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EXISTENCE OF SOLUTIONS FOR DIRICHLET QUASILINEAR
SYSTEMS INCLUDING A NONLINEAR FUNCTION OF THE
DERIVATIVE

SHAPOUR HEIDARKHANI, MASSIMILIANO FERRARA, GHASEM A. AFROUZI,
GIUSEPPE CARISTI, SHAHIN MORADI

ABSTRACT. In this article we establish the existence of at least one non-trivial
classical solution for Dirichlet quasilinear systems with a nonlinear dependence
on the derivative. We use variational methods for smooth functionals defined
on reflexive Banach spaces, and assumptions on the asymptotic behaviour of
the nonlinear data.

1. INTRODUCTION
In this article we consider the quasilinear system
_(pi - 1)|ui(l‘) pi_Qu;/('r) = AF’U/L (.’13, U, - - - ,U,n)hi(l‘,’u;), T e (a’7 b)7

u;(a) = u;(b) =0

(1.1)

for 1 <i<mnwherep;, >1for1<i<mn, A>0,a,b€Rwitha<b, F:la,b]x
R™ — R is measurable with respect to z, for every (t1,...,t,) € R™, continuously
differentiable in (t1,...,t,), for almost every = € [a,b], and Fy,(z,0,...,0) =0 for
all z € [a,b] and for 1 < i < m, h; : [a,b] xR — [0, 4+00[ is a bounded and continuous
function with m; := inf(, yye[a,p)xr hi(7,t) > 0 for 1 < i < n. Here, F}, denotes the
partial derivative of F' with respect to t;.

Owing to the importance of second-order differential equations with nonlinear
derivative dependence in physics, in the last decade or so, many authors applied
the variational method to study the existence of solutions of the problems of the
form of or its variations, see, for example, [2], B} B &, @, 10, [IT]. We note that
the main tools in these cited papers are critical points theorems due to Ricceri and
their variants.

Our goal is to establish some new criteria for system to have at least one
non-trivial classical solution by applying the following critical points theorem due
to Ricceri [I5, Theorem 2.1].
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Theorem 1.1. Let X be a reflexive real Banach space, let @, ¥ : X — R be two
Gateauz differentiable functionals such that @ is sequentially weakly lower semicon-
tinuous, strongly continuous and coercive in X and V¥ is sequentially weakly upper
semicontinuous in X. Let Iy be the functional defined as I :== & — AV, A € R, and
for every r > infx @, let ¢ be the function defined as

(T) L inf SUPyed—1(—oo,r) \II(U) - \I’<u)
v o ueP—1(—o0,r) T — (P(U) ’

Then, for every r > infx ® and every A € (0, ﬁ), the restriction of the functional
I\ to ®~Y(—o0,r) admits a global minimum, which is a critical point (precisely a
local minimum) of I in X.

We refer the interested reader to the papers [I, 6] [7, 12, 13}, [I4] in which Theorem
has been used for the existence of at least one nontrivial solution for boundary
value problem.

2. PRELIMINARIES

Let X be the Cartesian product of n Sobolev spaces Wol’pl([a,b]),..., and
WoP([a,b]), ie., X = Wy ([a,b]) x --- x WP ([a, b]), equipped with the norm

n
(uss )| =D M,
=1

il = [ i)

Since p; > 1 for i = 1,...,n, X is compactly embedded in (C([a, b]))".

By a classical solution of , we mean a function u = (uq,...,u,) such that,
fori=1,...,n, u; € C'a,b], u; € AC[a,b], and u;(x) satisfies a.e. on [a,b].
We say that a function v = (uq,...,u,) € X is a weak solution of the system

where

) 1/pi .
p"d:v) , i=1,...,n.

if
(1} — 1 |7- pi—2
/ / dr)vg(a:)da:
(z,7)
- )\/ ZF“ (x,u1(x),. .., up(x))vi(z)de =0
@ =1
for every v = (v1,...,v,) € X. Using standard methods, we see that a weak

solution of system (L.1) is indeed a classical solution (see [§, Lemma 2.2]).
Let

