
Прикладная математика и математическая физика

2015, том 1, №1, 119–128

DOI 10.18262/ammp.2015.0101-08

0-Gaps on 3D Digital Curves
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Abstract. In digital geometry, gaps are some basic portion of a digital object that a dis-
crete ray can cross without intersecting any voxel of the object itself. Such a notion is quite
important in combinatorial image analysis and is strictly connected with some applications
in fields as CAD and computer graphics. In this paper we prove that the number of 0-gaps
of a 3D digital curve can be expressed as a linear combination of the number of its i-cells
(i = 0, . . . , 3).
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1. Introduction

By the word “gap” in digital geometry we mean some basic portion of a digital
object that a discrete ray can cross without intersecting any voxel of the object
itself. Since such a notion is strictly connected with some applications in the field of
Computer graphics (e.g., the rendering of a 3D image by the ray-tracing technique),
many papers (see, for example, [1]–[4]) concern the study of 0- and 1-gaps of 3-di-
mensional objects.

More recently, in [5] and [6] two formulas which express, respectively, the number
of 1-gaps of a generic 3D object of dimension α = 1, 2 and the number of (n − 2)-
gaps of a generic digital n-object by means of a few simple intrinsic parameters of
the object itself were found. Furtermore, in [7] the relationship existing between the
dimension of a 2D digital object equipped with an adjacency relation Aα, α ∈ {0, 1},
and the number of its gaps were investigated.

In the next section we recall and formalize some basic definitions and properties
of the general n-dimensional digital spaces with particular regard to the notions of
block, tandem and gap.

In Section 3, we restrict our attention to digital curves in 3D digital spaces,
deriving some particular cases of the propositions above recalled in order to prove
our main result which states that the number g0 of 0-gaps of a 3D digital curve γ

can be expressed as a linear combination of the number c − i of its i-cells, with
i = 0, . . . , 3, and, more precisely, that g0 =

∑3
i=0(−1)i+12ici.
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2. Preliminaries

Throughout this paper we use the grid cell model for representing digital objects,
and we adopt the terminology from [8] and [9].

Let x = (x1, . . . , xn) be a point of Zn, θ ∈ {−1, 0, 1}n be an n-word over the
alphabet {−1, 0, 1}, and i ∈ {1, . . . , n}. We define i-cell related to x and θ and
denote it by e = (x, θ), the Cartesian product in a certain fixed order of n − i

singletons
{

xj ±
1
2

}

by i closed sets
[

xj −
1
2 , xj + 1

2

]

, i.e., we set

e = (x, θ) =

n
∏

j=1

[

xj +
1

2
θj −

1

2
[θj = 0], xj +

1

2
θj +

1

2
[θj = 0]

]

,

where [•] denotes the Iverson bracket [10]. The word θ is called the direction of the
cell (x, θ) related to the point x.

Let us note that an i-cell can be related to different point x ∈ Zn and, once
we have fixed it, can be related to different direction. So, when we talk generically
about i-cell, we mean one of its possible representation.

The dimension of a cell e = (x, θ), denoted by dim(e) = i, is the number of non-
trivial interval of its product representation, i.e., the number of null components of
its direction θ. Thus, dim(e) =

∑n
j=1[θj = 0] or, equivalently, dim(e) = n − θ · θ.

So, e is an i-cell if and only if it has dimension i.

We denote by C(i)
n the set of all i-cells of Rn and by Cn the set of all cells defined

in Rn, i.e., we set Cn =
⋃n

j=0 C(j)
n . An n-cell of Cn is also called an n-voxel. So,

for convenience, an n-voxel is denoted by v, while we use other lower case letter
(usually e) to denote cells of lower dimension. A finite collection D of n-voxels is
a digital n-object. For any i = 0, . . . , n, we denote by Ci(D) the set of all i-cells of

the object D, that is, D∩C(i)
n , and by ci(D) (or simply by ci if no confusion arises)

its cardinality |Ci(D)|.
We say that two n-cells v1, v2 are i-adjacent, i = 0, 1, . . . , n − 1, if v1 6= v2 and

