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Abstract: In this paper, we consider a Cournot duopoly, in which any firm does not know the marginal
costs of production of the other player, as a Bayesian game. In our game, the marginal costs depend on
two infinite continuous sets of states of the world. We shall study, before the general case, an intermediate
case in which only one player, the second one, shows infinitely many types. Then, we shall generalize to
the case in which both players show infinitely many types depending on the marginal costs, where the
marginal costs are given by the nature and each actual marginal cost is known only by the respective
player. We find, in both cases, the general Nash equilibrium.
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1. Introduction

1.1. Bayesian-Cournot Games

In this paper, we consider a Cournot duopoly, in which any firm does not know the marginal costs
of production of the other player, as a Bayesian game. In our game, the marginal costs depend on two
infinite continuous sets of states of the world. We shall study, before the general case, an intermediate
case in which only one player, the second one, shows infinitely many types. Then, we shall generalize to
the case in which both players show infinitely many types depending on the marginal costs, where the
marginal costs are given by the nature and each actual marginal cost is known only by the respective
player. We find, in both cases, the general Nash equilibrium.

1.2. Preliminaries: Bayesian Games

We adopt a highly general definition of Bayesian game.

Definition 1. In a two-player Bayesian game, we need to specify:

1. two type spaces S, T;
2. two families of individual strategy spaces,

E = (Es)s∈S,

for the first player, and:
F = (Ft)t∈T ,
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for the second player;
3. two strategy spaces:

E ⊂ ×s∈S Es,

for the first player, and:
F ⊂ ×t∈T Ft;

for the second player, subsets of the Cartesian products of the respective families E and F;
4. two payoff functions:

e, f : (S× T)× (E× F)→ R.

5. two beliefs—one for every player—p, q. These are two probability measures on the type spaces S and T,
respectively. The probability measure p is the belief of the second player on the type of the first one; q is the
belief of the first player on the type of the second.

The above game can be formally defined as the system:

G = (e, f , p, q),

if, for every (x, y) ∈ E× F, for every s ∈ S, and for every t ∈ T, the two functions:

es(x, y) := e(x, y, s, ·) , ft(x, y) := f (x, y, ·, t)

are integrable with respect to q and p, respectively.

Remark 1. We observe the following points.

1. A type space for a player is just the set of all possible “types” of that player.
2. The individual strategy space Es belongs to the type s first player, for every s ∈ S, symmetrically for the

second family F.
3. According to the definition of the general Cartesian product of a set family, a pure strategy of Player 1 is,

by definition, a function:
x : S→

⋃
E

satisfying the property:
x(s) ∈ Es,

for all s ∈ S.
4. A possible action for the first player is conceivable as a pair:

(s, xs) ∈ S×
⋃

E

with xs ∈ Es and such that there exists a pure strategy x ∈ E with:

xs = x(s).

Therefore, the set of all possible actions of the first player is the union of all graphs gr(x) with x ∈ E.
5. The payoff functions e, f are two-place functions of type profiles (s, t) and strategy profiles (x, y).

For example, we consider a first player payoff:

e : (S× T)× (E× F)→ R : ((s, t), (x, y)) 7→ e((x, y), (s, t)),

we will see it, under natural integrable conditions, as a family of functions:

es : E× F→ L1
q(T),

with s ∈ S.
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6. The beliefs of a player describe the uncertainty of that player about the types of the other players, and often,
we can consider p as a probability measure on S and q as a probability measure on T.

Definition 2. Consider the above game (e, f , p, q). The expected payoff of Player 1 upon the strategy profile:

(x, y) ∈ E× F,

when the first player knows himself/herself to be of type s, is the integral:

us(x, y) = Eq(es(x, y)) =
∫

T
es(x, y) q,

whenever the function:
es(x, y) : T → R

defined by:
es(x, y)(t) := e(s, t, x, y),

for every t ∈ T, is integrable under the measure q. Analogously, we define the expected payoff function:

vt : E× F→ R : (x, y) 7→ Ep( ft(x, y)) =
∫

S
ft(x, y) p,

concerning the second player, for every t in T. The families of expected payoff functions, upon the bi-strategy
space E× F, defined by:

u = (us)s∈S , v = (vt)t∈T ,

determine a game bi-labeled family (u, v). The correspondence:

N : S× T → E× F,

sending each type pair (s, t) to the corresponding Nash equilibrium set of the game (us, vt)—between the s-type
first player and the t-type second player—can be see as a dynamic multi-path (multi-surface) designing the
(non-cooperative) Nash solution of the bi-labeled family game (u, v). A Nash-Bayesian equilibrium for the
Bayesian game (e, f , p, q) is defined as the Nash equilibrium multi-surface of the associated game (u, v).

Remark 2. We note that the certainty of a player of its own type is represented by a Dirac delta measure centered
at that type. For instance, we note that:

us(x, y) = Eδs⊗q(e(x, y)) =
∫

S×T
e(x, y) (δs ⊗ q),

for every s in S.

