CRITICAL POINT APPROACHES FOR SECOND-ORDER
DYNAMIC STURM-LIOUVILLE BOUNDARY VALUE
PROBLEMS

SHAPOUR HEIDARKHANI

ABSTRACT. Economics is a direction in which there becomes visible to be many
occasions for applications of time scales. The time scales approach will not
only unify the standard discrete and continuous models in economics, but also,
for example, authorizes for payments that reach unequally spaced points in
time. We are going to study dynamic optimization problems from economics,
construct a time scales model, and apply variational methods and critical
point theory to obtain the existence of solutions. We derive several conditions
ensuring existence of solutions of dynamic Sturm—Liouville boundary value
problems. Variational methods are utilized in the proofs. We discuss the
existence of at least one, three and infinitely many solutions for the problems
under different conditions on the data. Examples are also given to illustrate
the main results.
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Differential equations always play an essential role in the field of mathematics

and calculus. In order to calculate the rate of change in one quantity with respect to
the other one, we need differential equations. As differential equations are used in
many fields like physics, chemistry, biology, economics and finance, so the existence
of solutions of differential equations has been investigated by many researchers

recently. Finding solution is not a single process but a set of processes where
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some binary operations, repetitions of the operations, checking the consistency of
functions within the interval etc. take place. Here it becomes very important that
the time taken to execute the differential equations problem must be least. Thus a
vital need of pipelining performance improvement approaches, parallel processing
etc. is demanded. There are many places where differential equations are used in the
critical situation for example weather forecasting, treatment of diseases like analysis
of heart beat, infection evolution, cancer etc. Therefore, there must be quick output
from differential equations required which is acquired by the parallel approach to
solve the differential equations faster than the sequential approach [27, 56, 60].

Time scales theory was created by Hilger [48] in 1988, and it serves to unify
continuous and discrete analysis. Moreover, basic elements of variational calcu-
lus on time scales were introduced in 2004 [9]. Time scales theory has received
considerable attention due to its potential applications in the study of epidemic
models, population models, finance, stock market, economics [8], and heat transfer,
and it has since then been further developed by many authors in several different
directions, e.g., [31,49,55].

In economic modeling, either continuous timing or discrete timing is present, and
there is not a common view among economists on which representation of time is
better for economic models [32]. Concurrently, many results regarding differential
equations may carry over to related results for difference equations, while other
results seem to be completely different in nature from their continuous analogs [21].

Recently, BVPs for dynamic equations on time scales have been extensively
studied by many researchers. Various methods and techniques have been applied,
such as methods of lower and upper solutions, cone-theoretic fixed point theorems,
variational methods, and coincidence degree theory.

The general assumption that economic processes are either entirely continuous or
entirely discrete, while advantageous for traditional mathematical approaches, may
sometimes be unsuitable, because in reality many economic occurrences present
both continuous and discrete components. In biology, an intimate example is a
seasonal breeding population in which generations do not overlap [32]. A similar
example in economics is the seasonally changing investment and revenue in which
seasons play an important effect on this kind of economic activity. Therefore, there
is a great need to find a more adaptable mathematical structure to precisely model
the dynamical blend of such systems, so that they are exactly described and better
understood. To meet this requirement, an emerging, progressive and modern area
of mathematics, known as dynamic equations on time scales, has been introduced.

In the last decades, this kind of equation arises in numerous problems in finance,
economics and management. Research on this field and its applications have become
a notable endeavor among researchers in mathematical finance, optimal control and
differential equation. Recently, mathematical modelling and computer simulation
have become important in all scientific research. In order to gain both quantitative
and qualitative features, one should resort to nonlinear modelling frameworks being
increasingly employed to explore the intricate dynamics of complex systems which
are capable of exhibiting rich features like self-organization and multiple equilibria.

Many classical results of variational calculus such as sufficient and necessary
conditions for optimality have been generalized to arbitrary time scales. Because
many economic and finance models are dynamic models, the results of time scale
calculus are directly applicable to economics as well, see [14,15,19,21,37]. Solutions



STURM-LIOUVILLE BOUNDARY VALUE PROBLEM ON TIME SCALES 3

of ordinary differential equations, such as initial value problems and boundary value
problems, have been studied and published during the past two decades on time
scales. In 2002, Hoffacker [52] and Ahlbrandt and Morian [7] demonstrated the
related ideas to the multivariate case and studied partial dynamic equations on time
scales. Notations and definitions on multivariate time scales calculus can be found
in Bohner and Guseinov [16,18]. For a more current reference for the multivariate
case we refer to [17]. Jackson [53] extended the existing ideas of the time scales
calculus [7] to the multivariate case. The method of generalized Laplace transform
on time scales is applied to find solutions of the homogeneous and nonhomogeneous
heat and wave equations. Recent developments in the method of finding solutions
have aroused further interest in the discussion of partial dynamic equations on time
scales. Very recently, the study of boundary value problems for dynamic equations
on time scales develops at relatively rapid rate. By applying various methods
and techniques, such as the cone theoretic fixed point theorems, the method of
upper and lower solutions, coincidence degree theory, variational methods, a series
of existence results of solutions or positive solutions have been established in the
literature, see [3,5, 6,10, 28, 30, 35,43, 57,63, 65,66, 68] and the references therein.
For example, in [5,6], Agarwal et al. respectively studied the following equation on
time scales

{utat) = st ), tel0,Th

{~ut2() = flo(t),w (1), te[0,Th

with Dirichlet boundary condition, and established some existence criteria of single
and multiple positive solutions by using variational techniques. Cetin and Topal
in [28] by using the Krasnosel’skii fixed point theorem, obtained existence of at least
one or two symmetric positive solutions of the above problem on time scales. Zhang
and Sun in [66] by using variational method and critical point theory, obtained that
the boundary value problem has solutions for v being in some different intervals for
eigenvalue boundary value problems on time scales. Eckhardt and Teschl in [30]
established the connection between Sturm-Liouville equations on time scales and
Sturm—Liouville equations with measure valued coefficients. Based on this connec-
tion, they generalized several results for Sturm-Liouville equations on time scales,
which have been obtained by various authors in the past. Thiramanus and Tari-
boon in [63] by using the Krasnosel’skii fixed point theorem, the Avery—Henderson
fixed point theorem and the Leggett—Williams fixed point theorem, obtained some
results for the existence of at least one, two or three positive solutions of m-point
integral boundary value problems for nonlinear second order p-Laplacian dynamic
equations on time scales. Zhou and Li in [68], by using variational methods and
critical point theory, obtained the existence of nontrivial periodic solutions for a
class of p-Laplacian systems on time scales.

Also, Sturm-Liouville equations on time scales have attracted substantial in-
terest, see for example [3, 30, 35, 36, 50,51, 57, 65, 66, 68]. Zhang and Sun in [66],
using critical point theory and variational methods, have established existence of
solutions for (P, ). First, they have ensured an existence interval for v such that
(P,,0) possesses one or two solutions. Then, under entirely different assumptions on
f and by employing a three critical point theorem, they have derived some sufficient
conditions for existence of at least three solutions for (P, ) when v is located in
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a certain interval. In [30], the authors established a connection between dynamic
Sturm—Liouville equations and corresponding equations with measure-valued coef-
ficients. Based on this, they generalized several known results for dynamic Sturm—
Liouville equations. In [57], Ozkan considered a boundary value problem involving
a dynamic Sturm-Liouville equation and boundary conditions depending on a spec-
tral parameter, and he also introduced an operator formulation for the problem and
gave several properties of eigenvalues and eigenfunctions. Finally, for finite time
scales, he derived the exact number of eigenvalues of the problem. In [65], exis-
tence of at least one and at least two positive solutions for (Pj o) was obtained.
In [61], for a periodic time scale, Su and Feng have studied a dynamic second-
order p-Laplacian equation together with certain boundary value conditions. They
used the three critical point theorem, the least action principle, and the saddle
point theorem in order to obtain existence of at least one or at least three distinct
periodic solutions. Existence results on periodic time scales, by establishing a suit-
able variational setting, were also proved in [68] for a class of dynamic p-Laplacian
systems.

Here we are going to discuss the existence of one solution and multiple solutions
for dynamic Sturm—Liouville boundary value problems which turns out as an op-
timization problems on time scales which arises in economics and finance, using
variational methods and critical point theory under different assumptions. To ap-
ply variational methods to our models first we construct related energy functionals
and by assuming appropriate hypotheses on the data we prove the existence of
critical points of the energy functionals and we show that the critical points are
solutions of our models. Moreover, we overcome some technical difficulties treating
the problems. First, under an asymptotical behavior of the nonlinear datum at
zero we discuss the existence of solutions for our models. After that, we obtain the
existence of at least three distinct nonnegative solutions for the double eigenvalue
models by utilizing a critical point result. Requiring an additional asymptotical
behaviour of the data at zero, nontriviality of the solution can also be achieved
under appropriate assumptions. Moreover, we investigate the existence of solu-
tions for v — 0. Then, we study the existence of solutions for the second order
Sturm-Liouville type boundary value problem on time scales, under an appropriate
oscillating behaviour of the nonlinear term f, and we determine the exact collections
of the parameter v in which the problem for every non negative arbitrary function
g which is measurable in [0, 7] and of class C*(R) satisfying a certain growth at
infinity, choosing ¢ sufficiently small, admits infinitely many solutions. Replacing
the oscillating behaviour condition at infinity, with a similar one at zero, we obtain
a sequence of pairwise distinct solutions that converges to zero. We also list some
consequences the main results. The applicability of our results is illustrated by
several examples. The main references are the papers [10,41,43].

2. TIME SCALE CALCULATIONS AND NOTATIONS

This section is devoted to introduce some basic notations and results on time
scale.

