ON PRODUCT OF P-FUNCTIONS

G. NORDO

Summary. It is shown that the P-functions for the topological properties P = Ty,
Ti, Hausdorff, regular, introduced by Pasynkov in [PAs] and P=Urysohn, almost
regular, semiregular, introduced by author and Cammaroto in [CN], are productive.

1. INTRODUCTION

During the last two decades the idea to investigate the mappings as objects
more general than spaces become rather popular. First approaches to this matter
are due to Russian school and particularly to B.A. Pasynkov [PA;, PAs].

The concept of P-function, i.e. a continuous function that satisfies a topolog-
ical property P was introduced by author and Cammaroto in [CN] to extend the
corresponding properties of P-spaces. For a topological property, we define a prop-
erty P for a function such that every continuous function on a P-space is always a
P-function.

Recently Cammaroto and Fedorchuk [CF] have studied the P-functions for the
property P = H-closure. Additional results concerning H-closed functions appear
in a Cammaroto and Porter’s paper [CP].

In this paper we will show that the P-functions for the topological properties
P =Ty, T1, Hausdorff, regular introduced by Pasynkov in [PA;] and P=Urysohn,
semiregular, almost regular, introduced by author and Cammaroto in [CN], are
productive, i.e. that a product of functions (defined as in Chapter 1 of [PW]) has
the property P iff each function has P.

2. PRELIMINARIES

Throughout this paper, all hypothesized functions are assumed to be continuous
unless it is stated otherwise.

For notations, definitions or basic properties not explicitly mentioned here we
refer to [E] and [PW].
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Let X be a topological space, in all the sequel, 7(X) will denote the set of open
sets of X and o(X) will denote the set of closed sets of X. If Z is a subset of X,
then 7(X), , will denote the relative open topology on Z of 7(X) while o(X),, will
denote the relative closed topology on Z of X.

Let X be a topological space, a subset A C X is said regular open if it is the
interior of its own closure or, equivalently, if it is the interior of some closed set,
while it is said regular closed if it is the closure of its own interior or, equivalently,
if it is the closure of some open set. We denote by RO(X) and RC(X) respectively
the set of regular open subsets of X and the set of regular closed subsets of X.

Let X be a topological space and A, B, X’ C X be subsets. Then A and B are
said separated by neighbourhoods in X' if the sets AN X’ and BN X' have

disjoint neighbourhoods in the topological space X’ relative to X, that is there are
open sets U,V € 7(X') such that ANX'CU, BNX'CV,UNV =.

A topological space X is said almost regular (see [SA]) if any regular closed
set and any singleton disjoint from it can be separated by neighbourhoods in the
space X.

It is known that the set RO(X) forms an open base for a topology on X. The
topological space on X equipped with topology generated by RO(X) is usually
denoted by X(s) and it is called the semiregularization of X.

A topological space X is said semiregular if the set RO(X) of the regular open
subsets of X forms an open base for X, i.e. if X = X(s).

Let X and Y be two topological spaces, and f € C(X,Y) a function from X to
Y, then we will say that:

— fis Tg if for each z,y € X such that  # y and f(z) = f(y) there is some
neighbourhood U of x which doesn’t contain y or some neighbourhood U’
of y which doesn’t contain z;

— fis Ty if for each z,y € X such that  # y and f(z) = f(y) there is some
neighbourhood U of x which doesn’t contain y;

— f is Hausdorff (T3) if for each z,y € X such that z # y and f(z) = f(y)
there are two disjoint open sets containing x and y;

— [ is Urysohn (T,1) [ON]if for each z,y € X such that z # y and f(z) =
f(y) there are some open neighbourhood O of f(z) in Y and open subsets
U,V er(f<(0))suchthat z € U,y € V and Cly 0y (U)NCly(0y(V) = 0;

— f is regular if for each closed set F' and z € X\F there is some open
neighbourhood O of f(z) in Y such that {z} and F are separated by neigh-
bourhoods in f<(O).

