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ABSTRACT. Following the idea of van Mill, Tkachuk, and Wilson (2007), we define a space
X to be neighborhood assignment & (briefly NA-22, where & is a class of topological
spaces) if for any neighbourhood assignment {O : x € X} there is a subspace Y C X such
that Y has the property & and J,cy Ox = X. In this paper we investigate the classes of NA-
& spaces and compare them with the star covering properties for some class of topological
spaces .

1. Introduction

In 2007 van Mill, Tkachuk, and Wilson gave the following definition which represents a
development of an idea of van Douwen (1977) used to define D-spaces. A class &7 is dual
to a class & (with respect to neighbourhood assignments) if a space X belongs to &7* if
and only if X is NA-Z7; if X is a member of the class &%, then X is called dually 4. In this
paper we express the idea of van Mill, Tkachuk, and Wilson (2007) in the following way.

Definition 1. A space X is called neighborhood assignment &2 (briefly NA-2?) if for any
neighbourhood assignment {O, : x € X} there is a subspace ¥ C X such that Y has the
property & and J,cy Ox = X.

Recall the following. Let % be a cover of a space X and let M be a subset of X; the star
of M with respect to 7% is the set St(M, %) = J{U : U € % and U NM # 0}. The star of a
one-point set {x} with respect to a cover % is called the star of the point x with respect to
% and it is denoted by St(x, % ).

Definition 2. (Ikenaga 1990) A space X has the star-& property (briefly St-2) if for every
open cover % of the space X, there exists a subset Y of X with the property & such that
StY,%)=X.

It is obvious that if a space X has a dense subspace with the property &, then it is
star- 2. Star covering properties, relative versions and selective versions on them have been
widely studied in literature (see, for example, Bonanzinga 1998; Bonanzinga, Giacopello,
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and Maesano 2022; Bonanzinga and Maesano 2021, 2022; Bonanzinga and Matveev 2000,
2009; van Douwen et al. 1991; Ikenaga 1983, 1990; Matveev 1998).

In this paper we study the previous classes of spaces for some covering property &2. In
Section 2, we give a diagram (Diagram 1) summarizing the main relations between the
considered properties and present several examples distinguishing almost all of them. In
Section 3, we give a description of the previous properties in terms of cardinal functions
and generalize known results. In Section 4 we present some open problems.

1.1. Notation and terminology. Our terminology is standard and follows Engelking (1989)
and Hart ez al. (2003). Recall that a space X is: compact (resp. Lindeldf) (briefly C, resp.
L) if for every open cover % of X there exists a finite (countable) subfamily ¥ of %
such that X = J¥; countably compact (briefly CC) if for every countable open cover %
of X there exists a finite subfamily ¥ of % such that X = (J¥"; o-compact (briefly cC)
if it is the union of countably many compact subsets; paracompact (briefly PC) if every
open cover has a locally finite open refinement; metacompact (briefly MC) if every open
cover has a point-finite open refinement; metaLindeldf (briefly ML) if every open cover
has a point-countable open refinement; Linearly Lindelof (briefly LL) if for every linearly
ordered open cover % of X there exists a countable subfamily ¥ of % such that X = (J7;
Menger (briefly M) if for every sequence of open cover (%, : n € w) of X there exists a
finite subfamily ¥}, of %, for every n € @ such that X = J,,c, U 7.

2. Neighbourhood assignments and expansion operators

For a set X we use P(X) to denote the family of all subsets of X.

Definition 3. Let X be a topological space.

(i) A neighbourhood assignment of X is a map .4 : X — P(X) such that .4"(x) is an
open neighbourhood of x in X for every x.

(ii) For a topological space X, we denote by NA(X) the family of all open neighbour-
hood assignments of X.

Definition 4. Let X be a topological space. A map @ : P(X) x NA(X) — P(X) satisfy-
ing properties (i) and (ii) below will be called an expansion operator on neighbourhood
assignments of X, or shortly, an expansion operator on X.

(i) Y C®(Y, 1) forevery (Y,.4") € P(X) x NA(X);
(il) ZCY C X implies ®(Z,.4") C ®(Y,.+") for every .4 € NA(X).