Let be given any time scale T, namely, a closed and nonempty subset of the real
numbers. In particular, T = Z (all integers) and T = R (all real numbers) are
two examples of time scales, and so-called dynamic equations on these time scales
correspond to difference equations and differential equations, respectively.
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Definition 1. One defines the forward jump operator o : T — T, the backward
jump operator p: T — T, and the graininess ¢ : T — R™ by

o(t)=inf{s € T:s>t}, p(t) =sup{s e T:s<t}, {(t)=o0c(t)—t foreveryt e T,
respectively. If o(t) = t, then ¢ is called right dense (otherwise: right scattered),
and if p(t) = t, then ¢ is called left dense (otherwise: left scattered). Denote
y°(t) = y(o(t)) and 0*(T) = o(a(T)). We are going to give some calculus on time
scales which can be found in [21]. Let f be a function defined on T. We say that

f is delta differentiable (or simply: differentiable) at ¢t € T provided there exists an
« such that for all € there is a neighborhood N around ¢ with

[f(o@®) — f(s) —a(o(t) — s)| <e|o(t) —s| forall seN.

In this case we denote the a by f2(t), and if f is differentiable for every t € T,
then f is said to be differentiable on T and f* is a new function defined on T. If
f is differentiable at ¢ € T, then it is easy to see that

fA(t) ) limgg se %ﬁ(é) if ¢(t)=0 (1)
= W if ¢(t) > 0.

To illustrate the idea, we now give another formula, which holds whenever f is
differentiable at ¢t € T:
Fla(t)) = f(t) + ¢ 2 (). (2)
When applying formula (2), we do not need to distinguish between the two cases
¢(t) = 0 and ¢(t) > 0. Formula (2) holds in both of these cases. Two further
examples of such formulas are the product rule for the derivative of the product of
two differentiable functions f and g:

(f9)2(t) = F2(D)g(t) + f(o(t)g™ (1) 3)
and the quotient rule for the derivative of the quotient of two differentiable functions
fand g # 0:

- . (4)

(A = (t- )2 =t +o(t),

A
t)  to(t)
Other formulas may be obtained likewise.

Here, F is called an antiderivative of a function f defined on T if F» = f holds
on T. In this case we define an integral by

and we can use (4) to find

/t f(r)ATr =F(t) — F(s) where s,t€T.

An antiderivative of 0 is 1, an antiderivative of 1 is ¢, but it is not possible to find
a polynomial (or any “nice” formula of a function) which is an antiderivative of ¢
(where T is an arbitrary time scale). The role of t? is therefore played in the time

scales calculus by
t t
/U(T)AT and /TAT.
0 0
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Note that both integrals exist as the functions ¢ and identity are both continuous.
. t

For f € Lj([t1,t2)r), we denote for convenience [,* f(s)As = f[tl,tg)ﬁT f(s)As.

In order to study our problems on time scales, the variational setting is the space

H = HA([0,0*(T)]) =
{u:]0,6*(T)] = R: ue AC[0,0*(T)] and u® € LA([0,0%(T)))}.

Then HJ([0,0%(T)]) is a Hilbert space with the inner product,

o*(T) o2(T)
(u,0) 1 = /0 w(t)o(t) AL+ /0 B (10 () At

(see [67]), and let || - |1 be the norm induced by the inner product (-,)p1 .

every u,v € HA([0,02(T)]), we define

o?(T) o(T)
o= [ putenrwar+ [ aou o @

+B1p(0)u(0)v(0) + Bop(o(T))u(o*(T))v(o*(T))

where
%7 if ag >0,
B =< a2
0, ifag =0
and
%7 if ag >0,
ﬂg = 014
O, if Q4 = 0.

We let ||ullp be the norm induced by the inner product (u,v)o.

(6)

Lemma 2. [66, Lemmas 2.1, 2.2 and 4.2] The immersion HX([0,0%(T)]) —

C([0,02(T))) is compact. If u € HX([0,02(T)]), then

[u()] < VEmax { (*(T)}, (1)} ullay Jor everyt € [0,0(T)].

If as, ay > 0 or q(t) > 0 for every t € [0,T], then for every u € HX([0,0%(T)]),

lu(t)| < Cllullo for every t € [0,0%(T)], where C' = min {M;, Mo, M3} and

M, Zﬂmax{ ! (1) },

Bip(0) minge(o,o(T))p(t)

My = \/imax{ L (1) } ,

5p(0) MiNee(o,0(T)]p(t)

Ms = \/ﬁmax{ : o(D) *(1) } )

mineo,)q(t) MiNse[o,o(T))p(t)

1
and where 0= +00.
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3. THE EXISTENCE OF ONE SOLUTION

3.1. Main results. Let be given any time scale T, namely, a closed and nonempty
subset of the real numbers. Let T > 0 be fixed and suppose 0,7 € T. In this
contribution, we study the second-order dynamic Sturm-Liouville BVP (boundary
value problem)

{—(pr)A(t) T q(t)zo(t) = f(t,a°(t), te[0,T)r,
=0,

f
a12(0) — azz®(0) azz(o?(T)) + agz®(o(T)) = 0, (P7)

where
p € CH[0,0(T)]r, (0,00)), q€ C([0,T)r,[0,00)), fe€C(0,T|rx R,R),
a1, 09,03,04,01 a3 >0, a1 +az, a3z +ayg > 0.

In this section, we discuss existence of at least one nontrivial solution of the second-
order dynamic Sturm-Liouville boundary value problem (Pf), under a certain
asymptotical assumption of the nonlinearity at zero (Theorem 4). In Theorem
5, we present an application of Theorem 4. Moreover, we give some observations
and remarks on our results. As a special case of our result, we present Theorem
12, in the case when the function f does not depend on time. Finally, we offer
Example 13, in which all hypotheses of Theorem 12 are satisfied. In this section,
we prove the existence of at least one nontrivial solution for (P7).

The main argument in our results is a famous variational principle by Ricceri
[59, Theorem 2.1], in the special form given by Bonanno and Molica Bisci in [25].
This principle has been extensively applied to a variety of problems, and we refer
to [1,2,12,13,33,46,47].

Theorem 3. Assume B is a real and reflexive Banach space. Let be given two
Gateauz-differentiable functionals J1, Jo : B — R so that J1 is strongly continuous,
sequentially weakly lower semicontinuous, and coercive in B, and Js is sequentially
weakly upper semicontinuous in B. Define the functional I, by I, := J1 — v,
v € R. Moreover, for any s > infg J1, define the function ¢ by

: SUDy ¢ 7=1(_oo,s) J2(Y) — T2()
o(s) == _1lnf =
z€J, (—o0,s) S Jl(l')

Then, for any s > infg J1 and any v € (07 ), the restriction of the functional

1
o(s)
I, to J ' (—0c0, ) has a global minimum, which is a critical point (more precisely,
a local minimum) of I, in B.

We now give our main result for (P7).

Theorem 4. Assume

02 a(T)
sup — > 2C%,  where Fp= / max F'(t,&)At. (S)
6>0 I'g 0 1€]<o

Then, (P) has at least one solution in H.

Proof. We will apply Theorem 3 to (P/). Let B = H. Let us introduce the two
functionals J1, J> by

() = 5ol 7)
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and
o(T)
To(z) = / F(t, 27 (£)) At (8)
0
for x € B. We define
I(z) = Ji(z) — Jo(z) for xe€B.
We now show that J; and J» fulfill the conditions assumed in Theorem 3. As

B is compactly embedded in (CY([0, T]r), R), it is easy to see that Jo is Gateaux
differentiable, and the Gateaux derivative of J» at € B is J3(x) € B* given as

o(T)
To(@)(y) = /0 ft,27()y’ (H)At  for all y € B,

and Jo is sequentially weakly upper semicontinuous. Additionally, J; is also
Gateaux differentiable, and the Gateaux derivative of J; at = € B is J{(z) € B*
given as

) d
T@) = o Ale+vy)| = s+l

v=0

B i JQ(T) mA , A ) o(T) o o )
—2@{ / ()@ () + vy ()" At + / g(£) (27 (£) + vy (1)) > At

+ B1p(0)(2(0) + vy(0))* + Bop(o (1)) (x(0*(T)) + Vy(UQ(T)))Q}

v=0

a2(T) a(T)
= /0 p() (@™ (1) + vy (1)y™ () At + /0 q(t)(z7(t) + vy (1)y’ () At

+ B1p(0)(2(0) + vy(0))y(0) + Bop(a(T))(x(0*(T)) + vy(o*(T)))a(c*(T))

o?(T) o(T) =
_ / p(H)e> (£)y™ () At + / a(B)2” (1) (1) At
0 0

+ Bip(0)2(0)y(0) + Bop(a(T))2(0*(T))y(o*(T))
for all y € B. Furthermore, see that [J; is coercive and sequentially weakly lower
semicontinuous. From (), we can find 6 > 0 satisfying

Z e (9)
Define 52
= 5c3°

If z € J ' (—00,s), then Jy(x) < s, that is, %Hx”% < s. Hence, by Lemma 2, we
obtain |z(t)| < Cv/2s = 0 for all t € [0,02(T)]r. So

sup Jo(x) < F.
jl(I)<8

From the above, since 0 € J; ! (=00, s) and J1(0) = J2(0) = 0, we get
p(s) = inf (Supyejl‘l(—oo,s) J2(y)) — Fa(x)
z€J; ' (—o0,s) s — \71(1‘)
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SUD, ¢ 71 (_oo,s) J2(x)
s

< 20%=L.
Thus, it follows that

F,
o(s) < 2020-—3. (10)

Therefore, by (9) and (10), we get ¢(s) < 1. Hence, as 1 € (O, 90(5)) Theorem

3 implies that I has at least one critical point (more precisely, local minimum)
& € J ' (—00,s). Thus, using that the solutions of (Pf) are exactly the critical
points of I, we obtain the claim. O

We remark that Theorem 4 can also be used to ensure the existence of a solution
for the parametric problem

{—(px )2 <>+q<> (t) = vf(t.a®(t), tel0,T]r,

f
a12(0) — apz®(0) = 0, 06333(0'2(T)) + agx®(o(T)) =0, ()

where v > 0 is a parameter. This result about (P/) is given as follows.

v

Theorem 5. For all

c 1 62
v su

202 0>I(; Fy
(PS) admits a solution z,, € H.

