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1 Abstract continued

soft points. Several related properties, structural characteristics have been investigated.
Then the convergence of sequence in neutrosophic soft topological space is defined and
its uniqueness in generalized neutrosophic soft Hausdorff space (GNSHS) relative to soft
points is examined. Neutrosophic monotonous soft function and its characteristics are
switched over to different results. Lastly, generalized neutrosophic soft product spaces
with respect to crisp points have been addressed.

Such a set is characterized by a membership (characteristic) function which assigns to
each object a grade of membership ranging between zero and one. The notions of in-
clusion, union, intersection, complement, relation, convexity, etc., are extended to such
sets, and various properties of these notions in the context of fuzzy sets are established.
In particular, a separation theorem for convex fuzzy sets is proved without requiring
that the fuzzy sets be disjoint. Atanassov [19] introduced the concept of intuitionistic
fuzzy set (IFS) which is generalization of the concept fuzzy set. Various properties are
proved, which are connected to the operations and relations over sets, and with modal
and topological operators, defined over the set of IFS’s. Bayramov and Gunduz [2]
introduced some important properties of intuitionistic fuzzy soft topological spaces and
define the intuitionistic fuzzy soft closure and interior of an intuitionistic fuzzy soft set.
Furthermore, intuitionistic fuzzy soft continuous mapping are given and structural char-
acteristics are discussed and studied. Deli and Broumi [6] defined for the first define a
relation on neutrosophic soft sets which allows to compose two neutrosophic soft sets. It
is devised to derive useful information through the composition of two neutrosophic soft
sets. The authors then, examined symmetric, transitive and reflexive neutrosophic soft
relations and many related concepts such as equivalent neutrosophic soft set relation,
partition of neutrosophic soft sets, equivalence classes, quotient neutrosophic soft sets,
neutrosophic soft composition are given and their propositions are discussed. Finally a
decision making method on neutrosophic soft sets is presented. Bera and Mahapatra [3]
Introduced the concept of Cartesian product and the relations on neutrosophic soft sets
in a new approach. Some properties of this concept have been discussed and verified
with suitable real life examples. The neutrosophic soft composition has been defined
and verified with the help of example. Then, some basic properties to it have been
established. After that the concept of neutrosophic soft function along with some of its
basic properties have been introduced and verified by suitable examples. Injective, sur-
jective, bijective, constant and identity neutrosophic soft functions have been defined.
Finally, properties of inverse neutrosophic soft function have been discussed with proper
example. Smarandache [17] for the first time initiated the concept of neutrosophic set

which is generalization of the intuitionistic fuzzy set (IFS), para-consistent set, and in-
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tuitionistic set to the neutrosophic set (NS). many examples are presented. Peculiarities
between NS and IFS are underlined.Maji [16] studied the concept of neutrosophic set of
Smarandache. The author introduced this concept in soft sets and defined neutrosophic
soft set. Some definitions and operations have been introduced on neutrosophic soft
set. Some properties of this concept have been established. Bera and Mahapatra [4]
introduced how to construct a topology on a neutrosophic soft set (NSS). the notion
of neutrosophic soft interior, neutrosophic soft closure, neutrosophic soft neighborhood,
and neutrosophic soft boundary, regular NSS are introduced and some of their basic
properties are studied in this paper. Then the base for neutrosophic soft topology and
subspace topology on NSS have been defined with suitable examples. Some related
properties have been developed, too. Moreover, the concept of separation axioms on
neutrosophic soft topological space have been introduced along with investigation of
several structural characteristics.

Khattak et al. [9, 10] continued work on soft bi-topological structures. The authors
discussed weak separation axioms and other separation axioms in soft bi-topological
space with respect to crisp points and soft points of the spaces respectively.

Mehmood et al. [13] discussed soft a-connectedness, soft a-dis-connectedness and
soft a-compact spaces in bi-polar soft topological spaces with respect to ordinary points.
For better understanding the authors provided suitable examples.

Khattak et al. [11] introduced for the first time application soft semi open sets
in binary topology. An important outcome of this work is a formal framework for the
study of informations associated with ordered pairs of soft sets. Moreover the authors
discussed five main results concerning binary soft topological spaces in the same article.
Khattak et al.[8] for the first time bounced up the idea of NS b-open set, NS b-closed
sets and their properties. Also the idea of neutrosophic soft b-neighborhood and neu-
trosophic soft b-separation axioms in NSTS are reflected here. Later on the important
results are discussed related to these newly defined concepts with respect to soft points.
The concept of neutrosophic soft b-separation axioms of NSTS is diffused in different
results with respect to soft points. Furthermore, properties of neutrosophic soft b-T;
-space (i = 0,1,2,3,4) and some associations between them are discussed.

Khattak et al. [12, 14, 15] continued has work on another structures known as
neutrosophic soft topological structures. The authors introduced generalized and most
generalized neutrosophic soft open sets in neutrosophic soft topological structures. They
discussed different results with respect to soft point of the space.

The first aim of this paper is to reintroduce the concept of GNS-open set and develop
a neutrosophic soft topology on GNS-open set with respect to soft points. Later the

notions of neutrosophic soft point and their characteristics are addressed in connection
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with GNS-neighborhood. The concept of generalized separation axioms of neutrosophic
soft topological spaces and related results are studied with respect to soft points. Study
is slowly extended to neutrosophic soft Countability, NS sequences and their conver-
gence in Hausdorff spaces. Furthermore, neutrosophic soft monotonous function and
neutrosophic soft product spaces are addressed in connection with neutrosophic soft
generalized open sets with respect to soft points. We hope that these results will be
useful for future study on neutrosophic soft topology to carry out a general framework
for most real-world applications.

2 Preliminaries

In this section we now state certain useful definitions, theorems, and several existing

results for neutrosophic soft sets that we require in the next sections.

Definition 2.1. [8] NSS on father set (X) is characterized as Ameutrosorhic — [
Trtorhic Xty rtorhie XV ): oo (X)) T : (z) —=]07, 17 [I 2 (X)) =]0, 11 [F @ (X) —
J07,17[ So that’s it o~ < {T'+ 1+ F 3"}

Definition 2.2. [8] let (X) be a fatherset, 4P*r*mer he a set of all conditions, and
£((X)) denote the efficiency set of (X). A pair (f, Jreremater) ig referred to as a soft
set over (X) where f is a map given by F : Jperematery . £((X)) . For n oc fperamater,
f(n) may be viewed as the set of n -softset elements (f, 37974™%") or as a set of n —
estimatedthe soft set components, i.e.(f, #eremater) = {n f(n) : n oc Jparamater p .
—_Iparamater) — £(<X>)}

Definition 2.3. [8] let (X) be a fatherset, 4P*r*me he a set of all conditions, and
£((X)) denote the efficiency set of (X). A pair (f, Jreremater) ig referred to as a soft
set over (X) where f is a map given by F : Jperematery . £((X)) . Then a NS
set (f, gparamater) oyer (X) is a set defined by a set of valued functions signifying a
mapping f : Peremater _y £((X)) is referred to as the approximate NSset function

(f : Jparamatery Tn other words, the NSset is a group of conditions of certain elements

of the set £((X)) so it can be written as a set of ordered pairs:(f : dporomater) —
{((n, [z, [Jz(x)(gc),[~($)($),Ff(x)($),n i Jparamatery Tf(x)(”’),[~($)($),Ff(x)($) [0,1] are
membership of truth, membership of indeterminacy and membership of falsehood f(n)
Since the supremum of eachT, I, fis 1, the inequality that 0 < {T;(z) @+ < {I;(2) @+ <

{F(z)® < 4+3%} is obvious

Definition 2.4. [8] Let (f : 4r#r@mater) e a NSS over the father set (X). The comple-

ment of (f : dperematery jg signified (f : JPeremater)c and is defined as follows:
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(‘f . _-]paramater)c :~ {((n, [%, If(g;>(x)7 IfN(x>(x)7 Ff(ﬂ?)(x), n o __Iparamater} Tf*(df)(x)7 If(ﬁ(])(x), Ff(x)(‘r)
It’S Clear that ((f . __Iparamater)c)c — (f . —_Iparamater).

Definition 2.5. [8] Let (f,n) and (5,n) two NSS over the father set (X) (f,n) is
supposed to be NSSS of (p,n) if Tf(x)(z) = Tﬁ(x)(x),lf(x)(:”) = Tﬁ(x)(m),lf(x)(z) -
Fy(z)® n oc gparematergndy o (x) Tt is signifies as (f,n) T (p,n) .(f,n) is is said to
be NS equal to (p,n) if (f,n) is NSSS of (p,n) and (p,n) is NSSS of if (f,n). It is
symbolized as (f,n) = (g, n)

3 Neutrosophic soft points and their properties

Definition 3.1. [8] Let (]th) and (fg,n) be two NSSS over father set (X) s.t. (fl, n)
# (f3,n) and then their union is signifies as (fi, n)J(f2, n)=(f3, n) and is defined as
(f37 ) = {(( [ x, f3( )(ﬂf)’[fg( )(3?) F ( )(:v)’n X __Iparamater}

Where,

T, () = max[Tj (), T, ()1, (2)) = maz[I}, (2)), I, ()@, F (2)@ = min[I;, ()@, I (x)

Definition 3.2. [8] Let (f1,n) and (f3, n) be two NSSS over father set (X) s.t. (f1,n)

£ (fo,n) and. Then their union is signifies as (f1, n)(\(f2, n)=(fs,n) and is defined as

(f3,n) = {((n, [$,Tf3($)(m), [fg(x)(w), P (z)@) n :oc Jparamatery

Where,

T, (2) = max [T, (2)®), T, (2) @ I, (2)) = mazlz (2)@, 17, (2), Fy, (2)@ = min[l7 (2)©, 17, (2)f

Definition 3.3. [8] NS (fi,n) be a NSS over the father set (X) is said to be a vacuous
set if Ty(z)@ =0,T;(2)® =0,T)(x)@=1,Ye oc nand ¥ z oc (x) It is signifies as O((z).n) -

Definition 3.4. [8] NS (fi,n) be a NSS over the father set X It is said to be an
absolute neutrosophical softness if T} (z)® =0,T;(x)® =0,T}(z)®=1,Ye oc nand Y = o
(x)Itissignifiesasl((x),n) Clearly, 0((90)’71)0 = 1((w).n)and1((x),n)c = 0((96)7”)

Definition 3.5. [8] Let NSS ((Z), Jr*r*mee) he the family of all NS sets over the
father set (X ) and 7 C NSS((z), dp#rometer)  Then 7 is said to be a NST on (X) if:

(1) O¢x).m)-Laymy 06 7

(2) The union of any number of NSS in 7 belongs to 7

(3) The intersection of a finite number of N'SS in 7 belongs to 7 Then NS.S ((Z), 7 Jperameter)
is said to be a NST'S over (X) . Each member of 7 is said to be a NSopen set.

Definition 3.6. [8] Let ((Z), 747*%meter) he a NSTS over (X ) and (f : dparematery he
a neutrosophic soft set over (X ) Then (f : 4P#r@mater) is supposed to be a NS closed

set ¢f f its complement is a N Sopen set..



42 Arif Mehmood / JAC 52 issue 1, June 2020, PP. 37 - 66

Definition 3.7. [8] Let ((Z), 747 @metr) be a NSTS over (X ) and (f : dparematery be
a neutrosophic soft set over (X ) Then (f : dPor@mater) is supposed to be a a — open if.
(f = poramatery C int(cl(int((f : eromater))) and NS o — close if (f : dperomatery 5

Cl(lnt(Cl<<f . __Iparamater)))

Definition 3.8. [8] Let NS be the family of all NS over father set (X ) and x oc (X)
The NS x(4,) is supposed to be a neutrosophic point, for 0 < a,b,c < 1, and is defined
as follows:
(a,b,c) provided y = z}
T(ab,c)yv = . (1)
(0,0, c¢) provided y # x}

Example 3.9. Suppose that (X) = {z1,22} Then N set A = {< 2,0.1,0.3,0.5 >, <

x9,0.5,0.4,0.7 >} is the union of N points T, and 22, Now we define the

.1,0.3,0.5) .5,0.4,0.7)

concept of NSpoints for NSsets. .

