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Abstract

The authors give a survey about the problem of parallelism in Steiner systems, pointing
out some open problems.
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1 Introduction

A Steiner system S(h, k,v) is a k-uniform hypergraph ¥ = (X, B) of order v, such that
every subset Y C X of cardinality h has degree d(Y') = 1 [4]. In the language of classical
design theory, an S(h,k,v) is a pair ¥ = (X, B) where X is a finite set of cardinality
v, whose elements are called points (or vertices), and B is a family of k-subsets B C X,
called blocks, such that for every subset Y C X of cardinality h there exists exactly one
block B € B containing Y.

Using more modern terminology, if K' denotes the complete u-uniform hypergraph
of order n, then a Steiner system S(h,k,v) is a K}-decomposition of K, i.e. a pair
Y = (X,B), where X is the vertex set of K" and B is a collection of hypergraphs all
isomorphic to K (blocks) such that every edge of K belongs to exactly one hypergraph
of B. An S(2,3,v) is usually called Steiner Triple System and denoted by STS(v); it is
well-kown that an STS(v) exists if and only if v = 1,3 (mod 6), and contains v(v — 1) /6
triples. An S(3,4,v) is usually called Steiner Quadruple System and denoted by SQS(v);
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it is well-kown that an SQS(v) exists if and only if v = 2,4 (mod 6), and contains
v(v — 1)(v — 2)/24 quadruples.

Given a Steiner system ¥ = (X, B), two distinct blocks B’, B” € B are said to be
parallel if B’ B" = (0. A partial parallel class of ¥ is a family IT C B of parallel blocks.
If II is a partition of X, then it is said to be a parallel class of ¥. Of course not every
Steiner system S(h, k,v) has a parallel class (for example, when v is not a multiple of k)
and so it is of considerable interest to determine in general just how large a partial parallel
class a Steiner system S(h, k, v) must have.

Open problem 1.1 (Parallelism Problem). Let 2 < h < k < v, determine the maximum
integer 7(h, k, v) such that any S(h, k, v) has at least w(h, k, v) distinct parallel blocks.

In this paper we will survey known results on the parallelism problem and give some
open problems, including Brouwer’s conjecture.

2 A result of Lindner and Phelps
In [6] C. C. Lindner and K. T. Phelps proved the following result.

Theorem 2.1. Any Steiner system S(k,k+1,v), withv > E* 4+ 3k3 + k2 + 1, has at least
[%1 parallel blocks.

Proof. Let ¥ = (X, B) be a Steiner system S(k, k + 1,v), with v > k% + 3k3 + k% + 1.
Let 11 be a partial parallel class of maximum size, say ¢, and denote by P the set of vertices
belonging to the blocks of II. Since II is a partial parallel class of maximum size, every
Y C X — P,|Y| = k, is contained in one block B € B which intersects P in exactly one
vertex. Denote by €2 the set of all blocks having k elements in X — P (and so the remaining
vertex in P) and by A the set of all vertices belonging to P and to some block of 2:

Q={BeB:|BNn(X - P)| =k},
A={reP:xe€B,BecQ}.

For every x € A, set
T(x) ={B—{z}: BeQ}.

We can see that ¥/ = (X — P,T(x)) is a partial Steiner system of type S(k — 1,k,
v — (k+ 1)t), with

(v—(k—i—l)t)

T(z)| < ~—*=L 2

T(@)| <

and {T'(x) } e 4 is a partition of Py (X — P), i.e., the set of all k-subsets of X — P. Observe
that, if B is a block of IT containing at least two vertices of A, then for eachx € AN B we
must have

k(v—(l;jl)t—l)

T(z)| < —F2 72,

T(a)] < =22

Indeed, otherwise, let y be any other vertex belonging to A N B and B; be a block of
T(y). Since at most k("= +D*=1) /(k — 1) of the blocks in T'(x) can intersect the block
By, then T'(z) must contain a block By such that By N By = (). Hence, the family 11’ =
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(I — {B}) U {Bi, Bz} is a partial parallel class of blocks having size |II'| > |II|, a
contradiction. It follows that, for every block B € II containing at least two vertices of A,

(k + k(v *HDE

S )l s

z€ANB

Therefore, if we denote by 7 the number of blocks of II containing at most one vertex of A
and by s the number of blocks of II containing at least two vertices of A, then

_ v—(k+1)t
(v (/;;H)t):ZT(x)'S (" )]S.

k
z€A

(k+ 1)k (° %)

k—1

T+

Now, consider the following two cases:
Case 1. [(k+ k(")) (k= 1)] < (73 /k.