Proof. Let v be in the stated interval. Suppose J; and J> are as in (7) and (8).
Define

I,(z) = Ji(x) —vJa(z) forall xeH.

Thus, we obtain the existence of # > 0 satisfying

Put

T 202
Using the notations from Theorem 4, we get

<p()<202—<%

Then, as v € (O, ﬁ), Theorem 3 implies that I, has at least one critical point

(more precisely, local minimum) z,, € J; '(—o0, s), and recalling that critical points
of I, are solutions of (PJ), we have the conclusion. O
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3.2. Remarks, Applications, Example. We give some implications of the above
results.

Remark 6. We remark that, in general, I, may be unbounded in H. Indeed, e.g.,
when f(€) =1+ [£]772¢ for € € R with v > 2, for any # € H \ {0} and v € R, we
get

o(T) 2 v
Lo) = Fifoa) v [ Fos(0)ae < Ll - volo(D)] - T o) - o0
0

as v — 0o. Therefore, the condition [58, (I2), Theorem 2.2] is not fulfilled. Hence,
we cannot use the direct minimization approach to find the critical points of I,.

Now we show that I, associated with (PJ) is, in general, not coercive. For
example, when F(§) = |{|® for £ € R with s € (2,00), for any = € H \ {0} and
v € R, we get

o(T)
L(vz) = Ji(vz)—v /0 Flua(t) At

IN

5 ll2llf = vl (1)) — =00
as v — —0Q.

Remark 7. If in Theorem 4, f(t,€) > 0 for almost every (¢,€) € [0,T]r x R, then
(S) becomes the simpler form

2
sup —————— > 202, (S,)
o0 [77) F(t,0)At

Additionally, if

then (S,) automatically holds.

Remark 8. Assume 6 > 0 is fixed and
02
— > 2C°.
P

Then the result of Theorem 5 holds with ||z, [|o < 6.

Remark 9. If, in Theorem 5, f(t,0) # 0 for almost every ¢ € [0, T|r, then the solu-
tion that is obtained is obviously nontrivial. But the nontriviality of this solution
can also be verified when f(¢,0) = 0 for almost every ¢ € [0,T]r, requiring the
following additional condition at zero: There exist an open set § # D C (0,T)r
and B C D with positive Lebesgue measure such that

lim sup w =00 and liminf essinfrep F(t,¢) > —00.

£—0+ €12 §—0+ €12

To see this, let 0 < ¥ < v*, where

1 62
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Then, we obtain the existence of § > 0 satisfying
02
20°%0 < —.
Fy
According to Theorem 3, for each v € (0,7), I, possesses a critical point z, €
02

I H(—o00,s,), where s, = In particular, z, is a global minimum of the

0
202"
restriction of T, to J; ' (=00, s,). We proceed to show that z,, is nontrivial. To do
S0, We prove

x
lim sup Jo(w) = 00. (11)
ol —0+ J1(x)
According to our assumptions at zero, we can find ¢ > 0 and x and a sequence
{&,} C RT converging to zero, satisfying
essinficp F(t,&,)

Jim 1602 =

and
estsirr)lfF(t,f) > k|¢|? forall € €0,
€
Now, take C' C B of positive measure and y € H with
(i) y(t) € [0,1] for all ¢ € [0, T,

(ii) y(t) =1€Rforallt € C,

(iii) y(t) =0for all t € (0,T)r \ D.
Take Y > 0 and let n > 0 be such that

pmeas(C) + 5 [ [y (1) A

1
slyli3
Then, there exists ny € N with &, < ¢ and

sinf F > 2
ess in (t,n) = nl&nl

for all n > ng. Next, for all n > ng, by using the properties of y (i.e., 0 < &,y(t) < ¢
for large enough n), we get

j2 (fny) _ fC F(t7 gn)At + fD\C F(tv gny(t))At

nmeas(C) + £ [}, ly(t)|?At

3llyl3

As Y is arbitrary, we obtain

lim T2 (Eny) =00
k—oo J1 (gny) ’
from which (11) follows. Thus, there exists {w,} C H that converges strongly to
zero, wy, € Jy '(—o0, ), and
I, (wy,) = Ji(wy) — vJ2(wy,) < 0.
As 1, is a global minimum of the restriction of I, to J; '(—o0, s), we conclude

I,(z,) <0, (12)

and thus x, is nontrivial.
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From (12), we also get that the map

0,v")sv—I,(x,) (13)
is negative. Further, we have
Tz lo = 0.

In fact, by noting that J; is coercive and that for v € (0,v*), z, € J; *(—00, s),
one obtains existence of a constant £ > 0 with ||z, || < £ for all v € (0,v*). This
implies existence of M > 0 satisfying

o(T)
| sz osoa < Mia o < Me (149
0

for every v € (0,v*). Since x, is a critical point of I,,, we obtain I} (z,)(y) = 0 for
any y € B and all v € (0,v*). In particular, I},(z,)(x,) = 0, that is,

o(T)
Fe)e) =v [ eatwazoar (15)
for every v € (0,v*). Then, since

0 < flaull§ < T (20) (),

by using (15), it is concluded that

o(T)
0 < [l [I§ < T (@) (@) < V/O f@t g (6)ay (t)At

for any v € (0,v*). Letting v — 0T, by (14), we have lim,_o+ ||z, |lo = 0. One has
Jim oo =0, (16)
Finally, we demonstrate that the map
v I,(x,)

strictly decreases in (0,2*). To do so, we note that
L(z) = v <~71(:17)
v

Fix 0 < 11 < v9 < v* and let z,,, x,, be the global minima of I,,,, I,,, restricted
to Ji(—o0,s). Put

= (P~ ga) = e (AW )

V; yejfl(—oo,s) v;

_ j2(x)> for all z € H. (17)

for i = 1,2. Then, (13) and (17), since v > 0, yield

m,, <0 fori=1,2. (18)
Moreover,

Myy < My, (19)
due to 0 < v; < vo. Then by considering (17)—(19) and again since 0 < v; < v,
we get
IVQ (sz) = VoMy, < VpMy, < Vi, = IV1 (le)a

so that the map v +— I,,(z,) strictly decreases in v € (0,v*). As v < v* is arbitrary,
we get v — I, (x,) strictly decreases in (0, v*).
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Remark 10. We remark that Theorem 5 is a bifurcation result, i.e., (0,0) belongs
to the closure of

{(z,v) € H x (0,00) : x, is a nontrivial solution of (Pf)}
in H x R. Indeed, we know that
lz]lo =0 as v —0.
Thus, there are two sequences {z;} in H and v > 0 (here z; = z,) such that
v =07 and ||lz]jo — 0
as j — oo. Additionally, we point out that since the map
0,v)3sv—T,(x,)

is strictly decreasing, for every vy, v € (0,v*) with 14 # v, the solutions x,, and
x,, are different.

Remark 11. If f > 0, then also the solution in Theorem 5 is nonnegative. To show
this, assume z is a nontrivial solution of (PJ). Suppose

A=T{te(0,T]r: zo(t) <0}

has positive measure. Define g(¢) = min{0, zo(t)} for ¢t € [0,T]r. We obtain § € H
and

a2(T) a(T)
/0 p(t) (05 (1) At + / 2028 (05 ()AL + Bip(0)20(0)7(0)

o(T)
+ Bap(o(T))wo(0*(T))y(o*(T)) — V/O ft, 25 ()y° (1) At = 0.

Thus, since f is assumed to be nonnegative, we get

a2(T) a(T)
0 <[|zoll% < /O p(t)z6 () (1) At + /0 q(t)xg (t)xg () At
+ B1p(0)z0(0)0(0) + Bop(a(T))zo(a*(T))xo(0*(T))

o(T)
= [7 tagnsgoat <o
0
Hence, zg = 0 in A, and this is a contradiction.

The next theorem is concerned with a particular case of our results.

Theorem 12. Assume f : R — [0,00) is continuous and define F(§) = f(f f(s)ds
for £ e R. If
F(E)

m (0.¢]
g0+ &2 ’

then, for all

c A=1(0 5 sup
14 =

’ 20 (1 )C 6>0 1 (6) ’
the p70blem

—(px®)2(t) + q(t)a” () = vf(27(t), t€[0,T]r,
a12(0) — apz®(0) = 0, azx(0?(T)) + auz®(a(T)) = 0
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has a nontrivial solution x,, € H satisfying
T [y lo =0,
and
1 U'(T)
v slali v [ Fa)ar
2 0
is strictly decreasing in A and negative.

Finally, we offer an example illustrating Theorem 12.

Ezample 13. Let T = {2 :n € N} U{0} and T = 1. Consider

{—xM(t) = vf@ (1), te[01lr,
z(0) — 222(0) =0, z2(3) =0,
where
&) = 634 (2¢ + 2tan(¢) sec*(€) +¢°) forall £€R.
Then (20) is in the form of (PJ) with
ar=1, ay;=2 as=0, az=1, pt)=1, q(t)=0.