1.3. Brief Description of the Standard Cournot’s Game

The classic model is a non-linear two-player (gain) game G = ( f ,>). The two players produce
and offer the same commodity. In more specific terms: the payoff function f of the game is defined on
a subset of the positive cone of the Cartesian plane, interpreted as a space of bi-quantities. We assume
that the set of all strategies (of each player) is the interval E = [0,+∞]. The bi-gain function is
defined by:

f (x, y) = (ax(Q− x− y), by(Q− x− y))− (sx + c, ty + d),

for every bi-strategy (x, y) of the game in the positive cone of the Euclidean plane, for convenient
positive constants a, b (measured in euro/quantity2), maximum reasonable quantity Q, marginal costs
s, t (measured in euro/quantity), and fixed costs c, d (measured in euros).
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1.4. Bayesian Games in Industrial Organization

The novelty and interest of the present paper lie in the use of the Bayesian game analysis for the
Cournot duopoly in a scenario of infinitely many possible pairs of marginal costs. a direct, natural
generalization of the classic result of microeconomic theory. It seems, indeed, hard to find in the
literature such a comprehensive and clear general statement providing a straightforward extension of
the Cournot–Nash equilibrium state to the case of complete uncertainty on marginal costs of the other
players, which is, by far, the most common and serious issue in the economic duopoly analysis.

Mostly, in the literature, we see developments of the Nash–Cournot equilibrium towards the
resolution of other research questions, especially connected with the asymptotic stability of a variously
associated dynamical system (see [1]).

Several books and papers introduced, with the classic models of oligopoly (Cournot model),
the use of Bayesian games, for the case of finitely many possible marginal costs. We start from those
studies and from the non-cooperative game and incomplete information game analysis in industrial
organization (see [2–4]).

We have considered also studies about static and dynamic information games and Bayesian Nash
equilibrium, the normal form of Bayesian games, the extensive-form of Bayesian games with observable
actions, and games with incomplete information played by Bayesian players [5–7]. Some discrete
cases of our model could be found in [8]. As concerns the complete analysis of classic duopoly model,
see [9,10]. Other applications of game theory to economic duopolies can be found in [11–18]. For a
Radon and Schwartz distribution approach to probability, see [19–21].

2. Methods: Derivatives in Infinite Dimensions

In this paper, in order to compute the Nash-Bayesian equilibria, we shall use a convenient type of
partial derivation in infinite dimensions for functions of the type:

φ : F→ R

where:

- F is the convex strategy sub-space:

F := {y ∈ L1
q([0, c2]) : y(t) ∈ [0, Q]},

of all real (bounded) q-integrable functions on a (cost) compact interval T = [0, c2] with values
belonging to [0, Q].

Our partial derivative:
∂tφ : F→ R : y 7→ ∂tφ(y),

with t ∈ T, is not standard in infinite dimensional vector spaces and is defined as follows.

Definition 3. For any t in the compact interval T = [0, c2] and for any y ∈ F:

- we consider the real function:

r : U ⊂ R→ R : h 7→ (φ(y + hχt)− φ(y))h−1,

where U is a convenient pierced (right) neighborhood of zero;
- the partial derivative ∂tφ(y) is the following limit (if it exists):

∂tφ(y) = lim
h→0

(φ(y + hχt)− φ(y))h−1,
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where χt is the characteristic function of the singleton {t} in the interval [0, c2], that is the function:

χt : T → R : t′ 7→ δ(t′, t) =

{
0 i f t′ 6= t
1 i f t′ = t

.

Definition 4. We can define that derivative also in the following convenient way. Let:

g : [0, Q]→ R

be the function defined by:
g(z) = φ(y + (z− y(t))χt),

for every z ∈ [0, Q], where x, y, t are fixed in their respective spaces. If g is differentiable at the point y(t),
we put:

∂tφ(y) := g′(y(t)).

Example 1. In our game, the payoff function of the second player tth type will be defined by:

ft : [0, Q]×L1
q([0, c2])→ R : ft(x, y) = y(t)(Q− x− y(t))− ty(t).

Taking into account that:
(y + (z− y(t))χt)(t) = z,

the above auxiliary function g—for φ = ft(x, .)—is defined by:

g(z) = ft(x, y + (z− y(t))χt) = z(Q− x− z)− tz,

for every z ∈ [0, Q], so that:
g′(z) = Q− x− 2z− t

and:
∂t[ ft(x, .)](y) = g′(y(t)) = Q− x− 2y(t)− t.

3. The Model: Uncertainty on the Costs of One Player

Let Q ∈ R> be the maximum reasonable quantity in our symmetric Cournot duopoly.
Strategy set of the first player: The (essential) strategy set E of our first player is the production

compact interval:
E = [0, Q].

Type set of the second player: The type-set of the second player is the marginal cost interval:

T := [0, c2].

State of the world space of the second player: The state of the world space of the second player is
the marginal cost interval:

T := [0, c2].

