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Abstract

This dissertation is devoted to the modeling of architectured metamaterials and particle-based
materials. Such materials generally necessitate the use of sophisticated continuum models to
properly characterize their mechanical behavior and make accurate numerical predictions. To
this purpose, generalized continua, which improve the classical (or Cauchy) continuum, have
been a topic of interest in the last decade. This dissertation begins with a uniform presentation
of four different generalized continua, namely the micropolar continuum, the micromorphic
continuum, the second-gradient continuum, and the second-gradient-micropolar continuum.
Special attention is paid to the Euler-Lagrange equations that are derived using the least action
principle and the Levi-Civita tensor calculus. Then, the dissertation focuses on pantographic
structures that represent a paradigmatic case of architectured metamaterials described by
generalized continua. A novel torsional energy for pantographic sheets is proposed and
experimentally validated. A novel second-gradient continuum model for pantographic blocks
is proposed and experimentally validated through digital volume correlation techniques. The
effect of pivots-related local defects on the mechanical response of pantographic sheets is
investigated via a noninformative prior probabilistic model. Finally, random generalized
continuum models for particle-based materials with uncertain constitutive parameters and
fields are analyzed: response and numerical identification of random Timoshenko-Ehrenfest
beams are carried out via a noninformative prior probabilistic model, and sensitivity analysis
of a second-gradient continuum model for particle-based materials is performed via an
informative prior probabilistic model based on the maximum entropy principle. To make the

work self-consistent, in Appendix, an overview of Levi-Civita tensor algebra is given.
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Chapter 1

General Introduction

1.1 Research positioning

The term generalized continua denotes the set of theories that refine and develop the classical
Cauchy continuum. In the last decade, generalized continua have become an important
ingredient for the mechanical modeling of materials for which the microstructure can be
considered such as particle-based materials and architectured metamaterials. On the one
hand, the term metamaterials is generally used to denote those materials that cannot be
described by classical Cauchy continuum and that require generalized continua. On the other
hand, the term architectured metamaterial is generally used to denote those materials that
require generalized continua, while being formed by assembling components that can be
described by classical Cauchy continuum. It should be noted that the term granular materials
is improperly used in the literature to refer to particle-based materials.

This dissertation specifically focuses on the study of the most common generalized
continua, on the construction, identification, and on simulations of deterministic and random
models for particle-based materials and pantographic structures, the latter being a paradigmatic
case of architectured metamaterials. Moreover, we present novel contributions to uncertainty
quantification within the framework of generalized continua.

Among the most common generalized continua, one can list the micropolar continuum,
the micromorphic continuum, the second-gradient continuum, and the second-gradient-
micropolar continuum.

In micropolar continuum, each material particle is modeled as a rigid body with six
degrees of freedom. The initial concepts regarding micropolar continuum were discussed
already at the end of the 19th century by Kelvin, Helmholtz, Duhem, Voigt, and Cosserat
brothers, and summarized in [27]. Later results can be found in Eremeyev et al. [41],

Altenbach et al. [5, 4], Eremeyev and Pietraszkiewicz [42]. Interesting applications devoted
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to particle-based materials can be found in [90, 96] and chiral mechanical metamaterials
in [52, 58].

More generally, micromorphic continuum takes into account the micro deformation of
each particle [43, 62, 53]. Particle-based material and chiral metamaterial applications were
carried out by [95, 93, 28].

Finally, the deformation energy function combines the second-order derivatives of
displacements in second-gradient continuum. Gabrio Piola was a pioneer of second-gradient
continuum, whose contributions were summarized in [34, 30-32, 133]. It has become popular
for describing particle-based materials [146] and metamaterials [142, 22, 24, 3, 33]

Regarding second-gradient-micropolar continuum, it appears there is no current literature.
Yet, as will be demonstrated below, it lends to the physical significance of the double couples,
which play a crucial role in the modified couple stress theory [145] that has widely been used
in many research works [111, 87, 112].

The primary goals of this work are to provide a uniform presentation of the listed
generalized continua via the least action principle (or, more generally, the principle of virtual
work), to demonstrate the ability of second-gradient discrete and continuum models to describe
pantographic structures, and to provide generalized models for particle-based materials taking
into account uncertainties. In this dissertation, integral nonlocal theories [70, 45] will not be
discussed (see Section 5.2 on future perspectives)

Pantographic structures are metamaterials consisting of a discrete grid of beams and
pivots (also known as hinges in the literature) whose homogenization results in second-
gradient mechanical models [3, 17, 11, 109]. Some of these homogenized models have been
experimentally validated in [10, 12]. Numerous publications have contributed to the body
of knowledge on this subject [22, 23, 38, 137]. In the present work, the torsional energy
currently used for modeling pantographic sheets (2D) has been improved and experimentally
validated, and a first second-gradient model for pantographic blocks (3D) has been proposed
and experimentally validated.

Uncertainty quantification is essential for predictive engineering sciences. A review of
stochastic methods for particle-based-effects uncertainties at the microscale on their response
at the macroscale is provided in [100] using only first-gradient continuum models. Despite the
inherent randomness of particle-based materials, uncertainties have not yet been accounted
for in the second-gradient continuum theories; only a small number of works involving
uncertain quantities have recently been proposed, not for particle-based materials but for fiber
materials [16, 110]. In this work, the impact of uncertainty in material modeling is investigated
for pantographic structures, micropolar beams, and particle-based second-gradient materials.

In the first two cases, noninformative prior models of uncertainties have been used. In
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the third case, an informative prior model has been developed using the maximum entropy
principle. This work provides novel contributions to the analysis of pantographic sheets
and particle-based second-gradient continua in accounting for uncertainties. Throughout the
entire dissertation, it is emphasized how least action principle and maximum entropy principle
can systematically be applied to derive fundamental equations in continuum mechanics and

probabilistic models, respectively.

1.2 Organization of the dissertation

This dissertation is organized as follows. The Euler-Lagrange equations and the main
theoretical concepts related to the most common generalized continua are presented in
Chapter 2. Chapter 3 concerns the modeling and experimental testing of pantographic
structures. Chapter 4 investigates micropolar beams and an existing particle-based second-
gradient continuum. In Chapter 3 and 4, uncertainties related to the material parameters are

considered. Below is a detailed explanation of these chapters.

o Chapter 2 focuses on the derivation of Euler-Lagrange equations for the micropolar,
the micromorphic, the second-gradient, and the second-gradient-micropolar continua.
The equations are derived using the least action principle and the Levi-Civita tensor
calculus, and they are valid for any deformation measure and external reference system.
It cannot be claimed that the results and ideas presented in this chapter are completely
novel, but to the author knowledge, there is no other presentation that provides such
a uniform, comprehensive, and in-depth analysis of the role played by least action

principle and tensor calculus on generalized continua.

o In Chapter 3, for modeling pantographic sheets (2D), a novel torsional energy is
proposed and experimentally validated, which improves the one currently used in
the literature. Despite being developed within the framework of discrete models,
it is applicable within the framework of second-gradient continua. In addition, for
modeling pantographic blocks (3D), a novel second-gradient continuum model is also
proposed and experimentally validated. In the latter case, the experimental validation
is conducted using digital volume correlation (DVC) techniques. Finally, using a
noninformative prior probabilistic model, the effects of pivots-related local random

uncertainties on pantographic sheets (2D) are studied.

o In Chapter 4, micropolar Timoshenko-Ehrenfest macro- and micro-beams with random
material parameters are investigated using noninformative prior probabilistic models

to account for uncertainties. Moreover, an informative prior probabilistic model for a
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particle-based second-gradient continuum with uncertain parameters and uncertain
constitutive fields is also proposed, which is based on the use of maximum entropy

principle.

The notation is defined subsection by subsection.

1.3 Summary of the contributions

This dissertation deals with the foundation of generalized continua, modeling, and uncertain
quantification of particle-based materials and pantographic structures, the letter being a
paradigmatic case of architectured metamaterials. The main contributions of this work are

summarized below.

o We unsuccessfully searched for a uniform presentation of generalized continua in the
literature. Consequently, we provide a uniform presentation of generalized continua
based on the least action principle and Levi-Civita tensor calculus. The micropolar
continuum, the micromorphic continuum, the second-gradient continuum, and the
second-gradient-micropolar continuum are studied, and the Euler-Lagrange equations
are derived by considering a generic external reference system. It is proven that

second-gradient-micropolar continuum implies the existence of double couples.

o We introduce and experimentally validate a novel deformation energy function for
modeling the torsional behavior of pivots of pantographic sheets (2D) under bias

extension tests.

o Similarly to the 2D case, we introduce and experimentally validate a novel second-
gradient continuum model for modeling pantographic blocks (3D) under 3-point flexure

tests. The experimental validation is based on digital volume correlation techniques.

o Within an application framework, we show that local pivot-related random defects
do not significantly affect the mechanical response of pantographic sheets due to the

redundant connections inside them.

o On one hand, we show that the analysis of macro-beams with random material
parameters allows us to identify the Young modulus. On the other hand, we show that
the analysis of micro-beams with random material parameters allows us to identify one

3D micropolar material parameter responsible for scale effects.

o After improving the analytical relationship between the deformation tensors of an

existing second-gradient continuum model for particle-based materials, we formulate a
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novel probabilistic model based on the maximum entropy principle for the particle-pair
distance and the microscale stiffness parameters describing particle interactions. First,
particle-pair distance and microscale stiffness parameters are assumed to be independent
of spatial and orientation directions. Within an application framework, we prove that
the randomness of the particle-pair distance between two consecutive particles has a
major effect on the randomness of the mechanical response of a particle-based material.
Second, particle-pair distance and microscale stiffness are modeled as random fields.
Within an application framework, we prove that the coefficient of variation of the
axial displacement is smaller than the coefficient of variations of the transversal one.
Moreover, by increasing the number of particles with random positions, the particle-pair
distance between two consecutive particles has a minor effect on the randomness of the

mechanical response of a particle-based material.






Chapter 2

Uniform presentation of generalized
continua

Following the ideas of Gabrio Piola, Joseph-Louis Lagrange, Raymond Mindlin, Richard
Toupin, Leonid Ivanovich Sedov, Gerard Maugin, Paul Germain, and others, we have
recognized the least action principle and, more generally, the principle of virtual work as the
most effective tool for deriving the fundamental equations of a given theory of continuum
mechanics. In addition, since the expression of the deformation energy density characterizes
the type of admissible external loads for a considered continuum model, least action principle
permits the determination of the external actions that the considered continuum model can
sustain. This chapter provides an overview of the fundamental concepts about the micropolar,
the micromorphic, the second-gradient, and the second-gradient-micropolar continua. Least
action principle and Levi-Civita tensor calculus are systematically applied. Fundamental
concepts of the Levi-Civita tensor algebra can be found in Appendix A.1. The methodology
is borrowed from [53]. The Levi-Civita tensor calculus is an indispensable tool across various
disciplines, including differential geometry, electromagnetism, the theory of relativity, and
continuum mechanics. Its roots lie in the theory of matrices and determinants, with initial
traces dating back to Leibniz, and its comprehensive development credited to Jacoby and
Coyley. Voight was the first to recognize tensors as independent entities, while prominent
figures like Grassmann, Hamilton, Gibbs, and Cristoffel also contributed to the contemplation
of tensors. The modern version of tensor calculus can be traced back to the absolute tensor
calculus of Ricci and Levi-Civita. To underscore the efficiency of the methods pioneered by

Ricci and Levi-Civita, we echo Einstein words:

The gravitational equations represent a triumph of the tensor calculus originated by Ricci.
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This work does not aim to address all the historical and technical aspects of tensor calculus.
However, for further details, refer to [51, 97, 82]. In the following, tensors are referred
to generic reference systems, necessitating metric tensors to define scalar products. This
approach enables a clear distinction between covariant and contravariant components, crucial
for preventing computational errors and easing the shift from a Lagrangian to an Eulerian
description. Its practical implications span across significant domains such as astronomy,

fluid dynamics, and aerospace engineering.

2.1 The micropolar continuum

Notation

Below A, B, i, and j are integers belonging to {1,2,3}.
$: initial (Lagrangian) configuration.
08: boundary of 8.

Indices denoted by uppercase letters are chosen to indicate components of a tensor in
the initial configuration and lowercase letters to indicate components of a tensor in the

current configuration. Summation is intended over the repeated indices.
N4: components of the outward-pointing normal N of 8.
XA: Lagrangian coordinates.
x': component i of the configuration field y.
i. . . .
v': component i of the translation velocity v.
G sp: component (A, B) of the metric tensor G with respect to the initial configuration.
62: component (A, B) of the second-order identity tensor /.
gij: component (i, j) of the metric tensor g in the current configuration.
Q"A: component (i, A) of the microrotation tensor Q.

Upaj: component (B, A, j) of the rotation velocity .

F j‘: component (i, A) of the gradient of the configuration field F.
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p: Lagrangian time-independent mass density.

JAB: component (A, B) of the Lagrangian time-independent moment of inertia of

material points J.

A action functional for the micropolar continuum.

(Pﬂ)i‘: component (i, A) of the micropolar stress tensor Py.

(Mﬂ)i‘: component (i, A) of the micropolar couple stress tensor M.
(Vz);: component j of the micropolar couple stress vector V.
(Br)j: component j of the volumic forces B;.

(Cr);: component j of the volumic couples Cy.

(br);: component j of the surface forces by.

(¢z)j: component j of the surface couples c.