We calculate

1
61 = 57 52 = Oa 0(1) =9 02(1) - 2;
p=1 ¢q=0, Mi=My=2, Mz=oc0, C=2
and
F(¢&) = é (€% +tan®(&) +e* —1) forall £€R.
Note that we clearly have (using L’Hépital’s rule)
F
L F)
£E—0t 52

Hence, all assumptions in Theorem 12 are fulfilled. Note that

92
sup

~ 0.347529 > 0.3475
950 02 +tan?(0) +ef — 1 -

so that, by Theorem 12, for all v € (0,0.695) problem (20) has a nontrivial solution
x, € HA([0,0%(1)]r) satisfying

T o =0,
and the map
1, s 3
v §||x||0 —v F(x(t))At
0

is strictly decreasing in (0,0.695) and negative.
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4. THE EXISTENCE OF THREE SOLUTIONS

4.1. Main results. Let ) # T C R, called a time scale, be given. For example,
T = R and T = Z are time scales that correspond to differential and difference
equations, respectively. Let S > 0 be fixed and suppose 0,5 € T. Consider the
second-order dynamic Sturm-Liouville boundary value problem

—(pz®)2(t) + q(t)27 (t) = vf(t,27 () + Cg(t, z7(t), t€[0,8]r,
a12(0) — azx®(0) =0, azz(c?(9)) + asz?(0(S)) = 0,

where p € C([0,0(S)]r, (0,00)), ¢ € C([0,S]r,[0,0)), f,g € C([0,S]r x R,R),
v > 0 and ( > 0 are real parameters, o; > 0 for ¢ = 1,2,3,4 and a3 + as > 0,
as+ayg >0, a1 +az > 0.

In the section, see Theorem 17 below, we obtain the existence of at least three
distinct nonnegative solutions for (P, ¢) by utilizing a critical point result due to
Bonanno and Candito [23, Theorem 3.3]. Demanding an additional asymptotical
behaviour of the data at zero, nontriviality of the solution can also be achieved
under appropriate assumptions, see Remark 18. Moreover, existence of solutions
for v — 0T is investigated, see Remark 19. Theorem 20 follows from Theorem
17. As a special case of Theorem 20, we present Theorems 21 and 22. Next, we
offer Example 23, in which the assumptions of Theorem 22 are satisfied. Finally,
in Theorem 24, existence of at least four distinct nontrivial solutions of (P, ) is
discussed.

The main tool to derive existence of at least three solutions for (P, ) is the
following three critical point theorem due to Bonanno and Candito. For X # 0,
Ji,Jo: X =R, and r,rq,ro > infx Jq, 79 > 11, r3 > 0, define

- SUDy ¢ 71 (_oo,) J2(Y) — T2()

o(r) := 71nf = :
w€J]  (—oo,r) r jl(x)

ﬁ(rla'ré) = 7ilnf sup (y)

w€ T (~00m) ye g iy ra) J1(Y)

SUPze gt (—o0,ra+r3) Tz ()

Y(re,r3) = s )

(Poc)

R

and
a(ry,ra,r3) := max{p(r1), p(ra), y(rz2,73)

Theorem 14 (See [23, Theorem 3.3]). Let be given a reflexive real Banach space X .
Suppose J1 : X — R is a convex, coercive, and continuously Gateauz-differentiable
functional such that its Gateaur derivative admits a continuous inverse on X*.
Assume that Jo : X — R is a continuously Gateaux-differentiable functional such
that its Gateaur derivative is compact. Assume

(a1) infx J1 = J1(0) = J2(0) =0,

(ag) for every x1,x2 € X such that Jo(x1) > 0 and Ja(x2) > 0, one has

inf Jo(sz1+ (1 —s)zz) > 0.
5€[0,1]

Suppose that there exist 1,719,173 > 0 with vy < ro and

(az) w(r1) < B(r1,72),
(as) @(r2) < B(ri,m2),
(as) Y(re,m3) < B(r1,72).
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B(ri,m2)? a(r1,r2,rs)
critical points x1, e, x3 such that

z1 € I (=00, 1)), @2 € T N([r1,m2), w3 € T ((—o0,m2 + 13)).

We refer the reader to [1,12,13,20,24,38-40,42, 54] for situations of successful
employments of results such as Theorem 14 in order to prove existence of three
solutions for various boundary value problems.

For each x € 'H, define the functionals J; and J> by

Then, for any v € ( L L ), J1 — vJe admits at least three distinct

() = glal3 (21)
and o (S) o (S)
Jo(z) = /o F(t,z° (t)) At + %/0 G(t,z7(t)) At (22)
where
F(t,¢&) = /05 flt,s)ds for (¢,€) €[0,S]r xR
and
Gt ) = /O *(ts)ds for (t.6) €[0S} X R,
Define also

I, = Ji(z) — vJa(x).
The following auxiliary result is used later.

Lemma 15. Let T : H — H* be defined by T'(x)(y) = (x,y)o. Then T possesses a
continuous inverse on E*.

Proof. Note that

T
im M: lim (33753)0: lim ||z]|o = co.
lzllo—oo |||lo lzllo—oe ||Zllo  lzllo—oo

Thus, the map T is coercive. Now, we will prove that T is strictly monotone:
T(x)(z—y) =Tz —y) = (z,2 =y — (¥, —y)o
=(z—y,z—y)o =z -yl
By [64, Theorem 26.A(d)], T~ exists and is continuous on H*. O
Proposition 16. x € H is a critical point of J1 — v 72 iff x solves (P,.¢).

Proof. Suppose x € H is a critical point of J; — v Js. Thus, for any y € H,
(i —vJ2) (2),y) =0,
that is,

a2(S) a(9)
A p(t) (t)y om+/ a(t)2° (£)y° ()AL

a(S)

—u/ St 27 (8))y? ()AL — g/ 07 (£) At
0

4 Bip(0)2(0)5(0) + Bap(0(S))2(0*(S)y(0*(S)) = 0.
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Simple calculations show that
a?(8)
S AR ROOIN,
0

a(S)
+/0 [q(t)z? (t) — v f(t, 27 (1)) — Cg(t, x7 (£))] y7 (1) At (23)

+p(0)y(0) [B1(0) — 22(0)]
+y(02(8)) [p(a?(S))z™ (0(S)) + Bep(a(S))z(a*(S))] = 0.

Thus, by the fundamental lemma of variational calculus, = satisfies the dynamic
equation in (P, ¢). Then (23) becomes

p(0)y(0) [B12(0) — 2(0)]
+y(0”(9)) [p(a?(5))22(0%(5)) + Bap(a(5))z(a%(5))] = 0.
By using (5) and (6), we have
p(0)y(0) [a12(0) — azz™(0)]
+y(0?(5)) [p(o?(5))auz® (0%(9)) + azp(a(8))z(o*(S))] = 0

for all y € X. We now demonstrate that x satisfies the boundary conditions in
(P,,¢c). Without restricting generality, suppose

a12(0) — apaz®(0) > 0.
We let y(t) = 0?(S) —t. Then
p(0)y(0) [e12(0) — aza™(0)]
T y(02(9)) [p(0?(8))asz (03(8)) + agp(o(8))a(0*(9))]
= p(0)o”(S) [a12(0) — ozng(O)] > 0,

a contradiction. So x is a solution of (P, ). Conversely, if x is a solution of (P, ),
for any y € X, multiplying y(¢) on both sides of the dynamic equation in (P, )
and integrating on [0, c(S)]r, in view of the boundary conditions, we observe that

x satisfies (1 — v ) (x),y) =0 for ally € X. O
Next, for our convenience, let
GY = / G(t,0)At for 6 >0 (24)
[0,0(5))r
and
G, :=0(9) inf G for n>0. (25)

[0,0(S8))Tx[0,n]
For a positive constant d, set

2 a(9)
K, = % (/0 q(t)At + Bip(0) + 6219(0(5))) ~

We fix four positive constants 61,02, 03, d and define the constant d, 4 by

(1 (e2—20 [T F(t,00)At 62— 2020 [T F(t,0,) At
min Q—CZmln G , G0 ,
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02 — 03 — 202 [T F(t,05)At | Ka—v [T (F(t,d) — F(t,61))At (26)
GO ’ Gq— G '

Theorem 17. Suppose f : [0, S]r x [0,00) — (0,00) is continuous. Assume the
existence of 01,605,03,d > 0 such that

01 < C\/2K4 < 0y < 05

and
(A1)
1S F 00t [T P, 0,)At [75) F(1,05)At
e 02 ’ 02 262
L JEEN Pt d) - F(t,00)At
202 Kd '

Then, for every

Kq
IS ( o (3) ’
0 (F(tad) - F(tvel))At

1 min 03 03 035 — 03
2C? TS po0ae [T FE0)At [T F(05)AL S )
for every nonnegative continuous function g : [0, S]r x R — R, there exists 6, 4 > 0
gwen by (26) such that, for each ¢ € [0,6,.4), the problem (P, ¢) possesses at least
three nonnegative solutions x1,x2,x3 € H such that
max  |xy(t <9, max |z < 05, max  |z3(t)| < 63.
ety 1O <O e [0 <O, e [T <0
Proof. We may assume f(t,z) = f(t,0) for all (t,z) € [0,S]r X (—00,0). Let
X =H, and we consider J; and J> defined by (21) and (22), respectively. We now
prove that J; and J, fulfill the assumptions of Theorem 14. It is clear that 7 is
differentiable with

a(9) a(9)
T = [ st [ gt @ 0ar

for z,y € X. Moreover, J5 : X — X* is compact. Also, J; is continuously
differentiable with

a%(9) a(S)
Ti@) () = / p()e® (O (DAL + / a(6)2 (£)y° (£) AL
4 Bup(0)2(0)y(0) + fap(o(S)2(0*(S))y(0®(S))

for z,y € X, while Lemma 15 yields that J/ has a continuous inverse on X*. In
addition, J; is sequentially weakly lower semicontinuous. Denote
2 2 2 _ 2
’]"12:971, 7”22:972, 7‘32:93_02
2C? 202 2C?
and w(t) = d for ¢t € [0, S]y. Clearly, w € X. From (21), we observe that J;(w) =
K4, and by the condition