3.1. Strategy Set of the Second Player

The second player tth type adopts the strategy set:

Ft := [0, Q];
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so that the second player’s total strategy profile space is the Cartesian product:

×t∈T Ft = [0, Q][0,c2],

the set of all functions from [0, c2] into [0, Q]. In other terms, any (pure) strategy of the second player is
an infinite profile strategy:

y : [0, c2]→ [0, Q],

this function specifies, for any type t ∈ T, a certain production y(t) in [0, Q].

3.2. Radon Measure Probability of the Second Player

Assume that:
q : C0([0, c2])→ R

is a probability measure (private information of the second player, determined by the nature) on the
type space T = [0, c2] of the second player.

3.3. Reduced Strategy Set of the Second Player

Assumption 1. As a pretty reasonable strategy set of the second player, we restrict our attention to the
convex strategy sub-space:

F := {y ∈ L1
q([0, c2]) : y(t) ∈ [0, Q]},

of all real bounded q-integrable functions on [0, c2] with values into [0, Q].

Remark 3. Note that the space L1
q(T) is a space of functions and not a space of equivalence classes of functions,

so that two functions can be different even if they are equal almost everywhere with respect to the measure q.

Remark 4. Moreover, we desire to notice that the Lebesgue measure does not play any special role here.

3.4. Payoff Functions of the First Player

In order to write down the payoff function of the first player, let us indicate the first player
stochastic payoff function by e. The payoff function:

e : [0, Q]× F→ L1
q([0, c2]),

is defined, for every bi-strategy (x, y) ∈ E× F, by:

e(x, y) = x(Q− x− y)− sx,

where s represents the (unique) marginal cost of the first player, known also with certainty by the
second player (it is—in this case—public information); we could consider s as belonging to a certain
possible cost compact interval S = [0, c1], but, in this case, s is a fixed constant, the only interesting
point of S.

Note, now, that the payoff:
e(x, y) : T → R

is the function defined by:
e(x, y)(t) = x(Q− x− y(t))− sx,

for every type t ∈ [0, c2] of the second player.
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3.5. Expected Payoffs of the First Player

For every bi-strategy (x, y) ∈ E× F, the function:

e(x, y) : T → R : t 7→ x(Q− x− y(t))− sx

is therefore a random variable on the probability space (T, q). The expected value of this random
variable, with respect to the probability measure q, is:

u(x, y) := Eq(e(x, y)) =

=
∫

T
e(x, y) q =

= q(e(x, y)) =

= q(x(Q− x− y)− sx) =

= x(Q− x− q(y))− sx,

for every (x, y) in E × F, where by q(φ), we denoted the integral of any integrable (test) function
φ ∈ L1

q([0, c2]):

q(φ) :=
∫

T
φ q,

with respect to the probability measure q.

3.6. Payoff Function(s) of the Second Player

The payoff function f of the second player can be identified with a family:

( ft)t∈T .

The payoff function of the second player tth type is defined by:

ft : [0, Q]×L1
q([0, c2])→ R : ft(x, y) = y(t)(Q− x− y(t))− ty(t).

4. Results: Nash-Bayesian Analysis

In this section, we show the results of our first analysis.

4.1. Best Reply Correspondence of the First Player

Consider the first player. Fixing y in F, let us study the partial derivative of the expected utility
function u with respect to its first argument:

u,1 (x, y) = Q− 2x− q(y)− s.

It is positive when:
x < 2−1(Q− q(y)− s).

Therefore, the best reply of the first player is the function:

B1(y) = max{2−1(Q− q(y)− s), 0},

note that the best reply of the first player to the action y of the second player depends on y, and it
belongs indeed to the compact interval:

[0, (Q− s)/2].
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4.2. Best Reply Correspondence of the Second Player

We study the best reply correspondence of the second player’s tth type. Therefore, fixing x ∈ E,
let us study the partial derivative of the section ft(x, ·) with respect to its tth argument:

∂t ft(x, ·)(y) = ft(x, ·),t (y) = Q− x− 2y(t)− t.

It is positive when:
y(t) < 2−1(Q− x− t).

Therefore, the best reply of the second player’s tth type is the function:

B(2,t)(x) = max{2−1(Q− x− t), 0} =
{

2−1(Q− x− t) i f x < Q− t
0 i f x ≥ Q− t

.

Remark 5. Note that the best reply of the tth type second player, to the action x of the first player, depends on x,
and it belongs to the strategy set Ft = [0, Q]; more specifically, it belongs to the set:

[0, Q/2− t/2].

4.3. Nash–Cournot-Bayesian Equilibrium

Let (x∗, y∗) ∈ E× F be a Nash equilibrium, if any of our game G = (e, f ), where f is the family
( ft)t∈t. By definition, this means that:

x∗ = B1(y∗) & y∗(t) = B(2,t)(x∗),

for every t in T.
We shall study the case in which every component of the second player equilibrium strategy y∗ is

strictly positive, as well as the equilibrium strategy x∗. That is, we want, for every t ∈ [0, c2],

y∗(t) = 2−1(Q− x∗ − t) > 0 & x∗ = 2−1(Q− q(y∗)− s) > 0.

This happens, for sure, when Q > max{2c1, 2c2}.

