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“A mathematician is a person who can find analogies between theorems; a better mathe-
matician is one who can see analogies between proofs and the best mathematician can notice
analogies between theories. One can imagine that the ultimate mathematician is one who can
see analogies between analogies.”
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In this dissertation, we will focus on analyzing the structure of prime and semiprime
rings equipped with additive maps that have nilpotent evaluations on appropriate
subsets of the ring in which they are defined. In particular the involved maps on R
will be derivations, generalized derivations and generalized skew derivations. We
remark that the results in literature show that there is a strong relationship between
the behaviour of derivations, generalized derivations and generalized skew deriva-
tions in prime and semiprime rings and the structure of the rings.

Research on how nilpotent maps behave in these contexts has led to important re-
sults, such as the characterization of certain classes of rings and the understanding
of their structural properties. In particular there is a close connection between the
existence of nilpotent maps in a ring and the potential commutativity of the ring it-
self. Here is why the idea of studying the potential existence of nilpotent subsets of
a prime ring naturally arises.

Without any doubt, the two milestones of this line of research reside in the articles
by S. Montgomery (1974) and L.N. Herstein (1979), in which, respectively, nilpotent
traces and nilpotent derivations in prime rings are analyzed.

Many researchers have followed up on the work of Montgomery and Herstein over
the years, from various points of view on operator algebras, leading to their gener-
alizations: the concept of generalized derivations and generalized skew derivations
having nilpotent values.

In all that we will examine and study in the continuation of the thesis, R will be a
prime ring of characteristic different from 2, Q, its right Martindale quotient ring, C
its extended centroid. We will characterize the structure of R and any possible form
of some additive maps, which are denfined of R, in the case appropriate subsets of
R have nilpotent values.

More precisely, we firstly study nil sets defined through commuting iterates of gen-
eralized derivations F and G of R. We prove that, if L is a non-central Lie ideal of R
and n > 1is a fixed integer such that

{Fz(x)x - sz(x)}n =0

for all x € L, then either R C M;(K), the ring 2 x 2 matrices over a field K, or one of
the following holds:

(1) F(x) = xa and G(x) = xc for all x € R with a> = ¢? € C;
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(2) F(x) = xaand G(x) = cx for all x € R with a?> = ¢?;
(3) F(x) = ax and G(x) = xc for all x € Rwith 2> = ¢* € C;
(4) F(x) = axand G(x) = cx for all x € Rwith a?> = ¢? € C.

Moreover we will also analyze nil sets defined through generalized derivations
having homomorphism-like behavior. In this case we show that, if F and G are two
generalized derivations of R, L is a non-central Lie ideal of R and n > 1 is a fixed
integer such that

(F(xy) = G(x)G(y)" =0
for any x,y € L, then there exists A € C such that F(x) = A%x and G(x) = Ax, for
any x € R.

Finally, we will study nil sets defined through generalized skew derivations F and
G of R that emulate the behavior of Jordan derivations, and prove that if

n

{F(xz) ~G(x)x — xc(x)} =0

for all x € R, then either R C M;(K), the ring 2 x 2 matrices over a field K, or one of
the following holds:

(1) F(x) = G(x) =[x, p], forall x € R.

(2) 3y € C, n # 0 such that F(x) = [x,p] + 2nx and G(x) = [x, p] + nx, for all
x € R.
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Chapter 1

Introduction

The present thesis is devoted to the study of nil sets defined through appropriate
functional identities in prime and semiprime rings.

Let N C R be a subset of the ring R. N is said to be a nil set if every element of N
is nilpotent, that is, for any x € N there exists an integer m > 1 such that x™ = 0.
In particular, a nil set of bounded degree in a ring is a nil set where the index of
nilpotence is bounded by a constant, regardless of the specific element in the ideal.
In other words, there is a fixed integer m > 1, such that x” = 0, for any x € N.

In 1974, S. Montgomery begin the study of subsets of rings whose elements are nilpo-
tent, presenting a result that led to a series of developments forming the foundation
of the theory we have chosen to focus on in this thesis. More precisely, in [50] she
proves the following:

Theorem 1. Let R be a prime ring with involution * (an antiautomorphism of period
2), T = {x + x*|x € R}, the set of traces.

If every element of T is nilpotent, then R is commutative, 2R = 0, and * is the
identity.

Let’s now highlight some important findings in the literature regarding additive
maps having nilpotent values. The first such result is due to Herstein [28]. He proves
that if R is a prime ring and d an inner derivation of R satisfying d(x)" = 0, for all
x € R and 7 a fixed integer, then d = 0. We recall that an additive map d : R — R
is called derivation of R if d(xy) = d(x)y + xd(y), for any x,y € R. The Herstein’s
result is extended to arbitrary derivations by A. Giambruno and I.N. Herstein in
1981 in [26]. They prove that:

Theorem 2. Let R be a semiprime ring, n > 1 a fixed integer, d : R — R a derivation
of R. If d(x)" = 0, for any x € R, thend = 0.

A generalization for semiprime rings and derivations acting on two-sided ideals
is provided by B. Felzenswalb and C. Lanski in 1983 in [25] and proved the following
result:

Theorem 3. Let R be a semiprime ring containing no non-zero nil right ideal, d :
R — R a derivation of R, I an ideal of R. If, for any x € I, thereis n = n(x) > 1 such
that d(x)" = 0, then d(I) = 0. In particular, if R is prime, thend = 0

Many authors extend this result to arbitrary derivations which act either on Lie
ideals or on multilinear polynomials in prime and semiprime rings.
In 1985, L. Carini and A. Giambruno in [6] prove the following result:

Theorem 4. Let R be a prime ring containing no non-zero nil right ideal, d : R — R
anon-zero derivation of R, L a Lie ideal of R. If, for any x € L, thereisn = n(x) > 1
such thatd(x)" =0, thend(L) = 0.
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The previous theorem is extended in 1990 by C. Lanski in [41], as follows:

Theorem 5. Let R be a prime ring containing no non-zero nil right ideal, d : R — R
anon-zero derivation of R, L a Lie ideal of R. If, for any x € L, thereis n = n(x) > 1
such that d(x)" = 0, then either L is commutative or d(I) = 0, where I is the ideal of
R generated by [L, L].

In 1996 T.L. Wong in [58] generalises these results to the case of derivations acting
on multilinear polynomials, more precisely he prove the following result:

Theorem 6. Let R be a prime ring containing no non-zero nil right ideal, 4 : R —
R a non-zero derivation of R, f(x1,...,x,) a multilinear polynomial over C, S =
{f(r1,...,r0) |r1,...,r» € R}. If, for any x € S, there is n = n(x) > 1 such that

d(x)" =0, then S C Z(R) and d(Z(R)) = 0.

Later, analogous results are obtained for other kinds of additive maps generaliz-
ing the concept of derivation. For example, in 2006, ].S. Lin and C.K. Liu [48] extend
Wong’s theorem for generalized derivations.

Definition 1. We recall that an additive map F : R — R is a generalized derivation
of Rif F(xy) = F(x)y + xd(y), for all x,y € R, where d is an ordinary derivation of
R.

J.S. Lin and C.K. Liu [48] prove the following result:

Theorem 7. Let R be a prime ring containing no non-zero nil right ideal, G : R — R
a non-zero generalized derivation of R, f(xy,...,x,) a multilinear polynomial over
C,S={f(ri,-..,tn) |Ir1,...,ta € R}. If, for any x € S, there is n = n(x) > 1 such
that G(x)" =0, then S C Z(R).

In the same paper, J.S. Lin and C.K. Liu provide a semiprime version of their
result, which is the following:

Theorem 8. Let R be a semiprime ring, G : R — R anon-zero generalized derivation
of R, f(x1,...,x,) a multilinear polynomial over C, n > 1 a fixed integer and S =
{f(ri,...,r0) |r1,...,tn € R} I G(x)" =0, for any x € S, then [S, R|G(R) = 0.

Starting from the previous cited results, many researchers over the years inves-
tigate from various points of view, other generalizations of derivations, as skew
derivations and generalized skew derivations.

Definition 2. Suppose « is an automorphism R. An additive map 6 : R — R is said
to be a skew derivation of R, associated with «, if 5(xy) = 6(x)y + a(x)dé(y), for all
x,y € R.

Definition 3. Suppose d is a skew derivation of R, associated with the automor-
phism « of R. An additive map F : R — Ris said to be a generalized skew derivation
of R, associated with d and «, if F(xy) = F(x)y 4+ a(x)d(y), forall x,y € R.

In 2010, J.C. Chang in [7] prove the following:

Theorem 9. Let Rbea primering, F : R — Ranon-zero generalized skew derivation
of R, L aLieideal of R and n > 1 a fixed integer. If F(x)" = 0, for any x € L, then L
is commutative.
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At this point, it becomes clear that there is a close connection between the exis-
tence of nilpotent maps in a ring and the potential commutativity of the ring itself.
Here’s why the idea of studying the potential existence of nilpotent subsets naturally
arises.

The tools we will use for our arguments are those related to the theory of func-
tional identities. By a functional identity on a ring R we mean, roughly speaking, an
identical realtion satisfied by elements in R, which involves some maps of R. The
usual goal when treating a functional identity is to either describe the form of the
maps appearing in the identity or, when this is not possible, to determine the struc-
ture of the ring admitting this identity.

In particular we will focus our attention to the cases when the involved maps on R
will be derivations, generalized derivations and generalized skew derivations. We
remark that the results in literature show that there is a strong relationship between
the behaviour of derivations, generalized derivations and generalized skew deriva-
tions in prime and semiprime rings and the structure of the rings.

Our main idea can be described as follows: under suitable assumptions on the ring
R, we'll find all possible solutions of appropriate functional identities that describe
the nilpotency of elements of some appropriately defined subsets in a prime (or
semiprime) ring, and extend some results in literature.

The thesis is organized as follows. In Chapter 2 we briefly survey basic concepts and
some results on generalized polynomial identities and differential polynomial iden-
tities and provide necessary tools for proving our theorems in the sequel. The main
reason for including Chapter 2 is to make the thesis readable and as self-contained
as possible. The body of the thesis are Chapters 3,4 and 5.

In Chapter 3 we initiate the study of an algebraic condition, involving generalized
derivations, that generalizes the concept of a commuting map. We recall that an ad-
ditive map g on R is said to be commuting on a subset S of R if [¢(x), x] = 0 for all
x € S, and is said to be centralizing on S if [¢(x), x] € Z(R), the center of R, for all
X €S.

The first important result on maps which satisfy commuting conditions is PoSner’s
theorem in [3]. In that theorem, Posner proves that the existence of a nonzero deriva-
tion d on a prime ring R such that [d(x),x] € Z(R), for all x € R, forces R to be
commutative.

This was the starting point for the research of several authors: the main topics arising
directly from Posner’s theorem are the study of commuting derivations, commuting
additive maps, commuting traces of multiadditive maps, and various generaliza-
tions of the notion of a commuting map, with many applications to different areas,
in particular to Lie theory (for a complete and detailed discussion about these topics,
we refer the reader to Bresar’s survey on commuting maps [5]).

As a generalization of the concept of commuting maps, recently in [2] Arga¢ and
De Filippis study the case H(x)x — xG(x) = 0, where F and G are two generalized
derivations of R acting on a multilinear polynomial. More precisely, they prove the
following;:

Theorem 10. Let R be a non-commutative prime ring, U the Utumi ring of quo-
tients of R, C = Z(U) the extended centroid of R, I a non-zero two-sided ideal of
R, H and G non-zero generalized derivations of R and f(xy,...,x,) is a non-central
multilinear polynomial over C. Consider the following subset of R:

S = {H(F(X)F(X) - FX)G(F(X)) [X = (x1,...,x) € I'}.
If S = 0, then one of the following holds:
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1. there exists a € U such that, H(x) = xa and G(x) = ax forall x € R;

2. f(x1,...,xn)?is central valued on R and there exist a,b € U such that H(x) =
ax + xb, G(x) = bx + xa, forall x € R;

3. char(R) = 2 and R satisfies s4, the standard identity of degree 4.

The natural question could be whether the results obtained for commuting gen-
eralized derivations can be extended to generalized derivations which satisfy a mixed
condition of nilpotency and commutation on the ring R. In this sense, in Chapter 3,
we will prove that, if the set

S = {H?(x)x — xG?*(x) |x € L}

is a nil set of R of bounded degree, where H and G are generalized derivations and
L is a Lie ideal of R, then such generalized derivations are right or left centralizers
of R, unless in the case R satisfies s4(x1, . .., x4), the standard identity of degree 4 .
Following this line of investigation in Chapter 4 we will study the subset

T = {F(xy) - G(x)G(y) |x € L}

where F and G are generalized derivations and L is once again a Lie ideal of R. We
will prove that, if T is nil of bounded degree, then one may describe precisely the
forms of both F and G. We will also provide a generalization for semiprime rings.
The last Chapter is dedicated to generalized skew derivations. We will analyse the
subset

W = {F(x*) — G(x)x — xG(x) |x € R}

where F and G are generalized skew derivations and R is a prime ring having char-
acteristic different from 2 and 3. In case W is nil of bounded degree, we will conclude
that R C M;(K), the 2 x 2 matrix ring over the field K, unless when F and G are both
generalized derivations whose form is precisely described.



Chapter 2

Preliminaries

2.1 Maximal right rings of quotients

The rings of quotients play a crucial role in the study of generalized identities in
prime and semiprime rings. More precisely, not only it is possible to extend gener-
alized identities from a ring R to its rings of quotients but if one wants to define a
generalized identity it is necessary the presence of a suitable ring of quotients.

In this chapter with R will be denoted a semiprime ring.

Definition 4. Let S a subset of R. Denote by 1(S) the left annihilator of S on R; it is defined
I(S)={xeR : xS=(0)}.

Similarly, we define the right annihilator r(S).
Definition 5. A right ideal | of R is dense if

Vx#0,ye R, IreR : xr#Qandyr € |

Analogously, it is possible to define a dense left ideal. The collection of all dense right ideals
of R will be denoted by D = D(R).

Definition 6. Let M be an R-module, for any submodule | of M and subset S of M, we
define the set
(S:)r={x€R : SxCJ}.

In order to define the rings of quotients we consider the following results (for
more details see chapter 2 in [35]):

Proposition 1. Let I,],S € D(R) and let f : I — R a homomorphism of right R-
modules. Then:

1 F ) ={acl: f(a) € J} € D(R);

(a:]) € D(R), foralla € R;

INT € D(R);

If K is a right ideal of R and I C K, then K € D(R);

I(I)=0=r(I);

If K is a right ideal of R and (a : K) € D(R), forall a € I, then K € D(R);

N S ks W

If L is a right ideal of R and g : L — R a homomorphism of right S-modules, then g
is a homomorphism of right R-modules;
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8. I] € D(R).

Corollary 1. Let | be a right ideal of R. Then | € D if and only if [((a : ]J)) = 0, for all
a€R.

Remark 1. Let I be a two-sided ideal of R. Then the following conditions are equivalent:
1. I(I) =0;
2. lis a dense right ideal;
3. for any non-zero ideal |, 1N ] # 0.
In case R is prime ring then any non-zero two-sided ideal of R is dense.
Remark 2. Let I be a two-sided ideal of R. Then:
1. I(I) =r(I);
2. 1(I)NI=0;
3. I+1(I) is a dense right ideal of R.

Proposition 2. Let | a right ideal of R and let f : | — R be a right R-module homomor-
phism. Then

1. a € Rand r(a) € D(R) implies a = 0;
2. ker(f) € D(R) implies f = 0.

Definition 7. Consider the following set
H={(f;]) : J]€ D(R)and f : JR — Rg}.

We define (f;]) = (g; K) if there exists L C ] N K such that L € D(R) and f = g in L.
Notice that = is an equivalence relation and [f; ]| denotes the equivalence class determined
by (f;]) € H. Moreover, we define addition and multiplication of equivalence classes as
follows:

)]+ (&Kl =[f+g]NK]

[f:1][g: K] = [fg: 8~ ()]

It is very easy to prove that they are well defined. We will denote by Qur = Qumr(R) the ring
of all equivalence classes [f; ]| with operations defined above and we will call it the maximal
right ring of quotients of R. Similarly, it is possible define Q. (R), considering | as dense
left ideal.

Notice that there exists a ring injection g : R — Q,,y given by B(a) = [l R],
where [, is the left multiplication determined by a. Analogously, there exists the
injection « : R — Q,; given by a(a) = [R;r,], where 7, is the right multiplication
by a. In any situation we will work with one of them; for this reason we will use
the right ring of quotients. Moreover, to simplify the notation we identify R with its
isomorphic image B(R); more precisely, now R is contained in Q.

Proposition 3. Q,, satisfies:
1. R is a subring of Quy;
2. V¥q € Qur,3] € D such that q] C R;
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3.Vq9€ Qur, ] €D, q] =0ifand onlyifq =0;
4. YJ€Dand f: ] — R, 39 € Qu such that f(x) = q(x), Vx € ].

Lemma 1. Let K be a dense right ideal of a semiprime ring R and S a subring of Q, such
that K C S. Then :

1. S is a semiprime ring;

2. aright ideal ] of S is dense if and only if (] " R)K € D (in particular IS € D(S) if
I eD).

Proposition 4. Let K be a dense right ideal of a semiprime ring R and S a subring of Qyr
such that K C S. Then Qur(S) = Quy-

The following results are immediate consequences of the previuos Proposition:

Theorem 11. Let U = Q the right ring of quotients of a semiprime ring R. Then
er(u) = U

Corollary 2. Let I be an ideal of R and ] = Ig(I). Then Qur = Qumr(I) ® Quyr(]).

Throughout this thesis the maximal right ring of quotients Q,(R) of R will be
called Utumi ring of quotients and will be denoted by U.

2.2 Martindale quotients ring and symmetric ring of quo-
tients

The notion and the construction of the two-sided ring of quotients introduced by
Martindale in [49] are simpler than of the maximal ring of quotients. Since the
annihilator of any non-zero two-sided ideal of a prime ring is equal to zero, any
non-zero two-sided ideal of a prime ring is dense. Moreover, it does not hold for
semiprime rings, we will describe the construction of the Martindale quotients ring
for semiprime rings.

Definition 8. Let R be a semiprime ring and consider the following sets
I'={I : Iisanideal of Rand I(I) = 0}
T={(f;]) : JeT, f:Jr — Rgr}.
Moreover, we define the following equivalence relation:
;) =(@K)ifILCJNK : LeTand f =ginL

denoting by {f; J'} the equivalence class determined by (f,]) € T.
We now define addition and multiplication of equivalence classes as follows:

{61y H{g K ={f+gKJ}

{fT3H& K}y = {f& K}
So that, we get Q,(R) = Q,, called Martindale quotients ring (on the right) of R.

The ring R can be embeded in Q,(R) thank to the monomorphism 7 : R — Q,,
with y(x) = {l,; R}, where I, is the left multiplication by a.
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Proposition 5. Let R be a semiprime ring. Then Q,(R) satisfies:
1. Ris a subring of Q,;
2. Vg € Q, 3] € I such that g] C R;
3.Vqe€ Qrand ] €T, q] =0ifand only if g = 0;
4. VJeTand f:] — R 3g € Qy such that f(x) = qx, Vx € |.

Proposition 6. Let R be a semiprime ring. Then there exists a unique ring monomorphism
0: Qr(R) — U such that o(r) = r, Vr € R. Moreover

Im(c) ={q €U : q] CR, forsome ] €T}.
Definition 9. We call symmetric ring of quotients of R (on the right) the following:
Qs={gq€lU : qJuJqg CRforsome] €T}.

