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ABSTRACT. Ideals arising from graphs are investigated via s-sequence theory. In particular,
the notion of s-sequence for the generators of the edge ideal (G) of an acyclic graph G is
considered for describing the Groebner basis of the relation ideal J of the symmetric algebra
of I(G). For ideals generated by a s-sequence, we are able to compute some standard
algebraic invariants of their symmetric algebra in terms of the corresponding invariants of
quotients of the polynomial ring related to such graphs. Because the initial ideal of J is
well-determined with respect to a monomial order, it defines the edge ideals of supporting
graphs to G, more suitable for instance in the management of sensitive data.

Introduction

In this paper the notion of s-sequence, first introduced by Herzog, Restuccia, and Tang
(2001), is used to study the symmetric algebra of the edge ideals associated to certain graphs
(see, for instance, Kiihl 1982), as well as the Groebner basis of ideals which define such
algebra.

Let G be a graph on n vertices, R = K[X),...,X,] be a polynomial ring over a field
K. Let I(G) be the ideal of R generated by the monomials fi,..., f; representing edges
of G. Let J = (g1,...,8p) be the relation ideal of the symmetric algebra Symg(I(G)) in
the polynomial ring § = R[T\,...,T;], where g; = Yi_,a;;T;, j=1,...,p, and (a;;) is the

relation matrix of 7(G). We say that fi, ..., f; form a s-sequence if there exists an admissible
monomial order < on S with 71 < T, < --- < T; such that in<(J) = (AT, -, %1;), with
I = (f1, -+, fi—1) :r fi - Our purpose is to explore interesting classes of acyclic graphs

whose edge ideals are generated by s-sequences. Generally this happens when the linear
forms that generate the relation ideal J form a Groebner basis. Hence, we may use the
Groebner bases approach to give a description of the monomial initial ideal in(J). Under
this situation, standard algebraic invariants are controllable passing from J to in<(J), so
that we can achieve formulas for these invariants in terms of the .%;’s.

In detail, Section 1 is devoted to preliminary notions on graphs and main concepts on
s-sequences of certain polynomials. Moreover, we deepen and improve results about acyclic
finite simple graphs whose edge ideals are generated by a s-sequence. The main result
shows that the generators of the edge ideal of a forest constitute a s-sequence.
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In Section 2 we determine standard invariants, such as Krull dimension, multiplicity,
etc. for the symmetric algebra of edge ideals of graphs in terms of their annihilator ideals.
We apply the fact that the generators of the edge ideals associated to such graphs form a
s-sequence.

In Section 3, using Groebner basis theory, we describe the initial ideal in<(J) of the
relation ideal of the symmetric algebra of the edge ideal of a star graph. With an appropriate
change of variables, we note that such initial monomial ideal is associated with a bipartite
graph, called Ferrers graph, whose edge ideal is isomorphic to in<(J). This allows us
among others to carry out for instance data transmissions in an easier and above all in a safe
way.

1. Graph ideals generated by s-sequences

Let G be a graph, V(G) and E(G) be the sets of its vertices and edges respectively. G is
said to be simple if, for all {v;,v;} € E(G),i# j, it holds that v; # v;. G is connected if
has no isolated subgraph. A forest is an acyclic graph. A tree is a connected acyclic graph.
If V(G) = {vi,...,v,} and R = K[X],...,X,] is the polynomial ring over a field K such
that variables X; correspond to vertices v;, the edge ideal associated with G is the ideal
1(G) = (XiX;|{vi,v;} € E(G)) C R (see Villarreal 2015). We investigate the symmetric
algebra of classes of monomial ideals of the polynomial ring R = K[X], ..., X,] that arise
from graphs, using the theory of s-sequences (Imbesi and La Barbiera 2012; Imbesi, La
Barbiera, and Tang 2015a,b; Barbera, Imbesi, and La Barbiera 2018).