Proof. Indeed, we immediately obtain:

2x∗ = (Q− q(y∗))− s ≥ 2−1Q− t > 2−1Q− c1 > 0,

for every s in [0, c1], taking into account that:

q(y∗) ∈ [0, 2−1(Q− t)],

as concerns the equilibrium strategy x∗. Equivalently, we obtain:

2y∗(t) = (Q− x∗)− t ≥ 2−1Q− t > 2−1Q− c2 > 0,

for every t in [0, c2], taking into account that:

x∗ ∈ [0, 2−1(Q− s)],

if any such equilibrium (x∗, y∗) exists there.
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Theorem 1. Let G = (e, f ) be the Cournot-Bayesian game defined above. Assume:

Q ≥ max{2c1, 2c2},

in other words, we assume that the maximal reasonable individual (and collective) production is greater than the
maximal possible double marginal costs. Then, the Nash equilibrium of the game G is the pair:

N = (Q/3, Q/3) +E(q)(1/3,−1/6) + s(−2/3, 1/3) + (0,−τ/2),

for any probability measure q on T, where τ is the identity function on T and:

E(q) :=
∫

T
τ q = q(τ)

is the mean-value of the probability measure q.

Proof of Theorem 1. Therefore, assume Q ≥ max{2c1, 2c2}; we know that:

x∗ = 2−1(Q− q(y∗)− s) =

= 2−1(Q− q(2−1(Q− x∗ − τ))− s) =

= 2−1(Q− 2−1(Q− x∗ − q(τ))− s).

Then, we deduce:
3x∗ = Q + q(τ)− 2s.

As concerns the equilibrium function y∗, we have only to plug in the equilibrium strategy:

x∗ = (Q + q(τ))/3

into the expression:
y∗(t) = 2−1(Q− x∗ − t)

obtaining:

y∗(t) = 2−1(Q− x∗ − t) =

= 2−1(Q− 3−1(Q + q(τ)− 2s)− t) =

= 6−1(2Q− q(τ) + 2s− 3t).

Finally, the Nash equilibrium is the pair:

N = (3−1(Q + q(τ)− 2s), 6−1(2Q− q(τ) + 2s− 3τ)).

In other terms:

N = (1/6)
(

2Q + 2
∫

T
τq− 4s, 2Q−

∫
T

τq + 2s− 3τ

)
,

as we desired.
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Remark 6. By the way, we notice that:

y∗(t) = 2−1(Q− x∗ − t) =

= 2−1(Q− B−1(y∗)− t) =

= 2−1(Q− 2−1(Q− q(y∗))− t) =

= 4−1(Q + q(y∗)− 2t).

4.4. Examples

Now, we consider here some explicative examples.

Example 2. Let q be the uniform distribution on T, that is the measure:

q = (1/c2)λ,

where λ is the Lebesgue measure on T.
We have:

N = (Q/3, Q/3) +E(q)(1/3,−1/6) + (0,−τ/2) =

= (Q/3, Q/3) + (c2/2)(1/3,−1/6) + (0,−τ/2).

We can see the above equilibrium as a function:

N : T → R2 : t 7→ (Q/3, Q/3) + (c2/2)(1/3,−1/6) + (0,−t/2).

Example 3. In the conditions of the above Example 1, for Q = 10 and c2 = 4, we obtain:

N = (10/3, 10/3) + 2(1/3,−1/6) + (0,−τ/2) = (4, 3− τ/2),

in particular N(0) = (4, 3) and N(4) = (4, 1).

Example 4. Note that the same result is true for every probability distribution q such that E(q) = c2/2,
for instance the discretely-supported Radon measure:

q = 0.5δ0 + 0.5δc2

(where δt is the Dirac delta measure centered at t, for every t in T).

Example 5. Let us consider the probability measure:

q := aδt′ + bδt,

with a + b = 1 and t, t′ ∈ T. The mean value of q is:

E(q) = at′ + bt,

so that we obtain the following Nash equilibrium function profile:

N : T → R2 : t′′ 7→ (Q/3, Q/3) + (at′ + bt)(1/3,−1/6) + (0,−t′′/2).
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5. Analysis: Uncertainty on the Costs of Both Players

Type set of the first player: The type set of the first player is the marginal cost interval:

S := [0, c1].

Type set of the second player: The type set of the second player is the marginal cost interval:

T := [0, c2].

5.1. Strategy Set of the First Player

The first player’s sth type adopts the strategy set:

Es := [0, Q];

so that, the first player’s total strategy profile space is the Cartesian product:

×s∈SEs = [0, Q]S,

the set of all functions from S into [0, Q]. In other terms, any strategy of the second player is an infinite
profile strategy:

x : S→ [0, Q],

specifying, for any type s ∈ S, a certain production x(s) in [0, Q].

5.2. Radon Measure Probability of the First Player

Assume that:
p : C0(S)→ R

is a probability measure (private information of the first player, determined by the nature) on the
compact type space S of the first player.