— f is almost regular [CN] if for each C € RC(X) and z € X\C there is an
open neighbourhood O of f(z) in Y such that {z} and C are separated by
neighbourhoods in f<(0);

— f is semiregular [CN] if for each A € 7(X) and = € A there are an open
neighbourhood O of f(z) in Y and a regular open subset R € RO(f*(0))
such that z € RC AN f<(0).
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It is immediate to check that each function defined on a Ty, T;, Hausdorff,
Urysohn, regular, almost regular or semiregular space is respectively a Ty, T7, Haus-
dorft, Urysohn, regular, almost regular or semiregular function, i.e. that these are
well definitions of P-functions. It is easy to prove that every Hausdorff function
is a Tj-function and that each Tj-function is a Tp-function. Moreover, in [CN] is
shown that every Urysohn function is Hausdorff, that every regular function is al-
most regular and semiregular and that, in general, all the converses are false. In
that same paper, is also proved that every almost regular, Hausdorff function is
Urysohn and that a function is regular iff it is almost regular and semiregular.

NOTATION 2.1 [CN]. Let X and Y be two spaces and f € C(X,Y) a function
from X to Y, we consider the set S = {intx (Clx(U))N f<(0) : Uer(X), 0 €
7(Y)} = {intp 0)(Clg0y(W)) : W € 7(f(0)), O € 7(Y)}. It easy to verify
that S forms an open base for a topology on X. We will denote with X (s, f) the
topological space on X equipped with topology generated by S.

The following proposition it is easy to verify.

PROPOSITION 2.2 [CN]. Let X be a space, U € 7(X) and F € 0(X). Then:
(1) if X is Hausdorff, so is X (s, f)
(2) 7(X(s)) C T(X (5, f)) € 7(X)
(3) Clx(U) = Clx(s,5)(U), intx(F) = intx(s,g)(F)
(4) intx (Clx (U)) = intxe 5 (Clx(s, 5 (D)),
Clx (intx (F)) = Clx(s,p)(intx(s,5)(F))
(5) RO(X) = RO(X (s, f)), RC(X) = RC(X(s, f))
(6) (X(s,/))(s,f)=X(s,f)
Then the space X(s, f) verifies the same properties of the semiregularization

X (s) of X (see, for example, [PW]) and for this reason it is natural to call it the
f-semiregularization of X. We say also that X is f-semiregular if X = X (s, f).

NOTATION 2.3 [CN]. Let X and Y be two spaces and f € C(X,Y) a function
between them, we denote by f(s) the function f : X (s, f) — Y. By definition of
S, it is clear that f(s) € C(X (s, f),Y).

In the sequel will be useful the following proposition.

PROPOSITION 2.4 [CN]. Let f € C(X,Y) a function from X to Y, then f is
semiregular iff X is f-semiregular.

REMARK 2.5. Clearly f = f(s) iff X = X (s, f) and so, we can to say that f is
semiregular iff f = f(s). Hence it is obvious that f(s) is semiregular.
Moreover, we have this important:

PROPOSITION 2.6 [CN]. Let f € C(X,Y) a function from X to Y, then f is
almost regular iff f(s) is regular.

Let X and Y be two topological spaces, f € C(X,Y) a function from X to
Y and X' a subset of X, a restriction fijx» € C(X',Y) of f to X’ is said open
(dense) if his domain X’ is an open (dense) subset of X.
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We will say that a property P for function is (open; dense) hereditary iff
every (open; dense) restriction of a P-function is again a P-function.

PROPOSITION 2.7 [CN].
(1) The Ty, Ty, Ts, T, 1 properties for functions are hereditary.

(2) The regularity for functions is hereditary.

(3) The semiregularity for functions is open hereditary.
(4) The semiregularity for functions is dense hereditary.
(5) The almost-regularity for functions is open hereditary.

(6) The almost-regularity for functions is dense hereditary.

3. QUESTIONS OF PRODUCTIVITY

We start recalling from [PW] the well-known notions of product space and
product function.