0, < C\/2Kq < 05 < 03,
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we get r3 > 0 and 1 < Ji(w) < ry. From the definition of r; and Lemma 2, we

obtain

I (—oo,m) C{z e X ¢ |lzllo < V21 }

Cl{zeX: |z(t) < CV2r forall t € [0,0%(5)]r}
={zeX: [z(t) <0 forallt € [0,0*(S)]r},

and since we assumed that f and g are nonnegative, this ensures

o (8) o(S)
Jo(z) < sup l/o F(t,y’(t))At + IC//O G(t,y”(t))At.]

yejfl(—oo,n)
a(S) ¢ a(S)
g/ F(t,Gl)At—i—f/ G(t, 01) At
0 VJo

¢

o(S)
:/ F(t,0,)At 4+ >G%
0 14

for every x € X such that J;(z) < r1. Thus,
¢

a(S)
sup J2(x) < / F(t,0,)At + GO,
z€J; M (—o0,m1) 0 v
Similarly,
a(9) ¢
sup Jo(x) < / F(t,05)At + > G
xEJl_l(foo,rg) 0 v
and
o(5) ¢
sup Jo(z) < / F(t,03)At + >2G%.
z€J " (—o0,ratr3) 0 v

Therefore, since 0 € J; ' (—00,71) and J1(0) = J2(0) = 0, using (27), one has

p(r1) <

Suprejfl(—oo,rl) ‘72('73) < 202 O(T(S) F(ta el)At + %Gel <

T1 - 0%
1 62—2C%0 [T F(t,6,)At .
because ¢ < 557 reln due to (26), and using (28), one has

QD(TZ) — T 9%

1 62-2C%0 [T F(t,60)At

because ¢ <

Y(ra,73) <

_ a(S) ¢
< SUPIGJI 1(,00’,3) jg(fﬂ) < 202 fO F(t,ag)At + ;GHQ <

ToE reld due to (26), and using (29), one has

SUD,e 71 (<o, rs) J2(2) = foa(s> F(t,03)At + $G%

2 2

T3 035 — 03

because ¢ < 02—62—2C%v [T F(t,05)At
we get

a(9) a(S)
J2(w) :/0 F(t,w(t))At—&-%/O G(t,w(t))At

o(S) <
> F(t t)) At = inf
> / (w@)At+a(s)s ot

(29)

e due to (26). Also, taking into account (25),
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o(S) C
:/ F(t,d)At + Gy,
0 V
Hence, if z € jl_l(foo,rl), then, taking (27) into account,

o(S) C )
To(w) — To(z) > / (F(t,d) — F(,0))M + (G — )

0
and
0 < Ji(w) = Ji(z) < Ji(w) = Kq,
so that
[ (F(t,d) = F(t,00) A+ $(Ga— G™) 1

0
>7
Kd 1%

Ko—v [J(F(t,d) - F(t,0,))At
Gd — G%

04(7‘1,7“2,7“3) < ﬁ(r177ﬁ2)-

B(rla TQ) Z

because ¢ < due to (26). Altogether, we get

Next, we illustrate that Jo fulfills (az) of Theorem 14. Suppose x1,x2 are local
minima for I,,. Then x1, xo are critical points for I, and hence nonnegative solutions
of (P,¢). Thus, it follows that

(vf+Cg)(t, sz + (1 —s)x2) > 0

for all s € [0,1], and therefore, Jo(sz1+ (1 —s)x2) > 0 for all s € [0, 1]. By utilizing
Theorem 14, we get that for every

Ky
[ZBS =(9) s
TN (B (t,d) — F(t,61))At

1 i 62 62 03 — 63
52 T~y S) o)
20 WO R 00)AL [T F(t,0,)At [T F(t,05)At

and ¢ € [0, 0, 4), the functional I,, has three critical points z;, ¢ = 1,2,3, in X such
that jl(l‘l) <7y, j1($2) < T, and jl(.rg) <79 +r3, that is,

max |z < 64, max - |za(t < 03, max |z3(t)| < Os.
el | 1(t)] < 64 el | 2(t)| < 02 te[0’02(s)]T| 3(t)| < 03
The proof is complete. O

Remark 18. If f(¢,0) # 0 or g(¢,0) # 0 for some ¢ € [0, S]r, then the solutions
obtained in Theorem 17 are nontrivial. Moreover, nontriviality can be demonstrated
also if f(¢,0) = 0 for some ¢t € [0, S]r, requiring an extra condition at zero, namely
the existence of §) £ D C [0, S|t (D open) and B C D such that

infep F(,§) infep F(,§)

lim sup =o0 and liminf (30)
£0+ €2 £—0+ €12
To see this, let 0 <7 < v*, where

02 92 92 _ 92
V' = gorming o T ) g '
20 [T R 0)AE [T F(t0)At [TV F(t,03)At
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Let J1 and J» be as given in (21) and (22), respectively. Because of Theorem 14,
Ky _
=(3) v
0 (F(tvd) - F<t7 91))At
x9, and x3, of the functional I, = J1(x) — v Ja(z) such that

for all v € ( , there exist three critical points z1,,

T1y € jl_l(*ooarlu)a T2y € jl_l(*ooﬂéu)a T3y € jl_l(*ooar?w)a

where
92 02 92 _02
Tiv = Lo 5 TQV:Aa T3u:u-
202 202 202
In particular, z;, for i = 1,2,3 is a global minimum of the restriction of I, to
jl_l(—oo, ry) for i = 1,2,3. We will prove that z1,, cannot be trivial. Let us show

that

. J2(x)
1 = 00. 31
\Eﬂi%g Ji(x) > (31

According to (30), we may 7 > 0 and k and a sequence {£,} C RT that converges
to zero such that, for all £ € [0, 7],
i inftEB F(tv fn)
m e

£—0+ [nl
We consider E C B of positive measure and y € X satisfying

(k1) y(t) € 0,1] for all ¢ € [0, S]r,
(ko) y(t)=1forallt e E,
(kg) y(t) =0 for all t € [0,S]r \ D.

Finally, let M > 0 and let n > 0 such that
meas(E) + mpk fD\E ly(t)| At
K, ’

a?(8)
— A
K= [ A opans |

E
+ 51p(0)y*(0) + Bap(a(S))y* (0% (5)).
Then, there is ng € N such that

. > p
&n <7 and tlgg F(tagn) = H|€n|

— : 2
=00 and tléllgF(t, &) > klE]”.

M <2

where

q@m+/ a(B)]y” ()2t

D\E

for all n > ng. Now, for every n > ng, by taking into account 0 < &,y(t) < 7 for
sufficiently large n, since g is nonnegative, one has

T (fny) fE F(tv gn)At + fD\E F(t, gny(t))At + g foa(S) G(t, gny(t))At

J1(8n) T1(&ny)
e P &AL [ F(t Eay(D)AL + 3G
- Jl(gny)
aneas(E) + nfD\E ly(t)| At Y
Ky
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Hence, by the arbitrariness of M, we obtain

. \72 (fny)

lim = 00,
from which (31) follows. Thus, there exists {w,} C X that converges strongly to
zero such that w,, € \7171(—00,7“11,) and

IV(Wn) = jl(wn) - Vj2(wn) < 0.
Since 1, is a global minimum of the restriction of I,, to J; *(—o00,71,), we get
I,,(Jily) <0, (32)

which means z1, is nontrivial. By the same arguments, we see that xo, and x3,
are nontrivial. If we assume that there exist §) # D C [0, S|t (D open) and B C D
such that

inf;ep G(t infiep G(¢
lim sup w = oo and liminfw > —00
€0+ I3 §—0+ €]
instead of (30), respectively, then the solutions are again nontrivial.

Remark 19. Using (32), we obtain negativity of the map

K
A < o (5) ‘ 7”*> Sve ly(ww), =123 (33)
fO (F(ta d) - F(tv 91))At
Also, one has
lim ||z, =0, i=1,2,3.
v—0t

Indeed, recalling that J5 is coercive and for all v € A, for the solution z;, €
T H(—=00,7,), i = 1,2,3, we get the existence of L > 0 satisfying ||z, || < L,
1=1,2,3 for all v € A. Then, there exists N > 0 with

a(9) ¢ a(9)
/ £t 5, (1)af, (DAL + > / glt, 25, (1)af, (VAL < Nllzy | < NL (34)
0 0

fori =1,2,3, for every v € A. Since x;,, i = 1,2, 3 is a critical point of I,,, we have
I (i) (y) = 0,4 =1,2,3, for all y € X and all v € A. Hence, I, (z;)(x:) = 0,
i=1,2,3, that is,
o(S) a(S)
Tiw)ea) =v [ FafOef 0+ [ gltaf, ) (At
0 0

for all v € A. Then, it follows

0 < F(iv)(@a) = V/OU(S) ft 23, ()x7, (1) At + C/OG(S) g(t, 7, ()7, (1) At
for all v € A. Letting v — 0T by (34), we obtain
lim, |z || =0, i=1,2,3.
This gives the desired conclusion. Finally, we show that the map
vie I(z), 1=1,2,3

strictly decreases in v € A. For any « € X, we have

I(z) =v (jly(‘”) - Jz(x)) . (35)
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Take 0 < v1 < vo < v* and let x;,, be the global minimum of [, restricted to
Ji(—00,14,,) fori=1,2,3, j =1,2. Also put

T (@iv . T
My, = M To(wi0,) = inf (1(9) _ jQ(y))
v yGJl_l(foo,Tiuj) Vj
for every i = 1,2,3, j = 1,2. Then, (33) in conjunction with (35) and v > 0 yields
mi, <0 for i=1,2,3, j=1,2 (36)
Moreover,
My, < My, 1= ]., 2, 3 (37)

due to the fact that 0 < vy < vo. Then, by (35)—(37) and again by the fact that
0 < v <o, we get

Il/2 (miug) = VoM, < VoMyy, < V1M, 1= ]-7 27 3

so that the map v — I,(x;,), i = 1,2, 3, decreases strictly in v € A. Since v < v*
is arbitrary, we obtain that v +— I, (x;,) decreases strictly in v € A.

