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Abstract: In this paper, the block pulse functions (BPFs) and their operational matrices of integration and dif-
ferentiation are used to solve nonlinear singular initial value problems (NSIVPs) of generalized Lane-Emden
type in a large interval. In the proposed method, we present a new technique for computing nonlinear terms
in such equations. This technique is then utilized to reduce the solution of this nonlinear singular initial value
problems to a system of nonlinear algebraic equation whose solution is the coefficients of block pulse expan-
sions of the solution of NSIVPs. Numerical examples are illustrated to show the reliability and efficiency of
the proposed method.
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1 Introduction

Singular initial value problems (SIVPs) occur very frequently in several models of physics, chemistry and
mechanics [1-4]. For example, the density profile equation in hydrodynamics may be reduced to a singular
nonlinear differential equation in the following form [5]:

(PO’ () = pOf (ux)), u(0)=a u'(0) =4, ey

where p and f are known functions which satisfy desired conditions of the under study problems. As another
example, theory of stellar structure, the thermal behavior of a spherical cloud of gas, isothermal gas spheres
and theory of thermionic currents are modeled by means of the Lane-Emden equation [6]:

(0 + %u’(t) +R(OgW) = h(H), A=0, u(0)=a, u'(0)=p, @)

where a and B are fixed constants, g(u) is an analytical real valued function, R(t) and h(t) are continuous real
valued function in their domains. Because of the singularity behavior at the origin, the linear and nonlinear
SIVPs play important role in the physics and engineering fields, and investigating the numerical solution of
these kind of problems is very interesting.

The aim of this paper is to introduce a new method for numerical solution of the following generalized
Lane-Emden SIVP

u’(6)+ Q' (H) + R(Dgw) = h(), u(0)=a, u'(0)=4, 3
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where g(u) is an analytic real valued function, R(t) and h(t) are continuous real valued functions in their
domains. In addition, we suppose that the function Q(t) can be written as Q(t) = %, where p(t) € C[0, o)
and ¢(t) is a known function which has some roots in a known large interval.

In recent years, the study of SIVPs has attracted the attention of many mathematicians and physicists (see
[7] and references therein) particularly Lane-Emden equation [8-13]. In this study, we propose a new simple
method to solve the generalized Lane-Emden SIVPs (3)(examples 1, 2 and 4), in a large interval by using Block
Puls Functions (BPFs).

BPFs are easy to use and this simplicity allows one to use them for solving integral equations and differential
equations [14, 15]. In this study, we will apply the BPFs to find approximate solution to the nonlinear SIVPs.
In the proposed method, both of the operational matrices of integration and differentiation of BPFs have
been used mutually, and for the first time, to solve the nonlinear SIVPs. The method is based on reducing the
equation to a system of nonlinear algebraic equations by expanding the solution using BPFs with unknown
coefficients. The proposed method is simple to understand and easy to implement using suitable computer
softwares. Moreover, there are some important points to be noted here. Although, in recent years, BPFs have
been used to solve different nonlinear functional equations, but in almost all of these cases, nonlinear terms
that has polynomial form and for other nonlinear terms, these terms are approximated by Taylor’s expansions
and then few terms of these expansions have been used. For this reason the obtained solutions are accurate
only in a small interval. In this paper, we have proven that any analytic function g(u), can be expressed
in a closed form by BPFs without considering Taylor’s expansions (see theorem 2.3). This fact allows us to
obtain the numerical solutions of problems in a large interval. In [13], authors have employed BPFs to obtain
operational matrix for Bernstein polynomials and then this matrix was used for the numerical solution of
the Lane-Emden problem. Finally, in this paper some useful theorem about convergence of BPFs in a large
interval are proven.

The structure of this paper is as follows: In section 2 we introduce block pulse functions and their properties.
In section 3 the rate of convergence and error analysis of the BPFs expansion are presented. In section 4 we
implement the proposed method for the nonlinear SIVPs. In section 5 the error of the proposed method is
investigated. In section 6 we apply the proposed method and solve some examples to show the accuracy and
efficiency of this method. Finally, a conclusion is drawn in section 7.