there exists at least one i-cell e such that e ⊆ v1 ∩ v2, that is if they are distinct
and share at least one i-cell. Two n-cells v1, v2 are strictly i-adjacent, if they are

i-adjacent but not j-adjacent, for any j > i, that is, if v1 ∩ v2 ∈ C(i)
n . The set of all

n-cells that are i-adjacent to a given n-voxel v is denoted by Ai(v) and called the
i-adjacent neighborhoods of v. Two cells v1, v2 ∈ Cn are incident to each other, and
we write e1Ie2, if e1 ⊆ e2 or e2 ⊆ e1.

Definition 1. Let e1, e2 ∈ Cn. We say that e1 bounds e2 (or that e2 is bounded

by e1), and we write e1 < e2 if e1Ie2 and dim(e1) < dim(e2). The relation < is
called bounding relation.

Definition 2. An incidence structure (see [11]) is a triple (V,B, I) where V and
B are any two disjoint sets and I is a binary relation between V and B, that is,
I ⊆ V × B. The elements of V are called points, those of B blocks. Instead of
(p, B) ∈ I, we simply write pIB and say that the point p lies on the block B or p

and B are incident.

If p is any point of V , we denote by (p) the set of all blocks incident to p, i.e.,
(p) = {B ∈ B : pIB}. Similarly, if B is any block of B, we denote by (B) the set
of all points incident to each other B, i.e., (B) = {p ∈ V : pIB}. For a point p, the
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number rp = |(p)| is called the degree of p, and similarly, for a block B, kB = |(B)|
is the degree of B.

Let us remind the following fundamental proposition of incidence structures.

Proposition 1. Let (V,B, I) be an incidence structure. We have

∑

p∈V

rp =
∑

B∈B

kB , (1)

where rp and kB are the degrees of any point p ∈ V and any block B ∈ B, respectively.

Definition 3. Let e be an i-cell, 0 6 i 6 n − 1, of Cn. Then an i-block centered

on e, denoted by Bi(e), is the union of all the n-voxels bounded by e, i.e., Bi(e) =
⋃

{v ∈ C(n)
n : e < v}.

Remark 1. Let us note that, for any i-cell e, Bi(e) is the union of exactly 2n−i

n-voxels and e ∈ Bi(e).

Definition 4. Let v1, v2 be two n-voxels of a digital object D and e be an i-cell,
i = 0, . . . , n− 1. We say that {v1, v2} forms an i-tandem of D over e and denote it
by ti(e) if D ∩ Bi(e) = {v1, v2}, v1 and v2 are strictly i-adjacent and v1 ∩ v2 = e.

Definition 5. Let D be a digital n-object and e be an i-cell, i = 0, . . . , n − 2. We
say that D has an i-gap over e if there exists an i-block Bi(e) such that Bi(e) \ D

is an i-tandem over e. The cell e is called i-hub of the related i-gap. Moreover, we
denote by gi(D) (or simply by gi if no confusion arises) the number of i-gap of D.

Fig. 1. Configurations of 1- and 0-gaps in C3

Notation 1. For any i = 0, . . . ,n − 1, we denote by Hi(D) (or simply by Hi if no

confusion arises) the sets of all i-hubs of D. Clearly, we have |Hi| = gi.

Definition 6. An i-cell e (i = 0, . . . , n − 1) of a digital n-object D is free if
Bi(e) * D.

Notation 2. For any i = 0, . . . ,n−1, we denote by C∗i (D) (respectively, by C′i(D))
the set of all free (respectively, non-free) i-cells of the object D. Moreover , we

denote by c∗i (D) (or simply by c∗i ) the number of free i-cells of D and by c′i(D)
(or simply by c′i) the number of non-free cells.

Remark 2. It is evident that {C∗i (D), C′i(D)} forms a partition of Ci(D) and that
ci = c∗i + c′i.
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Proposition 2. Let D be a digital n-object. Then c2 = 6c3 − c′2.

