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ABSTRACT. Letn,k€N,andlet7 >0,¥ CR" and & = (&),&,...,&_1) € (R")X. Given
afunction f : [0, T] x (R")* x ¥ — R, we consider the Cauchy problem f(t,u,u’, ... ,u®)) =
0in [0,T], u)(0) = & for every i =0, 1,...,k— 1. We prove an existence and qualitative
result for the generalized solutions of the above problem. In particular, we prove that, under
suitable assumptions, the solution set YTf (&) of the above problem is nonempty, and the
multifunction & € (R")% — 5”Tf(§) admits an upper semicontinuous multivalued selection,
with nonempty, compact and connected values. The assumptions of our result do not require
any kind of continuity for the function f(-,-,y). In particular, a function f satisfying our

assumptions could be discontinuous, with respect to the second variable, even at all points
£e R~

1. Introduction

Let n,k € N be fixed, let 7 > 0, and let p € [1,+o0]. As usual, we denote by W57 ([0, T],R")
the space of all functions u € C¥~1([0, 7], R") such that u*~!) is absolutely continuous in
[0,7] and u®) € LP([0,T],R"). Now, let ¥ C R" be a nonempty set, f : [0, T] x (R")¥ x ¥ —
R a given function, and let & = (&, &, ...,&_1) € (R"). Let us consider the Cauchy prob-
lem

/ (k=1) (k) = i
{f(t,u,u,...,u ,u¥)y=0 in[0,T], (L

u(0) =& foralli=0,...,k—1.
We recall that a generalized solution of (1.1) is a function u € W*!([0,7],R") such that
uWP@yey, feu@),d@),....u*V@),u® @) =0 forae. tel0,T],
and u)(0) = & forall i =0,...,k—1. Forevery & = (&, &1,...,&_1) € (R, let us put
YTf@) = {u e WHI([0,T],R") : uis a generalized solution of (1.1) }.

As remarked by Ricceri (1985) and Cubiotti (2018), the existence of generalized solutions
of the implicit problem (1.1) associated with a discontinuous f has not been much studied
in the literature, even for the case k = 1. Conversely, in the case k = 1, the existence of
generalized solutions for the explicit case f(¢,u,u’) = u’' — g(t,u) (with g discontinuous


http://dx.doi.org/10.1478/AAPP.991A2
http://dx.doi.org/10.1478/18251242

A2-2 P. CUBIOTTI

in u) has been widely studied in the literature (see, for instance, Filippov 1964; Matrosov
1967; Cambini and Querci 1969; Pucci 1971; Pianigiani and Giuntini 1974; Sentis 1978;
Binding 1979).

Very recently, the Cauchy problem (1.1) was studied in the particular case where k = 1
(Cubiotti 2018), and an existence and qualitative result for generalized solutions was proved
by Cubiotti (2018, Theorem 3.1). In particular, it was proved that under suitable assumptions
on f (which do not imply any kind of continuity with respect to the first two variables), the
set YTf (&) is nonempty for every £ € R”, and the multifunction & € R” — Yf (&) admits an
upper semicontinuous and compact valued multi-valued selection ® : R" — oW (0.TR")

Before stating explicitly the main result obtained by Cubiotti (2018), we need to introduce
some notations. Firstly, we denote by ¢, the family of all subsets A C R” such that, for all
i=1,...,n, the supremum and the infimum of the projection of conv (A) on the ith axis are
both positive or both negative (‘“conv" standing for “closed convex hull"). Moreover, we
denote by Z the family of all sets U C R x R"” which can be represented as finite union
of sets, each with at least one projection of null Lebesgue measure. Finally, the space
W'=([0,T].R") is considered with the initial topology that makes the function u — (u,u’)
continuous from W1>([0,T],R") to C°([0,T],R") x L*([0,T],R"), where the first space
is considered with its strong topology, and the second with its weak-star topology. The
following is Theorem 3.1 in (Cubiotti 2018).

Theorem 1.1. Let Y € ¥, be a compact, connected and locally connected set. Let f :
[0,T] x R" XY — R be a given function, D1, Dy two dense subsets of Y. Let S :=[0,T] x R".
Assume that there exists U C S, with U € 9, such that:

() for everyy € Dy, the function f(-,-,y)|s\y is lower semicontinuous;
(ii) for everyy € Da, the function f(-,-,y)|s\u is upper semicontinuous;
(iii) forevery (t,x) € S\U, the function f(t,x,-) is continuous in Y, 0 € intr (f(,x,Y))
and
inty({yeY: f(t,x,y)=0})=0.
Then, for every & € R", the solution set
SL(E) = {uecwWh([0,T],R") : u(0) =& and f(t,u(t),u'(t)) =0 a.e. in[0,T]}
is nonempty. Moreover, there exists an upper semicontinuous multifunction

@R — 2V T(OTIRY

with nonempty compact acyclic values, such that:

(@) ®(&)C S (&) forallE e R,
(b) the multifunction

EeR" > {u(T):ucd(&)}

is upper semicontinuous with nonempty connected and compact values;
(c) the multifunction

EeR"— {W eL”([0,T],R"): uc ®&)}

is upper semicontinuous (with compact values) from R" to L*([0,T],R"), endowed
with its weak-star topology;
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(d) forevery& € R" and every u € ®(&), one has that (t,u(t)) € S\U fora.e. t €[0,T].