Let fi,..., f; be the minimal system of generators of /(G). Let (a;;), fori=1,...,t, j =
1,...,p, be the relation matrix of 7(G). It is known that the symmetric algebra Symg(I(G))
has a presentation R[T7,...,T;]/J, where R[T,...,T;] is a polynomial ring in the variables
Ti,....,Tyand J = (g1,...,8p) With g; =Y!_, a;;T;, for j=1,...,p. If we assign degree
1 to each variable 7; and degree O to the elements of R, then J is a graded ideal and
Symg(I(G)) is a graded algebra over R. Set S = R[T,...,T;] and let < be a monomial order
on the monomials of § in the variables T; such that 771 < T, < --- < T;. With respect to
this term order, if f =Y aqT%, where T% = fo1 - T,%, we put in(f) = agT%, where
T is the largest monomial in f such that ag # 0. So we can define the monomial ideal
in(J) = (in<(f) | f€J). Foreveryi=1,...,t, we set [(G);—_1 =Rfi +---+Rfi_1 and
I =1(G);—1 :g fi . The ideals .#, called the annihilator ideals of the sequence fi,..., f;,
depend on fi,..., f; but not on the term order <. In general (A T\, %Ts,...,%T;) C
in<(J), and the two ideals coincide in the linear case.

The sequence fi,..., f; is called a s-sequence for I(G) if (AT, %HT,...,%T;) =
inc(J). When %, C %, C--- C .4, fi1,..., f; is said to be a strong s-sequence. We apply
Groebner bases theory to compute in<(J). Let < be any term order on K[Xi,...,X,;
Ti,...,;]with T} < Th < -+ < T}, X; < T;, for all i and j. Then for any Groebner basis B for
J CK[Xi,...,Xy,T1,...,T;] with respect to <, we have in-(J) = (in<(f) | f € B). If the
elements of B are linear in the T;, it follows that f1, ..., f; is a s-sequence for I(G). Moreover,
let I(G) = (fi,...,fi)- Set fij = [fflf] , for i # j, where [f;, f;] is the greatest common

3]
divisor of the monomials f; and f;. J]is generated by g;; = f;;T; — fjiTi for 1 <i< j<t.
The monomial sequence fi,..., f; is a s-sequence if and only if g;; for 1 <i< j<tisa
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Groebner basis for J for any term order in K[Xi,..., X;;;T1,..., ;] with T} < T, < --- < T},
X; < Tj, for all i,j.

Note that the annihilator ideals of the monomial sequence fi, ..., f; are the ideals [; =
(fiis fair---, fi—14), for i =1,....t (see Herzog, Restuccia, and Tang 2001). Let us now
examine the following classes of simple acyclic graphs and the edge ideals associated to
them.

« P,_q,the (I’l— 1 )—path graph: I<Pn—1) = (X1X2,X2X3, .. ,X,,_1X,,);

o Sp_1, the (n—1)-star graph: I(S,—1) = (X1 X, X0 Xy, ..., Xp—1Xp).

We observe that the generators of the edge ideals of each of them form a monomial M-
sequence, consequently such generators form a s-sequence (for details, see Conca and De
Negri 1999). Making use of the theory of Groebner bases, we present a direct approach to
prove this.

Lemma 1.1. Let I(P,_1) = (X1 X2,X0X3,. .., Xy—1Xy) CR=K[X),...,X,] be the edge ideal
of the path graph P,_i. If Symg(I(P,—1)) =R[Ti,...,T,—1]/J, then J = (g;j,1 <i< j <
n—1), where

) X1 =X T ifj=i+l
807\ XiXioa Tj— XX T if j>i+1

Proof. The generators of I(P,—1) are fi =XiXo, o =X>X3,..., fu_1 =X,—1X, and f;; =
ﬁ ,fori+# j,i,j=1,...,n— 1. From their computation we obtain fj, = X1, fi3 =
isJj

X1 X0, fin1 = X1X0, f23 = X0, o4 = X0 X3,..., o1 = X2 X3,..., fu—20-1 = Xy—2. In
general, itis f;; = X;, for j=i+1and f;; = X;X;1, for j > i+ 1, with1 <i< j<n—1and
i < j. In a similar way we have f;; = X;, for j=2,...,n—1and i < j. Then J is generated
by the linear forms 8ij with 8ij = X,'Tj —Xj_;,_lTi, if j=i+1,and 8ij = X,'XH_]T/' —Xij_;,_lTi,
if j>i+1. O
Theorem 1.2. The generators of the edge ideal I(P,_1) form a s-sequence.