Proof. Let us consider the set F =
⋃

v∈Cn(D){(e, v) : e ∈ Cn−1(D), e < v}. It is
evident that

|F | =
∣

∣{(e, v) : e ∈ Cn−1(D), e < v}
∣

∣ |Cn(D)| = cn−1→n · cn = 2ncn.

Let us set

F ∗ = F ∩ (C∗n−1(D) × Cn(D)), F ′ = F ∩ (C′n−1(D) × Cn(D)).

The map φ : F ∗ → C∗n−1(D), defined by φ(e, v) = e, is a bijection. In fact, besides
being evidently surjective, it is also injective, since if by contradiction there were two
distinct pairs (e, v1) and (e, v2) ∈ F ∗ associated to e, then Bn−1(e) = {v1, v2} should
be an (n − 1)-block contained in D. This contradicts the fact that the (n − 1)-cell
e is free. Thus |F ∗| = |C∗n−1(D)| = c∗n−1.

On the other hand, it results that

∣

∣F ′
∣

∣ =

∣

∣

∣

∣

⋃

v∈Cn(D)

{(e, v) : e ∈ C′n−1(D), e < v}

∣

∣

∣

∣

=

∣

∣

∣

∣

⋃

e∈C′

n−1
(D)

{(e, v) : v ∈ Cn(D), e < v}

∣

∣

∣

∣

=
∣

∣{(e, v) : v ∈ Cn(D), e < v}
∣

∣ |C′n−1(D)|

= cn−1←nc′n−1 = 2c′n−1.

Since {F ∗, F ′} is a partition of F , we finally have that |F | = |F ∗| + |F ′|, i.e.,
2ncn = c∗n−1 + 2c′n−1 = cn−1 − c′n−1 + 2c′n−1 = cn−1 + c′n−1, and then the thesis.

Notation 3. Let i, j be two natural numbers such that 0 6 i < j. We denote

by ci→j the maximum number of i-cells of Cn that bound a j-cell. Moreover , we

denote by ci←j the maximum number of j-cell of Cn that are bounded by an i-cell.

The following three propositions were proved in [6].

Proposition 3. For any i, j ∈ N such that 0 6 i < j, we have

ci→j = 2j−i

(

j

i

)

.

Proposition 4. For any i, j ∈ N such that 0 6 i < j, we have

ci←j = 2j−i

(

n − i

j − i

)

.

Proposition 5. Let D be a digital n-object. Then cn−1 = 2ncn − c′n−1.

Notation 4. Let e be an i-cell of a digital n-object D and 0 6 i < j. We denote

by bj(e,D) (or simply by bj(e) if no confusion arises) the number of j-cells of bd(D)
that are bounded by e.

Let us note that if e is a non-free i-cell, then bj(e) = 0.
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Proposition 6. Let v be an n-voxel and e be one of its i-cells , i = 0, . . . ,n − 1.
Then, for any i < j 6 n, it results that

bj(e) =
ci→jcj→n

ci→n

.

3. Gaps and curves in 3D digital space

Throughout the rest of the paper we consider the 3-dimensional digital space Z3

with the corresponding grid cell model C3.

Definition 7. A digital object γ of C3 is called a digital k-curve if it satisfies the
following two condition:

• ∀v ∈ γ it is 1 6 |Ak(v)| 6 2,

• for any v ∈ γ, if v1, v2 ∈ Ak(v), then {v1, v2} 6∈ Ak(v),

that is, for any voxel v ∈ γ there exist at most two voxels k-adjacent to v, and every
pair of voxels k-adjacent to a voxel of γ can not be k-adjacent to each other.

The voxels in γ which have only one k-adjacent voxel are called the extreme
points of the curve.

Fig. 2. An example of a digital 0-curve in C3

We are interested only in a digital 0-curve and, if no confusion arises, we will
briefly call it a digital curve.

The following propositions derive from some general ones proved in [6] for the
n-dimensional case.