Let {X;}icr be a set of spaces. The product topology on the product set
[I;c; Xi is the open topology which base is the set B = {[;cp II; XTW): F C
I finite , V; C 7(X;)} (where IL* : X — X; is the i-th projection functlon of X onto
X;) or, equivalently, the set B = {[[;c; Ui : 3F C I finite , U; € 7(X;)\{X;} Vi €
Fand U; = X; Vi € I\F}. We call X =[[;c;X; , equipped with the product
topology, the product space of {X;};c;. The basic closed sets of the product
space X are the sets [[;c; F; with F; € o(X;). In all the sequel we will refer to
basic open and closed sets without any specification.

PROPOSITION 3.1. Let {A;}icr be a set of subsets A; C X;.

Then Clx (Hz.e, Ai> = [Tics Clx. (As).

PROPOSITION 3.2. Let F be a finite subset of I and {A;}ics a set of subsets
A; C X; such that A; = X; for each i € I\F.

Then intx (HZGI ) = [l;erintx, (As)

DEFINITION 3.3. Let {X;};cr and {Y;}ics be two sets of spaces, X = [[;c; X;
and Y = [];c;Y: their product spaces and let {f;}ic; be a set of function f; €
F(X;,Y;). The product function f =[], ; f; is the member of F'(X,Y) defined
by H}’of: fioHZX for each ¢ € I (where HZX : X — X; and Hf Y — Y, are
respectively the i-th projection functions of X onto X; and Y onto Y;).

X, — Y
Then, the product function is explicitly defined by:

(< zi >ier) = (Hiez fi)(< T >ier) =< fi(Ti) >ier

for each x =< z; >;c1€ X.
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REMARK 3.4. It is easy to prove (see [PW]) that if every f; is a continuous
function, then so is the product function, i.e. that if for each i € I, f; € C(X;,Ys),
then f = [[,c; fi € C(X,Y). Thus, we can to consider the product function f as
P-function.

REMARK 3.5. We observe that if {O;};cr is a set of subsets O; C Y;, then
A (Hiez Oi) = Hie[ f(0i)

Now we prove the productivity of P-functions for the properties P = Ty, T7,
Hausdorff, Urysohn and reqular.

THEOREM 3.6. The product function f = [[,c; fi is To iff each function f; is
T5.

Proof. Let f € C(X,Y) be Ty. Fixed k € I, we consider the function f; €
C(Xk,Yr). Let z,y € Xj such that z # y and fr(z) = fr(y). Then, picked an
arbitrary point & € X; for each i € I\{k}, we consider the subspace Z = [],.; Z;
with Z = Xj and Z; = {¢;} for each i € I\{k}. Since, from 2.7(1) the Tj property
is hereditary, f|z € C(Z,Y) is To. Then, the points p =< p; >ic1, ¢ =< ¢; >icI€
7, defined by pr = z, qr = y and p; = ¢; = &; for each i € I\{k}, are such that
p # q and fiz(p) = fiz(q). Thus, there is a basic open neighbourhood U of p in Z
which doesn’t contain ¢ or a basic neighbourhood U’ of ¢ in Z which doesn’t contain
p- Supposed, for example, that exists a basic open neighbourhood U = [],.; U; of
pin Z, then, as Uy, € 7(Xg)\{Xk} and U; = {¢;} for each i € I\{k}, it follows that
Uy is an open neighbourhood of x in X} which doesn’t contain . Since the other
case is perfectly analogous, this proves that each function f; € C(Xg, Yy) is Tp.

Conversely, we suppose that each f; € C(X;,Y;) is Tp. Let x =< z; >4eq,
y =< y; >ic1€ X such that z # y and f(z) = f(y), i.e. such that f;(x;) = fi(y:)
for each i € I and there is j € I such that z; # y;. As, in particular, f; € C(X;,Y;)
is Ty, there is an open neighbourhood U of z; in X; which doesn’t contain y;, or
an open neighbourhood U of y; in X; which doesn’t contain z;. Then, assumed
W = [l;e; Wi with W; = U and W; = X; for each i € I\{j}, W is a basic open
neighbourhood of x in X not containing y or a basic open neighbourhood of y in
X not containing z. Thus the product function f € C(X,Y) is Tp. O

THEOREM 3.7. The product function f = [[;c; fi is Ty iff each function f; is
T;.