One can easily check that Qs is a subring of Q,. Qs is characterized by four
properties analogous to those which characterize U:

Proposition 7. Let R be a semiprime ring. Then Qs(R) satisfies:
1. Ris a subring of Qs;
2. Vg € Qs 3] € I'such that gJ U Jqg C R;
3.Vqe€ Qsand ] €T, q] =0ifand only if g = 0;

4. V] € T'and f : Jr — Rg homomorphism of right R-modules, § :r ] —r R
homomorphism of left R-modules, such that xf(y) = g(x)y, forall x,y € ], 3g € Qs
such that f(v) = quand g(v) = vq, forallv € ].

Definition 10. The center of the Martindale quotients ring C = Z(Q,) of a ring R is called
extended centroid of R. The subring RC of U is said central closure of R. Further, R is called
centrally closed if R = RC.

Remark 3. If R is a semiprime ring then
Z(Qr)=2(Qs)=C=ZU)={g€U : gqr =rqVr € R}.
Remark 4. In case R is a prime ring, all that we need here about these objects is that:
« RCQ CU;
e Uand Q, are prime rings;

e forall g € Q, there exists a dense left ideal M of R such that Mq C R, moreover if
Mg = 0, for some dense left ideal M of R, then q = 0.

e Cisafield.
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2.3 Polynomial identity

In this paragraph R will always denote an algebra. Although many results hold for
algebras over an arbitrary commutative base ring, or at least over a Noetherian ring.
It is convenient in this paragraph to consider only algebras over a field F. We also
denote by Z(R) the center of R. An identity of an algebra R is an element f of the free
associative algebra F{X}, all of whose substitutions in R are 0. In this case we also
say that R satisfies the identity f. For example, any commutative algebra R satisfies
the identity xy — yx. R is a PI- algebra if R satisfies some identity, at least one of
whose coefficients is 1.

It is easy to see that any algebra R spanned by a finite number of elements by, . .., by,
satisfies the standard identity

Se(xr,...,x) = Y. sgn(m)xg, ... xn
reSym(k)

for any k > m. More generally, one can define the Capelli polynomial

Ce(x1, .-, Xk, Yo, -+, Yk) = Z sgn () YoXmya - - - Xm Yk
eSym(k)

which is also an identity of R for any k > m. In particular, C,2,; (and thus 5,2 ;) is
an identity of the n x n matrix algebra M, (F). In fact, Amitsur and Levitzki (1950)
proved that Sy, is an identity of M, (F) and has the lowest degree (as a polynomial)
of all identities of M,,(F).

Although PI-theory was initiated by Dehn (1922), the groundwork for the struc-
ture theory was laid by Levitzki, Jacobson, Kaplansky and Amitsur. Nevertheless,
the crucial connection with commutativity came only with the discovery of central
polynomials for M, (F), independently by Formanek and Razmyslov (1972). They
proved that these are not identities of R which take on only scalar values.

An arbitrary PI-algebra R, with center Z(R), has the following structure:

1. (Kaplansky’s Theorem) All primitive rings are simple of finite dimension over
their centers;

2. (Posner - Formanek - Razmyslov - Rowen) If R is semiprime, then R has a
central-polynomial and any non-zero ideal intersects Z(R) non-trivially. In
particular, if R is prime then localizing at Z(R) — {0} produces a simple PI-
algebra. In general, any semiprime Pl-algebra R can be embedded in to a
matrix algebra over a commutative algebra.

We would like to remark that, in case R is prime, the result stated in (2) is usually
called " The Classical Posner’s Theorem " (see [[30], Theorem 1.4.3 p. 40]).

Also Regev (1972) proved that the tensor product of PI-algebras satisfies a PI. These
results show that PI's are closely related to finite dimensional representation of al-
gebras; an irreducible representation of dimension # is just a simple homomorphic
ring satisfying S»,,.

2.4 Generalized polynomial identity

Let R be a semiprime ring, U the Utumi ring of quotients (on the right) of R, C
its extended centroid of R. Let X = {x1,...,x,,...} a countable set of indetermi-
nates x1,..., Xy, ...and C{X} the free algebra on X with coefficients in C. Denote by
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T = U % C{X} the free product on C of U and C{X}.

The elements of T are called generalized polynomial. Every m € T of the form
qoy191Y2 - - - Ynqn, where g; € U and y; € X, is said monomial and ¢, ..., q, are its
coefficients. Every f € T can be represented as a finite sum of monomials and this
representation is not unique. Consider V. C U, then f € T is said V-generalized
polynomial if and only if it has a representation that has all coefficients in V. Obvi-
ously, every V-generalized polynomial is a U-generalized polynomial.

Let B a set containing C-independent vectors of U; a B-monomial is a monomial on
the form qoy191y2 ... Yuqn, where q; € B and y; € X. Let V = BC the C-subspace
generated by B; then every V-generalized polynomial f can be written f =}, a;m;,
where «; € C and m; are B-monomials. In order to express in this form f we fix a
representation of f with all coefficients in V; after that, we express every coefficient
as a linear combination of elements of B, so that we get the required form. Now,
this representation is unique and it follows that the B-monomials are a basis for the
vector space over C that contains all the BC-generalized monomials. If B is a basis
of U over C then the B-monomials generate the whole T.

Remark 5. In [13] it is shown that a generalized polynomial g = Y ; a;m; is the zero el-
ement of T if and only if any «; is zero. As a consequence, let a1, ...,ar € U be linearly
independent over C and a191(x1,...,%n) + ... + axQx(x1,...,x,) = 0 € T, for some
.-, 8k € T. If, for any i, gi(x1,...,%,) = 2}“:1 Xihi(x1,...,%n) and hj(x1,...,%,) €
T, then g1(x1,...,%n),--., (x1,...,x,) are the zero element of T. The same conclu-
sion holds if g1(x1,...,xp)a1 + ...+ gk(x1,..., xp)ax = 0 € T, and gi(x1,...,x,) =
Z]":l hi(x1,...,xq)x;j for some hj(xy,...,x,) € T.

Definition 11. Let f(x1,...,x,) € T be a non-trivial generalized polynomial; it is a non-
trivial generalized polynomial identity for a semiprime ring R if and only if f(r1,...,1n) =
0,forallry,...,r, € R. Inthis case, R is said satisfying a non-trivial generalized polynomial
identity with coefficients in U.

Theorem 12. ([13]) Let R be a prime ring. If I is a nonzero ideal of R, then R, I and Q,
satisfy the same generalized polynomial identities with coefficients in Q.

Theorem 13. ([49]) Let R be a prime ring and S = RC its central closure. Then R satisfies
a non-trivial GPI with coefficients in R if and only if S is a primitive ring containing a
minimal right ideal eS, with e = ¢, such that eSe is a division ring of finite dimension over
C.

Corollary 3. Let R be a simple ring with unit, then R satisfies a GPI if and only if R is a
simple algebra of finite dimension over its center. Therefore, R = M, (D) and [D : Z(D)] is
finite.

2.5 Differential polynomial identity

The first author that studied some differential identity in associative rings was V.K.
Kharchenko, in [37] and [38], respectively, in 1978 and 1979.

Also C.L. Chuang [10], C. Lanski [42] and T.K. Lee [46] considered particular differ-
ential identities. In this paragraph we will give some definitions and some results
useful for the drawing up of this thesis.

An additive map d : R — R, for any ring R, is called derivation of R if d(xy) =
d(x)y + xd(y), for any x,y € R.
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Lemma 2. Let R be a semiprime ring, U its Utumi ring of quotients and d : R — U an
additive map satisfying the Leibnitz rule d(xy) = d(x)y + xd(y). Then d can be uniquely
extended to a derivation in U.

Proof. Let g € U and consider a dense right ideal I of R such that gI C R. Notice
that IU is a dense right ideal of U. Define the map ¢ : IU — U as follows: if
z =Y, xiy; € IU, where x; € [ and y; € U, then ¢(z) = Y_;(d(qx;) — qd(x;))yi.

It is possible to show that ¢ is well defined and it is a map between right U-modules.
Moreover, since maximal right ring of quotients of U is U, then ¢ defines an element
of U and this element is d(gq). Therefore, d can be extended to a map ¢ : U — U,
but, for brevity, we will denote it by d. O

Denote by Der(U) the set of all derivations on U. We define as " derivations word
" each additive map A € End(U) such that it is the composition of a finite number
of derivations, thatis A = did; .. .d,, where d; € Der(U), for all i.
A differential polynomial is a generalized polynomial on the form p(A;(x;)), where
the words A; act on non-commutative variables x;, as unary operation, and its coef-
ficients are in U.
The polynomial p(A;(x;)) is called differential identity on a subset T of U if it assume
the value 0 for all substitutions of the indeterminates x; with elements of T.
Letd € Der(U), a € C; we define (ad) € Der(U) in the following way:

(ad) () = a(d(u))

for all u € U. Moreover, consider d,5 € Der(U), then the commutator [d,d] €
Der(U) acts as follows:

[d,6)(u) = d(é(u)) — o6(d(u))

for all u € U. From the definition of derivation and above arguments, recall the
following basic differential identities:

(B1) d(xy) —d(x)y — xd(y), where d € Der(U).
(B2)d(x +y) — (d(x) +d(y)), where d € Der(U).
(B3) d(x) — (ax — xa), where d is an inner derivation induced by a € U.

(B4) d(d(...d(x))) —dP(x), where d € Der(U), R has characteristic p, and ei-
—_——
p—times
ther p is a prime number or p = 0. In this latter case, our identity assume the

form x = x.
(B5) [d,6](x) — (6(d(x))) —d(6(x)), where d,§ € Der(U).

(B6) (ad + Bo)(x) — (ad(x)) — Bé(x), where d,d € Der(U), a,p € C.

Assume that R is a prime ring; in this case C is a field, then Der(U) is a vectorial
space over C. Let D;,;(U) be the subspace of Der(U) that contains all inner deriva-
tions of U. Choose a fixed basis My of D;,;;(U) and augment it to a basis M for
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Der(U). Fix a total order in M such that dy > d, where dy € My and d € M — My,
and extend this order to the set of all derivation words by assuming that for all
déeM

¢ if d is longer than J thend > §;
¢ if d and ¢ have the same length then are ordered lexicographically.

Moreover, by a " regular word " we mean a derivation word of the form A = dy'd} ... dy"
possessing the following properties:

W1)di e M— My, fori=1,...,m;
W2)dy <dy <...=<dy;

(W3)s; < pfori=1,...,m,if char(R) = p > 0.

Notice that, by (B1) — (B6), each differential identity can be transformed into a form
p(Ai(xj)), where

(R1) p(z;;) is a generalized polynomial over U in non-commuting variables z;j;

(R2) the A; are distinct regular words over M.

A differential polynomial is called " reduced " if it assumes the form p(A;(x;)) satis-
fying (R1) and (R2). If it is a differential identity, then we call it reduced differential
identity.

The revised form of the Kharchenko’s Theorem, that Lee gave in [46, Theorem 1], is
the following:

Theorem 14. Let R be a prime ring, U its maximal right ring of quotients and Ig a dense
R-submodule of U. Assume that p(A;(x;j)) is a reduced differential identity for Ir. Then
p(zij) is a generalized polynomial identity for U, where the z;; are distinct variables.

In Theorem 2 of the same paper, Lee also proved:

Theorem 15. Let R be a prime ring, U its maximal right ring of quotients and Ir a dense
R-submodule of U. Then Ir, R, Q, and U satisfy the same differential identities.

This last result was generalized for semiprime rings by T.K. Lee in [46, Theorem
3]:

Theorem 16. Let R be a semiprime ring and Ig a dense R-submodule of Q,. Then Ig, R
and Q, and U satisfy the same differential identities.

Finally Lee proved (Theorem 4 in [46]) also the following result:

Theorem 17. Let R be a semiprime ring, U its maximal right ring of quotients and I a
non-zero two-sided ideal of R. If f(Ai(x;)) = O, for all x; € I, then f(A;(xj))y = 0, for all
xj € U,y € L In particular, if R is prime, then f(A;(x;)) = 0, forall x; € U.
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The simplest case is when R is a prime ring and the derivations words A; are all
equal to 0 # d € Der(U); in this case, either d is an inner derivation of U, that is
d belongs to My, or d may augment the basis My of D;y; to the basis M for Der(U);
more precisely, we may assume that d € M — M. In this last case the differential
polynomial

flxq, ..., xn,d(x1),...,d(x,))

is a reduced differential polynomial; hence, it is a differential polynomial if and only
if the generalized polynomial

f(.xl,- s Xn, Y1, /y”)

is a generalized polynomial identity for U.
In the first case, when d is inner, the differential polynomial is so written:

f(x1,.. o, xn g, x1], -, [, %n))

and it is a generalized polynomial for T. Therefore, U, or equivalently a dense
R-submodule of U, satisfies the differential identity f(x1,...,x,, d(x1),...,d(xy)) if
and only if U satisfies the generalized polynomial identity f(x1,...,Xx, [q,x1],...,[q, Xu]),
that is not trivial if it is different from zero in T.

In this context we also would like to describe the case when the derivations words

are composition of two different derivations d,d € Der(U). Under this assumption,
Theorem 14 reduces to the following;:

Theorem 18. Let R be a prime ring, d,5 € Der(U) and p(A;(x;)) is a differential identity
for R, where A; are derivations words of the following form d,5,d?,ds, 6% Then one of the
following holds:

1. either there exist «, € C and § € Dijy; such that ad(x) + Bé(x) = g(x), for all
x e U;

2. or p(zij) is a generalized polynomial identity for U, where the z;; are distinct indeter-
minates.

2.6 Generalized derivations and generalized skew derivations

More recently, several authors have considered the study of prime and semiprime
rings which satisfy generalized polynomial identity involving other different kinds
of additive maps. In this context we will focus our attention on the analisys of the
behaviour of some particular maps called respectively generalized derivations and
generalized skew derivations (we refer the reader to Definitions 1 and 3). We would
like to point out that basic examples of generalized derivations are the usual deriva-
tions on R and left R-module mappings from R into itself. An important example is
a map of the form G(x) = ax + xb, for some a,b € R; such generalized derivations
are called inner.

Generalized derivations have been primarily studied on operator algebras. There-
fore any investigation from the algebraic point of view might be interesting (see for
example [32] and [33]). In [44, Theorem 3], Lee proved the following theorem:

Theorem 19. Let G be a generalized derivation on a dense right ideal of R. Then G can be
uniquely extended to a generalized derivation of U and assume the form G(x) = bx + d(x)
forall x € U, for some b € U and a derivation d of U.
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We also recall that basic examples of a-derivations, that is skew derivations as-
sociated with automorphism «, are the usual derivations and the map D = a — id,
where id denotes the identity map. Let b € Q, be a fixed element. Then a map
D : R — R defined by D(x) = bx — a(x)b, for all x € R, is an a-derivation on R
and it is called an inner a-derivation (an inner skew derivation) defined by b. If a
skew derivation D is not inner, then it is called outer.

Let us also mention that an automorphism « : R — R is inner if there exists an
invertible g € Q, such that a(x) = gxq~!, for all x € R. If an automorphism
« € Aut(R) is not inner, then it is called outer. For more details on skew deriva-
tions, generalized skew derivations and their associated automorphisms, see [45]
and [46].

We denote the set of all skew-derivations on Q, by SDer(Q,). By a skew-derivation
word we mean an additive map A of the form A = dyd,...d;, with each di d; €
SDer(Qy). Then a skew-differential polynomial is a generalized polynomial, with
coefficents in Q,, of the form p(A;(x;)) involving non-commutative indeterminates
x; on which the skew derivations words A; act as unary operations. The skew-
differential polynomial p(A;(x;)) is said a skew-differential identity on a subset T
of Q, if it vanishes for any assignment of values from T to its indeterminates x;.

We conclude this section with the following known result on generalized identities:

Fact 1. Let R be a prime ring and I a two-sided ideal of R. Then I, R, and Q, sat-
isfy the same generalized polynomial identities with coefficients in Q, (see [13]).
Furthermore, I, R, and Q; satisfy the same generalized polynomial identities with
automorphisms (Theorem 1 in [12]).
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Chapter 3

Nil sets defined through
commuting iterates of generalized
derivations

In [20] Dhara and De Filippis studied the situation F?(x)x — xG?*(x) = 0 for all
x € {f(x1,...,xq)|x1,...,xn € I}, where F and G are two generalized derivations of
R, f(x1,...,xy,) is a multilinear polynomial over C and I is an ideal of R and proved
that:

Theorem 20. Let R be a prime ring of characteristic different from 2 with Utumi ring of
quotients U and extended centroid C, F and G two nonzero generalized derivations of R, I
an ideal of R and f(x1, ..., x,,) a multilinear polynomial over C which is not central valued
on R. If

F2(f(x1, ... x0))f(x1, ..o xn) — f(xt, o, x0)G2(f(x1, ..., x0)) =0

forall x1,...,x, € I, then one of the following holds:

1. F(x) = xaand G(x) = xb for all x € R with a> = b*> € C;

2. F(x) = xaand G(x) = bx for all x € R with a> = b?;

3. F(x) = ax and G(x) = xb for all x € R with a®> = b* € C;

4. F(x) = ax and G(x) = xb for all x € R with a®> = b? and f(x1,...,x,)?* is central

valued on R;
5. F(x) = ax and G(x) = bx for all x € R, with a* = b* € C.
As a special case of Theorem 20 we also have:

Theorem 21. Let R be a prime ring of characteristic different from 2 with Utumi ring of
quotient U and extended centroid C, F and G two nonzero generalized derivations of R, L a
non-central Lie ideal of R. If

F*(u)u — uG?*(u) =0

forall u € L, then one of the following holds:

1. F(x) = xaand G(x) = xb for all x € R with a> = b*> € C;

2. F(x) = xaand G(x) = bx for all x € R with a> = b?;

3. F(x) = ax and G(x) = xb for all x € R with a®> = b* € C;

4. F(x) = ax and G(x) = xb for all x € R with a®> = b and R satisfies the standard
entity of degree 4;
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5. F(x) = ax and G(x) = bx for all x € R, with a* = b*> € C.

Here our aim is to extend the previous cited result to the case that the first mem-
ber of the equation is raised to the n-th power. In fact, the main result of the present
chapter is the following:

Theorem 22. Let R be a prime ring of characteristic different from 2, Q, its right Martindale
quotient ring, C its extended centroid, F and G two nonzero generalized derivations of R, L
a non-central Lie ideal of R and n > 1 a fixed integer. If

{Fz(x)x - sz(x)}n =0

forall x € L, then either R C My(K), the ring 2 x 2 matrices over a field K, or one ot the
following holds:

= xaand G(x) = xc for all x € R with a> = ¢* € C;
F(x) d G(x) = xcforall x € Ruwitha® = & € C
F(x) = xaand G(x) = cx for all x € R with a®> = ¢?;

x) = ax and G(x) = xc for all x € R with a* = ¢* € C;
F(x) d G(x) = xcforall x € Rwitha® = 2 € C
x) = ax and G(x) = cx forall x € Rwith a> = ¢* € C.
F(x) = ax and G(x) = cx forall x € Rwitha? = € C

Proof. In order to prove our result, we firstly fix the following well known fact:

Fact 2. If L is not central and char(R) # 2, then there exists a non-zero two-sided
ideal I of R such that 0 # [I,R] C L (see pp. 4 and 5in [31],, Lemma 2 and Proposi-
tion 1 in [21], and Theorem 4 in [43]).

