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Aim and motivation The models of porous solids may
have relevance in important advances in the descrip-
tion of problems and phenomena that accompany flow
of mass in porous structures. They find applications
in many fundamental sectors: geology, biology, med-
ical sciences, technology of materials and other ap-
plied sciences. The porous channels sometime can
self propagate because of changed conditions and sur-
rounding conditions that are favorable and this prop-
agation can provoke a premature fracture of these
porous media. Among the various descriptions of
porous media, that one based on a macroscopic charac-
terization of a skeleton pore structure à la Kubik, com-
ing from the use of volume and area averaging proce-
dures, was choosen. In this paper, using the methods
of the non-equilibrium thermodynamics with inter-
nal variables, the deformation of fluid-satured porous
solids is considered and its influence on state laws and
evolution equations of heat and porous tensor fluxes is
investigated. Also, the state laws to construct the con-
stitutive relations are derived, that close the system of
equations describing the behaviour of these complex
materials. Also the heat equation is derived.

The structural permeability tensor model Let us con-
sider a representative elementary sphere volume Ω of
a porous skeleton filled with fluid, the diameter D of
which is much greater than the characteristic lenght
of the entire porous medium. Ω is large enough to pro-
vide a representation of all the statistical properties of
the pore space. Ω = Ωs + Ωp, with Ωs and Ωp the solid
space and the pore space of the elementary volume. In
Fig. 1 we see the averaging scheme regarding a pore
structure (see [1]).

Since all pores are considered to be interconnected
the effective volume porosity is completely defined as
fv = Ωp

Ω , where Ωp represents the pore space of Ω. The
present analysis is restricted to media which are ho-
mogeneous with respect to volume porosity fv , i.e. fv
is coonstant. To avoid confusion we describe all mi-
croscopic quantities with the xii coordinate system,
while microscopic quantities are assigned to the xi
axes: there is non difference between these systems
apart from possible translations. In such a medium
Kubik introduces a so called structural permeabily
tensor , responsible for the structure of a system of
pores, in the following way

v̄(x)i = rij(x, µ)
∗
vj (x, µ),

where v̄(x) = 1
Ω

∫
Ω̃ v(ξ)dΩ̃, ξ ∈ Ωp, is the bulk-volume

average of fluid velocity and the corresponding pore-

area fluid velocity is
∗
v(x, µ) = 1

Γp
∫

Γ̃ v(ξ)dΓ̃, ξ ∈ Γp. The
orientation of the central sphere section Γ in Ω is given
by the normal vector µ .
The tensor rij describes a structure of the porous me-

dia. Equation above gives a linear mapping between
the bulk volume average fluid velocity and the local
velocity of fluid particles passing through the pore
area Γp of central sphere section with normal vector
µ. In [1] Kubik establishes the geometrical interpreta-
tion of rij considering a fluid flow, having the average
bulk average velocity v̄, as the superposition of three
one-dimensional fluid flows along three mutually per-
pendicular channels, having average velocities on the
areas of these channels v∗i (x,µ). Only part of the fluid
can flow unimpeded while the rest is trapped in the
porous skeleton.

Governing equations In [2] a thermodynamical model
for describing reciprocal interactions between a fluid
flow and a structural permeability field coming from
a network of porous in an elastic body was developed.
The assumption that an anisotropic pore structure is
continuously distributed within the medium was done.
Since during deformation the porous structure evolves
in time, the structural permeability field is described
both by the state tensor rij which relates to the density
of porous and by the flux of this tensor Vijk. Similarly
the fluid flow is described by two variables: the con-
centration of the fluid c and the flux of this fluid ji.

The mass of density ρ1 comes from the mass of the
fluid transported through the elastic porous body of
density ρ2. The mass of the fluid and the elastic solid
form a two-components mixture of density ρ = ρ1 + ρ2,
where ρ1 � ρ2. We define the concentration c as fol-
lows c = ρ1

ρ .
For the mixture of continua as a whole and also for

each constituent separately the continuity equations
are satisfied

ρ̇ + ρvi,i = 0,
∂ρ1

∂t
+ (ρ1v1i),i = h1,

∂ρ2

∂t
+ (ρ2v2i),i = h2, ρvi = ρ1v1i + ρ2v2i

where a superimposed dot denotes the material
derivative, h1 and h2 are the sources, v1,i and v2,i are
the velocities of the fluid particles and the particles
of the elastic body, respectively. Then the fluid flux
must be taken in the form jci = ρ1(v1,i − vi).
The proposed model is based on the extended irre-

versible thermodynamics with internal variables. The
thermal field is governed by the temperature and the
heat flux qi. The vector space is chosen as follows

C = {εij, c, T, ri,j, ji, qi,Vijk, c,i, T,i, rij,k},

where, we have taken into consideration the gradients
c,i, T,i and rij,k. We ignore the viscoelastic effects, so
that τij is not in the set C. All the processes occurring
in the considered body are governed by two groups of
laws. The first group concerns the classical balance
equations:

The balance of mass ρċ + jci,i = 0
The momentum balance ρv̇i − τij,j − fi = 0,

where fi denotes a body force.