2 Block pulse functions (BPFs)

BPFs have been studied by many authors and also have been applied for solving different problms [15-20].
Here, we present a brief review of BPFs and its properties:

Definition 2.1. An m-set of BPFs is defined over the interval [0, T) as:
1, iT <t< (i+1)T’
bi(t) = m m (4)
0, otherwise,
wherei=0,1,2,...,(m-1).

The most important properties of BPFs are disjointness, orthogonality and completeness.
Disjointness: This property can be clearly obtained from the definition of BPFs:

bi(0), i=j,
0, i#],

bi(t)b;(t) = { )

Orthogonality: It is clear that

T
/bi(T)bi(T)dT = %5,‘]'. (6)
0
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where §;; is Kroneker delta.

Completeness: For every f € L?[0, T), sequence {b;(£)}:, is complete if fOT b;(t)f()dt = O resultin f(¢) = O
almost everywhere. Because of completeness of {b;(t)};, , Parseval’s identity holds, i.e. we have |, OT [f(O12dt =
S5 f21Ibi(8)|)?, for every real bounded function f(¢) € L*[0, T) and:

@+1T

m

T
fi- 7 [bwr@ar - [ roar. @)
0

iT
m

2.1 Vector forms

Consider the first m-terms of BPFs and write them concisely as m-vector:
Bm(t) = [bO(t)’ bl(t)s--‘sbi(t)’-"’bm—l(t)]T’ te [Os T)- (8)

The above representation and disjointness property yield:

bo(t) 0 e 0
. 0 by(t) ... 0
Bm(t)Bm(t) = . . . . s (9)
O 0 “ee bm_l(t)
Bn(t)Bn(0) = 1, (10)
Bu(t)Bn(t)V = VBn(t), (11)
where V is an m-vector and V = diag(V).
2.2 Function approximation
Any absolutely integrable function f(t) defined over [0, T) can be expanded in BPFs as:
fO =" fibi(®), (12
i=0
where f; is obtained in (7).
If the infinite series in (12) is truncated, then (12) can be written as
m-1
fnl®) = S Fibi(6) = FhBm(0), 1)

i=0

where Fm = [fo, f1, ... ,fm,l]T and By, (t) is defined in (8).
Also the block pulse coefficients f; are obtained as (7), such that the mean square error between f(t) and its
block pulse expansion (13) in the interval of ¢ € [0, T) is minimal:

T me1 2
1
=1 O/ (f(t) - lz_ojfibi(t)> a.

Lemma 2.2. Suppose fm(t) = FL,Bm(t) be expansion of f(t) by BPFs, then for any integer n > 2 we have:
FOI" = [fo, fis -+ s fn-1]Bm(0). (14)
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Proof. From (5) and (9) we get:

[f(t)]z =f(t)f(t)T = [aOy A1y eney am—l]Bm(t)Bm(t)T[aO, /5 amfl]T

bo(t) 0 0
0 bi(t) ... 0 r
= [aOy aly--'yamfl] . . . . [aOy aly---yamfl]
0 0 eere bpmoa(O)
= fobo(O) + fib1(t) + ... + fm1bm-1(O) = [f3, f1, - ., fmea|Bm(0), (15)
Now by induction we have:
[w®]" = [ag, ai, ..., ap-1]Bm(t). n=2. (16)

This completes the proof.
Theorem 2.3. Suppose g(t) be an analytic function and f(t) be expansion of f(t) by BPFs, Then we have:
g (f(0) = [g(ao), g(ar), ..., glam-1)1Bm(0). (17)

oo (71)(0) n
n=0gnl X,

Proof. Since g is an analytic function, by considering Maclaurin expansion of g, i.e. g(x) = >_
we get:

From Eqgs. (16) and (18) yield:
Rl ()] R ()] * oM
g0 =Y Qtay, ., at 1800 - {Z S0, S Va0, 09
n=0 n=0 n=0

Since the series in left hand side is absolutely and uniformly convergent to g(f), therefore each series in right
hand side is also absolutely and uniformly convergent to g(a;) i.e.

