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ABSTRACT. Some recent existence, multiplicity, and uniqueness results for sin-
gular p-Laplacian systems either in bounded domains or in the whole space
are presented, with a special attention to the case of convective reactions. A
extensive bibliography is also provided.

1. Introduction. This survey paper can be divided into two parts. The first one
(cf. Section 3) treats singular quasi-linear Dirichlet systems in bounded domains.
So, we study problems of the type

—Apu = f(z,u,v,Vu, Vo) in Q, u >0 in Q, u|lspa=0,

1
—Agv=g(z,u,v,Vu, Vo) in Q, v>0 in Q, v|sa=0, (1)

where 1 < p,q < oo, the symbol A,. denotes the r-Laplace operator, namely
Ay = div(|Vu|""2Vu),

Q) is a bounded domain in RN, N > 3, having a smooth boundary 9, while
f,9: Q% (RY)2 x (RV)2 — R fulfill Carathéodory’s conditions and are singular at
zero with respect the solution (u,v) or even its gradient (Vu, Vo).

If p = ¢ = 2 then various special, often non-convective, cases of (1) have been
thoroughly investigated; see Section 3.1 below. In particular, the monograph [33]
gives a nice introduction to so-called singular Gierer-Meinhardt systems. Here, we
simply make a short account on some recent existence, multiplicity, or uniqueness
results when (p, q) # (2, 2), as well as the relevant technical approaches. Regarding
this, let us also point out Chapter 7 of [58].

The second part (cf. Section 4) carries out a similar analysis for singular quasi-
linear systems in the whole space. Hence, it deals with situations like

—Apu = f(z,u,v,Vu, Vo) in RN, 4 >0 in RV,
—Ayv = g(z,u,v,Vu, Vo) in RN, v >0 in RV,

(2)
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The literature on problem (2) looks not fully exhaustive. For instance, two basic
questions seem to be still open. Precisely,

e the existence of multiple solutions, even for semi-linear non-convective sys-
tems, and
e the uniqueness of solutions.

Moreover, as far as we know, no previous book or survey is already available.

Both parts contain four sub-sections. The first represents a historical sketch of the
semi-linear setting. The next two address existence, multiplicity, and uniqueness in
the non-convective case. The fourth is devoted to singular systems with convection.

It may be useful to emphasize that [37] treats non-local singular elliptic problems
while [66, 71] pertain singular parabolic systems. For the sake of brevity, they are
not examined here.

We apologize in advance for possibly forgetting significant works, but the pro-
duction on (1)—(2) is by now extensive and our knowledge is somewhat limited.

2. Basic notation. Let X () be a real-valued function space on a nonempty mea-
surable set Q C RN If uy,up € X(Q) and uy(z) < ua(x) a.e. in Q then we simply
write u; < us. The meaning of u; < us, etc. is analogous. Put

Xy ={ue X(Q):u>0}.

The symbol u € Xjoc(2) means that u : @ — R and u| g€ X (K) for all nonempty
compact subset K of 2. Given 1 < r < oo, define

We denote by Aq, the first eigenvalue of the operator —A, in Wol’r(Q). Ifr<N

then
Nr

N-—7r’

Let us next recall the notion and some relevant properties of the so-called Beppo
Levi spaces Dé’T(RN ), systematically studied for the first time by Deny and Lions
[25]. Set

r¥ =

DY = {z € L (RY) : |Vz| € L"(RN)}
and write R for the equivalence relation that identifies two elements in DL whose
difference is a constant. The quotient set D", endowed with the norm

1/r
el = ( / Vu@c)r”dx) ,
RN

turns out complete. Indicate with Dy (RN) the subspace of D" defined as the
closure of C§°(RY) under || - ||1,, namely

r o [ RO
Dy (RY) := Ce(RN) .
Dé*"r(RN ), usually called Beppo Levi space, is reflexive and continuously embeds in
L™ (RN), ie.,

Dy (RY) > L7 (RY). 3)
Consequently, if u € D(l)’r(RN ) then u vanishes at infinity, meaning that the set
{z € RN : |u(z)| > ¢} has finite measure for any ¢ > 0. In fact, by Chebichev’s
inequality and (3), one has

{z € RV : Ju(@)| 2 e}l < e Jullie < (e ullr)™ < +oc,
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where ¢ > 0 is the best constant related to (3). The monographs [28, 51, 69] provide
an exhaustive introduction on this topic.
Finally, R* :=]0, co[ and

aVb:=max{a,b}, a* :=aVv0, aAb:=min{a,b} Va,beR.
If Q is a bounded domain in RY then
d(z) := dist(z,09Q), =€ Q, (4)

while Q' cC Q means ' C Q.