p:=min{p; : 1 <i<n}, p:=max{p;:1<i<n},

m; = inf hi(z,t) >0, forl<i<n,
(z,t)E[a,b] xR

M; = sup hi(z,t), textforl <i<mn,
(z,t)E[a,b] xR

M :=max{M;:1<i<n}, M:=min{m;:1<i<n}.
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Then, M > M; >m; > M > 0 for each i = 1,...,n. Put
t T p—}
P — 1 5 Pi
Hi(z,t) = / (/ (i — DRI a5) dr
0 0 hi(z, )
for all (x,t) € [a,b] xR, 1 <i<n.
3. MAIN RESULTS
We formulate our min result as follows. Put
«_Jp ifb—a>1,
S lp ifO<b-a<l.
Theorem 3.1. Assume that
r
Sup — >1 (3.1)
r>0 [ max(tl)wtn)eQ((b,a)p;£15ﬁr) F(x,ty,...,ty)dx
where
(b— a)p*_lﬁﬁr { - [t;|Pi (b— a)p*_lﬁﬁr
G2y _ (.. t) € RY < )
A =t e 3RS < B

and there are a non-empty open set D C (a,b) and B C D of positive Lebesgue

measure such that
essinf ep F(z,&1,...,&n)

lim sup - = 400,

(€110rn) = (0F ..., 0F) 2im &l

infoep F(x,&1,...,&n

lim inf s eDn (z §1p &) > —00.

(&1505€n) = (0F,...,0%) Do |Gl

Then, for each
AeEA= (0, sup ! )

>0 fa max, o (b,a)pgg_lﬁm,) F(z,ty,...,t,)dx

system (1.1)) admits at least one non-trivial classical solution uy = (u1x,
in X. Moreover, we have

lim |luxl| =0

A—0t

and the real function
n_o b b
A — Z/ Hi(z,uly(z))dx — )\/ F(x,uin(r),. .., upx(z))dz
i=1 a a

is megative and strictly decreasing in the open interval A.

)

...,um\)

Proof. Our aim is to apply Theorem to system (|1.1). Let the functionals ®, ¥

be defined by

n b
éw:Z/mmwmm
=172

b
\Il(u):/ F(x,ui(x),. .., uy(z))dz

for u = (u,...,u,) € X, and put
In(u) = ®(u) — AU(u)

(3.2)

(3.3)
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for u € X. Let us prove that the functionals ® and ¥ satisfy the required condi-
tions in Theorem [[L1l It is well known that VU is a differentiable functional whose
differential at the point v € X is

b n
v):/a 2Fui(x,u1(x),...,un(m))vi(x)dx

for every v = (v1,...,v,) € X, and ¥ is sequentially weakly upper semicontinuous.
Moreover, according to the definition ®, we see that & is continuous. Since 0 <
M < hi(z,t) < M for each (z,t) € [a,b] x R and ¢ = 1,...,n, from (3.2)) we see

that
7ZHUHPZ<(I) )<%Z

- i=1

P Pi for all u € X. (3.4)

From (3.4), it follows lim||y || 4oo ®(u) = +00, namely ® is coercive. Moreover, ®
is continuously differentiable whose differential at the point u € X is

D [ (O

for every v € X. Furthermore, ® is sequentially weakly lower semicontinuous (see
[1I7, Proposition25.20]). Since for 1 < i < n,

(b—a) ri |
z€[a,b] - 2

for each u; € Wy* ([a,b]) (see [16]), we have

pi—1
max |u;(z)] <

|uz pi b - a)p*71 .
0%, 2 Z w2
for each u € X. This, for each r > 0, along with (3.4, ensures that
dt(—o0,7)
={ue X;P(u) <r}

Y2

N (3.5)
; Di b—a)? oM
_{uEX maxlz?u pl) < ( a)2£ P2 for eachxe[a,b]}.
So,
b
max U(u) < / max  F(x,ty,...,t,)d. (3.6)
u€P—1(—o0,r) a (tq,..., tn)GQ((bfa)pQB_IFMT)

From the definition of ¢(r), since 0 € @~ (—o0,r) and ®(0) = ¥(0) = 0, one has
(Supv€<1>_1(foo ) ql(”)) - \I/(’U,)
= 1 f ?
QO(T) uG@*llI%—oo,r) r— @(u)

Sup’ué‘i’—l(—oo,r) \II(U)

r

b
I max(thm’tn)eQ((b_a)p;élfﬁr) F(z,t1,...,t,)dx

<

r
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Hence, putting
r

A* = sup

b K
r>0 fa max

F(z,ty,...,t,)dz

—a)P*—150r
(15000t ) €Q(U=2EZ—PHT)