(n)
Zg ©) g 8 (O)a; 1} - [g(ao), ..., g(am1)] . (20)

Now, from (19) and (20), we have:

g(f(1) = [g(ao), glar), ..., g(am-1)] Bm(0). 1)

This completes the proof.

2.3 The operational matrices
Chen and Hsiao [21] introduced the concept of operational matrix in 1975. Kilicman and Al Zhour [22] inves-

tigated the generalized integral operational matrix and showed that the integral of the matrix Bn(t) defined
in (8), can be approximated by:

t
/ Bu(1)dt ~ PB(0), 22)
0
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where P is the m x m operational matrix of one-time integral of B, (t). Moreover, we can compute the gener-
alized operational matrices P" of n-times integration of By (t) as:

t t

/ s / Bu(2)(dt)" = P"Bu(b). (23)
(0] (0]

n-times

In [22] it is shown that P" has the following form:

1 & & ... é&na
I R
n_ ( 0 O 1 f _3
P (m> (n+1) m ’ (24)
0O 0 O . :
0O 0 O 0 1

where & = (i + 1)™1 - 2i™1 + (i — 1)"*1,
Also, the generalized BPFs operational matrices D" for differentiation can be derived by inverting the P"
matrices, which has the following form [22]:

1 d d» ... dma
0 1 di ... dmo
D" = (n+1)! (%)" 0 0 1 ... dns|, 25)
0 0 0 . o
0O 0 0 0 1

where d; = -7, &d;jforalli=1, 2,..., m-1,and do = 1.

3 Description of the proposed method

In this section, the BPFs expansion together with its operational matrices of integration and differentiation
are used to obtain numerical solutions of equation (3). Let us consider the NSIVP (3). For solving this equation
we assume:

u”(t) = KEBm(0), (26)

where K7, is an unknown vector and Bn(t) is the vector which is defined in (7). By two-times integration of
(26) with respect to t and considering the initial conditions, we have:

U (t) = KPBm(t) + B = KmPBw(t) +[B, B, - - - , B1Bm(1), (27)
and
u(t) = KLP?’Bum(t) + B, B, - - ., BIPBum(t) + [, @, . . ., @] Bm(t). (28)
Equation (28) can be written as:
u(t) = KLP?Bu(t) + [B, ..., BIPBm(t) + (@, ..., a]Bu(t) = [a0, a1, ..., Am_1]Bm(t). (29)
Now from theorem 2.3 we have:

() = [g(a0), g(ar), .. ., g(am-1)] Bult). (30)
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By substituting (26), (27) and (30) into (3) and considering (29) we have:
[Kh+ Q) (IKRP + B, ... B]) + R() [8(ao), g(@r), ... 8an-1)] | Bu(6) = (D), G)
where

Kn = [lao, a1, ..., am1]l-[B,...,BIP-[a,...,a]] D*.

Equation (31) is a nonlinear algebraic equation. Now, by taking collocation points t; = %, i=1,2,...,m,

this equation is transformed into a nonlinear system of algebraic equations with m unknowns a;(i =
0, 1,...,m-1). By solving this system and determining [ao, a1, ..., @m-1], We get the numerical solution of
(3) as u(t) = [aO, aiy ..., am—l]Bm(t)~

4 Convergence and error analysis of BPFs expansion

In this section we review the rate of convergence and error analysis of the BPFs expansion of a continuous
function.

Definition 4.1. Suppose fn(t) = FL,Bu(t) be expansion of f(t) by BPFs, then the corresponding error is de-
fined as follows:

em(t) = fm(6) - f(2). (32)
Theorem 4.2. Suppose that f(t) satisfies a Lipschitz condition on [0, T], that is:

aM >0, ¥¢, n€lo, T] : |f({) - f(n)| < M|¢ - 7). (33)

Then the BPFs expansion will be convergent in the sense that en(t) approaches zero as m closes to infinity.
Moreover, the convergence order is one, that is :

len(®] = 0G0). (34)