Proof. Denoting with fi, fa,..., f,—1 the generators of I(P,_;), we observe that if B =
{gij = fijT; — fjiTi | 1 < i< j < n—1}is a Groebner basis for J, then fi,..., f,—1 is a
s-sequence. Hence we prove that S(g;;, &), with i, j,h,l € {1,...,n— 1}, has a standard
expression with respect to B with remainder 0. Note that, to get a standard expression
of S(gij,gm) is equivalent to find some gy € B whose initial term divides the initial term
of S(gij,&n) and substitute a multiple of gy such that the remaindered polynomial has a
smaller initial term and so on up to the remainder is 0. We have:

Jijfn ~ Jufii
ijs Jut] (fij» Sl
Let us find a standard expression of S(gi;,gu), forall i, j,h,l € {1,...,n—1}.
If [in<(gij),in<(gn)] = 1, then S(gij, gn1) = fingijTh — fiigmT: -
If [in<(gij),in<(gn)] # 1, we apply (1) in order to obtain a standard expression for the
S-polynomials S(g;;,gn). It results:

S(gij,gi) = —[fjis fiilgnTi

S(8ij-8nj) = fji> fin)8inT;

S(gijsgn) = [fis fin)(8inTj — g uT:) if [fji, fu] = 1 and j <1
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S(8ijs&m) = [fjis fin)(8inTj — g1 1) if [fji fu] = 1 and j > 1
S(gij:&nt) = [fjis fin)(f1j8inT; — friguT:) if [fji fu] # 1.
Hence all the S-polynomials S(g;;,gn) reduce to O with respect to B. 0

Lemma 1.3. Let I(S,—1) = (X1 X0, X2 X, - - -, Xn—1Xn) CR=K[X1,...,X,] be the edge ideal

of the star graph S,_1. If Symg(I(Su—1)) =R[T1, ..., Th_1]/J, then J = (X;T; — X;T;,1 <
i<j<n-—1).

Proof. The generators of I(S,—1) are fi =X1X,, o =XoXy,..., fu—1 =Xy—1X, and f;; =
fi

,fori<j,i,j=1,...,n—1. From their computation we obtain fj, = X1, fi3 =

[fis fi]

X],...,f]ﬁ,] =X1,f23 ZXQ,...,fz,n,1 ZXQ,...,fn,Q’,lfl ZXn,Q. In general, it is ﬁj :Xl‘,
fori=1,...,n—2andi < j. In a similar way we have fj; = X;, for j =2,...,n—1 and
i < j. Because J is generated by the linear forms g;; = f;;T; — fjiT;, for 1 <i< j<n—1,
thenJ = (X;T;—X;T;,1<i<j<n—1). O

Remark 1.4. Lemma 1.3 can also be shown noting that (X1X,, XX, ..., X,—1X,) is iso-
morphic to (Xi,...,X,—1) as R-module, so their symmetric algebras are isomorphic, then
the results about the symmetric algebras of (X1X,,,X0X,,,...,X,—1X,) follow.

Theorem 1.5. The generators of the edge ideal I(S,_1) form a s-sequence.

Proof. Denoting with f, f2,..., fu—1 the generators of I(S,—), from Lemma 1.3 it follows
that f;; =X;, 1 <i<j<n—1.Thus f;j # fiy when i # h and j # [. Hence [fij, fu] = 1
fori<jh<l,i#h, j#I1withi,jhle{l,...,n—1}. From Herzog, Restuccia, and
Tang (2001, Proposition 1.7), it descends that I(S,,_) is generated by a s-sequence. 0