Definition 3.10. Let NSS((X))be the family of all N soft sets over the father set
(X) Then NSS (X(a4,))¢ is called a NSpoint, for every z oc (X),0 < {a,b,c = 1},e
Jparameter - and is defined as follows:
. (a,b,c) provided e = e Ay = x}
x(a b,c)(©)¥ = : : (2)
” (a,b,c) provided e # e Ay # x}

Definition 3.11. Suppose that the father set (X) is assumed to be (X) = {1, 2} and
the set of conditions by @remeter — fe, ey} Let us consider NSS (f, P4remater) over the

father set (X) as follows:

P paramatery _ (a,b,c) provided y = z}
(/.3 ) {{{ (0,0, c) provided y # x} }J )

€1 el
X 2(0.4,0.3,0.8)AND X 2%0.3,0.7,0.2)

— {<21,0.3,0.7,0.6 >, < X5,0,0,1 >}
62:{< x1,,0,0,1 > < X5,0,0,1 >}

X611(0.3,0.7,0.6) - { €1
X 1(0.4,0.6,0.8) — €1 = {< 71,0,0,1 >,< X5,0,0,1 >}
ey = {<x1,04,0.6,0.8 > < X5,0,0,1 >}

er = {<,0,0,1 > < X5,0,0,1>}
={<21,0,0,1 >,< X5,0.3,0.7,0.2 >}

€2
X 20030702 —




43 Arif Mehmood / JAC 52 issue 1, June 2020, PP. 37 - 66

Definition 3.12. Let (F, 37@™¢tr) he a NSS over the father set < # > . we say that
Tlape) & (F, gparameter) road as belonging to the NSS (F, drarameter) whenever

@ = Tay,0 = Lfay@ € = Faye

Definition 3.13. ((Z), 7, 37¢7%"¢t) be a NSTS over (X) (f, 32*@meter) he a NSS over
(X) NSS (f, grerameter) in ((z), 7, por@meter) is called a Nnbhd of the NS point Tl bc)
o (f’ __Iparameter) if 3 a NS « open set <§7 __Ipa’/‘ameter) such that ‘rfa,b,c) o (g) __Ipa’/‘ameter) O

(f7 jparameter)

Theorem 3.14. ((z), 7, 4ameter) pe o NSTS over and (f, 32rameter) Thep ( f, gparameter)
is a NS a open set < (f, parametery 4o q NS nbhd of its NS points.

Proof. . Let (f, 74*m'") be a NS open set and xf, , , oc (f, 37*™*") T is a NS nbhd

,C

of xfa@c). conversely, let ( f , Jparametery he a NS nbhd of its NS points. Let x?mb,c) o
(f, Fperameter) since (f, Jo7emeer) is a NS nbhd of the NS pointa{,, , 3 (g, Feremeer)
o (), 7, __Ipa'rameter) St $€a,b,c)~0( (g’jparameter) C (f, __iparameter) Since (f, __Iparamete'r)
= Ua{, ;o such that x{,, , oc (f, IPeremee) it follows

That (f, 4Perameter) is a union of NS « open sets and hence (f, % *™me”) is a NS «
open set. The nbhd system of a NS point Ty be) denoted by U T, b.0) , Jparametery g

the family of all its nbhds. O]

Theorem 3.15. The nbhd system L ¢ parameter) at ¢, , o in a NSTS ((Z), 7, Jparameter)

(a,b,c) ? ab,c
has the following properties:

( y g arameter € arameter €
(L)if(f, Fparameter) oc Ua(, , o, 3PTOmT), thenay

\ ~ a,b,c) ”
(2)1.]0(](‘7 jparameter) o Uxf@b,c)? —_Iparameter)7 (f7 —_Iparameter) C (h’ jparameter)then

7 _parameter e parameter .
(h, 4 ) o Lzf, 0, 3 ) :

(3)Zf(f, jparameter), (f], __iparameter) o u$?a,b,c)’ __iparameter)then

(f, _—]Paramejer) M (gj __Iparameter) o uxfa,b,c)’ __Iparameter) (7)

(4)2]1’(](" __Iparameter) o l—lx((aa,b,c)? __Iparameter)then
Hzf(g’ __Iparameter) o I_Ixfa X 6)7
Zf‘(g7 jparameter) o UZE‘?{;, y c/)) —_Iparameter)j fOTfOT@CLCh

e parameter F _parameter ~ _parameter e parameter
x(a’,b’,c’)’ = )(f7 3 ) M (97 4 ) & m(a,b,c)’ = )

__Iparameter)

__iparameter ) s.t

\

Proof. The proof of 1),2),and 3) is obvious from Definition 3.13.

if (f7 _—]Parameter) OC~Ux?a,b,c)’ __Iparameter) then 3 NS o open set (g’ __Iparameter) st x?a,b,c)’ __Iparameter) o
(g’ :]Parameter) C (f’ __Iparameter) FIOH] PIOpOSitiOIl 3147(9’ jparameter) o Ux?abc)’ __Iparameter)

so for each x(E;’,b’,c/)’ o (g’ _-]Pm‘ameter)7 (g) __Iparameter) oc (g’ __]parameter) oc Ux?;/,b’,c/y __iparameter)

is obtained. H
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Definition 3.16. Let xfa be) and xf;/ Vo) be two NSpoints. For the NSpoints Over father
set (X) we say that the NSpoints are distinct points Tlope) ‘T?;’,b’,c’) = (), (z, Jparameter)
It is clear that «f,, , and :L’?;,’b,’c,) are distinct NS points if and only if z =y or X <Y

ore —eore <e

4 Neutrosophic soft a separation axioms

In this section, we define neutrosophical soft a separation in neutrosophical soft topo-

logical space with respect to NS points.

Definition 4.1. Let ((z), 7, 47%7%™¢ter) he a NSTS over(X) , and

Tlabie) 7 Lla )
or (8)

e
‘x(a,b,c

NSpoints. If there exist NS «a-open sets ( f, gparametery and (g, 4P*rometer) such that
x?a,b,c) o (‘f’ __Iparameter) x?a,b,c)rl(f’ __Iparameter) — O(X”jpammeter) or y(ec/z’,b’,c/) o (g’ __Iparameter))

yf;,7b,7c,) (g, Ferameter) = 0. parametery Then ((Z), 7, FP79mT) is called a NS aq
Definition 4.2. Let ((z), 7, #%7%m¢ter) he a NSTS over(X) , and

Tlabe) 7 Tty e
or (9)
e e/

T(ape) = T(arpr,e!)

NSpoints. If there exist NS a-open sets (f, #eemeter) and (g, 4Poremeter) such that

e r parameter e r parameter) __ . e’ ~ _parameter
x(a,b,c) & (f? 4 ) x(a,b,c)l_l(f7 4 ) - O(X,,:Ipammet”) or y(a’,b’,e’) & (97 4 )7
, 2

Yr .y T1(Gy FPOMET) = 0% sparamerery Then (< X >, 7, peremeer) is called a NS ay
Definition 4.3. Let ((), 7, 37*7%™¢tr) he a NSTS over(X) , and

‘rt(ga,b,c) ~ 'r?a’,b’,c’)
or (10)

e
Tiape) = T(arp,er)

NSpoints. If there exist NS a-open sets (f, #P279meer) and (g, 4Poremeter) guch that

e parameter e 3 parameter) __ N e’ ~ _parameter
o pe) & (f, 3 ) (00N f 5 3 ) = 0%, sparametery OF Yyt 1y (95 3 ),

y(e;/7b/7c/) [l (g, __Iparameter) = O(X”jparameter) Then (< X >, T, —_Iparameter) is called a NS (0%)
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Example 4.4. Suppose that the father set (X ) is assumed to be

(X) = {x1, x5} and the set of conditions by P *meter — fe) e} Let us consider NSset

(f, dparametery over the father set (X) and 2 010407 2020500 12080805 and

2 12040409 NSpoints. Then the family

T = {O(X”jparamete'r)y 1()~(”jpammet”)’ (f~17 jparameter)’(f% __Iparameter)7(.]337 jparameter))(ﬁb

—_Iparameter)’ (fs’ __Iparameter))(f}) __iparcwneter)’(f77 —_Iparameter)’(fg’ __Iparameter)}‘

where

(f~1’ __Iparameter) _ 1’611(0-1’0'4’0'7) (f~2; __Iparameter) _ x621(0.2,0»5v0~6) ’ (f~37 __Iparameter) _ I812(0-310'3’0'5) : <f~47 Jparameter
— (.fl jparameter)u(fZ __Iparameter) (f~5 —_Iparameter) — (fl jparameter)u(f3 jparameter) (fﬁ jparameter)
:~ <f~27 —_lparameter) U (fg’ __Iparameter)’ (f~7’ __Iparameter) — (ho —_lparameter) U (fQ, __Iparameter) U

(f?,, __Ipar(zmeter)’

(fg, _-]pamm@ter)} = {l‘ (0.1,0.4,0.7) .Z‘ %1(0.2,0.5,0.6) ’ 33612(0.3,0.3,0.5) and x612(0‘4,0.4,0.4) is a NSTSover

the father set (X) . Thus (< X >,7, #¥%m¢ter) he a NSTSover the father set (X) .

Also (< X >, Aparameter) ig NS structure but it is not NS a;g because for NSpoints

€1 €2 < .
010407 g 2040400 (< X > 7 qparameler) pnot goft, neutrosophic ag

Example 4.5. Suppose that the father set (X ) is assumed to be

(X) = {x1, x5} and the set of conditions by P @ eter — fe) e} Let us consider NSset

(f, dparametery over the father set (X) and g o100 2020500 32080308 and

%0040 NSpoints. Then the family

T = {O(X”jparameter)g ]-(X”jparamete’r)u (.];17 jparamEter)7(f27 jparameter)?(ff}) jparameter))(f;l)

—_Iparameter)’ (f5; __Iparameter)’(f67 jparameter%(fﬁ __Iparameter)’(fs’ jparameter)} """ (f157 __Iparameter)‘

where

(fla __Iparameter) _ 33'811(0-1’0'4’0'7) (fQ; __Iparameter) _ I621(0-2v0'5’0'6) 7 (f37 __Iparameter) _ 33'812(0'3»0'3’0'5) ’ <f~47 Jparameter

$622(0'470_470‘4) (f __Iparameter) _ (f~37 jparameter)u(f% jparameter)) (.f67 —_Iparameter) — (fl’ jparameter)u

(f?) __Iparameter) (f __Iparameter) (f2 —_]paramez‘,e?")U(f:1 —_Iparameter) (fNS jpa?‘ameter) — (fQ __Iparameter)u

(fNS __Iparameter) (f __Iparameter) — (fQ jparameter)U(Lﬁl __Iparameter) (fIO __Iparameter) — (fNS __Ipm"ameter)u
Y 9 ) 9 Y Y )

(f~4 __Iparameter) ( __Iparameter) — (]Zl jparameter)u(fQ __Iparameter) (f3 jparameter) (f12 __Iparameter) —
) ) ) ) 9 ) 9 9

(f~1 __Iparameter) ( __Iparameter)u<f4 __Iparameter) (f13 __Iparameter) — (fQ jparameter)u(f3 __Iparameter)u

(f~4 __Iparameter) (f14 jparameter) — (fl __Iparameter)u(fg —_Iparameter)u<f4 jparameter) (f;S __Iparameter)

— {Q'J‘el1(0&,0‘4,047)7 :L‘821(042,0A5,0A6)7 1'612(()‘3,0.3,0‘5) and x612(0A4,O.4,0A4) iS a NSTSOver the father

set (X) . Thus (< X >,7,dreremetery he a NSTSover the father set (X) . Also

(< X >, 7, gperameter) is NS oy because for NSpoints 2 010407 372040400 (< X >

T, gparameter) not soft neutrosophic o

Theorem 4.6. Let ((Z), 7, 3¥%™<r) be q NSTS over the father set (X). Then (), T, Jrerameter)
be a NSTy structure iffeach NSpointis a NS o — closed set.