For positive constants 01, 64, and d, set

62 — v [T F(t,6,)At
ez ’

1
8,4 :=min {202 min

o(S)
— 2w [T B (t, 00 63 — 20 [0 F(t,0,)At
2G Vi ’ 2G% ’

Ko—v [T9(F(t,d) - (t,el))m}.

Gd — G

Theorem 20. Let f : [0, S]rx[0,00) — [0,00) be continuous. Assume the existence
of 01,04,d > 0 such that

04
01 < C\2Ky < —
1 1< 7

and

L e Pt d)ae

S E,00at 2 [T F(, 94)At}
4C2 K,

(A2) max{ ) 02 ’ 02

Then, for every

IS _ HKa 1 min it bi
7S p(t,d)ar 40 JeS Ft, 008 2 [T F(t,04) At

and every continuous g : [0,S]r x R — [0,00), there is 0, , > 0 defined by (38)

such that, for all ¢ € (0,0, ), (Py¢) admits at least three monnegative solutions

x1,%2, T3 € H satisfying

04
< 0, t) < —, < 0O4.
nax lz1(t)] < 61 t;{hﬁéﬁw'“(” 75 e |z3(t)] < 04
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Proof. Choose 0 = 24 and 65 = 6,. So, from (A2) one has

V2
- o(S
J7S B oA 2 fy Yt %)t 2[ F(t,00)At
2 = 2 2
03 07 0% (39)
1)y ) F(t,d)At
4C? K,

and

WO Fwoar 27V P ogar 1 [79 FdA (@0)

03 — 02 B 0% 4C? Kq '
Moreover, taking into account that 67 < C/2K, < \0[ by using (Asz), we have
U [T Rt d) - F(t,0,))AL y O R A VN R A YD,
202 Kd 2C? Ky 0%
a(S a(S
oL O R dar 202 75 Pt d)At
202 Kd 402 Kd
1 O FR A
TeE] K, '

Hence, from (As), (39), and (40), we observe that (A;) of Theorem 17 is fulfilled,
completing the proof. O

The following two results are special cases of Theorem 20.

Theorem 21. Let f; € L'([0,S]r) and fo € C(R). Put F(¢ fo fa(s)ds, £ € R,
and assume the ezistence of 01,04,d > 0 with

04
01 < C\2K; < —

and
(A3) f1(t) >0 for allt € [0, 5]t and f2(£) > 0 for each & € [0, ),

F(0;) 2F(64) 1 F(d)
(Ag) maxy == == 0 < @ g,

Then, for every

Ve Kq ! min{ i i }
(d) [79 fuwyat 402 [79) f A F(61)" 2F(04)

0

and every continuous g : [0, Sy x R — [0, 00), whenever

03 — vE(0y) [ fi(t)At
§€l0,min{2lc,min{ v (12;01 f1(t) 7

~ o(S

02 — 2w (L) [T fLmAL 03 — 20 E(0) [

2% ' 2G04 ’
2G V5
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Ki—v [7 hi()At - (F(d) - F(61) H

Gd — G%
the problem

—(pr®)2 () + q(t)a” (t) = vfi(t) fa (a7 (1)) + Cg(t, 27 (1)), t € [0, S]r,
A _ 2 A _ (PV)
a1z(0) — a2z (0) =0, azz(c?(S)) + agz=(a(S)) =0

admits at least three nonnegative solutions x1,xs,x3 € H satisfying

0 ) < —= 0.

el |z1(t)] < b1, te[(ggfs)hlm( IRS 75 et |25(t)] < 04
Proof. Put f(t,x) = fi(t)fa(x) for (t,z) € [0,S]r x R. Since F(t,z) = f1(t)F(x)
for all (t,x) € [0, S]r x R, from (A4), we obtain (Az). O

Theorem 22. Assume the existence of 01,04,d > 0 with

04
01 < C\2K ;< —
1 d NG
and

(A5> f(§> zFO {;07‘ alé}é’e@ [0700)} (d
(o e [EL00, 2200 P10

62 7 03
Then, for every

402 Kd
Ve (o<s[>(1?<d>’ 1ol ™ { F?@) 2}%@ }>

and every continuous g : [0, S|t x R — [0, 00), whenever

— 02 — 2w (S)F(-10
Ce [o,mm{&mm{ef o($)F () 020 ()P 4>}7

GO 2G V3"
Kq—vo(S)(F(d) — F(61)) }]
Gd — G91 ’

the problem
{—<pr>A<t> +aan(0) = i@ (0) + ot (@), teO.Sk
a12(0) — az®(0) =0, azz(0?(S)) + asz®(a(S)) =0

admits at least three nonnegative solutions x1,x2,x3 € H satisfying

|21(2)] < 61, |lz2(t)] < |23(t)] < B4

1
0y,
€[003 (S)lr 1003 (Sl V2 Y tel00f ()
In the following example, all assumptions of Theorem 22 are fulfilled.

Ezample 23. Consider the nontrivial time scale (see Figure 1)

1
T = {1—211: neNo}U[1,2]U{3}.
Let p(t) =1 and ¢(t) =1 on T. Let

Szl, a1=1, a2:2, Oégzl, Oé4:4,
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FicURE 1. T in Example 23

0 i 3 1 2 3

and

i3 &> 1.

12
f(£)={13§ el
E’

Hence, we have

o(S)=0%S)=1, = % Bo==, C= min{2,2f2, \/i} =2,

I £<1,
F©) = {1 +131n(¢), € >1.

and

We now choose
6, =10"%, 6,=10% and d=10.

Now, it is easy to check that all assumptions of Theorem 22 are fulfilled. Thus, for
every

Jc 87.5 106
14 131n10" 16(1 + 391n 10)
and every continuous ¢ : [0, 1]y x R — [0, 00), whenever

10-16 — y10-104 10°—2v (1 +13In (%0))

-8 Y 1000 ’
GlO 2G vz

1
¢ € |0,min ¢ — min

87.5 — v (1+13In10 — 1071%4)
Gio— G107° 7

the problem
—xB8(t) + 27 (t) = vf(27(t) + Cg(t,27 (1), te€ [0, 1r,
z (%) =222(0), z(1)+42”(1)=0

admits at least three nonnegative solutions x1, x2, and x3 satisfying

1000
max |z1(t <10_8, max |r2(t)| < —=, max |z3(t < 103
te[o,ﬁTl 1(1)] te[o,ﬁr' 2(t)] 7 te[o,ﬁT| 3(t)]

Our final result is concerned with the case { = 0.
Theorem 24. Let f:[0,S]r x R — R be continuous such that £f(t,€) > 0 for all
(t,€) € [0, S]r x (R\ {0}). Suppose

; &8 _; f(8 _
(A7) lime_g (\E\) = lim¢ o0 (‘5‘) =0.
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Then, for all

koK . Kd . Kd
v > v* ;= max { inf 2(5) , inf 205) ,
d>0 [TUF(t, d)At <0 [T F(t, d)At

the problem (P, ) admits at least four distinct nontrivial solutions.

Proof. Put
_ f(tag) if (t7€) € [O’S]T X [0700)7
filt.€) = {O otherwise
and
)= f@=8) it (4,6 €0, S]r x [0, 00),
(t.8) = {O otherwise

and set Fi(t,§) := fg fi(t,s)ds for every (t,&) € [0,S]r x R. Take v > v** and

. K,
d>OWlthI/> m. From
lim fl(t7£) — lim fl(t,é‘) — O,
=0t €] t—oo [

there exist 6 and 64 such that

179 By (t,00)At 1 ST Rt 00) A 1

04
0, < C\/2K, < 24 .
1 <OV2Ra < 7, 62 <10 02 < 8C%

Then, (Az) in Theorem 20 is fulfilled, and

Ky 1 03 03
VN T g Ay 402 M o :
ST Ryt d)At AC ST Rt 00)AE 2 [T Fi(t,04) At

Hence, the problem (ny o) admits two positive solutions z; and x2, and they are
positive solutions of (P, ). Next, by the same arguments, from

(A R (15

:07
=0t €] g [

we guarantee existence of two positive solutions z3 and x4 for (ny%) Clearly, —x3
and —x4 are negative solutions of (P, ), and the proof is complete. O

Remark 25. We remark that in Theorem 24, f is not assumed to be symmetric. But,
if f # 0 is odd and continuous satisfying f(¢,£) > 0 for all (¢,&) € [0, S]r x [0, 00),
then (A7) may be substituted by

(Ag) lime_o+ f(gf) = lime o f(gﬁ) =0,

guaranteeing existence of at least four distinct nontrivial solutions of (P, ) for

. K
every v > inf —
y d>0 foa(s) F(t.d)At



28 S. HEIDARKHANI

5. THE EXISTENCE OF INFINITELY MANY SOLUTIONS

5.1. Main results. Let T be a time scale, that is, a nonempty closed subset of
R. In particular, T = R and T = 7Z are examples of time scales corresponding
to differential and difference equations, respectively. Let T" > 0 be fixed and sup-
pose 0,7 € T. The aim of this paper is to investigate the existence of infinitely
many solutions for the following second order Sturm—Liouville type boundary value
problem on time scales:

—(pu)2(t) + q()us (t) = vf(t,u (t) + Cg(t,u” (1),  te[0,T)r,
a1u(0) — apu®(0) = 0, azu(c?(T)) + asu?(a(T)) = 0,

where p € Cl([OvU(T)]v (0,400)), q € C([0,T7,[0,+c0)), f,g € C([0,T] x R,R),
v>0,¢>0 o >0 fori =1,2,3,4, 0(0) =0, o(T) =T and a1 + ag >
0,as3 +ag4 > 0,1 + a3 > 0.