5.3. Reduced Strategy Set of the First Player

Assumption 2. As a pretty reasonable strategy set of the first player, we restrict our attention to the
convex strategy sub-space:

E := {x ∈ L1
p(S) : x(s) ∈ [0, Q]},

of all real bounded p-integrable functions on S with values into [0, Q].

5.4. Strategy Set of the Second Player

The second player’s tth type has got the strategy set:

Ft := [0, Q];

so that the second player’s total strategy profile space is the Cartesian product:

×t∈T Ft = [0, Q]T ,

the set of all functions from T into [0, Q]. In other terms, any strategy of the second player is an infinite
profile strategy:

y : T → [0, Q],

specifying, for any type t ∈ T, a certain production y(t) in [0, Q].
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5.5. Radon Measure Probability of the Second Player

Assume that:
q : C0(T)→ R

is a probability measure (private information of the second player, determined by the nature) on the
compact type space T of the second player.

5.6. Reduced Strategy Set of the Second Player

Assumption 3. As a pretty reasonable strategy set of the second player, we restrict our attention to the
convex strategy sub-space:

F := {y ∈ L1
q(T) : y(t) ∈ [0, Q]},

of all real bounded q-integrable functions on T with values into [0, Q].

Note that the space L1
q(T) is a space of functions and not a space of equivalence classes of

functions, so that two functions can be different even if they are equal almost everywhere with respect
to the measure q.

Now, we can determine the payoff functions of the players.

5.7. Payoff Functions of the First Player

In order to write down the payoff function of the first player, let us indicate the first player’s type
s by the index s and its stochastic payoff function by es. The payoff function:

es : E× F→ L1
q(T),

defined, for every (x, y) ∈ E× F by:

es(x, y) = x(s)(Q− x(s)− y)− sx(s).

Note, now, that the payoff:

es(x, y) = x(s)(Q− x(s)− y)− sx(s)

is the function (random variable):
es(x, y) : T → R

defined by:
es(x, y)(t) = x(s)(Q− x(s)− y(t))− sx(s),

for every type t ∈ T of the second player.

5.8. Expected Payoffs of the First Player

For every bi-strategy (x, y) ∈ E× F, the function es(x, y) is therefore a random variable on the
probability space (T, q). The expected value of this random variable, with respect to the probability
measure q, is:

us(x, y) = Eq(es(x, y)) =

=
∫

T
q es(x, y) =

= q(es(x, y)) =

= q(x(s)(Q− x(s)− y)− sx(s)) =

= x(s)(Q− x(s)− q(y))− sx(s),
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for every (x, y) in E× F, where by q(φ), we denoted the integral of any function φ ∈ L1
q(T):

q(φ) :=
∫

T
φ q.

5.9. Payoff Functions of the Second Player

The payoff function of the second player’s tth type is defined by:

ft : E× F→ L1
p(S) : ft(x, y) = y(t)(Q− x− y(t))− ty(t),

for every (x, y) ∈ E× F.

5.10. Expected Payoffs of the Second Player

For every bi-strategy (x, y) ∈ E× F, the function:

ft(x, y) : S→ R

is therefore a random variable on the probability space (S, p). The expected value of this random
variable, with respect to the probability measure p, is:

vt(x, y) =
∫

S
p ft(x, y) =

= Ep( ft(x, y)) =

= p( ft(x, y)) =

= p(y(t)(Q− x− y(t))− ty(t)) =

= y(t)(Q− p(x)− y(t))− ty(t),

for every (x, y) in E× F, where by p(φ), we denoted the integral of any function φ ∈ L1
p(S):

p(φ) :=
∫

S
φ p.

6. Results: Nash–Cournot Bayesian Analysis

In this section, we state and prove the main general result of the paper.

6.1. Best Reply Correspondence of the First Player

Consider the first player’s s-type. Fixing y in the function strategy space F, let us study the partial
derivative of the section function:

us(·, y) : E→ R : x 7→ x(s)(Q− x(s)− q(y))− sx(s)

with respect to its sth argument:

us(·, y),s (x) = ∂s[us(·, y)](x) = Q− 2x(s)− q(y)− s;

it is positive when:
x(s) < 2−1(Q− q(y)− s).

Therefore, consider the part F(s,<) of F below:

F(s,<) := {y ∈ F : Q− q(y)− s ≥ 0}.
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The best reply correspondence of the first player’s s-type is the function:

B(1,s) : F→ Es,

defined by:
B(1,s)(y) = 2−1(Q− q(y)− s),

for every integrable profile strategy y ∈ F(s,<) and zero otherwise.

Remark 7. Note that the best reply of the first player to the action y of the second player depends only on
the average:

q(y) =
∫

T
y q,

of the random variable y with respect to the probability measure q, and it belongs indeed to the compact interval:

2−1[0, Q− s].

6.2. Best Reply Correspondence of the Second Player

Consider the second player (T, q, F, f ), and fix a type t of him/her. Fixing an integrable strategy
profile x, in the first player’s function convex space E, let us study the partial derivative of the section:

vt : (x, y) 7→ p( ft(x, y)) = y(t)(Q− p(x)− y(t))− ty(t),

with respect to its tth argument.
We immediately obtain:

vt,t (x, ·)(y) = ∂t[vt(x, ·)](y) = Q− p(x)− 2y(t)− t,

for every y in F.
This derivative is positive when:

y(t) < 2−1(Q− p(x)− t).