It is worth noticing that one of the peculiarities of Theorem 1.1 resides in the kind of
discontinuity allowed for f. In particular, a function f : [0,7] X R"xY— R satisfying the
assumptions of Theorem 1.1 could be discontinuous, with respect to the second variable,
even at all points x € R” (Cubiotti 2018, see Remark 3.3). As a matter of fact, the function
f could be even defined only over the set (S\ U) x Y, since its behaviour over the set U x Y
plays no role.

At this point, it is natural to ask if Theorem 1.1 can be extended to the general k-order
Cauchy problem (1.1). The aim of this paper is exactly to provide such an extension. We
observe that such an extension is not immediate and requires a more articulate technical
construction. In particular, we shall need to prove an existence and qualitative result for the
generalized solutions of non-convex differential inclusions whose right-hand side may not
have any property of lower semicontinuity. This will be done in Section 3, while in Section
2 we shall give some notations and preliminaries.

2. Preliminaries

Asbefore, letn,k € N, and let T > 0. In what follows, we consider the space W**([0, T],R")
with the initial topology O'nT « that makes the function

ue W= ([0,7),R") = (u,u™)) € C*"([0,T],R") x L™([0, T],R")
continuous, where the space C*~! ([0, T],R") is considered with its strong topology, and the
space L= ([0, T],R") with its weak-star topology.

Let F : [0,T] x (R")* — 2R" be a multifunction. Let & = (&,&1,...,&—1) € (R")F be
fixed, and let us consider the Cauchy problem
{u(k) e F(tuud,...,u*=D) in [0, 7],

) 2.1
u(0) = & foreachi=0,...,k—1. @1)

We recall that a generalized solution of problem (2.1) is a function u € W*!(]0, T],R") such
that
u® () e Ft,u(t),d t),...,u* (1)) forae. 1e[0,T]
and u)(0) = & foralli=0,...,k—1. Foreach & = (&,&1,...,&_1) € (R")X, we put
TE(E) = {u € WhL([0,T],R") : u is a generalized solution of (2.1)} ,
ot (&)= {u(T) :ue T (&)}
In the following, we shall often make the obvious identification (R")* = R™. For all

i=0,1,...,nk, we denote by P; : R x R"* — R the projection over the j-th axis. That is, if
(t,x) = (t,x1,%2,..., %) € Rx R, we put

Pi(t.) t  ifj=0,
i\l,X) = .
! x; ifje{1,2,...,nk}.

For every j € N, we shall denote by m; the j-dimensional Lebesgue measure in R/. More-
over, we shall denote by .% the family of all subsets U C R x R such that there exist sets
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Vo, Vi, ...,V CR X R™, with m, (Pj(V;))=0forall j=0,1...,nk,suchthat U = U'}’;O V.
Of course, any set U € .F satisfies 41 (U) = 0.

Let m € N. We shall denote by By, (x,r) (resp., By, (x,r)) the open (resp., closed) ball in
R™ with respect to the Euclidean norm || - ||,, of R™. Finally, we shall denote by #(R) and
Z([a,b]), respectively, the Borel family of R and the family of all Lebesgue measurable
subsets of the interval [a,b]. For the reader’s convenience, we now state some results that
will be useful in the sequel.

Proposition 2.1. (Cubiotti and Yao 2015, Proposition 2.6). Let y : [a,b] x R" — R* be
a given function, E C R" a Lebesgue measurable set, with m,(E) = 0, and let D be a
countable dense subset of R", with DNE = 0. Assume that:
(i) forallt € |a,b], the function y(t,-) is bounded;
(ii) for all x € D, the function y(-,x) is Z([a,b])-measurable.
Let G : |a,b] xR" — 2R e the multifunction defined by setting, for each (t,x) € [a,b] x
R",

G(t.x):= m( U {l/l(t,y)}).
meN yeD
lly=xlln<

Then, one has:

(a) G has nonempty closed convex values;

(b) forall x € R", the multifunction G(-,x) is £ ([a,b])-measurable;

(c) forallt € [a,b], the multifunction G(t, -) has closed graph;

(d) ift € [a,b], and y(t,-)|rn\ is continuous at x € R" \ E, then one has

G(t,x) = {w(1,x)}.

