of

death in diabetic and hypertension patients, with 76.4% of diabetic patients reporting at

least one complication (Hu et al., 2015).

Multiple studies have found that poor glycaemic control, as measured by glycosylated

haemoglobin (HbA1c), fasting blood sugar, and systolic and diastolic blood pressure,

increases the risk of chronic complications. For example, (Caruso et al., 2021; Ceriello

et al., 2023; Sartore et al., 2023; Wan et al., 2016) demonstrated that the development of

chronic complications in people with type 2 diabetes is highly associated with variability of

HbA1c, FBS, and SBP. Furthermore, variability in HbA1c and blood pressure influences

the development of chronic kidney disease, with different effects on albuminuria and

glomerular filtration rate (Ceriello et al., 2017).
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To understand the nature of disease progression and identify risk factors for micro- and

macrovascular complications based on clinical and biochemical variables, an appropriate

statistical model is needed. Most the previous studies have employed classical regression

approaches, including logistic regression, linear regression, and Cox proportional hazards

models to predict the time to onset of microvascular and macrovascular complications

(Ceriello et al., 2022; Gao et al., 2022; Dorajoo et al., 2017). While these models are

relatively straightforward to implement, they have notable limitations. When assessing

the effects of risk factors on complications, they often rely on single measurements per

risk factor, typically obtained during a single clinical visit, thereby disregarding repeated

measurements collected over time.

Risk factors such as FBS, HbA1, diastolic blood pressure (DBP), and SBP are inher-

ently dynamic and are measured repeatedly over time. Including the dynamic nature

of repeated measurements could enhance the accuracy of risk estimates for micro- and

macrovascular complications. Since repeated measurements accumulate substantial in-

formation that affects the hazard of the event (the risk of chronic complications), an

appropriate statistical model is needed to incorporate this information into the risk of

chronic complications for patients with diabetes and hypertension.

The longitudinal data can be essential predictors or surrogates of a time-to-event, such as

disease diagnosis, organ transplantation, chronic complications, or death. Most studies

analyze longitudinal and survival data separately. The survival regression model, espe-

cially the Cox regression model for time-to-event data, and the linear mixed-effects model

for longitudinal data are active areas of research for analyzing outcomes separately. The

limitations of separate modelling of longitudinal and survival outcomes have been ex-

tensively discussed in the literature: methods that analyse them separately yield biased

effect-size estimates, especially when they are correlated (Ibrahim et al., 2010).

Joint modelling is a novel and robust method for resolving these deficiencies. Joint

modelling, which simultaneously models both longitudinal and survival processes, can

effectively incorporate longitudinal information into the survival model (Tsiatis and Da-
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vidian, 2004). Joint modelling is more flexible than separate analyses and may better

reflect biological plausibility because repeated measurements are a strong biomarker for

time-to-event outcomes. Over the past two decades, there has been marked growth in

both methodological advances and the practical application of joint models for longitudi-

nal and time-to-event outcomes in the literature. Most of the early methodological work

was motivated by problems arising in ADIS and cancer research, for example (Baghfalaki

et al., 2013) and (Guo and Carlin, 2004). Currently, joint modeling methods have been

used in other areas of clinical research, including studies on cardiovascular disease and

kidney transplantation (Jun et al., 2017).

In this study, we examined individuals with type 2 diabetes and hypertension. Through-

out the follow-up period, various types of data on individuals with diabetes and hyperten-

sion, including their overall health status, were collected, including periodic measurements

of blood glucose levels and systolic and diastolic blood pressure. Additionally, the occur-

rence of diabetes and hypertension-related complications, such as cardiovascular disease,

chronic kidney disease, stroke, and retinopathy, was recorded. Repeated measurements,

such as FBS, SBP, and DBP, serve as important endogenous covariates or surrogates for

time-to-event outcomes, such as the onset of diabetic complications. As a result, data for

patients with diabetes and hypertension include two distinct types of outcomes: longitu-

dinal outcomes, like FBS and SBP measured at multiple time points, and time-to-event

outcomes, such as the duration until the occurrence of chronic complications.

Therefore, using a novel Bayesian multivariate joint modeling approach, we aim to exam-

ine the relationship between the trajectories of blood pressure and glycemic control over

time and the risk of chronic complications among people with T2D and hypertension.

After the other covariate is considered, our central hypothesis is that a rise in FBS and

SBP would be strongly linked to all-cause of chronic complications.
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2.3 Methodology

2.3.1 Joint Modeling for Bivariate Longitudinal and Time-to-

Event Data

Joint modeling of longitudinal and survival data is a method that simultaneously an-

alyzes repeated measurements and time-to-event outcomes. The bivariate joint model,

which incorporates multiple longitudinal exposures, extends the univariate joint model.

It consists of two basic components: the longitudinal component and the time-to-event

(survival) component. The study employs a bivariate linear mixed-effects model to anal-

yse fast blood glucose and systolic blood pressure (longitudinal sub-model) and a Cox

proportional hazards model to analyse time to Microvascular and macrovascular com-

plications (survival sub-model). The Bivariate joint model links these two data types

through subject-specific random effects to enhance statistical inference and association

between bivariate longitudinal and time-to-event data. We proceed by addressing the

longitudinal sub-model, followed by the time-to-event sub-model. Additionally, we ex-

plore how to associate these two sub-models using subject-specific random effects and

random slopes.

2.3.2 The longitudinal Outcomes Sub-model

The longitudinal data set consists of follow-up measurements of two outcomes for each

study unit over a specified study period. These follow-up measurements for the same

study unit are generally interdependent. Consequently, each study unit in the population

is expected to exhibit a unique pattern of outcomes over time. The mixed-effects model

addresses this between-subject variability by estimating subject-specific random effects in

addition to the fixed parameters that are consistent across individuals (Laird and Ware,

1982). Suppose there are n subjects and let Yijk be a measurement of the Kth longitudinal

outcome of the ith subject measured at time j = 1, 2, 3, . . . , ni, k = 1, 2, . . . , k, i =

1, 2, . . . , n. Thus, the bivariate linear mixed-effects model for the longitudinal sub-model
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can be expressed as follows.

Yijk = µij + eijk, (2.1)

µij = βkXik + bikZik, (2.2)

Yijk = βkXik + bikZik + eijk. (2.3)

Where Xik and Zik represent the design matrices containing the predictors for the fixed-

effects regression coefficients βk and for the random-effects regression coefficients bi, re-

spectively.

where bi =

[
bi11, bi21, bi12, bi22

]
∼ SN(0, Σb), Σb =



v11 v12 v13 v14

v21 v22 v23 v24

v31 v32 v33 v34

v41 v42 v43 v44


eijk =

ei1
ei2

 ∼ SN(0,∆ek, Σk) ,Σk =

 var(εi1) cov(εi1, εi2)

cov(εi2, εi1) var(εi2)

 =

σ2
11 σ2

12

σ2
21 σ2

22

 .

The random error term eijk and the random effects bik are assumed to be independent

of each other. As presented graphically in section 2.3.5, the longitudinal outcome of

fast blood glucose and systolic blood pressure follows an asymmetric (skew) distribution.

Hence, in this study, we assume that the model errors eijk follow a multivariate skew-

normal distribution with mean vector 0 and covariance matrix Σk and the skewness

parameter ∆ek. For more detailed discussions on the explanation of the multivariate

skewed normal distribution and its potential applications. let us consider a k-dimensional

random vector Y that follows a k-variate skew-normal distribution with location vector µ,

dispersion matrix Σ ∈ Rk×k, and skewness matrix ∆ = diag(δ), with δ = (δ1, δ2, . . . , δk)
⊤
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being the skewness parameter vector, if its pdf is given by:

f(Y | µ,Σ,∆) = 2k |Σ +∆|−1/2 ϕk

[
(Σ + ∆)−1/2(Y − µ)

]
× Φk

[(
Ik −∆(Σ +∆2)−1∆

)−1/2

∆(Σ +∆2)−1(Y − µ)

]
. (2.4)

where ϕk and Φk represent the PDF of Y and the CDF of Y, respectively. Ik denotes the

k × k identity matrix. We formally denote the defined PDF of Y in short as

Y ∼ SNk(µ,Σ,∆),

with expectation and covariance given by E(Y ) = µ +
√

2
π
δ, cov(Y ) = Σ +

(
1− 2

π

)
∆2.

According to (Sahu et al., 2003), if Y ∼ SNk(µ,Σ,∆), then stochastic representation of

Y :

Y = µ+∆|x0|+ Σ1/2x1, (2.5)

where x0 and x1 are independent random vectors with distribution Nk(0, Ik). Let w =

|x0|; then w follows a k-dimensional standard normal distribution Nk(0, Ik) restricted to

the space w > 0. Thus, a two-level hierarchical representation of the model in equation

2.3 is given by:

Y | w ∼ Nk(µ+∆w,Σ), w ∼ Nk(0, Ik) I(w > 0). (2.6)

Note that when ∆ = 0, the hierarchical representation of equation 2.6 above reduces to

the calsical multivariate normal distribution Nk(µ,Σ).

2.3.3 The time to Event Outcome Sub-model

Survival analysis is a widely used statistical method in medical research for modeling and

examining the time to the occurrence of a particular event or outcome. It is also called

reliability analysis in engineering and duration analysis in economics or sociology. The

survival submodel is used to estimate the time to micro- and macrovascular complications.
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Cox proportional hazards regression is a popular technique for examining how exposure

affects the duration time until an event occurs (Cox, 1972). Let T ∗
i be the true event

time and Ci the censoring time. Then, the observed event time for subject i is defined as

Ti = min(T ∗
i , Ci) , and let τi denote the event indicator for the ith subject, given by

τi =


1, if the event occurs during the study period,

0, if the event does not occur or the subject is lost to follow-up.

For the survival (time-to-event) outcome, we propose the following hazard function

λi(t | Gi(t), Xi) = λ0(t) exp
(
M
(
Gi(t)

)
+ α⊤Xi

)
. (2.7)

where Gi(t) = µij, 0 < j < t is the history of the longitudinal process up to time t, λ0(t)

is the baseline hazard function, α is the vector of coefficient parameters corresponding

to the covariates X. The function M(·) is a known function of Gi(t) and specifies the

features of the longitudinal outcome process that are included as predictors of the time-

to-event outcome. Different forms of association between the longitudinal process M(·)

and the hazard function λ(t) may be specified, such as:

M(Gi(t)) =



γ µi(t), hazard associated with the underlying level of

the biomarker at time t

,

γ
dµi(t)

dt
, hazard associated with the slope of the

longitudinal profile at time t

,

γ

∫ t

0

µi(s) ds, hazard associated with the accumulated

longitudinal process up to time t

,

γ⊤bi, hazard associated with the random effects .

In all cases, γ denotes the vector of coefficient parameters representing the effect of the

longitudinal trajectory on the event time.

Each type of association can be applied in joint models depending on the specific research
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objective; in this study, we employ a shared random-effect association. The distribution

of Ti, the time to diagnosis of micro and macro vascular complications for subject i,

depends on the random-effects of individual-subject specific longitudinal processes bik

which are computed from equation 2.3 and other baseline measurement values of clinical

and biochemical variables. The two outcome processes, the longitudinal and time-to-

event outcomes, are associated through the random effect bik. It is also expected that

the other baseline covariates are risk predictors for the event time. In particular, the

conditional hazard rate of Ti at time ti is represented as.

λ(ti | bik, Xi) = λ0(ti) exp
(
γ⊤bi + α⊤Xi

)
(2.8)

where λ0(ti) is the baseline hazard value, γ is the vector of coefficient parameters corre-

sponding to the random effects bik, and α is the vector of coefficient parameters cor-

responding to the covariates Xi. The parameter vector γ links the two sub-models

and indicates the effect of the longitudinal process on the time-to-event outcome. Let

τi = (τi1, . . . , τini
)⊤ be an indicator of whether the event occurred by follow-up time tij

or not. Specifically,

τij =


1, if the subject develops a chronic complication by time tij,

0, if the subject does not develop a chronic complication by time tij.

From Equation 2.8, the probability of the event time is

P (T ≤ tij) = pij = P (τij = 1 | τij∗ = 0, 0 < j∗ < j)

= 1− S(T ), (2.9)

where S(T ) denotes the survival probability at time tij, that is, the probability that

an individual remains free from chronic complications up to tij, thereby quantifying the
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risk-free duration. Formally,

S(T ) = P (Ti = tij | Ti > ti(j−1)) = 1− P (Ti ≥ tij)

P (Ti ≥ ti(j−1))

= 1− exp

(
−
∫ tij

ti(j−1)

λ0(t) dt exp
(
Υ⊤bik + α⊤Xi

))

= 1− exp
(
− exp(υ0j +Υ⊤bik + α⊤Xi)

)
, (2.10)

where υ0j = log
(∫ tij

ti(j−1)
λ0(t) dt

)
, j = 1, 2, . . . , ni. Compared to parameter estima-

tion based directly on the baseline hazard function λ0(t), the current observation system

only requires estimation of the finite parameters υ0j, rather than the entire unknown

baseline hazard. The contribution to the likelihood from the time-to-event model for the

ith subject is

f(τi | bik, Xi) =

ni∏
j=1

f(τij | τij∗ , 0 < j∗ < j; bik, Xi) (2.11)

where

f(τij | τij∗ , 0 < j∗ < j; bik, Xi) = p
τij
ij (1− pij)

1−τij ,

with τij = 0 indicating that the subject remains event-free and τij = 1 indicating that

the event has occurred.