In this section, we study the existence of solutions for the second order Sturm-—
Liouville type boundary value problem on time scales (Pf ’Cg) which turns out as
an optimization problem on time scales which arises in economics and finance.
In fact, employing a smooth version of [25, Theorem 2.1], under an appropriate
oscillating behaviour of the nonlinear term f, we determine the exact collections
of the parameter v in which the problem (P,fc g) for every non negative arbitrary
function g : [0, T]xR — R which is measurable in [0, 7] and of class C! (R) satisfying
a certain growth at infinity, choosing ¢ sufficiently small, admits infinitely many
solutions (Theorem 27). Replacing the oscillating behaviour condition at infinity,
by a similar one at zero, we achieve a sequence of pairwise distinct solutions which
converges to zero (Theorem 32). We also list some consequences the main results.
The applicability of our results is illustrated by an example.

We formulate our main results discussing the existence of infinitely many so-
lutions for the problem (Puf Cg) Our main tool to ensure the results is a smooth
version [25, Theorem 2.1] which is a more precise version of Ricceri’s variational
principle [59, Theorem 2.5] that we now recall here.

Theorem 26. Let X be a reflexive real Banach space, let J1,Jo : X — R be
two Gateaux differentiable functionals such that Jy is sequentially weakly lower
semicontinuous, strongly continuous, and coercive and Jo is sequentially weakly
upper semicontinuous. For every r > infx J1, let us put

SUD,, ¢ 71 (— oo,y J2(1) — T2(u)

o(r) = inf
(r) weJ  (—o0,r) r—J1(u)
and
0 :=liminf o(r), 0:= liminf r).
r—+400 <P( ) r—(infx J1)* SD( )

Then, one has

(a) for every r > infx J1 and every v € }O, [, the restriction of the func-

1
o(r)
tional I, = J, —vs to jl_l(} —00,r]) admits a global minimum, which is
a critical point (local minimum) of I, in X.

1
(b) If 0 < +oo then, for each v € }0, ] {, the following alternative holds: either
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(b1) I, possesses a global minimum,
or
(be) there is a sequence {un} of critical points (local minima) of I, such that

lim Ji(u,) = +o0.
n—-—+00

1
(¢) If § < +o0 then, for each v € ]0, 5 [, the following alternative holds:

(c1) there is a global minimum of J1 which is a local minimum of I,,,
(co) there is a sequence of pairwise distinct critical points (local minima) of I,
which weakly converges to a global minimum of Ji.

We refer the interested reader to the papers [29,34,44,45] in which Theorem 26
has been successfully employed to discuss the existence of infinitely many solutions
for boundary value problems.

For convenience, put

a(T)
sup F(t,x)At
A= lminf == ——,
o(T)
F(t,6)At
B = pia) 2 lim sup —fo g :¢) ,
Jo 7 a@®)AL + B1p(0) + Bop(a(T)) &—+oo 3
1
vy = E
and
_ 1
2T o0a

Theorem 27. Assume that
(B1) F(t,z) >0 for each (t,z) € [0,T] x [0,400);

(B2)
A< ! B
2027
Then, for each v €]vy, 2] for every nonnegative arbitrary function g : [0,T] xR — R

which is measurable in [0, T] and of class C*(R) satisfying the condition

o(T
g = limsup fo( )Sup\zléﬁ G(t,z)At
- E—+o0 52

< +00 (43)

and for every ¢ € [0,(y,,[ where

1

= 367 (1-2vC?A), (44)

Cg,u :
the problem (Pufgg) has an unbounded sequence of solutions in HA([0,02(T)]).

Proof. Our aim is to apply Theorem 26 to the problem (Pufcg) Take X = HA([0,0%(T)))
and let the functionals J1, J5 for every u € X, defined by

Fi(w) = 5l (45)
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and
o (T) o(T)
Jo(u) = /0 F(t,u’(t))At + %/0 G(t,u’(t))At.

Let us prove that the functionals J; and J5 satisfy the required conditions in
Theorem 26. It is well known that 75 is a differentiable functional whose differential
at the point u € X is

o(T) o(T)
F = [ s opeware s [ gt o war

for every v € X, as well as is sequentially weakly upper semicontinuous. Moreover,
J1 is continuously differentiable whose differential at the point u € X is

o?(T) a(T)
T (w)(v) = / p(t)u ()™ (1) At + / a(tyu (£)” (1) At
+Bup(0)u(0)0(0) + Bap(o(T))ulo® (T))v(0*(T))

for every v € X. Moreover, J; is sequentially weakly lower semicontinuous and
coercive. Therefore, we observe that the regularity assumptions on J; and Js,
as requested in Theorem 26, are verified. Let {&,} be a real sequence of positive
numbers such that lim,, ;. &, = +00, and

o(T)
/ sup F(t,x)At
0

L o] <€n
A= lim ¢2
Put
&
Tn = 202 .

1
If u € J*(—00,r), then Ji(u) < 7, that is §||u\|(2) < 1. Hence, by Lemma 2, we
have |u(t)| < Cy/2r, = &, for every t € [0,0%(T)]. So
o(T)
sup  Jo(u) < / sup F(t,z)At.
Ji(u)<rn 0 || <&n

Therefore, since 0 € J; (=00, 7,) and J1(0) = J2(0) = 0, one has

) ce Bt oo P2(W) = () SWue gt (oo T2(W)
P\T'n = m =
uEJfl(—ooﬁn) Tn — jl(u) Tn

sup / " [F(t, u(t)) + %G(t, u(t))} At

u€Jy  (—o0,ry,) /0

O’(T) C
/ sup F(t,z)A / sup G(t,z)At
0

lz|<&n lz|<&n
< -
o(T) G(T)
/ sup F(t,z)At / sup G(t,x)At
I A =11 +2§CQ 0 |z|<én

K v &
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for all n € N. Consequently, from the assumption (Bs3) and the condition (43) one
has

0 <liminf ¢(r,) < 202 (A + Cgoo> < +o00.
v

n—-+4oo
Now, let {n,,} be positive real sequences and for all n € N, and

Define wy, (t) = n, for all t € [0,T]. Clearly, w, € X, from (45), we have

o(T) 772
Ji(wy) = (/0 q(t) At + B1p(0) + ﬂzp(U(T))> j (46)

On the other hand, since g is non negative, bearing the assumption (B;) in mind,
from (45) one has

o(T) ¢ a(T)
T2 (wy,) :/ F(t,m,)At + ;/ G(t,mn) At
0 0

T
2/ F(t,mn)At.
0
Then,
Iu(wn) :jl(wn) - Vj?(wn)

2

o (T) n2 o(T)
< (/O q(t)At + B1p(0) + ﬂzp(U(T))> 3~ V/o F(t,m,)At.

Now, consider the following cases:
If B< 400, let ee ]O, B - 1 { There exists v, such that
v

2
n

o (T) a(T) n
[ Fmdes 59 ( [ awacs s+ ﬁzp(U(T))> i
0 0

for all n > v,, and so

o(T) o(T)
Lw,) < ( [ ot o0+ BQP(U(T))> R O

a(T) 2
= </O q(t)At + Bip(0) + ﬁzp(U(T))> %”(1 —v(B—¢)).

Since 1 — v(B —€) < 0, and taking (46) into account, one has

lim I, (wy,)= —oo.
n T (t0n) = —00

If B=+4o00, fix N > % There exists v such that

2

o(T) a(T) 7
[ Femses N ( [ awat+ s + 52p<a<T>>> .
0 0

for all n > vy, and moreover,
2
(1 —wvN).

o(T) n
L(wn) < ( [ awars o) +ﬁ2p(0(T))> I
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Since 1 — vN < 0, arguing as before, we have

lim T,(w,) = —o0.

n—-+oo

LI P P
B’20%A a2k

and I, does not possess a global minimum, from part (b) of Theorem 26, there
exists an unbounded sequence {uy} of critical points which are the solutions of
(Plfc 7). So, the conclusion is achieved. O

Notice that

We present an example to illustrate Theorem 27 as follows.