[S]7, S: transpose of the second-order tensor S.

€;Ap: permutation (or Levi-Civita) symbol.

of

f,p: partial derivative of the function f with respect to X2, i.e, f,p= IxF -

dV and ds: volume and surface elements.

2.1.1 Kinematics of the micropolar continuum

The micropolar continuum consists of small, rigid particles, each of which is represented
geometrically by a point X. Each particle is considered as a continuum itself at a lower scale,
denoted by S (X), whose center of mass is X. We refer to a material point of S (X) by its
spatial coordinate X’. With this assumption, one can write

W (X0 =) (X0 + 0 (X0 (X)* = X2) .1

where y describes the configuration change of the center of mass X of each particle, the
orthogonal microrotation tensor Q describes the rigid rotation of each particle, and y’

describes the configuration change of each material point X” within S (X). These assumptions
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allow describing the kinematical properties of each particle in a more refined way with respect
to the classical continuum. Let 8 be the initial (or Lagrangian) configuration of the centers
of mass X. From Eq. (2.1), we get

o) (X,X',1) _ (X, t) 00", (X,1)
X0 D000 JBD (eytoxr) e
and
[ (o o LU X0 000 X0
S(X)
. : (2.3)
aX (X.1) Ox! (X,1) 4z a0 (X,1) 0073 (X,1)
/B o(X) & ot ot X 8 ot ot ax,
where
o(X)= / (X, X')dX’ (2.4)
S(X)
and
_ -~ ’ "NA B ’
JAB(X)—/S(X)Q(X,X)((X) —XA)((X) —XB) ax’ . (2.5)

The function o (X) refers to the Lagrangian time-independent mass density and the functions
JAB (X)) refers to the Lagrangian time-independent moment of inertia of each particle.
Eq. (2.5) implies that JA8 = jB4,

2.1.2 Deformation energy density and deformation measures

We refer to a function as objective if it satisfies the so-called principle of frame indifference
that consists of three independent postulates: the principle of invariance under Euclidean
transformations, the principle of invariance under superposed rigid-body motions, and the
principle of frame-invariance of the constitutive equations under the change of observer [102].
In order for a function to be objective and, consequently, to represent an adequate deformation
energy density, it must be invariant under a rigid motion in its current configuration. Let
W;}ef (x,0,F,VQ, X) be the specific deformation energy density. Since it must be objective,
the equality

W (v,0,F,V0,X) =W* (Ox+a,00,0F,0VQ,X) (2.6)

needs to be satisfied for any orthogonal transformation O and for any vector a. For any Q
and for any y, it is natural to choose O = QT and a = —Q7 y. We get

W (1. Q. F.VQ.X) = Wy (0.1,0"F.Q"VQ.X). &7
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Eq. (2.7) implies that if Wﬁef is an objective function, then there exists a function W such
that
Weel(0.1,0"F.QTVQ.X) = Wy (Q.F.VQ,X) , (2.8)

yielding
W (x,0,F,VQ,X) = W& (Q,F,VQ,X) . (2.9)

Eq. (2.7) also leads to the deformation measures E, and I defined by

1

Ex=3 (QTF - 1) . L,=0"vo, (2.10)

which have the following component expressions:

1 o A
(Ewn =75 (800U Fi=Guadh) + Twunc=Gma (Q7) OQhe. @11

It is natural to refer to the tensor E, as the micropolar stretch tensor and to the tensor I as
the micropolar wryness tensor. Since QT F and Q7 VQ can be expressed as a function of E,
and I7, it follows the existence of a function Wgef such that

Wit (Q,F,v0,X) = W (E,, I, X) . (2.12)

Micropolar stretch tensor and micropolar wryness tensor are only two of the possible
deformation measures that can be introduced. Several alternatives have been proposed in the
literature. Instead of I, some authors (see [102]) prefer to consider the tensor K that, in

components, is defined by

1 A
(S =5 Gow € Gra () Ol (2.13)
where €27C is equal to the permutation symbol egpc for any B, F, and C. Moreover,

Eq. (2.12) can be rewritten to underline the micro-macro relative rotation [76, 91, 71]. In the
following, the Euler-Lagrange equations are derived by considering the deformation energy
density as an objective function of Q, F, and VQ, W,‘Eef (Q,F,VQ,X). Thus, the derived

equations are valid for any chosen combination of deformation measures.



12 Uniform presentation of generalized continua

2.1.3 Euler-Lagrange equations
Microrotation test function

The subsequent steps allow us to avoid using Euler angles, which would otherwise limit the

generality of the dissertation. Let us consider the equality
r\% i B
(Q ),- 0, =85 . (2.14)
If the variation of each member of Eq. (2.14) is evaluated, it is obtained
N\B nNE
(60 )i 0,=-(0 )i 5Q', . (2.15)
The transpose of Q and 6Q implies
G*P 507 8i Q% +G*P 07 260} =0 (2.16)
that, by multiplying each term for G g4, yields
GraG*P8Q] gi Ol +GraG*P Q) 21605 =0. (2.17)
Since GpsGAP = 62, we have
507.8i Q= -0 81607 . (2.18)
It follows the existence of a vector function dw such that
50%.8;1 0% = exrp s . (2.19)
It is natural to refer to dw as the microrotation test function. It yields
J i ~BA i(pr\?
604210y 6™ =50 (0") . (2.20)
where the first term has been multiplied by G24 and
(T BA k
507 (Q )j =GP e pp ot 2.21)

from which we get
607, =G"™Ql erppdwt . (2.22)
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Eq. (2.22) is widely applied in the following and it allows us to couple the equilibrium
equations without the introduction of the Euler angles for describing the rotation of each
particle. The use of Euler angles would reduce the generality of the dissertation and would

lead to numerical issues when large microrotations appear.

Action functional

Let us consider the action functional

n 1 1
ﬂﬂ:/ /(ipv2+EJ(H)Z—W,T()(,Q,F,VQ,X)) dvdt
to B

151
+/ / (—Wiurf()(,Q,X))dsdt,
to 0B

(2.23)

where
o the field y denotes the configuration field;

o the fields p and J refer to the Lagrangian time-independent mass density and to the

Lagrangian time-independent moment of inertia of material points;

o the fields v = %—’t‘ and O = %—? denote the Lagrangian-translation velocities and

Lagrangian-rotation velocities;
o pv?=guv*vP and JO? = JBAO) O gy
o the potential W, (y,Q, F,VQ, X) is related to the volume density of action;

o the potential W' (y,Q, X) is related to the actions externally applied on the boundary
08.

Potential W, can be split into two addends: the objective deformation energy density Wdef

and the external conservative action of bulk loads US*, as follows
Wr (x-Q.F.VQ.X) =Wy (Q.F.VQ) + U (x.0.X) . (2.24)

The first variation of the deformation energy-related portion of the action functional can be

expressed as the sum of three terms,

SAX = 6 AL +6.A +6A%L | (2.25)
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where

def
SAL! = / / SFi dvdt
B (9Fl

def oW def ;
OA —— 00y dvdr,
6Q]

aWdef
SAN, = / / 5QM zdvdt .
80

Micropolar stress tensor

and

Let us compute the first variation 5?(235. It yields

def
def
SA T =— / / NA6)( dsdt+/ ./g;(?XA

Let P, be the micropolar stress tensor defined by

Wdef
oF, J

Sx'dVvdt .

Iy 6wdef
(Pﬂ)b - an .
M

Eq. (2.29) becomes

4l 3] a
m,‘i%f=—/ (Pﬂ)ﬁ,”NMch”dsdH/ /M—M(Pﬂ)%}/’dvm.
to 08B to B

First part of the micropolar stress vector

Let us consider the first variation (Xﬂfrle. It yields

def
SAL, = / / an §Q.dvdr .

a1
def 1 k
AL = - /to L(Vﬂ)k&u avdr.

(V%) . aavg,lef GEM

is named first part of the micropolar stress vector.

Eq. (2.14) leads to

where

Q) €kFB

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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Micropolar couple stress tensor and micropolar stress vector

Let us consider the first variation (5ﬂdef It yields

Wdef
§ANG =~ / /BaQMB (GY 0y yesmn 66! + GV Q' e swly) AV (2.35)

and

def
SAL  — We GNAQi €N ow! dV dt
avQo — %0 A,B€JMN

awdef ) )
GNAQ’ €imNOw! Npdsdt
5 0 A EjMN B (2.36)

//aXB

Let M, and V,(TH) be the tensors defined by

8Wdef ) )
GN o' EJ-MN)&UJ dvdt.
M.,B

awdef
T
00’y p

awdef
Ve
Q) g

(My)? = G0l eun (V}})j - GNA Q' yeimn 2.37)

that are named micropolar couple stress tensor and second part of the micropolar stress

vector, respectively. Eq. (2.36) becomes

i . 3] )
OALo =~ / / (VE) o0’ avi- / / (Me)Y Nyba ds di
to B J :

(2.38)
/ / 3w (M)} 6w’ dV dt
External actions
Let us consider the first variation § A, It yields
1 1 .
SAX = / / (Br)p (5deth+/ / (Cr)jow’ dVdt, (2.39)
to B8 to B
Where a ext a ext
U U;
(Bx)p = —— (Cn)j=——2-G MOy €jrp (2.40)

axt - a0},



16 Uniform presentation of generalized continua

Let us consider the first variation 6. A, It yields

131 131 )
6ﬂ;“rf:/ / (b,r)bé)(bdsdt+/ / (cr); 0w’ dsdt, (2.41)
Iy 08 to 0B
where " ]
aWsur aWsur
(bn)p=——2— » (c);=——2—G"™ 0O} €jrs. (2.42)
ox 00

Kinetic contributions

Let us consider the first variation 6. AX™. It yields

. gl .
SAKN = / / (p gap v v’ +J84 50", Ok g,-k) dvdt . (2.43)
to B

Let us define

. tl .
SALE = /t /B JPA 50, Of gix dVdt
0

” 060" (2.44)
= / / JBA g0k —A avadr .
to B 8t
By replacing Eq. (2.14) into (2.44), we arrive to
ki : BA k[ ~NM g L ~NM i dow’
OAne = / / J7" g1k ®p (G O, €jan 6w’ +G"M Q' €jan o avdr. (2.45)
to B

For fixed value of j and N, and without summation over A that is fixed too, the following

equality holds
TP gk ®I;; G"M ®§VI €jAN +JBN it @g GAM @3/1 EiNA
BA k ~NM i BA k ~AM i (2.46)
=J7 gk O G " O €jan—J " ik Op G O} €j4n =0
Thus, for any j, it yields
TP g ®5G MO €5an =0 (2.47)
and l '
. 1 H6w’
Ak = / / I 9 2 avar (2.48)
to B 0[
where

Opa; = ik O G"™M Q% €jan - (2.49)
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Equilibrium equations
The equilibrium equations, in Lagrangian description, are listed below:

o on the volume B,

d(pvp) 0 M
~—ar Taxm Ep +(Bx)y =0, (2.50)
0(JAB193A]‘) 0 N
g oy Ma)) = (V) +(Co); =0, (2.51)

where V = VU + VI ¢ould be referred to as micropolar stress vector;

o on the boundary 0 £
— (Px)y Nag+ (br), =0, (2.52)

—(Mn)Y Ny +(cx);=0. (2.53)

All the derived expressions are functions of the microrotation tensor . On one hand,
Eqgs. (2.52) and (2.53) imply that the subdomains of the micropolar continuum exchange
with each other forces per unit area, P, and couples per unit area, M. On the other hand,
Eq. (2.51) implies that a couple of forces per unit area, V,, acts on each subdomain of the

micropolar continuum.

2.2 The micromorphic continuum

Notation

Below A, B, i, and j are integers belonging to {1,2,3}. Summation is intended over repeated
indices.

$: initial (Lagrangian) configuration.
08: boundary of B.

Indices denoted by uppercase letters are chosen to indicate components of a tensor in
the initial configuration and lowercase letters to indicate components of a tensor in the

current configuration. Summation is intended over the repeated indices.
Ny4: components of the outward-pointing normal N of 8.

XA4: Lagrangian coordinates.
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x': component i of the configuration field y.
(x’)": component i of the micromorphic configuration field y.
vi: component i of the translation velocity v.

G sp: component (A, B) of the metric tensor G with respect to the reference system in
the initial configuration.

gij: component (i, j) of the metric tensor g with respect to the reference system in the
current configuration.

62: component (A, B) of the second-order identity tensor /.

€;ap: component (j, A, B) of the permutation (or Levi-Civita) tensor €.
PQ: component (i, A) of the micromorphic second-order configuration tensor P.
@p;i: component (B,i) of the microvelocity ¢.

Fi

'+ component (i, A) of the gradient of the configuration field F, F j‘ = %.

p: Lagrangian time-independent mass density.

JAB: component (A, B) of the Lagrangian time-independent moment of inertia of

material points J.

Ay action functional for the micropolar continuum.

(P,)',: component (i, A) of the micropolar stress tensor P,,.
(Su)',: component (i, A) of the microstress tensor S,.

(Hﬂ). component (A, B,i) of the hyper microstress tensor H,,.
(B u) .- component j of the volumic forces By,.

(B #) component j of the volumic doubleforces B,,.

(by) ;: component j of the surface forces b,,.

(b4)

b,) .: component j of the surface doubleforces b,,.

J

[S]7, S: transpose of the second-order tensor S.
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€;4p: permutation (or Levi-Civita) symbol.
f,p: partial derivative of the function f with respect to X”, i.e, f,p= INF

dV and ds: volume and surface elements.