2.3.4 Bayesian Inference

Joint statistical inference across all parameters in both the longitudinal and survival

models is essential to accurately capture and account for the underlying relationships be-

tween the longitudinal and time-to-event processes. The classical (Frequentist) approach

of parameter estimation is a well-established method for estimating all unknown param-

eters using the joint likelihood function. However, this technique can be computationally

demanding and may encounter convergence issues, particularly when using the joint like-

lihood method with the proposed model under a multivariate skew-normal distribution

for random errors (Wu, 2002) and (Wu et al., 2010). The Bayesian inference approach

offers a solution by reducing computational complexity and enabling the incorporation
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of prior knowledge for the unknown parameters. Therefore, in this chapter, we used a

fully Bayesian method with MCMC techniques for the bivariate linear mixed-effect sub-

model (equation 2.3) and the survival sub-model (equation 2.8) to estimate all parameters

simultaneously.

Recall that we assumed a multivariate skew-normal distribution for the random errors

eijk in the bivarite linear mixed effects model. Let Yijk denote the measurement of the kth

longitudinal outcome for the ith subject at time j, where j = 1, 2, 3, . . . , ni, k = 1, 2, and

i = 1, 2, . . . , n. To implement the MCMC procedure for the joint model, we introduce the

ni×1 random variable vector wi, which is derived from the stochastic representation of the

multivariate skew-normal distribution as shown in equation 2.6. Thus, we hierarchically

reformulate the longitudinal and survival submodels as follows.

Yi | bi, wi ∼ N2ni

(
βXi + biZi +∆k(wi +

√
2/π × I2ni

),Σek × I2ni
),

bi ∼ N2(q+1)(0,ΣbK),

wi ∼ N2ni
(0, Ini

) I(wi > 0),

Ti ∼ F (ti | bi, Xi, λ0) =

∫
f(τi | bi, Xi),

(2.12)

where Yi | bi, wi ∼ N2ni

(
βXi + biZi +∆k(wi +

√
2/π × I2ni

),Σk × I2ni
) is the conditional

distribution of the longitudinal responses given the random effects (bi) and latent variable

(wi), which follows a multivariate skew normal distribution with mean equal to the sum

of the fixed effects (βXi), the random-effects (Zibi), and skewness term (∆k(wi+
√
2/π))

with covariance matrix equal to Σk. Xi and Zi be covariates of the design matrices asso-

ciated with the vector of fixed effects β and the vector of random effects bi, respectively.

i = 1, ..., n, and n is the total number of subjects, ni is the number of repeated mea-

surements for subject i, and q is the number of random slopes and intercepts for each

longitudinal outcome. bi ∼ N2(q+1)(0,Σb) is the random effect, which follows a multi-

variate skew normal distribution with mean equal to zero and covariance Σb. wi is an

auxiliary latent variable, which follows a multivariate normal distribution truncated to

be greater than zero. These truncated normal variables generate the asymmetric com-
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ponents of longitudinal response distributions, thereby forming the overall multivariate

skew-normal structure. ∆k is the skewness parameter for random errors and I2ni
is

identity matrices. The event time for subject i, denoted as Ti ∼ F (ti | bi, Xi, λ0), is

described by CDF (F (ti | bi, Xi, λ0)) that depends on the subject-specific random effects

bi, the covariate vector Xi, and the baseline hazard parameter λ0. Xi is the covariate that

affects the event time. The right-hand expression indicates that this CDF is obtained by

integrating the conditional event-time density f(τi | bi, Xi) over time.

To complete the Bayesian specification, the observed data and the prior distributions for

all unknown parameters should be defined. let Ω =
(
β,Υ, α,Σb,Σk,∆k

)
be the collection

of unknown population parameters in the bivariate linear mixed effect model 2.3 and the

Cox regression sub model 2.8. All fixed-effect parameters, such as beta, alpha, gamma,

and the skewness parameter, are assumed to follow a multivariate normal distribution. On

the other hand, the random error term and the random effect variances and covariances

follow an inverse Wishart distribution.

β ∼ N(β0,Ψβ), Υ ∼ N(Υ0,ΨΥ), α ∼ N(α0,Ψα),

δk ∼ N(δk0,Ψ1), ΣeK ∼ IW (Ψ2, ω1), Σbk ∼ IW (Ψ3, ω2).

(2.13)

Where β is a vector of fixed-effect coefficients for the bivariate correlated longitudinal

outcomes, α is a vector of fixed-effect coefficients for the time-to-event outcomes. γ is

the shared random effect that relates the longitudinal and time-to-event outcomes. β0,

γ0 and α0 are prior mean vectors for β, γ and α, respectively. Ψβ, Ψγ and Ψα are the

prior covariance matrices β, γ and α, respectively. δk0 and Ψ1 are the prior mean vector

and the prior covariance matrix, respectively, for the skewness parameter of the random

error (δk). Ψ2,Ψ3 are the scale or dispersion matrices for the variance covariance of the

random errors (Σek) and the variance covariance of the random effects (Σbk), respectively,

and ω1, ω2 are the respective degrees of freedom.

For the convenience of implementation, we assume that the hyperparameter matrices Ψβ,

ΨΥ, Ψα, Ψ1, Ψ2, and Ψ3 are diagonal. Furthermore, we assume that all parameters in the

53



parameter space (Ω) are independent of each other, that is π(Ω) = π(β) π(Υ) π(Σb) π(Σk)

π(δk). Once we have defined the prior distributions for the unknown parameters, we

can conduct Bayesian inferences for those parameters using their posterior distribu-

tions. Let Dn = {Y,X, T, τ} denotes the observed dataset for patients with diabetes

and hypertension, encompassing longitudinal outcomes such as fasting blood sugar and

systolic blood pressure, covariates from both sub-models, as well as recorded event

times and corresponding event indicators. Furthermore, let f(·) be a density function,

f(·/·) be a conditional density function, F (·/·) be a conditional cumulative density func-

tion, and π(·) be a prior density function. Then, the likelihood function is denoted by

L(Ω | Dn) = f(Dn | Ω), and its density function is given.

f(Dn | Ω) =
n∏

i=1

∫
f2ni

(
Yi; βXi + Zibi +∆k(wi +

√
2/π I2ni

),ΣkI2ni

)
× f2(q+1)(bi; 0,Σb)

× f2ni
(wi; 0, I2ni

) I(wi > 0)

× f(τi | bi, Xi) dbi (2.14)

After defining the prior distributions of the unknown model parameters and the observed

data, we can draw samples for statistical inference from the posterior density by combining

the likelihood function 2.14 and the priors. The joint posterior density of the unknown

parameter is the product of the likelihood and the prior distributions. That is, the joint

posterior density of Ω given the observed data, Dn, and the prior distribution given by

f(Ω | Dn) ∝ f(Dn | Ω)× π(Ω)

f(Dn | Ω) =
{ n∏

i=1

∫
f2ni

(
Yi; βXi + Zibi +∆k(wi +

√
2/π I2ni

),ΣkI2ni

)
× f2(q+1)(bi; 0,Σb)

× f2ni
(wi; 0, I2ni

) I(wi > 0)

× f(τi | bi, Xi) dbi

}
,×π(Ω)
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Bayesian estimates through direct utilization of the posterior distribution in equation 2.15

are not practically achievable. Nevertheless, the BUGS syntax provides tools to conduct

Bayesian analyses of complex statistical models using MCMC techniques. We obtained

samples from the full conditional posterior distributions of the parameters through the

Metropolis–Hastings algorithm combined with the Gibbs sampler, as specified in equation

2.15. This allowed us to estimate the posterior means and standard deviations of the

parameters. The MCMC procedure was implemented in R using JAGS via the R2jags

package.

2.3.5 Application of Type 2 Diabetes and Hypertension Data

This research is motivated by longitudinal and time-to-event data obtained from patients

with diabetes and hypertension. We are particularly interested in associating longitudinal

measurements of fasting blood sugar fluctuations and systolic blood pressure with the

time to onset of microvascular and macrovascular complications. Data were collected from

individuals with type 2 diabetes and hypertension who received treatment at Felege Hiwot

Comprehensive Specialized Hospital in northern Ethiopia. This study is a retrospective

cohort analysis of subjects over five years, specifically from January 2018 to December

2022. The cohort includes all individuals diagnosed with type 2 diabetes and hypertension

who started diabetes and hypertension treatment in 2018, had at least two measurements

of fasting plasma glucose and systolic blood pressure, and did not have any prior history

of micro- or macrovascular complications (such as retinopathy, nephropathy, neuropathy,

heart disease, or stroke) at the start of treatment. The study excludes patients with type

1 or gestational diabetes, as well as those who have had only one clinical visit.

To illustrate the proposed methods, we selected 220 subjects according to the specified

inclusion and exclusion criteria. From each study subject, we extract the clinical, de-

mographic, and biochemical data from their medical chart. We took baseline clinical

variables (body mass index, age, sex, 0 = male, 1 = female, residence, 0 = urban, 1 = ru-

ral, marital status, 1 = single, 2 = married) and biochemical variables (HDL, LDL, total

cholesterol, and triglycerides) from their medical histories. The onset of complications,
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the censoring time, and the repeated measurements of FBS and sSBP were extracted

from the patients’ medical records. Micro and macro vascular complications, includ-

ing retinopathy, nephropathy, heart disease, stroke, and neuropathy, were assessed by

physicians at each follow-up visit.

The following table and figure represent the details of the motivating data set. Table 2.1

presents the baseline demographic, clinical, and biochemical characteristics of the study

subjects by event status (Non-event, free from micro- and macrovascular complications;

Event, developing micro- and macrovascular complications at the end of the study period).

During the five-year follow-up period, 73 (33.20%) individuals experienced micro- or

macro-complications, while 147 (66.80%) individuals were either under follow-up at the

end of the study or lost to follow-up during the study.

Of the 220 people with T2D and hypertension, 132 (60.00%) are male; the mean base-

line FBS and SBP are 200.90 (62.27) mg/dL and 142 (14.21) mmHg, respectively. The

mean age of people with T2D and hypertension was 53.75, with a standard deviation

of 11.09 years. The descriptive table generally shows that people who developed micro-

or macro-complications were older and had higher body mass index, lower HDL, higher

triglycerides, higher total cholesterol, and higher LDL. They were also more likely to

be taking medication to lower blood glucose levels and to be from urban areas. Figure

2.1 A and B present the histograms of repeated measurements of FBS and SBP levels,

respectively. As shown in the graph, the distributions of the longitudinal outcome vari-

ables, FBS and SBP, deviate from normality (positively skewed). We further examined

the normality of the outcome variables, FBS and SBP, using Kolmogorov-Smirnov and

Shapiro-Wilk tests. Both show p-values less than 0.001, providing strong evidence that

the data are not normally distributed. Therefore, a normality assumption is not quite

realistic for this dataset. Figure 2.2 C and D show the fasting blood glucose and systolic

blood pressure trajectories of five randomly selected patients. The randomly selected

sample trajectories of FBS and SBP clearly demonstrated fluctuations over time. The

cumulative incidence function and the survival function show the progression of micro-
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and macrovascular complications over time. It indicates that the cumulative incidence

of micro- and macro-vascular complications among individuals with type 2 diabetes and

hypertension is 28 individuals at 24 months, 44 individuals at 32 months, 60 individ-

uals at 48 months, and 73 individuals at 60 months. As illustrated in the figure, the

cumulative incidence of micro- and macro-vascular complications is rising sharply each

month. We are mainly focused on the cumulative incidence plots presented in figure 2.3

E, which may be influenced by the trajectories of fasting plasma glucose and systolic

blood pressure, figure 2.1 A and B. Furthermore, disregarding the correlation between

the two longitudinal outcomes and assuming normally distributed error terms may yield

an inaccurate estimate.
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Table 2.1: Descriptive statistics for variables at baseline, frequencies (proportions) for
categorical variables, and mean (SD) for continuous variables (unstandardized).

Variables Total Non-Event Event

Number of patients 220 147 (66.80%) 73 (33.20%)

Gender: Male 132 (60.00%) 87 (39.54%) 45 (20.45%)

Gender: Female 88 (40.00%) 60 (27.27%) 28 (12.72%)

Marital: Single 72 (32.72%) 52 (23.63%) 20 (9.09%)

Marital: Married 148 (67.27%) 95 (43.18%) 50 (24.09%)

Residence: Urban 143 (65.00%) 95 (43.18%) 48 (21.81%)

Residence: Rural 77 (35.00%) 52 (23.63%) 25 (11.36%)

Type: Others 76 (35.45%) 49 (22.27%) 27 (12.27%)

Type: Metformin 144 (65.45%) 98 (44.54%) 46 (20.90%)

Family history: Yes 99 (45.00%) 67 (30.45%) 32 (14.54%)

Family history: No 121 (55.00%) 80 (36.36%) 41 (18.63%)

Age 53.75 (11.09) 52.31 (11.08) 56.61 (10.61)

BMI 22.46 (3.78) 20.64 (2.85) 26.11 (2.67)

HDL 45.36 (15.25) 49.81 (15.63) 36.39 (9.50)

LDL 113.12 (37.94) 97.12 (32.04) 145.00 (26.91)

Triglycerides 191.15 (59.53) 166.13 (51.60) 241.52 (39.10)

Total cholesterol 190.27 (63.38) 165.76 (57.48) 239.64 (42.67)

FBS 200.90 (62.27) 205.14 (66.33) 192.35 (79.15)

DBP 92.00 (5.40) 91.00 (5.45) 93.43 (7.15)

SBP 142.15 (14.21) 146.19 (13.19) 133.91 (12.58)
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Figure 2.1: Histogram of glucose concentration and blood pressure

Figure 2.2: Trajectory of glucose concentration and blood pressure for randomly selected subjects.