It follows

_ r4s v—(k+1)t v—(k+1)t
) < D ]

z€A k k

: v—k+1
from which ¢ > Ry

Case 2. [(k+ Dk("4EY ) /(k — 1)] > (50 k.
In this case, it follows ¢ > (v — k3 - k:2) /(k+1) and so

v— k% — k2 v—k+1
t > > ,
- k+1 - k42

forv > k* 4+ 3k3 + k2 + 1.
Combining Cases | and 2 completes the proof of the theorem. O
For Steiner triple and quadruple systems Theorem 2.1 gives the following result.
Corollary 2.2.
(i) Any STS(v), with v > 45, has at least {UT_W parallel blocks.

(ii) Any SQS(v), withv > 172, has at least ng] parallel blocks.

Regarding STS(v)s, the cases of v < 45 has been studied by C. C. Lindner and
K. T. Phelps in [6] and by G. Lo Faro in [7, 8], while for SQS(v)s, the cases of v < 172 has
been examined by G. Lo Faro in [9]. Collecting together their results gives the following
theorem.

Theorem 2.3.

(i) Any STS(v), with v > 9, has at least PZW parallel blocks.

(ii) Any SQS(v) has at least [’“32] parallel blocks, with the possible exceptions for
v = 20,28, 34, 38.
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The following result due to D. E. Woolbright [12] improves the inequality of Lindner-
Phelps for Steiner triple systems of order v > 139.

Theorem 2.4. Any STS(v) has at least 2*55™° parallel blocks.

For large values of v (greater then v’ = 10000), the above result in turn is improved by
the following theorem which is due to A. E. Brouwer [1] and is valid for every admissible
v > 127.

Theorem 2.5. Any Steiner triple system of sufficiently large order v has at least [%W
parallel blocks.

In 1981 A. E. Brouwer stated the following open problem.
Open problem 2.6 (Brouwer’s Conjecture). Any STS(v) has at least (”gﬂ parallel blocks,
for a constant c € N.

By similar arguments as in Theorem 2.1, C. C. Lindner and R. C. Mullin [ |] proved a
further result for an arbitrary Steiner system S(h, k, v).

Theorem 2.7. Any Steiner system S(h, k,v), with

o 2K[2k(k = 1)2(k = h) = (h=D)(k—h =]+ h—1
= k2 —kh—h+1 ’

v

has at least 2(v—ht1)

TF D) (h—htT) parallel blocks.

3 A result on parallelism in S(k, k + 1,v),for k > 3

For k > 3, in [3] (for k = 3) and in [2] (for k£ > 3) the author proved the following result.

Theorem 3.1. Any Steiner system S(k,k + 1,v), with k > 3, has at least V’;fj parallel
blocks.

Proof. Let ¥ = (X, B) be a Steiner system S(k, k 4+ 1,v), with k£ > 3, and II be a family
of parallel blocks of ¥ such that
p=|JB

Bell
and
|X — P| > (k- 1) +2(k—1),

which implies v > 2k(|II| + 1) — 2. We will prove that 3 has a family IT’ of parallel blocks
such that |[II'| > |II|. This is trivial if there exists a block B € ¥ such that B C X — P.
Therefore, we suppose that for every block B € B, B¢ X — P.