Imbesi and La Barbiera (2012) built a remarkable class of connected acyclic graphs by
completing a star graph with path graphs connected to all the vertices of the star distinct
from its hub, the so-called generalized star graphs. In particular, the edge ideal of a generic
graph G on n vertices and n—1 edges that belongs to such a class is the following ideal of
R=KI[X1,..., Xy,
I(G) = (XeraXZXH S 7Xr71Xr7Xer+l aXr+1Xr+27 cee aXrJrs] 71Xr+x] aXZXr%s']Jrl 5
o X1 X oty 0t 1 Xn—1Xy),  where n=r+s1+...,5_1.
Proposition 1.6. Let I(G) be as above. If Symg(1(G)) =R[T1,...,Ty—1]/J, letJ = ({gij,1 <
i< j<n—1}), with
XiT,—X;T; fl<i<j<r—1
X Ti—XjnT; ifi=1l,j=rori=2,...;r—1;j=r+s1+...+si—1
L XiTj+1 7Xj+2Tj l'fi: l;j:r 0ri:2, . ,rfl;j:r+s1+.. ASiq
SUTY XiTj—X; 1T, ifj=itlii=r+1,... . r+s1—20r j=i+1;i=r+
+s14...Fsp1+kh=2,....r—1,k=1,...,5,—2
fiTi—fiTi otherwise .
Then the generators of [(G) form a s-sequence.

Proof. Look at Imbesi and La Barbiera (2012, Theorem 3.1). O
We can extend to a tree the assertion of Proposition 1.6.
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Theorem 1.7. Let G be a tree on n vertices. The edge ideal 1(G) C R =K[Xi,...,X,) is
generated by a s-sequence.

Proof. Look at Imbesi and La Barbiera (2012, Theorem 3.2). O
As main result, we prove that the generators of the edge ideal of a forest form a s-sequence.

Theorem 1.8. Let H be a forest on n vertices. The edge ideal [[H) C R = K[X,...,X,] is
generated by a s-sequence.

Proof. A forest H may be viewed as a set of disjoint trees, that means a composition of
disjoint connected acyclic finite simple graphs. Each of these trees refers to extensions or
restrictions of generalized star graphs, in particular isolated vertices, edges, path graphs,
star graphs, etc. that can contain further vertices of degree > 2. In this way, for all such
vertices, we can take in account the statements in the previous results.

Let f1,...,f; denote the generators of the edge ideal I(H) of the forest H. Following
procedures similar to those of Lemma 1.1 and Imbesi and La Barbiera 2012, Propositions 4.1,
4.2, we are able to determine the generators g;; = f;;T; — f;iT;, 1 <i < j <t, of the relation
ideal J of the symmetric algebra of I(H). For showing that fi,..., f; form a s-sequence,
it is enough to see that the elements g;; form a Groebner basis for J. In other words, we
need to show that the S-polynomials S(g;j, gn) such that i, j,h,l € {1,... ¢}, i<j, i<h<l,
have a standard expression with respect to {g;;} with remainder 0.

Thinking to a generalization of the arguments in Theorem 1.2 and in Theorem 4.1 by
Imbesi and La Barbiera (2012), also iterating the calculation to get standard expressions
of the S-polynomials in every vertex of degree >2 of H, we may conclude that all the
S-polynomials reduce to O with respect to {g;;}. O

2. Standard invariants associated to graph ideals

In this section we use the theory of s-sequences in order to compute standard algebraic
invariants, such as Krull dimension, multiplicity, Castelnuovo-Mumford regularity, etc.
of the symmetric algebra of some edge ideals of graphs, descending from the graph G
examined in the final part of the previous section, in terms of their annihilator ideals. We
know that the generators of the edge ideals associated to such graphs form a s-sequence.
First we analyze standard algebraic invariants of the symmetric algebra of the edge ideals
of the (n—1)-path graph and the (n—1)-star graph.