Proposition 7. Let v be a voxel and e be one of its i-cell , i = 0, . . . ,2. Then, for

any i < j 6 2, we have

bj(e) =

(

3 − i

j − i

)

.

Proposition 8. Let e be a 2-cell of C3. Then the number of i-cells , i = 0, . . . ,2, of

the 2-block centered on e is

ci(B2(e)) =
9 + i

6
ci→3.

In order to obtain our main result, we need to prove the following result.
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Proposition 9. The number of i-cells , i = 0, 1, of an 1-tandem t1(e) is

ci(t1) =
42 + 5i − i2

24
ci→3.

Proof. By definition, t1(e) is composed of two strictly 1-adjacent voxels. Each of
such voxels has exactly ci→3 i-cells. But some of these cells are repeated onto t1(e).
The number of these repeated i-cells coincides with the number of i-cells of the
1-hub e. Since

(

1

i

)

=
(n − i)(n − i − 1)

n(n − 1)

(

n

i

)

,

we have

ci(tn−2(e)) = 2ci→n − ci→n−2

= 2 · 2n−i

(

n

i

)

− 2n−2−i

(

n − 2

i

)

=
7n2 − 7n + 2in− i2 − i

4n(n− 1)
ci→n.

The following useful proposition was proved in [5].

Proposition 10. The number of 1-gaps of a digital object D of C3 is given by

g1 = 2c∗2 − c∗1. (2)

Proposition 11. Let e be a free vertex that bounds the center e′ of a 2-block B2(e
′).

Then b1(e) = 4.

Proof. Let us consider the incidence structure (C0(B2(e
′)), C1(B2(e

′)), <). By Pro-
position 1, we have

∑

a∈C0(B2(e′))

ra =
∑

a∈C1(B2(e′))

ka.

Let us note that, by Proposition 8, we have |C1(B2(e
′))| = 20 and |C0(B2(e

′))| = 12.
Since, for any a ∈ C1(B2(e

′)) we have ka = c0→1 = 2, it follows that

∑

a∈C1(B2(e′))

ka = 2|C1(B2(e
′))| = 40. (3)

Let us now consider the sets

F = {a ∈ C0(B2(e
′)) : a < e′}, G = {a ∈ C0(B2(e

′)) : a ≮ e′}.

Since {F, G} forms a partition of C0(B2(e
′)), we can write

∑

a∈C0(B2(e′))

ra =
∑

a∈F

ra +
∑

a∈G

ra.

For any a ∈ F , let us set ra = b1(e). We obtain

∑

a∈F

ra = |F |b1(e) = c0→2b1(e) = 4b1(e). (4)
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Instead, by Proposition 7, for any a ∈ G, we have

ra = b1(a) =

(

3 − 0

1 − 0

)

= 3,

and so,
∑

a∈G

ra = 3|G| = 3(|C0(B2(e
′))| − c0→2) = 3(12 − 4) = 24. (5)

To sum up, by using Equations (3)–(5), we can write 4b1(e) + 24 = 40, from which
we get the thesis.

Proposition 12. Let γ be a digital curve of C3. Then the number of 0-cells that

bound some non-free 2-cell is 4c′2.

Proof. Since c′2(γ) coincides with the number of 2-block of γ, and since any non-
free 2-cell is bounded by c0→2 = 4 0-cells, the number of 0-cells that bounds some
non-free 2-cell is exactly 4c′2.

Proposition 13. For any i, j ∈ N such that 0 6 i < j, we have

ci←j = 2j−i

(

n − i

j − i

)

.

Proposition 14. Let D be a digital object of C3 and e ∈ H0. Then b1(e) = 6.

Proof. Since the number b1(e) of 1-cells of D bounded by e coincides with the maxi-
mum number of 1-cells bounded by a 0-cell, by Proposition 13, we have

b1(e) = c0←1 = 21−0

(

3 − 0

1 − 0

)

= 6.

We have the following lemma.

Lemma 1. The number of 0-cells and 1-cells of a 1-tandem t1(e) is c0(t1(e)) = 14
and c1(t1(e)) = 23, respectively.