Ezample 28. Let T={2 :n=1,2,...} U{0} and T = 1. Consider the problem

{UM@ = vf(u” (1)),

t
u(0) — 2u”(0) = 0, ut(3) =0,
)

where f(£) = 26+40¢ sin® (€ —1)+40&2¢¢ sin(e€ —1) cos(ef —1) and g(¢&) = L3/ for
every £ € R. By the expressions of f and g, we have F(§) = ¢ (1 + 20sin?(ef — 1))

and G(&) = /€7 for every £ € R. We observe that C' = 2. By simple calculations,
we see that

€ |0, I]T, (47)

su F(x 2 (14 20sin?(ef — 1 21
tm g 2Pt ) € e D) i £0F0
£—+o0 g £—+o0 § E——+o0 f
F 2 (1+20sin?(ef — 1 2(142
lim sup @ = limsup5 ( + 51211 (e )) = lim sup M =21,
g—too & £—+o0 3 oo £
sup < G(x /€T 1
Joo := limsup Plaj<e AT \S2§ @) = lim sup f = limsup — = 0 < +o0,
£—+o0 g §—+o0 5 §—+o0 55
(651 1 .
— ==, ifag>0
ﬂl _ o 27 I a2 9
0, if ap =0,
DB _0, ifay >0,
ﬂQ = (6%}
O, if a4 = 0,
4
1 2T 1 3
Mlzx/imax B " 7 ( ) \[max 7§
B1p(0) MINie(o,0(T)]p(t) 11
2
4
1 2(T 1 9
Mg:\@max y — (1) = V2 max *,i )
B2p(0) MiNte(o,o(T))p(t) 01

(@)
o

ool

minge(o,7)q(r) MiNse(0,0(T))p(1)

Mg\@max{ ,"U(T) 'UzT \[max{
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and where % = 400,

= 4 SUp|y<e F(x 4
A = liminf lz|<¢ zflirninfp||§7§():77
§—+o0 £2 3 €—+o0 £2 3
2 , JTT F( )AL
B= o (T) limsup =————
Jo o a®)At + Bip(0) + Bap(o(T)) &—+oc ¢
2 4
04+-+40
2
1
and C = min{ My, My, M3} = \/ﬁ—l = 2. We clearly see that all assumptions
Vi
4 112 1
A=< —=—
3 8 202

1
are satisfied. Then, for every v € ( and for each ¢ € [0, +00) the problem

3
1127 32
(47) admits a sequence of solutions which is unbounded in H} ([0, o%(1)]).
Remark 29. Under the conditions A = 0 and B = 400, Theorem 27 deduces that
for every v > 0 and for each

1
[0 |
¢ [ 2C? g0

the problem (Pf’cg) admits infinitely many solutions in H} ([0,0%(T)]). Moreover,
if goo = 0, the result holds for every v > 0 and ¢ > 0.

Remark 30. Put
ﬁl =1

and
1

IO suppyi<e, Flta)At— [T F(t,b)At

2 7D g(t)At + Bip(0) + Baplo(T))
202 2
We explicitly observe that the assumption (As) in Theorem 27 could be replaced
by the following more general condition:

(B3) there exist two sequence {c,} with {b,} for all n € N and

1
by, < A

202 ( ST () At + Bip(0) + ﬂw(o(T)))

for every n € N and lim,,_, ; o, ¢, = +00 such that
fOU(T) SUP |y <, F(t, ©) At — fU(T) F(t,b,)At

n—-+oo i - fOU(T) q(t )At"‘,@lp( )+ﬁgp(a( >b2
202 2 !

2 fOU(T) F(t,n,)At

lim sup 5

< o(T)
7 q(t) AL+ Bip(0) + Bap(a(T)) oo 2

Vg =

11mn~>+c>o

b3
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Obviously, from (As) we obtain (As), by choosing b, = 0 for all n € N. Moreover,
if we assume (Bs) instead of (Bg) and set
o
207
for all n € N, by the same arguing as inside in Theorem 27, we obtain
(SUDye 7t (— o0,y J2(1) = Ta(u)
plra) = nf e

uejfl(foo,rn) Tn — jl(u)
o(T) a(T)
sip Talu) [ / F(t,u(t>)m+§ / G(t,u(t))At]
0 0

uejl_l(foo,rn)
o Tn — \71 (u)
fOU(T) SUD <, F(t, ) At — fU(T) F(t,b,)At

c2 B fOJ(T) q(t)At + B1p(0 )+ﬁ2p(0( ))bp

2C? 2
We have the same conclusion as in Theorem 27 with A replaced by A’ :=]dg, Ds|.

Ty =

IN

Here we point out the following consequence of Theorem 27.
Corollary 31. Assume that (A1) holds and

a(T)
. f Sup|z|< F(t,.’L')At 1
(By) liminfe o =2 | 255 < ﬁ;
o(T)
. F(t,§)A t)At + 1p(0) + Bap(a(T))

(As)  limsupg_ Jy e fo 5 .
Then, for every nonnegative arbitrary function g : [0,T] x R — R which is mea-
surable in [0,T] and of class C*(R) satisfying the condition (43) and for every
¢ €10,¢g1[ where

<g71 = m (1 - 20214) 5

the problem

—(pu)2(t) + a(t)u” (t) = f(t, w7 (1) + Co(t,u” (1), te[0,T], f.9
A(Q) = > A _ (PLe)
au(0) — agu=(0) = 0, asu(o*(T)) + asu=(o(T)) =0,

has an unbounded sequence of solutions in HA([0,02(T)]).

In the same way as in the proof of Theorem 27 but using conclusion [(¢) of
Theorem 26 instead of [(b), we will obtain the following result.

Theorem 32. Assume that all the hypotheses of Theorem 27 hold except for As-
sumption (Bg). Suppose that
(Bs) .
A< = B
202 (f7 " q(t)At + 51p(0) + Bap(o(T)))

where

o(T)
/ sup F(t,x)At

- . |z|<g
A = lim inf
£—0+ &2
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and

B= 2 lim sup —fOU(T) Fit, §)At.
I a() At + Bip(0) + Bap(o(T)) €0t &
Then, for each v €]vs, v4| where
1
V3= 5
and
1
V= 9eea

for every nonnegative arbitrary function g : [0,T] x R — R which is measurable in
[0,T] and of class C*(R) satisfying the condition

o(T)
go = limsup fo "MPizise Glt, ) At

m e < 400 (48)

and for every ¢ € [0, (g, [ where

(49)

a(T)
o 1 PRTIE fO SUP|z|<e F(t,:c)At
@mV*'mﬁg)<l 20" It & ,

the problem (Pl{’gg) has a sequence of pairwise distinct solutions which strongly con-
verges to 0 in HX([0,0%(T)]).

Proof. We take J; and J2 as in the proof of Theorem 27 and put Iy (u) = Ji(u) —
vJ2(u) for every u € HA([0,0%(T)]). Since

o(T) 5
/ sup [F(t,z) + 2G(t, x)] At
0 1%

lz|<¢
€2
o(T) o(T)
/ sup F(t,z)At _/ sup G(t,z)At
0 |e[<¢ L SJo mlse

taking into account (48) one has

o(T) 6
/o sup [F(t,u(t)) + = G(t,u(t))]At

i 7
lim inf lrI=¢
£—0+ 52
o(T)
/ sup F(t,x)At  _
.. 0 |z|<€
< 1 f =qo.
e

We verify that § < +o00. For this, let {£,} be a sequence of positive numbers such
that &, — 07 as n — +oo and

o(T) C
/ sup [F(t, x)+ 2G(t, z)| At
0

<t v
el < 400.

1
nmFoo a
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Put
a(T)
/ sup F(t,x)At
T 0 |z|<En
4=, &
and ,
Tn = En
202

for every n € N. Therefore, from assumption (Bj) and the condition (48) one has

§ < liminf ¢(r,) < 20? (A + <go) < 4o00.
U

n—-+4oo

Let us show that the functional I; does not have a local minimum at zero. For this,
let {n,} be a sequence of positive such that 7, — 0% as n — 4o00. Put

P . 17T e, )AL
J70 g(#) At + B1p(0) + Bap(o(T)) n—0* m

Let {w,} be a sequence in HA([0,02(T)]) with w,(t) = n, for all t € [0,T]. More-
over, since g is non negative, from the assumption (B;) we obtain

B:

(50)

o (T) ¢ o(T)
T2 (wy,) :/ F(t,n,) At + 5/ G(t,mn) At
0 0

o(T)
2/ Ft, )AL,
0

Then,
Il_/(wn) = jl(wn) - Dj?(wn)

S foU(T) q(t)At + 512]9(0) + Bap(o(T)) 7772L — /U(T) F(t,n,)At.
0

Consider the following cases.
If B < 400, let £ €]0, B — 1[. By (50), there exists v. such that

o o(T)
/ (T) Ftn)At > (B —e) 7 gt At + 61217(0) + ﬁZp(U(T))nZ
0

for all n > v,, hence

a(T) o(T)
I <JoSOREPPO LD i3y [T w0y
0
o(T)
_Jo aAt+ /6’12p(0) 0T oy )
Since 1 — 7(B — ) < 0, and by considering (46), one has
lim Iz(wy,) =0.

n—-+oo

IfB:-i-OO, fix Ng >

NI

. There exists vy, such that

SO GO At + B1p(0) + Bap(o(T)) 7?2
2 n

o(T)
/ F(t,’f]n)At > Ny
0
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for all n > vy,, and moreover,

o(T)
q(t)At + B1p(0) + Bap(o(T B
I3 OB )+ oo sy
Since 1 — 7Ny < 0, and as above, we can say
lim I (w,) =0.

n—-+4oo

Ip(wy) <

Since I; = 0, this implies that the functional I; does not have a local minimum at
zero. Hence, part (¢) of Theorem 26 ensures that there exists a sequence {u,} in
HA([0,0%(T)]) of critical points of I, such that |lu,| — 0 as n — oo, and the proof
is complete. (I

6. CONCLUSION

Optimization problem consists of maximizing or minimizing a real function. Op-
timization problems are ubiquitous in the mathematical modeling of real world
systems and cover a very broad range of applications. These applications arise in
economics and finance. Global optimization has its focus on finding the maximum
or minimum over all input values. On the other hand, the calculus on time scales
is a powerful tool to unify discrete and continuous analysis and is also applicable to
any field in which dynamic processes can be described with discrete or continuous
models, such as economics and finance. In this thesis, we have searched for the
existence of local minima for the Euler functionals corresponding to a adynamic
Sturm—Liouville boundary value problem on time scale, and we have proved the
existence of one, three and a sequence of solutions for the problems employing vari-
ational methods and critical point theory. We have presented examples to illustrate
the abstract results.
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