Theorem 2.1. Let P, be the path graph and 1(P,—1) = (X1X5,X2X3,...,Xp—1Xy) CR=
K[Xy,...,Xy]. For the symmetric algebra of I(P,_1), it holds:
a) dim(Symg(I(P,—1))) =n+1,

b) e(Symg(I(Po_)) = (”Il) + (”;2) + (”;3> T

Proof. Following Imbesi and La Barbiera (2012, Theorem 5.2), keeping in mind that the
annihilator ideals of the generators of I(P,—;) are I, = (0),h = (X1),s = (X1 X2,X2),1; =
(X1X27X2X3, cee ,Xi,_gXl‘,z,Xi,l), fori= 4, ey — 1. 0

Theorem 2.2. Let S, be the star graph and 1(Sp—1) = (X1 X4, X2Xn, ..., Xn—1Xn) CR=
K[X,...,X,]. For the symmetric algebra R[Ty,...,T,—1]/J of I(S,—1), it holds:
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a) dim(Symg(I(Sy—1))) =n+1,
b) e(SymR(I(Sn_l)) =n—1 ,
c) reg(Symg(I(Sp—1)) = 1.

Proof. First, bear in mind that the annihilator ideals of the generators of I(S,_;) are
L =(0),; = (Xy,...,Xi—1), fori=2,...,n— 1, so that the generators of /(S,_;) form a
strong s-sequence.
a) dim(Symg(I(G))) = sup{n+1,n—1} = n+ 1, where n— 1 is the number of the edges
of G.
b) From Herzog, Restuccia, and Tang (2001, Proposition 2.4), it follows that e(Symg (I(G))) =
Z?:f e(R/.#;). The annihilator ideals I; are generated by a regular sequence, then following
Tang (2004, Theorem 4.8), e(R/.%;) =1, fori =2,...,n—1 and e(R/(0)) = 1. Hence
e(Syma(1(G)) = T} e(R)-5) =n 1.
¢) Following Tang (2004, Theorem 4.8), reg(Symg(I(G))) =reg(R[T1, ..., Ty—1]/J)
< reg(R[Th...... Ty)/ in< (1)) < maxac o1 (X1 deg(fiy) — (-~ 2)).

Then it results:

reg(Symg(1(G))) < maxac jen-1{L1- deg(X)—(j=2)} = (j—=1)—(j=2) = 1.

Moreover, J is generated by the linear forms of degree two X;T; — X;T;, fori,j=1,...,n—1.
Then reg(Symg(1(G))) =reg(R[T1,...,Ty,—1]/J) > 1, so reg(Symp(I(G))) = 1. O

The simplest generalization of the graph considered in Theorem 2.2 can be obtained by
adding an edge to that graph in a vertex of degree 1. The computation of standard algebraic
invariants it is given by the following

Theorem 2.3. Let G be the connected acyclic graph whose edge ideal is 1(G) = (X1 Xy,
XoXn, ..oy Xno1 X, XeXns1), 1 <€<n—1,1(G) CR=K[Xy,...,Xut1]. For the symmetric
algebra of I(G), it holds:

a) dim(Symg(1(G))) =n+1,

b)e(Symg(I(G)) =2(n—1).

Proof. With easy computations, the thesis descends from that of the previous theorem, know-
ing that the annihilator ideals of the generators of I(G) are I} = (0),1; = (X1,...,Xi—1),I, =
(Xp),fori=2,...,n—1. O

More generally, the calculus of standard algebraic invariants of connected acyclic graphs
formed by paths of different lengths with a common hub is not yet easy. But in some
particular cases we were able to determine certain algebraic invariants (see Merlino 2017).
Let G be composed of a star graph together with 2 further edges connected to distinct ends
of the star. The following gives the annihilator ideals of the generators of the edge ideal of
such a graph.

Proposition 2.4. Let G be a graph on n vertices and edge ideal I(G) C R = K[X{,...,X,]
generated by (XIXn_Q,XQXn_z, vy X 3Xn—2, X Xn—1, Xan), 1<h<n—42<k<n-3
h # k. The annihilator ideals of such generators are I} = (0), L = (X3), ..., I,_3 =
(X1, Xna), o = (Xn2), It = (X2, XpnXn1).
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Proof. Let I(G) = (fl,fz7 ce. ,fn_27fn_1), where f1 = X1 X,—2, o =X2X—2, ..., fu3 =
Xy 3X,— z,fn2:Xth L o1 =X Xy, h=1,....0n—4, k=2,....n—3, h# k. Set
fij = T7orl f] fori < j=1,...,n—1. The annihilator ideals of the monomial sequence