Proof. It directly follows from Proposition 9 for n = 3 and i = 0 or i = 1, respect-
ively.

Proposition 15. Let e be a 0-cell that bounds a 1-hub. Then b1(e) = 5.

Proof. Let e′ a 1-hub that is bounded by e and t1(e
′) the related 1-tandem.

Moreover, let us consider the incidence structure (C0(t1(e
′)), C1(t1(e

′)), <). By
Proposition 1, we can write

∑

a∈C0(t1(e′))

ra =
∑

a∈C1(t1(e′))

ka.

By Lemma 1, we have |C0(t1(e
′))| = 14 and |C1(t1(e

′))| = 23. Moreover, since for
any a ∈ C1(t1(e

′)), ka = c0→2 = 2, it follows that

∑

a∈C1(t1(e′))

ka = 2|C1(t1(e
′))| = 46.
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Now, let us set

F = {a ∈ C0(t1(e
′)) : a < e′},

G = {a ∈ C0(t1(e
′)) : a ≮ e′}.

Since {F, G} is a partition of C0(t1(e
′)), we have

∑

a∈C0(t1(e′))

ra =
∑

a∈F

ra +
∑

a∈G

ra.

Let us calculate
∑

a∈F ra. If we set ra = b1(e), we have

∑

a∈F

ra = |F |b1(e) = co→1b1(e) = 2b1(e).

Now, let us calculate
∑

a∈G ra. By Proposition 7, for any a ∈ G, we have

ra = b1(a) = 3.

Hence, we get
∑

a∈G

ra = 3|G| = 3(|C0(t1(e
′))| − c0→1) = 36.

To sum up, we have 2b1(e) + 36 = 46, from which we get b1(e) = 5.

Proposition 16. Let γ be a digital curve of C3. Then the number of 0-cells that

bounds some 1-hub of γ is 2g1.

Proof. Since any 1-hub is bounded by c0→1 0-cell, the number of 0-cells that bounds
some 1-hub is exactly 2g1.

By applying Proposition 7 with i = 0 and j = 1, we can easily prove the following
proposition.

Proposition 17. Let e be a 0-cell of a voxel v ∈ C3. Then b1(e) = 3.

Theorem 1. Let γ be a digital curve of C3. Then the number of its 0-gaps is

given by

g0 =

3
∑

i=0

(−1)i+12ici.

Proof. Let us consider the incidence structure (C0(γ), C1(γ), <). By Proposition 1,
we have

∑

a∈C0(γ)

ra =
∑

a∈C1(γ)

ka.

Evidently, for any a ∈ C1(γ), we have that ka = 2. So,

∑

a∈C1(γ)

ka = 2|C1(γ)| = 2c1. (6)
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Let us denote by Hi(γ), i = 0, 1, and by C′2(γ) the sets of 0- and 1-hubs and the
set of non-free 2-cells of γ, respectively. Let us now calculate

∑

a∈C0(γ) ra. In order
to do that, let us consider the following sets of 0-cells:

A = {c ∈ C0(γ) : c ∈ H0(γ)},

B = {c ∈ C0(γ) : c < e, e ∈ H1(γ)},

C = {c ∈ C0(γ) : c < e, e ∈ C′2(γ)},

D = C0(γ) \ (A ∩ B ∩ C).

Since {A, B, C, D} forms a partition of C0(γ), we have
∑

a∈C0(γ)

ra =
∑

a∈A

ra +
∑

a∈B

ra +
∑

a∈C

ra +
∑

a∈D

ra.