Figure 2.3: Kaplan–Meier and cumulative incidence curve

2.3.6 Implementation of the model

We present a bivariate joint modeling approach to analyze a diabetes and hypertension

dataset, incorporating longitudinal fasting blood sugar Yij1 and systolic blood pressure,
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Yij2 considered as correlated bivariatelongitdunal outcomes, where i = 1, 2, . . . , 220 sub-

jects and j = 1, 2, . . . , 10 with the time to chronic complications as the event outcome.

The bivariate linear mixed-effect model incorporates covariates such as measurement time

(time), residence (0 = urban, 1 = rural), and sex (0 = male, 1 = female) for both fasting

blood sugar and systolic blood pressure. According to model equation 2.3, the bivariate

linear mixed-effects model is specified as follows:

Yijk = (β1k + bik1)+ (β2k + bik2)Timeij +β3k agei+β4k sexi+β5k residencei+ eijk, (2.15)

Here, k = 1, 2 represents the two longitudinal outcomes: glucose concentration in mg/dL

and systolic blood pressure in mmHg, respectively, for the ith subject measured at time tij

(expressed in months), where i = 1, 2, . . . , 220, and j = 0, 1, 2, . . . , 10. The fixed-effects

parameter vector is given by β⊤ = (β11, β21, β31, β41, β51, β12, β22, β32, β42, β52)
⊤, where

the elements correspond to the intercept, the effects of time, age, sex, and residence on

glucose concentration (k = 1) and systolic blood pressure (k = 2), respectively. The

random-effects vector is defined as bi = (bi11, bi21, bi12, bi22), represents the random inter-

cepts and slopes for glucose concentration and blood pressure. eijk denotes the random

error, with eij = (eij1, eij2)
⊤ being a vector of within-subject residuals of dimension ni×1,

corresponding to glucose concentration and systolic blood pressure, respectively.

Micro- and macrovascular complications are the events of interest in the survival sub-

model. A study subject may either be under follow-up at the end of the study period

or drop out during the study period, which is considered right-censoring (Ci). On the

other hand, during the study period, the subject may develop chronic complications at

any time (Ti). Then, for each study subject, the observed event time (Ti) would be a

min(Ti, Ci). This observed time may depend on baseline age, body mass index, HDL,

LDL, and triglyceride. The classical survival model can include all baseline measurements

as covariates, but it cannot include longitudinal measurements. As a result, we needed

to use a joint model that incorporates subject-specific longitudinal processes as time-

varying covariates in the survival model. Despite the various parameterization approaches
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available to link the longitudinal measurement to the time-to-event data (Andrinopoulou

et al., 2017; Hickey et al., 2018; Mwanyekange et al., 2018), the study employed a shared

random effect (Wulfsohn and Tsiatis, 1997). This shared random effect method links the

longitudinal submodel, specifically the subject-specific intercept and the effects of fasting

blood sugar and systolic blood pressure, to the survival submodel, which models the

time until micro- and macro-vascular complications occur. The study included baseline

age, body mass index, HDL, LDL, and triglyceride as predictors of the time to chronic

complications. As shown from equation 2.8 of the Cox regression model, we can formulate

the model as follows:

λ(ti | Xi, bi) = λ0(t) exp
(
γ1bi11 + γ2bi21 + γ3bi12 + γ4bi22

+ α1 agei + α2 BMIi + α3 HDLi

+ α4 LDLi + α5 Triglyceridei
)
. (2.16)

where λ(ti | Xi, bi) is the hazard rate or instantaneous rate at time t, given covariates Xi

and bi, λ0(t) is the baseline hazard rate when all covariates are zero, γ = (γ1, γ2, γ3, γ4) rep-

resents the effects of the random intercepts and random slopes of fasting blood glucose and

systolic blood pressure for the time to onset of micro- and macro-vascular complications,

and α = (α1, α2, α3, α4, α5) are the effects of age, BMI, HDL, LDL, and triglycerides,

respectively, the time to the onset of micro- and macro-vascular complications.

As shown in Figure 2.1, the longitudinal outcome variables, fasting blood sugar and

systolic blood pressure, follow a multivariate skew-normal distribution. Thus, assuming

a multivariate normal distribution of the random errors may lead to incorrect parameter

estimates (Chen and Luo, 2018) and (Huang et al., 2022). To obtain relatively unbiased

parameter estimates, we used a multivariate skew-normal distribution, an extension of the

multivariate normal distribution that accommodates skewness. We explore how skewness

in the distribution of model errors affects parameter-estimation precision by comparing

two models.
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Model Normal: Bivariate joint model with multivariate normal distribution for the

random error.

Model Skew-Normal: Bivariate joint model with multivariate skew-normal distribu-

tion for the random error.

To carry out the Bayesian inference process, we must assign specific values to the hyper-

parameters in the prior distribution as specified in the equation in 2.13. Vague priors

with large variances were specified for all parameters in both the longitudinal and sur-

vival models. Specifically, each component of the fixed effects vectors β, γ and α as well

as the skewness parameter ∆ek were assumed to follow independent normal distributions

with mean zero and variance 100, i.e. N(0, 100). The prior for the variance–covariance

matrices of the random effects, Σb, and random errors, Σk, is assumed to follow an inverse

Wishart distribution with Ω∆bk
= diag(0.01, 0.01, 0.01, 0.01), degrees of freedom = 5, and

Ω∆ek
= diag(0.01, 0.01), degrees of freedom = 3, respectively.

The MCMC procedure was carried out in R, interfacing with JAGS via the R2jags pack-

age. It is essential to verify the algorithm’s convergence to ensure accurate inference

of the population parameter before interpreting the model parameter. The convergence

of the samples generated from the MCMC procedure applied to the diabetes and hy-

pertension data was assessed through graphical diagnostics, such as density and trace

plots, as well as formal statistical tests, using the Gelman-Rubin statistic (Gelman and

Rubin, 1992). For each model, we ran three MCMC sampling chains, each consisting of

40,000 iterations, with initial values set to the default (a randomly generated value). We

discarded the first 10,000 iterations as a burn-in period and retained every 20th sample

thereafter. Thus, we obtain 4500 samples from the targeted posterior distributions and

use them to make statistical inferences. Figure 2.4 displays trace plots for some selected

regression coefficients. The trace plots indicate that the lines from the three distinct

chains converge or intersect, demonstrating that the algorithm has achieved convergence.

It implies that the regression coefficients for the selected parameters converge to their

target distributions.
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Figure 2.4: Trace plots

Additionally, the posterior density plots in Figure 2.5 provide valuable insights. The

density plots from each chain closely overlap and resemble the density estimates from the

other chains, indicating that all chains are sampling from the same posterior distribution.

Figure 2.5: Density plots

In addition to visual inspection, it is essential to use formal statistical tests to assess the

convergence of the samples generated by the MCMC procedure. In this study, we used the

Gelman-Rubin statistic to evaluate whether multiple chains have converged to the same

target distribution, which is essential for ensuring reliable inference. Table 2.2 displays

the R hat values for each parameter. As the chains converge on the target distributions,

the R hat value approaches 1, indicating that the chains have converged and are sampling
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from the target distributions. Conversely, values larger than 1 indicate non-convergence.

Although it’s well known that values below approximately 1.05 are generally considered

acceptable, it’s essential to recognize this as a broad guideline. As shown in Table 2.2, the

R-hat values of all parameters are below 1.05, indicating that the posterior distributions

of the parameters have converged to the target distribution.

Table 2.2: Results of the Gelman–Rubin (R-hat) test of convergence.

Parameter β11 β21 β31 β41 β51 β12 β22

R-hat 1.035 1.031 1.017 1.005 1.007 1.009 1.035

Parameter β32 β42 β52 β52 α1 α2 α3

R-hat 1.009 1.080 1.006 1.002 1.001 1.0021 1.0061

Parameter α4 α5 γ1 γ2 γ3 γ4

R-hat 1.002 1.002 1.016 1.011 1.001 1.003

Parameter v11 v22 v33 v44 v12 v13 v14

R-hat 1.003 1.004 1.002 1.003 1.004 1.010 1.003

Parameter v32 v34 δ1 δ2 σ2
11 σ2

12 σ2
22

R-hat 1.005 1.005 1.002 1.002 1.004 1.003 1.003

2.4 Results and Discussion

2.4.1 Results and Model Comparison

Table 2.4 reports the posterior means, standard deviations (SD), and 95% credible in-

tervals for all parameters from the multivariate linear mixed-effects model and the Cox

proportional hazards model, accounting for the distribution of the model error. To im-

prove the efficiency of the estimation algorithm and reduce variability from measurement

errors, we standardized the longitudinal data for fasting blood sugar and systolic blood

pressure. Additionally, to avoid unstable estimates, the quantitative covariates were stan-

dardized. Therefore, the results are expressed in standard units rather than the original
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units of measurement.

Firstly, in the multivariate linear mixed effect sub-model, the values of the parameters

(β) in the under model normal are slightly higher than those in the Model Skew-Normal.

There are some differences in the magnitude of the coefficient (α) in the survival sub-

model between the two models. At the same time, there is a significant difference in

the estimates of the association parameter (γ). This is especially clear for the random

intercept and slope coefficients for fast blood glucose. These results indicate significant

differences in estimates of the association parameter for longitudinal and time-to-event

data under different distributional assumptions for the model errors.

To select the model that best fits the data, the Bayesian selection criterion, the Deviance

Information Criterion (DIC), as proposed by (Spiegelhalter et al., 2002), is applied. As

with other model selection criteria, it is essential to note that DIC is not intended to

identify the “correct” model, but rather to facilitate comparisons between models that

fit the data reasonably well. Table 2.4 provides a summary of the DIC values for model

Normal and model skew normal. The skewed normal model has a smaller DIC value than

the normal model, indicating a better fit of the data. Therefore, the results from the

selected joint model, the skewed normal model, will be used for further interpretation

and discussion.

The model-skewed normal in Table 2.4 estimates that the skewness parameters for fasting

blood sugar (1.282) and systolic blood pressure (0.422) are significantly positive. This

implies that the distribution of fasting blood glucose and systolic blood pressure data

is significantly positively skewed. Thus, it may suggest that accounting for the longitu-

dinal asymmetry in the joint model provides a better fit to the data than the classical

multivariate normal distribution. Based on the model-skewed normal distribution, the

estimated results of the multivariate linear mixed-effect submodel in Table 2.4 show that

measurement time and age are positively associated with the trajectories of fasting blood

sugar and systolic blood pressure. The progression of fasting blood glucose and blood

pressure levels in people with type 2 diabetes and hypertension living in rural areas is
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higher than in those living in urban areas. Moreover, female diabetic and hypertensive

patients exhibited higher fasting blood sugar levels compared to their male counterparts.

In the multivariate linear mixed-effects model, the covariance between the random effects

and random intercept reflects the variability in both the random effects and intercept, as

well as the relationship between the longitudinal trajectories of fasting blood glucose and

systolic blood pressure, as shown in Table 2.3. The association values for the random

intercept and slope of FBS and SBP indicate a positive correlation, with values of 0.075

and 0.040, respectively, in individuals with T2D and hypertension. A multivariate linear

mixed-effects model shows that the progression of fasting blood glucose is associated

with systolic blood pressure, with specific coefficients of 0.075 and 0.040. This positive

relationship implies a strong link between changes in fasting blood glucose and systolic

blood pressure, as the 95% credible interval does not include zero. Keep in mind that

the magnitude does not reflect the strength of the relationship, since both longitudinal

measurements were standardized.

Table 2.3: Summary of the estimated posterior mean (PM) of variance–covariance matrix
parameters for random errors and random effects, standard deviation (SD), and 95%
credible intervals (CI) for each model

Parameter Normal Model Skew-Normal Model

PM SD 95% CI PM SD 95% CI

σ2
11 0.603 0.023 0.559, 0.649 0.340 0.015 0.086, 0.143

σ2
22 0.652 0.025 0.606, 0.702 0.592 0.027 0.549, 0.653

σ2
12 0.206 0.017 0.173, 0.241 0.201 0.024 0.001, 0.094

v11 0.288 0.040 0.218, 0.372 0.170 0.030 0.174, 0.289
v22 0.144 0.023 0.104, 0.194 0.077 0.016 0.074, 0.137
v33 0.239 0.022 0.067, 0.122 0.219 0.017 0.063, 0.129
v44 0.126 0.036 0.178, 0.315 0.110 0.033 0.172, 0.303
v12 0.108 0.022 0.093, 0.155 0.071 0.013 0.061, 0.099
v13 0.121 0.020 0.091, 0.169 0.075 0.019 0.084, 0.159
v14 0.107 0.022 0.091, 0.152 0.079 0.015 0.068, 0.111
v23 0.058 0.021 0.044, 0.101 0.035 0.014 0.026, 0.064
v34 0.073 0.019 0.059, 0.112 0.060 0.018 0.048, 0.097
v24 0.075 0.019 0.037, 0.086 0.040 0.019 0.034, 0.109

The estimated association parameters alpha and gamma in the results of the survival

submodel indicate how longitudinal measurements, along with clinical and biochemical
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variables, influence the time to the development of chronic complications. The effect of

blood pressure on the timing of these complications is estimated by γ3 and γ4, which reflect

a positive relationship between the rate of change in systolic blood pressure and the risk

of microvascular and macrovascular complications. When considering the hazard ratio, a

1-standardized-unit increase in the SBP trajectory, or a 1-unit rise in blood pressure over

6 months (on a standard scale), corresponds to a 1.682-fold increase (exp(0.520) = 1.682)

in the risk of microvascular and macrovascular complications. This effect size can also

be interpreted as a 1-unit increase in trajectory systolic blood pressure being associated

with a 66% higher risk of these complications.