Theorem H ensures that for every A € (0, A*) C (0, ﬁ), the functional I admits

at least one critical point (local minima) uy € ®~!(—o00,7). Now for every fixed
A € (0, 2*) we show that uy = (u1x,-..,unx) # 0 and the map

(0,)\*) SA— I,\(’LL)\)7

is negative. To this end, let us verify that

- U (u)
lim sup = 4o0. (3.8)
lul|—0+ P (w)

Owing to our assumptions at zero, we can fix a sequence {¢¥ = (¢¥,...,¢¥)} C

(RT)™ converging to zero and two constants o, k (with o > 0) such that
. essinfuep F(x,&F)
lim

N

essinfoep F(2,6) > £y [&[2

i=1

= +OO,

where £ = (&1,...,&,), & € [0,0], 1 < i < n. Now, fix a set C C B of positive
measure and a function v = (vy,...,v,) € X such that:

(i) vi(z) €10,1], for 1 < i < n and for every x € [a,b],
(ii) v(z) = (1,...,1) for every z € C,
(iii) v(z) = (0,...,0) for every x € (a,b) \ D.

Hence, fix M > 0 and consider a real positive number 1 with
nnmeas(C) + & fD\c >ics [vi(@) |Pd
P
oz Sy 13

Then, there is ky € N such that (¥ < o and

n
essinfyep F(z,6%) >n ) [¢FP

i=1
for every k > kg. Now, for every k > kg, recalling the properties of the function v
(that is 0 < ¢*v;(x) < 0, 1 <i < n for k sufficiently large), one has

(ek) - fC F(z,C*, ..., (F)da + fD\C F(x,Fvy(2), ..., R, (2))de
®(ckv) (&)
N nnmeas(C) + HfD\C > iy |vi(x)[Pda

7
e
where £¥v = (¢Fvy, ..., ¢("v,). Since M could be consider arbitrarily large, it follows

that
()
2 ek~ T
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from which (3.8]) follows. Hence, there exists a sequence {wg = (wik, ..., wnk)} C
X strongly converging to zero, wy, € ®~1(—oc0,r) and

In(wy) = ®(wg) — A¥(wy) < 0.

Since uy = (U1, ..., Unx) is a global minimum of the restriction of I to the set
®~1(—oc0,r), we deduce that

I(uy) <0, (3.9)
so that uy is not trivial. From (3.9)) we easily see that the map
(0, A") 2 A= In(uy) (3.10)

is negative.

Now we prove that limy g+ [Jur]] = 0. Since ® is coercive and for A € (0, A\*)
the solution uy € ®~1(—o0,r), one has that there exists a positive constant L such
that ||uy| < L for every A € (0, A*). Therefore, there exists a positive constant M
such that

b n
\/ S Fuy (2,017 (@), -« tna (@))ur (@)der| < M|l < ML (3.11)
a =1

for every A € (0, A*). Since uy is a critical point of I, we have I} (uy)(v) = 0 for
any v € X and every A € (0, \*). In particular I} (uy)(ux) = 0; that is,

b n
O (uy)(uy) = )\/ ZF’LM (,urn (), . . s unx (2))ur(z)dz (3.12)
a =

for every A € (0, \*). Then, since

BRI

b < @' (un)(ua)
by (3.12) it follows that

BRI

for any A € (0, \*). Letting A — OJr by (3.11)) we have limy_ o+ [Jux|| = 0. Further,

pl < )\/ ZF‘uA7 (:E,uu(z),...,unA(x))uA(z)dI

taking X — (C([a,b]))™ into account, one has
lim ||u =0. 3.13
) 1 o [Jualloo ( )

Finally, we show that the map A — I (uy) is strictly decreasing in (0, \*). For our
aim we see that for any u € X,

Ii(u) = A(% - \I/(u)>. (3.14)

Now, let us fix 0 < A; < Ao < A* and let @y, = (Urxny,.--,Upx,) and Ty, =
(Uinrgs - -+, Un), ) be the global minimum of the functional I, restricted to ®(—oc, r)
for i = 1,2. Also, let
_ (2(ay,) N ®(v)
my = (T ) = d (5 vw)

for i = 1,2. Clearly, (3.10) and (3.14}), since A > 0, imply that
my; <0, fori=12. (3.15)
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Moreover, since 0 < A1 < Az, we have
s Sy, . (3.16)
Hence, from (3.14)-(3.16)) and again since 0 < A\; < A3, we obtain
Iy, (ty,) = Aoy, < damy, < Aimy, = Iy, (@, ),

which means the map A — I (uy) is strictly decreasing in A € (0, \*). Since A < \*
is arbitrary, we observe A — I (uy) is strictly decreasing in (0, \*). The proof is
complete. a