Let us calculate
∑

a∈A ra. By Proposition 14, for any a ∈ A it is ra = 6.
Evidently |A| = g0. Hence

∑

a∈A

ra = ra|A| = 6g0. (7)

Let us calculate
∑

a∈B ra. By Proposition 15, for any a ∈ B, we have ra = 5.
Moreover, by Proposition 16, |B| = 2g1. So,

∑

a∈A

ra = ra|B| = 10g1. (8)

Let us calculate
∑

a∈C ra. By Proposition 11, for any a ∈ C, we have ra = 4, and
by Proposition 12, |C| = 4c′2. It follows that

∑

a∈A

ra = ra|C| = 16c′2. (9)

Finally, let us calculate
∑

a∈D ra. By Proposition 17, for any a ∈ D, we have ra = 3.
Moreover, |D| = c0 − 4c′2 − 2g1 − g0. So,

∑

a∈A

ra = ra|D| = 3(c0 − g0 − 2g1 − 4c′2). (10)

Combining the Equations (7)–(10), we obtain 6g0 + 10g1 + 16c′2 + 3c0 − 3g0 −
6g1 − 12c′2 = 2c1, that is,

3c0 + 4c′2 + 4g1 + 3g0 = 2c1. (11)

Using Proposition 10, we get 3c0 +4c′2 +8c∗2−4c1 +3g0 = 2c1, since c2 = c′2 +c∗2,
3c0 + 4c2 + 4c∗2 + 3g0 = 6c1. Moreover, by Proposition 2, we get −c′2 = c2 − 6c3. So,
we can write

c∗2 = c2 − c′2 = c2 + c2 − 6c3 = 2c2 − 6c3.

Substituting the last expression in Equation (11), we have

3c0 + 4c2 + 8c2 − 24c2 + 3g0 = 6c1,

that is,
3c0 + 12c2 − 24c3 + 3g0 = 6c1,

from which we finally get g0 =
∑3

i=0(−1)i+12ici.



128 ANGELO MAIMONE, GIORGIO NORDO

References

1. Brimkov V.E., Maimone A., Nordo G. An explicit formula for the number of tun-

nels in digital objects, arXiv:cs/0505084.

2. Brimkov V.E., Maimone A., Nordo G., Barneva R.P, Klette R. The number

of gaps in binary pictures. Proceedings of the ISVC 2005 Lake Tahoe, NV, USA,
December 5–7, 2005 (Eds.: Bebis G., Boyle R., Koracin D., Parvin B.), Lecture Notes
in Computer Science, 3804 (2005), 35–42.

3. Brimkov V.E., Maimone A., Nordo G. Counting gaps in binary pictures. Proceed-
ings of the 11th International Workshop, IWCIA 2006, Berlin, GERMANY, June
2006 (Eds.: Reulke R., Eckardt U., Flach B., Knauer U., Polthier K.), Lecture Notes
in Computer Science, LNCS, 4040 (2006), 16–24.

4. Brimkov V.E., Nordo G., Maimone A., Barneva R.P. Genus and dimension of

digital images and their time and space-efficient computation. Internat. J. Shape Mo-
delling, 14 (2008), 147–168.

5. Maimone A., Nordo G. On 1-gaps in 3D digital objects. Filomat, 25 (2011), 85–91.

6. Maimone A., Nordo G. A formula for the number of (n−2)-gaps in digital n-objects.
Filomat, 27 (2013), 547–557.

7. Maimone A., Nordo G. A note on dimension and gaps in digital geometry. Filomat,
29 (2015) (to appear).

8. Klette R., Rosenfeld A. Digital geometry – geometric methods for digital picture

analysis. Morgan Kaufmann, San Francisco, 2004.

9. Kovalevsky V.A. Finite topology as applied to image analysis. Computer Vision,
Graphics and Image Processing, 46:2 (1989), 141–161.

10. Knuth D. Two Notes on Notation. American Mathematics Montly, 99:5 (1992),
403–422.

11. Beth T., Jungnickel D., Lenz H. Design theory. V. I, II. Cambridge University
Press, Cambridge, 1999.

Angelo Maimone Received 27.01.2015

Dipartimento di Matematica e Informatica,

Università degli Studi di Messina,

Sant’Agata–Messina, Italy

E-mail: angelomaimone@libero.it

Giorgio Nordo

Dipartimento di Matematica e Informatica,

Università degli Studi di Messina,

Sant’Agata–Messina, Italy

E-mail: giorgio.nordo@unime.it