Therefore, consider the part E(t,<) of E below:

E(t,<) := {y ∈ F : Q− p(x)− t ≥ 0}.

The best reply correspondence of the second player’s t-type is the function:

B(2,t) : E→ Ft,

defined by:
B(2,t)(x) = 2−1(Q− p(x)− t).

for every integrable profile strategy x ∈ E(t,<) and zero otherwise.

Remark 8. Note that the best reply of the first player to the action x of the second player depends on the average
p(x), and it belongs, indeed, to the compact sub-interval:

2−1[0, Q− t].
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6.3. Nash–Cournot-Bayesian Equilibrium

Let (x∗, y∗) be a Nash equilibrium, if any of our game G = (u, v). This is equivalent to asserting
that (x∗, y∗) ∈ E× F is a Bayesian-Nash equilibrium, if any of our game G = (e, f ), where e, f are the
random variable families:

e = (es)s∈S

and
f = ( ft)t∈t.

By definition, that means that:

x∗(s) = B(1,s)(y
∗) & y∗(t) = B(2,t)(x∗),

for every types s, t in S, T, respectively.
We consider here the case in which, for every (s, t) ∈ S× T, we observe the two conditions:

y∗(t) = 2−1(Q− p(x∗)− t) ≥ 0,

and
x∗(s) = 2−1(Q− q(y∗)− s) ≥ 0.

The above situation happens, for sure, when:

Q > max{2c1, 2c2}.

Indeed,
2y∗(t) = (Q− p(x∗))− t ≥ 2−1Q− t ≥ 2−1Q− c2 > 0,

for every t in [0, c2], taking into account that:

p(x∗) ∈ [0, 2−1Q],

and:
2x∗(s) = (Q− q(y∗))− s ≥ 2−1Q− s ≥ 2−1Q− c1,

for every s in [0, c1], taking into account that:

q(y∗) ∈ [0, 2−1Q],

if any equilibrium strategies exist there.
Now, we can state and prove our main general result.

Theorem 2. Let G be the Cournot-Bayesian game G = (u, v) defined above. Assume:

Q > max{2c1, 2c2}.

In other words, we assume that the limit production is greater than both the double maximum marginal
cost. Then, the Nash equilibrium of G is the function pair (belonging to the bi-strategy space E× F):

N = (Q/3, Q/3) + (1/6)(2E(q)−E(p), 2E(p)−E(q))− (1/2)(σ, τ),

for any probability measure p on S and q on T, where:

σ : S→ S : s 7→ s
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is the identity function on the type set S,
τ : T → T : t 7→ t

is the identity function on the type set T, and:

E(p) := p(σ), E(q) := q(τ)

are the mean-values of the probability Radon measures p, q.

Proof of Theorem 2. Therefore, assume:

Q > max{2c1, 2c2}.

We know that:
x∗(s) = 2−1(Q− q(y∗)− s),

from which:
x∗ = 2−1(Q− q(y∗)− σ). (1)

Symmetrically, for the second equilibrium strategy function y∗, we have:

y∗ = 2−1(Q− p(x∗)− τ). (2)

We immediately deduce, by applying p to (1) and q to (2):

p(x∗) = 2−1(Q− q(y∗)− p(σ))

and:
q(y∗) = 2−1(Q− p(x∗)− q(τ)).

From the latter and from:
x∗ = 2−1(Q− q(y∗)− σ)

we deduce:
4x∗ = 2Q− (Q− p(x∗)− q(τ))− 2σ = Q + p(x∗) + q(τ)− 2σ.

By applying p to the preceding, we have:

4p(x∗) = Q + p(x∗) + q(τ)− 2p(σ),

that is:
3p(x∗) = Q + q(τ)− 2p(σ).

By substituting this last expression of p(x∗) in (2), we obtain:

y∗ = (1/2)(Q− (1/3)(Q + q(τ)− 2p(σ))− τ) =

= (1/6)(2Q− q(τ) + 2p(σ)− 3τ).

Symmetrically, we have:

x∗ = (1/6)(2Q− p(σ) + 2q(τ)− 3σ).

Finally, the Nash equilibrium is the pair:

N = (1/6)(2Q− p(σ) + 2q(τ)− 3σ, 2Q− q(τ) + 2p(σ)− 3τ).
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In other terms:

N = (1/6)
(

2Q + 2
∫

T
τq−

∫
S

σp− 3σ, 2Q + 2
∫

S
σp−

∫
T

τq− 3τ

)
,

as we desired.

6.4. Examples

Now, we consider here some explicative examples.