The following result summarizes several results proved in (Aubin and Cellina 1984,
pp. 103-109).

Theorem 2.2. Let x* € R", and let Q C R X R" be an open set, such that (0,x*) € Q. Let
G : Q — 2% be an upper semicontinuous multifunction, with nonempty compact convex
values. Assume that there exist M >0, b > 0, T > 0 such that

0:=[0,T]xB,(x",b+MT)CQ and G(Q)C B,(0,M).
Then, one has:
(i) Forevery & € B,(x*,b), the solution set
TE(E) :={uecWh([0,T],R") : u(0) = & and u'(t) € G(t,u(t)) a.e. in [0,T]}

is nonempty. Moreover, the multifunction & — F.5(&) is upper semicontinuous
from B,(x*,b) to W' ([0, T],R"), with nonempty, compact, acyclic and connected
values;

(i) The multifunction & — o/ (&) := {u(T) : u € FF (&)} is upper semicontinuous
from B, (x*,b) to R", with nonempty compact connected values;

For the basic facts and definitions about multifunctions, we refer the reader to Klein and
Thompson (1984) and Aubin and Frankowska (1990).
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3. Results

The following is our main result.

Theorem 3.1. Let n,k € N, and let Y be a compact, connected and locally connected subset
of R", withY €%,. Let T > 0, and let f : [0,T] x (R")* x ¥ — R be a given function. Let
§:=1[0,T] x (R™)X. Assume that there exist a set U C S, with U € .7, and two dense subsets
D1,D, of Y, such that:

(i) for everyy € Dy, the function f(-,-,y)|s\y is lower semicontinuous;
(i) for everyy € Dy, the function f(-,-,y) |S\U is upper semicontinuous,
(iii) forevery (t,&) € S\U, the function f(t,&,-) is continuous in Y, 0 € intg (f(¢,§,Y))
and

inty({yeY: f(z,§,y)=0})=0.

Then, for every & € (R")X, the solution set 5”7{(5) of problem (1.1) is nonempty. More-
over, there exists a multifunction

P (Rn)k N 2Wk>°°([O,T];R")
such that:
(@) W(E) C.F (&) forall & € (R")¥;

(b) ¥ is upper semicontinuous (with respect to the topology GnT7 «)» with nonempty
connected and compact values;
(¢) the multifunction

§e R = {u(T):ue¥(@)}

is upper semicontinuous with nonempty connected and compact values;
(d) for every & € (R")K and every u € W(&), one has that

(t,u(t),ud (t),...,u* V(@) e S\U forae 1e[0,T].
(e) the multifunction
& e (RN — {u® e L=([0,T],R") : ue (&)}

is upper semicontinuous (with compact connected values), with respect to the
weak-star topology of L*([0,T],R").

We shall prove Theorem 3.1 as a consequence of the following qualitative result for higher-
order differential inclusions.

Theorem 3.2. Let n,k € Nand T € R, with0 < T < 1. Let F : [0,T] x (R")F — 2R" ¢
given multifunction. Put S :=[0,T] x (R")K. Assume that there exist M > 0 and two sets
Q0,0 € B(R), with Qp C [0,T] and m1(Qo) = m;(Q) = 0, such that, if one puts
Q:= ([0,T]\ Qo) x (R\ Q)™
one has:
(i) F|q is lower semicontinuous with nonempty and closed values;

(ii) F(Q) € 9, and F(Q) C B,(0,M).
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Then, for every & = (&, &1,..., & 1) € (RMX, the solution set TF (&) of problem (2.1) is
nonempty. Moreover, there exists a multifunction

o (Rn)k N 2Wk'°°([0,T];R")
such that:
(@) ®(&) C (&) forall § € (RN
(b) @ is upper semicontinuous (with respect to the topology GZ «)» with nonempty,

compact and connected values;
(¢) the multifunction

Ee RN = {u(T):ued(@)}
is upper semicontinuous with nonempty connected and compact values;
(d) for every & € (R")* and every u € ®(&), one has that

(t,u(t),d (1),...,u* V(1) eQ forae 1€[0,T).
(e) the multifunction
Ee R = {u® eL=(0,T],R"): uecd(E)}

is upper semicontinuous (with compact connected values), whith respect to the
weak-star topology of L*([0,T],R").