fiyee s fue 1arela:(fla,fza,...,fa_lﬁa),foroc: 1,...,n—1. So, it s

=(0), = (f12) = (X1), 53 = (f13, /23) = (X1, X2), ..+,
L3 = (fin3s- s Joan3) = (X1, X2, ., Xna),
L2 = (fin-2,-- s Jo-3n-2) =
= (X1 Xn—2,- -, X1 Xn-2, X2, Xp11Xn-2, - - -, Xn—3Xn—2) = (Xn-2),
Liov=(fin-t1,-- s fo—2n-1) =
= (X1 Xn—2,- - Xk 1Xn—2, X2, Xp 1 X025, X 3Xn 2, Xn X 1) =
(

O

The dimension and the multiplicity of the symmetric algebra associated to the last graph are
computed in the following

Theorem 2.5. Let G be a graph on n > 5 vertices and edge ideal I1(G) = (X1 Xp—2,XoXn—2,
oy Xn 3 X2, XpXn—1,XXn), 1 <h<n—4,2<k<n-—3, h+#k Forthe symmetric
algebra of I(G) C R=K|[Xy,...,X,] it holds

a) dim(Symg(I(G))) =n+1,

7 for n=35
b) e(Symr(1(G))) =9 n(n—1)
2

Proof. a) dim(Symg(I(G))) = sup{n+ 1,n— 1}, where n— 1 is the number of the edges
of G (see Villarreal 2015).
b) Following Herzog, Restuccia, and Tang (2001, Proposition 2.4) ,

e(Symr(1(G)) =} e(R/(ly,....I;)) =d~r.
1<ij<-<ip<n—1
where d = dim(Symg(I(G))) =n+1land 1 <r<n-—1.
Letd' =dim(R/(L;,,....L;)) =n+1—r.
The multiplicity e(SymR( (G))) is the sum of the following multiplicities:
r=1, e(R/I;})=1 (because d’ =dim(R/I,) = n),
r=2, e(R/(L+h))+eR/(I1+5))=2
(because d' = dim(R/(l1+1h)) =dim(R/(I; +5)) =n—1),
r=3, e(R/(h+h+h))+eR/(h+h+1L))+e(R/(h+h+1-1)) =3
(because d' =dim(R/(L1+hL+5)) =---=dim(R/(L+1 +1,—1)) =n—2),
andsoontill r=n—1.
4
For n =5, the graph is the path graph P4 and es = <1) + (

n>o,

-4 for n>6 .

3

2) =7 (see Theorem 2.1). For
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ep=m—1)+e,ci=n—1)+0—-2)+e,0=n—-1)+n—-2)+(n—-3)+e,_3 =

n(n—1) n(n—1)
2

—4. 0
2

=..=(n—1)+...4+6+es=

—15+66:

Let now G be constituted by a star graph and a path graph which are connected in a vertex
of degree 1 of them. In the following we compute the multiplicity of the symmetric algebra
of the edge ideal of such a graph.

Theorem 2.6. Let G be a connected graph on n vertices constituted by a star graph on m
vertices, with m < n, and a path graph, with n —m edges, n —m < 4. The multiplicity e of
the symmetric algebra of 1(G) = (X1 Xm, -+, Xin—1Xm, XeXm+1, Xm+1Xm+2, - - -, Xn—1X) C
R=K[Xi,....Xp],1 <€ <m—1,is:

« when n=m, e = 1(n—3) 42 (in compliance with Theorem 2.2),
« whenn—m=1, e=2(n—4) +4 (in compliance with Theorem 2.3),
« whenn—m=2, e=4(n—-5)+
« Whenn—m=3, e=7(n— )+12
« when n—m=4, e—ll(n— )+20.
Proof. Similar to that one in item b) of Theorem 2.5 . O

Furthermore, we could get a general formula for the above multiplicity.
Conjecture 2.7. Let G be the graph as in Theorem 2.6 with n —m = r any positive integer.
The multiplicity of the symmetric algebra of I(G) is

- rrr+2

5 (n(3+r))+(rT2>+<r;1)+(;>+... . O

For such graph, let us calculate the dimension and the multiplicity of the symmetric algebra
of its edge ideal in the casen =6 andn—m =2.