Proof. Similar to the proof of 3.6. [

THEOREM 3.8. The product function f = [, fi is Hausdorff iff each function
fi is Hausdorff.

Proof. Let f € C(X,Y) be Hausdorff. Fixed k € I, we consider the function
fr € C(Xk, Yx). Let 2,y € X such that z # y and fi(z) = fr(y). Then, picked an
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arbitrary point §; € X; for each i € I'\{k}, we consider the subspace Z = [];c; Z;
with Z = X and Z; = {¢;} for each ¢ € I\{k}. Since, from 2.7(1) the T5
property is hereditary, f|z € C(Z,Y) is Hausdorff. Then, the points p =< p; >er,
q =< q; >ic1€ Z, defined by pr = z, g = y and p; = ¢; = &; for each i € I\{k},
are such that p # ¢ and fiz(p) = fiz(¢). Thus, there are two basic open sets
U=1LeUs, V=1Iie; Vi € 7(X) such that p € U, ¢ € V, UNV = (). Hence,
as U, Vi € 7(Xp)\{ Xk} and U; = V; = {¢;} for each i € I\{k}, it follows that Uy
and Vj are two open disjoint neighbourhoods of x and y in X and so it is proved
that fr € C(Xg,Yy) is Hausdorff.

Conversely, we suppose that each f; € C(X;,Y;) is Hausdorff. Let z =< x; >;¢7,
y =< y; >ic1€ X such that z # y and f(z) = f(y), i.e. such that f;(x;) = fi(y;)
for each ¢ € I and there is j € I such that z; # y;. As, in particular, f; € C(X;,Y;)
is Hausdorff, there are U,V € 7(X;) such that z; € U, y; € Vand UNV = 0.
Then, assumed W = [[,c; W; with W; = U, W; = X; for each i € I\{j} and
M = [],c; M; with M; =V, M; = X, for each i € I\{j}, W and M are two disjoint
open neighbourhoods of z and y in X. Thus the product function f € C(X,Y) is
Hausdorff. [

THEOREM 3.9. The product function f = [];c; fi is Urysohn iff each function
fi is Urysohn.

Proof. Let f € C(X,Y) be Urysohn. Fixed k£ € I, we consider the function
fi € C(Xg,Yy). Let z,y € Xj such that x # y and fr(z) = fx(y). Then,
picked an arbitrary point & € X; for each i € I\{k}, we consider the sub-
space Z = [[;cr Zi with Zy = Xy and Z; = {;} for each i € I\{k}. Since,
from 2.7(1) the Tzé property is hereditary, fz € C(Z,Y) is Urysohn. Then,
the points p =< p; >ier, ¢ =< ¢; >ic1€ Z, defined by pr = z, ¢ = y and
pi = q; = & for each i € I\{k}, are such that p # ¢ and fiz(p) = fiz(q).
Thus there are a basic open neighbourhood O = [[;c; O; of fiz(p) in Y and

two basic open sets U = [[;c; Ui , V = [[;c; Vi € T(fl‘E(O)) = 7(Z) 5 (0)
such that p € U, ¢ € V and lelg(O)(U) N lefE(O)(V) = (). By 3.5, fz(0) =

f(_(O) Nz = Hie[ fi(_(Oi) N Hiel Zi = Hz'@(f;_(oi) N Zi) = Hiel szz(Oz),
and so, by 3.1, we have that [];¢; leif%- ©0:)Us) N Lier C’lf”;i 0:)(Vi) = 0. Since,
obviously fifz, (Ox) = f{ (Ok), Uk, Vi € 7(Xp)\{ Xk} and U; = V; = {§} for
each i € I\{k}, we have that Oy is an open neighbourhood of fi(z) in Y} and

that Uy and Vi are two open neighbourhoods of z and y in f{ (Og) such that
le;:_(ok)(Uk) N le}:—(ok)(vk) = (). Thus fr € C(Xk,Yk) is Urysohn.