Proof. Let ((&),7, dP2rometer) he a NSTS over the father set (X). (:Ufa’b’c),_-lpammm’“)
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be an arbitrary NSpoint.We establish (:Efabc), parametery parameter is a NS a — open

set. Let (y(ea/’b/’c/)’__lparameter) o< (aj?a’byc)’__lparameter) ) Then either (y(e;/7b/7c/)’__lparameter) —

e parameter e parameter e
(x(a,b,c)’ = ) or (y(a’,b’,c’)’ = ) = (x(a,b,c)7
/

or (y(ea’,b’,c’)’ _—]parameter) s (‘rfa,b,c)’ __Iparameter) or (y(ec;’,b’,c’)’ jparameter) <= (‘T((ia,b,cy jparameter)

/

. ThiS means that (y?a, b)) _—]pammeter) and (x((iabc)’ jparameter) are two are diStiIlCt NS—

points. Thus z = yor X <Y ore =eore <ex ==yor X <<Y ore >=>¢eor
¢’ << e Since ((z), T, eremeter) he a NSTy structure, ?a NS o — open set (g, fperemeter)

SO that (yz’l/ W) __Iparameter) o (g’ __Iparameter) and (xfabcy __Iparameter) M (gj __Iparameter) —

O(X”jparameter) since (‘ria,b,cy __Iparameter) M (g) _.Ipa?"ameter) — O(X”jpammetﬂ) SO
(y(eé;/7b/70/)7__iparameter) o (g) —_]parameter) C (:L,((aayb’c)’__lparameter> ThUS (x((ga7b7c)7
NS a—open set, i.e.(mfa7b7c), Jparametery jg a NS a—closed set. Suppose that each NSpoint
(T(0pe)s Fparameteryig o NSa — closed set. Then (T(ap ey Jparameter)Cig 4 NS o — open set.
Let (xf be) jparameter) N (y(e’ b.o) __Iparameter) _ O(X' } rer)

a,o,c)? a’ b )’ - ,,Jparameter
Thus
(y(eclu’,b’,c/y __Iparameter) o ($€a7b7c)7 —_Iparameter)c’ and
(zfa,b,c)7 __Iparameter) A <'T((2a,b,c)> __Iparameter)c - O(X,,:lpammete”) So (<:Z)>7 T, __Ipammeter) bea NS—

Q1 space. ]

__Ipara,meter )

—_lparameter) is a

Theorem 4.7. Let ((Z), 7, ¥ %™<ter) be g NSTS over the father set (X). Then (), T, grerameter)

be a NST, spaceiff for distinct NSpoints . (2{,; ., parametery - gnd (y(e;, by Jparameter)
, there exists a NS o — open set (fAParameter containing 3 but not (y(e;,ﬁ,’d), Aparameter)
S't'(y(e(;’,b’,c’)7 __Iparameter) > (fjparameter)

Proof. ({5, 34T = (y(e(;,vb,vc,), Jparametery he two NSpoints in NSy space. Then
3 disjoint NS « open sets (fd4rerameter) and (gdperameter) guch (2, ), FATmET) o
(f__iparameter)

and

)7

/

(y(ea’,b’,c’y __Iparameter) o (g__‘parameter)l

since
e arameter e/ arameter\ __ ~
(x(a,b,c)’ e ) M (y(a’,b’,c’)’ 4 ) - O(X,,jPaTamEteT)
and
~ N , ~
(f’ __Iparameter) M (g’ __Iparameter) — O(X”jpammeter) (y(ea’,b’,c’)7 __Iparameter) =) (f’ __Iparameter) =

(y(eé/ V') __Iparameter) > (f__lpara’mete?“). NeXt suppose that, (I'fa b,c)? —_Iparameter) - (yzi;/ V') __Iparameter%

Ja NS aopenset (f, ™) containing (27, ;, ., F") but not (Y, 4 oy, P

/

s.b. (yf Jparameter 5 ( f dparameter)e that is (f, gperameter) and (f qparametere are mu-

tually exclusive NS « open sets supposing (2, ., parametery and (yf;,7b,7c,), Aparametery jp
turn. O

Theorem 4.8. Let ((x), T, 427 9meter) he g NSTS over the father set (X) Then ((Z), T, Jperameter)
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is NSy space if every NS point (x(eab’c), Aparameter oc (f Jparameter) o ((F) g Jparameter)

If there exists a NS « open set (g, 4Porometer) g t. (xfmb’c), parametery oc (), 7, qparameter)

a N Ssyspace.

P’I"OOf. SUPpose(xfa,b,c): __Iparameter)rl (y(e(;/7b’7c’)7 __Iparameter) — O(X”jparamet(ﬂ‘)' Since (<ZZ’>7 T, —_Ipm“ameter)
is NSispace. (2, ., ") and (y(e;/’b,,c,),:lpa"“mete’") are NS «a — closed sets in
(<i.>’ T, __Ipara,meter) Then (x?a,b,c)7 __Iparameter) o <<y(e;/’b/’d)’ __Ipav"ameter))c o (<£i'>, T, __Iparamete’/‘)

. Thus 3 aNS (‘&7 __Iparameter) o <<i’>, T, __Iparameter) s.t. (Ie ,__Iparameter) o (gj __Iparameter) C

a,b,c)
!

- - (

(g’ __Ipm‘ameter) C ((y(ea’,b’7c/)? jparameter))c . SO we have ((y(eal7b/7c/)7 —_Iparameter))c o (g) __Iparameter)
and (((g, perameter) 0 ((§, FUramENe = 0 g poramerery 0. (), 7, FUE) is 4 NS,
space. . ]

Definition 4.9. . Let ({(Z), 7, 4% *mee") he a NSTS over the father set (X) ((z), 7, parameter)

be a NS a — closed set and (2{,, . Jparametery o (f  Jparameter) — 0(x, parametery - If I NS
« open sets ((g~17 __Ipm‘ameter) and((g27 __Iparameter) s.t. (x?a?b’c), __Iparameter) o ((g;’ __Iparameter%

(f7 jparameter) C ((g';, —_Iparameter) and (l‘? )7 __Iparameter) |—|((g~17 —_Iparameter) — O(X”jparameter)

a,b,c
, then (< X >, 7, gparemeter) is called a NS o — regular space. ((&), 7, 3797t is said

to be NS5 space, if is both a a NS a — regular and NS, space.

Theorem 4.10. Let ((Z), T, Ferometer) pe g NSTS over the father set (X)) ((Z), T, Jperameter)

18 SOft a space iﬁfor every (x?a,b,c)’ jparameter) oc (fN’ __iparameter) ,i. e, (f’ __Iparameter) oc (<

X >77_’ __Iparameter) s.t. (x?a,b’c)’ __Iparameter) o (g} __Ipara,meter) C (g’ __Iparamete’r)’ (f, __Ipm’ameter)'

Proof. Let ((Z), 7, Jperemetery s NS —a space and (:p‘(fa,b’c), Aparameter o ( f , Jparametery o

(), 7, gparameter). Since ((Z), 7, P44 isN .S —ay space for the NS point (2(, ;, .y, 3774™")

and a NS a—closed set(f, gperameter)c J( g, parametery and ( gy, Jpoarameter g . (:c‘(ia’bﬁ), Aparameter o

( G, __Iparameter>’ ( 7, __Iparameter)c - ( Go, __Iparameter) and ( G, __Iparameter) N ( Go, __Iparameter) _
_-]parameter> N ( ]:[7 _.Iparameter) _ O(X”jpammem) and

(H, qparameter) he a NS « — closed set. (%000 Aparametery oc (H  qparameteryc

and from the condition of the theorem, we have

(xe __Iparameter) o ( 7, __Iparamete’r‘) C W( [:[7 __Ipa’r‘ameter)c_Thus

0(~Xﬂjpmmeter) Conversely, let (.rfa,b’c),

(a,b,c)’ ~ _
2 ’__Iparameter o g) __Iparameter C H, __Iparameter 97 __Iparameter c
(a,b,c)
and
§7__|parameter N g7__|parameter C =0 ¢ arametery - SO < X >’7_’ __Iparameter is NS — g
(X,,3 )
space. ]

Definition 4.11. Let ((Z), 7, 4#27™m¢") he a NSTS over the father set (X) This space
is a NS a — normal space, if for every pair of disjoint a NS « closed sets ( fi, Aparameter)
and (fy, FPeremeter) - disjoint a NS a — open sets ((gy, 4 o™eter) and (g, Jerameter)
S.t.( fl’ __Iparameter) C ( g~1, __Iparameter) and ( fg, __Iparameter) C ( g~2, jpammeter)l (<j>’ T, __Iparameter)

is said to be a NS ay space if it is both a NS a — normal and NS a4 space.
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Theorem 4.12. Let ((Z), 7, #2779™e™) be a NSTS over the father set (X) This space
is a NS — ay space < for each NS o — closed set (f, parametery gnd NS o — open set
(97 __Iparameter) with (f7 __Iparameter) C (g) jparameter)) Ja NSOz—open set ([)7 __Iparameter)s't'

(f7 __Iparameter) C (D’ __Iparameter) C (D7 jparamete'r) C (g’ __Ipa?"ameter)_

Proof. Let ((&), 7, 47%rometer) he a NS—ay over the father set (X). and let (f, Jparametery

(g, draremeter) Then (g, 374*meter)¢ is a NS a—closed set and ( f, Fporemeter)ny(g, qparameter) —
0((z), parametery. Since ((T), T, 7<) be a N.S—ay space,3 NS o open sets (D, Jparameter)

and (Ds, Jparametery g ¢ (f dparametery — ([),  Jparameter) (g Jparameteryc — ([, Jparameter)qp (), 4pora
(ﬁ% Aparameter 0((z) aparametery. Thus (f, Aparameter — (D~1, Aparametery (D~2, Aparameterye —

(é, __Ipa'rameter)) (1527 __Iparameter)c is a NS b—closed set and (ljh _.Iparameter) C (152, __Iparamete'r)c

_So ( f} jparameter) c ( ﬁl; __Iparameter) c ( 51, __Iparameter) C ( Q, __Ipa?"ameter)

Conversely, let (fi, Parametery and (f,, deerameter) disjoint a NS a—closed. Then(fy, grerameter)
(f o, gParameter)c From the condition of theorem, there exists a NS a—open set (f), parameter)

s.t. ( ]?1’ __Ipa'rameter) c ( D’ __Iparamete'r) c ( Db Jparameter)  ( ]EQ’ __Iparameter)c Thus ( D7 jparameter)
and (D, grerameterye are NS ? —opena — open sets and(fy, dparameter) < (f,, qparameteryc

(f% _—]parameter) C (D, jpara,meter) and (D, jparameter) and ((D) __Iparameter) — 0(<i)7jpammetw)‘
(<j'>77—’ _-]Parameter) bea NS — oy space. N

5 Neutrosophic soft Countability:

Theorem 5.1. Let (z{,, .,
and let {{(W,0); : i =1,2,3....} generates a NS countable o — open base about the point
(2, pe)r T, then there exists an infinite soft sub-sequence {(V,0); 14 =1,2,3...}
of the NS sequence {(W,0); : i = 1,2,3....},such that (i) for any NS a — open set
(U,0),containing (x(,, ., 3F""") 3 a suffic m such that {{V,0); € (U,0) for all
i = m; and (i) if (xP, 3, 0) be, in particular , a NS oy — space, then N{(V,0); : i =
1,2, 3. = {(2(, 40, P}

Aparametery e g point in a first NS countable space (x?, 3, )