We also found that baseline body mass index, age, and HDL are positively associated with

the risk of microvascular and macrovascular complications. However, random intercepts

and slopes for fasting blood sugar, triglycerides, and LDL are negatively related to the

risk of chronic complications. Figure 2.6 illustrates the hazard ratio (HR) in the survival

sub-model, which is based on the skew normal model, longitudinal effects of association

parameters, and baseline covariates related to the risk of chronic complications.

Figure 2.6: Hazard ratio of survival sub-model based on model skew normal; longitudinal effects of
association parameter and baseline covariates in risk of chronic complications
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Table 2.4: Posterior mean, standard deviation (SD), and 95% credible intervals (CI) for
parameters under model normal and model skew-normal models.

Parameter Model Noraml Model skew normal

Posterior mean SD 95% CI Posterior mean SD 95% CI

Bivariate linear mixed-effects model parameters estimates

β11 0.008 0.058 (-0.104, 0.121) 0.022 0.046 (-0.073, 0.112)

β21 0.071 0.033 (0.006, 0.138) 0.041 0.027 (-0.012, 0.095)

β31 0.045 0.037 (-0.026, 0.117) 0.028 0.031 (-0.021, 0.116)

β41 -0.078 0.075 (-0.224, 0.072) 0.011 0.056 (-0.100, 0.116)

β51 0.120 0.079 (-0.032, 0.275) 0.018 0.064 (-0.062, 0.131)

β12 0.030 0.057 (-0.083, 0.145) 0.028 0.056 (-0.095, 0.121)

β22 0.067 0.032 (0.006, 0.131) 0.055 0.031 (0.003, 0.125)

β32 0.112 0.037 (0.043, 0.185) 0.107 0.035 (0.042, 0.182)

β42 -0.078 0.076 (-0.226, 0.066) -0.042 0.076 (-0.197, 0.095)

β52 0.045 0.077 (-0.107, 0.191) 0.012 0.076 (-0.115, 0.176)

δ1 1.282 0.003 (0.995, 1.000)

δ2 0.422 0.062 (0.207, 0.445)

Survival model parameters estimates

γ1 0.239 0.425 (-0.603, 1.083) -0.620 0.540 (-1.217, 0.912)

γ2 -0.510 0.609 (-1.781, 0.622) -0.027 0.740 (-1.834, 1.047)

γ3 0.283 0.320 (-0.362, 0.917) 0.234 0.314 (-0.348, 0.886)

γ4 0.312 0.709 (-1.054, 1.731) 0.520 0.717 (-0.978, 1.882)

α1 0.038 0.109 (-0.178, 0.246) 0.026 0.107 (-0.181, 0.236)

α2 0.159 0.162 (-0.162, 0.474) 0.220 0.161 (-0.112, 0.502)

α3 0.042 0.130 (-0.215, 0.299) 0.007 0.129 (-0.232, 0.272)

α4 -0.121 0.146 (-0.402, 0.171) -0.081 0.147 (-0.383, 0.193)

α5 -0.066 0.140 (-0.347, 0.212) -0.029 0.139 (-0.145, 0.100)

DIC 9105.747 3738.161
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2.5 Simulation Studies

We conduct the following simulation studies to compare the proposed multivariate joint

model across different distributions of random errors and to examine how deviations from

longitudinal biomarker symmetry influence modeling results. The design of the simulated

dataset is similar to the diabetes and hypertension data used in Section 2.3.5. We gen-

erate two longitudinal outcomes, one time-to-event outcome, and covariates as follows.

The longitudinal measurement time points are twice a year, with a maximum follow-up

of 5 years, and the visit time intervals are identical for all subjects. The bivariate, cor-

related longitudinal outcomes were generated using the multivariate linear mixed-effects

submodel described in equation 2.3. We set the true values of the model parameters to

those obtained from real data analysis of the model skew normal, as presented in Table 2.4

in the following way. β1 = (β11, β21, β31, β41, β51) = (0.022, 0.041, 0.028, 0.011, 0.018), β2 =

(β12, β22, β32, β42, β52) = (0.028, 0.055, 0.107,−0.042, 0.0105), γ = (γ1, γ2, γ3, γ4) = (−0.620,

−0.020, 0.234, 0.520), and α = (α1, α2, α3, α4, α5) = (0.026, 0.220, 0.007,−0.081,−0.029). Ran-

dom intercept random effects vector (bi = (b11, b21, b12, b22)) was simulated from a mul-

tivariate normal distribution with mean vector of zero and variance covariance matrix

Σb where their values are diag(1, 1, 1, 1). To introduce skewness into the longitudinal

data, random errors were generated using a gamma distribution. Specifically, the ran-

dom errors for fasting blood sugar and systolic blood pressure were generated using a

gamma distribution with both the shape and scale parameters set to 1. Similar to the

real data analyses, the time-to-event data were simulated using the proportional hazard

model described in equation 2.8. For each subject, survival time was simulated from

an exponential distribution with a constant baseline hazard rate of 0.1. An exponential

distribution with a mean equal to 0.1 is used to generate the censoring time.Thus, the

observed survival time of the ith subject was computed as Ti = min(T ∗
i , Ci). The event
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status for the ith subject was denoted by

τi =


1, if Ti ≤ Ci,

0, otherwise.

The covariates included in both sub-models are mimicked from the real dataset and

simulated based on variable types. For example, the qualitative covariates residence

(urban as the reference) and sex (male as the reference) were simulated from Bernoulli

distributions with success probabilities of 0.32 and 0.40, respectively. The continuous

covariates were simulated from a normal distribution with mean and standard deviation

chosen according to the application dataset.

Due to the extensive computation, we simulate only 50 data sets, each containing 150

subjects, to make the study feasible. However, it still takes about 1 hour for each repli-

cate. Then each dataset is fitted with the model normal and skew-normal models to

determine which model fits the data perfectly and to identify which model provides a

relatively unbiased parameter estimate. The Bayesian inference in Section 2.3.4 is used

to estimate the parameters of each model, and the specification of prior distributions and

the convergence diagnostics tools were similar to the model implementation in Section

2.3.6. All the MCMC samplers were implemented using JAGS and the R package R2jags.

To compare the performance of parameter estimates under the two models, we computed

biases, bias,B(θ) = 1
M

∑M
i=1 θ̂i − θT , RMSE(θ) =

√
1
m

∑m
i=1

(
θ̂i − θT

)2
, and the deviance

information criterion (DIC), where θ̂i is the estimate of the true parameter θT from the

ith simulat and θT is the true parameter value, which are obtained from the application

dataset and m is the total number of replications. Table 2.5 summarizes the simulation

results for the two models. It includes the true parameter (TP) values, bias, and root-

mean-square error for fixed-effect parameters. A positive bias value indicates that the

estimated value overestimates the true parameter value, while a negative value indicates

an underestimate. For instance, the estimated biases for β42 and β52 are positive, indicat-

ing that these parameters overestimate the effects of sex and residence on systolic blood
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pressure. On the other hand, the smallest values of bias and mean squared error indicate

that the model provides a better estimate than the others.

For most parameters, particularly α, the bias and RMSE in the joint model with a skewed

normal error distribution were smaller than those in the corresponding model assuming

normality. Model comparison using the DIC further confirmed that the multivariate joint

model with a skewed multivariate normal distribution yielded a lower DIC, indicating a

better fit than the standard multivariate normal approach. Thus, we conclude that the

skew-normal model outperforms the standard model, producing estimates with lower

bias and mean squared error. Overall, the simulation studies indicate that assuming a

symmetric normal distribution can lead to inaccurate and inefficient inferences when data

exhibit non-normal features.
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Table 2.5: Summary of true parameter (TP) values, bias, and RMSE for the model
normal and the model skew-normal model.

Parameter TP model normal model Skew-normal

Bias RMSE Bias RMSE

β11 0.022 -1.490 1.494 -1.490 1.494

β21 0.041 -0.006 0.087 -0.001 0.086

β31 0.028 -0.020 0.089 -0.014 0.087

β41 0.011 -0.031 0.180 -0.039 0.186

β51 0.018 -0.030 0.214 -0.020 0.218

β12 0.028 -1.242 1.429 -1.286 1.293

β22 0.055 -0.009 0.094 -0.001 0.104

β32 0.107 -0.023 0.093 -0.026 0.100

β42 -0.042 0.043 0.195 0.021 0.197

β52 0.012 0.024 0.236 0.020 0.236

γ1 -0.620 0.001 0.298 0.000 0.296

γ2 -0.027 -0.039 0.257 -0.034 0.265

γ3 0.234 0.066 0.342 0.012 0.252

γ4 0.520 -0.831 0.820 -0.068 0.314

α1 0.026 0.070 0.274 0.069 0.276

α2 0.220 0.062 0.282 0.062 0.273

α3 0.007 0.033 0.275 0.030 0.266

α4 -0.081 -0.046 0.224 -0.038 0.224

α5 -0.029 0.015 0.234 0.014 0.232

DIC 7369 6600

2.6 Discussion

As more studies are conducted, it is crucial to take measures over time to evaluate a

patient’s health status in the context of specific events using a joint model approach.

However, most existing joint modelling analyses typically focus on a univariate frame-
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work, involving a single longitudinal outcome and a single time-to-event, and assume that

the model errors follow a normal distribution. Motivated by hypertension and diabetes

disease, this study extends the univariate joint models to multivariate joint modelling

with multivariate skew normal distribution to take into consideration skewness in the

longitudinal outcomes’ glucose concentration and blood pressure, and piecewise constant

functions to flexible model the hazard functions. The two sub-models were connected

through the sharing of random effects to assess the relationship between longitudinal and

time-to-event processes. We applied the Bayesian estimation technique to estimate all

parameters in the joint models simultaneously.

Our results demonstrated the use of multivariate joint modelling to examine how pat-

terns of glucose concentration and blood pressure trajectories were associated with the

risk of chronic disease complications. We also considered standard but essential data fea-

tures that may affect the discovery of the true disease progression, including correlations

between longitudinal measurements and their distributions.

Two types of multivariate joint models were used based on the distributional assumptions

of the longitudinal outcomes: one assuming a multivariate normal distribution and the

other a multivariate skewed normal distribution for the random errors. In the model skew

normal, the estimates of the skewness parameters δ1 and δ2 are positive, implying that

the distributions of fast blood glucose concentration and blood pressure are not multi-

variate normal. The DIC value is also used to compare the models, revealing that the

multivariate joint model with a skewed multivariate normal distribution provided a bet-

ter fit than the standard multivariate normal approach. Therefore, a multivariate joint

model with a multivariate skew normal distribution offers more efficient and relatively ac-

curate parameter estimation, making it a better alternative to the standard (symmetric)

distribution-based model, which is widely assumed in statistical research. The simula-

tion study also confirmed the application data set scenario: a bivariate joint model with

a multivariate skewed normal distribution of the random errors performs better than a

bivariate joint model with a multivariate normal distribution. Although the dataset and
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methods differ (Xu et al., 2021; Huang et al., 2022; Baghfalaki et al., 2013), they fur-

ther supported these findings by demonstrating that incorporating a skewness parameter

or using an asymmetric multivariate normal distribution in the longitudinal sub-model

produced better results than the classical multivariate normal distribution, which aligns

with my conclusions.

We then used a multivariate joint model with skewed longitudinal outcomes to examine

how patterns in glucose concentration and systolic blood pressure are associated with

the risk of microvascular and macrovascular complications. The model not only cap-

tured the association between glucose concentration and systolic blood pressure with the

risk of micro and macrovascular complications but also identified predictors of glucose

concentration, blood pressure, and chronic complications.

When we consider the clinical implications, the overall incidence of microvascular compli-

cations in people with T2D and hypertension was 33.20% over the five-year study period.

These findings are similar to previous research in Bahir Dar, Ethiopia (32.4% over seven

years); (Shita and Muluneh, 2021), Gondar, Ethiopia (28% during a follow-up of 6 years)

(Wolde et al., 2018); and Wollega, Ethiopia (31.2%)(Korsa et al., 2019). There is a strong

association between changes in glucose levels and blood pressure in individuals with type

2 diabetes (T2D) and hypertension. Elevated trends in glucose and blood pressure each

carry significant risks for long-term complications. When these two patterns are linked,

the overall risk rises considerably (Viazzi et al., 2019) and (Wan et al., 2020). Therefore,

this evidence should guide health professionals and clinical decision-makers to effectively

manage both blood pressure and glucose levels simultaneously.