Conversely, we suppose that each f; € C(X;,Y;) is Urysohn. Let z =< x; >;¢7,
y =< y; >ier€ X such that z # y and f(z) = f(y), i.e. such that f;(z;) =
fi(y;) for each ¢ € I and there is j € I such that z; # y;. As, in particular,
f;j € C(X;,Y;) is Urysohn, there are an open neighbourhood O of f;(z) in 7(Yj;)
and two open sets U, V' € 7(f7(0)) = 7(X;)s+(0) such that z € U, y € V
and Cly+0)(U) N Cly(0)(V) = 0. Then, assumed A = J[;c; 4 , with 4; = O,

A; = Y; for each i € I\{j}; W = [[;c; Wi with W; = U, W; = X; for each
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i € I\{j} and M = [];c; M; with M; =V, M; = X; for each i € I\{j}, Ais an
open neighbourhood of f(z) in Y and that W and M are two open neighbourhoods
of z and y in X. Moreover, as from 3.5 f(A) = [[,¢; fi (A:), by 3.1, we have that

Clye(ay(W) 0 Clype(ay(M) = (Tlies Clyr (4 W) 0 (Tlies Ol (ay (M3)) = 0.
So, it is proved that the product function f € C(X,Y) is Urysohn. O

THEOREM 3.10. The product function f = [[;c; fi is regular iff each function
fi is regular.

Proof. Let f € C(X,Y) be regular. Fixed k € I, we consider the function f; €
C(Xk,Yr). Let F € 0(Xg) and 2 € Xi\F. Then, picked an arbitrary point & € X;
for each 7 € I\{k}, we consider the subspace Z = [],.; Z; with Z; = X} and
Z; = {&;} for each i € I\{k}. Since, from 2.7(2), the regularity is hereditary,
fiz € C(Z,Y) is regular. So, if we consider the point p =< p; >iecr€ Z, defined by
pr = ¥, and p; = §; for each i € I\{k}, and the basic closed set C = [],; C; of the
product space Z, defined by Cy, = F, C; = Z; for each i € I\{k}, it is clear that
p € C. Thus there are a basic open neighbourhood O = [];c; O; of fiz(p) in Y
and two basic open sets U = [[;¢; Ui, V = [I;¢, Vi € 7(f7(0)) = 7(2) |5~ (0) such
that p e U, CN f1z(0) CV and UNV = 0. As, by 3.5, fl‘E(O) =fCO0)nZ =

[ies ££(0) N TLics Zi = HieI( £(05) N zi) — TLes fi(z,(03), we have that

Hie[ cin Hie[ fz|2(01) C HiEI Vi le. Hie[ (Ci N szz(Oz)> - Hiel V;. Since,
obviously fx (7, (Ok) = f{ (O), Uk, Vi, € T(Xg)\{Xx} and U; = V; = {§;} for each
i € I\{k}, Oy is an open neighbourhood of fi(z) in Yy and that Uy and Vj, are two
sets of X}, such that z € Uy , F'N f(Or) C Vi, and Uy N Vi, = (0. This proves that
fr € C(Xk, Yx) is regular.

Conversely, we suppose that each f; € C(X;,Y;) is regular. Let F' = [];.; F; €
o(X) a basic closed set of X and x =< z; >;er€ X\F. So, there is j € I
such that z; ¢ F;. As, in particular, f; € C(Xj,Y;) is regular, there are an open
neighbourhood O of fJ( ) in Y; and two open sets U, V € 7(f(0)) = 7(X; )|f“(0)
such that x € U , F; N f<(0) CV and UNV = (. Then, assumed A = HleI
with 4; = O, A =Y for each i € I\{j} and W = [[,;c; Wi , M = [[;c; M,
with Wj =U, M; =V and W; = M; = X, for each i € I\{j}, A is an open
neighbourhood of f(z) in Y and that W and M are two open sets of X such that
x €W and WNM = (). Moreover, by 3.5, FN f<(A) =[[;c; FiN[;c; fi7 (Ai) =

[Lics (FZ N f (Al)> C [I;e; Mi = M. Thus it is proved that the product function
feC(X,Y) is regular. O

To prove the productivity of P-functions for the properties P=almost reqular
and semiregular we need the following:

LEMMA 3.11. (Hz‘eI fz-)(s) =L, fi(s)

Proof. It suffices to prove that T(Hzel i(s, f,)) =T7(X(s,f))- Let B=1]l;c; B
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a basic open subset of [[;.; Xi(s, f;). By definition of base of product topology,
there is F' C I finite such that B; € 7(X;(s, fi))\{X;} for each i € I and B; = X for
each i € I\F. Then, there are U; and O; such that B; = intx, (Clx, (U;)) N fF(O;)
, with U; € 7(X;)\{X;} , O; € 7(Y;))\{Y;} for each i € F and U; = X; , O; =
Y; for each ¢ € I\F. So, by 3.1, 3.2 and 3.5, it follows that B = [[,.; B; =

[ies(intx, (Clx, (U) 1 £ (02) = (ITies intx, (Clx, @)) 0 (ies £ (00)) =

intx (ClX (Hie[ Uz)) nfe (Hiel Oi>. Since, [[;c; Ui € 7(X) and [[,;0; €
7(Y), it is clear that B € 7(X (s, f)).

On the other hand, let B’ = intx(Clx(U)) N f<(0) , with U € 7(X)
and O € 7(Y), a basic open set of X(s,f) and let x € B’. Hence, z €
intx(Clx(U)) and f(z) € O. By definition of product topology, there are
a basic open set [[;c;W; € 7(X) such that z € [[;c;Wi; C U and a ba-
sic open set [[;c;4i € 7(Y) such that f(z) € [[;c;A € O. Then, z €

f(_(HieIAz) C f(0) and, by 3.5, x € [[;c; fi7(4i) € f(0). Moreover,

by 3.1 and 3.2, [, intx, (Clx,(Wi)) = intx (ClX (Hiel W)) C intx (Clx(U)).
So, @ € [y (intx, (Clx,(Wi)) N = (A:)) C intx (Clx (U)) N f<(0) = B, where
[Lc, (intx, (Clx, (W;)) N £~ (A:)) belongs to the base of T(Hiel Xi(s, fi)). Thus,
the lemma is proved. [J

THEOREM 3.12. The product function f = [[,c; fi is almost regular iff each
function f; is almost regular.

Proof. In fact, by 2.6, we have that [],.; f; is almost regular iff (Hiel fz-> (s) is

regular i.e., by 3.11, iff [[,; fi(s) is regular and, by 3.10, iff each f;(s) is regular,
that is, by 2.6, iff each f; is almost regular. [

THEOREM 3.13. The product function f = [],c; fi is semiregular iff each func-
tion f; is semiregular.

Proof. Let f € C(X,Y) semiregular. Fixed k € I, we consider the function
fi € C(Xg,Ys). Let U € 7(Xj) and z € U. Then, picked an arbitrary point
& € X; for each i € I\{k}, we consider the point p =< p; >;cr€ X, defined by
pr = z, and p; = §; for each 4 € I\{k}, and the basic open set A = [[;.; Ai of
the product space X, defined by Ay = U, A; = X; for each i € I\{k}. It is clear
that p € A. Thus, there are a basic open neighbourhood O = [[;c; O; of f(p)
in Y and a basic closed set F' = [[;c; Fi € o(f(0)) = 0(X)j (o) such that
p € intg(0)(F) € AN f<(0). As, from 3.5, f<(0) = [L;c; [ (0:), by 3.2,
we have that int ;) (F) = [L;crints—(0,)(Fi). Then, p € [[;crints—0,)(Fi) C
[Licr Ai N[ Lics £ (0:) = Tlier (A N £ (0;)). So, O is an open neighbourhoods
of fr(z) in Yy and Fj is a closed set of f{ (Og) such that x € intfl;—(ok)(Fk) C
UnN f{(Og). This proves that fi € C(Xy, Yy) is semiregular.

Conversely, if each f; is semiregular, by 2.5, we have that f; = fi(s) and so,
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by 3.11, f = [Lier fi = [lier fi(s) = (HzEIfZ)(S) = f(s). Thus, by 2.5, f is

semiregular. [J
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