Typical expansion operators we shall consider are the neighbourhood assignement
opeartor NA defined by

NA(Y, V)= U{JV(y) :ye Y} forevery (Y, /) € P(X) x NA(X). (1)
and the star operator St defined by

St(Y,N) = U{J/(x) :x € X and A (x) NY # 0} for every

(2)
(Y, A) € P(X) x NA(X).
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Definition 5. Given two expansion operators @ : P(X) x NA(X) — P(X) and ¥ : P(X) x
NA(X) — P(X), we write ® < W provided that

oY, N) CW(Y, ) forevery (Y, 4) € P(X) x NA(X). 3)
Lemma 6. NA < St.

Proof. Let X be a space and (Y,./") € P(X) x NA(X). Fix an arbitrary x € NA(Y,./). It
follows from (1) that x € .4#(y) for some y € Y. Since y € .4 (y) by Definition 3 (i), we
have A (y)NY # 0. Therefore, .4 (y) C St(Y,./") by (2). Since x € .4 (y), we conclude
that x € St(Y,.#"). Since this inclusion holds for every x € NA(Y,.#"), this shows that
NA(Y, /) C St(Y,.#"). Since this inclusion holds for every (Y,.4") € P(X) x NA(X), we
have NA < St by Definition 5. O

Definition 7. If X is a space, ® is an expansion operator on X and .4~ € NA(X), then a
subset Y of X is called a ®-core of .4 provided that X = ®(Y,.1).

Definition 8. Given a class & of topological spaces and an expansion operator ¢ on a
space X, we shall say that X is a -2 space provided that every .4” € NA(X) has a ®-core
which belongs to the class Z.

The proof of the following proposition is straightforward.

Proposition 9. Let @ be an expansion operator on a space X. If P, 2 are classes of
spaces such that & C 2, and X is a ©-Z space, then X is an ©-2 space.

Proposition 10. Let &2 be a class of topological spaces. Suppose that @ and ¥ are
expansion opearators satisfying ¥ < ®@. Then every V- space is also a - space.

Proof. Let X be a W-&7 space. Fix .4 € NA(X). By Definition 8, X has a W-core Y which
belongs to the class &2. By Definition 7, this means that X = ¥(¥,.4"). Since ¥ < ® by our
assumption, we have ¥(Y,.4") C ®(Y,.4") by Defnition 5. Since ®(Y,.4") € P(X), we get
®(Y,.#") C X. Combining the above inclusions, we obtain X = ®(Y,.4"). By Definition 7,
this means that Y is ®-core for .#". We have proved that every ./” € NA(X) has a ®-core Y
which belongs to &2. By Definition 8, X is a $- space. O

Corollary 11. For every class & of topological spaces, each NA-Z? space is a St-& space.
Proof. Indeed, NA < St by Lemma 6. Now the conclusion follows from Proposition 10. [
The implications of the following diagram are obvious.

reg.

C oC M L PC MC ML

! I l

NA-C — NA-cC — NA-M — NA-L N NA-PC — NA-MC — NA-ML

L T A |

NA-C — St-6C — St-M —— St-L "5 St-PC —— St-MC — St-ML

L A A A l

Ste-C — Ste-6C — Sto-M — Ste-L "5 Styy-PC — Stey-MC —s Styy-ML

Diagram 1
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Recall that (see also Koc¢inac 1999a,b, where a different terminology is used) a space X has
the Stary- P property (briefly Sty,-22) if for every sequence (%, : n € ®) of open covers
of the space X, there exist subsets ¥, of X, for every n € m, having property & such that
{USt(Yn, %,) : n € o} is a cover of X. It is obvious that if the property & is closed under
countable unions, then a space is St-&7 if and only if the space is St,-Z2. Matveev (1997)
noted that in every 7j-space X for every open cover % of the space X, there exists a closed
and discrete subset ¥ of X such that S#(Y,% ) = X. Then, every T;-space is St-PC (hence
Ste-PC), St-MC (hence Stg,-MC) and St-ML (hence Sty-ML).