Example 6 (Uniform probability distributions). Let p and q be the uniform distributions on S and T,
respectively, that is the measure:

p = (1/c1)λS

and:
q = (1/c2)λT ,

where λS and λT are the Lebesgue measure on S and T, respectively.
We obtain:

N = (Q/3, Q/3) +E(q)(1/3,−1/6) +E(p)(−1/6, 1/3) + (−σ/2,−τ/2) =

= (Q/3, Q/3) + (c1/2)(1/3,−1/6) + (c2/2)(−1/6, 1/3) + (−σ/2,−τ/2).

We can see the above equilibrium (pair of two real functions) as a compact parametric surface in the
Cartesian plane:

N : S× T → R2

defined by:

(s, t) 7→ (Q/3, Q/3) + (c1/2)(1/3,−1/6) + (c2/2)(−1/6, 1/3) + (−s/2,−t/2).

Example 7. In the conditions of the above examples. For Q = 10, c1 = 6 and c2 = 4, we have:

N = (10/3, 10/3) + 3(1/3,−1/6) + 2(−1/6, 1/3) + (−σ/2,−τ/2) = (4− σ/2, 7/2− τ/2),

in particular N (0, 0) = (4, 7/2) and N (4, 4) = (2, 3/2).

Example 8. Note that the same result is true for every probability distribution q such that:

E(q) =
∫

T
τq = c2/2,

and:
E(p) =

∫
S

σp = c1/2,

for instance, the discretely-supported Radon measure:

q = 0.5δ0 + 0.5δc2

and:
p = (2/5)δc1/4 + (3/5)δ2c1/3

(where δt is the Dirac delta measure centered at a point t in T).
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Example 9. Let us consider the probability measure:

q := aδt′ + bδt,

and:
p := (2/5)δc1/4 + (3/5)δ2c1/3,

with a, b positive real numbers such that a + b = 1. The mean value of q is:

E(q) = at′ + bt,

and:
E(p) = c1/2

so that, from the formula:

N = (Q/3, Q/3) + (1/6)(−E(p), 2E(p)) + 1/6(2E(q),−E(q))− (1/2)(σ, τ),

we obtain the associated compact parametric surface:

N : S× T → R2

defined by:

(s, t′′) 7→ (Q/3, Q/3) + (c1/2)(−1/6, 1/3) + (at′ + bt)(1/3,−1/6) + (−s/2,−t′′/2).

7. Discussion and Conclusions

We have considered a Cournot duopoly, in which any firm does not know the marginal costs of
production of the other player, as a Bayesian game. In our game, the marginal costs depend on two
infinite continuous sets of states of the world. We studied, before the general case, an intermediate case
in which only one player, the second one, shows infinitely many types. Then, we have generalized to
the case in which both players show infinitely many types depending on the marginal costs, where the
marginal costs are given by the nature and each actual marginal cost is known only by the respective
player. We found, in both cases, the general Nash equilibrium.

From the perspective of previous studies, we observe that our model constitutes a real step
forward in the economic applicability of the duopoly model (see for the classical models [9,10]). It is
indeed clear that the marginal costs and other characteristic coefficients and constants of a production
process are completely known only by the owner of the process itself and not by the competitors.
Future research directions may also be devised for the use of others stochastic variables instead of the
other characteristic constants of the classic duopoly games.

Possible Application to the Auto Insurance Market

One possible field of application is the auto insurance market. There, uncertain costs arise from
a variety of reasons: uncertain claims; fluctuating input prices; legal risk; exchange rate uncertainty;
etc. Now, the marginal costs are particularly important for insurance companies, because the firm’s
solvency directly depends on its ability to accurately predict losses. On the other hand, insurance
companies exist because the pooling of many risks reduces aggregate uncertainty, thereby aggregate
losses could become predictable and loss sharing feasible. In practice, however, predictability appears
incomplete and unsatisfactory, even when the number of insured individuals is large, leading to
marginal cost uncertainty, for all the insurance players in the market. Provided that the marginal
costs (of a certain insurance), at the end of the day, come (although approximately) from internal deep
statistical, managerial, and business analysis, any insurance needs to consider the other insurance’s
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costs as random variables with a forecasted probability distribution: here, they could use our model to
calculate the expected competitive equilibrium strategies and relative payoffs.

Author Contributions: Conceptualization, D.C.; Methodology, D.C. and A.D.; Formal Analysis, D.C. and A.D.;
Writing-Original Draft Preparation, D.C.; Writing-Review & Editing, A.D.; Supervision, D.C.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Askar, S.S. The Impact of Cost Uncertainty on Cournot Duopoly Game with Concave Demand Function.
J. Appl. Math. 2013, 2013, 809795. [CrossRef]

2. Fundenberg, D.; Tirole, J. Noncooperative game theory for industrial organization: An introduction and
overview. Handb. Ind. Organ. 1989, 1, 259–327. [CrossRef]

3. Shapiro, C. The theory of business strategy. J. Econ. 1989, 20, 125–137. [CrossRef]
4. Vives, X. Duopoly Information Equilibria: Cournot and Bertrand. J. Econ. Theory 1984, 34, 71–94. [CrossRef]
5. Church, J.; Ware, R. Industrial Organization: A Strategic Approach; McGraw-Hill: New York, NY, USA, 2000.
6. Belleflamme, P.; Peitz, M. Industrial Organization: Markets and Strategies; Cambridge University Press:

Cambridge, UK, 2015.
7. Harsanyi, J. Games with incomplete information played by Bayesian players. Manag. Sci. 1967, 14, 159–182.