3. Problems in bounded domains.

3.1. The case p = 2. As far as we know, the study of singular semi-linear ellip-
tic systems in bounded domains started with the paper [14], devoted to Gierer-
Meinhardt’s type problem (see [54])

_Au:—u—i—g in, u>0inQ, ulsga=0,
v

(5)

_Av:—av—f—g in, v>0 inQ, v[pa=0,
v

where 2 denotes a smooth bounded domain in RY, N > 1, while o € RT. More gen-
eral right-hand sides were then considered in [15, 47, 32]. The work [56] investigates
the system

p1
—Au = u? — uﬁ in, >0 in Q, ulsa=0,
v 1
uP2 . . (6)
—Av = pv?? — in, v>0 inQ, v[pa=0.

fl}62
Here, q1,q2, 81,82 €]0,1[, p1,p2 € RT, and A, 1 are two positive parameters. Define

p2(1 — g2) B1(1 —q1)

0= ———— =

(14 B2)(1 —q1)’ T (l=p)(1—q2)

An adequate sub-super-solution method yields the following

Theorem 3.1 ([56], Theorem 1.1). If ¢1 < p1 then there exists c1 > 0 such that
(6) admits a solution (u,v) € C1*(Q)? for all A >0, p > c1A\°.

If ¢ > p1 then there exists co > 0 such that (6) has no solution once p > 0 and
A< cop™ .

Two years before, in 2008, Hernandez, Mancebo, and Vega [44] established the
existence of classical solutions to the problem

Liu= f(z,u,v) in Q, u>0 inQ, ulpn=0,
Lov = g(z,u,v) inQ, v>0 inQ, v[po=0,

(7)

where £; denotes a linear, second-order, uniformly elliptic operator in non-divergence
form while f,g: Q x (RT)? — R are smooth enough. They examined both the co-
operative and the non-cooperative situations; see [44, Theorems 2.1-2.2]. Here,
cooperative means that the reaction f(z,-,:) and g(x,-,-) turn out increasing on
R* with respect to each variable separately. A uniqueness result is also obtained
provided (7) turns out cooperative and concave, namely

flz,ms,7t) > 7f(x,8,t), g(x,7s,7t) > 7g(x,s,1)
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for all 7 €]0,1] and (z,s,t) € Q x (RT)?; cf. [44, Theorem 2.3]. Many special cases
are finally discussed. Singular systems driven by other linear, second-order, elliptic
operators in divergence form were treated in [8].
Let us next point out that the paper [43] contains a uniqueness result (cf. [43,
Theorem 2.2]) where no cooperative structure is supposed.
In 2015, Ghergu [31] thoroughly investigated both existence and uniqueness of
classical solutions to the model system
—Au=u" 40" inQ, u>0 inQ, uloa= 0, ®)
—Av=0v"2+¢% inQ, v>0 in Q, v]oa=0
for a;; V 5; < 0,4 =1,2. The work [55] (see also [30]) contains a similar analysis on
the problem
—Au = K;(z)u®v? in Q, u>0 in Q, u[po=0, ©)
—Av = Ky(z)v*2u®? in Q, v>0 in Q, v|ga=0,
where, as before, a; V 3; < 0 and K; € C%%(Q), i = 1,2, with o € (0,1).
The existence of solutions to singular convective elliptic systems was firstly stud-
ied by Alves and Moussaoui [2] in 2014.

Theorem 3.2 ([2], Sections 3-4). Let —a;,3; € [0,1] and g; € CO(R*V R*) be
bounded, i = 1,2. Then the problem

—Au =" 07 + ¢ (Vu, Vo) in Q, u>0 inQ, ulsa=0,
—Av = u®? +uP? + go(Vu, Vo) in Q, v>0 inQ, v[so=0
admits a solution (u,v) € H}(Q)? N C?%(Q)2.

Finally, the very recent work [18] treats quasi-linear Schrodinger elliptic problems
with both singular and convective reactions, while [11] concerns singular systems
having quadratic gradient terms.

2. Existence and multiplicity. To shorten notation, given p,q €]1, co|, write

XP(Q) = WLP(Q) x WhH(Q),

XPA(Q) = Wik (92) x Wigd(9),
X5I(Q) = WyP(92) x Wy ().
Moreover, if (uq,v1), (uz, v2) € X[24(Q) then (u1,v1) < (u2,v2) means both uy < uy

and v; < vs.
To the best of our knowledge, the first existence result for singular quasi-linear
problems dates back to 2007 and examines the case

—Apu = v™ +07 inQ, u>0 inQ, ul o= 0,
A =u*?+u" inQ v>0 inQ, v|ge=0.
Here, a; < 0 < 3;, while N > 2.