Proof. Given (W, 9)10{(W, 3)oN(W, 0)3N....(W, ) is NSopen sets, contains the point(z{, ; ., Aparameter)
As the NS sets {(W,0); : i = 1,2,3....} Forms NS a—open base about (zf, ., 3*7*"")

3 one among theNSsets {(W,d); : i = 1,2,3....} , which we shall denote by (V,0),

such that (2, , 5, F"") oc (V, )y € (W, 0)10(W,8)oN (W, D). (W, D)y, for k =

1,2,3....... The NSsequence {(V,9); : i = 1,2,3....} Thus obtained, has the required

properties. In fact, if (U, ) is any NS a—open set, containing (a:?avb’c), Aparameter) then 3 a

NS set (W, 9),, say, belonging to the family {(W,0); 1 i = 1,2,3...}, s.t.(2{, ; o, F7""") o

(W,0) (U, 9). Also, since(V,d); € (W,d),, ,for all i = m.Next, let (z? ¥, 9) be NS
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ar — space and letN{(V,0); : i = 1,2,3...} = {{M,9) As{(a{,,n, F"*""")} is con-
tained in each {(V,0); : i = 1,2,3....} that is (z{,, ., Aparametery o (V, 9), (00 p,0) Aparameter) o
<V, a>2’ (xt(aa’b’c)’ __Iparameter) o <‘/’ a>3, (xe(aa@c)’ jparameter)(y" a>4 ''''' (xc(za’b’c)7 __Iparamete'r) o
,0), 18 Tollows that (x , o ,0), Let (y? ., ), e any point
V 8 : f H h fa,b,c) __Iparameter M a L (e(; b __Iparameter b :
Of xcrip fl"OHl < that iS (xfa,b,cy —_Iparameter) — (y(e;’,b’,c’))ﬂ __Iparameter) Or(x?a@c)’ jparameter) <
(y(e(’l/7b/7c/)7 Jparameter) By definition of NS ag —space,3 NS a—open set(U, 9) ,s.t. (%000 Jparameter) o
(U,0) and (yf;,’b,’c,)), Fparametery 5 ([J 9) There exists a suffix m ,s.t. (V,9); € (U, ), (V,0)s €
(U,0),(V,0)s € (U,0),(V,0)4, (U, 0).....(V,0); € (U,d) for all i = m. consequently,(y(ef;,’b,’c,)7 parameter
,0); tor all ¢ = m ; hence(y? ,,, A, > ,0);. us ,0); cosists of the
V,0); for all i h Oy FPOT) 3 (M, 8). Thus (M, 9 ists of th

—_]parameter)

point (x? only. O

a,b,c)’

Theorem 5.2. Soft second NS countability is first NS countability.

Proof. Let (x¢". 3, 0) be a soft 2nd NS countable space. Then this situation permit
that there live a NS countable base R for (x"?, &, 9) In order to justify that (z<% S, 9)

e __iparameter )

isNS, we proceed as, let(x(a be) oc X be arbitrary point. Let us assemble

. e 7__‘para'rneter
those members of % which absorbs (zf,, ,, #**"““") and named as R av.e) )

. If (R, 0) is soft n — hood of(xfa’b,c), Aparameter - then this permit 3 NS open set(p, )
arresting (2(,; ., F*"") in R and so in R apiey T g g (25, 5.0 )
(9,0) € (N,0). This justifies that is a NS local base at (z{,, . F**"").One step

more,é)%(x?avb@’jpmmeter) being a sub-family of a NScountable family R, it is therefore NS
countable. Thus every crisp point of 2“7 supposes a countable NS local base. This

leads us to say (z?,,d) is soft first N countable. O

Theorem 5.3. A NS « countable space in which every NSconvergent sequence has a

unique soft limit is a NSas space.

Proof. Let (z“"? S, ) be NSay space and let (20 by :lpm”)n> be a soft convergent
sequence in {x? ¥, 0) .We prove that the limit of this sequence is unique. We prove
this result by contradiction. Suppose ((z{, ;. :lpme”)n> converges to two soft points
I and m such that I # m. Then by trichotomy law either I < m or I > m. Since the
possess the N Saof characteristics, there must happen two NS « open sets (p,d) and
{p,0) such that (p,d)N(p,d) = Oz grarameter). That is, the possibility of one rules out

the possibility of other.Now, ((z{, ;.. I**™"),) converges to I so 3 an interger ny
8.8.((20, 00 IO ) O (0,0)Vn > . Also, ((xf, ), FPU),) converges to m
so there exists an interger no such that((z{, , ., F**"),) o (p, 0)¥n > ni. We are
interested to discuss the maximum possibility, fot that we must suppose maximum of

both the integers which will enable us to discuss the soft sequence for single soft number.
Max(n1,n2) = no. Which leads to the situation ((zf, Hparameter) A oc (o J)Vn > ny

a,b,c)?
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and <(xfa7bvc),jpm”)n) o (p,0)¥n > ng. This implies that ((z{,, C),jpg‘l\m/ete”)@ o

(,0) and {(2, ;) :lpm”)n> o (p, 0),¥n > no.This guarantees that (z{, ;, ., F*meer), o
((p,0)N(p,d))¥n > ny .Which beautifully contradict the fact that (p,d)N{(p,d) =
O((@),ararametery.  Hence, the limit of the NSsequence must be unique. Let (xer? 3, 0)
be NSas be the NS first axiom space in which every NSconvergent sequence has a
unique soft limit. We prove the space is NS, space, suppose if possible (z¢ S, 9)
be NSay is not NS, space. Then there must exists two points (I(emb’c), Aparameter) £

’

e’ parameter : e parameter e parameter e parameter
(Yiar 1t ey 3 ),that is (x(a@c), E ) = (Yiar by er)s 3 ) or (2,4 ), 3 ) <
el

__Iparameter) e —_Iparameter)

such that every soft set containinig (a:(mbjc), has a non-

(Yfar br ey

empty intersection with every NS « open set containing (y(e;,’b,yc,), Aparameter = Since the

space is NSfirst countable, there exist nested monotone decreasing NS local bases at x

and (y(et;’,b’,c’)7 __Iparametm“)‘ Let %(xfa,bycy jparameter) — <B1 ('rfa,b,cy jparameter)’ ''''' Bn(@@,b@y jparameter))
n o« N) and

R oy I ) = (Br(YGy py.orys FO), o Bu(Y oy, ) 2o N)

be the nested NS local bases at(z{,;, 3" *"") and (v, gparameter) - respec-

o)

tively.Then, we nust have By (z{,; . jp“mm“e’”)ﬁBn((y(e;,,b,vi,), jp‘)“"“mem)) £ OVn o« N

and so El(xfa,b,c)? __lpammeter)n o <xcrip7 37 a) st (xab’c), —_]parameter) o BN(x?a,b,cy —_Iparameter)ﬁBn((y(e(;/’bl’d)
N. Therefore,

(x?%b’c)’__lpa’r‘ameter)n o Bn(:r;) and (x?a’b’c)’__lparameter)n o Bn((y(e;,’b,’d)’__Iparameter))vn oc

N .Let (p, 0) and (p, 9) be arbitrary NS a open set such that (zf,, ., 3"*"") o (p, )

and(yf;,vb,,c,), parametery o (p @). Then by definition of soft nested base, there exists an

integer n, such that B,((z(,, . 3F"""")) € (p,0) and Bn((yf;,’b,yc,),jpammet”)) G

(p, O)n > no. This means that (x(,; ., 3F"""), o (p,d) and (y(e;,’b,’c,), Aparametery o

(p,0)n > ng . It allows that (zf,, ,, FT), = (2, 4 0, FOT) and (y(e(;,yb,ﬁ,), parameter)

e/

(y(a, W) Aparameter Byt this is contradiction to the given that every soft convergent se-

quence in (z? ¥, 9) has unique soft limit. Hence (z“?, ¥, 9) is NS ay space. O

Theorem 5.4. The cardinality of all NSopen sets in a neutrosophic second countable

space is at most equal to C (the power of the continuum,).

Proof. Let (x¢ ¥, 0) be NSSTsuch that is NSsecond countable space. Let (¢,d) be
any soft set of (xS, d) . Then ((,d) is the soft union of a certain soft sub-collection
of the NScountable collection {(W,0); : i = 1,2,3....}. Hence the cardinality of the set
of all NS? open sets in (z“ S, d) is not greater than the cardinality of the soft set of
all soft sub-collections of the NScountable collection {(W,9); : i = 1,2,3....}. thus the
cardinality of (z“?, 3, 0) < C . O

Theorem 5.5. Any collection of mutually exclusive NSopen sets in a NSsecond count-

able space is at most NScountable.
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Proof. (z°"?, ¥, d) be NSSTsuch that it is NSsecond countable. Let (3, 0) signifies any
collection of mutually exclusive NS a open sets in (z%, S, ). . Let (U,0) o (3,0),
then 3 at least one soft set (W, d),, ,belonging to the collection {(W,0); :i=1,2,3....}
such that(W,d),, € (U,0). Let n be the smallest suffix for which (W, d),, € (U,0).
Since the soft sets (U, 0) in (3, 9) are mutually disjoint, it follows that, for different soft
sets (U, 0) o (3,0),there correspond soft sets(WW,d),, with different suffices n. Hence
the soft sets in (¢,0) are in a (1,1)-correspondence with a soft sub-collection of the
NScountable collection {(W,d); : i = 1,2,3....}; consequently,the cardinality of (3,9) is
less than or equal to d. [

Theorem 5.6. Let (x"?, 3, 0) be NSST such that it is s space. Then this space posses

an infinite soft sequence of non NS « open sets which are mutually exclusive

Proof. Given (z? S, 9) be NSST.If the space (xS, 0) is soft discrete, then defi-

nitely every one-pointic soft set is NS « open ; and these NS « open sets constitute an

in-finite soft set of mutually dis-joint non-null NS « open subsets of (2%, d),and an

infinite soft sequence can be picked from this infinite soft set. Next, (x“? ¥, d) be not

e’ Jparameter )

a soft discrete space; then 7a point (y(a, by in % which is not a limiting

point of x". Let (zf,, ., ¥ "), be a poit in 2 which may be at least one

/

Of the possibilities (y(ea’,b’,c’y _—]paTameter) - (x€a7b70)7__|paramete7’)l or (Ifmb’c),__lparameter)l <
ye, ., Jparametery then by NS« space,3 two NS « open sets (Uy, ) and (Vi, d) such
(a’ b ,c")
that (x?ayb,c),_—lpammeterh o (Uy,0),q o (V4,0) and (Uy,0)N(V1,0) = O((x),, sparametery
. Again, since (y(e;,’b,’c,), Jparameter) o (V) 9) and q is limiting point of % 3 a point
(mfavb,c), parametery, oc (V4, d) which behaves as (Ifa’b’c), Sparameter), g or (xfa,b,cy Jparametery, <

/

(Yiar bt ery> P7me*T). This implies that these are points of NS a space. So by defini-
tion 3 two NS a open sets (Uz,d) and (V3,0) such that (zf ),_-lp‘”““meter)Q o (Us, 0)

a,b,c
’(y(e;/’b/’c,)’ parametery o (V, 9) and (Uy, 9)N(V3,0) = O (3 opirameter) Again, since (yf, ., F7T) o
(V1,0) and q is limiting point of
xcrip (xfa,b,cﬁ jparameter)2 o< <‘/17 8> which behaves as (‘rt(ga,b,cw __Iparameter>2 - g or (xf%b’l:),
(y(i,’b,’c,), . This implies that these are points of NS as space. So by definition
two NS a open sets (U, 9) and (V3, 0) such that (2, ., 37" ) oc (Us, ), (y(e;/7b/7c/)’ Jparameter) o
<‘/27a> and <U27a>m<‘/278> = 0(<9;V>7aia/r;nfeter) as(U2,8> @~<‘/i7a> and <‘/27a> S <‘/178> )
for otherwise we could pick (U, )N(V4,0) and (Va,d)N(Vi,0) in place of (U, d) and
(Va, 0) respectively. Keeping continue the above process repeatedly and determing the
pOiIltS (‘Tfa,b,c)’ _—|pa1ﬂameter)17 (‘rf@,b,cw __Iparameter>27 . (xﬁa@c)’ jparameter)n which may behave
as

e parameter e parameter e parameter e parameter
({a,0,0)> 3 IR CIAPIE R CIAIE ERGICAPIE Ja -