Among the covariates we included in the proportional hazards model, age, BMI, and HDL

are directly associated with the risk of microvascular and macrovascular complications.

However, triglycerides and LDL show an inverse relationship with the risk of these com-

plications, but their effects are not significant. Despite using different statistical methods

and different datasets, studies (Jelinek et al., 2017) and (Liu et al., 2022) report similar

findings: age and lipid levels (triglycerides, LDL, and HDL) are significantly associated
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with chronic complications such as diabetic retinopathy and diabetic kidney disease. Our

findings suggest that normalizing body mass index and HDL levels could be an effective

strategy for preventing micro- and macrovascular complications.

Our results have clinical implications for interpreting the trajectory of blood pressure

and blood glucose in relation to the risk of micro- and macrovascular complications in

individuals T2D and hypertension. Results from the joint modeling approach suggest

that, as blood pressure patterns increase over time, individuals with T2D and hyperten-

sion face a higher risk of developing retinopathy, chronic kidney disease, heart disease, or

stroke. Additionally, the timing of these complications is indirectly related to the fasting

blood sugar trajectory, which differs from previous expectations; therefore, further re-

search may be necessary. The relationships among these trends were less apparent when

using other classical regression models, such as survival, linear, nonlinear, and logistic

regression. This evidence highlights a unique advantage of this modeling framework: its

ability to provide an overall view of follow-up measurements for one or more biomarkers

in relation to the time until the onset of micro- and macrovascular complications.

For SBP, our findings are similar to those seen in previous studies. Li et al. (2023) noted

a 1.70-fold increased risk of heart failure for each one standardized unit increase in SBP,

which is similar to the 1.682-fold rise in the risk of micro- and macrovascular complica-

tions found here. Ceriello et al. (2023) also observed that patients with high variability in

both body weight and blood pressure had the highest risk of cardiovascular disease (HR

= 1.81; 95% confidence interval = 1.61-2.05) compared with patients with low variability

in both body weight and total cholesterol. Dorajoo et al. (2017) investigates the associ-

ation between variability in HbA1c or systolic blood pressure (SBP) and retinopathy in

Asians with T2D using a multivariate regression model; reported SBP was significantly

associated with diabetic retinopathy (odds ratio 1.03, 95% confidence interval 1.01-1.05).

From a clinical perspective, these estimates were broadly in line, suggesting that optimiz-

ing blood pressure control in people with diabetes and hypertension may reduce the risk

of micro- and macrovascular complications. Maintaining optimal systolic blood pressure
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is crucial for reducing the risk of chronic complications in the management of blood sugar

and blood pressure.

The methodology presented in this chapter has potential for future research extensions.

This chapter focuses on a single-type survival event only. In cases involving multiple event

types, the proposed bivariate joint model can be extended to handle competing-risks sur-

vival data (Ferede et al., 2022; Li et al., 2023; Hu et al., 2009). For the longitudinal

outcomes, FBS and SBP, we used a fully parametric (linear) mixed-effects submodel.

However, in some applications, the true relationship between the longitudinal outcomes

and time effects may be nonlinear. For example, in our data involving individuals with

T2D and hypertension, the trajectories of FBS and SBP over time are nonlinear. Con-

sequently, a fully parametric modelling approach may lack the flexibility needed to cap-

ture these complex longitudinal patterns accurately. Therefore, our approach can be

expanded to a more flexible semi-parametric multivariate mixed-effect model by includ-

ing non-parametric smoothing functions of time and addressing competing risk survival

times, which could be a focus of future work.

2.7 Conclusion

We use a multivariate joint modelling approach with shared random intercepts and slopes

to analyse multiple longitudinal markers with skewed distributions and time-to-event out-

comes simultaneously. Bayesian inference using R and JAGS was used to estimate the

model parameters of joint models for multiple longitudinal processes and a time-to-event

outcome. We illustrate the method using electronic medical record data from a primary

care patient cohort to investigate the associations between glucose concentration, blood

pressure, and the risk of micro- and macrovascular complications. Our results demon-

strated that both glucose concentration and blood pressure measurements are severely

skewed; therefore, the multivariate linear mixed-effects model with skew-normal random

errors yielded relatively unbiased parameter estimates compared to the classical assump-

tion of multivariate normality.
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We conducted simulation studies to evaluate the performance of the proposed model,

and the results indicate that the estimated parameter under the skew multivariate nor-

mal distribution is a relatively unbiased estimate compared to symmetric distributions.

The joint model framework provides a platform for exploring various features of longi-

tudinal measures of disease risk, extending beyond the traditional approach that relies

solely on baseline measures in cohort studies. Although the motivation for this study

arose from a diabetes and hypertension data study, the methodology for joint models of

multiple longitudinal processes and time-to-event outcomes applies to many clinical and

epidemiologic studies in which the association between longitudinal measures and time-

to-event outcomes is often of interest. This study has some limitations. First, it was

assumed that chronic complications were caused by hypertension and diabetes mellitus,

which may have led to an overestimation of their prevalence among patients with hy-

pertension and diabetes. Second, data on specific potentially significant predictors, such

as the type of intervention, were not available, which may have influenced the outcome

variables.
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Chapter 3

Progression of Diabetic Kidney Disease in People with

Type 2 Diabetes using Principal Component Analysis

and Ordered Logit Model

Abstract

Diabetic kidney disease is one of the main microvascular complications caused by di-

abetes. Several clinical and biochemical variables are reported to be associated with

diabetic kidney disease in people with type 2 diabetes. However, the interrelationships

among these variables could distort estimates of their effects on disease progression. The

objective of the study is to determine how the biochemical and clinical variables in people

with type 2 diabetes are intercorrelated and how they affect the progression of kidney

disease. Principal component analysis, combined with ordered logit models, is used to

explore the interrelationships between biochemical and clinical variables and their effect

on the progression of kidney disease. This retrospective cross-sectional study retrieved

data from diabetic individuals in a polyclinic hospital at the University of Messina, Italy.

The study identified three uncorrelated principal components. The first component, a

linear combination of positively correlated glycosylated haemoglobin, glycemia, and cre-

atinine, has a strongly significant effect on kidney disease progression. Principal compo-

nent two is a linear combination of positively correlated total cholesterol and low-density

lipoprotein. In contrast, Principal Component three is a linear combination of negatively

correlated high-density lipoprotein and triglycerides. The cumulative odds, adjacent-

category, and continuation-ratio models further revealed that age, sex, body mass index,

and metformin treatment significantly affect the progression of kidney disease. How-

ever, these effects are not proportional across the stages of kidney disease progression.

Flexible ordered logit models, including partial, cumulative odds, adjacent-category, and
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continuation-ratio models, were used to address proportionality issues and improve the

accuracy of effect estimation. The study’s findings conclude that the partial, cumulative

odds, adjacent-category, and continuation-ratio models are robust techniques for estimat-

ing effects, particularly when predictors have different effects at different stages of disease

progression.

Keywords—Diabetic kidney disease, ordered logit model, principal component analysis,

type 2 diabetes

3.1 Introduction

T2D is a chronic disease caused by the body’s inability to produce enough insulin. Ac-

cording to (Siddiqui et al., 2022), the estimated prevalence of diabetes worldwide in 2019

was 9.3% (463 million people), increasing to 10.2% (578 million) by 2030 and 10.9% (700

million) by 2045. The rapid increase in the diabetes population indicates an increasing

incidence of microvascular and macrovascular complications, which affect small blood

vessels and larger blood vessels, respectively. Diabetic kidney disease (DKD) is one of

the main microvascular complications caused by diabetes. Over time, diabetes causes the

kidneys to lose function, typically manifested by a decline in the estimated glomerular

filtration rate (eGFR) (De Boer and Steffes, 2007). DKD affects 40% (Alicic et al., 2017)

and 51.2% (Liu et al., 2023) of people with T2D and is the leading cause of end-stage

kidney disease, hospitalization, and death.

Numerous medical researchers utilize electronic record data that includes demographic,

biochemical, and clinical variables to investigate the risk factors for the development and

progression of kidney function in people with T2D. We can classify these risk factors into

modifiable and non-modifiable categories. Studies suggest that identifying and control-

ling modifiable risk factors can slow the development and progression of kidney disease

(Gregorich et al., 2021) and (Tziomalos and Athyros, 2015). Researchers have used a

variety of methods to identify predictors for the development and progression of DKD

in people with T2D. For instance, studies Bender and Grouven (1998); He et al. (2024);
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Siddiqui et al. (2022) used binary logistic regression to classify eGFR into two categories.

Their findings demonstrated that clinical and biochemical variables were associated with

the progression of kidney function in individuals with type 2 diabetes.

Researchers also used multivariate linear mixed models that aimed to predict the pro-

gression of kidney function (Ye et al., 2022) and (Ceriello et al., 2017). Their research

output reveals that several modifiable factors, such as glucose, blood pressure, and lipid

profile, have a significant impact on the development and progression of kidney disease

in people with type 2 diabetes.

Furthermore, studies utilised a survival regression model to identify risk factors for kidney

function in people with T2D. For example, a nationwide retrospective cohort study was

conducted in Italy using data from the Italian Association of Clinical Diabetologists.

They used a Cox regression model to assess risk factors for the incidence of kidney disease

and progression of kidney function in T2D (Russo et al., 2016) and (Liu et al., 2023).

The result of their investigation revealed that variability in biochemical variables such as

HbA1c, blood pressure, and lipid parameters was a significant risk factor for developing

DKD in people with T2D. Specifically, (Russo et al., 2016) suggested that the risk of

kidney disease is related to cardiovascular disease risk factors; that is, high triglycerides

and LDL and HDL concentrations were independent risk factors for the development of

DKD.

Although significant research has been conducted, diabetic kidney disease in individuals

with T2D continues to be an essential concern for medical researchers. However, rela-

tively little work has been done on simultaneously accounting for the biases induced by

the following three issues. Firstly, to determine the risk factor for kidney disease in type

2 diabetes, researchers have so far used a binary logistic regression model, categorizing

kidney function by eGFR (DKD vs. non-DKD). In fact, there are five categories of kidney

function. These methods might not be practical for studying kidney function progression,

often leading to information loss and significant reductions in statistical power when spe-

cific response categories are ignored (Ananth and Kleinbaum, 1997). Secondly, patients
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with type 2 diabetes, parsimonious multi-biochemical, clinical, and demographic factors

determine the incidence and progression of kidney disease (Tan et al., 2017)

Some of these clinical and biochemical risk factors are strongly interrelated and, at the

same time, responsible for the risk of kidney disease. Including these variables as pre-

dictors in the regression model will lead to multicollinearity, potentially biasing effect

estimates. Thirdly, researchers assessed the impact of various biochemical, clinical, and

demographic variables on diabetic kidney disease in individuals with type 2 diabetes.

Some variables alone do not significantly influence the incidence and development of the

disease. However, combining correlated variables can reveal significant effects on disease

progression.

Fourthly, many medical and epidemiologic studies often measure outcomes of interest

on an ordinal scale, for example, tumor grade (grades I–III), stage of kidney function

(stages I–IV), cardiac risk levels (low, medium, and high risk), and disease severity (low,

medium, and severe). The order logit model is one of the most common methods in

medical research for analysing ordinal-level response variables. Although researchers have

developed various ordered logit models for ordinal response variables, such as proportional

odds, continuation ratio, and adjacent-category models, the proportional odds model is

probably the most frequently used in practice. When the predictor’s variables violated the

proportional odds assumption, this approach led to biased statistical inferences (Bender

and Grouven, 1998).

To address this gap, our study used a relatively novel statistical method, PCA, com-

bined with an ordered logit model. PCA is widely used to summarize information from

high-dimensional data sets. It is used in medical science to find essential features in

large amounts of data, like cancer and gene expression studies (Hsu et al., 2014) and

(Adiwijaya et al., 2018) in cardiology to predict clinical cardiovascular events(Okin et al.,

2002)and (Kristono et al., 2020). Principal component analysis is used in regression

models (Çamdevỳren et al., 2005; Milewska et al., 2014; Zhang and Castelló, 2017) when

many predictors are highly correlated, causing multicollinearity. This multicollinearity
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increases the standard errors of the regression coefficients, leading to inaccurate effect

estimates. Using PCA, we can reduce the dimensionality of correlated variables to a

small number of uncorrelated candidate predictors, without losing valuable information,

and thereby improve the regression model’s effect estimation. Thus, this study uses PCA

to construct new variables (principal components), which are linear combinations of the

original variables, as predictors of kidney disease progression and to uncover hidden re-

lationships among biochemical and clinical variables in individuals with T2D.

The general objective of this study is to identify risk factors for the progression of kidney

disease in people with type 2 diabetes by applying advanced statistical methods to avail-

able clinical and biochemical variables. The study has the following specific objectives:

I) Apply principal component analysis combined with an ordered logit model to inves-

tigate how clinical and biochemical parameters interrelate and affect the progression

of kidney disease.

II) Model the progression of kidney disease in people with type 2 diabetes to identify

variables with significant effects and assess potential risk factors.

III) Demonstrate how to use and interpret principal component analysis when working

with an ordered logit model that exhibits collinearity.