Proof. By Lemma 2.4 of Cubiotti and Yao (2014), there exist two sets 0), Q" € #(R),
with Q) C [0, 7] and m;(Q)) = m;(Q') =0, and a function ¢ : Q — R" such that:

@' ¢(t,8) € F(1,¢) forall (z,8) € Q;

(b)Y’ ¢ is continuous at each point
(.€) € [(0.7]\ ) x R\ Q)| n@ =
= ([0, 7]\ (QoU Q) x (R\ (QUQ))™
Fix any point y* € ¢(Q), and let ¢* : R x R"* — R” be defined by putting
N t, if (£,&) € Q,
pog - [o08) HEoea
y if (1,§) € (RxR™)\ Q.
Let
= [(@uQ,u0.7}) x R*|U [Sm UP (ou0)].
Of course, W C S. We claim that ¢*| g, gy is continuous. To see this, fix (t,§) €
(R x R™)\ W. Firstly, assume that (¢,&) ¢ S. Since (R x R")\ S is open in R x R and
(RxR™)\ § C (RxR™)\ W,

the set (R x R"™)\ S is open in (R x R™)\ W . Since ¢* is constant over (R x R™)\
get that @[ g ge)\ is continuous at (2, &), as desired. Conversely, assume that (#,&
Hence,

S, we
)€ES.
(t,£) € S\W = (0, T[xR™)\ W.
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Since S\ W C Q, we get

[ go.rixrmpw = Pl (0,7 (xR )\W- GRY
By (b)', the function ¢|(]0’T[XRnk)\W is continuous. Consequently, by (3.1), the function
0”0, 7xrty\w 18 continuous. Since the set (]0, T[xR"™)\ W is an open neighborhood of
(t,€) in (R x R™)\ W, the function ¢* | (xrrty\w 18 continuous at (7, &), as desired.
Now, observe that, by construction and by assumptions (i) and (ii), we have
¢* (R xR"™) C F(Q) C B,(0,M)

and ¢*(R x R"™*) € &,

Let D C R x R™ be a countable set, dense in R x R™ such that DNW = 0. Of course,
such a set D exists since mj (W) = 0.

Let G : R x R — 2R" be the multifunction defined by putting, for each (z,&) € R x R,

Gae):=Neww( U {or@m}).

meN (A,m)eD
(A~ e <

By Proposition 2.1, taking into account that

O | (Rurmp\w = Pl RxRN\W
and that the latter function is continuous by (b)’, we get that:

(a) G has nonempty closed convex values;
(b)” the multifunction G has closed graph;
(c)” forevery (t,€) € (R x R™)\ W, one has

G(t,8)={0"(t,5)} ={o(1.8)}.
Moreover, G(R x R™) C conv (F(Q)), hence
G(RxR™) e¥,
and
G(R x R™) C B,(0,M). (3.2)
By (3.2) and (b)"”, we have that G is upper semicontinuous (Klein and Thompson 1984, see

Theorem 7.1.16). From now on, for the reader’s convenience, we shall divide the proof into
steps.

STEP 1. Of course, we can regard the multifunction G as defined on R x (R”)k , by means
of the obvious identification (R")* = R, For every & = (&,&1,..., & 1) € (RN, let us
consider the Cauchy problem

u® e G(tyu ... ,u*) in[0,T], 33)
u(0)=¢& foreachi=0,....k—1, |
and its solution set
TE(E) = {ue W5L([0,T],R") : u is a generalized solution of (3.3) }.
We claim that
TP(E)C 77 (&) forall £e(RM. (34)

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 99, No. 1, A2 (2021) [18 pages]



A2-8 P. CUBIOTTI

To see this, fix & € (R")¥, and let u € Z;9(&). Hence, there exists £y € Z([0,T]), with
m;(Zo) = 0, such that

u® (1) € G(r,u(t),u ¢t),...,u* V(&) forall re[0,T]\Z. 3.5)

In particular, we have
u® (1) e conv (F(Q)) forall 1€ [0,T]\Zo. (3.6)
Fix i € {1,...,n}, and let us denote by u; the i-th component of the function u. Since

F(Q) € 9,, by (3.6) we get that uﬁk) (¢) has constant sign for all # € [0, 7]\ Xo. Assume that
W (t)>0 forall re(0,T]\Zo

@Gf ul(k) (r) < Oforallz € [0,T]\ Xy, then the argument is analogous). This implies that the
(k=1)

absolutely continuous function u; is strictly increasing in [0, 7] (with a.e. positive deriv-
ative). By Theorem 2 of Villani (1984), the function (ul(k*l) )~! is absolutely continuous,

hence by Theorem 18.25 of Hewitt and Stromberg (1965) the set
k—1)\ — k—1
Lp1i= (u,( NlouQ)={rel0,T]: ul( (1) e QUQ'}
has null Lebesgue measure. Since ufkil)
partition

is strictly increasing in [0,7], there exists a

0= 10 < .. lg—1j,_, = T

(with jir_; < 2) such that ul(k*l) has constant sign over each interval ]tk—l,l—lafk—l,l[ (in
(k—1)

particular, ;- ’(f) # 0 on each interval ]tz ;_1,%—1;)). This implies that, for every