—_Iparameter ) 9 <

__Iparameter)

e
(2 ap0):
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—_Iparameter)5 >_7 (
or

e parameter e parameter e parameter e parameter
(l’(a,b,c)’ = )1 = (x(a,b,c)7 4 )2 =<, (x(a,b,c)a E )3 =, (x(a,b,c)a E )4 =

—_Iparameter)G — (:L‘e

parameter e parameter
(a,b,c)’j )7 - (ZE 4 )n

e
T(ab,e) (a,b,c)’

e
T
parameter e parameter e parameter e parameter
g )5 =5 (20, 4,090 3 Jo =< (T{yp.00 3 )7 = = (T ey I ) and

accordingly the NSsoft open sets

(U1, 0), (Ua, 0), (Us, 0), (Us, ), (Us, 0).....(Un, &) and (V4,0), (Va, ), (Va, 8), (Vi ). (V. O).....{Va, )
such that for k = 1,2, 3,4, ., n, (:cfwb’c), parametery, o (Uy, d), € (Vik_1,0), (y(e;,’b,ﬂ,), Jparametery o
(Vi, 0) € (Vi_1,0) and (Uy, 0)N(V4,0) = o Now, since (y(e;,’b,vc,),jp“mmt”)

is a limiting point of X and (V},,d) NS a open set containing (yf;, V) Aparameter)

(<m~>76pa7;n/eter)

, parametery, - in X< different from q and lying within

there exists a point (z{, ;.
(V,,,0) . Then by NS ay space, 3 two NSopen sets (U,;1,0) and (V,,11,0) satisfying
the conditions (z{,, ., """ )iy o (Unya,0) (y(e;,7b,7c,),jp“”“mete7") o (Vy41,0) and
(Upi1, 0N (Vyy1,0) = O () wirameter)” As above it may be so disciplinized as (U,,41,0) €
(V,,,0) and (V,,11,0) € (V,,,d).The infinite soft sequence of NS « open sets (Ui, 9), (Us, 9), (Us, 9), (Uy, ¢
thus defined by induction, the presence of one rules out the possibility of other. Since
(Uny1,0) € (V;,,0), (Uy, )NV}, 0) = O () wirameter) and (V,,,0) € (V41,0) for n =
1,2,3.... O

Theorem 5.7. Let (xS, 0) be NSSTsuch that it is NSsecond countabley NS s
space. Then set of all NS a open sets has the cardinalityC.

Proof. Let (xS, d) be second countable NS . Then, by theorem 2.6, there exists in
NSST (x| ¥, ) an infinite soft sequence of NS o open sets (¢, )1, (¢, )2, (¢, )3, (¢, 0)4(C, D)5, ..., (C,
O(< )aparameter <C a> ?é 0 8pa7"ameter)7 << a>3 # O aparameter <C a> 7é O apamter) <<7 a)” 7é

O(({)ﬁ;mﬁ\m/eter) .......

(C,0)10(¢, 0)oN(¢, 0)3N(C, B)aN....0(E, D) ... = O (5 owirametery sub-sequences of the se-
quences

(C,0)1,(C,0)2,(C,0)3,(C,0)4(C, D)5, ..., (¢, D), nwill determine, as their unions, different
NS « open sets. But since the soft set of all soft sub-sets of a countable soft set has
the cardinality C, it follows that soft set of all the NS « open sets in (z“% S, d) has
the cardinality>= C. Again by the theorem 2.5, the cardinality of the soft set of all NS
open sets in (x? ¥, 0) = C. consequently, the cardinality of all NS « open sets in
(xS, 0) is exactly equal to C. O

Theorem 5.8. Let (", 3, 0) be NSSTsuch that it is NS second countable oy space
the the soft set of all NSpoints in this space has the cardinality at most equal to Cli.e,

posses the power of the continuum at most).
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Proof. Given that (", S, d) is NS second countable T} space, for which the NS sets
(W, 0)1, (W, 0)a, (W, )3, (W,0)4(W,0)s5,. Forms a soft countable NS a open base of
(xS, 9) . Then, for any given point (200 by Fparametery oc x® (W, )1, (W, D) ¢a, (W, D)z, (W, 0)ea(
generate countable NS open base about the point ¢ in NSST (z¢" S, 9) , where
Ciyi = 1,2,3, ..., is a soft sub-sequence of the soft sequence (W;0), : n = 1,2,3, ...,
consisting of all those (W, d), which contain the point ¢ .Since a second NS countable
space is necessary first NS countable. So corresponding to the point ¢ , there exists an
infinite soft sequence of NS open sets {(¢,d),, : i = i,2,3, } which is a soft sub-sequence
of the soft sequence. {(W,0),, : n = 1,2,3,...},and therefore also a soft sub-sequence
of the soft sequence {(W,d), : n = 1,2,3,...}, such that N{{¢,0); : i = ,2,3,} =
{(@00p0) Fparameteryt " Thus to each point (0 p.cys Jparametery in periP there corresponds a
soft sub-sequence {(¢,0); : i = i,2,3,} of the soft sequence {(W,0),, : n = 1,2,3,...};
and two different points there correspond two such different soft sub-spaces {(¢,d); :
i =1,2,3,} . Hence the soft set of all points in % ji.e. the crisp set 2 has the
same cardinality as that of a certain soft sub-collection of the soft collection of all soft
sub-space of the sequence {(W,d), : n = 1,2,3,...}. Thus the cardinality of 2% less
than or equal to C. In other words, the crisp set % has the power of the continuum

at most. O

Theorem 5.9. Let (z?, 3, 0) be NSST such that it is NS second countable. Every soft

uncountable soft subsets contains a point of condensation.

Proof. Since (xS, d) is NS second countable space and {(W,d); : i = 1,2,3,...} be a
soft countable NS « open base of (x| S, 9). Let (p, d) be a NS sub-set of 2" such that
(p,0) does not contain any point of condensation. For each point (xfajb’c), Aparameter o
(9,0), ({4 4.0): Aparameter s not point of condensation of (p,d). Hence there exists NS
« open set (¢, 0) containing (x‘(ga’byc), gparametery quch that (¢, 9)N(gp, d) is soft countable
at most. 3 a suffix n ~((xfa7byc), gparameter)) such that (27, ), P o (W, 0) () €
(¢, 0) sand then (p, 9)N(W, 0)n(p) is also NS countable at most. But we can express (p, 0)
i the form (9, 0) = (27 374) 5 (2, 0 317) ¢ (9, D)0, DNUIW. O, remcir
(Tlapeys Fparametery oc (5 9)} be at most a NS countable number of different suffices. So,
(p,0) is at most a NS union of NS uncountable soft sub-set; that is (p, 0) is at most a
NS countable soft sub-set of X. Consequently, if (p, d) is soft uncountable soft subset

of, then it must possess a point of condensation. [

Theorem 5.10. (z7? 3, 0) be NSST such that it is NS second countable. If (V,0) is
uncountable NS sub-set of (x“P 3,0) , then the soft sub-set (w,d) , consisting of all
those N points of (V,0) which are not points of condensation of (V,0) , is at most NS
countable.



54 Arif Mehmood / JAC 52 issue 1, June 2020, PP. 37 - 66

Proof. Since (2%, S, d) is NS second countable space, and {(W,d); : i =1,2,3,...} be
a countable NS? open base of (z“?,3,0). Let {(V,9); : i = 1,2,3,...} be a soft sub-
sequence of the soft sequence {(W,0); : i = 1,2,3,...}. consisting of all those soft sets
(W, ), for which (W, d);N(cw, d) is at most soft countable. Then {(V,8);}N{(cw,d) : i =
1,2,3, ...is at most NS countable .We shall establish that (z, d = (¥, 9))N((V, 8);0(V, 9)5U, ....).
(Tlapey Aparametery oc (U Q) there is not a point of condensation of (¥, d) ;hence there
exists a soft nbd (U, 0) of (f,, ,, F**"") , such that (U, )N, 9) is at most NS
countable.Also,3 a soft set (V,0);, belonging to the soft sequence {(W,0); : i =
1,2,3,...}satisfying (2(,, ., 3#77m") o« (W,0); € (U,0). Then (W, 9),;,N (W, d) is at
most NS countable, and so (W, 0); must be one of the soft sets (V,0); and therefore
gparameter) oc (V,0); . Again, since (2, ), P4 oo (¥, 0) , it follows that
, gparametery — (§ 9V\A((V, 0),0(V, 3)2U, ....).. Next, let

x(abc

(
(200
(y(e(;, ey ) = (W, ONN((V,0),0(V, 8)2U, ....). then

(y(ec;, p oys FET) belomgs to some (V, 0);. Now, as (V,0); is a soft nbd of

(y(e', Vo) gparameter) and (V, 0);N(¥, d) is at most NS countable.

(yz3 b ey, FPATAMET) can not be a point of condensation of (¥, 0). Also, as

( (6, ey U)o (‘IL, d). Tt follows that (y( by _-lp“:“met”) o (w, 0) .~Thus

(w,0 = (U,NN{V,0),0(V,0),U, ....) = (w@,d = (¥, )NV, 0);0(V, 0),U, ....).

and since each (¥, 9)U(V,d); is at most NS countable. It follows that (, d) is also at
most NS countable. O

Y

6 Neutrosophic soft Monotonous Functions

Theorem 6.1. Let (x“"?, 3, 0) be NSST such that it is NS ay space and (Y P, 3, 0)
be anyNSST. Let(f,d): (x“®,S,0) — (x“?,,0) be a soft fuction such that it is soft

monotone and continuous. Then (x“"?, 3, ) is also of characteristics of NS .

PTOOf. SUppOSG (Ifa,b,cy __Ipa’rameter)h (‘rf@bc __Iparameter) X Xcmp S.t. elther ( (a bc)7 __Iparameter)l
> (xfa,b,cﬁ __Iparameter)l < (x?abc —_]parameter) . SIHCG <f a) is SOft

monotone. Let us suppose the monotonically increasing case. So, (x Tlabc): , Jparametery, ~

f(xr(aa bie): __Ipa'rameter)2 or (xr(aa be)? __Ipa'rameter)l < f(xea (o) __Iparameter) anhes that f
> f(z) or f € i) , Jparameter) (x?abc Aparameter, respectively. Suppose (y° {a/’b/’c/),
X Y such that (y (/ /o) el

__Iparameter ) 1
< (ye(a/,b/,c/)’ parameter), So, (y°

parameter )

parameter e
= )2 or (‘r(a b,c)

parameter
(a,b,c) —_I )1

parameter e/
/ 3 )1y,
jparameter) (ye(a/ b c/)’ __Ipm"ameter)

e/
/ 2 OT (y (a/7b/7c/)’ /
__IPC”'ameter)l > (ye(a/7b/7c/), __Iparameter>2 or (ye(a/,b/,c/)’
e/

parameter) __ e/ ]
(a’/7b/7c/)7 __i ) B f(xiavbvewjparameter)l7(y (a’/7b/7c/)7 __I

e/ parameter
(a/ b/ /) = )1

< (ye{a/,b/,c/)’ K respectively such that (y

= f(xﬁa bc) 7jpara'm.eter)Q .

crip Cx

Since (x“"?,,0) is NS ay space so there exists mutually disjoint NS « open sets
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(k1,0) and (kq, d), x (x“?,,0) = f((k1,0)) and (ko,d), x (x“"?,,). We claim
that f((ky,0))0f ((k2,0)) = Oy oparameter). Otherwise 3 (teg//jb//ﬁ//),jpammem)l X
I, ODO (W2, 0)) = (4502 41y 38 [ (e, D)) and (6517, ) s P70y
X f((ka, D)), (t (é// b// C//)>—‘|pammeter)1 X f((ky, )) f is soft one-one 3 (te{://vb/hc//),_-Ip“mmete’")g