Proof. By defining the error between f(t) and its BPFs expansion over every subinterval I; as:

ei(t) = fibi() - f(t), telL(i=0,1,...,m-1),

where I; = [T, &UT) 'ywe obtain:
(i+;)T (i+;)T
T
le(®)]* = / ei(0)*de = / (fibi(0) ~£(0)* dt = — (fi~f0)°, ni € T, (35)

3|
3|

where we used the mean value theorem for integral.
From (7) and the mean value theorem, we have:

(

m [ mT
fi=5 | f0dt=T—fG)=FC), Gel (36)

EllS]

By substituting (36) in (35) we obtain:

T3 M?

- 37)

2
eI = L (7 - fonp)* « g -2 <
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This leads to:

T T /m-1 2
lem(®OII* = [ em(t)*dt = (Za(t)) dt
feoree{

T
=/<Ze(t)2> dt+2Z/e(t)e,-(t)dt.
J \'

isj
Sincefori # j, I; N I; =, then

T

m-1
lem(®)]| =/<Ze(t)2> dt=7_|leill*.
i=0

0 i=0

Substituting (37) into (39), we have:

lem@)? « TM

or, in other words, ||en(t)|| = O(%). This completes the proof.

13

(38)

(39)

(40)

Corollary 4.3. Let fiy(t) be the expansion of f(t) by BPFs and en(t) be the corresponding error which is de-

fined in (32), then we have:

Hem(t)H <

MTVT
o
Proof. It is an immediate consequence of Theorem 4.2.

Lemma 4.4. Suppose f(t) is approximated by BPFs on interval [0, T) as:

m-1

fu(®) = fibi(D),

i=0

and moreover suppose by solving some problems we have found fi as an approximation of f; and put:

m-1
fu® =" fibi(®),

i=0
Then for each t € [0, T) we obtain:

fm(©) = fmn(O)ll < VMT||fn () = F(O)]|oo-

Proof. We have:

1

m- 2 2 m- .
fm(®) = fn (0] = (/( l(ﬁ-—fl-) b,-(t)> dt) {fm—fi /b,-

Zf \\ﬁ\f anma) fOlleo = VMT|[fin() = ()|

This completes the proof.

(41)
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Figure 1: Approximate solutions of example 1, for some values of m.

Corollary 4.5. By solving some problems we obtain fn(t) as the approximation of f(t). Then we obtain:

U~ FO = M2V T () - FO) o

m

Proof. For every t € [0, T) we have:

1Fn(€) = FO))] = [Ifm(E) = FO) = fin(6) + fn(O)]] < |[fin() = FO)]| + [[fin() = Fn(2)]].

Now from (41) and lemma 4.4 we have:

1 —£O1 = XYL T () - F(O) .

m

This completes the proof.

5 Numerical examples

In this section we investigate some examples of NSIVP to show the reliability of the proposed method. More-
over, the obtained results are compared with the results that have been given by other numerical methods.

Example 1. In this example, we consider the NSIVP [23, 24]:

sin(t) ,

u’(t) + Fou ) + [u®) = h(®), u(@)=0, u'(0)=0,

where h(t) is compatible to the exact solution, u(t) = t sin(t).
This equation is now solved by the proposed method. Numerical solutions for some selected values of m are
shown in Fig. 1. A comparison between the proposed method for m = 96 with 3-th approximate solution
(u3(t)) of the MADM [23] and the exact solution are performed in Fig. 2 (left hand side). Also, to see how much
increasing number of terms in the MADM can improve the solution of this problem, a comparison between
the proposed method for m = 96, with u-(t) of the MADM and the exact solution are performed in Fig. 2 (right
hand side).

From Fig. 2, it can be concluded that increasing number of terms for the MADM can not improve the
solution of this problem in a large domain. In contrast, by applying more sets of basic block pulse functions
(i.e. increasing m) a good approximate solution for this problem can be obtained in a large domain.