[=1,..., jr_1, the function ul(k*z) |[,k71‘171_’,k71 | is strictly monotone. Consequently, for each
l=1,..., jr—1, by Theorem 2 of Villani (1984) the function
(k=2) -1
(“i |[tk—l‘l—]=tk—l,l])

is absolutely continuous, hence (Theorem 18.25 of Hewitt and Stromberg (1965)) it maps
null sets into null sets. Consequently, for every [ = 1,..., jr_; the set

k-2 - k=2
(uz( )|[tk—1,/—]«t/<—l,1]) 1(QLJQ/) = {te [tk—l.,l—htk—l.l} : ”S )(t) EQLJQ/}
has null Lebesgue measure. Thus, we easily get that the whole set
k=2)y— k-2
S0ii= @ N Qu) = {te0,1]: V(1) e U}

has null Lebesgue measure. Since the function ufkiz) is strictly monotone on each interval
[te—10-1,tk—14), with [ = 1,..., jy_1, there exists a partition

O=tr20<..tp2j,=T
2)

(with ji_p < 4) such that u*~
(k-2)

i

has constant sign over each interval |t;_»;_1,%—2,[ (in
particular, u () # 0 on each interval ]t_p;_1,%—2,[). This implies that, for every

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 99, No. 1, A2 (2021) [18 pages]



A QUALITATIVE RESULT FOR HIGHER-ORDER DISCONTINUOUS IMPLICIT DIFFERENTIAL EQUATIONS A2-9

l=1,..., jk_2, the function ul(k%) |[tk—2.1—1¢tk—2‘l] is strictly monotone. Consequently, for each
I=1,..., jr_2, by Theorem 2 of Villani (1984) the function
(k=3) ~1
(ui | [t—2,1—1:tk—2,1] )

is absolutely continuous, hence (Theorem 18.25 of Hewitt and Stromberg (1965)) it maps
null sets into null sets. Consequently, the set

(k=3)

5s= WV Quo) = {re0,7]:u V(1) e 0UQ}

has null Lebesgue measure. If we now apply recursively the same argument, we have that,
if foreach j=0,...,k—1 we put

=W QuQ) = {re0,1]:ul (1) e QUO'},

then we get m;(X;;) = 0. Now, put

z::{o,T}UQOUQg)uzOu[ U z],}.

i=l,...,n

AAAAA

u (i) ¢ U
foreveryi=1,...,nand every j =0,...,k— 1. Consequently, we have
F,u@),d (@),...,.u* "V @FE) ¢ W, 3.7)

hence by (¢)” we get

G(,u(?),d (@), u* V(D) = {97 F u(@), ' (),....u* D ()} =
f i

By (3.5) and (a)’ we get

Therefore, u € %F (&). Consequently, (3.4) is proved. Moreover, by (3.7), the above
argument shows that, for every & € (R")* and every u € Z,¢(&), one has

(t,u(t),ud (1),...,u* V() e S\WCQ forae. t€[0,T]. (3.8)
STEP 2. Let ¥ : R x (R")* — 2(R"" be the multifunction defined by setting, for each
5 = (gOaéla"wgkfl) S (Rn)k’
lP(t7§) = lP(tvé()vélv"'aékfl) = {él} X {62} XKoo X {ékfl} X G(t7§)
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By the upper semicontinuity of G and by Theorem 7.3.14 of Klein and Thompson (1984),
we have that ¥ is upper semicontinuous. For every fixed & = (&, &, ...,&_1) € (RMK, let
us consider the first-order Cauchy problem
A e¥(,A) in|0,T
€ ( ) ) n [ ? ] (3.9)
A(0)=¢,

with solution set

T (&)= {l(t) = (Ao(®), A1), 1 (1)) € (WEL([0, T],R™))*

: A() is a generalized solution of (3.9) }

and reachable set
A (€)= {MT) = (Ao(T), 1 (T),.... 21 (T)): A€ T (E) }.
Fix £* € (R")* and choose any b > 0. Since T €]0, 1], we have
lim [ = ((b+hT 41§ l)* +M?)] = oo,

h— o0

hence there exists L > 0 such that
(b+LT + ||E¥||0)* + M* < L. (3.10)
We claim that
W([0,T) x By (E*,b+LT)) € B (0,L). 3.11)
In order to prove (3.11), fixt € [0, T] and & = (&, &1, ..., & 1) € (R)K, with & € B (E*,b+

LT). Letn = (T]o,nl,...,nkfl) E\P(Z‘,é), andletz € G(l,é) suchthatn = (€17€27' . .,gk,l,z).
Of course, we have

1€ 15 < (B +LT + &% ).
By (3.2) and (3.10) we get

Il < NEln+ &N+ + &1 ll7 + llzllz <
<NElm+M> <M+ (b+LT + &% ||m)* < L?,

hence (3.11) is proved. By Theorem 2.2, we then get:

(i) Forevery & = (&,...,&—1) € (RN, with & € B,y (§%,b), the solution set Z; (&)
is nonempty. Moreover, the multifunction & — .Z,¥' (€) is upper semicontinuous
from B, (E*,b) to

W= ([0, 7],R"™) = (W' ([0, T], R"))",
with nonempty compact connected values (it is routine matter to check that the

topology 6,5(71 coincides with the product topology (¢, )¥);

n,1
(ii)’ The multifunction & — o7¥ (§) is upper semicontinuous in B, (§*,b), with nonempty
compact connected values.
By the arbitrariness of £* € (R")* it follows at once that:
(i) For every & € (R")X, the solution set 7 (£) is nonempty. Moreover, the multi-
function & — Z;¥ () is upper semicontinuous from (R")* to [W!*([0,T],R")¥,
with nonempty compact connected values;
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(ii)” The multifunction & — .7 (&) is upper semicontinuous from (R")* to (R™)¥, with
nonempty compact connected values.

STEP 3. For each j = 1,...,k, we denote by
Py W' ((0,7],R")]* — w'=((0,T],R")
the j-th projection. For each v € W& ([0, T],R"), let
A1 [0,7] — (R
be defined by putting, for every ¢ € [0, 7],
2nlt) = () V(1) 6D (1)),
Clearly, one has A, € [W!'=([0,T],R")]* for every v € Wk=([0, T],R"). Now, let
H:={2:vew"([0,T],R")}.
It is easy to check that H is a closed subset of [W!([0,T],R")]¥. Of course, P{(H) =
Wk=([0,T],R"). We claim that the function
P+ (H,(0,1)") = (W((0,T],R"), 0,,)

is continuous. To see this, consider a net (wg )qea in H, converging to a point w € H with re-
spect to the product topology (GnTl )X, By the definition of H, for each o € A there exists vy €

Wk>([0,T],R") such that wg = A,,,. Moreover, there exists v € W*> ([0, T],R") such that

w = Ay. Hence, (A )aer = ((Vas V- %)) gen converges to A, = (v,v/,...,vk=D)

with respect to the product topology (G,Z | )¥. This means that
(v(j))ae,\ — ) for every j=0,....k—1,

with respect to the topology o/ |. By the definition of 6. |, this means that

N (il o _
v, J) Ut orevery j=0,....k—1,
(08 v aen = D0 g 0. k-1
in C([0,T],R") x L=([0, T],R" (where the first space is taken with its strong topology, the
second one with its weak-star topology). This implies that
(v(j))a@\—w(j) forevery j=0,...,k—1
in C([0,T],R") (with respect to the strong topology), and

vE) gen = v®

in L ([0, T],R") (with respect to the weak-star topology). Hence, (vq)gen — vin C<=1([0, T],R")

(with respect to the strong topology), and (vg())ae A — v\ weakly-star in L=([0,T],R").

Consequently, we have that

(v V) aen — (v v¥)

in C=1([0,T],R") x L=([0,T],R"). Therefore, (v¢)aeca — v With respect to the topology
o], hence (P} (wq))aeca — P (w) with respect to the topology o/, as desired.
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STEP 4. Fix & = (&,&1,...,&-1) € (R")¥, and let

w(r) = (wo(0),wi (1), w1 (1)) € Z¥ (&)  W'=([0,7],R")]".
Hence, we have w/(r) € ¥(r,w(r)) for a.e. 1 € [0,T]. By the definition of ¥ we have, for
ae. t€[0,T],

Wl(t) :WO(t)a wa(t) = W/l(t)’ SRR kal(t) ZW;{72(Z‘)7

wi_1(t) € G(t,wo(t),...,wi_1(1)).
Since the functions wo,wy,...,w;_ are absolutely continuous, by a standard argument it
follows that wo € C*~1([0,T],R"), and one has, for every ¢ € [0,7],

wi(t) =wh(t), walt) =wh(e), .. w1 (t) =wi V(o).
In particular, w(kfl)(t) is absolutely continuous in [0, 7] (hence, wy € W*=([0,T],R")) and
one has, for ae. 1 € [0,T],
k k—1
wy (6) = wiy (1) € Gt wo(0), ... wd (1)),
Moreover, for every j =0,...,k— 1 one has
w! (0) = wj(0) = &,

hence wy € Z;° (&) and w = A,,,, € H. Consequently, for every & = (&, ..., &—1) € (R")E,
we have

7' (§)CH,  and PI(T"(8) C FF(8). (3.12)
STEPS5. Let ®: (R")k — oW (0.TI.R") be defined by putting, foreach & = (&y,&1,...,&_1) €
(R,