><f<<kn I e T (G I e DY G IS el
f((ke,0)) = (te/é// b/ c//y—“pammder)?) X f(</f27 d)) s.t. (teéa/b//b//’c//),:l”“’"“meterh =

f((t g T O P (20, L, P
X [ ((ka,0)) = (8, 417 iy 3TNy % f ({1, @) Ff ({k2, D)), This is contradiction
because (kq, a)ﬁ(kg, 0) = 0¢(z),0parameter)- Therefore f((k1, 6>)ﬁf((k2, 0)) = 0((%),0parameter)-
Finally’ (xt(ga,b,c)’ _-]Parameter)l > (x?a,b,c)’ __Iparameter)2 or (x?a,b,c)’ __Iparameter)l < (:L.?(Zbc) __Iparameter)2
= (x?a?b’c)’ __Iparameter)l % (37? ) __Ipm‘ameter)2 = f((xe Y __Iparameter) ) > f((

a,b,c (a,b,c (a,b,c)

or f<<x€a7b7c)’jpa7"amete7") )< f(( (abe) jparameter)Q) :>f(( i) __Iparameter) )?éf(( Cabe) __Iparameter>2)'

Given apair Of points (y (a/7b/7c/)7 __Ipara,meter)17 (ye{a/7b/7c/)’ __Iparameter) Ycrzp 3 <ye{a/,b/76/)’ __Iparameter)l

#* (ye(a/7b/7c/)7jp‘”ameter)g We are able to find out mutually exclusive NS « open sets

({1, 0)), f ({2, D) % (Y,8,0) 8.6 (5 oy P91 (o1, D)), (U 4 ey 370
X f(({ks,d)). This proves that (Y"? S, ) is NS as) space. O

__Iparamete’r ) 2)

Theorem 6.2. Let (x“"?,3,0) be NSST and (Y?,3,0) be an-other NSST which
satisfies one more condition of NS ag. Let(f,d): (x“,S,0) — (Y ¥,9) be a soft
function such that it is soft monotone and continuous. Then (x“"?,,d) is also of

characteristics of NS as.

Proof. Suppose (mfmb’c), Aparametery, ("E?a,b,c)’ parameter), e e gt either (:Ef&byc),
> <x?a,b,c)’ 2 Or (fﬂfa,b,cy 1 < (l"fa’b,c), Let us suppose
the monotonically increasing case. So, (z Tl e)s Sparametery, f(:r;fabc), Jparameter), oy
(‘r(abc _—]parameter)l < f ‘T(a be) jparamet@T)Q 1mplles that f(( (ab,c)’ __Iparameter)l) > f«xfa,b,c)? __Iparameter)Z)

or f((x abc),_-lp‘”"“mete’“) ) < f((zf (o) , Jparameter), ) regpectively. Suppose (ye(a/,b/,c/y

__Iparameter ) 1

__Iparameter) jparameter) __Iparameter)Q

_-Iparameter ) 1y <ye{a/ »

chp such that <ye{ I/ C/) __Iparametev")l > (ye{a/,b/7c/)7 __Iparamete’/‘)2 or <ye(a/’b/76/)’ __Iparameter)l
< (ye{a/,b/,c/)’ _.]parameter) SO ( /a/ b/ C/) _.]parameter)l > <ye{a/7b/7c/)’ _.]parameter)2 or (ye{a/yb/,c/)’ _.]pm"ameter)l

< (yeéa I 5/ el Jparameter), respectively such that

(ye(a/7b/7c/)7 —_Iparamete’r)l — f(( (abic)" __Iparameter)l) <ye{a/ W C/) __Ipa?”cwn,et‘er)2 — .]/.’((1,6171)70)7 —_Iparameter)Z)

s.t. (x€a7b,c)’ _—]parameter)l — f* ( )and( (a/ y c/ __Iparameter) — Jt‘fl((ye{a/’b/’c/)7
__Iparameter)

1, <ye{a/7b/’c/),__Iparameter) chp but <ch'p7g’a> is NS Qs

arameter e/
Jp tery) > (y @/ b/ el))
9. There definitely exists NS open sets

__Iparameter)l X <l€1, (9> and (

jparameter ) 9 ) .

. e/
Since (y (a/ b/ ey
space. So according to definition (yeéa/ b/ el )?
__lparameter)

__Iparameter ) 5 Or

e/ arameter e/
(y (a/,b/,c/)7:lp t )1 < (y (@/ b el)’

(ky,8) and (ks, 0) x Y'P, S, 0) such that (y°/

parameter
(a/ b/ /) 3 )2

(al b/ )
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X (k2,0) and these two NS open sets are guaranteedly mutually exclusive because the
possibility of one rules out the possibility of other. Since f~1({ky,0)) And f~1((ks,d))

areNSopenin(Xc”p 3, ). Nowf_ ((k1,0)) O f71((k1,0)) = [ ({k1, 0)) N f 1 ((k2, O))

- f ( ) 6% )8pa7"ameter) and (y (a/ b/ c/)’ _.Ipa?"ameter) <k17 > = f_ (( 6(UL/71,/7C/)7 jparameterh)

(
(<]{;17 >) <‘T(a,b,c)7 _—]Parameter) (<k‘17 a)) <ye{a/ W el __IJDaraLmeter)2 X <l€2, a> =
f ((ye{a/ bl of)? __Iparameter)2) X f ((kQ’ >) imphes that ( (a,b,c)’ __Iparameter‘)Q % (<k27a>>
We see that it has been shown for every pair of distinct points of Y7, there suppose
disjoint NS « open sets namely, f~((k;,d)) and f~'({ky,d)) belong to x?, S, 9) such
that (2, ., 7)1 x f7H((k1,0)) and (2, ), P )g X [ (K2, 0)). Accord-
ingly, NSST is NS a5 space. O]

Theorem 6.3. Let (x“?,S,0) be NSST and (Y|, d) be an-other NSST. Let(f,0):
(X S, 0) — (Yr® §,0) be a soft mapping such that it is continuous mapping. Let
(Yere §,0) is NS ay space then it is gquarateed that

{((x?abc _—]parameter) (ye(a/ﬁ/,c/)’ jparameter)) . f((xfabc jparameter) — f(yeéa/7b/7c/)7 jparameter))}
is a NS closed sub-set of (x“"?,3,0) x (x“"?,S, 0).

Proof. Let (x"?,¥,d) be NSST and (Y| §, @) be an-other NSST. Let(f, d): (x“*?, S, d)

— (Y G, 0) be a soft mapping such that it is continuous mapping. Let (Y G, 0)

is NS as space then we will prove that

{((xfa,b,cy _—]parameter)’ (ye(a/7b/7g/) jparameter)) ((xt(?a bo) 7_.pmwcmzeter) — f(yeéa/7b/7c/)’ jparameter))}
is a NS closed sub-set of (x“"?, 3, 9) x (x“?,S,0). Equavilintly, we will prove that

{(("L‘((ga,b,c)’ _-]parameter% (ye(a/ﬁ/,c/)’ __Iparameter)) f((l' Cabe) __]parameter) — f((ye(a/ o o)’ jparameter))}

is a NS closed sub-set of (x*, 3, 0) x (x“*?, 3, 0). Let t (200 p.0) , Jparametery (ye{a/ o o) , Jparametery)
X
{<(xfa,b,c)7 __Iparameter)j (ye(a/7b/7c/) __Iparameter)) Wlth

((‘rfa,b,c)’ _—]parameter) > (ye{a/ o el) jparameter)) . f(( (abc __Iparameter)) > f((ye(a/7b/7c/)7__Iparameter))}c
or

((x?a,b,c)’ _-]Parameter), (ye(a/7b/’c/), jparameter)) X {((x?a,b,c)’ __Ipar(zmeter)’ (ye(a/Vb/p/)’ __Iparameter))
with

(a7 < oy 270D F (@, 37N < IO a0y F7 N
Then (25, 0 Pom0)) > [ s FEE)) 08 < F((0 000 F7Y) < PG 0 7
accordlngly. Smce, (Yer |, 9) is NS g space. Definitely, f ((xfabc) _-Ipammem)), f ((ye(a /o) el) Jparamete
are point of (Y & 9), there exists NS a open sets (G, ), (K,d) x (Y &, 9) such
that
FU(f 40 FOOme)) ) (G, O)andf ((2(, 0y, F77T)) % (K, 0) provided (G, N(K, d)

. Since, (G, 9) is soft continuous. f~'({(G,d)) and f~1((K,3)) are

a,b,c)?
=0
x

NS « open sets in (x“"?, S, d) supposing (:c‘(aa’b’c), Sparameter) and (ye{a/ o ol

() 7_-iparameter)y
__Iparamete’/‘)
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respectively and so f~'((G,d)) x f~1((H,d)) is basic NS open set in (x“?,S,d) x
<Xcrip’ S, d) containing ((x?a,b,c)7 Aparameter) (ye{a/ b ol Aparameter)y - Since (G, 0 ﬁ(K, 9)

= 0( (%) Aparameter)y It is clear by the definition of

{((:L‘?a,b,c)’ _-]parameter)’ (ye{&/ﬁ/’c/)7 __Iparameter)) . f((x((ia,b,c)’ __]parameter) — f(ye{a/’b/’c/)’ jparameter))}

that

{/7'((G,0)) and [~ ({(K,0))} N

{((xfa,b,cy _—]parameter)j (ye(a/ﬁ/’d)7 __Iparameter)) . f(l’) — f<<ye{a/,b/7c/)7 __Iparameter))} = O(()Z),jpa%ter)’
that is

(G, 0) x f7H(K,0)) €

{((xr(aa’b’c)’ __Ipa'rameter)’ (yraéa/7b/7c/)7 __Iparameter)) . f((l.e(a/7b/7c/)’ __Iparameter)) — f<<ye(a/7b/7c/)’ __Iparameter))}c'
Hence,

{((I?a bo) _—]parameter) (ye(a/ﬁ/,c/)’ __Iparameter)) . f(( (a/ b/ ) jparameter)) f((ye{a/ o o) __Iparameter))}c
implies that

{((x?a,b,cy _-]Parameter)’ (ye(a/7b/7(:/)7 __Ipammeter)) . f((xe(a/,b/,c/)? __iparameter)) — f<<ye{a/7b/,c/)’ __Iparameter))}
is NS « closed. O

Theorem 6.4. Let (X7, S, 0) be NSST and (Y|, d) be an-other NSST. Let(f,0):
(x?,3,0) — (Yr®. 3,0) be a NS open mapping such that it is onto. If the soft set
{((xfabc _—]parameter) (yeéa/ﬁ/,c/)’ __Iparameter)) . f((xfabc jparameter) — f(yeéa/,b/@/)’ jparameter))}
is a NS closed in (x“"?,¥,0) x (x"P,'S, ), then (x"?,y, d) will behave as NS ap space.