We will denote by D the class of all discrete spaces. With an abuse of terminology we
denote by CD the topological property to be closed and discrete (of course, being closed
and discrete is technically not a topological property but one relative to the space in which
the discrete space lies). Then we have the following diagram.

NA-C <<~ NA-CD — NA-D —> NA-PC.

Note that NA-D was introduced by Alas, Junqueira, and Wilson (2008) with a different
terminology and NA-CD spaces are exactly D-spaces defined by van Douwen and Pfeffer
(1997).

Now we give examples showing that some of the arrows of Diagram 1 can not be reversed.
Before doing it we prove some useful results.

Proposition 12. Let X be a NA-Z space and C a closed and discrete subset of X. Then
there exists a subset Y of X having the property & such thatY D C.

Proof. We can consider the following neighborhood assignment. For every x € C we choose
an open subset Oy such that O, NC = {x} and we consider O, = X \ C for every x € X \ C.
We put & ={Oy : x € X }. Since the space is NA-Z2, there exists Y C X having the property
& such that |,y Ox = X. We want to show that Y D C. Let x € C, then 3!0; € € such
that x € O, therefore x € Y. Il

In particular by the proposition above we can prove the existence of spaces which do not
have the NA- & property.

Corollary 13. Let X be a NA-Z? space. If for every subset Y of X having the property &
we have e(Y) = Yo, then e(X) = Xo.

Corollary 14. If X is NA-L, then ¢(X) = .

Alas, Tkachuk, and Wilson (2009, Theorem 3.1) proved that every scattered space with
finite height is NA-CD. Then, using Corollary 14, we obtain the following example.

Example 15. Every Isbell-Mrowka space is a NA-CD but not NA-L space.

Following step by step the proof of Alas, Tkachuk, and Wilson (2009, Theorem 2.4), we
can give the following improvement of it.

Theorem 16. Let &2 be a property that is hereditary with respect to closed subsets and
preserved under the union of two disjoint subsets. If a space X is the union of two subspaces
Y and Z, where Y is NA-2 and Z is a closed subset of X such that for every open subset U
of X containing Z, X \ U is NA-Z. Then X is NA- 2.
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2.1. Examples.

Lemma 17. The following hold for any topological space.

(i) An NA-ML, hereditarily separable space is NA-L.
(ii) A locally countable, NA-L space is countable.
(iii) A locally countable, hereditarily separable, NA-ML space is countable.

Proof. (i) Let X be an NA-ML, hereditarily separable space, and let {O, : x € X} be a
neighbourhood assignment for X. Since X is NA-ML, we can find a metalLindel6f subspace
Y of X such that

X=J{oy:yer}. C))

Since X is hereditarily separable, and every separable metalindelof space is Lindelof, Y
must be Lindelof.

(ii) Let X be a locally countable, NA-L space. Since X is locally countable, we can
fix a neighbourhood assignment {Oy : x € X} such that each O, is countable. Since X is
NA-L, there exists a Lindelof subspace Y of X satisfying (4). Since Y is Lindelof, the cover
{0y :y €Y} of Y has a countable subcover; that is,

Y| J{oy:yez} o)

for a countable subset Z of Y. Since each Oy is countable, it follows from (5) that Y is
countable. By the same reason, it follows from (4) that X is countable.

(iii) Let X be a locally countable, hereditarily separable, NA-ML space. By item (i), X is
NA-L. By item (ii), X is countable. O

Corollary 18. | with the order topology is not NA-L.

Proof. @y is locally countable but not countable, so the conclusion follows from item (ii) of
Lemma 17. O

Example 19. A St-C space which is not NA-L.

Indeed, w; with the order topology is countably compact, hence since Hausdorff it is
St-C. On the other hand, @, is not NA-L by Corollary 18.

Under Jensen’s Axiom ¢, we have even an example with stronger properties.
Example 20. (Under o). A St-C space which is not NA-ML.