Theorem 3.3 ([1], Theorem 1.1). If 1\2[—11 <pg < N and 0 < —a;, 3 < 6,
i=1,2, with

! /
01 := min{l,p—l,f}/}7 0 := min{l,q—l,zl},

then (10) has a weak solution (u,v) € X§9(Q).

(10)
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Its proof employs a result on nonlinear eigenvalue problems with lack of bifurca-
tion due to Rabinowitz [65] and a Hardy—Sobolev type inequality [45].
Now, consider the general problem
—Apu = fz,u,v) inQ, u>0in Q, ulgn=0,
—Aw=g(z,u,v) inQ, v>0 inQ, v[pa=0,

(11)

where f,g: Q x (RT)? — R fulfill Carathéodory’s conditions. In 2012, El Manouni,
Perera, and Shivaji [27] investigated (11) under the assumptions below.

(a;) The functions ¢ — f(z,s,t) and s — g(z,s,t) are increasing in RT, namely
system (11) is cooperative.
(ag) For every 0 < sg < s1 and 0 < ¢y < t; one has

sup flz,s,t) < 00, sup gz, s,t) < 00,
Qx[s0,81]%]0,t1] Qx]0,s1] x[to,t1]

as well as

sup  max{|f(z,5,0)],|g(x, 5, )|} < oc.

Qx[s0,51] % [to,t1]

They seek solutions (u,v) € X{9(Q) that satisfy the differential equations in the
sense of distributions, i.e.,

/ |Vu|p_2vu . VstéU - / f('7u7v)sodx VSD € 080(9)7

Q Q
/|w|q—2w-wdx=/g(-,um)wdx Vi€ CR(),
Q Q

and, moreover, u,v € C°(€).
A pair (u,v) € XP1(Q) is called a sub-solution of problem (11) provided f(-, u,v)
e LY (Q), g(-,u,v) € L7 (), and
—Apu < f(ru,v) in Q, —Apy < g(,u,v) inQ, uVv<0 on Q.

A super-solution (@, ) is defined similarly, by reversing all the above inequalities.
Let {e,} C RT satisfy €, — 0. Set, for every n € N, (z,s,t) € Q x (R")?,

fu(z,s,t) = f(x,sVen, tVey,), gi(x,st)=g(x,sVe,,tVey),
and consider the sequence of regularized systems

—Apu = fp(z,u,v) in Q, ulg=0,
—Ayv = gp(z,u,v) in Q, vig=0.

(12)

Theorem 3.4 ([27], Theorem 3.1). Suppose (a1)—(ag) hold. If, for each n € N,
there exist a sub-solution (u,,v,) and a super-solution (Un,,v,) to (12) such that
(Mmﬂn) S (ﬂnaﬁn%

inf essinf (u, Av, ) >0
neN o (7n 777,)

whenever Q' CC Q, and

sup esssup (U, V 7,) < 00,
neN Q

then (11) admits a distributional solution (u,v) € CL%(Q)2 N CO(Q)2.

loc
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Sufficient conditions for the existence of sub-super-solution pairs to (12) are given
in [27, Sections 4-5]. As an example, via Theorem 3.4 one can show that the model
problem (cf. (8))

—Apu =u™ + 0P in Q, u>0 in Q, ulso=0,
—Agv =02 +pu? in Q, v>0 in Q, v[sa=0,

where a1 V as < 0 and 87 A B2 > 0, possesses a solution provided g > 0 is small
enough. Moreover, singular semi-positone systems, i.e., lim, o+ f(x,s,t) = —oc0
uniformly in (z,¢) and lim;_,q+ g(x, s,t) = —oo uniformly with respect to (z, s), are
investigated. Let us also mention the papers [50], [46], and [16]. In particular, [16]
deals with a non-cooperative system.

One year later, Giacomoni, Hernandez, and Sauvy [35] obtained the general
results below, where f, g € C1(2 x (RT)?), through a different notion of sub-super-
solution.

We say that (u,v), (w,v) € XP:1(Q) N C°(Q)? are a sub-super-solution pair to
(11) when u, v, @, T are locally uniformly positive, (u,v) < (@,7), and for any
(u,v) € [u,u] x [v,V] one has

7AP@ < f('aﬂ7v)7 7APQ < g('auay)a 7Apﬂ > f('aﬂa ”U), 7Ap6 > g('a u7ﬁ)
in Q. The set C := [v,7] X [u,T] is usually called trapping region; cf. [10].