Example 28. LetR= K[Xl7 .. ,Xé] and I(G) = (X1X47X2X4,X2X5,X3X4,X5X6). Then

d=dim(Sme((G) = max  {dm(R/(F, +---+1,))+ 7).
1<) < <ir <5
The annihilator ideals of f; = X1 X4, f> = X0 X4, f3 = XoXs, fa = X3X4, f5 = X5X¢ are:
Z( )1 (f1) =(0)
= (1) (f2) = (X1 Xs) : (X2 Xa) = (X1)
= (fi,£2) : (3) = (X1 Xa, XoXa) : (XoX5) = (X1X4,X4) = (Xa)
= (f1./2,/3) : (fa) = (X1 X4, X2 X4, X0X5) : (X3X4) = (X1, X0, X0X5) = (X1,X2)
= (fi, /2,13, f4) : (f5) = (X1 X4, X2 X4, X0 X5, X3Xy) : (X5X6) =
= (X1X4,X:X4,X5,X3X,) = (X2,X4)
Forr=0itis dim(R)=6
Forr=11itis
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l6+1=7.

T 7

3.

{dim(R/ (L + -+ +1;,)) +r}

dim(R/(I + b+ L+ 1, +15))
max
0<r<5

d
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e(Symg(I(G))) = OZS e(R/(Iy +---+1,))
1<i 2 Sh<s

andd’' =dim(R/(L;, +---+1;,)) =d—r=T—r.

For r =0, d' =7, but no quotient ring (R/(I;, +---+1;,)) has dimension d’ = 7.

For r =1,d’ = 6, in particular R/l = R/(0) has dimension d’ = 6. Then e(R/(0)) = 1.

For r =2,d’ =5, in particular R/(I; + I») and R/(I; 4+ I5) have dimension d’ = 5. Then:

e(R/(1 +L))+e(R/(Lh+5h)=1+1=2.

For r =3, d’ =4, in particular R/ (I + L +13), R/(I; + I, + 1) and R/(I; + L5 + I5) have

dimension d’ = 4. Then:
e(R/(L+hL+5))+eR/(h+hL+1L)+eR/(L+5+1L5)=1+1+1=3.

Forr=4,d’' =3,in panicularR/(Il +h+1 —‘y-14)7 R/(Il +hL+1 —I—I5), R/(11 +1 +I4—|—15),

R/(11 +hL+1 —‘y—IS) and R/(]g +L+1 +15) have dimension d’ = 3. Then:

e(R/(h+h+L+1))+eR/(h+h+5+1s5))+eR/(h +h+1s+15))+

+e(R/(h+L+L+15)+e(R/(Lb+L+1Lh+15)=1+1+1+14+1=35.
For r =5, d' =2, but no quotient ring (R/(l;, +---+1;,)) has dimension d’ = 2.
In conclusion, itis e(Syma(I(G)) =14+2+34+5=11.

3. Initial ideals and Ferrers graphs

Let us study connected acyclic graphs G whose edge ideal is generated by a strong
s-sequence. In particular, we examine the star graph S,_; whose edge ideal is I(S,_;) =
(XX, X0 Xy, ..., Xy,—1X,) CR=K[X),...,X,]. We may associate S,_| to any graph F
whose edge ideal is defined starting from in.(J), where J = (gi,...,8,) is the rela-
tion ideal of the symmetric algebra Symg(1(S,—1)). In general, by definition, in<(J) =
(in<(f) | f €J), but if gi,...,g, form a Groebner basis for J, then it is known that
in(J) = (in<(g1),...,in<(gp)) -