The internal energy balance ρė− τjivi,j + qi,i − ρh = 0,

where h is the heat source distribution. The second
groups of laws deals with the rate properties of the
internal variable and the fluxes of the mass, heat and
porous field. The evolution equations for the internal
variable rij and for the fluxes qi and ji, read

ṙij + Vijk,k −Rij(C) = 0, j̇i − Ji(C) = 0,

q̇i −Qi(C) = 0, V̇ijk − Vijk(C) = 0,

Constitutive relations and rate equations To be sure
that our consideration deal with the real physical pro-
cesses occuring in the considered body where all the
assumed fields can interact with each other, all the ad-
missible solutions of the proposed evolution equations
should be restricted by the following entropy inequal-
ity (see [2])

ρṠ + (φi + ki),i −
ρh

T
≥ 0,

where S is the entropy density, ρhT−1 is the external
entropy production source, φi is the entropy flux and
ki = ki(C) is an extra entropy flux which is added be-
cause the nonequilibrium fluxes are adjoined to the
set of indipendent variables.
The following set of constitutive functions (dependent
variables) is formed

W = {τij, πc, πrij, gi, e,Rij, Ji, Qi, Vijk, S, φiF, ki},

where F denotes the free energie density given by
F = e − TS, Πrij is a potential related to the porous

field, defined in the sequel and Pic denotes the chem-
ical potential of mass. Then we must look for general
constitutive equations in the form W = W̃ (C), where
both C and W are evaluated at the same point and
time. In [3] the entropy inequality was analyzed by
Liu theorem obtaining the following results: the state
laws τij = ρ ∂F∂εij

, πc = ∂F
∂c ,

∂F
∂c,i

= 0, S = −∂F∂T , πrij =
∂F
∂rij

, ∂F
∂T,i

= 0, ∂F
∂rij,k

= 0, the affinities conjugate to the fluxes

Π
j
i ≡ ρ∂F∂ji

, Π
q
i ≡ ρ∂F∂qi

, ΠVijp ≡ ρ ∂F
∂Vijp,

where Πc denotes the chemical potential of the dif-
fusion mass field and Πrij is the similar constitutive
quantity related to the porous field. Finally the energy
flux φk = 1

T (qk − πcjk + πrijVijk).
τij is symmetric and then the couple gi van-
ishes and the free energy is the function F =
F (εij, c, T, rij, ji, qi,Vijk).
Also in [4], expanding the free energy about the equi-

librium state, denoting by θ = T−T0,
∣∣∣ θT0∣∣∣� 1, C = c−(c)0,∣∣∣ C(c)0∣∣∣� 1, Rij = rij− (rij)0,

∣∣∣ Rij

(rij)0

∣∣∣� 1, deviations with re-

spect to equilibrium (with the subscript “0” referring

to the equilibrium state and assuming that (εij)0 = 0,
(Vijk)0 = 0, (qi)0 = 0, (jci )0 = 0. The following relations
are derived:

The constitutive relations

τij = cijlmεlm − λθijθ + αrεijlmRlm + λcεijC,

S =
λθij
ρ
εij +

cv
θ0
θ −

αrθij
ρ
Rij + λθcC,

πrij = λrεijlmεlm + λrθij θ + λrrijlmRlm + λrcijC

The rate equations for the fluxes and the internal variables

τ q̇i = −qi − χ1
ijθ,j + χ2

ijj
c
j + χ3

ijkrjk + χ4
ijk + εjk

+ χ5
ijklVjkl + χ6

ijklrjk,l

j̇ci = η1
ijθ,j + η2

ijqj + η3
ijj

c
j + η4

ijkrjk + η5
ijkεjk + η6

ijklVjkl+
+ η7

ijklrjk,l,

ṙij + Vijk,k = β2
ijkθ,k + β3

ijkqk + β4
ijkj

c
k + β6

ijklεkl + β5
ijklrkl+

+ β6
ijklmVklm + β7

ijklmrkl,m,

V̇ijk = γ2
ijklθ,l + γ3

ijklql + γ4
ijklj

c
l + γ6

ijklmεlm + γ7
ijklmrlm+

+ γ8
ijklmnVlmn + γ9

ijklmnrlm,n.

where the first is the rate equation for the heat flux
generalizes Vernotte - Cattaneo relation and χ1

ij are
heat conductivity coefficients.

Heat equation and dissipative processes To consider
and solve analytically and/or numerically particular
problems, we linearize the developed theory, obtaining
a mathematical model to describe the physical reality
in many situations. Introducing the Legendre trans-
formation, considering the material derivative of the
free energy F i.e. ρT Ṡ = ρU̇ − ρSṪ − ρḞ , and tak-
ing into consideration the balance energy equation
ρU̇ = τijε̇ij − qi,i, calculating the material derivative of
the free energy and using the laws of state, the defi-
nitions of the affinities and the rate equations for the
heat and dislocation fluxes and for the core dislocation
tensor, in the linear case we work out the following
equation:

τρ0T0

(
λθij
ρ0
ε̈ij +

cv
T0
θ̈ −

αaθij
ρ0
r̈ij + λθcC̈

)
= −ρ0T0

(
λθij
ρ0
ε̇ij+

+
cv
T0
θ̇ −

αaθij
ρ0
ṙij + λθcĊ

)
+ χ1

ijθ,ji − χ
3
ijkrjk,i − χ

4
ijkεjk,i+

−χ5
ijklVjkl,i − χ

6
ijklrjk,li − χ

7
ijj

c
j,i.

The above equations allow to describe the thermal
behaviour of anisotropic porous media in the linear
approximation. In the case when we consider perfect
isotropic porous media, for which the symmetry prop-
erties are invariant under orthogonal transformations
with respect to all rotations and to inversion of the
frame of axes, it can be see that the heat equation
becomes

τ θ̈ + θ̇ +
γ

c
(τ ε̈ii + ε̇ii)−

η

c
(τ r̈ii + ṙii)

ϕ

c

(
τ C̈ + Ċ

)
= ν1jc,ii+

−ν2C,ii −
1

2
(k1rjj,ii + k2rij,ji),

with all the phenomenological constants, leading to
finite speeds of propagation of disturbances. It is a
generalized telegraphic equation for isotropic defec-
tive solids. In the case that the the deformation and
dislocation effects can be neglected equation above re-
duces to the telegrafic equation τ θ̈ + θ̇ = k

cθ,ii.
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