Note that, forany Y C X — P, |Y| =k —1,if R = (X — P) — Y/, then there exists an
injection ¢: R — P defined as follows: for every x € R, ¢(z) is the element of P such
that Y U {z, ¢(x)} € B. Now let

{aiyl,ai_g, .. .,ai7k+1} S H, fOI"i = 1,2,. oy Ty

such that
{ain,a52,...,a;1} C o(R);
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let

{bll’ 127...,b§k+1} e€ll, forj=1,2,...,k—1landi=1,2,...,p;j,
such that

{bil,bgz, .. .,bij} C p(R) and {b”+1, .. "bg,k+1} Ne(R) = 0;
and let

{Ci,l7ci,23 ey Cq:’k_i'_l} S H, for: = 1, 2, ey h,
such that
{Ci,la Ci2y. - 7Ci,k+1} N SD(R) = @

Necessarily,

k—1
(k+1)r+Y ip; > |p(R)| = |X = P| = (k=1) > (k= 1)t +k— 1.

i=1

Since t = 7+ "' p; + h, it follows that

k—1 k—1
(k+Dr+> ipi = (k=Dr+(k—=1)> pi+(k-1h+k-1,
=1 =1

and so

%Zpl —1—4d)+h(k—1)+ (k—1)

Let z; ; € R such that p(x; ;) = a; ; and let yfu € R such that (y}';) = b{u
Case 1. Suppose a; ;41 ¢ ¢(R), foreachi =1,2,...,r. It follows that

k—1
X —P|—(k—1)=>_ip; +kr.

=1

Since | X —P|—(k—-1)>(k—-1t+(k—1)andt =h+r+ Zi.:ll p;, it follows

S ipitkr > (k—Dt+k—1=(k—Dh+(k—1)r+(k—1) metk

hence
k—2
r> pik—1—i)+h(k—1)+ (k—1).
i=1
Now, consider the injection ¢: R' — P, where R’ = {x” € R : i # 1}, such that for all
x;; € R',1(x; ;) is the element of p(R) satisfying the condition {x1 1,212,..., 21 k-1,

g, (i 5)} € B,
If " is the family of the blocks {11, %1,2,...,%1 k-1, i, ¥(z; ;) } and

L=A{cij:i=1,2,....0h, j=1,2,... k+1}U{bj, :i=1,2,...,p1} U{a1},
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then |I'| = k(r — 1) and |L| = (k 4+ 1)h + p1 + 1, with

T|=k(r—1)=kr—k
k—2
> pilk—i—1)+hk(k—1)+k* =2k > (k+ )h+p +1=|L|,

i=1

where we used the following inequalities, which hold for & > 3,

k—2
r>> pik—i—1)+h(k—1)+k—1,
i=1
hk(k —1) > h(k + 1),
k> —k>1.

Then, it is possible to find an element z € P — L such that
{z11,212,. . 21 61,07 (2), 2} € B.

Further, there exists at least an element y € p(R), y # x, with = and y belonging to the
same B, € IL. If

H/ =1II—- {Bw,u} U {{xl,lax1,27 e axl,k:—law_l(x)ax}ay U {‘P_l(y)ay}h
then IT' is a family of parallel blocks of B with |TII'| > |TI|.

Case 2. Suppose there is at least one element a; 141 such that {a;1, ;i 2, -, a; k1) C
©(R). Assume that

{ai1,ai2,...,aik+1} C @(R), foreachi=1,2,...,7
and
{air,ai2,. . aik} € p(R), aik+1 ¢ ¢(R), foreachi=7"+1,...,r
If r > 2, consider the injection p: R’ — P, where
R"={z;; € R:(i,5) # (1,1),(1,2),..., (1, [52]),(2,1),(2,2),..., (2, [552]) } .
such that for every z; ; € R”, ji(x; ;) is the element of ¢ (R) satisfying the condition

{$1,1,$1,27~~-,CEL[%],%J,%Q,% e ,ﬂfg,L%J,Ii,j,u(%J‘)} €B.
If T is the family of blocks
{JU171,.131,2, e ,J;L[%W s .732,1, 33‘272, e 7$2’L%vai,jvﬂ('xi,j)}

and

L'={cij:i=12..h j=12,..k+1}U{bl, :i=12..,p},
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it follows that

k—1 k—1
T’ > (k—1) t—Zm =(k=1)(r+Y_pi+h)—> ip
1=1 1=1

:(k:fl)r+(k71)h+2(k71—i)pl

=
h(k*2—1) (k—1)?
Z —1—d)p; + 3 + 5

=1

> (k+Dh+p +1=|L|+1,

where we used

k—1
t=r+h+> p,
1=1
U1
>3 Zpl —i—1)+h(k—1)+(k—1)],
k> 3.