(&) =P (T7" (8)).
By (3.4) and (3.12) we get that
(&) C 77 (8) € I (&) (3.13)
Moreover, by (i)’ and by the continuity of the function
P1*|H : (Hv (ijl)k) - (kaoo([oa T]an)7Ger)a

n
we have that ® is upper semicontinuous (with respect to the topology 0'nT ) With nonempty
compact connected values. Now, let
P (R 5 R”
by the first projection. By the above construction, it follows easily that

{u(T) :u e @(8))} = P (' (§))
for every & = (&,...,&_1) € (R™)F. Consequently, by (ii)” and by the continuity of P;*,
conclusion (c) follows at once. Moreover, conclusion (d) follows immediately by (3.8) and
(3.13). Finally, conclusion (e) follows at once by conclusion (b) and by the continuity of the
function
ue wk=(0,T),R") — u® € L>([0,T],R"),
where the last space is considered with its weak-star topology. This completes the proof. (]
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Proof of Theorem 3.1. By the definition of the family .7, there exists sets Vp, Vi,...,
Vo € R x R™, with m; (P;(V;)) = 0 forall j =0, 1...,nk, such that U = U, V;. Conse-
quently, there exists two sets Qp,Q € A(R), with Qyp C [0,T] and m;(Qp) = m(Q) =0,
such that

nk
P(Vo) CQo and |JPi(V)) CO.
j=1
Of course, we have that
Q:=([0,T]\ Qo) x (R\ Q)" C S\ U. (3.14)
Fix a €]0,1]. Put
Tk Tk Tk
Y™ = JY, 1:=;D1, DZ::JDZ'

Of course, Y* is compact, connected and locally connected. Moreover, Y* € &,. Let
f*:[0,a] x (R")* x Y* — R be defined by putting, for each (s,&y, &, ..., & 1,2) € [0,a] x
(Rn)k % Y*,

akfl ar

T 2
f*(S7 é(%élw"?ékflvz) :f( 537 €07 %élu %527 ey ﬁék*h ﬁz)

Consider the function ¢ : [0,a] x (R")* — [0,T] x (R")* defined by putting, for each
(Sa é()aéla' . '76/(—1) S [O,Cl} X (Rn)k’
k-1

2
05, 80,81 B )= (o5, G0 81 & sy Bt ).

Of course, ¢ is continuous, and

k
f*(S, &07517"')5/{71)Z> :f(¢(s7 §Oa‘§1a~--,§k71)7 %Z) (3'15)
for every (s,&0,&1,...,&1,2) € [0,a] x (R")* x Y*. Now, put
k—1 i
* * T
Q=50 Q= UG-

Of course, we have that O, 0* € Z(R), Q;; C [0,a] and m;(Q;) = mi(Q*) = 0. Moreover,
put
§ :=[0,a] x (R, Q" :=([0,a]\ Qp) x (R\Q*)™
We observe the following facts.
i) ¢(Q*) C Q.
(i) For every z € D%, the function f*(+,-,z)|q- is lower semicontinuous, and for every
z € D3, the function f*(-,-,z)|q+ is upper semicontinuous. This follows at once
from assumptions (i) and (ii) and the continuity of ¢, taking into account (3.15)
and (i)'
(i) for every (s,€) € Q*, f*(s,&,) is continuous in Y* (this follows at once from
assumption (iii), taking into account (3.15) and (i)’.
(iv) for every (s,&) € Q*, we have 0 € intgr(f*(s,&,Y*)) (this follows at once from
assumption (iii), taking into account (3.15), (i)/, (iii)’ and the connectedness of Y*.
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(v)' forevery (s,&) € Q*, we have
inty-({z€Y": f(s,6,2)=0})=0

(this follows at once from assumption (iii), taking into account (3.15) and (i)’).
For each (s,&) € Q*, let

H(s,8):=={z€Y": f*(s,6,2) =0},
E(s,&):={z€Y": zis alocal extremum for f*(s,&,-)},
J(s,x):=H(s,E)\E(s,&).
By Theorem 2.2 of Ricceri (1982), the multifunction
7o 2"

is lower semicontinuous in Q* with nonempty closed (in Y*, hence in R") values. Moreover,
J(©*) is bounded and belongs to ¥,. Let y* be any point in J(Q*), and let F : [0,a] x
(R")F — 2R" be defined by

F(1,&)= {J(faé) if (1,€) € Q*,

{y*} otherwise.

For any fixed & = (&, &1,...,&—1) € (RMK, let us consider the Cauchy problem

{u<k> € F(t,uud ... .u*=V) in[0,d], (3.16)

u(i)(O)zéi foreachi=0,...,k—1,
and its solution set
FF (&) :={uewr'([0,a],R") : uis a generalized solution of (3.16) } .