Theorem 3.5 ([35], Theorem 2.1). Let (u,v), (u,v) € X)) be a sub-super-
solution pair to (11) fulfilling:

u,
U,

(a3) U < c1d" and U < cd?, with appropriate c1,ca,v1,72 € RT.
(a4) There exist c3,cq € RY, 61,02 € R such that

If (- u,v)| < c3d®, lg(-, u,v)| < c4d®? Y (u,v) € C.
(as) For suitable cs,cq, 01,00 € RT one has

of 99

s ('aua U) < C‘Gdélig1 ot ('7“7'0) < 66d627023 ('LL,’U) ecC.

)

Here, d is given by (4). Assume further that
1 1
o1 > —2+];+(0’1 —’)/1)+7 b > _2+6+(02 —72)-’_.
Then (11) admits a weak solution (u,v) € C.
Theorem 3.6 ([35], Theorem 2.3). Suppose (u,v),(W,v) is a sub-super-solution
pair to (11) complying with (ag). If
of 9y

a(az,s,t) >0, g(x, 5,t) >0 V(z,s,t) € Qx (RT)? (13)

and there exist c7,cg € RT, 11,12 € R such that

0
‘ai("uav)

for d as in (4), then (11) possesses a distributional solution (u,v) € C.

< c7d™, < cgd™ V(u,v) €C,

dg
a('vu’ U)

Proofs are based on a very nice, non-trivial use of Schauder’s fixed point theorem.
Applications to the model problem

{—Apu = Ki(z)u™ v in Q, u>0 in Q, ulso=0,

(14)
—Ayv = Ky(z)v*2u in Q, v>0 in Q, v[ga=0,
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where K7, Ky satisfy appropriate conditions while
ap<p—1, aa<q—1, (p—1—ai)(g—1—as) > |8182| >0, (15)

are furnished. Evidently, (14) becomes (9) for p = ¢ = 2. See also [21], where
p=qg< N, Ky € L*(Q)y, Ky € L7(Q)4 for some 7y > %,

0<51 <1/\(p—1), -1 <a; <p—51—1, a9 2251—1, 52 =oa1+ 1.
A special case of (14) was treated in [59] (cf. in addition [20]), namely
{Apu =u0” inQ, u>0 inQ, ulga=0,

(16)
—Agv = v w2 inQ, v>0 inQ, v[oa= 0.

Theorem 3.7 ([59], Theorem 1.1). Let 1 < p,q < N and let o, 5; satisfy

1 1
24+ -<a1 <0, 24+-<ay <0,
b e (17)

0<ﬁ1<%(p—1—a1), 0<52<B(q—1—a2).

q
Then (16) has a weak solution (u,v) € X5(Q) N L>(Q)%.

Remark 3.8. It should be noted that (17) forces (15). Moreover, both (13) and
(17) basically entail (ay).

System (16), with a competitive interaction between the two components v and v
was thoroughly studied by Giacomoni, Schindler, and Taka¢ [36]. Recall that (11)
is said to be competitive if

(a}) The functions t — f(z,s,t) and s — g(x, s,t) are decreasing on R*.

In the situation above this means 81V 82 < 0. Under the sub-homogeneity condition

(p—1—a1)(g—1—a) > 12 (18)

and suitable upper bounds regarding «;, 8;, they proved that (16) admits a solution
(u,v) € XP9(Q) N C%*(Q)2. When p = g, see also [70].

Existence results for problem (11) where the competitive structure (a}) is allowed
can be found in [60, 61].

The recent work [4] examines singular (p(x), ¢(z))-Laplacian problems with sin-
gularity coming through logarithmic reactions that involve variable exponents
growth conditions; cf. also [3, 57].

As far as we know, till today, much less attention has been paid to multiplicity
of solutions. Actually, we can only mention the papers [68, 12, 26, 5, 49]. The first
deals with singular p(x)-Laplacian systems while the second is devoted to quasi-
linear problems driven by (®;, ®5)-Laplace operators. Theorem 1 in [26] considers
the case when f,g do not depend on x, are positive, entail a cooperative structure,

and fulfill
f t g(s,t
(S, ) = Jl > )\Lp, lim 7( ! )

lim ——=
s—+oo sP—1 t—+oo td—1

=Jy > )\Lq.

Two smooth solutions are obtained combining sub-super-solution methods with the
Leray-Schauder topological degree. A different approach is adopted in [5]. The
differential operators, which include the r-Laplacian as a special case, are neither

homogeneous nor linear, while

f(z,s,t) = Ky (x)s™ 4+ ?(aﬁ,s,t)7 g(x,s,t) := Ko(x)t*? + %(m,s,t),
s
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where K; € L=(Q), a; < 0, and h € C'(Q x R?) satisfy appropriate conditions that
permit the use of variational methods. Theorem 1.7 of [5] gives two positive solutions
provided max;—1 2 || K;||co is sufficiently small. Finally, [49] addresses singular p(z)-
Laplacian systems with nonlinear boundary conditions.