2.2.1 Kinematic of the micromorphic continuum
Placement functions

The micropolar continuum consists of small, deformable particles, each of which is represented
geometrically by a point X. Each particle is considered as a continuum itself, denoted by
S (X), whose center of mass is X. We refer to a material point of S(X) by its spatial

coordinate X’. With this assumption, one can write
O (X0 =) (X0 + P (X0 (X0 = X4 2.54)

where y describes the configuration change of the center of mass X of each particle, P
describes the deformation of each particle, and y’ describes the configuration change of
each material point X’ within S (X). These assumptions allow describing the kinematical
properties of each particle in a more refined way with respect to the classical continuum. Let

8 be the initial (or Lagrangian) configuration of the centers of mass X. From Eq. (2.54), we

get
() (X, X', Ay (X, ﬁP’ (X 1)
and
// 5(X.X') lja(x)(XX’t)a()c)’(XX’t)dXdX,
S0 o 2.56)
/ 0 ax' (X,t) dx’ (X,1) o A8 (x 0P, (X.1) 9P (X.1) &
3 0 (X)ij ot ot (X) & ot ot ’

where o (X) and J4Z (X) are defined by Eq. (2.5) that implies JAZ = J54,

2.2.2 Deformation energy density and deformation measures

Let Wgef (x,P,F,VP,X) be the specific deformation energy density. Since it must be
objective, the equality

Wit (x.P.F,VP.X) =W, (Ox +a,0P,OF OVP,X) (2.57)
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needs to be satisfied for any orthogonal transformation O and for any vector a. Let us consider
the polar decomposition of P, P = R,,V,,, where V,, = (PTP) 2 Ttyields

R,J:P(PTP)_I/Z , RZ:[(PTP)_I/Z]TPT. (2.58)

For any P and for any y, it is natural to choose O = P” and a = —PT y. We get

W,.(x,P,F,VP,X)

T

=W, 0,[(PTP)_I/Z}TPTP,[(PTP)_I/Z]TPTF,[(PTP)_W] PTve.x|. (259

Eq. (2.59) implies that if Wgef is an objective function, then there exists a function Wgef such
that

4 T T -1/2)" T
p F,[(P P) ] PTvpP. X

W, (o, l(PTP)_I/Z]TPTP, [(PTP)_I/Z]

=W (P,F,VP,X) (2.60)
and
W (x,P,F,VP,X) =W (P,F,VP,X) . (2.61)
Eq. (2.59) leads also to the deformation measures E,,, G, and I', defined by

1 1
E,=5(PTF-1) . Gu=3(PTP-1) . T=PTVP. (2.62)

which have the following component expressions:
1 J i A 1 J pi A
(E,U)MNZE(giJ'PMFN_GMAéN) ) (Gu)MNZE(giJPMPN_GMA(SN) , (2.63)

A
(F) ynve = Gia (PT)i Pic. (2.64)

It is natural to refer to the tensor E, as the micromorphic stretch tensor, to the tensor G,
as the micromorphic Green-Saint-Venant tensor, and to the tensor I, as the micromorphic
wryness tensor. Since PTF, PTP, and PTVP can be expressed as a function of E,,, G ,, and

I}, it follows the existence of a function Wﬁef such that

W (P, F,VP,X) =W (E,,G,. T, X) . (2.65)
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Micromorphic stretch tensor, micromorphic Green-Saint-Venant tensor, and micromorphic
wryness tensor are only three of the possible deformation measures that can be introduced.
Several alternatives have been proposed in the literature. In the following, the Euler-Lagrange
equations are derived by representing deformation energy density as an objective function
of P, F, and VP, Wgef (P,F,VP,X). Thus, the derived equations are valid for any chosen
combination of deformation measures.

2.2.3 Euler-Lagrange equations
Action functional

Let us consider the action functional

2

151
+/ / (—W;”’f(X,P,X))dsdz,
1o 08B

norl 1
&1(#:/ /(Epv2+—JCD2—WM()(,F,P,VP,X)) dvdt
o B (2.66)

where
o the field y denotes the configuration field;

o the fields p and I refer to the Lagrangian time-independent mass density and to the

Lagrangian time-independent moment of inertia of material points;

o the fields v = %—){ and ¢ = %_1; denote the Lagrangian-translation velocities and

Lagrangian-translation microvelocities;
o pv? =gupvev? and J 2 = JBA d)ix (I)gg,-k;
o the potential W, (x,F,P,VP,X) is related to the volume density of action;

o the potential qurf (x, P, X) is related to the actions externally applied on the boundary
08.

Potential W, can be split into two addends: the objective specific deformation energy density

WYt and the external conservative action of bulk loads UZ’“, as follows

Wy (x.F,P,VP,X) =W (F,P,VP)+ U (x,P.X) . (2.67)
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The first variation of the deformation energy-related portion of the action functional can be

expressed as the sum of three terms,

SALT = 5&—’(2@,}5 + mdef + 5&4% b

where
def
SAL = — / / SF dVdt,
HF 3 a
def
def J
63{#,3— / / PJ 0P, dvdet ,
and

def aw, def i
5AL, = / / 6PMBdth

Micromorphic stress tensor

Let us compute the first variation 6&42‘}5. It yields

def
AL = — / / oWy Nsoy' dsdt+/ /
HE IF, g 0XA

Let P be the micromorphic stress tensor defined by

Wdef
oF, ‘

def
awde

(Pﬂ)? = i
OF,

Eq. (2.72) becomes

31
mdef:—/ / P) Nady' dsdt+/ / VA sxiavar .
KE o 68( BaXA

Microstress tensor

Let us consider the first variation 6 ﬂiel:,f. It yields

def
SAdL = / / 5PJ avdt .
HE op.

Sy dvdr .

(2.68)

(2.69)

(2.70)

2.71)

(2.72)

(2.73)

(2.74)

(2.75)
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Let S be the microstress tensor defined by

Eq. (2.75) becomes
SAE = / / ) 6PV .

Hyper microstress tensor

Let us consider the first variation (5ﬂffvfp. It yields

def

5.Adk! // 6P’Nda’t//
Auvp = o5 0P, , Basdr+ BaxB

Let us introduce the tensor H), defined by

def
awde
P, ,

(H#)?B =

9

which could be named hyper microstress tensor. Eq. (2.78) becomes

SAKL, = // AB(SP‘NBdsdt+/ /(’)XB ABsPl dvdr .

External actions

Let us consider the first variation 63"(;’“. It yields

1 51 .
5&2(;’“:/ /(Bﬂ)bé)(dedt+/ /(ﬂaﬂ)j‘(sp;,dvm,
o B o B

a(L{CXt A aﬂext
T (%M)i == i
ox apP,

where

(B#)b =

Let us consider the first variation 6ﬂzurf. It yields

I I .
SR = / / (b), 6x" dsdi+ / / (b,)* 5P, dsdr
to 08 to 0B

def
6P’ dvdt .
8P’

(2.76)

2.77)

(2.78)

(2.79)

(2.80)

2.81)

(2.82)

(2.83)
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where
awlslurf s aW/slurf
(bu),=- oyt (bu); =- oP (2.84)
kinetic contributions
Let us consider the first variation (Xﬂﬁin. It yields
) I .
SAR" = / /B (p gap v VP + 784 50, @k gik) dvdt . (2.85)
to
Let us define
. tl .
S ANG = /t /B JBA D, @ gy dVdt
0
. 2.86
VL o, o 2Pk =
= / / J gikq)B dvdt .
to B (91‘
It yields
. f AoP!
SANG = / / I op——= dvar (2.87)
to B 8t
where
¢5i = §ik Py - (2.88)
Equilibrium equations
The equilibrium equations, in the Lagrangian description, are listed below:
o on the volume B:
d(pvp) O M
2 +6XM( w)y +(Bu), =0, (2.89)
0 Bep) 0 AB A
- + H,): " +(8B,):; =0; 2.90
ot GXB ( ﬂ)z ( ,U)t ( )
o on the boundary 08:
~(B)y Nas+ (by), =0, (2.91)
—(H,) P Np+(b,) =0. (2.92)

Egs. (2.91) and (2.92) imply that the subdomains of the micromorphic continuum exchange

with each other forces per unit area, P, and double forces per unit area, H,,.
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2.3 Second-gradient classic continuum

Notation

Below A, B, D, i, and j are integers belonging to {1,2,3}. Summation is intended over

repeated indices.
$B: initial (Lagrangian) configuration.
08: boundary of B.

008B: edges of B.

Indices denoted by uppercase letters are chosen to indicate components of a tensor in
the initial configuration and lowercase letters to indicate components of a tensor in the

current configuration. Summation is intended over the repeated indices.
Ny4: components of the outward-pointing normal N of 98.

va: components of the outward-pointing normal v of 008.

X4: Lagrangian coordinates.

x': component i of the configuration field y.

vi: component i of the translation velocity v.

G 4p: component (A, B) of the metric tensor G in the initial configuration.
62: component (A, B) of the second-order identity tensor /.

gij: component (i, j) of the metric tensor g in the current configuration.
€;ap: component (j, A, B) of the permutation (or Levi-Civita) tensor €.

g : component (D, A) of the operator of orthogonal projection m .

m;
mHA]j) : component (D, A) of the operator of parallel projection n.

Fi

4. component (i, A) of the gradient of the configuration field F..

p: Lagrangian time-independent mass density.

Ay action functional for the micropolar continuum.
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(P(,)%: component (i, A) of the Piola stress tensor P, .
(Hg)?B : component (A, B,i7) of the hyper stress tensor H,.
(By);: component j of the volume forces B, .

(By): component j of the volumic doubleforces B,
(bs)j: component j of the surface forces b,

(Bs)j: component j of the length forces .

[S]7, S: transpose of the second-order tensor S.

€;4p: permutation (or Levi-Civita) symbol.

f,p: partial derivative of the function f with respect to X2, i.e, f,p= %.

dV,ds, and d¢: volume, surface, and length elements.

2.3.1 Deformation measures

Let Wgef (x,F,VF,X) be the specific deformation energy density. Since it must be objective,
the equality
Wt (v, F,VF,X) =W (Oy +a,0F,0VF,X) (2.93)

needs to be satisfied for any orthogonal transformation O and for any vector a. Let us consider
the polar decomposition of F, F = R, V,,, where V,, = (FT F) 2 It yields

Ry=F (FTF)_I/Z , Rl = [(FTF)_W]TFT . (2.94)

For any F and for any y, it is natural to choose O = R and a = —RL y. We get

T

_ _ -1217 ~1/2
Wy (v, F,VF,X) =W, O,[(FTF) ] FTF,[(FTF) ] FIVE.X|. (295

Eq. (2.95) implies that if Wgef is an objective function of y, F, and VF, then there exists a
function W2 such that
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_ ~121T 1217 wot
Wo O,[(FTF) ] FTF,[(FTF) ] FIVF, X | =W (F,VF,X) (2.96)
and
W (y,F,VF,X) = W% (F,VF,X) . (2.97)

Eq. (2.95) leads also to the deformation measures G, and /- defined by

1
Go =3 (FTF - 1) . I,=F'VF. (2.98)

which have the following component expressions:

1 P A
(Gomn =5 (80 Fiy F=Guadh) o (Iodune =Gua (FT) Fle.  (299)

It is natural to refer to the tensor G as the Green-Saint-Venant stretch tensor and to the
tensor I, as the second-gradient wryness tensor. The Green-Saint-Venant stretch tensor
gives the change in length of an infinitesimal material segment (also named fiber or material
line element). From a historical standpoint, its use emerges in [19, 86, 114, 81, 25]. Since
FTF and FTVF can be expressed as a function of G, and [, it follows the existence of a

function Wgef such that
Wel (F,VF,X) = We (Go, I, X) . (2.100)

Green-Saint-Venant stretch tensor and second-gradient wryness tensor are just two of
the possible deformation measures that can be introduced. Many alternatives have been
proposed in the literature. In the following, the Euler-Lagrange equations are derived by
assuming deformation energy density as an objective function of F, and VF, W3 (F,VF, X).
Consequently, the derived equations hold for any chosen combination of deformation

measures.

2.3.2 Euler-Lagrange equations
Action functional

Let us consider the action functional
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131 1
ﬂ(,:/ /(—pvz—WJ()(,F,VF,X)) dvdt
f ay (2.101)
+/ / ( Wsurf()(,— X))dsdt+/ / lgth()(,X)) dedr,
tn Jos ON’ 908
where

o}

o}

(e]

the field y denotes the configuration field;
the field v = %—’f denotes the velocity field;

the field p denote the Lagrangian time independent mass density;

pv:=gapvivh;

the potential W, (y, F,VF, X) is the volumic density of action;

the potential W5 (y, 75
08;

a N , X) is related to the actions externally applied on the boundary

Igth

the potential W= (y, X) is related to the actions externally applied on the edges 008.

Potential W, can be split into two addends, the objective specific deformation energy Wt

and the external conservative actions of bulk loads US*, as follows

Wy (x, F,VF,X) = W (F,VF. X) + U (v, X) . (2.102)

The first variation of the deformation energy-related portion of the action functional can be

expressed as the sum of three terms,

SAL! = ALL+6ALE (2.103)
where
def
SALL = / / ( (F,VF,X)|6F. dVdt (2.104)
and
I (9Wdef )
SASE = / / ~-—2(F,VF,X)|6F) zavar . (2.105)
n J8\ O0Fp ’
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First stress tensor

Let us consider the first variation 5ﬂg‘}£. We get

6 def
SA%L = / / % dsdt+/ /
oF 08 6F’ OXA

Let P be the first stress tensor defined by

Wdef
OF, J

Sx'dvdt .