Proof. Suppose f((x{, ., Fmeer) = f (v a/ 5 ely , gparameter)) he two points of VP

such that cither (25, 0 F7)) > F((5],, 0 37 or F((25,40, jpammeter))
< f( ) Then (( Cabe) __Iparameter)) <<ye{a/ o el __Iparameter)) not belong to {( (y (/b ol —_Iparameter))
with

(:E((Ba,b,cy __Iparameter) > (ye{a/7b/7c/)’ __Iparameter) . f((xr(aa’b’c)’ __Ipa'rameter)) > f((ye(a/7b/7c/),__Iparameter))}

(v ( Y (at p/ ety
x((aa,b,c)’ __Iparameter) ( e{a/ b/ c/ __Iparameter) : f((‘r?a,b,c)? __Iparameter)) < f‘((ye{a/b/’d)7 —_Iparameter))}
)

or (xea be): __Iparameter) ’((y (@) ) e/} __Iparameter)), that is ((l’e
/

(0 p,cr FmOmT)) e/ ol b el , Jparameter)) ot belong to {(x, (y°/ Jparametery with
(

__Iparameter ) (ye/ __Iparameter ) ) X

(a,b,c)’ (a/ b/ e/

{((x?a,b, X _-]Parameter)’ (ye (ol b, C/ __Iparameter)) with ( ?a bo) __]parameter) > (ye{a/b/,c/)’ __]parameter) .

f((xea,b,c jparameter)) (( o b/ cl)’ __Iparameter))} or (( (ab.o) __IPaTaTrLeter)7 (ye/a/ b o)) __Iparameter)) X
(a,b,c)? ( ) (a/,b/,cf)

{((xfa bie): _-]Pa'rameter)’ ( oy C/ __Iparameter)) with ( (a,b,c)’ _.Iparameter) < (ye{a/ o el) jparameter) .

f((x((ia,b,c __Iparameter)) <<y (a/ W C/) __Iparameter))}c' Since ((x?a b 8)7 __Ipart:meter), y) X

{(xe%b?c)’ jparameter) (ye(a/ W C/ __Iparameter) Wlth( (abc jparameter) > (ye(a/yb/,c/)’ jparameter) .

f((l,(a bo) —_]parameter)) > f((,y (a/ bl o) __Iparameter))} or ((I(a bo) __lparameter) (ye(/a/7b/’c/)’ __iparameter)) X
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{(x?a,b,c)’ _-]Paﬂ“wneter)7 (ye(a/7b/7c/)7 __Iparameter) with (x?a,b,c)’ _.]pammeter) < (ye{a/yb/,c/)’ _.]pammeter) .

f((x?a bio): —_]parameter)) ((y @/ b/ el)) __Iparameter))}c is soft in <Xcrip %7 a) X <Xc1”ip7 %7 8),

then 3 NS open sets (G, OYand(K, d) in (x“?, S, d) s.t. ((z¢ Tloe) , Jparametery, (ye(a/,b/,c/)’ Aparameter) ) p
(6100 X 1,00 € ({0 371 0y s F7") wih

(x?a,b,c)? __Ipa'rameter) a/ W C/ __Iparameter) . f((x?a’b,c)’ jparameter)) > f((ye(a/7b/7c/), —_Iparameter))}c

> (v
Or ((fy p ) ), ( (et TG, 0) x (K, 0) €
{(<x?abc) Aparameter), ( ol b ol , Jparameter)) with

(J:?abc Aparameter) (ye{a/7b/76/)’__Iparameter) : f((xfa,byc)’jparameter)) < f((ye(a/7b/7c/)7__Ipammeter))}c_
Then, since fis NS a open, f((G, 9))andf ({K, d)) are NS « open sets in (Y7, 9) con-

taining f((2, 0, 3*""")) and ((y! Jparameter) respectively,and f((G,9))Nf((K,d))

(a/ b/ /)’
=0 otherwise f({G,9)) x f({K,d)) N

(), jpa@/eter)
e

{ (l'( o) __Iparameter‘))’ with(x?a7b7c)7 —_]parameter) > (y (a/ o o) —_Ipm“ameter) : f((xa%b’c), —_]parameter)) >

(
F)} or (25,0, FPoremeter) (yel | parameter))) ot helong to
( ?a,

(a/ b/ c/
{ (ZL’ bo) 7__Iparameter)’ (ye(a/’b/vc/)7 —_Iparameter)) Wlth( (a,b,c)7 __Iparameter) < (ye{a/b/’c/)’
P00y ) < P 10y PN} = Oy sparariczery 1t follows that
(Yere 3, 9) is NS sy space. O

e

__Iparameter) .

[

Theorem 6.5. Let (x“?,3,0) be a NS second countable space then it is guaranteed
that every family of non-empty dis-joint NS « open subsets of a NS second countable
space (x“"P, S, 9) is NS countable.

Proof. Given that (x“?, 3, 0) be a NS second countable space. Then, 3 a NS countable
base 3 = (B!, B?, B3, B%,..B" : n x N) for (x*"?,,9). Let (C,d) be a family of non-
vacuous mutually exclusive NS « open sub-sets of (", 3, 9). Then, for each (f,d) of
in (C,0) a soft B" x 8 in such a way that B" € (f,0). Let us attach with (f,0), the
smallest positive interger n such that B™ € (f,d). Since the candidates of (C,0) are
mutully exclusive because of this behaviour distinct candidates will be associated with
distinct positive integers. Now, if we put the elements of (C,d) in order so that the
order is increasing relative to the positive integers associated with them, we obtain a
sequence of of candidates of (C, ). This verifies that (C, ) is NS countable. O

Theorem 6.6. Let (x“?,3,0) be a NS second countable space and let (f,d) be NS
uncountable sub set of (x"?,3,0). Then, at least one point of {f,0) is a soft limit

point of (f,0).

Proof. Let 8 = (B', B®, B3, B* ..B" : n x N) for ("7, S, d). Let, if possible, no point
of (f,d) be a soft limit point of (f, d). Then, for each (x‘(fa’b’c), Jparametery e (f0) 3 NS «
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open set <p’ a>($? o —_Iparameter)[x <p’ a>(ac< . )jparumete?‘) and
(p,0) e (15, o) A7 ameter) N (f,0) = {(2], 4.0 3™ ") }. Since f is soft base 3 By

a,b,

X3 such that (1, ,, PR By - .

*(a
Therefore Bn(x?ayb’c)’jparameter <f7 > < 7 >( anb‘C),jparameteT) m <f7 8> — {(l’?a’b’c), __Iparameter)}.
More-over, if (x{,, ., 3#"*"")1 and (2, ; ), F), be any two NS points such

that (¢ ’—_lparameter 1 2 ’—_lparameter 9 which means either (¢ ’__Iparameter 1>
(a,b,) (a,b,0) (a,b,¢)

gparametery SUCh that (z Lo ey
byc)’jparameter)

jpa'ramete'r) C <p, a>(

jpa'rumeter) .

t t . ¢
(x‘ga b)) Jparame er>2 or (x((za,b,c)’ Jparame er)l l ($€a7b7c)’ Jparame eT)Q then 3 Bn(m?a,b’c)h—]pa?“ameter)l
‘ N = t
and B ( ey jparameter)z m /8 SUCh that B ( bey jparameter)l N <f’ a) = {(:C?a7b,c)7 __Ipa’/‘ame 67")1}

and B T N (f,0) = {(af e i) Jparameter) 1 Now, (z fabc)’jparameter)l 4
(%00 pe)s _-Ipammet”) which guarantees that {(z{, _-ip“mmete’") £ A{(xf , , porametery,}
which = Bn(x | dparameter), N{f,0d) # B
# Br(ge e jpart;meter)2 Thus, 3 a one to one soft correspondence of (f,d) on to

n(at, , ., perameter) (@0, Fm) % (f, 0). Now, (f,d) being NS uncountable,it fol-
lows that {By, (5, 4 o Parameter) - (2 .0y F7OT) (£, 0)} is NS uncountable.But,this
is purely a contradiction, since {B"(x‘fa,b,cy aparametery  (T{op o)) parametery p (£ 0)} being a
NS sub-family of the NS countable collection 3. This contradiction is taking birth that
on point of (f,d) is a soft limit point of (f,d), so at least one point of (f,d) is a soft

limit point of (f,d). O

(a,b,c)?

x<a b’c)7jpa’ramet67‘ 2 <f7 a> = B’I’L(x('aybycyjpaf‘ameter)

1

7 Neutrosophic soft Product Spaces

Theorem 7.1. Let (x cripl ,S,A) and (Xcmp2
1

Spaces then their product, that is (X", 3, A)
able NST Space.

3, A) be two NS second countable NST
* (X

crip? , S, A) is also NS second count-

Proof. To prove (XC”pl, I, A) (XCMPQ, $, A) is NS second countable NST Spaces. Our
assumption = 3 countable NS bases B! = {B‘:i € N} and B> = {C':i € N}
for (xP", S, A) and (x| S, A) respectively. B = (U, A) % (U5, A): such that (U;, A)
and (W,, A) are NS open s.t. (U1, A) € {(x®', S, A), (¥y, A) € (x %, 3, A)} is a soft
base for neutrosophic soft product topology(NSPT) (x<', 3, A) * (x7P*, S, A).

Write C = {B"*(C%;i,j € N} = B'x B? is soft countable this implies that is NS

countable. By definition of soft base B, and ((z(, ;.), #"""), (ye{a /bl ol Aparameter)
e (x*', 3, A)
#(X7P*, S, A) = NS o open sets (G, A), (H, A) € Bst. (2, "), (5, ) sy F47))

= <G’ A>’ *<H7 A>CN = ('r(a,b,c)7 __]pm“ameter) S <G7 A> S (Xcrip17 %7 A)? Y S <H7 A> S (XCMPZ, %7 A)
= Bt c Bl,Cj c B2 such that (xc(aa,bjc)’ jparameter) c Bi6<G,A>, (ye(a/,b/,c/)’ __Iparameter) c Cj€<H, A>

= (250 D), (Y 4 oy TTT)) € BUx CIC(G, A) * (H,A)CN. By defini-
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tion this proves that C is s.t. base for the neutrosophic soft product topology(NSPT)
(XCMPI,%,A) * (XC”I’Z,%, A). Also C has been shown to be NS countable. Hence,
(X'“’”pl, 3, A) * (XMPQ, ¥, A) NS second countable relative to NS ac open set. ]

Theorem 7.2. Let (x“*', S, A) and (x*°,7,A) be two NST Spaces on the crisp sets

(x®' S, A) and (xP*, S, A) respectively. The collection B = (G, A) * (Ga, A) : (G1,A) €

(Go,A) € T is a s.t. base for some (NSPT) (x®' S, A) = (x#° 7,A) such that
(G1,A),and(G1,A) are NS « open sets in their corresponding NST Spaces.

Proof. Let (x cripl , 3, A) and (XC”Z’Z, 7, A) be two NST Spaces on the crisp sets (Xm'pl, L A)
and (x"°, 7, A) respectively. Suppose (', S, A) * (x** 7, A) be the (NSPT).

B = {{ug, A) % (ug, A : (u, Ay € (xS, A), (ug, A) € (x®*, 7, A)} where (uy, A) is NS
« open in (XC”pl, I, A) and (ug, A) is NS a open in (XCTiPQ, 7,A). We need to prove B is
a NS base for some NST on (x"*', S, A) * (x“*,7,A). To prove that U {B : B € 3}
= (x*' 3 A) * (xP° 7, A). Clearly, (xS, A) = (x#° 7,A) € B. This im-
plies that (x®' S, A) « (x#* 7, A) = U {B : B € 8}. Next let (ug, A) = (ug, A),
(S1,A) * (I9,A) € B where (31, A) is NS o open in (", S, A) and (I, A) is NS a
open in (x"** 7, A) and suppose 21,25 € ((u1, A) * (up, A)) N ((S1,A) * (39, A)) € B.
To prove that 3 ((S1,A)) NS a open in (x#' 3, A) and ((Sz,A)) is NS « open in
(677 S8 o) B ) € B 88 (g 7 gy 777

€ (fi,A)* <\92, A)
(

E ({un, A) * (g, AYA((S1, A) % (F, A)) that is (a5, , o, 7m0, (), parameter), )
(fun, 2+ D[S0 A) # (3, 4)) = (a0, F0ometer) (o 1 orys F770T)0)

<U1,A> * <u2’A>)’ ((I?abc _-]Ihlrameter)h <y€{a/,b/ o) jparameter)Q) c ((%1,A> % <%2,A>)

(x(ea,b,c)a gparameter, e (uy, A),(x T , Aparameter), & (4, >,(x€a’b7c)’ Jparameter) e () AY

4

(l.c(za’b’c)’ __Ipa'rameter>2 c <%2’A> = (x?a,b’c)’ __Iparameter)l c ((Ul,A>ﬁ<%1,A>), (x?a,b,c)’ __Iparamete'r)Q

c (<u27A>ﬁ<%27A>) = (xfa,b,c)’ _—]Pm‘ameter)l c (<f17A>>7(x€a,b7c)7 __Ipa?"a’rnelfer)2 c (<f2’A>>
On taking (<f17A>) = (<u1»A>) N <%17A>7<%27A> = <<U’27A>) N <%27A>
= ((xe ——Ipammeter)h (x((ia,b,c)’jpammeter)Q) € <f1>A> * <%27A>7<u17A> * <u27A> € B,

(a7b7c) )

3,

(S1,A) * (S, A) € B= (ug, A) € (X', S, A) (ug, A) € (xT#°, 7, A);(S1, A) € (xS, A) (S,

e (x7°,1,A) = (un, A) N (S, A) € (x7P!,3,A),(ug, A) N (S0, A) € (x7#°,7,A)
(f1,A) € (x cript LS, A)(f2, A) € (x C’””Q,T,A) = (f1,A) * (f2,A) € B. Tt revealed that

3 (f1,A) * (fa, > € (@ s.t.