By hypothesis and Fact 2, we may assume that there exists a non-central ideal of
R such that

{Fz([xler])[xl,xz] - [xerZ]Gz([xlzxZ])}n =0 (3.1)

is a generalized differential identity for I.
Moreover, in light of Theorem 19, there exist a,c € Q, and d, § derivations of R such
that F(x) = ax +d(x), G(x) = cx + é(x) for all x € R. Hence I satisfies

®(x1,12) = { (F(a) [x1, 2] + 2ad([x1, %)) + d*([x1, xz])) [x1, %]

] (32)
— [r1,%2) (G(e) 1, x2] +2¢8([x1, %)) + 0%([x1, %2]) ) }

where F(a) = a® +d(a) and G(c) = ¢ + 6(c). Since R, I and Q, satisfy the same
generalized differential identities, without loss of generality we may assume that Q,
satisfies (3.2). Moreover

d([x1,x2]) = [d(x1), x2] + [x1,d(x2)]
6([x1,x2]) = [6(x1), x2] + [x1,0(x2)]
and
d*([x1,x2]) = [d*(x1), x2] + [x1,d%(22)] + 2[d (x1), d(x2))]
8 ([x1,%2)) = [6%(x1), X2] + [x1,0%(x2)] + 2[6(x1), 6(x2)].
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Thus, from (3.2), we have that Q, satisfies
{(Fa) [, 2] +2a([d(xr), %] + [x1,d(x2)] ) + [ (x1), x2))
+ [x1, d2(x2)] + 2[d (1), d(x2)] ) [, ]
— [x1,22) (G(€) e, 2] +2¢ ([6(x1), x2] + [0, 6(x2)]) )

+[0%(x1), x2] + [x1,6%(x2)] + 2[(5(3(1),(5(3(2)]) }” —o.

(3.3)

3.1 F and G both are inner generalized derivations of R

In this section, we study the case when both the derivations F and G are inner gen-
eralized derivations, respectively defined as follows:

F(x) =ax+xb and G(x)=cx+xg

where a,b, ¢, q are fixed element of Q,.
In what follows, we denote

D(x1,x7) = { (a2 [x1, x2] 4 2a[x1, x2]b + [x1, xz]bZ) [x1, x7] 6
— [x1,x2] <c2 [x1, x2] + 2¢[x1, x2]q + [x1, xz]qz) }n '

and assume that R satisfies the generalized identity ®(x1, x7).
The aim of this section is to prove the following;:

Proposition 8. Let R be a prime ring of characteristic different from 2, Q, its right Mar-
tindale quotient ring, C its extended centroid, F(x) = ax + xb and G(x) = cx + xq two
nonzero inner generalized derivations of R where a, b, c,q are fixed element of Q,. If R sat-
isfies (3.4), then either R C My (K), the ring 2 x 2 matrices over a field K, or one ot the
following holds:

1. a,c € C, F(x) = x(a+b) and G(x) = x(c +q) for all x € R with (a +b)?> =

(c+q)*€C;

2.a,g € C,F(x) = x(a+0b)and G(x) = (c+q)x forall x € R with (a +b)?> =
(c+a)*

3. b,c € C,F(x) = (a+b)xand G(x) = x(c+q) forall x € R with (a +b)> =
(c+q)?€C;

4. b,g € C,F(x) = (a+b)xand G(x) = (c+q)x for all x € R with (a +b)?> =
(c+q)*€C.

The proof of Proposition 8 is a consequence of several Lemmas. We begin with:

Lemma 3. Either (3.4) is a non trivial GPI for R or one of the conclusions in Proposition 8
must occur.

Proof. Assume that ®(x1,x2) is a trivial generalized polynomial identity for R. Let
T = Q; *c C{X} be the free product over C of the C-algebra Q, and the free C-
algebra C{X}, with X the set consisting of non-commuting indeterminates x1, x.
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By our hypothesis, ®(x1,x2) =0 € Q, xc C{X}.
We denote

¥ (x1,x2) = (a2 [x1, x2] + 2a[x1, x2]b + [xl,xz]bz) [x1, x2]
— [x1, x2] <cz [x1, x2] + 2¢[x1, x2]q + [xl,xz]qz)

hence
D(xq,x2) = F(xq,x2)"

whence R satisfies
W (xg,x0)" { (az [x1, x2] + 2a[x1, x2]b + [x1, xz]b2> [x1, x2]

— [x1, x2] (c2 [x1, x2] + 2¢[x1, x2]q + [xl,xz]q2>} —
W (xy, x2)" L (az[xl,xz] +2a[x1, x2]b + [xl,xz]bz) [x1, x2]
— ¥ (x1,x2)" 1 [, %2 (cz[xl,xz] +2¢x1, x2]q + [xl,xz]q2>.
If we set
g(x1,x0) = <a2[x1,x2] + 2a[xq, x2)b + [xl,xz]b2> [x1, x2] — [x1, x2]c?[x1, x2]

then we have .

W¥(x1,x2)" " - g(x1,x2)

— ¥ (x1,x2)" " - 2[x1, x0)e[x1, 22

— ¥ (xy,x0)" [x, 0?* =0€T.
This implies that {g?,g,1} is linearly C-dependent. Let ag> + g+ = 0. If a = 0,
then B # 0, and hence g € C. If & # 0, then g*> = Aq + p for some A, u € C. In this
case our identity reduces to

¥ (x1,x2)" 1 g(x1,x2)
— ¥ (xy, xz)"_l - 2[x1, x2)c[x1, x2]q
—¥(x, )" [x, 0P (Ag+u) =0 T.

If g ¢ C, then
‘I’(xl,xz)”_l -2[x1, x2)c[x1, x2]q +‘I’(x1,x2)”_1 . [xl,xz]z)\q =0¢eT

that is
W (x1,x2)" Hxg, x2] - (2c + A)[x1,x2]g =0 € T,

This is implies 2c + A = 0. Since char(R) # 2, this implies ¢ € C. Thus we conclude
that either g € C or ¢ € C. Similarly we can prove that either eithera € Cor b € C.
So we obtain the following four cases:
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Assume a,c € C
In this case F(x) = xa fora = a+band G(x) = xC for¢ = c + 4. So
—2 221"
D(x1,x2) =¥ (x1,x2)" = {[xl,Xz]a [x1, x2] — [x1, x2]C } =
¥ (1, x2)" " { v, a1, 32 = [, 32 =
W (xq, x2)" 1 [xq, 0@ [x1, x2) — (21, x0)" L xq, 0]’ =0 € T. (3.5)

If {1,¢®} were linearly C-independent then
Y(x, )" 1 [x,x00)%c* =0€T

and again
Y(x,x)" 1=0cT.

Continuing similarly, we would have
Y(x1,x)=0€T

namely
[xl,xz]ﬁz[xl,xz] — [xl,x2]2E2 =0¢eT.

This would lead to the contradiction [x1, xz]ZEZ = 0 € T. We can then admit that

¢% € C. It follows from (5.6) that
‘F(xl,xz)”_l . [xl,xz](ﬁz — Ez)[xl, XZ] =0eT.
Since ®(x1, x7) is trivial then @ = ¢ € C (case (a) of Proposition 8).

Assumea,q € C

In this case F(x) = xa fora = a + b and G(x) = ¢x for¢ = ¢+ 4. So

D(x1,x2) =F(x1,x2)" = {[xl,xz]ﬁz[xl,xz] — [xl,xz]fz[xl,xz]}n =0eT

namely
W (xg,x0)" {[xl,xz]EZ[xl,xz] - [xl,xz]fz[xl,Xz]} =
‘I’(xl,xz)”_l . [xl,xz](ﬁz - Ez)[xl,xz] =0eT.

Since ®(x1, x7) is trivial then @* = ¢ (case (b) of Proposition 8).

Assume b,c € C
In this case F(x) = ax fora = a + b and G(x) = x¢ for¢ = ¢+ 4. So

n
D(x,x2) =¥(x1,x0)" = {Ez[xl,xz]z — [xl,xz]zfz} =0¢eT

namely

W (xy,x2)" L {Ez[xl,xZ]z — [x1, x0)%¢ } =

T(Xl,XQ)nfl . Ez[xl,xz]z — ‘I’(xl,xz)”*l . [xl,XQ]ZEZ =0eT.

(3.6)
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If {1,a°} were linearly C-independent then
T(Xl,xZ)nfl 'Ez[xl,x2]2 =0eT

and again
Y(x, )" t=0€T.

Continuing similarly, we would have
‘P(x1,x2) =0eT

namely

Ez[xl,xz]z - [xl,xz]zEZ =0eT.

This would lead to the contradiction a2 [x1,%]> = 0 € T. We can then admit that
a* € C. It follows from (5.4) that

‘P(xl,xz)”’l[xl,xz]z(ﬁz —EZ) =0eT.

Since @ (x1, x7) is trivial then ¢? = @* € C (case (c) of Proposition 8).

Assume b,q € C
In this case F(x) = ax fora = a+ b and G(x) = ¢x for¢ = c + 4. So

D(x1,x2) =¥(x1,x2)" = {Ez[xl,xz] — [xl,x2]262[x1,x2]}n =

{[xl,xz]EZ[xl,Xz] — [xl,XQ]ZE2} "Y(Xl, XZ)nil =

[xl,xz]ﬁz [x1, x2] -‘I’(x1,xz)”’l — [xl,x2]262 -‘I’(x],xz)”’1 =0eT. (3.7)
If {1,¢%} were linearly C-independent then
[xl,xz]zfz -‘I’(xl,xz)”’1 =0eT.

and again
T(Xl,xZ)nil =0eT.

Continuing similarly, we would have
Y(x1,x)=0€eT

namely
[Xl,XQ]EZ [xl,xz] — [xl,XQ]ZEZ =0eT.

This would lead to the contradiction [x1,x]*¢? = 0 € T. We can then admit that
¢2 € C. It follows from (3.7) that

[x1, 2] (@% — T%)[x1, x2] - ¥ (x1, %) 1 =0€T.
Since ®(x1, x7) is trivial then @* = ¢ € C (case (d) of Proposition 8). O

Remark 6. By Lemma 3, we may assume that R satisfies the non-trivial general-
ized polynomial identity (3.4). Since Q, and R satisfy the same generalized poly-
nomial identities with coeffcients in Q, , ®(x1, x) is also a non-trivial generalized
polynomial identity for Q,. In case C is infinite, we have ®(rq,r2) = 0 for all
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1,72 € Qr ®c C, where C is the algebraic closure of C. Since both Q, and Q, ®. C
are centrally closed (Theorems 2.5 and 3.5 in [22]), we may replace R by Q, or
Qr ®¢ C according as C is finite or infinite. Thus, without loss of generality, we
may consider the case when R is centrally closed over C which is either finite or al-
gebraically closed and ®(r1,72) = 0 for all 71,7, € R. By Martindale’s theorem [49],
R is a primitive ring having a nonzero socle with C as the associated division ring.
In light of Jacobson’s theorem (p. 75 in [34]), R is isomorphic to a dense ring of linear
transformations on some vector space V over C.

In case dimcV = 2, we are done.

Hence in all that follows we assume dimcV > 3.

Lemma 4. Let a € Q, be such that

<I>’(x1,x2) = {[xlzxZ]a[x1/x2]}n

is a generalized polynomial identity for R. Then a = 0.

Proof. If 0 # a € C then, by our hypothesis, R should satisfy the generalized poly-
nomial identity a"[x1, x2]2”, which is a contradiction, since a is not a zero-divisor and
[x1, x2]*" cannot be an identity for R (we remember that the nilpotence of the two-
element commutator would imply commutativity of the ring, contrary to what we
assumed). Let now a ¢ C. Then there exists v € V such that {¢/,av'} is linearly
C-independent. Since dim¢ V > 3 then there exists w’ € V such that {v,av’, w'} is
linearly C-independent. Then by the density of Q, there exist 1,72 € Q, such that

nw' =0, nw =79, rno =7 implyingthat [ry,r|w =7;
/ / / / / . . / /
rav’ =7, rav' =0, rnv'=—w implyingthat [ry,r]av’ =w'.
Now we get the following contradiction:

0= (r,n)w =w #0.

Lemma 5. Let a, b € Q, be such that

D" (x1,x2) = {[xl,xz]a[xl,xﬂ — [x1,x2]2b}n

is a generalized polynomial identity for R. Thena = b € C.

Proof. We suppose that there exists a vector v € V such that {v,bv} is linearly C-
independent. Since k > 3 there exists a vector w € V such that {v, bv, w} is linearly
C-independent. Then by the density of Q, there exist 1,7, € Q, such that

rv =0, rov=0 implyingthat [r,r]v=0;

rbv =0, mnbv=w, rw=w implyingthat [r,r]bv=w;
nw=w, rv=0 nw=—-v implyingthat [r,rn|w=".

Therefore we get the following contradiction:

0=3®"(r,r)v=(-1)"v #0.
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Hence {v, bv} is linearly C-dependent, for any v € V, implying that b € C and R
satisfies

& (r1,72) = {[xl,xz](a _ b)[xl,xz]}n.

Therefore a = b follows from Lemma 4. O

Lemma 6. Let a,b € Q, be such that

D" (x1,x7) = {a[xl,xz]z — [xl,xz]zb}n

is a generalized polynomial identity for R. Thena = b € C.

Proof. If b ¢ C then there exists v € V such that {v,bv} is linearly C-independent.
Moreover, dimcV > 3 implies that there exists w € V such that {v, bv, w} is linearly
C-independent. Then by the density of Q, there exist r1, 7, € Q, such that

1o =0, rov=0 implyingthat [ry,r2]v=0;
ribv =0, mnbv=w implyingthat [ry,r]bv=w;
nw=uw, rw=—v implyingthat [ry,r]w ="2.

Now we get the following contradiction:
0=2®"(r,r)v=(-1)"v #0.

Thus we may assume that b € C and Q; satisfies

{(a—b)[xl,xz]z}n —0.

Ifa—b ¢ C then there exists v’ € V such that {v/, (a — b)?'} is linearly C-independent.
As above, there exists w' € V such that {¢/, (a — b)v’, w'} is linearly C-independent.
Then by the density of Q, there exist 71,72 € Q, such that

o' =79, ro =—w implyingthat [ry,7r]v =w';
r(a—b)*' =79, r(a—b)*' =0 implyingthat [r,r](a—b)v' =u';
nw' =0, rnw =9 implyingthat [r,r]w’ =7

Thus we get the following contradiction:

0= {(u — b)[rl,rz]z}nv’ = (a—b)v #0.

Hence {¢/, (a — b)?'} is linearly C-dependent, for any v’ € V, implying thata — b €
C,sothata = b. ]

Lemma 7. Let a,b € Q, be such that

<I>i”(x1,x2) = {a[xl,xz]z — [xl,xz]b[xl,xz]}n

is a generalized polynomial identity for R. Thena = b € C.

Proof. If b ¢ C then there exists v € V such that {v, bv} is linearly C-independent.
As above, there exists w € V such that {v, bv, w} is linearly C-independent. Then by
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the density of Q, there exist r,72 € Q, such that
rv=v, rov=0 implyingthat [r,r]v=0;
rnw=v, rw=w implyingthat [r,r]w =7
rbv = —w, rbv=0 implyingthat [ri,r]bv=w.
Now we get the following contradiction:
0= CIDi”(rl,rz)w = (—1)"w # 0.

Thus {v, bv} is linearly C-dependent, for any v € V, and Q, satisfies

n
{(u —b) [x1,x2]2} =0.
From Lemma 6, it follows thata = b € C. O

Lemma 8. Leta,b,v,w € Q, be such that
) n
@7(x1,x2) = {v[xl,xz] + a[x1, x2]b[x1, x2] + [xl,xz]w[X1,xz]} (3.8)

is a generalized polynomial identity for R. Then eithera € Corb € C.

Proof. Firstly we assume dimc V' = k is a finite integer, then Q, ~ M;(C) (with
k > 3) and let ¢;; be the unit matrix with 1 in (i,7) entry and 0 elsewhere. In (5.20)
we set [x1, X2] = [e;, ¢;j] = ejj for i # j. So left multiplying by e;;, we obtain

eij @ (eii, i) = eijaeijbe;j)” =0

witha =Y a,se,s and b = Y Brsers. Since (ucﬁ[%ji)” = 0 then a;;B;; = 0. By Proposition
1 in [55] we have that either a or b are in C.

Now let dim¢ V = oo and €* = ¢ € H = Soc(RC). By hypothesis, eRe satisfies (5.20),
that is R satisfies ®(exye, exze):

D (exqe, exze) = {v[exle, exze]? + afexie, exoe]bexie, exze]
. (3.9)
+ [exie, exze]wlexie, exze]} =0.

In particular, for all 1,7, € R
D (ere, erpe) = {eve [erte, er26]2 + eaelerye, eryelebelerie, erye]
n
+ [er1e, erye]ewelerse, erze]} =0.

Suppose thata ¢ Cand b ¢ C. Thus, [a, H| # 0 and [b, H| # 0. In other words, there
exist hy, hy € H such that [a,h1] # 0and [b, hy] # 0.

Because of the infinite-dimensionality, H does not satisfy the polynomial s4(x1, ..., x4),
that is, there exist hs, hg, hs5,he € H such that s4(h3, ..., he) # 0. By Litoff’s theorem
in [23], there exists an e = e € Q, such that hy, ..., he,ahy, hia, bho, hob € eQe ~
M;(C). Moreover, eQ,e¢ is a central simple algebra finite-dimensional over its center.
Since s4(h3, ..., hg) # 0, we have eQ,e ~ M;(C) for + > 3. We know that (3.9) is
a generalized polynomial identity for eQ,e, then, by the finite-dimensional case, we
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have that eae or ebe are in Z(eRe), thus one of the following is a contradiction:

ahi1 = eahy = eaehy = hyeae = hiae = hya,
bhz = ebhz = ebehz = hzebe = hzbe = hzb

Therefore, either a € C or b € C, as required. O

Lemma9. Let a,b,v,w € Q, be such that
. n
D (xq,x0) = {v[xl,xz]z + afx1, x2]b[x1, x2] + [x1, x2]w[x1, x2] — [xl,xz]zu} (3.10)

is a generalized polynomial identity for R. Then either a € Corb € C.

Proof. Ifu ¢ C then there exists wy € V such that {wy, uwy } is linearly C-independent.
Since dimc V > 3 then there exists w; € V such that {wo, uwo, w,} is linearly C-
independent. Then by the density of Q,, there exist 71,72 € Q, such that

rwo =0, rwy=wy implyingthat [r,r2]wy=0;

rl(uZUO) = 0’ rz(uwo) = w1, riw; = W lmplylng that [7’1,1’2](1{@()0) = Wy,
rw; = wo implying that [y, r2]wy = —wp.

Then by (5.19) we get the following contradiction:
0= CIDUi(rl,rz)wo = Wo 75 0.
Therefore u € C and we conclude by Lemma 8. O

Lemma 10. Let aq, a», as, ag, as, ag, ay € Q, be such that

Vi (11, x7) = { (al [x1, X2] + aa[x1, Xp]as + [x1, xz]a4> [x1, x2]
(3.11)

— x1, 2] (aslor, x2Jag + [y, 32)ar)

is a generalized polynomial identity for R. If ag & C then as € C.

Proof. As above we firstly assume dim¢ V = k is a finite integer. Thus Q, ~ M;(C)
with k > 3. So, for [x1,x2] = e;j = [ej;, e;j] in (3.4) and right multiplying by e;;, we
obtain
D% (eii, ei)ei; = (—1)" (eijaseijae) " eij = 0,
then by Proposition 1 in [55] we have that as € C.
Let now dim¢c V = oo. Since a6 ¢ C then there exists v € V such that {v,a¢v} is
linearly C-independent.
If {ayv, v, agv} is linearly C-independent then there exist w, w’ € V such that {ayv, v, a¢v, w, w'}
is linearly C-independent. Then by the density of Q, there exist 1,7, € Q, such that

rv =0, rou=uv implyingthat [r,r]v=0;

ragv =0, ragv =v implying that [rq,12]asv = 0;
ra;0 =0, rap=w, rw =w implyingthat [ry,r]av=w;

rnw=ov, rw=0 implyingthat [r,rn]w= —o0.
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Thus by (3.11) we get the following contradiction:
0= d)”ii(rl,rz)v =0 #0.

This contradiction implies that a;v = A,v + uyasv for some Ay, y, € C.
Next goal is to prove that asv € Span(v,a¢v). On the contrary we assume that
{asv,v,a¢v} is linearly C-independent. Then by the density of Q, there exist 1,7, €
Q; such that

rv =0, rv=ov implyingthat [r,rn]v=0;

rasv = —v, raev =0 implying that [rq,72]a6v =0
rasv = v, 150 =0 implying that [ry,r2]asv = —o.