3.3. Uniqueness. Except for the semi-linear case, uniqueness of solutions looks a
difficult matter, even for problem (16). In fact, as pointed out by Giacomoni, Her-
nandez, and Moussaoui [34], equations with quasi-linear elliptic operators exhibit
additional troubles to obtain the validity of the strong comparison principle, which
requires the C'l-regularity of solutions. If it cannot be obtained (as in the strongly
singular setting a; + 3; < —1) then one can still try to use a suitable variant of the
well known Krasnoleskii’s argument [48].

Let us first examine the cooperative case 1 A B2 > 0. Proposition 3.1 of [34]
basically yields

Theorem 3.9 ([34], Theorem 3.2). If -1 < a; + 8; < 0 < f;, i = 1,2, then (16)
admits a unique weak solution (u,v) € XP(Q) N CH*(Q)%. Moreover, u,v > c1d
for some ¢; > 0.

Suppose now
a+5i<-1,i=1,2 0<Bi<p—1, 0<Ba<qg—1, (19)
and denote by v, 6 €]0, 1] the unique solution to the system

(Yy=Dp-1)—1=a1y+ b0
(0 —=1)(g—1) = 1= Bay+ 0.

Theorem 3.10 ([34], Theorem 3.3). Let (19)—(20) be satisfied. Assume also that

(20)

1 1
a17+,819>];—2, 52’Y+0429>5—2~ (21)
Then (16) possesses a unique weak solution (u,v) € X4 (Q) fulfilling
62(90’1}/,113 @?,q) < (’LL,’U) < 63(90’1}[,;)’ @?,q)
with appropriate ca,c3 € RT.

We next examine the competitive case §; < 0. Via the sub-homogeneity condition
(18), Theorem 2.2 of [36] considers various possible choices of exponents. Here, for
the sake of brevity, we will present only one.

Theorem 3.11 ([36], Theorem 2.2). Suppose «; V 5; < 0. Under (18), (20), and
(21), the same conclusion of Theorem 3.10 is true.

3.4. Systems with convection terms. In 2017, Motreanu, Moussaoui, and Zhang
[62] treated the general problem

{—Apu = f(u,v,Vu,Vv) in Q, u>0 in Q, ulpa=0, (22)

—Agv =g(u,v,Vu, Vo) in Q, v >0 in Q, v|sa=0,

where f,g : (RT)2 x (RY \ {0})> — R* are continuous functions satisfying the
growth conditions below.
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(ag) There exist p;, fi; € RT and a4, 8; € R, such that

(s + 16D (E+ &) < fls,t, 61, 6) < (s + [E)™ (8 + €)™,
pa(s + [6)72 (8 + [€20)2 < g(s,t, &1, &) < fals + |6 ]) (8 + &)
for all (s,t,&1,&) € (RT)2 x (RV\ {0})2.
(a7) One has
B1V P2 <0, aras>0, |a1|<p—1+p01, |ag|l<qg—1+ps.

Since BV P2 < 0, system (22) has a competitive structure. Moreover, the right-hand
sides may exhibit singularities in both the solution and its gradient.
Combining comparison arguments with a priori estimates yields the next

Theorem 3.12 ([62], Theorem 1.1). If (ag)—(a7) hold then (22) admits a solution
(u,v) € CH(Q)2.

Three years later, also the cooperative case was examined; see [9]. Now, 1 <
p,q < N while f,g: (RT)? x R2Y — RT are continuous and fulfill the following
conditions.

(ag) There exist p;, fis, Bi, Vi, 0; € RT, a; €] — 1,0[, 4 = 1,2, such that
pa st < f(s, 1,60, 6) < as®it 4 |G + |&|"
pas™ 0 < g(s,t, &1, &) < flas™ % + (6172 + &)
for all (s,t,&1,&) € (RT)? x RV,
(ag) One has a; + 3; > 0, as well as
max{—aj + B1,71,01} <p—1, max{—as + Ba,72,02} < q—1.

Theorem 3.13 ([9], Theorem 1). Under (ag)—(ag), problem (22) possesses a so-
lution (u,v) € CY(Q)2. Moreover, c1d < u,v < cod for suitable c1,co > 0, with d
given by (4).