Remark 3.2. Here employing Ricceri’s variational principle we are looking for
the existence of critical points of the functional I naturally associated to system
. We emphasize that by direct minimization, we can not argue, in general for
finding the critical points of I. Because, in general, I, can be unbounded from
the following in X. Indeed, for example, in the case when

n

F(z,t1,...,t, ti) + [t:|%))

s

(I
=1
for all (z,t1,...,t,) € [a,b] x R™ with ¢; € (p,+oc) for 1 < ¢ < n, for any fixed
u € X\{0} and ¢ € R, we obtain

b
I(tu) = ®(u) — )\/ F(z,wu(x),. .., w,(z))d

Zn ’ pl—mz'nuinp AZL%
L =1

Usg ||qu

as L — +00.

Remark 3.3. We want to point out that the energy functional I associated
with system is not coercive. Indeed, fix u € X\{0} and ¢ € R, then, for
F(z,t1,...,tn) = >y |t:]* for all (z,t1,...,t,) € [a,b] x R™ with s; € (p, +00).
We have

b
In(tu) = ®(eu) — )\/ F(x,wui(x), ..., w,(z))d

5 n
< g Dl 33

=1

ug|| s, — —o0

as L — +00.

Remark 3.4. If in Theorem Fy,(x,ty,...,t,) > 0forae. € la,b],1 <i<n,
the condition (3.1)) becomes to the more simple and significative form

r
sup — — > 1. (3.17)
_ )Pt —152 _a)pt 152
r>0 fb F(l‘ p/ (b a)P2£ P Mr’.“7 p/ (b a)P2B P Mr)dx
Moreover, if
r
lim sup — — > 1,
)P —152 _a)Pr 152

r—+o00 f; F(SE, p/ (b a,)T‘2£ D MT7~ ., »/ (b a)PQB D Mr)dil'

then, (3.17) automatically holds.
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Remark 3.5. For fixed 7 > 0 let

7

; > 1.
fa Max, o (bfaw;;liﬁf) F(z,ty,...,t,)dz

Then the result of Theorem [3.1] holds. In fact, it ensures the existence of least one
non-trivial classical solution uy = (u1y,...,uny) in X such that

n ; pi b— p*_17M7
maXZ i )\Z()x) < ( a)gﬂ P foreach o e [a,b).
i=1 ’

Remark 3.6. We observe that Theorem [3.1] is a bifurcation result in the sense
that the pair (0,0) belongs to the closure of the set {(ux,A) € X x (0,400) : uy =
(Uin, ..., Upy) is a non-trivial classical solution of }in X x R. Indeed, by
Theorem [B.1] we have that

[luall =0 as A — 0.

Hence, there exist two sequences {u; = (u1j...,up;)} in X and {(A1,...,A,)} in
(R*)™ (here u;; = uy,) such that for 1 <i<n

i — 0t and [ug) — 0,

as j — 4o00. Moreover, we want to emphasis that because the map (0, \*) 3 A —
I (uy) is strictly decreasing, for every A\j, Ao € (0, \*), with A\; # Ao, the solutions
@y, and @y, ensured by Theorem [3.T] are different.

1

We present the following example in which the hypotheses of Theorem are
satisfied.

Example 3.7. Consider the system

) = )\F‘u1 (uhuz)hl(u/l) x € (0, 1),

—uy(x) = AFy, (u1,uz)ha(us), x € (0,1), (3.18)
u1(0) =u1(1) =0, wu2(0) =uz(1)=0

—

(x
(x

)
)

where F(t1,t2) = (£3 + t3) sin®(t1) + cos(tz) for t1,ty € R,

2, if t; € (—OO,O)7
hl(tl) - 1_,3/5’ if tl S [07 1}7
1, if £, € (1, +00)

and ha(ta) = m for to € R. We observe that F', hy and ho are continuous, h;
and ho are bounded with my; =infhy = 1, mg = inf hy = 1, My = suph; = 2 and
M5 = sup ho = 2. By the definitions of h; and hy we have

i1, if t; € (—00,0),

5
Hi(t) =< 23 + 2¢2, if t; € [0,1],

$t3— I+ &, ifty € (1,+00)

and Hy(t2) = %t% — SiriTh for t € R. It is easy to see that all assumptions of

Theorem are satisfied. By Theorem for each A € (0, i, system (3.18]) admits
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at least one nontrivial classical solution uy = (u1y,uz2)) in X. Moreover, we have
limy o+ |Jur|| = 0 and the real function

v [ (@) + o) o

[ (@) + s ) s s () + cos(un () o
0

is negative and strictly decreasing in (0, %)