Hence by (3.11) we get the following contradiction:
0 =% (r,r)v="0#0.

Thus there exist a,, By € C such that a5v = a,v + Boae0.
On the other hand, again by the density of Q, there exist 1,7, € Q, such that

rv =0, rv=ov implyingthat [r,rn]v=0;

ragv = —v, 1aev =0 implying that [rq,12]asv = 0.

By (3.11) we get ®%i(ry,12)v = (—1)"Bv = 0, hence B, = 0 and asv € Span(v), then
a5V = Qy0.

The final goal is to prove that {w, asw} is linearly C-dependent for all w € V.

If w = v for some 6 € C, then asw = fasv = Oa,v = 0,0 = a,w as required.

Let w € V such that {w, v} is linearly C-independent and assume that {w, asw} is
linearly C-independent. We will prove that this leads to a contradiction.

By the previous argument, there exists A, € C such that agw = A, w. So we consider
the following linearly C-independent sets

{v,w+v}, {v,w-—v}.

If {w+v,a6(w +v)} and {w — v, a¢(w — v) } were linearly C-independent, then as
above there exist B,y € C such that

asw — AyU = YW — Y0.

If we subtract from each other, we obtain

20,0 = (B—7y)w+ (B+7)v.

Since {w, v} is linearly C-independent, then B = v = a, hence asw = Pw, that is
{w, asw} is linearly C-dependent, a contradiction.

Now we may assume without loss of generality, that there exists # € C such that
ag(w +v) = n(w + v) then Ayw + a6v = nw + yov. Since {agv, v} is linearly C-
independent, then A, # 7. Hence w € Span(v, agv).

In conclusion, we can state that for all w € V either there exists a,, € C such that
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asw = w,w or w € Span(v, agv).

Letnow wy, wp € V be such that {w;, w; } is linearly C-independent, w; ¢ Span(v, aev)
and {wy, asw, } is linearly C-independent. The above argument implies that there is
A1 € C such that asw; = Ayw; and also w, € Span(v, agv).

If w; + w, € Span(v,aev), then wy; € Span(v,asv), that is a contradiction. Hence
there exists 171 € C such that a5(w1 + w2) = 1 (w1 + w), that is

AMwy + aswy = mwy + 1ws. (3.12)

Analogously, w1 — w> ¢ Span(v,aev), then there exists 7, € C such that a5(w; —
wy) = #2(wy + wy), that is

/\1?1)1 — aAsWy = 172601 — 172W2. (313)
the sum of relations (3.12) and (3.13) leads to
20wy = (71 4+ 1m2)wy + (111 — 12) wo.

Since {w1,w,} is linearly C-independent, one has eta; = eta, = Aq. In particular
aswy = y1wy follows, which is the required contradiction.
Therefore, {w, asw} is linearly C-dependent for all w € V, implying thatas € C. [

Proof of Proposition 8. We recall that
D(xq,x2) = {(az[xl,xz] + 2a[x1, x2])b + [xl,xz]bz) [x1, x2]
— [x1,x2] (cz[xl,xz] + 2¢[x1, X2]q + [xl,xz]q2> }

is a generalized polynomial identity for R. Application of Lemmas 8, 9 and 10 im-
plies that one of the following cases must occur:

1. a,c € C
2.a,q€C;
3. bceC;
4. b,qeC.

In the sequel, we analyze all cases in detail.

a,ceC

In this case F(x) = xa fora = a + b and G(x) = x¢ for ¢ = ¢ + 4. So R satisfies
n
D(x1,x) = {[xl,xz]ﬁz[xl,xz] - [xl,xz]zEZ} .
Then, by Lemma 5, we get ?=neC.

a,qcC
In this case F(x) = xa fora = a+ b and G(x) = ¢x for ¢ = ¢ + 4. So

P(x1,%2) = { 11, 1) (@ —52)[x1,x2]}".
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By Lemma 4, 7% =

b,ceC
In this case F(x) = ax fora = a+band G(x) = xc forc = c+ 4. So

n
@(Xl,XQ) = {Ez[xl,xz]z — [Xl,xZ]ZEZ}
and, by Lemma 6, > =¢c%eC.

bgeC
In this case F(x) = ax fora = a+band G(x) =¢cx for¢c = c+4. So

D(x1,x) = {Ez[xl,xz]z — [xl,xz]Ez[xl,xz]}n

and @2 = ¢ € C follows from Lemma 7.

3.2 The proof of Theorem 22

In light of our previous results, we may assume that F and G are not simultaneously

inner.

Under this assumption, we will prove that a number of contradictions follows.
We firstly assume that d and  are C-dependent modulo inner derivations of Q,,
Thus there exist a, § € C such that ad + 6 = ad,, where p € Q, and ad,(x) = [p, x|

for all x € R.

Assume « = 0.

In this case §(x) = Aad,(x) = A[p,x] where 0 # A = B~! € C. Moreover d is not

inner and
G(x) =cx+Alp,x] =bx+xq Vx € R

where b = ¢ + Ap and g = —Ap. Hence
G%(x) = b*x + 2bxq + xq* Vx € R.
From (3.1), we obtain that Q, satisfies
{ (F@)[x1,x2] +2a([d(x1), x2) + [x1,d(x2)])
+ [ (1), 2] + [e1, 8 (x2)] + 20d (1), d(x2)] ) [, 2]
— 1, 2%2] (G () b, 2] + 26A[p, [, 2] + A2p, [, [, 22]]]) }
{ (F@)[x1,x2] +2a([d(x1), 32) + [x1,d(x2)])
+ [ (1), 2] + [v1, 8 (x2)] + 20d (1), d(x2)] ) [, 2]

— 1, 202) (W21, 2] + 26, o) + [, x2lg?) }
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Then by Kharchenko’s theorem (see Theorem 14), we have that Q, satisfies

{(F(u)[m,m] + 211([]/1/x2] + [xl,yz]) + [t1, x2] + [x1, t2] + 2[%#2]) [x1, x7] (3.15)
_ [x1,X2] (bZ[xl,XZ] + Zb[xl,xﬂél + [xlr xZ]q2> }n' |

In particular, when y; = y» = t; = t, = 0in (4.10), we have that

{F(a) [x1, x2]% — [x1, x2] (bz [x1, x2] + 2b[x1, x2]q + [xl,xz]q2> }n (3.16)

is a generalized identity for Q,. Application of Lemma 10 implies that either b € C
orq e C.
If b € C, then G(x) = xc, for any x € R, and we may rewrite (4.10) as follows

{ (P(u) [x1, x2] +2a([y1, x2] + [x1,¥2]) + [t1, x2] + [x1, £2] + 2[11, y2]> [x1, x2] — [x1, xz]zcz}n.
(3.17)
In particular Q, satisfies

{F(a) [x1, x2)% — [x1, xz]zcz}n.

Hence, by Lemma 6, F(a) = ¢ € C, thatis F(a) = G(c) € C. Therefore, for
y1 =y2 = 0,t; = x and t, = xp in (4.12), Q, should satisfy 2"[x1, x2]*", that is
Q; should be commutative, a contradiction.

On the other hand, if 4 € C, then G(x) = cx, for any x € R, and we may rewrite
(4.10) as follows

{ (F(a) [x1, x2) +2a([y1, x2] + [x1, y2]) + [t1, x2] + [x1, £2] +2[y1,yz]) [x1, X2] — [x1, x2] [chz]}
(3.18)
Fory, = yo = t; = t, = 0in (3.18), it follows that

{(F@ P ~ )@, x))

is a generalized identity for Q,. By Lemma 7, F(a) = ¢* € C and, by using a similar
argument as above, we geta contradiction.

Assume = 0.

In this case d(x) = pad,(x) = u[p,x] where 0 # y = a~! € C. Moreover § is not
inner and
F(x)=ax+u[p,x] =b'x+x4' Vx € R

where b’ = a+ pup and g’ = —up.

By using the same above argument, and applying Lemmas 7, 4 (instead of Lemmas
10, 6, 7), we obtain the same above contradiction.

We omit the computations for brevity.
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Assume « # 0 and § # 0.

Say d = Ad +ady, where A = —a"'f € C,qg =a"'p € Q, and ad,(x) = [g, x], for all
x € R. Moreover,

d*(x) = A6(A0(x) + [q,x]) + [9,A0(x) + [g,2]] =
= Ad(A)5(x) + A% (x) +2Alg,6(x)] + A[6(q), x] + [, [g, x]].

From (3.3), we obtain that Q, satisfies
{(F(@)lx1, 2] +22a8([x1, x2]) +2alq, [x1, 22]]
+ A8(A)S([x1, x2]) + A%62([x1, x2]) + 2A[g, 0([x1, x2])]
+ Alo(q), [x1, x2]] + (g, [q, [x1, xz]]]) [x1, x2]
~ [, 02] (G(e) [y, 2] +266([x1, x2]) + (a1, :2]) )}
that is
{(F(a)[xl,xg] + (2Aa + Ad(M)) ([5(x1),x2] + [xl,a(xz)])
+2alq, [, %)) + A2([02(xr), 2] + [r1, 62 (3x2)] + 208(x1), 6(x2)])
+2A[q, [6(x1), x2] + [x1,0(x2)]] + A16(q), [x1, x2]]
+ (9,1, [va, %2]1]) e, o] = [, o] (Ge) v, ] + 26 ([60xn), 2] + [, 6(x2)] )

n

+ (8% (x1), 2] + [x1,0%(x2)] +2[6(x1), 8(x2)]) } -

Then by Kharchenko’s theorem (see Theorem 14), we have that Q, satisfies

{ (F@)[xy,x2] + 220+ 28(1)) (v, x2) + [x1,12])
+2alg, [x1,%2]) + A% ([t x2] + [, ta] + 20y, 92])
+2A[q, [y1, x2] 4 [x1, y2]] + A[6(q), [x1, x2]] (3.19)

+ (9, lq, [ x2]]] ) e, x2] = [xr, 2] (Ge) b, 2] + 26 [y, x2] + [, 2]
+ [t x2] + [, 2] + 201, 90] ) }
Fory; =y, = t1 = tp = 0in (3.19), we have that
{(F@)lxy, 2] + 2alg, [x1,x2] + Al6(q), [0, %2]] + [9, g, [0, %]]]) [x1,x2]
(3.20)
- [, %l Gle)bx, %]}

is a generalized identity for Q,. Rearranging the terms in relation (3.20) appropri-
ately, we may state that Q, satisfies

{al[xl,xz]z + [x1, x2]az[x1, x2] + az[x1, x2]as[x1, x2] }n (3.21)

where a1 = F(a) +2aq + Ad(q) + ¢%, a2 = g*> — Aé(q) — G(c), a3 = —2(a+ q) and
ay = q. Application of Lemma 8 to relation (3.21) implies that either a3 € Coray € C.
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If a3 € Cthena+q € Cand F(x) = Ad(x) + xa, for any x € R. Moreover, (3.21)
reduces to

n
{ﬂl[xL )% + [x1, x2) (a2 + azas)[x1, xz]}
and, by Lemma 7, it follows a; = —a; — azay € C, thatis
0 = a1 +ap + azas = F(a) — G(c).

e F(x) = Aé (/\é(x) + xa) + (M(x) + xa) a=

AS(A)S(x) 4 A%62(x) +2A8(x)a + Axd(a) + xa® =
AS(A)6(x) 4+ A%62(x) +2A8(x)a + x(a® + Ad(a)) =
AS(A)S(x) 4+ A%62(x) +2A8(x)a + xG(c).

Then, by (3.3), we have that Q; satisfies

{(r0)(00x0) 22 + 1, 02)
+ A2([6%(x1), 2] + [x1,6%(x2)] + 2[0(x1), 8(x2)])
+ 2A([6(x1), x2] + [x1,0(x2)])a + [xl,xz]G(c)> [x1, x2]

— [x1, x2] (G(c) [x1, 2] + 26([(5(x1),x2] + [xl,é(xz)D
(82 (e1), 2] + e, 82 (x2)] 4+ 2[8(x0), 6(x2)] )}

that is

{ (A(S(A) ([y1, x2) + [x1,92])
+ A% ([t x2] + [x1, t2] + 2[y1, 2]

+Uﬂmwﬂ+hbmW0hbn]

= o, 2] (26 ([, 2] + [, 2]
+ [t x2] + [, 2] + 201,90 ) |

is a generalized identity for Q,. For t, = y; = y» = 0 it follows that Q, satisfies the
polynomial identity
n
{/\z[fllxz][xllxz] - [x1/x2][t1/x2]} . (3.22)
It is well known that in this case there exists a field K such that Q, and the matrix ring
M, (K) satisfies the same polynomial identities. Of course we may assume n > 3. For
X1 = e1p, X2 = ex, t = ez — ep1 in (3.22) we get the contradiction (A%ex — e17)" = 0.
Let now a4 € C, which means thatd = Ad and F(x) = ax + Ad(x), for any x € R.
In this case (3.21) reduces to

{(a1 + azay) [x1, x2)* 4 [x1, x2]az[x1, x2] }n
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and, by Lemma 7, it follows a; + azay = —ay € C. Therefore, once again we have
0 =ay +ay +azay = F(a) — G(c).

Moreover, since q,5(q) € Cand a; = g*> — A5(q) — G(c) € C, it follows that G(c) € C.
Therefore

Pz(x) (ax—l—/\(S )—i—)\&(tzx—i—)té ):

AS(A)6(x) + A262(x) + 2Aad(x) 4 (8> + Aé(a))x =

(
(

)+
AS(M)6(x) + A%0%(x) +2Aad(x) + G(c)x =
AS(A)3(x) + A28%(x) +2Aa8(x) + xG(c).
By (3.3), one has that Q, satisfies
{ (P00 (80x0) 22 + 11,8052
+A2([52(x1) 2] + [x1,52(Xz)] +2[6(x1),0(x2)])

+2Aa([6(x1), x2) + [x1,0(x2)]) + [xl,xz]G(c)> [x1, 2]

~ [l (G(O) vy, 2] + 20 ([0(x0), x2] + [x1,6(x2)])
183 0), 3] + [0, ()] 4200 (x1), 6(x2)]) |

that is

{ <A§(/\) (ly1, x2] + [x1,2])
+ A2 ([tr, x2] + [x1, t2) +2[y1, 12))

+ 2/\a([y1,x2] + [xl,yz])> [x1, x2]

— [x1,%2] (20([%/9(2] + [x1,y2]>
+[txa] + [, o] + 2090 ) |

is a generalized identity for Q,. For t, = y; = y» = 0 it follows that Q, satisfies the
polynomial identity

n
{ W20t x2) 1, %3] = [1, 32) 11, 2] |
which implies the same above contradiction (see relation (3.22)).

We finally assume that 4 and ¢ are linearly C-independent modulo inner deriva-
tions of Q,. Applying Kharchenko’s theorem (see Theorem 14) to identity (3.3), it
follows that Q, satisfies

{(F@) o, 2] 2 ([ys 22] + [x1,92]) + 2] + e, 2] 4201, 2] ) [, 22

~ [, %2l (G(0) ey, ) + 20 Iy 32 + [, 2]) ) + [, 2] + I, ta] + 200,92 ) |
(3.23)
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In particular, for y; = y» = t; = t, = 0 in relation (3.23),

{F@x % - (v, %]}

is a generalized identity for Q,. Again by Lemma 7, we get F(a) = G(c) € C and
(3.23) reduces to

{ (20 (o, x2) + e, val) + 2] + bxn, 2] + 20y, a] ) [, )

; (3.24)
= b3l (2e([yn, ) + e, a)) ) + [t 2]+ [ ol + 20, w2 ) |-

For y; = y» = t = 0in (3.24), it follows that Q, satisfies the polynomial identity

{ (it %)l %2] = [, )l 22] )

which leads us to the same previous contradiction. O
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Chapter 4

Nil sets defined through
generalized derivations having
homomorphism-like behavior.

In [4, Theorem 3] Bell and Kappe prove that if d is a derivation of a prime ring R
which acts as a homomorphism or anti-homomorphism on a non-zero right ideal of
R, then d = 0 on R. Later Ali et al. in [1] extend this result to Lie ideals of 2-torsion
free prime rings. More precisely they prove that if L is a non-central Lie ideal of R
such that u? € L, forallu € L and d acts as a homomorphism or anti-homomorphism
onL,thend = 0.

In [57] Wang and You eliminate the hypothesis u? € L,Vu € L and prove the same
result in [1].

Recently in [54] Rehman studies the case when the derivation d is replaced by a
generalized derivation g. He proves that if R is a 2-torsion free prime ring and g
acts as a homomorphism or an anti-homomorphism on a non-zero ideal of R, then
R must be commutative.

In [27] Golbasi and Kaya prove a similar result for Lie ideals. More precisely they
proved the following: Let R be a prime ring of characteristic different from 2, ¢ a
generalized derivation of R, which is associated with the derivation d, L a Lie ideal of
Rsuch thatu? € Lforallu € L. If g acts as a homomorphism or anti-homomorphism
on L, then either d = 0 or L is central in R. More recently in [16] De Filippis proves
the following result: let R be a prime ring, L a non-central Lie ideal of R and F a
non-zero generalized derivation of R. If F acts as a Jordan homomorphism on L,
then either F(x) = x for all x € R, or char(R) = 2, R satisfies the standard identity
s4(x1, x2, X3, x4), L is commutative and u? € Z(R), for any u € L.

Starting from the results just mentioned, in this chapter we intend to continue along
this line of research and to prove the following theorem:

Theorem 23. Let R be a prime ring of characteristic different from 2, Q its right Martindale
quotient ring, C its extended centroid, L a non-central Lie ideal of R, n > 1 a fixed integer,
F and G two generalized derivations of R. If (F(xy) — G(x)G(y))" =0, forany x,y € L,
then there exists A € C such that F(x) = A%x and G(x) = Ax, for any x € R.

We firstly fix the following easy result:

Lemma 11. Assume that
{F(xy) - G(x)G(y)}" =0, Vx,y € [R,R]. (4.1)

Then F = 0 if and only if G = 0.
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Proof. 1f it were F = 0 in (4.1) we would have

{( e} =0

in particular, for [x1, x2] = [y1, 2]

{G([xl,xz])}Zn =0.

In this case, by [48, Theorems 1 and 3], it follows G = 0.
On the other hand, if it were G = 0 in (4.1), it would follow that

{F(xy)}" =0, Vx,y € [R,R].

In this case, once again by [48, Theorems 1 and 3], we would conclude F = 0. O

4.1 Inner generalized derivations.

In this first section we will prove Theorem 23 in the case F and G are both inner
generalized derivations and L = [R, R]. Thus we assume

F(x) = ax + xb, G(x) = cx + xu

for all x € R, for suitable fixed elements a,b,c,u € Q,. Under this assumption, R
satisfies

D(x1,x2,Y1,Y2) =

{ (e mlon ]+ G slon el ) = (el e e ) (clyn el + o el }

(4.2)
Here, our aim is to prove the following result

Proposition 9. If R satisfies (4.2), then b,c,u € Cand (a +b) = (c 4+ u)>.

Lemma 12. If R does not satisfy any non-trivial generalized polynomial identity, then
a,b,c,u € Cand (a+b) = (c+u)

Proof. Let T = Q, *¢c C{X} be the free product over C of the C-algebra Q, and the
free C-algebra C{X}, with X the set consisting of non-commuting indeterminates
X1,X2,Y1,Y2. By our hypothesis, ®(x1,x2,y1,Y2) is a trivial generalized polynomial
identity for R, thatis ®(x1,x2,y1,¥2) =0 € Q, x¢c C{X}.