Proposition 3.1. Let S, be the (n—1)-star graph, 1(S,—1) = (X1 Xu, XoXu, - -+, Xn—1Xu) C
R =KI[X,...,Xy] be its edge ideal. Then

inc(J) = ((X1) T, (X1,X2) T3, ..., (X1, X2, ., X 2) T 1) -
Proof. Let fi =X1 Xy, -+, fu—1 = Xp—1X,, . Since I(S,—1) = (f1,---, fu—1) is generated by a
s-sequence, then g;; = f;;T;j — f;:T;, for 1 <i < j <n—1, form a Groebner basis of J. Hence
by Lemma 1.3 in;(J) = (f;;T;|1 <i<j<n—1), where fij =X;for2< j<n—1. 0O

Remark 3.2. Since the generators of 1(S,,_1) also form a M-sequence, the Groebner basis
of J coincides with the Groebner basis of the ideal of presentation of the Rees algebra
R(I1(Sy—1)). Hence I(S,_1) is of linear type (see Conca and De Negri 1999).

Let us now consider in<(J) = ((X1) B, (X1,X) T3, ..., (X1, X2, .. ., Xn—2) T—1) -

If we replace the set of variables {7,...,T,—1 } with {Y1,...,¥,—2}, thenin(J) = ((X1) Y1,
(X17X2) Y27 ey (X], e ,Xn,Q) Yn,Q) is a monomial ideal of R = K[Xl, Cen ,anz; Yl, . 7Yn,2]
associated with a bipartite graph F on distinct vertex sets {xj,...,x,—2} and {y1,..., Y2}

that correspond to the sets of variables {Xj,...,X,_2} and {Y1,...,Y,_2} respectively. In
particular, let us introduce the following
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Example 3.3. Let R = K[X),...,X7], G be the star graph on vertex set {xj,...,x7} whose
edge ideal is I(G) = (X1X7,X2X77 cen 7X6X7) and set fl = X1X7, f2 = X2X7, ey f6 = X6X7.
By PI‘OpOSitiOIl 3.1, in< (J) = ((X] )T27 (Xl 7XQ)T3, (X] ,XQ,X3)T4, (X] 5 XQ,X3,X4)T5,
(X1,X2,X3,X4,X5)Ts).

| L2

n’/
Ly

£y

has edge ideal I(F) = in< (J) = (X] Y] ,X] YQ,X1Y3,X| Y4,X] Y5,X2Y2,X2Y3,X2Y4,X2Y5,X3Y3,
X3Y4,X3Y5,X4Y4,X4Ys5,X5Y5).

When we replace the set of variables {T»,T3,...,T,—1 } with the set {¥,,—»,Y,—3,..., 71},
then
in<(J) = ((X1) Ya—2, (X1, X2) Yp3,..., (X1, X2,. .., Xp—2) V1)

is a monomial ideal of R = K[X|, ..., X,—2;Y1,...,¥,_2] associated with a special graph F on
distinct vertex sets {xi,...,x,—2} and {y1,...,y,—2}. More precisely, F is a Ferrers graph
(see Corso and Nagel 2009), namely a bipartite graph on vertex sets {x,...,x,_2} and

{¥1,.--,yn—2} such that whenever {x;,y;} is an edge of F, then so is {x,,ys} for I <r<i
and 1 <s < j, and {x1,y,-2}, {x4—2,¥1} are edges of F.
In the Example 3.3, the graph F' is equivalent to the following Ferrers graph:
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The previous description lends itself to being applied to the transmission of confidential
data. For example, it must be communicated the position of submarines with nuclear
warheads and those with conventional armaments of a superpower fleet. Such positions can
be represented by the vertex set of a graph G, {xi,...,x,}. The equipments of submarines
can be classified through the vertex set {y1,...,y,—2} of an unknown graph F. The message
to be sent is the drawing of G. It is elaborated via Groebner bases finding the initial
ideal in(J) . So it can be built the bipartite graph F on disjoint vertex sets {x1,...,X,—2},
{»1,...,yn—2} that is the graph associated with in(J). F contains the real meaning of the
message because it gives the connection among the location of submarines and their arming.
So the receiver safely obtains the desired information.
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