Therefore, it is possible to find at least two distinct elements ', ' belonging to two distinct
blocks B’, B” of I":

B = {mm, 125y T [h21], T21, T2, ’%{%J’Mﬂ(x/)’x/} ,
B = {xl,l,xl,g, Fe @y (B, W21, 22, 7$27L%Jaﬂ_l($”)7l‘”} ,
such that 2/, " € P — L'. Since 2’ # z', we can suppose that
x # ay [x17:
Therefore, it is possible to find an element y € ¢(R), y # «’, with 2’ and y belonging to
the same block B, ,, of II. It follows that there exists a family II" of parallel blocks with

|| = |II] + 1.
Ifr=1,thenr’ =r = 1. Since

Zpl —i— 1) +hk—=1)+ (k—1)

N)\»—l

then

Zpi(k—i—1)+h(k—1)+(k—1)gz.

It follows necessarily: £ = 3, h = 0, p; = 0. Hence t =
v = 6p2 + 10.

If po = 0, then v = 10 and ¢ = 1, and it is well-known that the unique STS(10) has
two parallel blocks.

= 2ps + 6, and
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If po > 1, consider the blocks

B/ = {xl’h @_1<b%,1)7 X1,23 wl}7
B/, = {xl,h (pil(bil)?Xl,Bax//}v

where 2/, 2" € ¢(R). Since ' # 2", we can assume x" # b7 , and by applying the same
technique as the previous cases we can find a family II’ of parallel blocks with |II'| =
1) + 1.

Therefore, it is proved that if ¥ = (X, B) is any S(k,k + 1,v), with & > 3, and
IT is a family of parallel blocks of ¥ such that |II| = ¢ and |X — P| > (k — 1)t +
2(k — 1), where P = (Jpcp; B, then X has a partial parallel class I’ of cardinality [IT'| >

ITT|. 1t follows that, if ¢ = L%L then 3 has a partial parallel class of cardinality

t=t+1=|%2] O

By applying the same technique used in the previous proof, M. C. Marino and

R. S. Rees [10] improved the lower bound stated by Theorem 3.1 to EEZI?;J .

4 Open problems

(a) Remove the exceptions of Theorem 2.3.

It is known that 7(3,4,v) = | 4| for v = 4, 8,10, 14. In [5] by means of an exhaus-
tive computer search the authors classified the Steiner quadruple systems of order 16
up to isomorphism; following a private conversation, it turned out that the computer
search showed that every SQS(16) has a parallel class and so 7(3,4, 16) = 4.

(b) Determine the smallest v such that (3,4, v) # L%J

Concerning the parallelism in Steiner systems, an interesting question arises when
we consider resolvable systems. A Steiner system ¥ = (X, BB) is said to be resolv-
able provided B admits a partition R (resolution) into parallel classes. A resolvable
Steiner triple system is called Kirkman Triple System (KTS, in short). It is well-
known that a KTS(v) exists if and only if v = 3 (mod 6) (any resolution contains
(v — 1)/2 parallel classes of size v/3).

(c) Problem of A. Rosa (1978): Let 3 = (X, B) be any KTS(v) and R be a resolution
of Y. Determine a lower bound for the size of partial parallel classes of X in which
no two triples come from the same parallel class of R.

The problem of A. Rosa can be posed for any resolvable Steiner systems S(h, k, v):

(c’) Problem of A. Rosa: Let ¥ = (X, B) be any Steiner system S(h,k,v) and R be a
resolution of X. Determine a lower bound for the size of partial parallel classes of
3 in which no two blocks come from the same parallel class of R.
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