We denote
¥ (x1,%2,Y1,Y2) =
(a[xl,xz] [y, v2) + [xl,xznyl,yzw) - (e[xl,xz] 4 [mﬂu) (e[yl,yz] T [mﬂu)
4.3)
hence

D(x1,x2,y1,Y2) = ¥ (x1,x2,¥1,42)"
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whence R satisfies

¥ (x1, x2,y1,42)" - { <ﬂ[x11x2][}/1/y2] + [xlfxz][ylrm]b> —

(el x2] + [0, x2Ju) elyn, vl + [yl,yzm} _

Y (x1, %2, 51, y2)" - (ﬂ[xlrxﬂ — (c[x1, x2] + [xlfo]”)C> (Y1, y2]+
¥ (x1, x2,y1,42)" - ([xlfxz] [y1/y2]>b+ (4.4)

— W (xq,x0,y1,y2)" L (C[xl,xz] + [X1,x2]u> (Y1, yo|u.

If {1,b,u} is linearly C-independent then

Y (x1, x2,y1,¥2)" 1 <C[x1,xz] + [xl,xz]u> Vi, y2Ju=0€T

and again
¥(x1,%0,y1,p2)" ' =0€T.

Continuing this process, we will have
Y(x1,x2,y1,42) =0€T

namely

(a[xl,xz] ~ (el 2] + [xl,x21u>c) ol +
(4.5)

[xl,xQ][yl,yz]b — (c[xl,xz] + [xl,X2]1/l) [yl,yz]u =0eT.

This leads to the contradiction [y, y2]u =0 € T.
Then {1,b,u} is linearly C-dependent, that is u = Ab+ p, for some A,y € C. It
follows from (4.4) that

¥ ) (ol 2] = (el ) + ey 2alie ) vl +

Y (x1, x2,51,92)" - <[x1/x2] [y1,y2] — (c[x1, x2] + [xlfxz]”))\[ylfyﬂ)“ (4.6)
— ¥ (x1, 20, y1,12)" " (C[xlzxﬂ + [xlfo]“) uly,y2] =0€T.

Ifb ¢ C, from (4.6) it follows

¥ v n0)" (sl el = (e 32+ [, el ] ) =0 € T

hence
T(Xl,XZ,yl,yz)n_l =0eT.
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As above, continuing this process we will have ¥(x1,x2,v1,¥2) = 0 € T, then we
return to (4.5), in which u = Ab + y, that is

<a[x1,xz] — (c[x1, x2] + [xllXZ]u)C> [y1, y2]+
(s va] = (el 22 + [ el ] o
— (c[xl,xz] + [xl,xz]u)y[yl,yz] =0eT.

Since b ¢ C, it follow that
[x1, 221, y2] = (c[x, x2] + [x1, x2]u)A[yr, y2] =0 € T
implying the contradiction
[x1, x2] — A(c[x1, x2] + [x1, x2]u) =0 € T.
We can therefore admit b € C, so u € C as well. The (4.3) reduces to the
¥ (x1, 22, y1,92) = a'[x1, 2] [y, y2] — 21, x2] [y1, v2] (4.7)
wherea’ =a+band ¢’ = ¢+ u. So

a'[x1, %) [y1, va] - ¥ (x1, %2, y1,y2)" 1+

! ! n—1 (4'8)
—c'[xy, 0] [y, y2] - ¥ (x1,x0,y1,2)" =0€T.
If {a’,c'} were linearly C-independent we would have
[x1, %) [y1, y2] - ¥ (x1, x2,y1,92)" 1 =0€T
hence
T(x1/x2/ ]/14/2)”71 =0eT.
Continuing, as above, we get
T(x1/x2/]/1/ yZ) =0eT
namely
a'[x1, %] [y1, y2] — ¢ [x1, %2)c' [y1, 2] =0 € T
hence
a'[x1, %)y, 2] =0€T
which would be a contradiction.
So ¢’ = na’, for some 7 € C, and (4.8) becomes
a ([xLXZ] [y1,y2) - ¥ (x1, %2, 11, 92)" 1=
(4.9)

72 [x1, x2)a’ [y1, 2] -‘F(x1,xz,y1,yz)”1> =0eT.
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If a’ ¢ C, from (4.9), it follows

[y, y2] - ¥ (x1, 22, y1,12)" L = 7%a [y1, vo] - ¥ (a1, x0,y1,2) L =0€ T

which implies
T(Xl,XQ,yl,yz)n_l =0eT.

As previously done, we get
T(XLXZ, y11y2> =0 S T

namely
a'[x1, x2) [y1, y2] — 2 [x1, x2)a' [y1, ya) =
a'[x1, %) (1= ?a)[yr,y2] =0 € T

hence it follows
(1= )y, 2] =0€T

which contradicts the fact that a’ ¢ C.
Therefore both ' € C and ¢’ € C. Now, by (4.7),

Y (x1, %2, y1,12) = (@' — ) [x1, %2) [y1, 2]

2

It must be a trivial generalized polynomial identity for R, so thata’ = ¢’*, as required.

O]

Proof of Proposition 9

In light of the previous argument, we may consider the case when ®(x1, x2, ¥1,12)
is a non-trivial generalized polynomial identity for R as well as for Q,. In view of
[22, Theorem 2.5 and Theorem 3.5], we know that both Q, and Q, ® C are centrally
closed, where C is the algebraic closure of C. We may replace Q, by itself or Q, @, C
according as C is finite or infinite. Therefore we may assume that Q, is centrally
closed over C which is either finite or algebraically closed. By Martindale’s theorem
[49], Q; is a primitive ring having a non-zero socle H, with C as the associated divi-
sion ring. In light of Jacobson’s theorem [33, page 75], Q, is isomorphic to a dense
ring of linear transformations on some vector space V over C. Moreover we may
assume both Q, and H non-commutative, otherwise also R must be commutative.
Notice that H satisfies the identity (4.2), see for example [40, proof of Theorem 1].
Since H is a simple ring then one of the following holds: either H does not contain
any non-trivial idempotent element or H is generated by its idempotents.

In this last case, suppose that ¢> = e € H and let [x1,x2] = [e,7(1 —e)] = er(1 —e),
V1, 2] = [e,s(1 —e)] = es(1 —e), for r,s € H. Hence, by relation (4.2), we have

{ <cer(1 —e)+er(l— e)u) (ces(l —e)+es(1— e)u> }" = 0. (4.10)

n
Right multiplying by e, it follows <er(1 —e)ues(1 — e)u> e = 0. In particular,

2n+1
this implies ((1 - e)uer> = 0, for any r € H. Hence (1 — e)ueH is a nil right

ideal of bounded index. Thus, by a well known result which is attribuited to Levitzki
(for a proof see [24] and pp. 1-2 in [31] ), (1 — e)uer = O for any r € H. By the
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primeness of H it follows that (1 — e)ue = 0, for any idempotent element e € H,
which implies u € C.

On the other hand, if H does not contain any non-trivial idempotent element, then
H is a finite dimensional division algebra over C and u € H = RC = Q. Notice that
if C is finite then H is a finite division ring, that is H is a commutative field and so R
is commutative too, a contradiction.

Hence C is infinite and H ®¢ F = M, (F), where F is a splitting field of H. In this case,
a Vandermonde determinant argument shows that (4.2) is still an identiy for M, (F).
As above one can see that u commutes with any idempotent element in M, (F), then
ceF.

Therefore, in any case, (4.2) reduces to

{ (a[xl,xz][yl,m + [, ] [ym]b) (et )y, 1) (e + 1) 91, v2] } @11)

Since Q; is not commutative, we may assume dimcV > 2. If we suppose there
exists v € V such that {v, bv} are linearly C-independent, then, by the density of Q,,
there exist r1, 72, 81,52 € Q; such that

rio=20 rv=>bv, rbv=rov

$19 =0, s$v=v, $1bv=0, sbv=0

which implies the contradiction

0= {a[rl,rz][sl,sz] + [1’1,1’2][31,52]b — (C + u)[rl,rz](c + M)[Sl,SZ]}nU = 0.

Therefore {v, bv} are linearly C-dependent, for any v € V, implying that b € C and
Q; satisfies

{(a +b) ey, %2l [y, 2] — (e + u)[xl,xz]<c+u>[yl,yz}}". (412)

Once again, lete? = e € H and [x1,x2] = [e,7(1 —e)] = er(1 —e), [y1,y2] = [e,s(1 —
e)] =es(1—e), forr,s € H. Therefore, by (4.12),

{(c +u)er(l—e)(c+u)es(l —e) }n.

2n+1
As above, ((1 —e)(c+ u)er> =0, forany r € H, implying that (1 —e¢)(c+u)e =

0, for any idempotent element e € H, thatis c + u € C. Moreover, by using the same
above argument, if H does not contain any non-trivial idempotent element, then H
is a finite dimensional division algebra over C and c + u € C follows again.

We have finally obtained the following identity for Q,:

n

{ ((a +b) — (c+ u)2> [x1, x2] [y1,yz]} : (4.13)

Notice that, since Q, is not commutative then the polynomial [x1, x2][y1, y2] cannot
be central valued on Q,. Therefore (a + b) — (c +u)? = 0 follows from [48, Theorems
1 and 3].
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Proof of Theorem 23

We consider now the more general situation and write F(x) = ax +d(x), G(x) =
cx+6(x), forall x € R, where a,c € Q, and d, ¢ are derivations of R.

We also recall that, since L is not central and char(R) # 2, then there exists a non-
zero ideal I of R such that 0 # [I,R] C L. Therefore, in light of the hypothesis
Theorem 23 we have that there exists a non-central ideal I of R such that

{F(uv) — G(u)G(v)}" =0 VYu,0 e [L1].

Since R and I satisfy the same generalized differential identities , we may assume
that

{F(lx1, 22 ly1,y2]) — G([x1, x2) G([yr, va]) }* (4.14)

is an identity for R.

We remark that Proposition 9 shows that the result holds in the case the maps
F and G are ordinary generalized inner derivations. The goal of this final step is to
prove that the above mentioned cases are the only one that can actually arise. For
this reason, in the rest of the proof we assume that d,  are not simultaneously zero
and also that d, § are not simultaneously inner derivations, proving that a number of
contradictions occurs. Moreover we may assume that R is not commutative.
By (4.14), R satisfies

{ (sl et sl ) ) = (oo ) ) (e el 00 ) )

(4.15)
then R satisfies
{a[xl,xﬂ by, val + (d(xnxz T xid(xa) — d(x2)m — x2d<x1>) 1, 2l
T [ x) <d(y1)y2 +yrd(y2) — d(y2)yn — yzd(y1)>
(4.16)

— (c[xl,xz] +0(x1)x2 + x16(x2) — d(x2)x1 — xzé(x1)> :

: <C[y1,yz] +0(y1)y2 +y16(y2) — 0(y2)y1 — yzé(y1)> } :

In light of Lemma 11, in all that follows we can therefore always assume both
F#0and G # 0.

Letd # 0 and J # 0 be linearly C-independent modulo Dj;.

In this case, by (5.63), R satisfies
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{H[XLXZ] [V1,y2] + (flxz + x1tp — trx1 — xzh) [y1, 2]

+ [x1, x2] <t3y2 + Y1ty — tay1 — y2t3>
(4.17)

— (C[xl, Xo| 4+ z1X2 + X122 — 2pX1 — x221> :

: (C[ylfyz] + Z3Y2 + Y124 — 24Y1 — y223) } .

In particular, R satisfies {[t1, x2][y1,y2] }". In particular R satisfies [t1, x2]*", which
is a contradiction, since we assume R is not commutative.

Letd # 0 and § # 0 be C—linearly dependent modulo Djy.

Here we assume that there exist A, 4 € C and q € Q, such that Ad(x) + ud(x) =
gx — xq for all x € R.

* We firstly study the case 0 # A € Cand 0 # u € C.

Denote 7 = —p~'Aand p = pu!q. So é6(x) = nd(x) + px — xp for all x € R.
Therefore by (5.63), Q; satisfies

{ﬂ[xlfxz] 1, y2] + (d(xl)xz + x1d(x2) — d(x2)x1 — xzd(x1)> [y1, 2]
+ [x1, x2] (d(yl)yz +y1d(y2) —d(y2)ya — yzd(%))
- <C[x1/x2] + (d(x1) + px1 — x1p)x2 + x1(d(x2) + px2 — x2p)

(4.18)
— (7d(x2) + px2 — x2p)x1 — x2(nd(x1) + px1 — le)) :
: (C[yllyz] + (d(y1) + pyr — vap)y2 + y1(nd(y2) + py2 — y2p)
— (nd(y2) + py2 — y2p)y1 — y2(nd(y1) + py1 — ylp)> } :

In case d is an inner derivation of R, then ¢ is an inner derivation and we get a
contradiction.
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Thus we assume that 4 is not inner. By (4.18) Q, satisfies

{ﬂ[xl,xz] ly1,y2] + (flxz + X1t — trx1 — xzh) (Y1, 2]

+ [x1, x2] <21]/2 + Y122 — 221 — y221>

— <c[x1,x2] + (1t + px1 — x1p)x2 + x1(nt2 + px2 — x2p)

(4.19)

— (nta + px2 — xop)x1 — x2(t1 + px1 — x1p)> -
: (dyl,yz] + (121 + py1 — vap)y2 + ya(nz2 + py2 — y2p)
— (nz2 + py2 — yop)y1 — y2(nz1 + py1 — ylp)> } :

In particular, R satisfies 12" [t1, x]*"

contradiction.

. Since 7 # 0, it means R is commutative, a

e Assume now A = 0.

Hence 6(x) = px — xp for all x € R, where p = u~'g and d is not inner.
Then, by relation (5.63), Q, satisfies

{a[xl,Xz] [y1,y2] + (d(xl)Xz + x1d(x2) — d(x2)x1 — xzd(Xl)) [y1, 2]
t [, x] (d(yl)yz +yid(y2) — d(y2)y — yzd@l))

- <C[x1/x2] + (px1 — x1p)x2 + x1(px2 — x2p) — (px2 — X2p) X1 — X2(pX1 — le)) '

- (C[ylfyz] + (py1 — y1p)y2 + y1(py2 — y2p) — (py2 — yap)y1 — y2(py1 — ylp)> } :

(4.20)
Since d is outer, it follows that Q, also satisfies

{ﬂ[xbxz] [v1, 2] + <f1x2 + X1ty — trx1 — xzfl) [y1, 2]
+ [x1, x2] <Zly2 + 122 — 22Y1 — y221>

- <C[x1/x2] + (px1 — x1p)x2 + x1(px2 — x2p) — (px2 — X2p) X1 — X2(PX1 — le)) :
- <C[y1,yz] + (py1 — yip)y2 + y1(py2 — y2p) — (py2 — yap)y1 — y2(py1 — ylp)> } :

421)
In particular, R satisfies [y1,12]*", which is a contradiction, as above.

* Thecasepy =0

Here d(x) = px — xp for all x € R, where p = A~!g and J is not inner. Starting from
(5.63), Q, satisfies
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{ﬂ[xlzxﬂ [y1,y2] + ((le —x1p)X2 + x1(px2 — x2p) — (px2 — x2p)x1 — X2(px1 — le)) [y1,y2]
+ [x1, x2] ((pyl —vap)y2 +y1(py2 — y2p) — (py2 — y2p)y1 — v2(py1 — y1P>>

— (c[xl,xz] + (S(JC])XZ + Xl(S(xz) — 5(x2)x1 — XQ(S(X])) .

: <C[y1ry2] +0(y1)y2 +y19(y2) — 6(y2)y1 — yzé(y1)> } :

(4.22)
Since ¢ is outer, one has that Q, satisfies

{ﬂ[xlfxz] 1, y2] + ((le — x1p)x2 + x1(px2 — x2p) — (px2 — x2p)x1 — X2(px1 — le)) [y1, 2]
+ [x1, x2] ((Pyl —y1p)y2 +y1(py2 — y2p) — (py2 — y2p)y1 — ya(py1 — ylp))

— (c[xl, X2] + z1%0 + X129 — zoX1 — xzzl) .

: <C[y1,yz] + 23Y2 + Y124 — ZaY1 — y223) } .

(4.23)
In particular, R satisfies [z3, yz]Z”, a contradiction again.
In order to conclude the proof, we have to study the last two case: either d = 0 or
0=0.
Suppose firstly d = 0 and J not inner. In this case, by (5.63), R satisfies

{a[xl, x2ly1, y2] — <C[x1, X2| 4+ z1X2 + X122 — 22X — x221> :

; (4.24)
: <C[]/1,y2] + 23Y2 + Y124 — Zay1 — y223> } :
In particular it follows the contradiction that R satisfies [z3, y2]*".
Finally suppose § = 0 and d not inner. In this case, by (5.63), R satisfies
{a[xl, x2|[y1, yo] + (Z1x2 + X122 — 22%1 — xm) [y1, v2]
" (4.25)
+ [x1, %] <23y2 + Y124 — Z4y1 — y223> - <c2 [x1, x2] [yl,yz]> } :
Thus, the contradiction that R satisfies [y1, y2]?" follows again. ]

As consequences of Theorem 23, we have the following two corollaries:

Theorem 24. Let R be a prime ring of characteristic different from 2, Q, its right Martindale
quotient ring, C its extended centroid, L a non-central Lie ideal of R, n > 1 a fixed integer,
F a non-zero generalized derivation of R. If (F(xy) — F(x)F(y))n =0, forany x,y € L,
then F is the identity map on R.
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Theorem 25. Let R be a prime ring of characteristic different from 2, Q, its right Martindale
quotient ring, C its extended centroid, n > 1 a fixed integer, F and G two generalized
derivations of R. If (F(xy) — G(x)G(y))" = 0, for any x,y € R, then there exists A € C
such that F(x) = A?x and G(x) = Ax, for any x € R, unless when R is commutative.

4.2 The semiprime case

The following example illustrates that Theorem 23 does not hold for semiprime
rings.

Example 1. Let A be a non-commutative prime ring with unit. We define the sets

R:{(S 3) :x,yEA},
L:{(’é 8) :xeA}.

It is very easy to prove that R is a prime ring and L is a non-central Lie ideal of R.
Moreover, let F: R —+ Rand d : R — R be two additive maps defined as:

(5 0)-103)(5 7))
(0 y)=(on)(53) (5 4)=(5 wa)

forsome g € A\ Z(A).

Notice that d is a derivation of R and F is a generalized derivation of R associated
with d, thatis F(x) = ax +d(x), forall x € ( g 3 >,witha = ( (1) 8 )

Now, we define R’ = R & M;(K), where K is a field, and consider the maps

d R@Mz(K) — R@Mz(K)

d(X,Y)=(d(X),0) VXeR,YeM(K)

and
F':R D Mz(K) — R Mz(K)

F(X,Y) = (F(X),O) VX € R, Y € My(K).
By suitable calculations, we get that for all X3, X, € Rand Y, Y, € Mz (K):

d/<(X1,Y1) . (Xz,Yz)) = d,(X1,Y1) . (XQ,YQ) + (X1,Y1) . d/(XZ,Y2>

and
F’((Xl,Yl) - (Xa, Y2)> =F(X1, Y1) (X2, Y2) + (X1, Y1) - d' (X2, Y2)

thatis F/ isa generalized derivation of R associated with d'. Moreover, if we consider
a = (a,0) € R® M(K), we can notice that F/(X) = a'X + d'(X), for all X €
R ® M, (K).

Let N = [Mz(K), M2 (K)] be the additive subgroup of M;(K) generated by {[X, Y] :
X,Y € My(K)}. Since N is a non-central Lie ideal of M, (K), we obtain that (L, N) is
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a non-central Lie ideal of R’.
In particular, for all X = (X3,Y1),Y = (X, Y2) € (L, N), we have

F'(X) = F/(X1, 1) = (F(X1),0) = (X4,0)

F(XY) = P’((Xl,Yl)(Xz,Y2)> = F'((Xle,Y1Y2)> = (F(X1X3),0) = (X1 X,,0)

that is
F(XY)—-F(X)F(Y) =0.