Example 2. Consider the NSIVP [23, 24]:

() + %u’(t) +u(®In@w®) = kO, u©0)=1, w'(0)=o,
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Figure 2: Numerical solutions for example 1.
m=24 m=40 m=56
30004 / 30004 3000 4
2500 4 2500 4 2500 4
2000 4 2000 4 2000 4
1) 1500 u(1) 1500 u(1) 1500
1000 1000 1000
5009 500 500
0 i 2 3 ! s 0 i 2 3 3 s 0 i 2 3 3 s

[—— Approximate Solution Exact Solution | [—— Approximate Solution

Exact Solution —— Approximate Solution Exact Solution

Figure 3: Approximate solution of example 2, for some values of m.

where h(t) is compatible to the exact solution, u(t) = (1 - t + t?)e’.

To solve this problem by changing the variable u(t) = 1 + z(t) in which z(t) is unknown, we transform this
NSIVP to the NSIVP as follows:

(1 +5¢)

20+ 1)

Z'(t) + (1 +z()In(1 + z(¢)) = h(t), 2z(0)=0, Z'(0)=0. (42)
Therefore, z(t) as the solution of (42) can be obtained by the proposed method. Finally u(t) as the solution of
original problem is u(t) = 1 + z(¢).

In order to show the efficiency of the proposed method, this problem is now solved by the proposed method.
Numerical solutions for some selected values of m are shown in Fig. 3. A comparison between the proposed
method for m = 96 with us(t) of the MADM [3] and the exact solution are performed in Fig. 4 (left hand side).
Also, a comparison between the proposed method for m = 96, with u(t) of the MADM and the exact solution
are performed in Fig 4 (right hand side). From Fig. 4, it can be seen that increasing the number of terms for
the MADM can not improve the solution of this problem in a large domain. But, when applying more sets of
basic block pulse functions, a good approximate solution for this problem can be obtained in a large domain.

Example 3. Consider the following nonlinear Lane-Emden type equation [9, 25]:

u’(t) + %u'(t) +8(e"® + Ze@) =0, u(0)=0, u'(0)=0,
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Figure 4: Numerical solutions for example 2.
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Exact Solution — Solution Exact Solution

‘— i Solution Exact Soluuun‘ ‘— i Solution

Figure 5: Approximate solutions of example 3, for some values of m.

which has the following analytical solution, u(t) = -2 In(1 + ¢).

This problem is now solved by the proposed method. Numerical solutions for some selected values of m are
shown in Fig. 5. A comparison between the proposed method for m = 96 with 3-iteration approximate solu-
tion (u3(t)) of the VIM [9] and the exact solution are performed in Fig. 6 (left hand side). Also, to see how much
increasing number of iteration in the VIM can improve the solution of this problem, a comparison between
the proposed method for m = 96, with us(t) of the VIM and the exact solution are performed in Fig. 6 (right
hand side). Fig. 6 shows that increasing number of iterations for the VIM can not improve the solution of
this problem in a large domain. But by applying more sets of basic block pulse functions, a good approximate
solution for this problem can be obtained in a large domain.

Example 4. Finally, consider the nonlinear singular initial value problem in hydrodynamic problems form:

"(x) + %u’(){) = arcsin (u(x)), x € [0, 2],

with the exact solution u(x) = sin(x).
The numerical solutions of this problem for different values of m = 128 are shown in Figs. 7 and 8.
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Figure 6: Numerical solutions for example 3.
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Figure 7: Approximate solutions of example 4, for some values of m.
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Figure 8: The approximate and exact solutions of example 4.
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6 Conclusion

In this paper, we proposed the BPFs method for the numerical solutions of nonlinear singular initial value
problems of generalized Lane-Emden type in a large interval. In this method, we proposed a new technique
to compute nonlinear terms in such equations. Error estimation of the proposed method for the numerical
solution of such equation is investigated. Efficient approximate solutions have been derived for NSIVPs and
the results have shown remarkable performance. Moreover, the new method is compared with the MADM and
VIM in various NSIVPs. The obtained results show that the proposed method is very efficient and accurate
in comparison with the MADM and VIM. Also, the proposed approach can provide a suitable approximate
solution in a large interval by using only a few sets of BPFs.
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