A further interesting contribution in contained in [22].
The very recent paper [39] (see also [40]) establishes the existence of infinitely
many solutions to the Neumann problem

0
—Apu = f(z,u,v,Vu,Vv) in Q, v >0 in Q, a—g =0 on 99,
23)
P (
—Agv =g(z,u,v,Vu,Vv) in Q, v>0 in Q, a—z =0 on 09,

where 1 < p,q < 00, f,g: Q2 x (RT)2 x R2N — R satisfy Caratheodory’s conditions
while v denotes the outer unit normal to 2.
The sub-linear case is first investigated using the next assumptions.

(a10) There exist a; < 0 < B4, 71,01 € [0,p — 1, 72,02 € [0,q — 1[, and a;, b;,¢; €
L>(Q) such that

[f(@,s,,61,&)| < ar(2)s™ 7 + by(@) (|6 + [&2]™) + ea(2),
|9, 5,8, €1,62)| < an(@)s™ 12 + ba () (|€1]* + [€2]*) + c2(x)

for all (z,s,t,&1,62) € 2 x (RT)?2 x R2V,
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(a11) There are {hy}, {hn}, {kn}, {kn},{C,} C R, with C, — +o0, satisfying
hp < kn < hpy1, hn < kp < hptt,

f(xa knat7€17£2) S 0 S f(xahnat7£17£2)a

. . (24)
g(zvsvkn7glv£2) S O S g(xvsahn7£17§2)
for all (z,s,t,61,&2) € Q X [hn, kn] X [An, kn] X By (Cn)2, n € N, and
a1 .81 h a2 1.B2
lim P 0, lim P _ 0. (25)

n— oo Cg_l n—o0 Cg_l

Theorem 3.14 ([39], Theorem 4.2). If (a19)—(a11) hold then (23) has a sequence
of solutions {(un,v,)} € CH(Q)? such that (u,,vn) < (Uni1,Vny1) for every n € N.

Moreover, lim u, = lim v, = 400 uniformly in Q once hy,,h, — +00.
n— o0 n— o0

As regards the super-linear case, denote by (aj,) condition (ajp) written for
1,01 > p—1 and 2,82 > ¢ — 1. Similarly,
(a],) There exist {hn}, {hn}, {kn},{kn},{Cn} C R, with C, — 0, satisfying
knt1 < hyp < kn, kne1 < hy < ky, for all n € N and (24)—(25).

Theorem 3.15 ([39], Theorem 4.3). Under (a’19)—(a'11), problem (23) possesses

a sequence of solutions {(un,v,)} € CH(Q)? such that (upi1,vns1) < (Un,vy) for

every n € N. Moreover, lim u, = lim v, = 0 uniformly in Q once ky, k, — 0.
n—oo n—oo

An easy example of nonlinearities, with both singular and convective terms, that
fulfill (24)—(25) is the following.

Example 3.16. Set, for every (x,s,t,£1,&) € Q x (R1)2 x R2V,
o1
f(x78at7€17£2) = Sln; (Saltﬁl - ‘fll’h - |€2|61) y

1
g(x787t7€1a§2) = COS; (SﬁQtaz - ‘gllﬂm - |€2|62> 5

where
NA>ar+fi>p—1, yAdb>ar+P2>q—1
To check (24)-(25) one can pick C,, = L

_ 1 _ 1 -1 A 1
- m/242mn’ —m/242mn’ " 27+ 270’

n =

hn,

" T+ 21’

4. Problems on the whole space.

4.1. The case p = 2. In 2009, Moussaoui, Khodja, and Tas [63] studied the fol-
lowing singular, semi-linear elliptic, Gierer-Meinhardt’s type system (see [54]):
1
—Au+ a1 (x)u = al(a:)—q in RY, u >0 in RV,
v
—Av + ag(z)v = az(x)u— in RY, v >0 in RV, (26)
/US
u(z) = 0, v(z) = 0 as |z| = oo,

where, roughly speaking, a;,a; € L (RY),, a; satisfies suitable integrability con-

ditions, ¢,r,s > 0, and r < s+ 1 < 2. A solution (u,v) € Dé‘z (RM)?2 is obtained via
Schauder’s fixed point theorem. Previous papers on the same subject are [23, 24],
whilst, excepting [6, 7], we were not able to find more recent contributions.
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Even for the semi-linear case, the question whether a singular elliptic problem on
the whole space admits multiple positive solutions is an open question.
Finally, as regards uniqueness, we mention [6, Theorem 1.1], which deals with
the system
vi=P
- in RY, >0 in RV,
U
P (27)
in RY, v >0 in RV,

—Au + a(z)u® = a(x)

—Av + a(x)v? = a(x)

VP

where N > 3, p €]3,1], o € L*(RY) N L7z (RY) for some ¢ €]2,2*[, a > 0, and
0<a<a.