Ostaszewski (1976) gives a Hausdorff, countably compact (hence St-C), hereditary
separable space having cardinality @;. Therefore, X is not NA-ML by item (iii) of Lemma 17.
A ZFC example of a non NA-ML space is constructed in Proposition 2.1(2) by Buzyakova,
Tkachuk, and Wilson (2007).

Example 21. A St-PC not St-L space.

(This is the space of Example 2.2 given by Song and Zheng (2014), when ¢ is taken
instead of ;) Let A(®;) be the Alexandroff (one-point) compactification of the discrete
space ®;. We may assume that ®; is the only non-isolated point of A(®;). Define X =
[0, 1] x A(@r) \ { (o1, 01)}.
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(1) X contains a dense paracompact subspace, so X is St-PC. Indeed, the subspace
Y = [0, ;] x @; of X is dense in X and homeomorphic to a disjoint sum of ®;-many copies
of the compact space [0, @], so Y is paracompact.

(ii) X is not St-L." Before proving this, we shall prove the following.

Claim 1. For every Lindeldf subspace Y of X, there exists Y € wy such that

(0,01) & {0} x w((X\ ([0,7) x A(@1)))NY), (©)
where 7t : [0, 0] x A(@;) — A(®,) is the projection on the second coordinate.

Proof. Since Y is Lindelof and Z = [0, @) x {@;} is a closed subspace of X, Y NZ is
Lindelof as well. Since Z is homeomorphic to the ordinal space [0, ;), the Lindel6f
subspace Y NZ of Z must be countable. Therefore, there exists Yy € @, such that Y NZ C
[0,7) x {@; }. Finally, note that this y satisfies (6). O

For every o € @y, the set Uy = (@, ;] x {a} is open in X. Furthermore, V = [0, c0;) x
A(wy) is an open subset of X. Therefore, Z = {Uq : @ € @, } U{V } is an open cover of X.
Suppose that Y is a Lindelof subspace of X. We are going to show that St(Y, %) # X. Let
Y € o) be the ordinal as in the conclusion of Claim 1. ¥' = (X \ ([0,7) x A(e;)))NY is a
closed subset of Y, so it is Lindeldf. Since 7 is a continuous mapping, (Y’) is Lindelof
subspace of A(®;). By the conclusion of Claim 1, (0,@;) ¢ {0} x n(Y’). Therefore,
{0} x m(Y’) is a Lindeldf subspace of the discrete space {0} x wy, so {0} x n(Y’) is
countable. Therefore, we can find 8 € ; such that {0} x 7(Y’) C {0} x [0, ). Now let
o = max{f},y}. Note that U, NY = 0 by our construction.

We claim that (o, ) € X \ St(Y,% ). To see this, it is sufficient to realize that Uy
is the only element of %/ containing (w;, ) € X. Since Uy NY = 0, this means that
(o1,0) & SU(Y, % ). O

Example 22. A NA-D not St-L space.

Let S be the set of isolated points in @;. Consider the set X = (0; x @) U (S x {®w})
with the subspace topology inherited from the product @; x (@ + 1) of two cardinals w,
and @ + 1. This example is included by Alas, Junqueira, and Wilson (2011) as item (5) at
page 623 and is attributed to an anonymous referee.

(i) X is not St-L. This is proved by Alas, Junqueira, and Wilson (2011).

(i) X is NA-D, and so NA-PC. Indeed, the subset Y = S x {@} of X is discrete, so NA-D,
and its complement X \ Y = @) X @ is a disjoint sum of countably many copies of ®;. Since
the latter space is NA-D (see van Mill, Tkachuk, and Wilson 2007, Example 2.3), so is
X\ Y. Now the conclusion of item (ii) follows from Theorem 16.

Example 23. In some model of ZFC there exists a Urysohn space X which has a dense
subspace homeomorphic to the space of irrational numbers (so X is a St-L not St-M space).