Therefore the condition of the Theorem 24 is satisfied by the elements of the non-
central Lie ideal (L, N) of the semiprime ring R’. Since F’ is not the identity map, we
get that the previous theorem does not hold for semiprime rings.

In light of the previous example, we now consider the case when R is semiprime
of characteristic different from 2.

Theorem 26. Let R be a semiprime ring of characteristic different from 2, L a Lie ideal of
n
R, F a generalized derivation of R such that <F(xy) - F(x)F(y)> =0, forall x,y € L,

with n > 1 a fixed integer. If F(x) = ax +d(x), for all x € R, for some a € Q,, where d is
a derivation of R, then one of the following holds:

1. L C Z(R);
2. d(L) = (0), (a —a®)" = 0and [a, L] = (0);
3. R contains a central ideal generated by d(L) and [L,d(R)] = (0).

Remark 7. If one refers to the Example 1, it is possible to notice that the ring intro-
duced in the example in question is semiprime, the generalized derivation F’ intro-
duced in the same example satisfies the assumptions of Theorem 26 and furthermore
let the element 4’ that the derivation d’, through which the generalized derivation F’
is constructed, satisfy the conditions specified in conclusion 2 of Theorem 26, since

e qd —d?>=0
* d'((L,N)) = (d(L),0) = (0,0)
e [, (L,N)] = [(a,0), (L, N)] = ([a, L], [0,N]) = (0,0)

The following example demonstrates that R to be semiprime is essential in the
hypothesis of Theorem 26.

Example 2. Let A be a non-commutative ring with unit. We define the following

ring:
R = . tx,yeA
= 0 ) XY .

Notice that, for all X = ( g % ),

(33)x(22)

<
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It implies that R is not semiprime. Consider the following set

() xeal

Itis a non-central Lie ideal. Let F : R — Rand d : R — R be two maps so defined:

(5 8)=1lo0)(a5)= (s 7)
) =Coa) () (58)-(5 %)

F is a generalized derivation of R with d associated derivation. Then, the follow-
ing hold:

e d(L) #0and F(L) #0
e XY =0,forall X,Y €L
e F(X)F(Y) =0, forall X,Y € L.

They imply that R satisfies the hypothesis of the Theorem 26, even if none of the
conclusions occurs.

In this final section we then consider the case when R is a semiprime ring of
characteristic different from 2, F is a generalized derivation of R and L a Lie ideal of

n
R such that <F(xy) — F(x)F(y)) =0, forallx,y € L, withn > 1a fixed integer. We

can assume that there exista € Q, and d a derivation of R such that F(x) = ax +d(x),
for all x € R, so that L satisfies

<axy +d(xy) — axay — axd(y) — d(x)ay — d(x)d(y)> . (4.26)

Proof of Theorem 26: Let P be a prime ideal of R such that R/P has characteristic
different from 2. Suppose [L, R] Z P and denote R =R/Pand L = L/P;in this case,
[L,R] # 0.

If d(P) C P, then F induces a canonical generalized derivation F on R; therefore, by
main assumption of this section, (F(xy) — F(X)F(y))" = 0, for all X, € L. Since L
is a non-central Lie ideal of the prime ring R, by Theorem 23, d(R) = 0 and either
aR =0orax —x = 0.

On the other hand, since L satisfies (4.26), if d(P) € P, for x = y = [x1p, x2|, with
x1 € R,pe Pand x; € L, we get

2n
[xld(m,xz] ~0 (427)
forall x; € Rand x, € L, thatis
2n
[Rd(P),L} 0. (4.28)

Since P is a prime ideal, we can assume that Rd(P) £ P otherwise either R C P
or d(P) C P (in both cases a contradiction); in this case, by (4.28), since R is a prime
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ring and Rd(P) is its ideal, we get [L, L] = (0), that is [L, R] C P, a contradiction.
Therefore, for any prime ideal P, we have the following cases:

Case 1: d(P) C P. In this case, d(R) C P and, since d(L) C d(R), we obtain
[d(L),R] C P.

Case 2: [L,R] C P. By replacing x = y[u,r| in (4.26), forall u € L,r € R, we get

(ﬂ@ﬂoﬁza

By our assumption, it implies [d(u),7] = 0, that is [d(L), R] = 0, therefore, also in
this case, [d(L),R] C P.

Therefore, for all prime ideal P of R, [d(L),R] C P, thatis [d(L),R] = (0). Firstly,
assume d(L) # (0), then R contains a central ideal generated by d(L). Moreover,
both Case 1 and Case 2 lead to [L,R]d(R) C P, for all prime ideal P of R, that is
[L,R]d(R) = (0); it implies [L,d(R)] = (0).

On the other hand, if d(L) = (0), the identity (4.26) becomes

(axy — axay) =0 (4.29)

for all x,y € L. As above, if we denote R=R/Pand L =L/P, fora prime ideal P
of R, it follows

n

(axy — axay> =0 (4.30)
forall x,y € L. If L C Z(R), then

@) () =0
for all x,y € L. In this case, (@ — @*)" = 0, that is (a — a?)" € P.
If L ¢ Z(R), then, by Proposition 9, @ € Z(R) and @ = @>, that is [a,R] C P and
(a—a?) € P.
Therefore, in any case, for all prime ideal P in R, (a — a?)" C P and either [L,R] C P

or [a,R] C P. It means that, for all prime ideal P of R, we have (a — a?)" C P and
[a,L] C P, so that we conclude [, L] = (0) and (a — a?)" = 0, as required.
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Chapter 5

Nil sets defined through
generalized skew derivations
having Jordan-like behavior.

Recently, in [39], Kosan and Lee extended the concept of generalized derivations and
introduced the definition of b-generalized derivations, with associated derivation d.
More precisely, F is a b-generalized derivation of R if F(xy) = F(x)y + bxd(y), for all
X,y € R, where d is a derivation of Rand b € Q,.

Later, in [19] and [18], the previous definitions are generalized by the concept of
X-generalized skew derivation F : R — R, with associated term (b, «, d), that is, that
additive map F on R such that

F(xy) = F(x)y + ba(x)d(y)

for all x,y € R, where d is a skew derivation of R with associated automorphism «
of Rand b € Q.

Another class of maps, related to the concept of derivations, is that of Jordan deriva-
tions. We say that the additive map d : R — R is a Jordan derivation if d(x?) =
d(x)x + xd(x) holds for all x € R. A well known result by Herstein [29, Theorem
3.1] shows that if R is a prime ring with characteristic different from 2, derivations
and Jordan derivations coincide. In [3], Awtar generalizes Herstein’s result to Lie
ideals. More precisely, if R is a prime ring with characteristic not two, L is a Lie ideal
of R and d is an additive mapping such that d(x?) = d(x)x + xd(x) holds for all
x € L, then d is a derivation of R. Recently, in [47, Theorem 2.2] TK. Lee and J.H.
Lin gave a complete characterization of Jordan derivations of prime rings, proving
that, for a prime ring R, an additive map 6 : R — Q; is a Jordan derivation if and
only if there exist a derivationd : R — Q, and an additive map y : R — C such that
8§ =d+yand u(x?) = 0, for all x € R. In literature, generalized derivations and
generalized skew derivations acting as Jordan-like maps in prime rings have been
extensively studied by several authors.

For instance, let f(x1, ..., x,) be a non-central multilinear polynomial over C and S
the set of all the evaluations of f(xy,...,x,) in R. In [53], Prajapati, Tiwari and Gupta
describe the forms of b-generalized derivations F, G, H of R, under the assumption
that F(x?) — G(x)x — xH(x) = 0, for any x € S. More precisely:

Theorem. Let R be prime ring of characteristic different from 2, Q, be right Martindale
quotient ring of R with extended centroid C and f(x,...,x,) be a non-central multilinear
polynomial over C. Suppose that F, G and H are b-generalized derivations on R such that

F(u)u — uG(u) = H(u?)
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forall u € f(R™) then one of the following holds:

(1) there exist &« € C, a,c,c’ € Qy such that F(x) = ax + xc + ax, G(x) = cx + xc
and H(x) = ax — xc' + ax forall x € R,

(2) there exista € Q,, ¢ € C such that F(x) = ax, G(x) = cxand H(x) = (a — ¢)x for
all x € R,

(3) f(x1,...,x,)?is central valued on R and one of the following holds:

(a) there exist « € C, a,c,c’ € Q, such that F(x) = ax + xc + ax, G(x) =
cx+xc"and H(x) = [t,x] + x(a +a — ') forall x € R,

(b) there exist o' € C, a’,b,w € Q, such that F(x) = a'x, G(x) = a'x and
H(x) = b[x,w] + (a' — a’)x forall x € R.

Recently, in [52] Pandey and Scudo study the complete structure of X-generalized
skew derivations F and H of R, in the case H(x?) — F(x)x — xF(x) = 0, forany x € S.
More precisely:

Theorem. Let R be prime ring of characteristic different from 2, Q, be right Martindale
quotient ring of R, C the extended centroid of R, x € Aut(R), d,  two skew derivations of
R with associated automorphism «. Let F and H be b'-generalized skew derivations on R
with associated term (b, a,d) and (V', w, 5) respectively, where a commutes with d and §.
Let f(x1,...,xy) be a non-central multilinear polynomial of R such that F(u)u + uF (u) =
H(u?) forallu = f(r1,...,74),71,--.,n € R then one of the following holds:

(1) F=H=0.
(2) there exist a,c € C such that F(x) = ax and H(x) = cx for all x € R with 2a = c.

(3) there exist a,b,c,d € Q, such that F(x) = ax + xb and H(x) = cx + xd for all
x € Rwitha—c,b—d,a+be Cand2(a+b) =c+d.

(4) there exist a,c € C with2a = cand b’ € Q, such that F(x) = ax + b'd'(x) and
H(x) = cx + b'd(x) forall x € R, where d(x) is a skew derivation associated with
automorphism « such that b'a(x) = xb’ for all x € R.

(5) f(x1,...,x,)%is central valued on R and there exist a,b,c,d € Q, such that F(x) =
ax + xband H(x) = cx + xd forall x € Rwitha+b € Cand2(a+b) = c+d.

Then in [56] Gupta and Tiwari analyze an identity involving three different X-
generalized skew derivations F, G, H of R, that generalizes the concept of Jordan
derivation. More precisely they give all possible forms of the maps F,G, H in the
case F(x?) — G(x)x — xH(x) = 0, for any x € S. More precisely:

Theorem. Suppose R is a prime ring with a characteristic not equal to 2, and Q, and C
represent the right Martindale quotient ring of R and the extended centroid of R, respectively.
If D1(P)P + PD,(P) = D3(P?) for every P = p(n1,...,1,) whereny,...,1n € R, and
Dy, Dy, D3 are three b-generalized skew derivations on R, and p(11, ..., 1) is a non-central
multilinear polynomial over C, then one of the following scenarios applies:

(i) there exist wy, wo, w3, wy € Q, such that Di(x) = wyx + xwy, Da(x) = wsx and
D3(x) = wyx with wy + w3 = —(wy — wy) € C;

(ii) there exist wy,wy, w3, wy € Qp and Ay, Ay € C such that D1(x) = wyx + xwy,
Dy(x) = (M — wa)x + xwy and D3(x) = (wy — A2)x + xws with Ay + Ay =
W3 — Wy,
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(iii) there exist wy, w3 € Qy, wy € C such that D1(x) = wix, Dy(x) = xwy and
D3(x) = wsx withwy, — w3 = —wy € C;

(iv) there exist wy, wo, w3, wy € Qy such that Dy(x) = wix, Da(x) = xwy and D3(x) =
w3x + xwy with w1 — w3 = wy +wy € C;

() p(n1,...,1n)? is central valued on R, then one of the following holds

(a) there exist wy,wy, w3, wa,q,b,p,w € Q, such that Di(x) = wix + xws,
Dy (x) = wax + xwy and D3(x) = gx + bpxp~! with wy + w3 = q + bw —
w1 —wy € C;

(b) there exist wy, wy, w3, ws,q,b, p,w € Q, such that D1(x) = wix + xws,
Dy(x) = wsx + xwy and D3(x) = gx + bpxp~! with wy + w3 = bw —
wy +wy € C;

(c) there exist wy, wy, w3, b, p,w € Qy such that D1(x) = wyx, Da(x) = xw, and
D;(x) = w3x + bpxp~lw with wy + +wy — w3 —bw =0 € C;

(d) there exist wy,wy, w3, p € Q, such that D1(x) = wix — xp + wah(x) +
[w3, x], Da(x) = px + [w3, x] + woh(x) and D3(x) = wix + wah(x) where h
is a skew derivation associated with the inner automorphism  satisfying won(x) =
XwWy,

(vi) there exist wy, wy, p € Q, such that D(x) = wix — xp + wyh(x), Da(x) = px +
woh(x) and D3(x) = w1x + woh(x) where h is a skew derivation associated with the
inner automorphism w satisfying won(x) = xw,.

More recently, in [51], the description of two generalized derivations F, G of R is
provided, in the case F(x?) — G(F(x)x + xF(x)) = 0, for any x € S. In particular, the
result in [51] is the following:

Theorem. Let R be a prime ring of characteristic different from 2, Q, its right Martindale
quotient ring, C its extended centroid and f(x1,...,x,) a multilinear polynomial over C,
which is not central valued on R. Suppose that F and G are two generalized derivations of
R, such that F # 0 and

F(f(r)?) = G(E(f(r)f(r) + f(r)E(f(r)))
forallr = (r1,...,1,) € R". Then one of the following holds:
(1) there exist A,y € C such that F(x) = Ax, G(x) = ux, forany x € R, with2u = 1;

(2) there exist p € C and a, B € C such that F(x) = [p,x] and G(x) = ax + B(px +
xp), for any x € R, with pp* + (« — 1)p € C;

(3) f(x1,...,%4)% € C and one of the following holds:

(i) there exists p € Q, such that F(x) = [p, x|, forany x € R;

(ii) there exist p,u € Q, and A,y € C such that F(x) = [p,x] + Ax, G(x) =
[, x] + ux, for all x € R, with 2y = 1;

(iii) there exist u € Q, and an outer derivation d of R such that F(x) = d(x),
G(x) = x+[u,x], forall x € R;

(iv) G = 0 and there exists q € Q, such that F(x) = [q, x], for any x € R;

(4) R C My(K), the ring of 2 x 2 matrices over a field K, and there exists p € Q, such
that F(x) = [p, x], forany x € R;
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(5) G is the identity map on R and F is an ordinary derivation of R.

Here we intend to continue in this direction, thus following the line of research
related to the study of additive maps whose behavior generalizes that of Jordan
derivations. More specifically, our aim is to study nil sets, defined through gener-
alized skew derivations that emulate the behavior of Jordan derivations. We will
prove the following result:

Theorem. Let R be a prime ring of characteristic different from 2,3, Q, its right Martindale
quotient ring, C its extended centroid, F and G nonzero generalized skew derivations of R,
associated with the same automorphism « of R and n > 1 a fixed integer. If

n

{F(xz) ~G(x)x — xc(x)} =0
forall x € R, then either R C My(K), the ring 2 x 2 matrices over a field K, or one of the
following holds:
(1) F(x) = G(x) =[x, p], forall x € R.
(2) 3y € C, i # Osuch that F(x) = [x, p] +2nx and G(x) = [x, p|] +nx, forall x € R.

In order to demonstrate the main result of this chapter, we will first need to prove
an intermediate one, referring to the case where the generalized skew derivations are
in particular generalized derivations. We will dedicate the first next section to this
reduced case.

5.1 The case of generalized derivations acting on a Lie ideal.

In this first Section we will prove the following result:

Theorem 27. Let R be a prime ring of characteristic different from 2, Q, its right Martindale
quotient ring, C its extended centroid, F and G nonzero generalized derivations of R, L a
non-central Lie ideal of R and n > 1 a fixed integer. If

n
{F(xz) — G(x)x — xc(x)} =0 (5.1)
forall x € L, then either R C My (K), the ring 2 x 2 matrices over a field K, or one of the
following holds:
(1) F(x) = G(x) =[x, p], forall x € R.

(2) 3y € C, 5 # 0and 3d : R — R derivation such that F(x) = d(x) + 2nx and
G(x) =d(x) + nx, forall x € R.

We start by studying the case when L = [R, R] and both the derivations F and G
are inner generalized derivations, respectively defined as follows:

F(x) =ax+xb and G(x)=cx+xp (5.2)

where a, b, ¢, p are fixed element of Q,.
In what follows, we denote

¥ (1, 32) = {F(lxa,32?) = G, ) v x2] = (v, %26l x2)) ) = .

{(a=)lxr, 0 = vy, 22 (p + ) [x1,22) + [, %220 — )}
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and assume that R satisfies the generalized identity ¥ (x1, x2).

Lemma 13. Let R be a prime ring of characteristic different from 2, Q, its right Martindale
quotient ring, C its extended centroid, F and G nonzero inner generalized derivations of R,
defined as in (5.2). If R does not satisfy any nontrivial generalized polynomial identity, then
there exists p € C such that one of the following holds:

(1) F(x) = G(x) = [x,p], forall x € R.
(2) 3n € C,n # Osuch that F(x) = [x, p] +2nxand G(x) = [x, p] + nx, forall x € R.

Proof. Assume that ¥(x1, x2) is a trivial generalized polynomial identity for R. Let
T = Q, *c C{X} be the free product over C of the C-algebra Q, and the free C-
algebra C{X}, with X the set consisting of non-commuting indeterminates x1, x.
By our hypothesis, ¥ (x1,x2) =0 € Q, *c C{X}.

We denote

D(x1,x2) = F([x1,22]%) — G([x1, x2]) [x1, 2] — [x1, %] G([x1, x2] =
(a —c)[x1, x2)% — [x1, x2] (p + €) [x1, %2] + [x1, %2)*(b — p)

hence
‘I’(xl, XQ) = q)(xl, X2)n

whence R satisfies

D(x1,x2)" - (@ —¢)[xr, %]+
D(xr,x2)" 1 w1, 22 (p o+ €) [x1, x2] +
@(xl,xz)”*l . [xl,xz] (b — p) =0€eT.

This implies that {b — p, 1} is linearly C-dependent or

{(D(xl,xQ)"‘l[xl,xz]z(b —p)=0€eT
®(x1,x0)" (a —c)[x1, x2]% — P(x1, x2)" xq, x2] (p +¢)[x1,x0] =0 € T.

Ifb—p € C, then ®(x1,x)" 1 (a —¢)[x1, x2)* — [x1,%2] (2p + ¢ — b)[x1, x2].
So

®(x1,x0)" 1 (a—c)[xy, x2)? — @(x1, x2)" 1 - [x1, x2] (2p + ¢ — b) [x1, x2] =
{CID(xl,xz)”’l (@ —c)[x, x2] — D(x1,x2)" L [x1, 2] 2p + ¢ — b)}[x1,x2] =0¢eT.
Hence
®(x1, )" 1 (a—c)[xy, x0] — D(x1,20)" L [x, 2] 2p +c—b) =0€ T.

This implies that 2p +c —b € Cor

D(x1,x0)" xp,x0](a—c)=0€T
D(x1, )" xp,x0] =0 € T = D(xy,x)" ' =0€cT.