0 Wdef

OF,

We get

SAG: =~ / / (Py) Nadyx'dsdt+ / / ~ (Py)f 6x" dVdt .

Hyper and effective stress tensors

Let us consider the first variation 5?@6@ p Ityields

def
def _ i
6ﬂaeVF / ./3 8F’ oF NBdet+/ /8XB

The second integral of Eq. (2.109) is equal to

horog . g 0

//BW angvm:/m /%MB
1 82

_/[0 /gaXAaXB

Let us introduce the tensor H, defined by

Wdef
oF, J

6Wdef
(9F’

0 Wdef

o

6FA,B

oW
OF

NA5)( dsdt

Sy dvdt .

(H )AB an'ef
OF, 5~

)6F’ dvdt .

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

which could be named hyper stress tensor, and let us introduce the tensor P, defined by

3 (Hy)AB

(Pa-);4 = (PO')?+ 9XB >

(2.112)
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which could be named effective stress tensor. Tensor P, plays a crucial role in the translation

equilibrium of the continuum.

Double and edge contact forces

The first integral of the second term of Eq. (2.110) gives

OW def OW def
/ / g 5F’ Npdsdt =— / / Np 6)(Adsdt
BaF’ (9F’
Wdef ) (2.113)
/ / (')F’ Np 6)(C6 dsdt .
From Eq. (2.113), we get
1 oW def c aWdef c
- Np |6y 6 dsdr = - Nz|s (m +mC) ds d
/tO/ 6F’ B Xc // 6F’ B Xc LA ||A)
131 aWdef c
_/ / 8F’ Np 6XC(mJ_DmJ_A +m||Dm||A)dsdt
to

(2.114)

On one hand, the first integral of the second term of Eq. (2.114) is equal to

Wdef Wdef 05/\/1
Np|NCN6x'  dsdt = - NN dsdt (2.115
/./8F’ B) 10X cds .//6F’BA0NS @115
and we name double contact forces the quantities
awdef
l.‘r NpNy . (2.116)
6FA,B

On the other hand, the second integral of Eq. (2.114) is equal to

A
), faaeel;
[ Law:

Wdef
0 F J

Np 6XC (m”Dm”A)dsdt

Wdef
or, ‘

Wdef
(9F J

NBm”A)m”D(S)( dsdt 2.117)

NBm”A 5/\/ m||Ddsdt
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and the Gauss Theorem for embedded manifolds leads to

Wdef Wdef
0 dsdt = N sx'dedt .
/ /Baxc (9Fz Npmy 3 6x' |my ds / /88 (9F’ BVA|OX
(2.118)
We name edge contact forces the quantities
oWt
—Npva . (2.119)
OF, p
External actions
Let us consider the first variation A, It yields
5}
A = / / (By),6x° dvdr, (2.120)
1o B
where e
U,
By)p=—2—. 2.121
Let us consider the first variation 6 AT, Tt yields
surf _ (95/\/
OA, (bg)b Sxdsdr+ (BU)I7 dsdt (2.122)
where
Wg_urf an_urf
(be)p =- o (Bo)p = o (2.123)
N
Let us consider the first variation 6?{?}1. It yields
gh [ b
0As; = (Bs)pox” dldt , (2.124)
to 008
where et
_OWs
(Bo)p = b (2.125)

Equilibrium equations
The equilibrium equations, in the Lagrangian description, are listed below:

o on the volume B,
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A(pvy) 0 - M
——a* T (Ps), +(Bs)p=0; (2.126)
o on the boundary 08,
M 0 awgf’f D c
(~Ps),, NM+_5XC aF/’;BNBmHA mjp+ (), =0, (2.127)
8wdef
——— NpNa+(By), =0; (2.128)
HFA’B
o on the edges 008,
8Wdef
~——Npva+(Bs), =0. (2.129)
oF, p

On one hand, Eqgs. (2.127) and (2.128) imply that the subdomains of the second-gradient
continuum exchange with each other forces per unit area, forces per unit area depending on
the curvature of the Cauchy cut, and double forces. On the other hand, Eq. (2.129) implies
that the subdomains of the second-gradient continuum exchange with each other also forces
per unit length.

2.4 Second-gradient-micropolar continuum

Notation

Below A, B, D, i, and j are integers belonging to {1,2,3}. Summation is intended over

repeated indices.
$: initial (Lagrangian) configuration.
08: boundary of 8.
008B: edges of B.

Indices denoted by uppercase letters are chosen to indicate components of a tensor in
the initial configuration and lowercase letters to indicate components of a tensor in the

current configuration. Summation is intended over the repeated indices.
N4: components of the outward-pointing normal N of 8.

va: components of the outward-pointing normal v of 00 8.
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XA4: Lagrangian coordinates.

x': component i of the configuration field y.

vi: component i of the translation velocity v.

G 4p: component (A, B) of the metric tensor G in the initial configuration.
gij: component (i, j) of the metric tensor g in the current configuration.
62: component (A, B) of the second-order identity tensor /.

m lf : component (D, A) of the operator of orthogonal projection m .
mHQ : component (D, A) of the operator of parallel projection m.

Qi‘: component (i, A) of the microrotation tensor Q.

Upa;: component (B, A, j) of the rotation velocity .

Fi

'+ component (i, A) of the gradient of the configuration field F..

p: Lagrangian time-independent mass density.

JAB: component (A, B) of the Lagrangian time-independent moment of inertia of each

particle J.
Aqr: action functional for the micropolar continuum.

(Pm)i‘: component (i, A) of the effective second-gradient-micropolar stress tensor P.

(M(m)lA: component (i, A) of the effective second-gradient-micropolar couple-stress
tensor M.

(Vgr);: component j of the second-gradient-micropolar couple-stress vector V.
(Bor);: component j of the volumic forces By

(Cor) j: component j of the volumic couples C,,.

(bor) ;+ component j of the surface forces by .

(¢on);: component j of the surface couples o

(Bor) j: component j of the surface doubleforces B .
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(Cor) ;j+ component j of the surface doublecouples C .
(Bor)j: component j of the edge forces Bor.

(¢or) ;+ component j of the edge forces ¢ .

[S]7, S: transpose of the second-order tensor S.
€;4p: permutation (or Levi-Civita) symbol.
f,p: partial derivative of the function f with respect to X B ie, f.g= %.

dV,ds, and d¢: volume, surface, and length elements.

2.4.1 Deformation energy density and deformation measures

Let W (y,0,F,VQ,VF,VVQ, X) be the specific deformation energy density. Since it

must be objective, the equality

W (v,0,F,VQ,VF,VV0,X) = W (Ox +a,00,0F,0YQ,0VF,0VVQ,X)
(2.130)
needs to be satisfied for any orthogonal transformation O and for any vector a. For any Q

and for any y, it is natural to choose O = QT and a = —Q7 y. We get
Wor (10, F.VO,VF,VVQ, X) = Wit (0.1,07F.0"VQ.Q"VF,0VVQ.X) . (2.131)

Eq. (2.131) implies that if ngf is an objective function, then there exists a function Wf
such that

WL (0.1,07F,QTV0,07VF,QTVVQ, X ) = Wi (0. F,VQ,VF.VV0,X)  (2.132)

and
Wor (x,0,F,VO,VF,VVQ,X) = W% (0, F,VQ,VF,VVQ,X) . (2.133)

Eq. (2.131) leads also to the deformation measures E, I, [ 5, and K, defined by

1
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which have the following component expressions:

1 J i A T A i
(Ex)yn = E(gij Q4 Fy—Gua 5N) s (W mne =Gua (Q ) Ovn.c>
! (2.135)

A . A
(FO'H)MNC = GMA (QT)i FIIV,C s (KO'n)MNCD = GMA (QT)i Q;V,CD .

It is natural to refer to the tensor I, as the second-gradient-micropolar wryness tensor and
to the tensor K, as the second second-gradient-micropolar wryness tensor. Since QT F,
0TvQ, OTVF, and QTVVQ can be expressed as a function of E,, I, [, and Ky, it
follows the existence of a function Wg‘,’rf such that

Wi (Q,F,VQ,VF,VVQ,X) = W (E, I, Ty s Ko, X) . (2.136)

In the following, the Euler-Lagrange equations are derived by considering deformation energy
density as an objective function of Q,F, VQ, VF, and VVQ, W (E,. I}, Tyr, Kor, X).

Thus, the derived equations are valid for any chosen combination of deformation measures.

2.4.2 [Euler-Lagrange equations

Let us consider the action functional

horl 1
ﬂ:/ /(—pv2+§J®2—W(m(X,Q,F,VQ,VF,VVQ,X)) dvdt

+/tot1/68(—W3‘¥f( Q ))dsdt+/ /88 weh o, X))dfdt

(2.137)
where
o the field y denotes the configuration field;

o the fields p and I refer to the Lagrangian time-independent mass density and to the

Lagrangian time-independent moment of inertia of material points;

o the fields v = W and O = ? denote the Lagrangian-translation velocities and

Lagrangian-rotation velocities;
o pv?=guv*v? and J@* = JBA @’ @k 8ik;

o the potential W, (x,Q,F,VF,VQ,VVQ, X) is related to the volume density of action;
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o the potential WU (y, 0, X) is related to the actions externally applied on the boundary
08;

o the potential th,fg,trh (x, 0, X) is related to the actions externally applied on the edges
008.

Potential W, can be split into two addends: the objective specific deformation energy density

Wdef and the external conservative action of bulk loads U, as follows

Wor (x,0,F,VF,VQ,VVQ,X) = Wdef(Q F,VE,VQ,VVQ)+UZ (x,0,X) . (2.138)

The first variation of the deformation energy-related portion of the action functional can be

expressed as the sum of three terms,

SAY = OANT 4+ OAL o+ OAN o +OAS G+ 0 A 9v0 » (2.139)
where o
W (&
SAL! = / / on (5F’ dvdt, (2.140)
def
SAX = / / —% 5Q1.dVdr, (2.141)
8 00 r
aWdef
SAAyF = / /B au 5F;W gdvdt, (2.142)
SALL oW g;f 5 avdt , 2.143
Agvo = QM B t (2.143)
and o
oW
5ﬂge;vvg / / X 5QM gcdVdt . (2.144)
M BC

First second-gradient-micropolar stress tensor

Let us consider the first variation (5ﬂdef We get

awdef 151 0
SAX! = // ”N(S)(dsdt+/ /BaXA
fo

6Wdef
8F J

Sy dvdt . (2.145)
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Let P be the second-gradient-micropolar stress tensor defined by

oW

P, ) = L 2.146
(Por); oF" ( )

which leads to

31 . 131 a )
SAS = / / (Por)? NaSy' dsdt + / /  (BoAsyavdr.  (2.147)
to 0B to B 3XA

First part of the second-gradient-micropolar stress vector

Let us consider the first variation 6.?(ng. It yields

aWdef
SAN ) =~ / / on 5Qf dvdt . (2.148)

If Eq. (2.14) is taken into account, we get

SAL = / / (5wk avdt, (2.149)
where o
dwie

(me) i Qf” G™ Q! exrs (2.150)

is the first part of the second-gradient-micropolar stress vector.

Hyper and effective second-gradient-micropolar stress tensors

. . . def
Let us consider the first variation A . We get

def oW def
on i
ﬂo—enVF / /B oF NBdel'i'/ / 0XB

The second integral of the second term gives:

Wdef

SF.dvdr. (2.151)

1 0 awdef ) f P awdef
— L |6F, dVdt = I NN4 S dsdt
: 35XB OF' o aBaXB 8F’
0 A,B
’ (2.152)
def
oy tdvdr .
/ / OXAdXE (’)F’
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Let us define the hyper second-gradient-micropolar stress tensor Hy

awdef
H, ) 8 = —2% 2.153
(Hor); oF ( )

and the effective second-gradient-micropolar stress tensor P, equal to

0 (Hyr) B

5P (2.154)

(Pan);\ = (Pan)lA +

First part of the second-gradient-micropolar couple stress tensor and second part of the
second-gradient-micropolar stress vector

Let us compute the first variation (53{21:’7% 0 It yields
awdef
SAL ) = / / GNA Q' peun o0’ + GV Q! ey 60 )dth (2.155)
80
and
OWan
SAL o = / /B z GNAQABe,MN&u dvdt
Wdef
—E GNAQ ejun 0w’ Npds dt
A€jMN B (2.156)
08 0

//m

We refer to the tensor M, as the Piola-type couple stress tensor and to the vector Vm as

aWdef ) )
NA Qiq EjMN) ow’ dVdr .

the second Lagrangian stress vector. They are defined by

B 3Wdef 6Wdef )
M ) _OWor GNA B ’ (VII ) _ on GNAGi oo 2157
( on j 0Q QA JMN on j aQM’B QA,B JMN ( )

Positions (2.157) and one integration by parts lead to

SANT o = / / v“ _wf dvdt
n N . .
- / / (M'or) Ny 6! dsdr+ / / S Mlm) 5’ dvdt .
0w Jos j nw JB0X j

(2.158)
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Hyper and effective second-gradient-micropolar couple stress tensors

Let us consider the first variation (5ﬂdef We get

TVVQ"

Wdef ] ) ) .
def NA i . Jj NA i . J
80 Qs BC

NA i J NA i j
+GVA Q) cejuy 60Ty + GV Oy €y 60y ) Vs

that is equal to

def aWdef 4

e GNA O . i

OA G rvvo = / / OQA.Bc EjMN OW
800}, BC

(2.159)

+2GNA QTAB €;MN 5(4),](: +GNA QfA €EiMN 5w,jéc) dvdt

Let us define the third part of the second-gradient-micropolar stress vector

(VIII) ~ 8Wdef
k

A i
on 6Q QA,BC EkMN) :
M,BC

From the second integral of Eq. (2.160), we have
Wdef
/ / (26740, yemn 60y ) dvar
800, BC
aWdef ] )
/ / (2G40, yejmn) Nesw dsdi
o8 0Q), BC

o owdd . ,
GNA QQBGjMN ow’ dVdt
'/ '/B 0XC0Q); pe ( ’ )

that leads to the definition of the second part of the Piola-type couple stress tensor

C aWdef )
(Mgn)k =g (ZGNA 0y ekMN) .
M,BC

(2.160)

(2.161)

(2.162)

(2.163)



40 Uniform presentation of generalized continua

The third integral of the second term of Eq. (2.160) can be manipulated. We arrive to

1 aWdcf
—/ 7 —ar GNAQAe,MNaw dvdt
to QMBC

Wdef
/ / —I%_GNAQl e N, 6a) pdsdt
A€JMN C

Q.5c
+J e

awgef
— 7 GN Qi e,MN) Sw'ydvdr .
The second term of Eq. (2.164) is equal to
| Lo

MBC

aWdef ) .
NA Qk EjMN) 5ij dvdt
Qv.5c ’

awdef
./ /B 0X¢ FRa GNAQAGJMN Npdéw’ dsdt
MBC
awdef NA i .
/ /B 9XBIXC\ 00, e Q' €jmun | 6w’ dVdt .