Let P be the space of irrational numbers in its usual topology. Define X = P X (@0 + 1).
For (p,n) € P x @, we declare

{Ux{n}:peUandU is open in P}
ISong and Zheng (2014) only proved that X is not Ste-C.
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to be the neighbourhood base of a point (p,n). Therefore, Z = P X o is a disjoint sum of
countably many copes of P, so it is homeomorphic to P itself. For every p € P, a basic open
neighbourhood of (p, ®) in X is of the form

O(p,U,n,M) ={(p,0)}U((U x (n,®)) \ M), ¥
where U is a clopen subset of P containing p, n € ® and M is a Menger subset of Z = P X .
Claim 2. Z is dense in X, so X is St-L.

Proof. Let p € P be arbitrary and let O(p,U,n,M) be a basic open neighbourhood of (p, @)
as in (7). Note that U x (n, @) is a non-empty clopen subset of Z. Since Z is homeomorphic
to P, this implies that U x (n, ®) is homeomorphic to P. In particular, U x (n,®) is not
Menger. This implies that (U x (n,®)) \ M # 0. (Indeed, otherwise (U x (n,®)) be a closed
subset of the Menger space M, so would be Menger.) Since (U x (n,®))\ M C Z, it follows
from (7) that O(p,U,n,M)NZ # 0. O

Claim 3. X is not St-M.

Proof. 1t was mentioned by Repovs and Zdomskyy (2017) that in the Sacks’ model con-
structed by Sacks (1971), the family of all Menger subsets of the real line has cardinality of
the continuum (this result is contained in an unpublished paper by Gartside, Medini, and
Zdomskyy 2023). Since P is a subset of the reals, the number of Menger subsets of P is
at most continuum. Since |P| = ¢, we can fix an enumeration {M,, : p € P} of all Menger
subsets of Z such that the set Py = {p € P: M, = M} has size ¢ for every Menger subspace
of Z.

Consider the following assignment .#” € NA(X). For every p € P define A4 (p,®) =
O(p,P,0,M,) and .4 (p,n) = Z for every n € ®. Suppose that Y is a Menger subset of X.
Note that D = P x {®} is a closed subset of X, so Y N D is a Menger subspace of D, so
it is Lindelof. Since D is a discrete subset of X, this means that |[Y ND| < @. Since Z is
an Fs-subset of X, Y NZ is an Fi-subset of Y. Since Y is Menger, so is Y NZ. Clearly,
Y NZ is a Menger subset of Z. By the property of our enumeration, the set Py~z has
cardinality c¢. Since |Y ND| < o, there exists p € Pynz such that (p,w) € D\ Y. Note
that M, =Y NZ, as p € Pyrz. It now follows from (7) that O(p,P,0,M,) NY = 0. Thus,
A (p,®)NY = 0 by the definition of .#". Finally, note that .4/ (p, ®) is the only member
of the family {./#"(x) : x € X} containing (p, ®). From this fact and (2), we conclude that
(p,0) & St(Y,.A"). Therefore, Y is not a core for 4.

We have shown that no Menger subset of X can be a St-core for .4”, this means that X is
not St-M. U

Remark 24. The space of Example 23 is constructed in the Sacks’ model, where the family
of all Menger subsets of the real line has the cardinality of the continuum. The authors do
not know if in ZFC there is a family of continuum many Menger sets such that any Menger
set is a subset of one of them.

A St-M not St-6C space is given by Example 30 in Section 3.
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3. Cardinal invariants associated with an expansion operator on neighbourhood
assignments

Definition 25. Having a cardinal function ¢ on a class of topological spaces, a space X, an
expansion operator @ : P(X) x NA(X) — P(X) and .4 € NA(X), we define

P-¢_y (X) =min{@(Y) :Y is a -core for A}, (8)

and we let

P-¢(X) = sup{D-¢_y (X): A €NA(X)}. )

Proposition 26. If ¢ is a cardinal function on a class of topological spaces, X is a space
and ® : P(X) X NA(X) — P(X) is an expansion operator, then ®-¢(X) < ¢(X).

Proof. Let .4 € NA(X) be arbitrary. Note that X C ®(X,.4") by Definition 4 (i) and
®(X,./) C X by the definition of ®, so X = ®(X,.4"). Therefore, X is ®-core of .4 by
Definition 7. This shows that the minimum in (8) is well defined and ®-¢_y (X) < @(X).
Since this holds for every .4 € NA(X), from (9) we obtain that ®-¢(X) < ¢(X). O

Lemma 27. If ® <Y, then VY- (X) < ®-¢(X) for every cardinal function @.