If @ (x1,x2)" x1, x2)?(b — p) is a trivial GPI, then ®(x1,x2)" ! = 0 € T. By reiterat-
ing this procedure n — 1 times, we obtain that

P(x1,x2)=0€T or b—p,2p+c—beC.
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If ®(x1,x2) =0 € T, then
(a—c)[x1, 2] — [x1, x2) (p 4 ) [x1, x2] + [x1, 2)*(b—p) =0 € T.
Furthermore,
(@) {b—p,1}islinearly C-dependent = b —p € C

(b1)
[x1, %) (b—p)=0€T=b—p=0€cT

and
(b2)
{(a—c)[x1, x]? = [x1, 2] (p + ) [x1, x2] + [x1, %2 (b — p) }[x1, %] =0 € T
In any case, b — p € C, then

(a—c)[x1, x2)? — [x1, %] (2p +¢c —b)[x1,x2] =0€ T
(a—c)[xy,x2] — [x1,%2](2p+c—b)=0€T

therefore, 2p +c—b € C.
Sinceb—p € Cand 2p +c — b € C, then

(@a—2c—2p+Db)[x,x)>*=0€T

a—2c—2p+b=0¢€cT. (5.4)

Furthermore,
b—peC=b=p+A (L) (5.5)

2p+c—beC=c=b—-2p+u=p+A-2p+u=A+u—p (A,ueC). (5.6)
Considering the definitions of F and G, we obtain

F(x) =ax+xp+ Ax
G(x)=—px+xp+(A+pu)x =[x, p| +nx

withy = A + .
In particular, if # = 0 then ¢ = —p for (5.6) and a = —b for (5.4). So, F(x) =
—bx + xb = [x, 1] & [x,p + Al Ze [x,p] and G(x) = —px + xp = [x, p].

Now, we assume 1 # 0, then
a—2c—2p+b=a+2p-2n-2p+p+A=a+p—A—-2u=0,
S0,
a+p=A+2u.
By the definition of ®, we have

alxy, x2]* + [x1, x2]?p + Alxy, 2] — ([x1, x2]p — plxy, x2])+

—(A+p) [xl,X2]2 — [x1, x2]([x1, x2]p — p[x1, x2])) — (A + H)[Xl,xz]z _
(@+p)[r, 2 + [, PA—A—p—A—p) =

(a+p)[x1, x2]? = [x1, %22 (A +2p).
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We observe that

F(x) =ax+xp+Ax =
A+2u—p)x+xp+Ax =[x, p] +2(A + u)x.

So,
F(x) =[x, p] 4+ 25x
G(x) =[x, p] + 1.
]

Remark 8. In light of Lemma 13, we can suppose that (5.18) is a nontrivial general-
ized polynomial identity for R.

Proposition 10. Let R be a prime ring of characteristic different from 2, Q, its right Mar-
tindale quotient ring, C its extended centroid, F and G nonzero inner generalized derivations
of R, defined as in (5.2). Let n > 1 be a fixed integer such that

n

{F(®) = G(x)x = xG(x)} =0

forall x € [R,R], then

e cither R C My(K), the ring 2 x 2 matrices over a field K, with c + p = n € Z(R)
and (a+b—25)% = 0;

* or there exists y € C such that F(x) = [x, p] + 2ux, G(x) = [x, p] + ux, for any
x € R.

Proof. Since Q, and R satisty the same generalized polynomial identities with coeff-
cients in Q, , the relation (5.18) is also a non-trivial generalized polynomial identity
for Q,. In case C is infinite, we have ¥ (r1,72) = 0 for all r1, 72 € Q, @ C, where C is
the algebraic closure of C. Since both Q, and Q, ® C are centrally closed (Theorems
2.5 and 3.5 in [22]), we may replace R by Q, or Q, ®c C according as C is finite or
infinite. Thus, without loss of generality, we may consider the case when R is cen-
trally closed over C which is either finite or algebraically closed and Y(ry,72) = 0for
all r1,» € R. By Martindale’s theorem [49], R is a primitive ring having a nonzero
socle with C as the associated division ring. In light of Jacobson’s theorem (p. 75 in
[34]), R is isomorphic to a dense ring of linear transformations on some vector space
V over C.

In case dimcV = 2, then Q, = M;(C) and (5.18) reduces to

{[xl,xz]z(a —c+b—p)+[x1,x)(—p —c)[x1, x2] }2. (5.7)

Here wedenote A =a—c+b—p = Yaje;, B= —p—c =) bje;j, wherea;;, bjj € C
and e;; is the usual matrix unit with 1 in the (i, j) entry and zero elsewhere.

Since the matrix M = [x1,x2]2A + [x1, x2] B[x1, x2] is nilpotent in M;(C), it is not
invertible and its determinant is zero. We use this condition a number of times to
prove our result in this case.

For [x1, x2] = [e12 + €21, €22] = €12 — €21 we have

—ay1 — by —ap+by

M —
—ay + by —axn —bn

and
0 = det(M) = (a11 + bx) (a2 + b11) — (ba1 — a12) (b12 — a21). (5.8)
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Again for [x1, x2] = [e12 — €21, €22] = €12 + €21 we have

aj1 + by ap+by

59
ax1 +bip axn + by 59
and
0= det(M) = (a11 + bzz)(azz + bn) — (b21 + a12)(b12 + 1221). (5.10)
By (1) and (3) we get 2(a12b12 + a21b21) = 0 and since char(R) # 2 it follows
appbia + axby = 0. (5.11)
Let now [xl, .’Xz] = [612 + 2epq, —822] = —eq1p + 2e21. Hence
M- | ~2011—2bn 2012+ bn
—2a71 +4b1p  —2ax»p — 2bny
and by calculation
0= det(M) = 2(!111 + bzz)(azz + b]l) + (2(112 — bzl)(Zbu — El21). (5.12)
By replacing (3) in (5) and using (4) we have
bia(a1p — b)) = 0. (5.13)

Our aim is to prove that either b1, = 0 or by; = 0. To do this, we suppose that both
b1z # 0 and by # 0 and we will prove that this assumption leads to a contradiction.
By (6) we get a;p = by;. By using this last in (4) it follows that b1 (b12 +a21) = 0,
that is b1y = —ay;. In light of this the matrix in (2) is

ann +by  2by

M =
0 ax + b1y

and since it is nilpotent it follows that (a17 + bp)" = (ax + b11)" = 0, thatis a;; +
byy = ay + by = 0. Therefore, if both by, and by are not zero, then

a1p—by =0, ax+bp=0, a;1+bp=0axn+b;y=0. (5.14)

Let ¢(x) = (14 e12)x(1 —e12) and x(x) = (1 — e12)x(1 + e12) be inner automor-
phisms of R. Of course

o(([x1,x2*(a —c+b—p) + [x1,x2) (—p — ) [x1, 32])") = 0

and

x(([xr,x2]*(a = e+ b —p) + [x1, %] (=p — ) [x1,%2])") = 0
that is the matrices ¢(A), ¢(B), x(A), x(B) satisfy the same properties of A and B.
Denote by ¢(A);; the (i,j)-entry of ¢(A), ¢(B);; the (i, j)-entry of ¢(b), x(A);; the
(i,j)-entry of x(A) and x(B);j the (i, j)-entry of x(B).
Therefore ¢(B)21 = ¢(A)12 and by (7) it follows

a1y = by = @(B)y = ¢(A)12 = a12 +axn — a1 — an

that is
dyp —a11 — dp1 = 0. (5.15)



5.1. The case of generalized derivations acting on a Lie ideal. 55

On the other hand x(B)21 = x(A)12 and by (7) it follows
a2 = by = x(B)y1 = x(A)12 = 412 — az + a11 — an

that is
—ay +ay; —ax = 0. (5.16)

By (8) and (9) and since char(R) # 2, we get the contradiction b1, = —ap; = 0.

This argument proves that one of b1, and by; must be zero. Without loss of generality
we may assume that bj; = 0. As above consider the following inner automorphisms
of R:

@(x) = (1+en2)x(1 —en) and  x(x) = (1—en)x(l+emp).

If either 0 = ¢@(B)y1 = by or 0 = x(B)21 = by then B is a diagonal matrix. On the
other hand if both ¢(B)2; = by # 0 and x(B)21 = ba1 # 0, then by the previous
argument we have that ¢(B)1, = 0 and also x(B)12 = 0. By calculation one has

0= ¢(B)12="bxn—bn —bn

and
0= x(B)12 = —bxn+bi1 —bn

and the last two equalities imply by; = 0, since char(R) # 2.

Thus we may conclude that in any case B must be a diagonal matrix in M (C). Using
this, we may repeat the same above argument and consider the matrix ¢(B): it must
be a diagonal one. Hence 0 = ¢(B)12 = by — by1, which implies by = by = a € C.
Therefore, if denote by I, the identity matrix in M(C), we have that B=1#-L is a
central matrix in M, (C). Therefore R satisfies ([x1, x2]?(a + b — 277))? = 0 and since
[x1, x2]? is central valued on M, (C), it follows that (a + b — 217)? = 0 as required.

Hence in the rest of the proof we assume dimcV > 3.

Assume b — p ¢ C, then there exists v € V such that {(b — p)v, v} is linearly
C-independent. Since dimc V > 3 then there exists w € V such that {(b — p)v,v, w}
is linearly C-independent. Then by the density of Q, there exist 71,7, € Q, such that

rnov=0, rnv=0, rb-pov=0 nb-prv=w nw=w, nw=-o

then
[r,r2]v=0, [r,nlw=0|r,"r]b-pv=uw.

Now we get the following contradiction:

0={(a—c)r,ral? = [ri,r2(p+ O)ri,ra] + [r,m2)* (b — p) Yo =0 #0.

Hence, and

{(a—c+b—p)[x1,x2]* — [x1,%2)(p + ) [x1, %] }" = 0.

If (p+c) ¢ C then there exists v’ € V such that {¢/, (p +c)v'} is linearly C-independent.
So, there exists w’ € V such that {¢/, (p + ¢)v/, w'} is linearly C-independent. Then
by the density of R, there exist 51,52 € R such that

519/ =0, 50 =0 s =7, s =uw.
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Since

51,800 =0, [s1,s2]w =10, [s1,8](p+c)v =—u

we get the following contradiction:

0={(a—c+b—p)si,s]*—[s1,5](p +c)[s1,5]}'w =w #0.

Hence, .

Sinceb — p, p+c € C, then {(a+b—2c—2p)[x1,x2)*}" =0. Let A=a+b—2c—
2p, we show that A € C. If A ¢ C then there exist v”, w” € V such that { Av”, 0", w"}
is linearly C-independent. Then by the density of R, there exist t1, t, € R such that

tlv/l — O, tZ,U/I — w// tlw// — ,U/I, tzw/l — ,U//,

HAY = —w", AV =0.

Since
[tl, tz]A?J// = U//, [t], tz]AU” = UI/.

So, it follows the contradiction
{Alty, 1]} = A" = 0.
The previous argument says that A € C, hence
eb—pecC
e ptceC
e AcC.
Since A"[x1,x2)*" = 0 and Ris not commutative, it follows A = 0, that is
*b-p=AreC
e ptc=pnccC
* a+b—-2u=0.
This means that

x, p] + 2ux.

F(x) = (2u — b)x + xb = [x,b] +2yxb:§+p [x, p+ A] + 2ux A?C[

G(x) = (p—p)x+xp=[xp]+pux

as required. O

We conclude this section by considering the more generale case of generalized
derivations in prime rings and write F(x) = ax +d(x), G(x) = cx + 6(x) for all
x € R, where a,c € Q, and d, § are derivations of R. Our goal is to prove Theorem
27.

The proof of Theorem 27

Proof. By (5.1) we have that R satisfies

{Flx2P) - 6l ) s, x) - k)Gl } . 617)
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Notice that, if d, § both are inner generalized derivations, then the conclusion follows
from Proposition 10.

Therefore, here we consider the only case when F(x) = ax + d(x), G(x) = cx + éx
are not simultaneously inner, and R satisfies

{a[x1, x2]* + d([x1, x2]) [x1, %2] + [x1, x2]d([x1, 2] ) +

2 Y (5.18)
— cx1, x2]" — 6([x1, x2]) [x1, x2] — [x1, x2)c[x1, x2] — [x1, x2]6([x1, x2]) }".
We define the following map A : R — R
A(x) =d(x) —6(x)
Clearly A is a derivation.
By (5.18) we can write
Y (x1,x2) = {(a — ¢)[x1, x2]* — [x1, x2]c[x1, X2]+ (5.19)
A([x1, x2]) [x1, x2] + [x1, x2]A([x1, x2]) }" = 0.
If A(x) is inner, thatis A(x) = [x,q], ¢ € R then
{(a—c)[x1, x2)* — [x1, x2]c[x1, x2] + [x1, x2]q[x1, x2] + 520)

—qlx1, x2]? + [x1, %2020 — [x1, 22]q[x1, %]} = 0
{(a —c—q)[x1, x2]* = [x1, x2)e[x1, x2] + [x1, 22]%g}" = 0.
Thus, by Proposition 10 4,4q,c € C, then A = 0 and § = d. So, by (5.19) we can write
{(a—2¢)[x1, x>} =0
Since a — 2c € C, a — 2c¢ is not a zero divisor. So,
(@ —2¢)"[x1,x0]*"" =0=a—2c=0.

Therefore F(x) = 2cx + d(x) and G(x) = cx +d(x), for any x € R, with ¢ € C, and
we are done.

Finally we assume that A(x) is not inner and show that a contradiction follows. In
fact, in this last case, by (5.18), we can write

{(a—c)[x1, x2)* — [x1, xa]c[x1, x2] + A([x1, x2]) [x1, X2] + [x1, %2] A([x1, %2] )} =
{(a—c)[x1, x2]* — [x1, x2]c[x1, x2] +
[A(x1), x2][x1, 2] + [x1, A(x2)][x1, X2] + [x1, X2] [A(x1), x2] + [x1, x2][x1, A(x2)]}" = 0.

(5.21)
The second step is due to the fact that if A is outer, then it is a derivation of Lie. So, by
Kharchenko’s theorem (see Theorem 14) and (5.21), for y; = A(x1) and v, = A(x2)
we have that R satisfies

{(a—c)[x1, x2)* — [x1, x2)c[x1, x2] + [y1, x2) [x1, 22] +

[x1,y2][x1, x2] + [x1, x2] [y1, 2] + [x1, %2][x1, ¥2] }" = O. (5.22)

If y1 = y» = 0 then

{(a—c)[x1, x2)* = [x1, x2]c[x1, 2] }" = 0.
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So, a,c € C once again by Proposition 10, then
(a —2¢)"[x1,x2]*" = 0.
Follows as above, a = 2¢ and (5.22) reduces to
[y1, xal[x1, xa] + [x1, y2] [0, 2] + [x1, %2] [y, x2] + [x1, x2] [x1, 2] }" = 0.
In particular, for x; = y; and x; = y», we get
4"[x1, %] =0

which is a contradiction, since R is not commutative.

5.2 The case of generalized skew derivations.

Here we extend in some sense the result obtained in the previous Section to the case
of generalized skew derivations of R. More precisely we will prove:

Theorem 28. Let R be a prime ring of characteristic different from 2,3, Q, its right Mar-
tindale quotient ring, C its extended centroid, F and G nonzero generalized skew derivations
of R, associated with the same automorphism « of R and n > 1 a fixed integer. If

n

{F(xz) — G(x)x — xc(x)} =0
for all x € R, then either R C My (K), the ring 2 x 2 matrices over a field K, or one of the
following holds:
(1) there exists 0 # n € C such that F(x) = 2nx and G(x) = nx, forall x € R;

(1) there exists a non-zero derivation d : R — R such that F(x) = G(x) = d(x), for all
x €R.

(2) there exist 0 # n € C and a non-zero derivation d : R — R such that F(x) =
d(x) +2nx and G(x) = d(x) + nx, forall x € R.

We remark that, in case the automorphism « is precisely the identity map, then
the conclusion follows from Theorem 27. Therefore, in all that follows we always
assume that « is not the identity map on R.

Fact 3. Let R be a prime ring, then the following statements hold:
1. Any automorphism of R can be uniquely extended to Q, [11, Fact 2].

2. Every generalized skew derivation of R can be uniquely extended to Q; [8,
Lemma 2].

3. A generalized skew derivation having associated automorphism a and skew
derivation d assumes the following form:

F(x) =ax+d(x) (5.23)

for all x € R (see [8, Lemma 2], [9, Theorem 3.1 and Corollary 3.2]).
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Fact 4. [15] If ®(x;, D(x;)) is a generalized polynomial identity for R, where R is a
prime ring and D is an outer skew derivation of R, then R also satisfies the general-
ized polynomial identity ®(x;, y;), where x; and y; are distinct indeterminates.

Fact 5. [36, Theorem 6.5.9, page 365] Let R be a prime ring satisfying the polynomial

oAy

identity of type f(x;"™) = 0, where f (z;-’k ) is a generalized polynomial with the
coefficients from Q,, Ay, ..., A, are mutually different correct words from a reduced
set of skew derivations commuting with all the corresponding automorphisms, and
a1, ..., 0, are mutually outer automorphisms. In this case the identity f (z;-’k ) =0is
valid on Q.

Before proceeding with the proof of our main result of this Section, we also need
to recall the following:

Lemma 14. Let R be a prime ring, «,p € Aut(Q,) and d,§ : R — R be two skew
derivations, associated with the same automorphism w. If there exist 0 # n € C, and
u € Q, such that

d(x) = (ux - ﬂ(x)u) +nd(x), VxeR (5.24)
then either « = B or 6(x) = nd(x), forall x € R.

Proof. By the definition of § we have
d(xy) = uxy — B(x)p(y)u + nd(x)y + na(x)d(y). (5.25)
On the other hand, right multiplying relation (5.24) by y € R, it follows that
d(x)y = uxy — B(x)uy +nd(x)y Vx,y € R. (5.26)

Therefore, subtracting relation (5.26) from (5.25), and using again (5.24), we get

{a(x) = B(x)} - {uy—B(y)u} =0 Vx,yeR. (5.27)
Replacing y by yt in (5.27) and then using (5.27) we have
{a(x) =B()} - Bly) - {B(t)u —ut} =0 Vx,y,teR. (5.28)

Then, by the primeness of R, above relation yields either a(x) — B(x) = 0 for any
x € R, or B(t)u — ut = 0 for any t € R. The last case and (5.24) imply 5(x) = nd(x),
for all x € R, as required. O

In light of the Fact 3, there are a,c € Q, and d, § skew derivations of R, such that
F(x) =ax+d(x) and G(x) = cx + d(x), for any x € R.
Hence, by our main hypothesis, R satisfies the functional identity

{(a —o)x® +d(x)x + a(x)d(x) — xcx — x8(x) — (5(x)x} . (5.29)

Proposition 11. Let R be a prime ring of characteristic different from 2,3, Q, its right
Martindale quotient ring, C its extended centroid, F and G nonzero generalized skew inner
derivations of R defined as follows:

F(x) =ax+a(x)b and G(x) =cx+a(x)u
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where a, b, c, u are fixed element of Q, and « is an automorphism of R. Let n > 1 be a fixed

integer such that
n

{F(?) = Gx)x - xc(x)} =0
for all x € R. If w is not the identity map then either R C My (K), the ring 2 x 2 matrices
over a field K, or a(x)b = bx and a(x)u = ux, forany x € R, witha+b =2(c+u) € C.

Proof. We may assume that R does not satisfy sy, if not we are done. By our assump-
tion, R satisfies the following identity

Y(x) = {ax2 + a(x?)b — xex — xa(x)u — cx? — oc(x)ux}n. (5.30)

Since w is not the identity map and R satisfies ¥(x), then by [11] R is a GPI-ring
and Q, is also GPI-ring by [13]. By Martindale’s theorem in [49], Q, is a primitive
ring having non-zero socle. Hence Q, is isomorphic to a dense subring of the ring
of linear tranformations of a vector space V over a division ring D, containing non-
zero linear transformations of finite rank. Moreover, by [34, p. 79], there exists a
semi-linear automorphism T € End(V) such that a(x) = TxT~! forall x € Q.
Hence, Q, satisfies

n
Y(x) = {axz + Tx*T b — xex — xTxT 'u — cx? — TxT’lux} . (5.31)

We firstly assume that dimpV > 3 and suppose there exists v € V such that {v, T"'uv}
is linearly D-independent.

If {v, T"'uv, T~'bv} is linearly D-independent, then, by the density of Q,, there ex-
ists xg € Q, such that

xov =0 x0T 'uo = T o x0T 'bo = T 'uo.