Let us define the Hyper second-gradient-micropolar couple stress tensor Hy,

def
BC _ 0 Wa'7r

Hers” = 30r, o

GNA
QY €jMN

and the effective second-gradient-micropolar couple stress tensor Maﬂ,

(MO'IZ')B = (MI )B+ (MH )B+ (H(Tﬂ'
k o k o L 0 XC k
Double and edge second-gradient-micropolar contact couples

The first term of Eq. (2.164) gives

aWdef
/ / ( gr GNAQAEJMN)Nc5a)J dsdt

MBC

aWdef
/ / ( A GNAQAGJMN)Ncéa) (5Ddsdt

MBC

1 aWdef
— _/ / on GNA QA €;MN
to 08B 0QM BC

e (mJ_B +m||B)5a)J dsdr .

(2.164)

(2.165)

(2.166)

(2.167)

(2.168)



2.4 Second-gradient-micropolar continuum 41

Moreover, it holds

Wdef VA
/ / — I G QAEJMN Nc(mLB+m||B)6wJ ds dt
Chv.nc (2.169)
Wg?rf NA D
/ / G QAEJMN Nc(mlFmLB+m||Fm||B)5w dsdt .
Qv.sc
Eq. (2.169) can be split into two integral. The first one implies
aWdef
/ / ( o GNA QAeJMN)NcN Npow?, dsdt
O, e (2.170)
8W ¢ 96w’
/ / ( gr GNAQAE]MN)NcNB aw ds dt
M BC
and leads to the double second-gradient-micropolar contact couples defined by
OWgs NA
—G QAE]MN NcNB (2171)
6QM BC
The second one implies
Wdef
/ / GNAQAEJMN Nc(m||Fm||B)6w dsdt
Qv.sc
/ / Wi GN Q! N¢Sw! ds dt (2.172)
D AEJMNm”B cow m||F § :
a8 0X BQM BC
Wdef GNA o F Dg, j
/ / XD Q' €jmn m)zNc m||F6a)J dsdt
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and its second term gives
aWdef ] ]
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098 aQM BC
dof (2.173)
6W °
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008\ 0Q)y pc
The quantity
OWSE  _va
— 2 GN' Q' €junNc | v (2.174)
aQM BC
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is naturally named edge second-gradient-micropolar contact couples.

External actions

Let us consider the first variation 6 ASE. Tt yields

131 1 )
6AGs = / / (Bon)p0x" dVdt + / / (Con),; 6w’ dVdt
to B to B

aUext 8Uext
é‘)((rbﬂ . (Con);=———22G"™ 0O}, €jrp .

a0k

where
(Ba'zr)b =

Let us consider the first variation S AT, Tt yields

S b
pA = / [, Geonoxt asar / [ By 5 as
to to
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Let us consider the first variation 6ﬂ£§,t,h. It yields

AL _ // (Bor)pSx" d&m// (¢or) 60 dldt,

lgth
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where

(IBO'H)b ==

(2.175)

(2.176)

(2.177)

(2.178)

(2.179)

(2.180)

(2.181)

(2.182)



2.5 Summarizing the main results 43

2.4.3 Equilibrium equations

The equilibrium equations, in the Lagrangian description, are listed below:

o on the volume B,

o(pv 0 -
- (gt”) o (Bor) ¥ + (Bor)y =0, (2.183)
O(JBpa;) 0 -
o+ oy (Mon) ) = (Vor);+ (Con) =0 (2.184)
o on the boundary 085,
_ 0 aWdef
(_Pan)z/INM'l'm aF;’” NBm”g)m”gHbm)b:O, (2.185)
A,B
v M a a‘/V(()l'?rf NA i F D
(—Mo-ﬂ)j NM+(9XD P ; G QAejMNmHBNC m||F+(Ca'7r)j:Oa (2.186)
QM,BC
aWdef
-3 X INgNa+(Bor)y =0, (2.187)
FA,B
aWdef )
— === G " Q' €jun | Nc Ng+(Cpr) ; =0 ; (2.188)
an J
M,BC
o on the edges 008,
aWdef
- = Npva+(Bor), =0, (2.189)
FA,B
6Wdef )
~| =GN Q' ejun Nc | vg+(¢or) ;=0 (2.190)
aQM,BC

On the one hand, Eqgs. (2.185) and (2.186) imply that the subdomains of the second-gradient-
micropolar continuum exchange with each other forces per unit area, forces per unit area
depending on the curvature of the Cauchy cut, couples per unit area, and couples per unit area
depending on the curvature of the Cauchy cut. On the other hand, Egs. (2.187) and (2.188)
imply that the subdomains of the second-gradient-micropolar continuum exchange with each
other also double forces and double couples. Finally, Eqgs. (2.189) and (2.190) imply that

forces and couples per unit length are also shared.

2.5 Summarizing the main results

o The micropolar continuum is an assembly of small rigid particles that can translate

and rotate. By means of the least action principle, it has been proven (see Egs. (2.50)
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to (2.53)) that the subdomains of micropolar continuum interact with each other via

forces per unit area and moments per unit area.

The micromorphic continuum is an assembly of small particles that can translate and
deform. By means of least action principle, it has been proven (see Egs. (2.89) to
(2.92)) that the subdomains of micromorphic continuum interact with each other via

forces per unit area and double forces per unit area.

The second-gradient continuum is an assembly of small particles that can just translate.
By means of least action principle, it has been proven (see Eqgs. (2.126) to (2.129)) that
the subdomains of second-gradient continuum interact with each other via forces per
unit area, forces per unit area depending on the curvature of the Cauchy cut, and forces
per unit length.

The second-gradient-micropolar continuum is an assembly of small particles that
can translate and rotate. By means of least action principle, it has been proven (see
Egs. (2.183) to (2.190)) that the subdomains of second-gradient-micropolar continuum
interact with each other via forces and couples per unit area, forces and couples per unit

area depending on the curvature of the Cauchy cut, forces and couples per unit length.

Recent applications of the listed generalized continua concern particle-based and
composite materials and metamaterials. Applications in the framework of biological

and biomedical fields are in progress.



Chapter 3
Pantographic structures

This chapter is divided into three sections. Section 3.1 is derived from the paper [79]. Recent
findings regarding pantographic sheets (2D) are presented. Section 3.2 is derived from
the paper [21] in which new results concerning pantographic blocks (3D) are presented.
Section 3.3 is derived from the paper [73] in which the effects of pivot-related defects on
the mechanical response of pantographic sheets are analyzed. For pantographic sheets, we
use both a discrete Hencky-type model and a continuous model. However, for pantographic
blocks, only a continuous approach is used. This decision arises from the greater degrees of

freedom of pantographic blocks, for which continuous models offer computational advantages.

3.1 Novel torsional energy for pantographic sheets

The pantographic sheet consists of a discrete grid of beams and pivots (hinges). We categorize
three distinct scales, namely the macroscopic, mesoscopic, and microscopic scales. On
the macroscale, the pantographic sheet is represented as a second-gradient continuum.
Transitioning to the mesoscale, it is conceptualized as an assembly of extensional springs
linked by rotational springs to account for bending and shear effects. On the microscale, it
is an assembly of beams and pivots. This section introduces a novel torsional energy for
simulating the torsion of pivots via mesoscale modeling. This energy improves the one
proposed in [33].

The section is organized as follows. In Subsection 3.1.1, we summarize the experimental
setup used to test metallic (ME) pantographic sheets, as well as the obtained results. For
the analysis of pantographic sheets, the discrete model currently used in the literature is
summarized in Subsection 3.1.2. Subsection 3.1.3 introduces novel torsional energy and its
properties. In Subsection 3.1.4, a numerical identification in accordance with the experimental

data is performed, and the theoretical force-elongation curves obtained are compared to the
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experimental ones. Both ME and polyamide (PA) pantographic sheets display a high level of

matching. Regarding the experimental results for the PA samples, we refer to paper [33].

Notation

wy: local axial strain energy.

wp: local bending strain energy.

wy: local torsional (or shear) strain energy given in [33].
W: novel torsional (or shear) strain energy proposed.

U1, Yo: angles used for describing the deformation of polyamide (PA) pantographic

structures.

di, d»: Euclidean distances used for describing the deformation of metallic (ME)
pantographic structures.

R, axial reaction force.

A: rate of the displacement with respect to the maximal displacement before the first
pivot collapse.

3.1.1 Experimental motivations

The development of additive manufacturing and 3D printing enabled the creation of objects
with an extremely fine microstructure that was virtually impossible a decade ago. Among
these, pantographic sheets can be printed, which consist of a planar grid obtained by
superimposing two families of beams (fibers) that are connected by small cylinders usually
referred to as pivots (hinges). To accurately describe their mechanical behavior, at least three
terms in the strain energy must be considered: beam elongation, beam bending, and pivot
torsion.

Below, we report the experimental force-elongation curves of pantographic sheets
subjected to bias-extension tests. Bias-extension tests permit the simultaneous analyses of
extensional, shear, and bending mechanical effects. The deformation shape of a sample

subjected to a bias test can be separated into three regions (see Fig. 3.1):

o the clamped ends (A) in which extensional deformations dominate;

o the central zone (S) in which shear effects are primarily present;
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o the region (B) in which bending deformations are predominant.

7 V) 7 Z

Z 7 2 7

Fig. 3.1 Bias extension test: areas characterized by different predominant energies.

Bias extensional tests have been performed on three metallic pantographic sheets!. The
tested samples have been clamped at both ends, with one end remaining fixed and the other
being longitudinally displaced at a rate of 50 um/s. The experiments have been carried out in
LMPS-Laboratoire de Mécanique de Paris-Saclay. In Fig. 3.2, four load steps are displayed
for the bias test performed on one of the three ME samples. The quantity i, = 25 mm denotes
the longitudinal displacement following which the first collapse of a pivot occurred. The

(a) (b)

(©) (d)

Fig. 3.2 Bias test of a ME pantographic sheet sample: (a) 0.251,, (b) 0.5, (¢) 0.75u, and
(d) uy.

force-elongation curve of a ME sample until total collapse is depicted in Fig. 3.3, which is
illustrative of a larger set of experiments and has been used as an example for the identification.
In this instance, the bias test has been conducted by using two loading paths:

o the samples have been loaded and unloaded after reaching 9.26 mm, (see the red portion
of the curve in Fig. 3.3);

1The samples, in 316L stainless steel, were fabricated at Laboratoire PIMM of Ecole Nationale Supérieure
des Arts et Métiers in France by using the SLM125HL setup from SLM solutions.



48 Pantographic structures

o then, the samples have been loaded up to the limit of total collapse (see the blue portion
of the curve in Fig. 3.3).

Before the collapse of the first pivot, the force-elongation curve undergoes a change in

concavity (Fig. 3.3). In light of this, we intend to introduce a model capable of capturing

Ry as a function of uy
T .

800}

— Loading 1
600+ — Loading 2
z

€ 400¢

200

Uy (mm)

Fig. 3.3 u, — R, experimental curve of a ME pantographic sample in bias elongation test.

the mechanical response of both metallic and polyamide specimens with the fewest possible
parameters. Regarding the experimental results pertaining to polyamide samples, we refer
the reader to [33]

3.1.2 Discrete mechanical model

Various types of pantographic sheet models have been proposed in the literature:

o meso-models that consist of an assembly of Euler-Bernoulli beams with axial, bending,
and torsional stiffnesses [6, 40];

o Hencky-type models in which the microstructure is modeled by means of extensional
springs interconnected by two families of rotational springs to account for bending and
torsional (or shear) effects [138, 137, 139, 141].