As an application of Theorem [3.I] we consider the problem
—(p = D/ (@)[P 7" (@) = M (z,u)h(u'), 2 € (a,b), (3.19)
u(a) = u(b) =0 '

where p > 1, A > 0, f : [a,b] x R — R is an L-Carathéodory function such that
f(z,0) = 0 for a.e. z € [a,b], and h: R — [0,400) is a bounded and continuous
function with m = infyer h(t) > 0.

Let M = sup, g h(t),

F(z,t) = /Ot f(z,8)d¢ for every (z,t) € [a,b] x R,

H(t):/o (/OT (Z)_}Ll()(s?'pd&)dr

for all t € R. For v > 0, define
W) ={teR:[t|]F <py}.
We conclude this section by giving the following consequence of Theorem

Theorem 3.8. Assume that

sup — ! >1
r>0 ['max F(x,t)dx

tEW( (bfa)zglple)

and there are a non-empty open sets D C (0,T) and B C D of positive Lebesgue
measure such that

essinf,ep F(x,§)

lim sup = +o0,
g—0t &P
inf.,p Fla,
lim inf 2 He€D (,) > —oo.
-0+ I3
Then, for each
)\EA:(07sup - " )7
>0 J, maxtew((b_a)};#) F(x,t)dx

problem ([B19) admits at least one nontrivial classical solution uy € W, ([a,b])
such that limy_, o+ ||ur]l = 0 and the real function

b b
)\»—>/ H(u&(m))dm—)\/ F(x,uy(x))dx

s megative and strictly decreasing in the open interval A.
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Now, we point out the following result, as a consequence of Theorem [3.8]in which
the function f has separated variables.
Theorem 3.9. Let a € L*([a,b]) with essinf,c(q 4 a(x) > 0. Further, let f : R —

R be a continuous function such that f(0) = 0. Put F(§) = fog f(®)dt for all € € R,
and assume that

r
sup > 1,
f; a(z)dz r>0 maxgew((b,agzMr) F(&)
. P
511%1 2 oo

Then, for each

r
sup )7
fb a(x)dx r>0 maneW( (5*522]\47‘) F(f)

a

AGA:(O,

the problem
—u" = a(z)f(u)h(u'), =€ (a,b),

3.20
u(a) =u(b) =0 (8:20)
admits at least one nontrivial classical solution uy € Wy*([a,b]) such that
li =0
Jim [fua]
and the real function
b b
Ao / H(u) (2))dz — )\/ o(2) F(ux(z))da
is megative and strictly decreasing in A.
Next we given an example to illustrate Theorem (3.9
Example 3.10. Consider the problem
—u”" = X145 f(u)h('), z€(0,1),
(14 ) fh(w), o€ (0.1 -
u(0) =u(l) =0
where f(t) = t?sin?(t) — sin(t) for t € R and
1, if t € (—o0,0),
h(t) = 4§ 3, ifte€(0,1],
i if t € (1, +00).

We observe that f and h are continuous and h is bounded with m = inficg h(t) = %
and M = sup,cp h(t) = 1. By the expression of f and h we have
1, 1/, . 1.
F(t)= 6t —1 (t sin(2t) + t cos(2t) — 3 sm(?t)) +cos(t) — 1

for every t € R and

12, if t € (—o0,0),

H(t) =< 2+ 5tt, ifte(0,1],
2 —it+ 35, ifte(1,+00).
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It is easy to see that all assumptions of Theorem [3.9 are satisfied. By Theorem [3.9]
for each A € (0, 1-), problem (3.21)) admits at least one nontrivial classical solution

uy in Wy([0,1]). Moreover, limy_ o+ ||us]] = 0 and the real function

1 1
A / H () (2))dz — /\/ (1+ €*) F(un (2))da
0 0
is negative and strictly decreasing in (0,1/(4e)).
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