Thus, by (5.31)
n
0= {ax% + Tx%T_lb — XoCXo — xoTxoT_lu — cx% — TxoT_luxo} V="

which is a contradiction. Hence {v, T~'uv, T~'bv} is linearly D-dependent, that is
there exist A, 4 € D such that T~1bv = T~ luvA + vp.

In this case and if {v, T~'uv, T~'v} is linearly D-independent, as above, there exists
X1 € Q, such that

x10=0 xlT_luv =T o xlT_lv =T o

implying that x;T~bv = T~!vA. Thus, by (5.31)
n
0= {ax% + Tx%T_lb —xiex1 —x1 T Tl — cx% — TxlT_luxl} v = Tx (T 10)A = vA

thatis A = 0.
On the other hand, if there exist 77, € D such that T 1y = T‘luvn + v¢ and for
X2 € Q, such that

x0 =0 xZT’luv =T

we get both x,T~'bv = T~'vA and x,T~'v = T~'vy. Hence, by (5.31)

n
0= {ax% + Tx%T_lb — Xocxp — x0Ty T 1u — cx% — Tng_luxg} V= sz(T_lv)A = vyA.
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Therefore, in any case, either A = 0 or 7 = 0.
In other words, we have proved that, for any v € V such that {v, T"'uv} is linearly
D-independent it follows that

either T'bve<v> or Tlve<v>. (5.32)

On the other hand, if thereis v € V such that both {v, T~'uv} islinearly D-independent
and T~ 'bv €< v >, then there exists # € D such that T by = vy and, since
dimpV > 3, there exists w € V such that {v, T~!uv,w} is linearly D-independent.
Moreover, by the density of Q,, there is x3 € Q, such that

x30 =0 x3T_1uv =T lw X3w = 0.

Then, by (5.31), it follows the contradiction
_ 2 21y B 1, 2 -1 "o
0=1ax5+Tx3T "b—x3cx3 — x3Tx3T "u—cx5 —Txz3T "uxzp v="0.

The previous contradiction and relation (5.32) imply that, for any v € V such that
{v, T"'uv} is linearly D-independent,

T lve<v>. (5.33)

For the rest of the proof, let v € V be such that {v, T~'uv} is linearly D-independent
and T~ 'v = vdy, with 8y € D depending on the choice of v.
Our next target is to show that, forany w € V, T lwe<w >.
Notice that, if 0 # w € V is linearly dependent by v, say w = vy, then {w, T~ luw}
is linearly D-independent. In fact, if we suppose that there exists 0 # 7, € C such
that T~'uw = wy, then T~1uovy; = vy, which is a contradiction, since {v, T~ 'uv}
is linearly D-independent.
Therefore, if w €< v >, then T 'w e< w >.
Let now 0 # w € W be such that {v, w} is linearly D-independent. We suppose on
the contrary that {T'w, w} is linearly D-independent and show that a number of
contradictions follows.
If {T~'w,w} is linearly D-independent, by the above argument, there exists 9 € D
such that T~'uw = wyy.
We now analyze the following sets of vectors:

Si = {T uw+w),vt+tw} S={T'u(v—w),vo—w} S;3={T  u(v+2w),v+2w}.

If both S; and S, are linearly dependent, as above, there exist 0 # ; € D and
0 # 72 € D such that
T lu(v+w) = (v4w)y

that is

T~ uv 4+ wyy = vy1 + wn (5.34)
and also

T (v —w) = (v —w)72
that is

T luv — wyg = vy, — wyo. (5.35)
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Subtracting (5.35) from (5.34), we have

2wy = v(11 — 72) +w(v1 + 72)

which implies that 79 = 91 = 7. Then, from (5.34) it follows the contradiction
T~ 'uv = vy;.

This means that at least one of S; and S, should be linearly D-independent.
Analogously, if both S; and S3 are linearly dependent, there exist 0 # ; € D and
0 # 3 € D such that

T u(v +w) = (v+w)n

that is
T~ uv + wyg = vy1 + wn (5.36)
and also
T u(v+2w) = (v+2w)y;
that is

T~ uv 4 2wy = vy3 + 2wys. (5.37)
Subtracting (5.36) from (5.37), we have

wyo =v(y3 —71) + w23 —71)

which implies that g = 1 = 3. As above, from (5.36), it follows the contradiction
T 'uv = vy;.
Therefore, at least one of S; and Sz should be linearly D-independent.
Finally, assume that both S, and S3 are linearly dependent, and there exist 0 # >
and 0 # 73 such that

T u(v —w) = (v —w)y2

that is
T~ uv — wyg = vy2 — Wy (5.38)
and also
T lu(v+2w) = (v+2w)7y3
that is

T~ uv + 2wyy = vy3 + 2wys. (5.39)
Subtracting (5.38) from (5.39), we have

Bwyo = v(y3 — 72) + w23+ 72)

which implies that y9 = 72 = 73. In this case (5.38) give the contradiction T 'uv =
07Y1.-
Thus, we conclude that at least one of either S, or S3 should be linearly D-independent.
All the previous arguments say that at least 2 sets among S, So, S3 should be linearly
D-independent.

Now, we analyse all the possible cases.

* S;and S; are linearly D-independent.

In this case, in light of relation (5.33), there exist ¢, 9> € D such that

T Yo+ w) = (v+w)d
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that is
v+ T 'w = v + wy (5.40)
and
T Y v—w)=(v—w)bd
that is
vy — T 'w = v, — wbs. (5.41)
Adding (5.40) and (5.41), it follows
208 = 0(191 + 192) + ZU(191 — 192)
thatis 99 = ¢ = &, and (5.40) reduces to T~'w = wt;, a contradiction.
* S; and S3 are linearly D-independent.
By relation (5.33), there exist ¢, %3 € D such that
Tl o4+w)=@w+w)d = 2T Ho+w) =2(v+w)t
that is
2000 + 2T 'w = 208 + 2wt (5.42)
and
T (v +2w) = (v+2w)ds
that is
08 + 2T 'w = vd; + 2wdbs. (5.43)
Subtracting (5.43) from (5.42), it follows
vy = ’0(2191 — 193) + 2w(191 — 193)
thatis #p = % = 93 and (5.42) implies the contradiction T lw = wd.
* Sy and S3 are linearly D-independent.
By relation (5.33), there exist ¢, 93 € D such that
T Y o—w)=(v—w)th
that is
v — T 'w = v — wih (5.44)
and
T (v +2w) = (v+2w)ds
that is
08 + 2T 'w = vd; + 2wdbs. (5.45)

Adding (5.44) and (5.45), we get

3vdy = 0(193 + 2192) + 2w(193 — 192)

thatis 99 = % = ¥ and the contradiction T~ w = wd, follows from (5.44).

Finally, we have proved that, if there exists v € V such that {v, T"'uv} is linearly
C-independent, then, for any w € V, there exist A, € D such that T 1w = why. By a
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standard argument it follows that there exists a unique A € D such that T~'w = wA,
for all w € V (see for example Lemma 1 in [14]). In this case

a(x)w = (TxT Hw = TxwA

and
(a(x) — x)w = T(xwA) —xw = T(T 'xw) —xw =0

which implies the contradiction that « is the identity map, since V is faithful.
Thanks to the previous argument, we have proved that, for any v € V there exists
Ay € D such that T~ luv = vA,. By a standard argument it follows that there exists a
unique A € D such that T~'uv = vA, for all v € V (once again we refer the reader to
Lemma 1 in [14]). In this case

a(x)uv = TxT tuv = T(xvA) = T((xv)A) = T(T 'uxv) = uxv.

<oc(x)u - ux)v =0

which implies a(x)u = ux, for all x € Q,, since V is faithful. As a consequence, for
any x € R,

Hence, forallv € V,

cx+a(x)u = (c+ u)x.

Therefore Q, satisfies
2 21 2"
Y(x) = {ax +Tx"T b —x(c+u)x — (c+u)x } :

Suppose now there exists v € V such that {v, T~1bv} is linearly D-independent.
Since dimpV > 3, there exists w € V such that {v, T by, w} is linearly D-independent.
Moreover, by the density of Q,, there is yg € Q, such that

Yov =0 yoT v =w yow = T v

implying the contradiction
2 21 21"
0= {ayo + TysT~ b — yo(c + u)yo — (c + u)yo} v="0.
Hence, for any v € V, {o, Tflbv} is linearly D-independent and, as above,
a(x)b = bx and ax + a(x)b = (a + b)x, for any x € R.
Thus, the required conclusion follows from Proposition 10.

Let now dimpV < 2.
Then, by (5.30), Q, satisfies

{axz + a(x?)b — xcx — xa(x)u — cx? — oc(x)ux}z. (5.46)

In case there is an invertible element g € Q, such that a(x) = gxq~!, for any x € R,
then we may write (5.46) as

2
{axz +gx?q71b — xcx — xqxqtu — cx® — qxqilux} (5:47)

that is a non-trivial generalized polynomial identity for R as well as for Q,. In view
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of [22, Theorem 2.5 and Theorem 3.5], we know that both Q, and Q, ® C are cen-
trally closed, where C is the algebraic closure of C. We may replace Q, by itself or
Qr ®¢ C according as C is finite or infinite. Therefore we may assume that Q, is
centrally closed over C which is either finite or algebraically closed. By Martindale’s
theorem [49], Q; is a primitive ring having a non-zero socle H, with C as the associ-
ated division ring. In light of Jacobson’s theorem [34, page 75], Q; is isomorphic to
a dense ring of linear transformations on some vector space V over C. By using the
same above argument, we may conclude that either F and G are both generalized
derivations of R (and in this case we conclude by Theorem 27), or dimcV < 2, that
is R C M;(C), which is a contradiction.

Therefore, we may now assume that « is not an inner automorphism of R.

Since « is outer and either char(R) = 0 or char(R) > 5, then the a-word degree in
relation (5.46) is lesser than the characteristic p of the ring (in case p # 0). Thus, by
[12, Theorem 3] and (5.46) we have that Q, satisfies

2
{ax2 + y?b — xex — xyu — cx® — yux} . (5.48)
In particular both
(y?b)* (5.49)
and )
(xcx + (a —c)x?) (5.50)

are satisfied by Q;. It is well known that (5.49) implies b = 0. Moreover, by applying
[17, Theorem 2] to relation (5.50), we get a = 2c¢ € C. Thus (5.48) reduces to

(xyu — yux)z. (5.51)
For x = y in (5.51), it follows that
(x*u — xux)2 =0. (5.52)

Once again, the application of [17, Theorem 2] to relation (5.52), drives us to the
conclusion u € C. Finally, by (5.51) we get

12[x, y)? (5.53)
imlpying that u = 0. Therefore F(x) = 2cx and G(x) = cx, for any x € R, with
c € C, as required. O
The proof of Theorem 28

Proof. Of course, in the rest of the proof, we may assume that « is not the identity
map on R and d, §, the associated skew derivations, are not simultaneoulsy zero, if
not we are done by Theorem 27 and Proposition 10, respectively. Moreover, in light
of Proposition 11, we assume that F and G are not simultaneously inner generalized
skew derivations of R.

In all that follows we will assume that R does not satisfy s4 and prove that a number
of contradictions follows.

We firstly study the subcased = 0 and § # 0, thatis F(x) = ax and G(x) = cx 4 d(x),
for all x € R. Since F # 0, we may assume in what follows a # 0. Moreover J is
not an inner skew derivation of R, otherwise the conclusion follows by the previous
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argument. In this situation, by (5.29) and Fact 4 we have that R satisfies
n
{(a —¢)x? — xcx — xy — yx} . (5.54)

In particular R satisfies {(a — ¢)x* — xcx}n and, by applying Proposition 10, we get
a = 2¢ € C. Then (5.54) reduces to (—1)"(xy + yx)" = 0, which is not possible in a
non-zero prime ring.

Letnow d # 0 and 6 = 0, thatis F(x) = ax +d(x), G(x) = cx, for all x € R. Then
we write (5.29) as follows

{(a —0)x® +d(x)x 4 a(x)d(x) — xcx}n. (5.55)

Moreover, as above, we may consider the only case when ¢ is not inner. Thus, by
(5.55) and Fact 4 we have that R satisfies

{(a—c)x2+yx+zx(x)y—xcx}n. (5.56)

Also in this case, R satisfies the blended component { (2 — ¢)x* — xcx}” anda =2c €
C follows as above. Hence (5.56) reduces to

{(yx + zx(x)y}n. (5.57)

Since « is not the identity map and R satisfies (5.57), then by [11] R is a GPI-ring
and Q, is also GPI-ring by [13]. By Martindale’s theorem in [49], Q, is a primitive
ring having non-zero socle. Hence Q; is isomorphic to a dense subring of the ring of
linear tranformations of a vector space V over a division ring D, containing non-zero
linear transformations of finite rank.

In case Qr is a division ring and by (5.57), we have

yx +a(x)y =0 (5.58)
for any x,y € Q,. Replace x by xz in (5.58). Thus
yxz+a(x)a(z)y =0 (5.59)
for any x,y,z € Q,. On the other hand, by using (5.58) in (5.59), it follows
yxz—a(x)yz =0 (5.60)
and, by the primeness of Q,, one has
yx —a(x)y = 0. (5.61)

Therefore, by comparing (5.58) with (5.61), we get 2yx = 0 which is a contradiction,
since char(R) # 2.

Thus we must assume dimpV > 2. Moreover, by [34, p. 79], there exists a semi-
linear automorphism T € End(V) such that a(x) = TxT ! forall x € Q.

Hence, Q, satisfies

{(yx +TxT ™y }n- (5.62)
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Firstly we suppose there exists v € V such that {v, T"1v} are linearly D-independent.
By the density of Q,, there exist xo, yo € Q, such that yov = 0, xov = T~ tv, yoT 1o =
v, implying the contradiction

0= {(yoxo + TxoleO} v=0v#0.

Therefore, for any v € V there exists A, € D such that T-lv = vA,. As above
remarked, in this case we get the contradiction that a is the identity map.

In light of the previous argument, we may assume both d # 0 and § # 0. We divide
the rest of the proof of Theorem 28 in the two subsections:

Let d, ) be linearly C-independent modulo inner skew derivations

Here, by (5.29) and Fact 5,

{(a—c)x2+yx+oc(x)y—xcx—xz—zx}n (5.63)

is satisfied by R. In particular, {(a — c)x* — xcx}n is a generalized identity for R,

implying, as above, a = 2c € C. Thus (5.63) reduces to

{yx +a(x)y —xz — zx}n

and for y = 0 it follows that R should satisfy (—1)"(xz + zx)", which is a contradic-
tion.

Let {d, ¢} be linearly C-dependent modulo inner skew derivations.

Hence there exist A,y € C, u € Q, and an automorphism f of R such that Ad (x) +
ué(x) = ux — B(x)u, for any x € R.

If A =0and p # 0, we write

d(x) = (pox — ,B(x)p0>, Vx € R

where pg = p~'u. Since the automorphism associated with a skew derivation is
unique, in this case x = f.

Since d,  are not simultaneously inner, we may assume that d is not inner. Thus, by
(5.29), R satisfies

{(a —0)x® +d(x)x + a(x)d(x) — xcx — x(pox — a(x)po) — (pox — zx(x)po)x}

(5.64)
Since d is outer, by Fact 4 and (5.64), R satisfies

{(a — )2+ yx + a(x)y — xcx — x(pox — a(x)po) — (pox — zx(x)po)x} . (5.65)
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In particular

{(a — ¢ — po)x® — x(c + po)x + xa(x)po + a<x>pox} (5.66)

is an identity for Q,. By applying Proposition 11, one has a(x)py = pox, for any
x € Q, and by (5.66) it follows that

{(a —c)x® — xcx}n

is satisfied by Q,. Then, by Proposition 10, we get a = 2c € C. Thus, by (5.65)
reduces to relation (5.57) that is
n
{praton}

Hence, by using the same above argument, a contradiction follows.
On the other hand, If A # 0 and u = 0, we write

d(x) = <p1x — ﬁ(x)pl), Vx € R

where p; = A1y, Also in this case, it is clear that a = B and, as above, we may
assume that ¢ is not inner. Thus, by (5.29), R satisfies

n

{(a —0)x® + (p1x — a(x)p1)x + a(x) (pr1x — a(x)p1) — xcx — x6(x) — (5(x)x} .

(5.67)
Since ¢ is outer, it follows that R satisfies
n
{(a—c—l—pl)xz—rx(xz)pl—xcx—xy—yx} . (5.68)
For y = 0, R satisfies
n
{(a —c—p1)x? —a(x)’p; — xcx} . (5.69)

Also in this case, the application of Proposition 11 implies a(x)p; = pix, for any
x € Q, and by (5.69) it follows that

{(a —c)x® — xcx}n

is satisfied by Q,. As above, we geta = 2¢ € C and (5.68) reduces to (—1)"(xy +
yx)" = 0. Once again we abtain a contradiction.
Hence, in the sequel we assume that both A # 0 and p # 0. We may write

d(x) = (pox - ﬁ(x)p0> +nd(x), VxeR (5.70)

where 7 = —Au~! # 0 and, as above, py = #~'u. By Lemma 14, either « = B or
po = 0and 6(x) = nd(x), for all x € R.
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Moreover, if d is an inner skew derivation, then also ¢ is inner and the conclusion
follows again from the above argument.

Therefore, in what follows we assume that 0 # d is outer.

In the case § = #d, (5.29) reduces to

{(a —)x? +d(x)x + a(x)d(x) — xcx — yxd(x) — nd(x)x}n. (5.71)

Moreover, since d is outer, R satisfies

n
{(a — ) +yx +a(x)y — xcx — nxy — qyx} . (5.72)

In particular {(a — c)x? — xcx}n is a generalized identity for R, implying, as
above, a = 2¢ € C. Thus (5.72) reduces to

{yx +a(x)y —nxy — nyx} ) (5.73)

As above remarked, since & is not the identity map, Q, is isomorphic to a dense
subring of the ring of linear tranformations of a vector space V over a division ring
D, containing non-zero linear transformations of finite rank, and there exists a semi-
linear automorphism T € End(V) such that a(x) = TxT ! forall x € Q,.

Hence, Q, satisfies

n
{yx + TxT ly — yxy — qyx} . 5.74)

We firstly assume that dimpV > 2. In light of a previous argument, since « is not
the identity then we may assume there exists v € V such that {v, T~ 10} is linearly
D-independent. By the density of Q;, there exists xo, yo € Q, such that

x00 =0 yov =10 xoT_lzJ =T 1o

Hence, by (5.74) we get the contradiction

n
0= {yoxo + Tx()Tily() — 7’].7(0]/0 — ﬂyoxo} v = 0.
This means that dimpV = 1 and Q, satisfies

yx +a(x)y — yxy — nyx. (5.75)

In particular, for x = 1 it follows (2 — 257)y = 0, for any y € Q,, thatis 7 = 1 and
(5.75) reduces to

{a(x) —x}y =0 Vx,y € Q.

The primeness of Q, leads to the contradiction a(x) = x, for any x € Q,.
Suppose now a = B. By relations (5.70) and (5.29) R satisfies

{(a —c)x? +d(x)x + a(x)d(x) — xcx — x(pox — a(x)po) — nxd(x)
" (5.76)
— (pox — a(x)po)x — nd(x)x} .
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Since d is not inner, it follows that

{(a —¢)x? +yx + a(x)y — xcx — x(pox — a(x)po) — nxy

. (5.77)
— (pox — a(x)po)x — ny} .
is a generalized identity for R. Hence R satisfies
{(a — ¢ —po)x* — x(c+ po)x + xa(x)po + tx(x)pox} : (5.78)

Again, by the application of Proposition 11, one has a(x)py = pox, for any x € Q,
and by (5.78) it follows that
n
{(a —c)x? — xcx}

is satisfied by Q,. Then, by Proposition 10, we get 2 = 2c € C. Thus, by (5.78)
reduces to relation (5.73) that is

{yx +a(x)y —nxy — ﬂyx} :

Hence, by using the same above argument, a contradiction follows. O
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