Once homogenized, both models result in second-gradient continua. In this section, the
Hencky-type model is used (see Fig. 3.4). The strain energy is assumed to be the sum of
three uncoupled contributions related to stretching, bending, and torsion [138]. Stretching,

bending, and torsional energies are denoted by w,, wj; and w and are defined as follows [38]:

wall) = 3ka (C~(0) 3.1)
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Pi+1

o .
FP,' Pi-1 P+

(a) (b) ()

Fig. 3.4 Hencky-type model with (a) axial extensional springs, (b) bending rotational springs,
and (c) torsional rotational springs.

wp(B) = kp (cosp+1) , (3.2)
1~ a
ws(y) = Eks (7— g) , (3.3)

where k,, k; and E represent the axial, bending and shear stiffnesses, respectively. The
symbols £y = HP,-P,-+1

of the beams. The operator ||-|| represents the Euclidean norm. The quantities 8 and y in

, L= || Di p,-+1|| denote, respectively, the initial and the actual lengths

Eq. (3.2) can be calculated in terms of the pivot displacements using the Carnot theorem.
In Fig. 3.4(c), the geometric significance of the angle v is highlighted. This type of shear
energy is unsuitable for describing the force-elongation curve of metallic pantographic sheets
depicted in Fig. 3.3, which is characterized by a significant change in concavity. In addition,
the second derivative of the specific energy function wy (-), defined in Eq.(3.3), tends to
infinity if @ < 2 and vy tends to /2. This feature may result in numerical problems. Simple
numerical simulations reveal that modifying the functions describing the axial and bending
energies, w, (-) and wy, (-), has no appreciable effect on the matching between the identified
theoretical and experimental force-elongation curves. In this regard, the function wy (+) is
essential, and a novel specific shear energy that improves the one in Eq. (3.3) is introduced
below. In addition to discrete models, the proposed energy can be used in the continuum

models that result from a homogenization procedure.

3.1.3 Novel shear nonlinearity model

Our purpose is to find the torsion energy function w;(+) for matching the force-elongation

curves for both metallic and polyamide pantographic sheets. The local axial and bending
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energy functions, w, (-) and wy (-), given by Egs. (3.1)-(3.2) are not changed since, as
mentioned, they play no significant role in the concavity change of the force-displacement
curve.

Proposed is a phenomenological two-parameter shear energy that can model the high
changes in the concavity of the force-elongation curve, with one parameter responsible for
the change in concavity. In this regard, a novel local shear energy, W, (), is introduced by
considering a constitutive law relating the torsional moment M to the shear angle y via an
arctangent (-) function

M (y) =k arctan [a ()/ - g)] , (3.4)

where k; and « are the two parameters of constitutive law (3.4). Observe that samples undergo
permanent deformations after unloading (see the red part of Fig. 3.3) indicating that pivots are
affected by plastic deformations. In future works, plastic deformations or damage in pivots
will be discussed further. Some results are already available in the literature [132, 134]. In
plasticity, the exp(-), log(-), tan(-) or arctan(-) functions are typically used in the modeling of
hardening. As aresult, it is reasonable to consider the arctan(-) function for modeling torsional
moments, and this choice should not be considered as data-driven but as theory-driven.

Eq. (3.4) yields the specific torsional energy, W;. Since,

an()’) _
dy

M(y), (3.5)

then, the specific shear energy can be obtained by integrating Eq. (3.4) with the condition
WY (7T/2) = 0’

Ws(y) = ky (y—g)arctan (a (V_E)) Bl (3.6)

The first derivative and the second derivative of Wy with respect to y are bounded in the

interval [0, 7] and for any positive number «. Fig. 3.5 shows the influence of the material

parameter a on the shear energy, Wi (), the first derivative, ‘?Z s (-), and the second derivative,

662—32“ (+). The curves of Fig. 3.5 correspond to ks = 1 /arctan(“5") such that My = 1 when y = 7.
As expected, due to the boundness, there are no infinite values obtained in any of the three

cases. Accordingly, the proposed energy is appropriate for numerical simulations.
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Fig. 3.5 Parametric study of energy density: (a) Wy, (b) %“;S and (c)
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3.1.4 Numerical identification procedure

The characterization of a polyamide sample presented in [33] is based on the use of the two
angles | and ¢, which are physical quantities representative of the deformation process.
The angle | allows us to describe the shear deformation in the shear-dominated region of
the specimen, whereas the angle i, allows us to describe the bending deformation in the
bending-dominated region of the specimen.

Two Euclidean distances d| and d; are preferred here to describe the metallic samples,
whose geometrical definition is shown in Fig. 3.6. The distances d; and d; are mean quantities
associated with shear- and bending-dominated behavior, whereas the angles ¢; and ¢, are
local descriptors. The numerical procedure for the identification consists of the minimization

Fig. 3.6 Geometrical definition of d; and d; in the configuration 0.25 .

of a function f(a, kg, kp, ky),

2 N 2
1 1)= 2 2)#
(pf)—pf)) +) (pf)—pf)) ; (3.7)

N
Flakaskp, k)= > (Ri—R)
i=1 i=1 i=1

where (p", p(¥) stands for (¢/1,¥») or (d1,d>), the superscript * denotes the experimental
values of the considered descriptor, and N is the total number of the experimental points.

In Eq.(3.7), the various contributions can be summarized as
o the reaction force R considered as function of the displacement;

o the distance d; (or angle 1) in the shear-dominated region of the specimen considered

as a function of the displacement;

o the distance d, (or angle ¥;) in the bending-dominated region of the specimen

considered as a function of the displacement.
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The identification process is been performed in terms of displacements but in terms of a
dimensionless parameter A € [0, 1] defined by the ratio between the prescribed displacement
and a maximal prescribed displacement before the first hinge collapse: A = u, /iy, where u,

is the current axial displacement.?

3.1.5 Identification example

By comparing experimental findings and theoretical numerical simulations for polyamide and
metallic pantographic sheets, the effectiveness of the proposed expression of shear energy is

proven in the following.

Polyamide pantographic sample

The numerical identification procedure is performed with four experimental values cor-
responding to A € {}‘, %, %, 1} for each of the three curves relative to (A, Ry), (4,¥1), and
(A,¥7). For the proposed energy expression, the parameters (a, k., kp, k) that best fit the
experimental data have been identified.

In Figs. 3.7-3.8-3.9, we reproduce the experimental results [33] for polyamide specimens.
In these figures, the graphs A +— R,, 1+ ¢, and A — Y, are shown. The parameter « is

mainly responsible for the change in the concavity of the force-elongation curve.

Metallic pantographic samples

The numerical identification procedure is performed with only three experimental values
113
) 4274
dé ) - d,. For the proposed energy expression, the parameters (a, k4, kp, k) that best fit the

corresponding to A € { } for each of the three curves relative to R, d%o) —d; and
experimental data are identified.

Let d%O) and d;o) be the values of d; and d» in the initial configuration. The graphs
A+ Ry, A d\” —dy and A+ d” — ds are shown in Fig. 3.9, 3.10, and 3.10. It should be
noted that the high chance in the concavity is accurately modeled with the proposed shear
energy (3.6).

The experimental values for 4 =1 are not used in the identification procedure because
the numerical simulation cannot capture the high increase at the end of the loading. The
mechanism underlying this significant increase is still under investigation, but it may be
related to self-contact between beams in the bending-dominated behavior region (B) (see
Figs. 3.2(d)).

2The minimization procedure is performed by means of the finincon function in the MATLAB® environment
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Ry as a function of A Ry as a function of A
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Fig. 3.7 A — R, curves (a) for different values of a and (b) for the identified value a = 5.
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Fig. 3.8 1 — i curves (a) for different values of a and (b) for the identified value a = 5.
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Fig. 3.9 1 — y, curves (a) for different values of a and (b) for the identified value a = 5.
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3.10 A — R, curves (a) for different values of a and (b) for the identified value a = 25.
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3.2 Deformation mode in 3-point flexure on pantographic
block

Pantographic blocks (3D) are made by assembling pantographic sheets (2D). A first attempt
to investigate such a 3D metamaterial can be found in [46, 147]. This section introduces
a novel second-gradient continuum model for simulating their mechanical behavior. The
mathematical model is experimentally validated by means of Digital Volume Correlation
(DVC) techniques [50, 142].

The section is organized as follows. Subsection 3.2.1 introduces a novel second-gradient
model for the pantographic block and discusses the experimental setup. Experiments are
conducted using a prescribed load parallel to the pantographic sheets that constitute the
pantographic block being tested. For the initial and final deformation configurations, the
DVC results are discussed in Subsection 3.2.2. First, the displacement fields are analyzed.
The motions of the pivots are then reported to identify the mode of deformation of the
pantographic block. In Subsection 3.2.3, numerical simulations are performed in which the
prescribed load is orthogonal (and not parallel) to the pantographic sheets. In order to validate
the numerical results for this case, additional experimental campaigns are required and are in
progress at the University of L’Aquila in collaboration with the International Research Centre
on Mathematics and Mechanics of Complex Systems (M&MoCS).

Notation

L, M: directions of the beams (fibers) in the initial configuration.
N: direction of the pivots (hinges) in the initial configuration.

F': gradient of the configuration field y, F =V y.

¢, m: directions of the beams (fibers) in the actual configuration.
n: direction of the pivots (hinges) in the actual configuration.
A—1, u—1: axial deformation measures of the beams.

n — 1: axial deformation measure of the pivots.

v: shear deformation measure.

K:L, Ky twist deformation measures of the beams.
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KnLs kKny: flexure deformation measures of the beams normal to the plane of the beams.
KeL, kgpr: geodesic flexure deformation measures of the beams.
p: grey level residual.

®.: sum of squares of grey level residuals in the representative volume of interest
(ROD).

®,,: penalty term considered in the Hencky-elasticity regularization.
X: cross product of two vectors.

-: scalar product of two vectors.

3.2.1 Model-initialized DVC of in-situ flexure
Strain energy of pantographic blocks

The internal architecture of the pantographic block (Fig. 3.13) is organized along three distinct
orthogonal directions. Two of them define the pantographic plane of the scissor mechanism,
and the directions of the so-called beams (fibers) are given by the unit vectors L and M
in the reference configuration. The third direction, defined by the vector N, represents the
axis of the pivots (hinges). The images of these three vectors in the current (or deformed)

configuration are given by
Al=FL , uym=FM , nn=FN (3.8)

where F is the gradient of the configuration field y, £, m, and n are the unit vectors in the
current configuration under the transformation F. It is assumed that the behavior of the
pantographic block is the same for all parallel planes to the plane 7 defined by the vectors L.
and M. Let us introduce the strain energy [60, 140, 57]
1
wr =3 [Ke((A= 1)+ (u=1)%) +Key*+

K, (&% +&h) + K,y (13, +62,,) + K, (K§L +K§M) (3.9)

that has two main contributions: i) the first-gradient part based on the deformation measures
(1—1), (u—1), and y, which represent the change of length in directions of vectors L. and M
as well as the change of angle between these two directions in the deformation process from

the reference to the current configuration as defined by Equation (3.10); 1) the second-gradient



Pantographic structures

[ &

-
= (¥

o=

-

Fig. 3.13 Nominal geometry of a pantographic block

part based on the deformation measures representing twist and curvature in directions of
vectors L and M, respectively. The distortion angle between L. and M is given by,
(3.10)

siny=€-m,
while the measures of twist deformation, flexure normal to the plane 7, and geodesic flexure
read dr dr
=(nxl)-— , =n-— X&) — 3.11
ki = (nXE) - as, TS —(nx?f)- as, (3.11)
and
dn dm d
, Kpmy=n- F y KgM——(nxm) F (312)

X _
Kem = (R Xm) - Sy
for the beams along the directions L. and M, respectively. In Equations (3.11) and (3.12), S,
and S, are the abscissae along the two fiber directions. The energy density (3.9) is based on

a Kirchhoff beam model [56, 63]
The behavior in the direction N was assumed to be only characterized by first-gradient

terms
wy == {Ken(n= 1) +Kn (viy +vig) +2Ke [((A=D (=D +(u-D (- D]}, (3.13)

where the first contribution represents a storage of elastic energy due to a change of length
in the direction N; the second term is related to the shear in the plane defined by L and N

as well as in the plane defined by M and N; the last term represents an exchange of energy
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between stretching modes in the pantographic plane 7 and the orthogonal direction N. The

shear strains are defined as
sinyyy=€-n, sinyyy=m-n, 3.14)

where K., Ky, Ky, K;,, K, Ky, Ky, and K, are material parameters. It is then assumed that
the strain energy density w of the pantographic block is the sum of the two contributions
given by Equations (3.9) and (3.13), w = w, +wpy.