Proof. Let A € NA(X) be arbitrary. Since ® < P, the inequality (3) holds. Therefore, if
X =®(Y, /) forsome Y C X, then X = ¥(Y,.4") holds as well. This means that every
@-core for .4 is also a W-core.

Applying (8), we conclude that ¥-¢_y (X) < ®-¢_y (X). Since this inequality holds for
every ./ € NA(X), from (9) we conclude that ¥-¢(X) < ®-¢(X). O

Since NA < St by Lemma 6, we obtain the following

Lemma 28. St-¢(X) < NA-@(X) < ¢(X) holds for every space X and each cardinal
function @.

Now we can give an example of St-L not NA-L space.

Definition 29. (Baloglou and Comfort 1988) Let X be a space. The compact covering
number 3(X) of X is the least cardinal number T such that X can be covered by T-many
compact subsets. A space X is 6-compact if and only if (X) < N,.

Example 30. For every uncountable cardinal K, there exists a space X having the following
properties:
() e(X)=x;
(i1) X is NA-D, so also NA-PC;
(ill) NA-L(X) = «; in particular, X is not NA-L;
@iv) X is St-M, so also St-L;
(V) NA-3(X) = k; in particular, X is not St-cC.

Indeed, fix an uncountable cardinal x. Let D be a discrete space satisfying |D| = k. Let
L be the one-point Lindelofication of D, let p be the unique non-isolated point of L, so that
L\{p} =D. Define X =L x [0,0]\ {(p, )}

(i) Note that C = D x {®} is a closed discrete subspace of X. Since |C| = |D| = k = |X]|,
this shows that the extent of X is equal to k.
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(ii) The closed subspace C of X defined in (i) is discrete, so it is trivially NA-D. Moreover,
its completement X \ C = L x [0, @) is homeomorphic to a disjount sum of countably many
copes of L. Since L is obviously NA-D, so is X \ C. By Theorem 16, X is NA-D.

(iii) Let us check that NA-L(X) = k. Forx = (I, ®) € D x {®}, define O, = {l} x [0, ].
For x = (p,a) € {p} x [0, ®), define O, = L x {a}. Finally, for x = (I,) € D x [0, w),
define O, = {x}. Then {O, : x € X} is a neighbourhood assignment for X.

Let Y be a subspace of X such that X = {J,cy Oy. Let x € C be arbitrary. There exists
¥x € Y such that x € Oy,. On the other hand, by the choice of our assignment, O, is the only
elelement of the assignment {O : x € X} which contains x. Therefore, x =y, € Y. This
shows that C C Y. Since C is a closed subset of X, it is also closed in Y, which implies
L(C) < L(Y). Since C is discrete, we have L(C) = |C| = k. Thus, L(Y) > L(C) = k. This
means that NA-L(X) > k. On the other hand, NA-L(X) < L(X) < |X| = k.

(iv) X has a dense Menger subspace L x [0, ®), so X is St-M.

(v) First, we show that for every compact subset K of X, there exists a finite set Sx C L
such that K C Sk x [0, ®]. Indeed, if not, there would exist a set {(d;,x;) : i < @} C K where
the d;’s are pairwise distinct. It is easy to see that this set has no limit point, contradicting
the fact that K is compact. Let % = {O, : x € X } be the cover of X defined in item (iii). Let
Y = U{Kq : @ < 7}, where 7 is a cardinal and each Ky, is a compact subset of X. Suppose
that T < k. Note that by the property of our cover %,

CNSt(Ke, %) C Sk, x {0},
$0
CNSt(Y, %) C U{SKa x{o}: o<1},
which implies |CNSt(Y, % )| < max{®, T} < k. Since |C| = k, we have C\ St(Y, %) # 0,
and so X # St(Y, % ). This establishes the inequality St->¢(X) > k. The converse inequality
follows from St-3¢(X) < »(X) < |X| = k. O

Remark 31. The space X from Example 30 is not normal.