[CrossRef]
8. Watson, J. Strategy: An Introduction to Game Theory; W. W. Norton & Company: New York, NY, USA, 2013.
9. Carfì, D.; Perrone, E. Game Complete Analysis of Classic Economic Duopolies; Lambert Academic Publishing:

Saarbrücken, Germany, 2012.
10. Carfì, D.; Perrone, E. Asymmetric Cournot Duopoly: A Game Complete Analysis. J. Rev. Glob. Econ. 2013, 2,

194–202. [CrossRef]
11. Campbell, M.; Carfì, D. Speculative and Hedging Interaction Model in Oil and U.S. Dollar Markets—Phase

Transition. J. Stat. Phys. 2018, 170, 165–205. [CrossRef]
12. Carfì, D.; Donato, A.; Schilirò, D. Global Green Economy and the Paris Agreement. Coopetitive solutions for

future scenarios. J. Environ. Manag. 2018, under review.
13. Carfì, D.; Donato, A.; Schilirò, D. An Environmentally Sustainable Global Economy. A coopetitive model.

In Action for a Sustainable World: From Theory to Practice; International Sustainable Development Research
Society (ISDRS): Messina, Italy, 2018; pp. 592–605, ISBN 978-88-943228-6-6.

14. Carfì, D.; Musolino, F. Speculative and Hedging Interaction Model in Oil and U.S. Dollar Markets with
Financial Transaction Taxes. Econ. Model. 2014, 37, 306–319. [CrossRef]

15. Carfì, D.; Musolino, F. Game theory and speculation on government bonds. Econ. Model. 2012, 29, 2417–2426.
[CrossRef]

16. Carfì, D.; Schilirò, D. A coopetitive model for the green economy. Econ. Model. 2012, 29, 1215–1219.
[CrossRef]

17. Carfì, D.; Schilirò, D. Improving Competitiveness and Trade Balance of Greek Economy: A Coopetitive
Strategy Model. J. Appl. Econ. Sci. 2014, 9, 211–220.

18. Carfì, D.; Schilirò, D. Global Green Economy and Environmental Sustainability: A Coopetitive Model.
Commun. Comput. Inf. Sci. 2012, 300, 593–606.

19. Carfì, D. S-Ultralinear Algebra in the space of tempered distributions. AAPP Phys. Math. Nat. Sci. 2001,
78–79, 105–130.

20. Carfì, D. Superpositions in Prigogine’s approach to irreversibility for physical and financial applications.
AAPP Phys. Math. Nat. Sci. 2008, 86, 1–13.

21. Carfì, D. The pointwise Hellmann-Feynman theorem. AAPP Phys. Math. Nat. Sci. 2010, 88, 1–14.

c© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1155/2013/809795
http://dx.doi.org/10.1016/S1573-448X(89)01008-3
http://dx.doi.org/10.2307/2555656
http://dx.doi.org/10.1016/0022-0531(84)90162-5
http://dx.doi.org/10.1287/mnsc.14.3.159
http://dx.doi.org/10.6000/1929-7092.2013.02.16
http://dx.doi.org/10.1007/s10955-017-1915-7
http://dx.doi.org/10.1016/j.econmod.2013.11.003
http://dx.doi.org/10.1016/j.econmod.2012.06.037
http://dx.doi.org/10.1016/j.econmod.2012.04.005
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Bayesian-Cournot Games
	Preliminaries: Bayesian Games
	Brief Description of the Standard Cournot's Game
	Bayesian Games in Industrial Organization

	Methods: Derivatives in Infinite Dimensions
	The Model: Uncertainty on the Costs of One Player
	Strategy Set of the Second Player
	Radon Measure Probability of the Second Player
	Reduced Strategy Set of the Second Player
	Payoff Functions of the First Player
	Expected Payoffs of the First Player
	Payoff Function(s) of the Second Player

	Results: Nash-Bayesian Analysis
	Best Reply Correspondence of the First Player
	Best Reply Correspondence of the Second Player
	Nash–Cournot-Bayesian Equilibrium
	Examples

	Analysis: Uncertainty on the Costs of Both Players
	Strategy Set of the First Player
	Radon Measure Probability of the First Player
	Reduced Strategy Set of the First Player
	Strategy Set of the Second Player
	Radon Measure Probability of the Second Player
	Reduced Strategy Set of the Second Player
	Payoff Functions of the First Player
	Expected Payoffs of the First Player
	Payoff Functions of the Second Player
	Expected Payoffs of the Second Player

	Results: Nash–Cournot Bayesian Analysis
	Best Reply Correspondence of the First Player
	Best Reply Correspondence of the Second Player
	Nash–Cournot-Bayesian Equilibrium
	Examples

	Discussion and Conclusions
	References