Experimental setup

A 3-point flexural test is performed on a pantographic block that has been produced at the
Warsaw University of Technology by selective laser sintering (SLS) using PA2200 polyamide
powder, beginning with the nominal geometry shown in Fig. 3.13. The dimensions of the
pantographic block under test are 121.8 mm, 56.8 mm, and 26 mm. These directions are
referred to as longitudinal, vertical, and transverse corresponding to the {x}, {z}, and {y} axes,
respectively. An in situ 3-point flexural test is performed by prescribing a displacement in the
pantographic plane, parallel to the side of length 56.8 mm. The pantographic block under test
is obtained by assembling 11 layers of beams, with each pair of successive layers connected
by 138 pivots (13 vertical rows of 6 pivots alternating with 12 rows of 5 pivots), for a total of
1380 pivots. The cross-section of the beams has dimensions 2 x 1 mm?, and the connecting
cylinders have diameter and length equal to 0.90 mm and 1.5 mm, respectively. The 3-point
flexural test is conducted by prescribing a displacement in the pantographic plane, parallel
to the vertical z axis. The test is monitored via micro-computed x-ray tomography [89]
to acquire 3D scans of the reference and deformed configurations [18]. The three ABS
supports used in the 3-point flexural test have been 3D-printed using Fused Deposition
Modeling (FDM). Two supports are attached to the bottom plate on the testing machine at
a distance of 8.2 mm, and the third is attached to the top plate, in correspondence to the
middle horizontal position of the others. The test is conducted up to the testing stroke limit
of the machine, controlling the lower motion of the supports. Between the specimen and the
supports, corrugated cardboard (undulated polypropylene sheets) are added to prevent the
beam ends from locking with respect to the supports.

Six tomographic scans are acquired during the experiment. Two of these six scans
correspond to the unloaded configuration: the first is used as the reference scan, while the
second is used to evaluate measurement uncertainties and the baseline level for the correlation
residuals. By increasing the stroke, four scans are acquired in the deformed configurations.

After the acquisition of the undeformed scans, a 10-mm spacer is installed to permit larger
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displacements at the testing stroke limit of the machine. After an additional 14 mm stroke,
the first scan is acquired. The next three scans are acquired every 5 mm. Hence, scans from 1
to 4 are acquired for a total prescribed displacement of 24, 29, 34, and 39 mm, respectively.
The reaction force and stroke are continuously recorded during the test (Fig. 3.15). The
hardware parameters of the experiment are reported in Table B.1.

In Fig. 3.14 a section of three of the reconstructed volumes is shown (reference configura-
tion and scans corresponding to 24 and 39 mm prescribed displacements). For the sake of
conciseness, the majority of the results will focus on scans 1 and 4. The acquired section
is initially parallel to the pantographic plane allowing a fiber layer to be clearly visible in
the unloaded configuration (Fig. 3.14(a)). In Fig. 3.14(b,c), due to out-of-plane motions,
the acquired sections are no longer parallel to the fiber layer. In the cited figures, the pivots
connecting the layers are visible as small white dots. Fig. 3.14(c) shows that the beams
deform significantly, especially at the final deformation level. The magnitude of the vertical
displacements is equal to hundreds of voxels, making DVC analyses extremely challenging.
In Fig. 3.15, the reaction force-stroke recorded data are shown. At zero displacement of the
actuator, a large vertical black bar is obtained, which shows the fluctuation of the reaction
forces during the acquisition of the scans in the unloaded configuration, as well as during
the installation of the spacers. From O to 10 mm, there are no available data. The reaction
force measured during the loading steps is illustrated in light gray. The four consecutive
black vertical bars represent force acquisitions during tomographic scans. A linear response
is shown by the plot. Nevertheless, a small hardening effect appears in the final portion of the
loading history, which is related to the triggering of beam flexure for large displacements,
and associated with the activation of second-gradient contributions of the placement field. In
the first part of the loading history, the beams actually tend not to deform because it is less
costly in terms of energy to concentrate the deformation in the connecting pivots. It is worth
noting the beams remain almost unbent until the first deformation step (Fig. 3.14(b)), while
the subsequent loading steps cause the beam to bend increasingly (Fig. 3.14(c)). To describe
this bending, higher-order derivatives of the displacements are required that are not involved
in the classical (or Cauchy) continuum. Thus, it is crucial to understand second-gradient
continuum models to fully characterize this type of metamaterials [64]. In the present
experiment, the energy contribution associated with the elongation of the beams is negligible
as expected [131]. No significant nonlinear deformation mechanisms (plasticity and/or

damage) appear during the tests as evidenced by the essentially linear response.
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Fig. 3.14 Sections in the pantographic plane {x, z} for the different scanned configurations:
(a) reference (unloaded) configuration; (b) 24 mm and (c) 39 mm prescribed displacements.
Axis labels are expressed in voxels.
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Fig. 3.15 Comparison between measured force vs. prescribed displacement of the specimen
during scan acquisition (vertical black bars) as well as loading steps (light gray), and predicted
response via FE simulations (dash-dotted dark gray line).

Parameter calibration

DVC analysis is initialized by considering the deformation shape predicted by the second-
gradient model exposed in Section 3.1.2, whose parameters are calibrated to fit the force-stroke
response (see Fig. 3.15) up to the first loading step (24 mm deflection). The calibrated
parameters are reported in Table 3.1.

Table 3.1 Calibrated model parameters.

K, 1.4x 10° N/m
K 13 N/m

K, 9.5x 1072 Nm
K, 1.2x 1072 Nm
K, 1072 Nm

K.n 6.5 MN/m?
KN 35 MN/m?

K. 2.6 MN/m?

Mesh in the reference configuration

For analyzing the previous test, FE-based DVC [116, 68] is performed. The sought
displacement field u is expressed as

u(x, {v}) = > uNi(x) (3.15)

1
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where Nj(x) are the vectorial shape functions associated with the nodal displacements v;,
gathered in the column vector {v}, which are the unknowns to be measured. To determine
them, we consider the gray level residual p computed for each voxel belonging to the region
of interest (ROI),

p(x,{v}) = Io(x) — L} (x+u(x,{v})), (3.16)

where I and [; are the gray levels for every voxel in the reference and deformed scans. Thus,

the measured nodal displacements read

{¥}meas = argmin DZ({v}) (3.17)
with
()= > PP (3.18)
XeEROI

A penalty term is considered to perform so-called Hencky-elasticity regularization [35]
@, ({v}) = (v} T [K] " [K]{v} . (3.19)

so that, to determine the nodal displacements via regularized DVC, the weighted sum is
minimized
(meas = argmin (@7 () +w, @}, ((00))) (3.20)

where {Ov} denotes the column vector of incremental displacements from one analysis to the
next, and [K] the rectangular stiffness matrix associated with bulk and free surface nodes. In
Hencky-elasticity regularization, the regularization weight w,, is proportional to a length,
referred to as regularization length ¢, raised to the power 4 [135]. Section 3.2.1 will discuss
the choice of the regularization length.

An FE mesh of the specimen is needed for performing the DVC analysis. In our study,
the starting point is the STL model of the to-be-printed pantographic structure. Fig. 3.16
shows the mesh in the nominal configuration generated with Gmsh [54]. Modeling the
beams and pivots necessitates the use of different mesh elements due to their significantly
different dimensions. In this type of application, due to small printing errors, incorrect sample
placement, and the possible application of preload, the reference (experimental) configuration
typically does not precisely match the printing geometry. For this reason, a backtracking
procedure [8] is required to fit the mesh constructed from the nominal printing geometry to
the reference scan of the unloaded configuration. The backtracked mesh needs to be cropped
by removing the last two vertical rows of pivots on both sides of the specimen, which, in the

maximum deformed configuration, would end up outside the monitored volume (Fig. 3.14).
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The considered mesh consists of 37 759 nodes and 141 882 T4 elements with a mean size of

6 vx (calculated as the cube root of the average elementary volume).

(a) (b)

Fig. 3.16 FE mesh in the nominal configuration. Overall (a) and detail of the hinge meshing
(b).

The reconstructed volumes are registered using the Correli 3.0 framework [83] in which
Hencky’s regularization is implemented (Table B.2). The measured displacement field u are
parameterized using the nodal displacements associated with the finite element discretization
based on 4-noded (T4) tetrahedra [68].

DVC initialization

Large displacements between successive acquisitions of the deformed configuration (Fig. 3.14),
which are also attributable to the peculiar structure of the studied block, made DVC analyses
challenging. The prescribed displacements relative to the reference configuration are 24, 29,
34, and 39 mm for the four deformed configurations. Expressed in voxels, they correspond
to 290, 350, 410, and 470 vx, respectively. Therefore, these amplitudes are quite large in
comparison to the height of the specimen (56.8 mm or 684 vx). Particularly challenging is
measuring the first deformed configuration (Fig. 3.14(b)). Suitable initialization of DVC
analyses is required to enable convergence.

To this reason, DVC is model-initialized, i.e, finite element (FE) simulations are performed
with the commercial code COMSOL Multiphysics® using the model introduced and calibrated

in Subsection 3.2.1. A rectangular parallelepiped of equal size to the sample size tested is
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numerically analyzed. The positions of the pivot numerically predicted are used to initialize
the pivot motions.

Due to buckling in the transverse direction caused by imperfections that are not accounted
for in the second-gradient model exposed in Subsection 3.2.1, an additional correction
consisting of a rigid translation in the transverse direction is required to improve the
deformation predicted by the model. This phenomenon is not negligible due to the small
dimensions of the specimens (26 mm in width), which makes a displacement of the order
of 5 mm (or 60 vx) comparable to the size of a mesostructure unitary cell. Fig. 3.17 shows
the positions of the pivots predicted by the numerical simulation for a 24 mm prescribed

displacement drawn in one section of the first deformed volume.

800
600

¥ 400

zﬁ”}%‘ ey
200 400 600 800 1000 1200 1400 1600

Fig. 3.17 Numerically predicted positions of the pivots (red + symbols) drawn on a section of
scan 1 (prescribed displacement 24 mm). Actual positions of the pivots are visible as small
white dots. Axis labels are expressed in voxels.

Direct DVC calculations

Due to the previous initialization, We run DVC analyses on the 4 deformed scans (always using
as reference the undeformed scan). The DVC calculations are stopped when the L?-norm
of displacement corrections are less than 10~! vx. This level corresponds to the standard
displacement uncertainty obtained by performing DVC analysis on the repeat scans acquired
before the sample deformation. The regularization length is selected as explained below.
Fig. 3.18(a) shows the root mean square (RMS) gray level residual @, versus the
equilibrium gap ®,, for different regularization lengths. The five data for each regularization
length correspond, with increasing gray level residual, to scan 0 (second scan in the unloaded
configuration), and scans 1 to 4 of the deformed configurations. The analysis of scan 0

provides information on the stopping criterion for the L2-norm of displacements. Scans 1
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to 3 have comparable residuals, indicating that the analysis is successful. Extremely high
deformations result in increased gray-level residuals for the fourth scan. The equilibrium gap

®,, decreases as the regularization length increases.
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Fig. 3.18 (a) Equilibrium gap ®,, vs. gray level residual ®,. for the five analyzed scans and for
different regularization lengths (expressed in voxels). (b) Corresponding plot in arithmetic
scale for scan 4.

The criterion used to select the optimal regularization weight is to look for the maximum
curvature (L-curve criterion [67]) in the graph above for the maximum prescribed displacement,
in arithmetic scale (Fig. 3.18(b)). The regularization length £,, = 25 vx (Table B.2) is selected
that, according to this criterion, provides the best trade-off between ®, and ®,,. For this

regularization length, the gray level residuals are shown in Appendix B.2.

3.2.2 DVC results

The DVC results for the initial and final deformed configurations are discussed below. The
displacement fields are first analyzed. Then, the motions of the pivots are reported to assess
the mode of block deformation.

Displacement fields

The measured displacement fields in the three directions are displayed in Figs. 3.19 and 3.20.
As expected, the displacement amplitudes are very large compared to the overall dimensions of
the specimen and, consequently, compared to the dimensions of the elementary pantographic
cell. The flexural displacement is prescribed in the vertical direction, and the primary effect
is that the entire specimen is shortened considerably in that direction, almost uniformly. The

bottom of the specimen remains essentially flat, with almost no noticeable curvature. The
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curvature under the top support is very slight compared to the right side of the specimen and
became more pronounced on the left side of the specimen (Fig. 3.20(a), see also Fig. 3.14).
This phenomenon is caused by the design of the specimen that is characterized by an odd
number of pantographic sheets.
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Fig. 3.19 DVC measured vertical (a), longitudinal (b) and transverse (c) displacement fields
for the first loading step (24 mm). Labels are expressed in voxels. The displacements are
shown on the mesh in its deformed configuration.

The range of vertical displacement levels found for both scans is consistent with the
prescribed stroke (see a dynamic range of color bars in Figs. 3.19 and 3.20). Specifically, the
prescribed displacements of 24 and 39 mm correspond to 290 and 470 vx, respectively. It is
worth noting that the minimum displacements are not equal to zero. This is due to the fact
that when cropping the volumes after reconstruction, the deformed sample is centered and
thus the top support has apparent translations (Fig. 3.14).

As a result of the mesostructure behavior, given the prescribed flexural displacement,
the specimen significantly elongates in the longitudinal direction. The deformation is
concentrated initially in the pivots, where shear deformation occurs [22], while the beams
deform considerably less and the pantographic structure converts the vertical compression into
longitudinal elongation. The quantification of this effect is shown in Figs. 3.19(b) and 3.20(b),

where longitudinal displacement measurements are shown on the deformed configurations of
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the specimen. The range of measured displacements is 344 vx (about 28.5 mm) for the first
scan and 445 vx (about 36.9 mm) for the last one.
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Fig. 3.20 DVC measured vertical (a), longitudinal (b) and transverse (c) displacement fields
for the last loading step (39 mm). Labels are expressed in voxels. The displacements are
shown on the mesh in its deformed configuration.