Remark 32. When k = @y, the space X from Example 30 was considered by lkenaga
(1990) who showed that it is not St-6C. When K = «, this space was considered by Song
and Zheng (2014, Example 2.3).

Recall that the Lindelof number of a space X is the smallest cardinal x such that for
every open cover % of X there exists ¥ € [%]=¥ such that X = |J 7 (Engelking 1989). In
the following we focus on the cardinal functions S¢-L and NA-L. For a space X:

St-L(X) = min{x : for every open cover % of X, there is F C X such that
L(F) < x and St(F,% ) = X }(see also Cao et al. 2002)
and
NA-L(X) = min{7 : for every neighbourhood assignment {O; : x € X}

of X, 3 a subspace Yof X such that X = | J Oy and L(Y) < t}.
yey
Note that a space X is St-L if and only if Sr-L(X) < o and it is NA-L if and only if
NA-L(X) < ®. By Lemma 28 we have that St-L(X) < NA-L(X) < L(X).
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In order to prove that if X is a paracompact space and A is a dense subset of X, then
L(X) < St-L(A) (Theorem 36 below), we need the following. Recall that a space X is
paracompact if and only if every open cover of X has a star refinement (Engelking 1989).
We introduce the following definition.

Definition 33. Letn € N, n > 2, X be a space, % and ¥ two families of subsets of X. We
say that ¥ is a n-star-refinement of % and we write ¥ <* % if for every V € ¥ there
exists U € % such that St"(V,% ) C U. If n = 1 we have the notion of star-refinement.

Lemma 34. Let X be a topological space and % a family of sets of X. If W < _| V <\ %,
then W < U .

Proof. We prove the statement for n = 2. Take W € /. Since #' <] ¥/, there exists V € ¥
such that St(W,#") C V. We have to show that for every W € #/, there exists U € % such
that S£2(W, %) CU. Lety € St>(W,#). Then there exists W' € # such that y € W’ and
W' NSt (W, #') # 0. Since # < ¥, there exists V' € ¥ such that St(W’,#") C V'. We can
notice that W/ C St(W', %) C V' and St(W,#') CV. So, 0 # St(W, # )NW' CVNV’', then
VNV’ # 0. This means V' C S¢(V,¥"). We also have y € W/ C V' C S§t(V,¥). Therefore,
S2(W,#') C St(V,¥). Since ¥ <; %, there exists U € % such that St(V,#) CU. Thus,
St2(W,#') C U This means # <3 % .

g

Theorem 35. A space X is paracompact if and only if every open cover of X has a n-star
refinement.

Now we can prove the following.

Theorem 36. Let X be a paracompact regular space and let A be a dense subset of X. Then
L(X) < St-L(A).

Proof. Let A be a dense subset of X and let St-L(A) < k. Let % be an open cover of X,
W a closed locally finite refinement of %7 and ¥ a 2-star refinement of #". We consider
Y4 ={V € ¥ :VNA # 0} that is a open cover of A. Since St-L(A) < k, there exists
Y CAsuchthat L(Y) < kand A=St(Y, %) = U{VE€Ya:VNY #0} =Uyey{V € %a:
y €V} =UeySt(y,%4). Since Y C A and L(Y) < k, there exixts Z € [Y]= such that
Y C Uyez St 74) (5.

Claim 4. A C Uy, S2(y, 74).

Proof. Take a € A. Since A = Jcy St(y, ¥a), there exists yo € Y such that a € St(yo, 74),
then there exists Vy € ¥4 such that a,yg € Vy. Since yy € Y, by (*), there exists y; € Z
such that yy € St(y1,7%4), then there exists V| € ¥4 such that yp,y; € V;. This means
a € St*(y1, 7). O

Since 74 < 7, then {St?(z,%4) : 2€ Z} < {St?(x, ) : x €X} < # < % . For every
7 € Z, take W, and U, such that St?(z, %4) C W, and W, C U,. By the previous Claim,
ACU{St*(z2,74) :2€Z} CU{W,:z€Z}. Now A= J{ANW,:z€ Z} and {ANW, : z € Z}
is locally finite. Then X =A = {ANW,:z€ Z} =U{ANW,;:z€ Z} CU{W,;:z€Z} C
U{U;:z€ Z} thatis L(X) < k. O
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Corollary 37. Let X be a paracompact regular space with a dense St-L subspace, then it is
Lindelof.