Existence and uniqueness of solutions to singular convective elliptic problems
was firstly studied by Benrhouma [7] in 2017, who considered the system

[Vul® p —1 i RN RN

—Au+ o —— = Ta(m)up v!+b1(z) nRY, u>0 in RY,
u pTgq

[Vo|? q —1 i RN RN

—Av+ay—— = Ta(x)upvq +bo(z) inRY, v >0 in RY,
pTgq

with pAg > 1, p+q < 2* — 1, a fulfilling appropriate integrability conditions,

o; > M2 and b; € L¥ (RN), N L®(RN), i =1,2.

4.2. Existence and multiplicity. Henceforth, given p,q €]1, oo, we will write
XPURN) := DYP(RY) x DYURN).

To the best of our knowledge, until 2019, singular elliptic systems in the whole space
were investigated only for p = ¢ = 2, essentially exploiting the linearity of involved
differential operators. The paper [53] considers the problem

—Ayu=ai(z)f(u,v) in RY, u>0 in RY,
{ p 1(@) f(u,v) (28)

—Agv = az(x)g(u,v) in RY, v >0 in RY,

where N > 3 while p, g €]1, N[. The nonlinearities f, g : (R*)? — RT are continuous
and fulfill the condition

(aj2) There exist u;,1; € RT, i = 1,2, such that
1™t < f(s,1) < s (L4t71), pot™ < g(s,t) < fin(1+ s7)t*
for all 5, € RT, with -1 < o; <0 < 34,
ar+fa<p-—1, az+pi<qg—-1, (29)
as well as
81 < Z—:min{p —1L,p"—p}, Ba< ];—:min{q —1,q" — ¢}

The coefficients a; : RV — R satisfy the assumption
(a13) a; € LY(RN) N LS (RY), where
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A pair (u,v) € XP4(RY) is called a (weak) solution to (28) provided u,v > 0 and
/ |VulP~2VuVedr = / a1 f(u,v)pdz Vo € DyP(RY),
RN RN

/RN |Vo|9 2 VoV do = /RN azg(u, )y dz Y € DyY(RY).

Variational methods do not work, at least in a direct way, because (28) has, in
general, no variational structure. A similar comment holds for sub-super-solution
techniques, that are usually employed in the case of bounded domains. So, one is
naturally led to apply fixed point results. An a priori estimate in L>(RY)x L>(RM)
for solutions of (28) is first established by a Moser’s type iteration procedure and
an adequate truncation, which, due to singular terms, require a specific treatment.
Problem (28) is next perturbed by introducing a parameter € > 0. This produces
the family of regularized systems

{—Apu:al(x)f(u+€,v) in RY, >0 in RV,

30
—Agv = az(x)g(u,v+¢e) nRY, v >0 inRY, (30)

whose study yields useful information on the original problem. In fact, the pre-
vious L°-boundedness still holds for solutions to (30), regardless of . Thus, via
Schauder’s fixed point theorem, one gets a solution (u, v) lying inside a rectangle
given by positive lower bounds, where ¢ does not appear, and positive upper bounds,
that may instead depend on e. Finally, letting ¢ — 07 and using the (S)-property
of the negative r-Laplacian in Dy (RN) (see [53, Proposition 2.2]) yields a weak
solution to (28).

Theorem 4.1 ([53], Theorem 5.1). Let (aj2) and (ai3) be satisfied. Then (28) has
a weak solution (u,v) € XP4(RN), which is essentially bounded.

Very recently, the parametric system
—Apu = a1 (z) f1(u) + by (@) g1 (u)h1(v) in RN, u >0 in RY,
—Apv = az(x) fa(v) + pba(x)g2(v)ha(u) in RN, v >0 in RY, (31)
u(z) = 0, v(x) = 0 as |z| = o

where N >3, 1 <p < N, a;,b; € CORY), fi,gi, hs € CO(RT,RY), f; is singular at
zero, and A, u € RT, was thoroughly investigated in [67]. Under suitable hypotheses,
it is shown that there exists an open set © C (R*)?, whose part of its boundary
contained in (R*)?, say T', turns out to be a continuous monotone curve, such

that (31) admits a Cl-solution if (A, 1) € © and has no solution when (\,p) €
(®+)\ (O UT).

4.3. Uniqueness. As far as we know, uniqueness of solutions to singular quasi-
linear elliptic systems in the whole space is still an open problem. Taking inspiration
from [13], a first result has been obtained by Gambera and Guarnotta [29].