This study contributes novel statistical methodologies to analyse disease patterns and risk

factors in chronic diseases, providing new insights into the progression of diabetic kidney

disease. The research also assists healthcare professionals in developing and strategizing

preventive interventions and in enhancing patients’ understanding of disease progression.

The results offer significant insights for medical researchers studying chronic diseases,

particularly regarding the relationships between clinical and biochemical factors and their

influence on disease progression.
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3.2 Material and Methods

3.2.1 Study Design

This retrospective cross-sectional study retrieved data from a type 2 diabetic cohort at

a polyclinic hospital in the University of Messina, Italy. We extracted all demographic,

clinical, and biochemical variables from the electronic health records at the Polyclinic

Hospital. The dataset contains various missing values, which were treated as noise and

removed. Among 407 individuals, 84 were excluded due to missing data, so that 323

individuals were included in the study.

3.2.2 Study Variables

The outcome variable for the study is kidney function, as quantified by the eGFR. Accord-

ing to the 2012 Kidney Disease: Improving Global Outcomes (KDIGO) guidelines, indi-

vidual kidney function based on eGFR is classified as normal (eGFR ≥ 90 mL/min/1.73m2),

mildly reduced kidney function (eGFR 60 to 89 mL/min/1.73 m2), moderately reduced

kidney function (eGFR 30 to 59 mL/min/1.73m2), severely reduced kidney function

(eGFR 15 to 29 mL/min/1.73m2) and kidney failure or end-stage kidney disease (eGFR

<15 mL/min/1.73m2). Based on eGFR, our study classified kidney function as usual,

mildly reduced (DKD), or moderately reduced (DKD). It does not include the last two

categories because all individuals fall into the first three.

The biochemical and clinical variables: age, sex, duration of diabetes, BMI, ischemic heart

disease, retinopathy, and metformin, gamma-glutamyl transferase (GGT), glutamate

pyruvate transaminase (GPT), glutamate oxaloacetate transaminase (GOT), HbA1c,

triglyceride (TG), HDL, LDL, and total cholesterol(TC).

3.2.3 Description of Motivating Dataset

Our primary motivation is the interrelationships among biochemical variables and their

impact on the progression of kidney disease in individuals with type 2 diabetes. We
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present a brief background of the medical dataset used in the study. The distribution of

the biochemical variable and its basic descriptive statistics are presented in Table 3.1.

Table 3.1: Descriptive statistics for biochemical variables measured for diabetes patients
(N = 323)

Variables Minimum Maximum Mean (SD) Shapiro Test

HbA1C 4.9 10.9 7.59 (1.06) 0.06

Creatinine 0.03 2.2 1.04 (0.28) 0.00183

Glycemia 77 277 162.64 (35.61) 0.00187

Total Cholesterol 99 266 162.65 (32.59) 0.0028

HDL 15 98 46.43 (12.34) 0.00188

LDL 36 172 88.45 (26.45) 0.0035

Triglycerides 20 297 139.05 (56.43) 0 0.007

GPT 6 76 26.32 (11.64) 0.0000216

GOT 10 67 22.22 (8.17) 0.000022

GGT 8 85 31.45 (12.45) 0.000022

In this study, we categorize kidney function as normal, mildly reduced, or moderately

reduced (DKD). Due to space constraints, Figure 3.1 displays only two categories of

kidney function; however, for graphical visualization and further analysis, the data were

categorized into three groups. Our objective is to explore how the biochemical variables

are interrelated and to observe how changes in these variables affect kidney function.

Figure 3.1 illustrates the interrelationships among biochemical variables and their rela-

tionship with diabetic kidney disease simultaneously. The scatter plot indicates that all

biochemical variables exhibit an approximately linear relationship with one another. The

diagonal density curves illustrate the distributions of biochemical variables for non-DKD

and DKD. The Shapiro–Wilk test confirmed normality only for HbA1c p > 0.05 as shown

Table 3.1. Although the biochemical variables did not meet normality assumptions, no

transformations were applied, as the principal component and ordered logit models used
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in this study do not require normally distributed variables.

Figure 3.1 also indicates the pattern of the relationship between biochemical variables

and diabetic kidney disease. As the values of HbA1c, glycemia, creatinine, triglycerides,

and LDL increase, the box plots of kidney function vary across categories, as shown in the

figure. The figure clearly shows that people with type 2 diabetes who develop diabetic

kidney disease have higher HbA1c, glycemia, creatinine, and triglycerides, as well as lower

total cholesterol and LDL values than those with non-diabetic kidney disease. Conversely,

as shown in the figure, despite fluctuations in the values of and HDL, GOT, GGT, and

GPT, kidney function remains consistent across the two categories. This implies that

kidney function is unaffected by the biochemical variables HDL, GOT, GGT, and GPT.

It also indicates that most of the biochemical variables have a strong correlation (Pear-

son correlation coefficient p > 0.05 with each other. We observed the strong correlations

between glycemia and HbA1c, total cholesterol and low-density lipoprotein, HDL and

triglycerides, and GOT and GPT. The strong correlation among the biochemical vari-

ables indicated multicollinearity. Using these variables as predictors in a regression model

leads to multicollinearity issues. We cannot ignore this problem, as it significantly im-

pacts statistical inference. One way to address multicollinearity is to use PCA on these

variables. Despite the strong correlation between these biochemical variables (GOT and

GPT), it is unnecessary to include them in PCA analyses, as they do not affect kidney

function.
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Figure 3.1: Scatter plot and correlation matrix between biochemical variables by kidney function

3.2.4 Statistical Analysis

3.2.5 Principal Component Analysis

In regression modeling, relying on only a few covariates may not adequately explain the

response variable’s variation. The model becomes more informative when a broader set

of covariates is included; however, this set may contain correlated variables, which can

introduce multicollinearity into the regression model. For instance, this study found

strong correlations between most of the biochemical variables. One approach to solving

this problem is to apply principal component analysis to these variables.

Principal component analysis is a dimension-reduction method for understanding a large

data set and addressing multicollinearity to obtain unbiased parameter estimates in a

regression model. This approach converts the original variables into a new set of orthog-

onal, uncorrelated variables, known as principal components. We performed principal

component analysis on the correlated biochemical variables to rank their relative sig-

nificance, describe their interrelation patterns, and understand their impact on kidney

function.
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To provide a clearer illustration of how PCA is applied, consider a data matrix X with

dimensions n× p where n represents the number of observations and p denotes the num-

ber of biochemical variables. Let C be a p × p correlation matrix of these biochemical

variables. Additionally, let λ1, λ2, λ3, . . . , λp be the eigenvalues of the correlation matrix

C, and let W = (w1, w2, . . . , wp) be the p× p matrix consisting of the normalized eigen-

vectors associated with each eigenvalue. Note that the eigenvalues are the solutions of

the determinant equation.

|C − λI| = 0

and wj are the solutions that satisfy the set of homogeneous equations

(C − λjI)wj = 0.

Each λj denotes the amount of variance explained in C (the correlation matrix of the

biochemical variables), and wj are the corresponding directions called the principal di-

rections. The i-th principal component on the dataset X in the direction of the principal

direction wj is

PCi = wjX.

PC1 = w11x1 + w12x2 + w13x3 + · · ·+ w1pxp,

PC2 = w21x1 + w22x2 + w23x3 + · · ·+ w2pxp,

...

PCp = wp1x1 + wp2x2 + wp3x3 + · · ·+ wppxp.

We refer to the newly created variables PC1, PC2, . . . , PCp as principal components,

and we identify the variable PC1 as the component corresponding to the greatest eigen-

value λ1. This indicates that the first principal component captures the maximum varia-

tion in the data. Subsequently, each principal component captures the maximum remain-

ing variance not explained by the previous components. We establish the ith principal
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component (PCi) under conditions where the eigenvectors maintain unit length and or-

thogonality to each other.
p∑

j=1

w2
ij = 1,

and the orthogonality condition between different eigenvectors is

p∑
j=1

wij wkj = 0 for i ̸= k.

We interpret the eigenvectors w1, w2, . . . , wp as coefficients of principal components,

and the sum of the variances of the principal components reveals the total variance

of the initial variables. This provided clear information on each principal component’s

significance and contribution, along with the percentage of total variability it explained.

We can calculate the percentage of variance that the kth principal component contributed

as:
λk

λ1 + λ2 + · · ·+ λp

.

Although the number of principal components equals the number of original variables,

we selected only the first few for further analysis, as they capture most of the variability

in the original dataset. To decide which and how many principal components to retain,

we used two methods: selecting components with an eigenvalue greater than one and

examining a scree plot of eigenvalues against the corresponding numbers of components

(Zwick and Velicer, 1986)

A crucial aspect of principal component analysis is that the loadings represent the corre-

lations between the original variables and the principal components. These values provide

clear information about the relationship between the biochemical variables and the given

principal component; the greater the loading, the more influential the variable is in form-

ing the principal component, and vice versa. For instance, we calculate the loading of a
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biochemical variable Xj for principal component i (PCi) as follows:

Lij = wij

√
λi

where Lij is the correlation between the i-th principal component and the j-th variable,

wij is the principal component weight of the j-th variable in the i-th principal component,

and λi is the eigenvalue associated with the i-th principal component.

3.2.6 Regression Model for Ordinal Response Variables

To determine how clinical and biochemical variables affect the progression of kidney

disease, ordinal logistic regression was used, with kidney function categorized as normal,

mildly reduced, or moderately reduced. Several types of ordinal logistic regression models

exist, each based on comparisons of the response category (cumulative, stage, or adja-

cent) and the failure to meet the proportional odds assumption (partial cumulative odds

model, partial continuation ratio model, partial adjacent category models, and general-

ized ordinal logistic models). In this study, we conducted an in-depth investigation of the

specific applications of each ordered logit model.

3.2.7 Proportional Odds Model

The proportional odds model (McCullagh, 1980), also known as the cumulative logit

model, is the most widely used ordinal logistic regression model because of its simple

interpretation. We used the model when the effect of each predictor variable is constant

across the response variable’s categories. This restriction, or assumption, is referred to

as a proportional odds assumption. As previously stated, individual kidney function,

denoted by Y (grouped from continuous variable eGFR), is classified as usual, stage II,

and stage III or DKD, and x1, x2, . . . , xp represent a vector of p-dimensional explanatory

variables. Thus, the logit of the proportional odds model can be defined in the following

way:

log

[
Pr(Y ≤ j | X)

Pr(Y > j | X)

]
= αj −

p∑
p=1

βpXp, j = 1, 2. (3.1)
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where β the (p × 1) vector containing the regression coefficients. The αj are thresholds

satisfying the condition α1 < α2.

3.2.8 Partial Proportional Odds Model

The partial proportional odds model is an extension of the proportional odds model,

specifically designed for situations where one or more predictor variables violate the

proportionality assumption (Peterson and Harrell Jr, 1990). If one or more predictor

variables have varying effects on different stages of disease progression, the model will

have two sets of regression coefficients, one set with proportional odds and the other with

nonproportional odds. The logit of the partial proportional odds model can be defined

as follows:

log

[
Pr(Y ≤ j | X)

Pr(Y > j | X)

]
= αj −

(
p∑

p=1

βpXp + λjZ

)
, j = 1, 2. (3.2)

Where X is the vector containing the full set of covariates and Y is the response variable.

Z is a vector containing a subset of covariates that violate the assumption of proportional

odds, β is a (p × 1) vector of regression coefficients, λj (j = 1, 2) are the regression

coefficients associated with the variables in Z, and αj are the thresholds.

3.2.9 Continuation Ratio Model

The continuation ratio model (Shrout, 1979) predicts the likelihood of a response falling

into a specific category rather than the probability of a response falling into a higher cat-

egory, based on the response variable’s order category. This type of model is particularly

useful in situations where individuals progress through successive response levels, such as

the progression of kidney disease from a normal to a severe condition. The logit of the

continuation ratio model can be defined as follows:

log

[
Pr(Y = j | X)

Pr(Y > j | X)

]
= αj −

p∑
p=1

βpXp, j = 1, 2. (3.3)

96



where Y is the response variable, X is the vector of p-dimensional explanatory variables,

β is a (p× 1) vector of regression coefficients, and αj are the thresholds.

3.2.10 Partial Continuation Ratio Model

The partial continuation ratio model is an extension of the continuation ratio model in

which one or more predictor variables fail to meet the proportionality assumption. The

logit of the partial continuation Ratio model incorporates coefficients for covariates that

deviate from the proportionality assumption and can be defined in the following way:

log

[
Pr(Y = j | X)

Pr(Y > j | X)

]
= αj −

(
p∑

p=1

βpXp + λjZ

)
, j = 1, 2. (3.4)

Where Y is the response variable and X is the vector containing the full set of covariates.

Z is a vector containing a subset of covariates that violate the assumption of proportional

odds, β is a (p × 1) vector of regression coefficients, λj (j = 1, 2) are the regression

coefficients associated with the variables in Z, and αj are the thresholds.