Corollary 38. (Engelking 1989) Let X be a paracompact regular space with a dense
Lindeldf subspace, then it is Lindeldf.

Remark 39. Theorem 36 does not hold replacing St-L with St-M spaces and L with M. In
fact, the space of irrational numbers is Lindeldf and separable so it contains a countable
dense subspace that is also Menger but the space is not Menger.

In order to obtain a generalization of Proposition 3.8 given by Alas, Tkachuk, and Wilson
(2006) and of Theorem 2.10 discussed by Alas, Tkachuk, and Wilson (2000),we need to
define the following cardinal invariants.

Definition 40. The metacompact number of a space X is
MC(X) = min{x : every open cover % of X such that |% | < x has a
point-finite open refinement}.
Definition 41. The linearly Lindelof number of a space X is

LL(X) = min{x : for every linearly ordered open cover % of X,
I elw)*:x=J7}

We have the following relation:

NA-LL(X) < NA-L(X) < L(X).

It was proved by van Mill, Tkachuk, and Wilson (2007) that the properties LL and NA-LL
are equivalent. More in general, we can prove, following essentially the same proof of
Proposition 2.7 given by van Mill, Tkachuk, and Wilson (2007), that NA-LL(X) = LL(X),
for every space X.

To prove the following results, we follow step by step, respectively, the proofs of Theorem
2.10 given by Alas, Tkachuk, and Wilson (2000), and of Proposition 3.8 given by Alas,
Tkachuk, and Wilson (2006) using cardinal functions.

Theorem 42. Let X be a space, then L(X) < MC(X)LL(X).

Proof. Let T =MC(X)LL(X) and k = min{ : i is a cardinal such that there exists an
open cover of cardinality u that does not have subcovers of cardinality 7}.

For every closed subset F of X and for every family % of open subsets of X with |% | < k
such that % D F , there is %' € [%]=" such that F C U%'. Let ¥ = {Vy : & € k} an
open cover of X of size x. For every § < k, let Wg = Ua<p Va. The family of Wp for
every f € k is a linearly ordered open cover of X. Since LL(X) < 7, there is {fq : ¢ € T}
such that [J{Wp,, : & € 7} = X. Considering that MC(X) < 7, there exists closed subsets
Fy of Wp, such that X = Uy Fy. The family 7y = {Vq : & < By} is an open cover of F,
having cardinality strictly less than k, so there is “//y’ € [“//y]g such that F, C |J ”//y'. The
family ¥/ = {U”f/y’ : ¥ € 7} has cardinality at most 7 and it is a subcover of ¥, that is a
contradiction. 0
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Corollary 43. (Alas, Tkachuk, and Wilson 2009, Theorem 2.10) A linearly Lindeldf,
countably metacompact space is Lindelof.

Proposition 44. Let X be a space, then L(X) < NA-L(X)MC(X).

Proof. Let NA-L(X)MC(X) = k, then NA-LL(X) = LL(X) < k. Using Theorem 42 we
have L(X) < MC(X)LL(X) < k. O

Corollary 45. (Alas, Tkachuk, and Wilson 2000, Proposition 3.8) A NA-L, countably
metacompact space is Lindeldf.

4. Open questions
We present the following list of open problems.
Question 46. Does there exist a NA-M not NA-oC space?
Question 47. Does there exist a ZFC or Tychonoff St-L not St-M space?
Question 48. Does there exist a NA-L not NA-M space?
Question 49. Does there exist a NA-MC not NA-PC space?
Question 50. Does there exist a NA-ML not NA-MC space?

Question 51. Does there exist a regular non-paracompact space X such that L(X) > St-L(A)
for all dense subsets A of X?
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