4.4. Systems with convection terms. The very recent paper [42] treats the
problem

{—Apu = f(z,u,v,Vu, Vo) in RY, u >0 in RV, (32)

—Agv = g(z,u,v,Vu, Vo) in RY, v >0 in RY,
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where N > 3, p,q €]2 — &, N[, while f,g : RN x (RT)2 x R?¥ — R" are
Carathéodory’s functions satisfying assumptions (ai4)—(a15) below. Since f, g de-
pend on the gradient of solutions and equations are set in the whole space, neither
variational methods can be exploited nor compactness for Sobolev embedding holds.
The research started in [53], where convective terms did not appear, is continued
here, along the works [9, 39, 41], which address analogous questions, but concerning
a bounded domain.

A pair (u,v) € XP4(RY) such that u,v > 0 is called:

1) distributional solution to (32) if for every (p,v) € C5°(RY)? one has

/ |vu|P*2vuwdz:/ (e u,v, Vu, Vo) de,
RN RN (33)
/ |Vv|q*2VvV1/)dx:/ g9(-,u,v, Vu, Vo) dz;
RN RN

2) (weak) solution of (32) when (33) holds for all (p,9) € XP4(RN);
3) ‘strong’ solution to (32) if [Vu[P=2Vu, |Vv|1=2Vv € VVlif(RN) and the differ-
ential equations are satisfied a.e. in RV,

Obviously, both 2) and 3) force 1), whilst reverse implications turn out generally
false; see also [42, Remark 4.5]. Moreover, as observed at p. 48 of [69], problems in
unbounded domains may admit strong solutions that are not weak or vice-versa.

Roughly speaking, the technical approach proceeds as follows. The auxiliary
problem

{—Apu:f(:r,u—i—a,v,Vu,Vv) in RN, >0 in RV, (34)

—Agv = g(z,u,v +¢&,Vu, Vo) in RN, v >0 in RY,

€ > 0, obtained by shifting appropriate variables of reactions, which avoids singu-
larities, is first solved. To do this, nonlinear regularity theory, a priori estimates,
Moser’s iteration, trapping region, and fixed point arguments are employed. Unfor-
tunately, bounds from above alone do not allow to get a solution of (32): treating
singular terms additionally requires some estimates from below. Theorem 3.1 in
[19] ensures that solutions to (34) turn out locally greater than a positive con-
stant regardless of €. Thus, under the hypotheses below, one can construct a se-
quence {(uc,v.)} € XP4(RYN) such that (uc,v.) solves (34) for all ¢ > 0 and whose
weak limit as ¢ — 07 is a distributional solution to (32). Next, a localization-
regularization reasoning shows that

(u,v) distributional solution == (u,v) weak solution.
Through the recent differentiability result [17, Theorem 2.1], one then has
(u,v) distributional solution = (u,v) strong solution.

The assumptions below will be posited.

(a14) There exist oy €] —1,0], B:,7i,6; € Ry, as well as pu;, fi; € RT such that
pran (z)s® 17 < fx,s,t,60,6) < fnar (@) (s + 6+ [€]™),
p2a2 ()72t < g(x, 5,1, &1, &) < finaz(z) (87212 + 617 + &)%)
in RY x (R*)2 x R?YN. Moreover,

Bl\/(si<q_1a 52\/%<p_17 i:1727
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ar € L2 (RY), with s, > p'N, ao € Ly (RY), with s, > ¢'N, and

ocC
es%inf a; > 0 for all p > 0.

P

(a15) There exist (1, (s €]N,oc] such that a; € LY(RY) N L% (RY), where

1 P 1 q

—<1l—=-6;, —<1-———0y

G p* G q*
with

) 6
01 ::maux{ﬁi,%,1}<1—p*7 0 ::max{ﬁi,’yz,2}<l—q*.
a p g p PP q q

Further,

(BLVO)(B2Vye)<(p—1-m)(g—1-162),

1 0 1 1 1 1
+<%v1>§, +(72v2>§.
Sp p q 2 Sq p q 2

Example 4.2. Condition (a;5) is fulfilled once a;,as € L'(RY) N L>°(RY) and

0 o
max{ﬁi,%,l} <1—%7 max{ﬁi,w,2} <1—%.
¢ p 4g p pp g q

In fact, it suffices to choose (3 := (3 := o0.

Theorem 4.3 ([42], Theorem 1.3). Under hypotheses (a14)—(a1s), problem (32)
admits a weak and strong solution (u,v) € XP4(RY).

Remark 4.4. If we merely seek weak solutions to (32) then the request p,q €]1, N|
and a weaker integrability property of a; suffice; cf. [38, Section 4.2.2].
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