By Theorem 3.2, for every & = (&, &;,...,& 1) € (R")X, the solution set .ZF (&) of
problem (3.16) is nonempty. Moreover, there exists a multifunction
D (Rn)k N 2Wk‘°°([07a];R”)

such that:

(i)' B(E) € T (E) forall € € (R,
(ii)” @ is upper semicontinuous (with respect to the topology 0, of wk=([0,a];R")),
with nonempty compact and connected values;
(iii)” the multifunction

£e R = {u(a):uec @)}

is upper semicontinuous with nonempty connected and compact values;
(iv)” for every & € (R")* and every u € ®(&), one has that

(s,u(s),u'(s),...,u*"V(s)) € Q* forae. se[0,d].
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Fix & = (&,&1,...,&-1) € (R")* and u € ®(&). Taking into account (iv)”, for a.e.
s €[0,a] we get

u® (s) € Fs,u(s),d(s),...,u* "V (s)) =
= J(s,u(s),u'(s),...,u* "V (s)) CH(s,u(s),u(s),...,u*V(s)),
hence u is a generalized solution of the Cauchy problem

* / (kfl) (k) = i
{f (s,u,,...,u®D u®y =0 in[0,d], (3.17)

u(0) =& foreveryi=0,...,k—1.

Consequently, if for every & = (o, &1,...,&_1) € (R")X, we put
ST (E) :={ue W5 ([0,a],R") : uisa generalized solution of (3.17) in [0,4] },
we get that .
@) C.z(E) forall & e (RME (3.18)
Let
v Wh([0,a],R") — W5=([0,T],R")
be defined by putting, for each u € W5 ([0,a],R"),

y(u)(t) = u( %t) forevery r€[0,T].

It is routine matter to check that y is continuous (with respect to the topologies o, and GnT o
respectively). Let g : (R") — (R")* be defined by putting, for every & = (&,...,&_1) €
(R,

T T2 Tk—l
g(8) = (6075617?&27"'3%5/(*1)'

Of course, g is continuous. Moreover, it is immediate to check that for every & € (R")* one
has

v( (s(8) € A (&) (3.19)
At this point, it suffices to put, for every & € (R™),

(&) = w(®(s(8))-

By the continuity of W and g and by (ii)", it follows that ¥ is upper semicontinuous
(with respect to the topology o1, of W*=([0,7],R")) with non empty compact connected
values. Moreover, conclusion (by) follows at once from (3.18) and (3.19). In order to prove
conclusion (c), observe that for every & € (R")* one has

(1) :ve¥(S)} ={ula): ued(g(s))}-
Hence, conclusion (c) follows by (iii)” and by the continuity of g.
In order to prove conclusion (d), fix & € (R")* and v € W(&). Hence, there exists
u € ®(g(&)) such that
a
V1) = Y()(0) = u(E1)
forall r € [0,T]. By (iv)”, there exists K C [0,a], with m; (K) = 0, such that
(s,u(s),u'(s),...,u*V(s)) € Q" forevery se[0,a]\K. (3.20)
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Let? € [0,T]\ LK. Putting s = (a/T)t € [0,a] \ K, and taking into account (3.14), (3.20)
and (i)', we get

(£, v(0),V (05 D () = (0w () (1), (@) (0);- . () "D (0) =

k—1

= <r,u<;r>,§u'<%r>,..., ) =
:( su(s), %u/(s)r“v;kilu(kil)(s)):

¢( u(s), i (s),...,u*V(s)) eQCS\U.
Therefore, conclusion (d) is proved. Conclusion (e) follows easily by (b) and by the
continuity of the function

ue W (0,T),R") = u® € L(0,T],R"),

where L*([0,T],R") is considered with its weak-star topology. The proof is now complete.
O

Remark 3.3. The example given in Remark 3.2 of Cubiotti (2018) (which is, in substance,
Example 1 of Ricceri (1985)) shows that Theorem 3.1 does not hold without the assumption
Y € ¢,. Moreover, the example in Remark 3.3 of Cubiotti (2018) shows that a function f :
[0,T] x (R")k x Y — R can satisfy the assumption of Theorem 3.1 even if it is discontinuous,
with respect to the second variable, even at all points & € (R")X. As a matter of fact, as it
happens for Theorem 1.1, the function f in the statement of Theorem 3.1 could be defined
only on the set (S\ U) x Y, since its behaviour over the set U x ¥ plays no role. This fact
represents the main peculiarity of Theorem 3.1, since in the literature (as far as we know)
the function f(z,-,y) is usually required to be defined either on the whole space (R"), or
on a closed set with empty interior, or on a ball (see, for instance, Webb and Welsh 1989;
Ricceri 1991; Heikkild er al. 1996; Heikkild and Lakshmikantham 1996; Carl and Heikkild
1998; Pouso 2001; Cid 2003; Cid et al. 2006, and references therein).
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