3.2.11 Adjacent Category Model

The adjacent-category model is a type of ordinal logistic regression used to predict the

probability of adjacent categories of the response variable (Goodman, 1983). In our study,

we used it to predict the likelihood of normal kidney function versus moderately reduced

kidney function. The logit of the adjacent category model can be defined as follows:

log

[
Pr(Y = j | X)

Pr(Y = j + 1 | X)

]
= αj −

p∑
p=1

βpXp, j = 1, 2. (3.5)

where Y is the response variable, X is the vector of p-dimensional explanatory variables,

β is a (p× 1) vector of regression coefficients, and αj are the thresholds.
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3.2.12 Partial Adjacent Category Model

When certain independent variables in the adjacent-category model fail the proportional-

ity assumption, a more concise model is needed to address the issue. The partial adjacent

category model predicts the probability of adjacent categories, allowing the effects of one

or two predictor variables to vary across categories of the response variable. By modify-

ing the equation of the logit of the adjacent category model, we can obtain the following

equation for the logit of the partial adjacent category model.

log

[
Pr(Y = j | X)

Pr(Y = j + 1 | X)

]
= αj −

(
p∑

p=1

βkXk + λjZ

)
, j = 1, 2. (3.6)

where Y is the response variable and X is the vector containing the full set of covariates. Z

is a vector containing a subset of covariates that violate the assumption of proportional

odds, β is a (p × 1) vector of regression coefficients, λj are the regression coefficients

associated with the variables in Z, and αj are the thresholds.

3.2.13 Generalised Ordered Logit Model

The generalized ordered logit model is a generalization of the proportional odds model

that allows all predictor variables to violate the parallel assumption. This model enables

the regression coefficients to vary across the j-1 categories of the response variables.

log

[
Pr(Y = j | X)

Pr(Y = j + 1 | X)

]
= αj −

(
p∑

p=1

βjX + λjZ

)
, j = 1, 2. (3.7)

where Y is the response variable, X is the p-dimensional vector of explanatory variables,

βj is a (p× 1) vector of regression coefficients, and αj are thresholds.

3.3 Parameter Estimation

We used the maximum likelihood estimation (MLE) method to estimate the parameters

of various types of ordinal logistic regression models. Let (xi, yj) be a sample of size n,
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where the vector xi contains the observed values of the p explanatory variables and yj is

the ordinal response variable with j categories.

We denote the probability of an observation falling into category j or lower (cumulative

probability) as P (Y ≤ yj | xi). The likelihood function L is then the product of these

cumulative probabilities for all observations:

L(α1, α2, . . . , αj−1, β) =
n∏

i=1

P (Yi ≤ yj | xi). (3.8)

where n is the total number of observations, Yi is the response variable for observation

i, xi is the matrix of predictor variables for observation i, and yj is the category of the

response variable for observation i.

The MLE principle is employed to estimate the parameter vector.

V = (α1, α2, . . . , αj−1, β)

by maximizing the likelihood function. To simplify the calculation, the likelihood function

is transformed into the natural logarithm of the likelihood, which is formulated as:

ℓ(α1, α2, . . . , αj−1, β) =
n∑

i=1

log
(
P (Yi ≤ yj | xi)

)
. (3.9)

Maximizing this log-likelihood function with respect to the parameters α1, α2, . . . , αj−1, β

yields the Maximum Likelihood Estimates of these parameters.

3.4 Results

3.4.1 Descriptive Statistics

Descriptive statistics were used to summarize the demographic and clinical characteristics

of people with type 2 diabetes. Table 3.2 summarizes the distributions of the demographic
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and clinical variables for each stage of kidney function in people with T2D. Among these

people, 34.7% had moderately reduced kidney function, or stage III, defined by an eGFR

lower than 60 ml/min/1.73 m², and 51.1% had mildly reduced kidney function, or stage

II, defined by an eGFR between 60 to 89 ml/min/1.73 m², whereas 14.2% had normal

kidney function (eGFR greater than 90 ml/min/1.73 m²). The study included 60.4%

males and 39.6% females, with a mean age of 68 years. The average length of time since

being diagnosed with type 2 diabetes was 12 years, with a standard deviation of 7 years.

Approximately 75.1% of people with type 2 diabetes use metformin as a medication, and

18% and 14% have a history of ischemic heart disease and retinopathy, respectively.
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Table 3.2: Descriptive statistics for clinical variables measured for diabetes patients (N
= 323). The proportions for categorical variables and the means (SD) for quantitative
variables

Variables Total Normal Stage II DKD

Number of Patients 323 46 (14.2) 165 (51.1) 112 (34.7)

Gender

Male 195 (60.4%) 31 (9.6%) 97 (30.0%) 67 (20.7%)

Female 128 (39.6%) 15 (4.6%) 68 (21.1%) 45 (13.9%)

Retinopathy

Yes 48 (14.9%) 3 (0.9%) 23 (7.1%) 22 (6.8%)

No 275 (85.1%) 43 (13.3%) 142 (44.0%) 90 (27.9%)

Ischemic heart disease

Yes 61 (18.9%) 12 (3.7%) 29 (9.0%) 20 (6.2%)

No 262 (81.1%) 34 (10.5%) 136 (42.1%) 92 (28.5%)

Metformin treatment

Yes 275 (85.1%) 42 (13.0%) 148 (45.8%) 85 (26.3%)

No 48 (14.9%) 4 (1.2%) 17 (5.3%) 27 (8.4%)

Age (years) 68.92 (6.18) 67.14 (4.93) 68.15 (5.77) 70.77 (6.78)

Body mass index (kg/m2) 30.73 (6.18) 31.98 (4.90) 30.85 (5.26) 30.07 (5.66)

Duration of diabetes (years) 12.54 (7.11) 9.91 (4.73) 11.84 (6.97) 14.64 (7.58)

Figure 3.2 shows box plots of the distributions of biochemical and clinical variables at each

stage of kidney function. The plots reveal that changes in age, diabetes duration, BMI,

HbA1c, glycemia, creatinine, total cholesterol, and LDL are associated with variations

in kidney function. However, despite fluctuations in triglyceride and HDL values, kidney

function exhibits only slight differences across all three stages. The pie chart shows the

frequency distribution of kidney function in people with diabetes.
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Figure 3.2: Distribution of clinical and biochemical variables for each stage of kidney function.
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3.4.2 Results of Principal Component Analysis

Table 3.3 provides a comprehensive summary of the principal component analysis results,

including the standard deviation, proportion of variance, and cumulative percentage ex-

plained by each component. The table reveals that the first three components account

for 27.7%, 26.6%, and 21.1% of the variation in the biochemical variables, respectively.

Table 3.3: The proportion of variance explained by each component for biochemical
variables.

PC1 PC2 PC3 PC4 PC5 PC6 PC7

Std. Dev. 1.3931 1.364 1.216 0.871 0.7067 0.5846 0.3341

Prop. Var. 0.277 0.266 0.211 0.108 0.071 0.048 0.016

Cum. Prop. 0.2772 0.5432 0.7547 0.8632 0.9346 0.9834 1.0000

Table 3.4 displays the loadings that represent the strength and direction of the relation-

ships between the biochemical variables and the principal components. Regardless of

sign, the greater the loading magnitude, the greater the contribution of the biochemical

variables to the formation of the principal components. For example, -0.7513, -0.6294,

and -0.7503 indicate the contributions of the biochemical variables glycemia, creatinine,

and HbA1c, respectively, to component one (PC1). This shows that the first component

is a composite variable that captures the overall trend of decreases in glycemia, creati-

nine, and HbA1c. Similarly, we can interpret component two as a composite variable that

captures the overall trend of reducing low-density lipoprotein cholesterol and total choles-

terol. We can interpret component three as a composite variable that captures the overall

trend of decreasing high-density lipoprotein cholesterol and increasing triglycerides. This

insight helps in understanding the underlying relationships among biochemical variables

and identifying key patterns.
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Table 3.4: Principal Component Loadings

Variables PC1 PC2 PC3 PC4 PC5 PC6 PC7

Glycemia -0.7513 -0.2402 -0.3859 0.2267 -0.1037 -0.4078 0.0132

Creatinine -0.6249 -0.0980 -0.0059 -0.7711 0.0712 0.0090 -0.0032

HbA1c -0.7503 -0.2233 -0.3211 0.2665 0.0050 0.4148 -0.0050

TC 0.3749 -0.8596 -0.1962 -0.0570 0.1632 -0.0067 0.2279

LDL 0.4104 -0.7987 -0.2252 -0.1198 -0.2705 0.0059 -0.2051

HDL 0.2523 0.2657 -0.8061 -0.0251 0.4534 -0.0287 -0.0936

TG -0.2233 -0.5038 0.6899 0.1548 0.4220 -0.0694 -0.1151

Table 3.4 also shows that the number of PCs equals the number of variables included in

the analyses. As described in the methodology section, the main objective of PCA is to

reduce the dimension of the intercorrelated biochemical variables to a small number of

uncorrelated variables while retaining all pertinent information. To determine the number

of principal components, we considered the principal component standard deviations and

eigenvalues, as well as the scree plot. Table 3.3 displays the eigenvalue or standard

deviations for each of the seven principal components, while Figure 3.3 presents the

scree plot. The study selected the first three components for further analysis since their

standard deviations exceeded one. A scree plot visualizes the proportion of variance

of each PC, revealing a deep drop for PC1, PC2, and PC3, which stabilizes from PC4

onward. This pattern suggests that the first three principal components capture most of

the total variance. Both the standard deviation and scree plot methods for determining

the number of principal components indicate that three PCs were sufficient for further

analysis (in this case, as covariates for an ordered logit regression model), as they explain

about 76% of the variance in the considered biochemical variables.
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Figure 3.3: Scree plot for the percentage of explained variances against each component.

Figure 3.4 illustrates the relationship between biochemical variables and their role in

forming the first two principal components. Lines that are closely aligned in the same

quadrant of the plot indicate a positive correlation, whereas segments positioned on the

opposite side of the quadrant indicate a negative correlation. The proximity of the lines to

the circle signifies the strength of the relationship. When the lines are perpendicular, the

variables are uncorrelated. TG and HDL have a negative relationship because they are in

opposite quadrants of the plot. Positively correlated biochemical variables primarily load

on the first principal component, with negative loadings for HbA1c, glycemia, creatinine,

and TG, and positive loadings for TC, HDL, and LDL. This component explains 27.7%

of the total variance. The second principal component is mainly composed of positively

correlated variables with negative loadings of TC and LDL. This component explains

26.6% of the variance.

105



Figure 3.4: Correlation between biochemical variables and principal components.

Another notable feature of principal components is their capacity to compute individual

score values or individual measurements. Each principal component score is a linear

combination of the original variables weighted by the corresponding loadings for that

principal component. Table 3.5 displays the eigenvectors or weights assigned to variables

for each principal component. These values indicate each variable’s contribution to the

principal component score. In the ordered logit regression model, we used PCA-derived

score values as covariates to identify the most significant components associated with

kidney disease progression. The methodology section details the process of obtaining

each principal score or data value. This involves entering the standardized data values of

the biochemical variables into the estimated linear functions that constitute each principal

component. For example, the principal component scores for the first individual (PC11)
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can be computed as follows:

PC1 = − 0.5393 glycemia1 − 0.4485 creatinine1 − 0.5386HbA1c1

+ 0.2691TC1 + 0.2946LDL1 + 0.1811HDL1 − 0.0160TG1.

Table 3.5: Weights (eigenvectors) of the principal components

Variables PC1 PC2 PC3 PC4 PC5 PC6 PC7

Glycemia -0.5393 -0.1760 -0.3171 0.2601 -0.1468 -0.6976 0.0388

Creatinine -0.4485 -0.0718 -0.0048 -0.8849 0.1007 0.0154 -0.0095

HbA1c -0.5386 -0.2233 -0.2641 0.3059 0.0072 0.7045 -0.0177

TC 0.2691 -0.6300 -0.1612 -0.0655 0.2310 -0.0115 0.6684

LDL 0.2946 -0.5853 -0.2078 -0.1375 -0.3828 0.0102 -0.6015

HDL 0.1811 0.1947 -0.6625 -0.0288 0.6416 -0.0490 -0.2746

TG -0.1603 -0.3692 0.5670 0.1777 0.5971 -0.1188 -0.3377

3.4.3 Results of Ordinal Logistic Regression Models

The study used three uncorrelated principal components as covariates in the ordinal lo-

gistic regression model, rather than seven correlated biochemical variables. Cumulative

proportional odds regression, continuation ratio regression, and adjacent category regres-

sion were used to model the associations between kidney disease progression and the

principal components and clinical variables. Table 3.6 provides the estimated regression

coefficients β for the clinical variables and components, along with their associated odds

ratios. The results revealed that age, sex, body mass index, component 1 (a linear com-

bination of HbA1c, glycemia, and creatinine), and metformin treatment had significant

effects on kidney disease progression across all three models. The magnitude of these

associations varied slightly across the models. At the 5% level of significance, diabetes

duration, component 2 (a linear combination of total cholesterol and LDL), and compo-

nent 3 (a linear combination of HDL and triglycerides) did not have significant effects on
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the progression of kidney disease.