({0 p.0): _-Ipa"“met”) (¥(4pe)r F)2) € (f1, A) * (fo,A). That need to be proven

)
(fi, A) % (f2, A) C (((ur, A)) * ((uz, A))) 1 ((S1, A) # (2, 4)).

1
Let ((x(@mb’c)’_-jparameter)l <y {a/ o el) Jparamete )2) c <f1’ > <f27A> be arbitrary matu-
“ ) (Yl oy TTN)2) € (1 A) % (fa, A))

ally exclusive points. ((y (a/ b/ el

A)
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= ( a/ b/ c/ _—]pa’/‘ameter> <f1, >’< a/ b/ C/) __Ipafr‘ameter)2 c <f2, A = <ye{a/’b/’c/)7 __Iparameter)l
{ e/

)
€ ((ur, AY(S1, A)), (Y s oy 32 € (2, A)S0, A)) = (4%, 4y oy Ty
€ (ug, A),(y° {a/,b/,c/)’ Jparameter) e (| A);(y¢ {a/ Yoy , Jparameter), ¢ <u2’A>’(ye{a/,b/,c/)’ Jparameter),
<H%A%$@%WMJWWWMW@MMfmm%ﬁé%%&ﬂuwﬁm,

(U 0y Y1 (Y oy T )) € (1, A)) % (32, 4)))
= (a0 N Y 40y 7 T)2) € ({2, A)) 5 ({2, AD) TV (S, A)) % (32, A)))
= A)

((Cfro A)) * ((f2, A))) C (((ur, A)) * ((uz, A))) N (((S1,4)) * ({32, 4))). Thus B is a
NS base. O

Theorem 7.3. Let ("3, A) and (%" 7, A) be two nstas spaces on the crisp sets
2P and xP" respectively. that is (x| 3, A) % (x7° 1, A)be the NS product space,
Then the product spacex{((z"®" |3, A)* (z#° 7, A))P0€2Y is NS regular space iff each
NS co-ordinate space x{((z=", S, A) * (% 7, A))?} is NS regular space.

Proof. Suppose each co-ordinate space x{((z"®' S, A) % (z°"#° 7, A))?} is NS regu-

lar space. Let <(mfabc Aparametery - A\ = ((x) AY?9*4) be any point of the NS space

)c{((z®" ¥, A)x (% 7, A))?9€2} and Z, g, A) be any NS o open in x { (27", S, A)*

(z%" 7, A))6 9es1 s t. (g p.ey FOmemeter), A) € (, g, A) Then 3 a NS o open set~(h, A)

in x{((z®" | ¥, A)x(z® 7, A))?9€4Y such that (@ p0)p FFTOmET), A) € (B, A)C(, g, A)
Let X{(( A)?9€21 ig the NS product space such that (,g, A)? is NS « open in

x{((ze#" | A)>x<(as”’ip2 7,A))?} . Since each x{((z"" 3, A)* (z#° 7, A))?} . Since

each x{(( it ) A) x (:cc”p2,";1\, "7/'2\, A))?} is NS regular and (, g, A) is NS « open

in x{((z=®" |3, A) % (x®° 7, A))?} containing (@ pe)r PO, A)? NS « open set

(B Y2 i X L((@7 S, A) (270 7, )2 s (25, .0 27TT), A € (K, A))?

and ((,h, A))PC(, g, AY? Let {((h, A))?9€2}  then {((h, A))??<2} is NSopen set in

) { (x| ¥, A)x(z* 7, A))?} and contains (x, A). Also, x((h, A))?:0€5 = x{((h, A))?0€- .

0 ent Further, since ((, h, A))9C(, g, A)? for each & ,we have x{((h, A))??<* : 9 eA

}C{((g, A))?P€2} . this shows that for every soft point ((2¢ Ty s FTOCT), A) € xc{ (x| 3, A)x

(xcrin’ T, A))@:BEA}

and every NS a open set {, g, A) containing (z, A) there exists NS a open set x {({h, A))?9<

e x{((x eript Gy A)*(:CC”I’Q, 7, A))%9€41 such that ((:c(a,b’c), Aparametery " AVO ¢ (| h, A))?

and

x((h, A))P9€aC{((g, A))?9€2Y  Hence, x{((x?", 3, A)* (x° 7, A))?0€2} is NS reg-

ular. Conversely, let the non-empty NS product space x { (", ¥, A)x(z#° 1, A))%0€41

be NS regular and let x ({((z", 3, A) * (%" 7, A))?9€21)8 be an arbitrary soft co-

ordinate space. Then, we must show that is NS regular. Let ((zf,, . :lpme’"), A)P be

any soft point of x{((z®", 3, A)* (x=%* 7, A))??2} and let (, g, A) be any NS open in

x{ (x| 3, A) % (2% 7, A))?92} such that (25, .0y, FP2meter), A)P € (, g, A). now,

a,b,c)’
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choose, soft element

(0 pe)r FPTOmET), A) in x{((z?" |3, A) % (x| 7, A))?9€2} whose Sth co-ordinate
n (z, A).

Lt {, g, A) = 01 (2, o F7907), AY. Then, (5, 0 #777), ) € (g, 4) and
by soft continuity of 7871, (, g, A) is NS soft open in x {((z®", S, A)*(x#’ 1, A))%0€L ),
Since, x{((z®" S, A) % (z°7P° 7, A))?9€4} is NS regular space so 3 basic NS open set
x{((h, A))?9€2} Where each ((, h, A))? is NSopen in x {((z®", ¥, A)(z#" 7, A))?0€}
st (25,50, F7), A) € x{({h, A))??*} and {((h, A))?9€51C (g, A)? This shows
that x{((z®®", S, A) x (%" 7, A))?9€2} is NS regular and hence, each co-ordinate

space is NS regular. O]

Theorem 7.4. Let ("3, A) and (%" 7, A) be two nstas spaces on the crisp sets
2" and xP" respectively. that is (x| 3, A) % (x7° 7, A)be the NS product space,
Then the product space x{((z“", ¥, A) % (%" 1, A))%9€4} s NS completely reqular
space iff each soft co-ordinate space {((x®", 3, A) * (% 1, A))?} is soft completely
NS regqular space.

Proof. Let each soft co-ordinate space x{((z“®" S, A) * (% 7, A))?} is NS com-
pletely regular. Then, we must show that the NS product space x{((xcripl,%,A) *
(ze* 7, A))P0€2) | Let (R, A) be any member of the usual soft sub-base for the NS
product topology and let ((z{, ., 2 mr), A) = (((2{, 0, F7"o""), A)?%9€8) be any
soft point in (R, A). Then (R, A) = 7771((g, A)?) is NS a open in {((z“"",J, A) *
(wcmjﬂ, T, A))ﬁ} and contains <(m€a,b,c)7 __Iparameter)’ A)ﬁ) ISince, {((:Ccri]')l; %’ A)*(xcmp2,~7',~z4))’3}
is NS completely regular = soft mapping f : {((z“® |, A) * (2", 1, A))*} — [0, 1]
such that f({(xf, , ), "), A)%) = 0 —— and f(7, A) = 1¥y € {((z"" S, A)*

(<§> 7__ipa'ra/metm‘)

(z* 7, A))P} — (g, A)P. . Since 7f is NS continuous and f is soft continuous, so the NS
composite mapping (for? : x{((z®", S, A) x (x° 7, A))P} — [0, 1] is NS continuous.
Now, if {(af, 0, F@m4r), A)P) € (R, A) then (25, ), Forameter), A) € 7 ((g, 4))
implies that 77({(24, ., PT), A)) € (g, A)7 = FIT7(((, 9, P), A))] =

P e 7m0 A)) = 0, ) = (For®) (@A) = 0, ) Again, i

(e 7°747), A € (00,3, AP (a7, 7, )OO} —(08, ) Then, (] 277, A) €
x{((zer®" |3, A) * (2" | 7, A))aza@} (N A) implies that

(0 oy 2707 A) € 7 (2775, A) ¢ (275 7, A))P050) 197 (g, A))

plies that

(], 4y APmemeter), A) € 770 s ({((x7", S, A) * (277", 7, A))?9€4} — (g, A)) implies

that

75 (0 s PTE), A) € 78 ({((7, S, A) 5 (27, 7, A)PPE0) — (g, A)) =

PP (@ ey ) ANV =1 ppiraimarery = (FOT) (20 g IOremeter), A) =1 o i

(<§>,jpa'rameter (( >__|paramete'r)
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thus .

0(<§> jpamter) = 7/f<’£v’ A> E <g, A>
f[ﬂ'ﬂ(<x, A>)] = 0(<x>7jpammeter) — ((x€a7b,c)’ __Ipammeter)7 A)
hance x {((x™", S, A)x € x{((2#' |3, A) x (27" 7, A))P0E0} -

(zP* T, A))8 9€41 is soft =-regular. Conversely, let the soft product space x{((z"%", S, A)x €

xc{ (x| ¥, A)x(z* | 7, A))?9€2} be soft NScompletely regular and let x {((z#" | 3, A)x
(zeriv® 7, A))ﬁ} be arbitrary soft co-ordinate space. Then, keeping continue on the
lines that are traced in the second part of the proof of the Theorem 3.6, we can show
that x{((z?" S, A) * (x° 7, A))P} is the NS homeomorphic image of a NS sub-
space of x{((z"" 3, A)x € x{((z=®", S, A)  (x=* 7, A))?94}  Now, every NS
sub-space of a NS completely NS regular space being NS completely regular and NS
image of a NS completely regular space being NS completely regular, it follows that
x{((z®" |, A) % (%" 7, A))P} is NS completely regular. Hence, each co-ordinate
space of x{(( o’ § Ay e x{((x?" 3, A) * (2% 7, A))P0€4Y is NS completely
regular.

[]

8 conclusion:

The concept of a neutrosophic set was introduced by Smarandache. This theory is a
straight forward generalization of classical set theory, fuzzy set theory, intuitionistic
fuzzy set theory etc. This set attracted the attention of mathematicians more be-
cause of the strange characteristics. This set supposes three possibilities at a time that
is truth membership function, an indeterminacy membership function, and a falsity
membership function. When separation in neutrosophic soft topological spaces among
points are measured then in that case the concept of separation axioms come in action.
Neutrosophic soft separation axioms are the most important and interesting concepts
via neutrosophic soft topology. We have introduced the concept of generalized neutro-
sophic soft separation axioms in neutrosophic soft topological spaces with respect to soft
points. Later on the important results are discussed related to these newly defined con-
cepts with respect to soft points. The concept of neutrosophic soft 7-separation axioms
of neutrosophic soft topological spaces is used in different results with respect to soft
points. Results on neutrosophic Countability, convergence of sequences in Hausdorff
spaces, neutrosophic monotonous functions and neutrosophic soft product spaces with

respect to soft points are addressed...
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