Table 3.6: Summary of estimates, standard errors in brackets, and odds ratios of the
proportional odds, continuation ratio, and adjacent category model

Cumulative Odds Model Continuation Ratio Model Adjacent Category Model

Covariates Estimate (Std. Error) Odds Ratio Estimate (Std. Error) Odds Ratio Estimate (Std. Error) Odds Ratio

Intercept 1 -1.339 (1.65) 0.262 1.312 (1.56) 3.713 1.114 (1.44) 3.046

Intercept 2 1.858 (1.66) 6.410 -1.588 (1.56) 0.204 -1.523 (1.45) 0.218

Component 1 0.848*** (0.10) 2.335 0.795*** (0.10) 2.215 0.740** (0.10) 2.111

Component 2 0.045 (0.08) 1.046 0.044 (0.08) 1.045 0.042 (0.07) 1.043

Component 3 0.148 (0.10) 1.159 0.137 (0.09) 1.147 0.144 (0.08) 1.155

Age -0.045* (0.02) 0.955 -0.042* (0.02) 0.957 -0.038* (0.01) 0.961

Duration -0.028 (0.02) 0.971 -0.029 (0.02) 0.970 -0.027 (0.02) 0.972

BMI 0.063** (0.02) 1.064 0.061** (0.02) 1.062 0.050** (0.01) 1.056

Sex 0.727** (0.25) 2.069 0.709** (0.23) 2.033 0.650** (0.21) 1.910

Metformin 0.690* (0.35) 1.994 0.632 (0.33) 1.881 0.573* (0.30) 1.774

*** p < 0.001, ** p < 0.01, * p < 0.05.

Assumptions of the Proportion Odds Model

We assessed the proportional odds assumption for the three ordered logit models using

the Brant and Wald tests. According to the Brant test, all the covariates satisfy the

proportional odds assumption except component 1 ( see Table 3.7). Similarly, the Wald

test indicates that all covariates, except component 1 and body mass index, satisfy the

proportionality assumption. This implies that the effects of component 1 and body mass

index vary across stages of kidney disease progression.
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Table 3.7: Results of the test of proportionality via the Brant test and the Wald test for
the three models.

Proportional Odds Model Adjacent Category Model Continuation Ratio Model

Covariates Chi-square p-value Wald value p-value Wald value p-value

Component 1 3.97 0.040 54.84 0.0000 58.10 0.0000

Component 2 0.01 0.940 0.33 0.5630 0.17 0.5760

Component 3 0.21 0.650 2.82 0.0930 2.58 0.1360

Age 0.62 0.430 5.08 0.2450 5.41 0.2040

Duration 0.08 0.780 3.33 0.0680 2.00 0.3600

BMI 0.02 0.960 7.79 0.0052 8.79 0.0039

Sex 0.13 0.720 9.04 0.1236 5.98 0.2360

Metformin 0.87 0.350 3.52 0.0604 4.73 0.0530

The lack of proportionality across the stages of kidney function rendered the proportional

odds, continuation ratio, and adjacent category models unsuitable for analyzing the ef-

fects of component 1 and body mass index on kidney disease progression. To address

problems with proportionality and improve effect estimates, we used flexible ordered

logit models, including partial cumulative odds, partial adjacent-category, and partial

continuation-ratio models. If all the covariates violate the proportional odds assumption,

we might use the generalized ordered logit model or another logit model, depending on

our research questions. Therefore, we excluded the generalized ordered logit model from

further analysis because it does not violate the parallel assumption across all covariates.
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Table 3.8: Summary of estimates, standard errors in brackets, and odds ratios of the
partial proportional odds, partial continuation ratio, and partial adjacent category model.

Partial Proportional Odds Model Partial Continuation Ratio Model Partial Adjacent Category Model

Covariates Estimate (Std. Error) Odds Ratio Estimate (Std. Error) Odds Ratio Estimate (Std. Error) Odds Ratio

Intercept 1 -1.511 (1.67) 0.220 1.393 (1.70) 4.026 1.006 (1.61) 2.734

Intercept 2 1.541 (1.68) 4.669 -0.874 (1.74) 0.417 -1.015 (1.64) 0.362

Component 1:1 -0.964*** (0.12) 0.381 0.990*** (0.10) 2.708 0.940*** (0.13) 2.575

Component 1:2 -0.582* (0.15) 0.558 0.325 (0.17) 1.384 0.360* (0.17) 1.433

Component 2 -0.042 (0.09) 0.958 0.040 (0.08) 1.041 0.036 (0.08) 1.037

Component 3 -0.144 (0.10) 0.865 0.127 (0.09) 1.136 0.136 (0.09) 1.146

Age 0.048* (0.02) 1.049 -0.045* (0.01) 0.955 -0.038* (0.02) 0.962

Duration 0.030 (0.02) 1.031 -0.031 (0.02) 0.969 -0.029 (0.02) 0.970

BMI 1:1 -0.065** (0.02) 0.936 0.066* (0.02) 1.068 0.059* (0.03) 1.061

BMI 1:2 0.056 (0.03) 1.058 0.048 (0.03) 1.044

Sex -0.732** (0.24) 0.481 0.690** (0.23) 1.994 0.626** (0.21) 1.871

Metformin -0.713* (0.35) 0.490 0.645 (0.33) 1.906 0.582* (0.31) 1.791

*** p < 0.001, ** p < 0.01, * p < 0.05.

In Table 3.8, we can see that age, sex, body mass index, component 1 (a linear combina-

tion of HbA1c, glycemia, and creatinine), and metformin all have a significant effect on

the progression of kidney disease in all three of the partially ordered logit models. Con-

versely, we found no significant impact at the 5% significance level for diabetes duration,

component 2 (a linear combination of TC and LDL), and component 3 (a linear combi-

nation of HDL and TG). The odds ratio indicates the effect of clinical and biochemical

variables on the progression of kidney disease in people with type 2 diabetes. The partial

proportional odds model uses metformin as an example; the odds ratio of 0.490 shows

that diabetic individuals who take metformin are almost 50% less likely to have mildly

or moderately reduced kidney function while all other predictors remain the same. An

increase of one year in the age of diabetic people leads to a 4.9% rise in the odds of

mildly reduced kidney function or moderately reduced kidney function. As their body

mass index increased by one unit, their chances of having moderately reduced kidney

function or developing diabetic kidney disease decreased by 6.4%.

Component 1 (a linear combination of HbA1c, glycemia, and creatinine) had a significant
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effect on the progression of kidney function in individuals with T2D (P value = 0.000).

Unlike other covariates, the impacts of Component 1 varied significantly across different

levels of kidney function. For example, in the partial adjacent category model, an odds

ratio of 2.575 indicates that a one-unit increase in Component 1 decreased the likelihood

of mildly reduced kidney function by 2.575 times. Conversely, an odds ratio of 1.433

indicates that a one-unit increase in Component 1 decreased the possibility of moderately

reduced kidney function by 1.5 times.

From the principal component analysis, we observe that Component 1 is primarily a

linear combination of three variables: HbA1c, glycemia, and creatinine, with a negative

relationship. In other words, a decrease in HbA1c, glycemia, and creatinine results in

an increase in Component 1, and vice versa. This suggests that higher levels of HbA1c,

glycemia, and creatinine increase the risk of declining kidney function in diabetic indi-

viduals.

To select the model that best fits the data, the deviance value, Akaike information cri-

terion (AIC), and Bayesian information criterion (BIC) are applied. Note that these

criteria aim to facilitate comparisons between models that fit the data reasonably well,

not to identify the ’correct’ model. Table 3.9 presents the deviance, AIC, and BIC values

for the six types of ordered logit models. The results indicate that the partial adjacent

category model is preferred, as it has the smallest deviance, AIC, and BIC values among

the models.
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Table 3.9: Comparison of the fitted models.

Model Deviance value AIC BIC

Proportional Odds model 514.3475 538.3475 583.6793

Continuation ratio model 511.9666 535.9666 581.2984

Continuation ratio model 514.7567 538.7567 584.0885

Partial Proportional odds oodel 509.5034 535.5034 584.6128

Partial continuation ratio model 508.9252 534.9252 584.0347

Partial adjacent category model 508.0683 534.0683 583.1778

3.4.4 Discussion

Diabetic kidney disease is one of the most chronic complications in people with T2D and

the leading cause of end-stage kidney disease (kidney failure). In this retrospective cross-

sectional cohort study, 85.8% of elderly individuals with type 2 diabetes had either mildly

reduced kidney function (eGFR, 60 to 89 mL/min/1.73 m²) or moderately reduced kidney

function (eGFR, 30 to 59 mL/min/1.73 m²). There are modifiable and non-modifiable

clinical and biochemical factors that affect the development and progression of diabetic

kidney disease in people with type 2 diabetes. This study used principal component

analysis and an ordered logit model to investigate the effects of these factors on the

progression of kidney function in individuals with T2D.

We found a strong collinearity between some of the biochemical variables. This collinear-

ity increases the standard errors of the regression coefficients, resulting in inaccurate effect

estimates. To mitigate collinearity and improve model accuracy, we applied PCA to these

variables before the regression. Principal component analysis reduces the correlated risk

factors for kidney function decline into three uncorrelated principal components. These

three principal components explained 76% of the variation in the biochemical variables.

For example, the first principal component explained 24% of the variation in biochemical

variables related to glycaemic markers (HbA1c, glycemia, and creatinine). The second
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principal component explained 22% of the variation in the biochemical variables related

to total cholesterol and LDL. The third principal component accounted for 21% of the

variation in biochemical variables associated with HDL and triglycerides.

Our results were consistent with earlier research that used principal component analysis

to cluster the risk factors for chronic disease. For example, (Hillier et al., 2006; Stuckey

et al., 2014; Tsai et al., 2020) used principal components to investigate the effect of

metabolic syndrome on the occurrence of diabetes and cardiovascular disease. Their

research revealed that TG and HDL were loaded onto one principal component, whereas

total cholesterol and LDL were loaded onto another, consistent with our study.

Despite the development of various ordered logit models, medical researchers often use the

proportional odds model to examine the effects of predictors on the order-level outcome

variable. When one or more predictor variables violated the assumption of proportional

odds, this approach led to biased statistical inferences (Bender and Grouven, 1998). The

empirical results of the Brant and Wald tests in our study also supported this; for instance,

component 1 failed to meet the proportional odds assumption, indicating that it does not

have the same effect across the three stages of kidney function. As a result, conclusions

about how component 1 affects kidney function progression via the proportional odds

model, continuation ratio model, or adjacent category model are biased.

To mitigate the bias introduced by proportionality, we employed alternative ordered

logit models, including the partial proportional odds model, the partial continuation

ratio model, and the partial adjacent category model. The choice among these models

depends on the specific research question. For instance, the partial continuation ratio

model or the partial adjacent category model is preferable for predicting the probability

that diabetic individuals have moderately reduced kidney function compared to those

with mildly reduced kidney function. Conversely, if the interest lies in predicting the

probability of diabetic individuals having moderately reduced kidney function relative to

other groups (normal kidney function and mildly reduced kidney function), the partial

proportional odds model would be the preferred choice.

113



Studies have noted that HbA1c has a significant impact on the progression of kidney

function (Ceriello et al., 2017; Gao et al., 2022; Russo et al., 2018; Yu et al., 2019). Our

research highlight the composite effect of HbA1c, creatinine, and glycemia on the develop-

ment of diabetic kidney disease. The results show that component 1 (glycaemic markers)

is the primary and most significant risk factor for the progression of kidney disease. These

results imply that as HbA1c, creatinine, and glycemia increase collectively, the risk of

developing diabetic kidney disease is also high. These biochemical variables are modi-

fiable, and people can prevent the progression of diabetic complications by controlling

their HbA1c, creatinine, and glycemia levels.

Our study revealed that age and sex differences were significantly related to the progres-

sion of kidney disease in people with T2D. This result is supported by (Joshi et al., 2023)

and (Russo et al., 2018), who reported that age significantly affects the progression of

kidney disease, as older age is associated with a higher risk of chronic disease. Women

are more likely to experience moderately decreased kidney function or diabetic kidney

disease. The results suggest that practitioners should provide special attention to older

individuals, who should also manage their glucose levels and properly take all necessary

treatments to prevent diabetic kidney disease.

Researchers have identified the duration of type 2 diabetes as a risk factor for the incidence

and progression of diabetic kidney disease (Siddiqui et al., 2022). Our study was unable

to confirm this finding in the ordered logit models at the 5% level of significance, despite

this risk factor for the incidence and progression of diabetic kidney disease. Additionally,

lipid profiles (LDL, HDL, triglycerides, and total cholesterol) are directly associated with

diabetic kidney disease, even though the associations were not statistically significant at

the 5% level, which is inconsistent with some of the literature (Yun et al., 2016). Possible

reasons include the sample size, the number and type of covariates included in the model,

the use of elderly diabetic participants, or the methodology we applied. Based on the

results, we recommend that healthcare professionals pay greater attention to the proper

management of biochemical variables, such as HbA1c, creatinine, glycemia, LDL, HDL,
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triglycerides and total cholesterol, which can cause DKD in people with T2D.

3.5 Conclusion

The study results indicate that 85.8% of individuals with T2D have either stage II kid-

ney function (eGFR, 60 to 89 mL/min/1.73 m²) or diabetic kidney disease (eGFR, 30 to

59 mL/min/1.73 m²). Principal component analysis reduced the correlated biochemical

variables into three uncorrelated components, with component one, a linear combina-

tion of HbA1c, glycemia, and creatinine, showing a strong effect on the progression of

kidney disease. These biochemical variables are modified, and people with diabetes can

prevent complications by managing their HbA1c, creatinine, and glycemia levels. The

effects of clinical and biochemical variables differ across various stages of disease progres-

sion. Flexible ordered logit models, including partial proportional odds, cumulative odds,

adjacent-category models, and continuation-ratio models, are appropriate to provide more

precise and unbiased results.
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