Lastly, significant displacements are measured in the transverse direction relative to the
size of the elementary cell of the microstructure. In Figs. 3.19(c) and 3.20(c), the measured
transverse displacements are displayed on the meshes in deformed configurations. It is
interesting to note that the displacements are not significantly changing for the reported scans.
The measured range varies from 52 vx for scan 1 to 60 vx for the last one (from 4.3 mm to
5 mm, respectively). This level is of the same order of magnitude as the elementary cell size
in the periodic design, which is exactly 5 mm.

Hinge kinematics

It is of interest to extract some information about the pivots from these experimental data,
as the continuous model described in Subsection 3.2.1 has been developed to predict the
geometric center positions of the interconnecting pivots. Piola-identification conjecture
underlies the use of the continuous model for similar mesostructured media where the
geometric centers of the pivots are chosen as control points [37, 33]. As said before, the

numerical prediction of the position of the pivots in the deformed configurations is the basis
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of the initialization of the applied DVC procedure (Fig. 3.17). Let us now address some
considerations based on the analysis of the hinge motions.

Having successfully carried out FE-based DVC analyses, the behavior of various con-
stituents of the tested metamaterial could be studied for different deformed configurations.
We decide to focus on the mesh elements that in the nominal geometry are related to the
pivots. Fig. 3.21 shows the configuration of the pivots in their reference state and in the

deformed configuration with maximum deflection. Details of Fig. 3.21 are shown in Fig. 3.22
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Fig. 3.21 Configuration of pivots in the (a) reference ( unloaded) and (b) last deformed
(39 mm deflection) configurations. Labels are expressed in voxels.

where a set of pivots in the {y,z} plane (orthogonal to the pantographic plane) is plotted in
the configurations corresponding to scan 1 and 4. The cross-sections of the pantographic
block remain nearly planar and rectangular. While the vertical length of the sections (parallel
to the prescribed displacement) decreases, the transverse sides (orthogonal to the flexural

displacement) remain almost unchanged.

Deformation mode

We analyze the deformation mode by focusing on the deformed shape of the top surface. The
top surface is approximated by means of a surface built by interpolating the positions of the
center of mass of four consecutive central top horizontal rows of pivots as highlighted on
one {x,z} section in Fig. 3.23(a). These rows are chosen to locally study the surface of the
pantographic block affected by the highest longitudinal curvature, avoiding the top pivots
where artifacts could occur due to direct support contact.

The interpolation is carried out by searching for the six coeflicients of a complete second-
order polynomial interpolation z = P, (x, y) that provides the best fit of the pivot positions
based on the least-squares method. The paraboloid obtained by interpolation is studied to

evaluate the principal curvatures. Fig. 3.23(b) shows both the interpolating paraboloid and



70 Pantographic structures

7007 X -R-N-N-N-N-E 3K ] 7007
Do eSSl No
| VST NS
600 R A-N-E-N-R-N-N-K-) 600 P B P e oS
500" o cececoee 500 Soooooons"
400+ 400
300+ 300+
200+ 200+
Poeceoee®B2 86 . . . ,
100 200 300 400 100 200 300 400

(a) (b)

Fig. 3.22 Detail of Fig. 3.21. Comparison of the same cross-section in the {y,z} plan for
(a) the reference (unloaded) and (b) last deformed (39 mm deflection) configurations. Labels
are expressed in voxels.

.-‘.®c N . .
600 . « > . 900,

400
500 1000

680
670

660

650
1200

400 \&“‘K«%‘& 630
300 800

200 600 620
100

Fig. 3.23 (a) Selected pivots for building the interpolating top surface on one {x,z} section.
(b) Paraboloid interpolating the vertical positions of the center of mass of the selected pivots,
and actual positions of the centers of mass of the pivots measured via DVC for 39 mm
deflection (red markers). Labels are expressed in voxels.
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the actual positions of the centers of mass of the pivots measured by DVC for the maximum
deflection.

The curvatures of the paraboloid are investigated to distinguish the kind of deformation
mode, namely, anticlastic (saddle shape), synclastic (eggshell shape), or monoclastic (cylin-
drical shape). At the critical point, denoted here by X¢, local evaluations of the Gaussian
curvature and the two principal curvatures are performed. Let K(X¢) = k1 (X, )k2(X¢) be
the Gaussian curvature, where «; and «», are the principal curvatures [108]. The deformation
mode corresponds to K > 0 for synclastic surfaces, K < 0 for anticlastic surfaces, and K =0
with k1 and «; that do not vanish for monoclastic surfaces. Due to the already-discussed
asymmetry of the deformed shape of the specimen, the critical point is not exactly centered
in the middle of the specimen but slightly shifted toward the right end.

In this case, small negative Gaussian curvatures K are found (Table 3.2). The principal
directions associated with the principal curvatures are parallel to the longitudinal and
transverse directions of the sample. Both principal curvatures are quite small, with the
transverse curvature being roughly 20% of the longitudinal one, but with opposite sign,
indicating a weak anticlastic mode. Nevertheless, since the transverse radius of curvature
is significantly larger than the specimen side dimensions and the Gaussian curvature is
small, the deformation mode is predominantly monoclastic (i.e, the deformed surface is well

approximated by a monoclastic mode).

Table 3.2 Curvatures assessed from experimental measurements and numerical simulations.

Surface Longitudinal curvature | Transverse curvature | Gaussian curvature K
Fig. 3.23(b) 6.5x 1073 mm™! —1.3x102 mm™ | -8.45x107° mm™>
Fig. 3.26 3.8x 107 mm™! —8.1x10” mm™! | -3.08x107" mm™>
Fig. 3.28(a) 12.7x 1073 mm™! -4.6x 1073 mm™! ~-5.84% 107> mm™2
Fig. 3.28(b) 9.9% 1073 mm™! —4.9x103 mm™! | —4.81x107> mm

3.2.3 Numerical simulations

This section deals with the numerical simulations that mimic the 3-point flexural test. It is
shown the comparison between the predicted deformation mode and the one experimentally
observed. Finally, results are presented considering another flexural configuration to induce

an anticlastic deformation.
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Predicted deformation mode

The continuum macro-model postulated in Section 3.2.1 was further investigated to predict
the deformed shapes of the pantographic block in a 3-point flexural test. It is noteworthy that
the DVC analyses have required the prediction of second-gradient model for the initialization
step, but the final results are independent of the theoretical model. In Figs. 3.24 and 3.25,
the displacement fields are reported along the three directions for prescribed deflections of
24 and 39 mm, corresponding to the first and final scans of the test (Section 3.2.1). Similar
conclusions are drawn from intermediate steps, which are omitted for brevity. Correspondence
with the reported experimental results is very good (Figs. 3.19 and 3.20). The proposed model
is incapable of predicting transverse displacements in the actual test (likely caused by sliding).
Transverse displacements are negligible in the numerical simulations, and buckling effects
are not considered. Note that in all plots, the lines on the model are material lines, allowing

for an easier comparison of numerical results with the experimental one. In contrast, as also
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Fig. 3.24 FE results for a prescribed deflection of 24 mm in the vertical direction. (a) Vertical,
(b) longitudinal, and (c) transverse displacement fields.

shown in Fig. 3.17, the correspondence between the theoretical and experimental vertical

displacements is quite good. Lastly, the theoretical model cannot predict any asymmetry
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in terms of vertical displacements. To compare the deformation mode of the numerically
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Fig. 3.25 FE simulation results for a prescribed displacement of 39 mm in the vertical
direction. (a) Vertical, (b) longitudinal, and (c) transverse displacement fields.

obtained top surface with the one experimentally measured, the first is studied in the same
way as the second. By interpolating the positions of the points corresponding to the real
pivots chosen for the experimental case, a paraboiloid with six coefficients is built a shown

in Fig. 3.26. Consistent with the experiment, the Gaussian curvature K is negligible at the
critical point, and the deformation mode is monoclastic.

3.2.4 Anticlastic deformation mode

Numerical simulations are finally performed for a second case in which the prescribed load is
orthogonal to the pantographic plane. Due to the anisotropy of the model and material, it is
of interest to study the behavior of this metamaterial under different loading directions. The
parameters used in this novel simulation are the same as those gathered in Table 3.1. The
same boundary conditions are implemented as in the previous simulations. In Fig. 3.27, the
three displacement field components obtained via FE analysis are displayed on the deformed

configuration for a 10 mm applied deflection. The bottom side of the specimen no longer
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Fig. 3.26 Paraboloid interpolating the vertical positions of the center of mass of the selected
pivots, and positions of the centers of mass of the pivots predicted by numerical simulations
(red markers).

remains flat. It lowers in the middle and raises at the ends by rotating the cross-sections.
Further, the displacements in the transverse direction, {z}-axis direction in Fig. 3.27, are
no longer negligible. The elongation and flexure of the pantographic planes are clearly
visible. An anticlastic deformation mode appears in this case, namely, the curvatures in the
longitudinal and transverse directions are nonzero and of opposite sign. The top and bottom
pantographic surfaces are studied by constructing the interpolating paraboloids similarly
to what has been done in the previous cases. The top and bottom surfaces are reported in
Fig. 3.28. The Gaussian curvature evaluated at the critical point of the surface is negative.
The two principal directions associated with the principal curvatures are again the longitudinal
and transverse directions. Regarding the principal curvatures, the transverse one is very close
for both top and bottom surfaces, while the longitudinal one increases by nearly 30% from
the bottom to the top surface (Table 3.2).

3.3 The effect of pivots-related random defects on the re-

sponse of pantographic sheets

Pantographic structures attracted the attention of many scientists because of their nonclassical
mechanical behaviors. Despite several studies conducted in this field, the role played by
uncertainties has not been investigated in the literature yet. In the present section, we provide
a contribution to this topic. A simplified probabilistic analysis is applied to investigate the
effects of local axial, bending, and torsional defects on their mechanical responses. The
suggested approach involves a generalization of an existing theoretical result and the use
of Monte Carlo simulations to derive probability density functions, mean values, standard
deviations, and coeflicients of variation of the random kinematic unknowns. As demonstrated

by the results, pantographic structures are not particularly affected by random local defects due
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Fig. 3.27 FE simulation results for a prescribed displacement of 10 mm in the vertical
direction. (a) Vertical, (b) longitudinal, and (c) transverse displacement fields.
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Fig. 3.28 Paraboloid interpolating the vertical positions of the center of mass of the pivots

in the top (a) and bottom (b) planes, and positions of the centers of mass of these pivots
predicted by numerical simulations (red markers).
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to their redundant connections. In addition, the interdependencies between their substructures,
beams, and pivots make it difficult to find the locations where the placement of defects
reduces or maximizes the randomness of the mechanical responses. Work is currently being
conducted on the subject.

This section is organized as follows. In Section 3.3.1, the second-gradient continuum
model for pantographic sheets is presented. In Section 3.3.2, a result already published in the
literature [48] is used for a theory-driven construction of analytical relationships that connect
material uncertainties-related random variables to displacements. Finally, in Section 3.3.3,
the built analytical relationships are used for the analysis of uncertainty propagation and the
derivation of probability density functions, mean values, and standard deviations of random

horizontal displacements.

Notation
Below M, N, F, i, and j are integers belonging to {1,2,3}.

A lowercase letter such as x, n, u is a real deterministic variable except when used as an
integer index as i, j, etc. Greek letters @, 8, 7 and 7 are neither deterministic variables

or integers as subscripts.
A boldface lower case letter such as x, 7, u is a real deterministic vector.

An upper case letter such as X, H, U is a real random variable except when used as an

integer index as A, B, etc.

A boldface upper case letter such as X, H, U is a vector random variable.

A lower case letter between brackets such as [x], [57], [#] is a real deterministic matrix.
9H: Heaviside function.

[0];;: Kronecker delta.

qM : Lagrangian coordinates. In this section, stochastic considerations are introduced,
wherein the symbol ¢ is preferred for denoting the Lagrangian coordinates, as the

symbol X is reserved for the random quantities.

x': component i of the configuration field y.



3.3 The effect of pivots-related random defects on the response of pantographic sheets 77

dN dF the directions of the beams (fibers) of pantographic sheets.
¥: deformation energy functional.
X ;',: random variable associated with the i-th pivots-related imperfection.

U Jl random variable associated to the horizontal displacement in j with j =
A,B,C,D,E.

Jo, (ql.l,ql.z): area affected by pivot-related random defects in the neighborhood of
q= (qil, ql.z) with i = 1,2,3. Three local pivot-related random defects are considered.

3.3.1 Defining the second-gradient continuum model for pantographic

sheets

Let us consider the work by dell’Isola et al. [33], where a micro-macro identification procedure
a la Piola allows to derive the deformation energy of a pantographic sheet (2D) under the
hypotheses of large deformations and in-plane loads. The deformation energy denoted by

¥ (x) is expressed as the sum of stretching, bending, and torsional contributions denoted by

Ya (x), ¥p (x), and ¥, (), respectively:

v (x)=wa(x)+vo (x) +¥p (x) , (3.21)

where y : 8 — & is the configuration field defined from the initial (or Lagrangian) configura-
tion B to the actual (or Eulerian) one &. If £; and ¢, are the dimensions of the rectangular
pantographic sheet, it is 8 = [0,£;] X [0,£>]. The functional ¥, (x), ¥ (x), and ¥, (x) are
defined by

Va(x) = Z / S 0@ dall - 12 dg . (3.22)
a=1
2
ko (VLS QO1(@) | do®da VI (ONG) |da®d)
o= Z/BZ(( 1L CO1@) dall? .
) i / ( SOOI de VIFOOUD) | da ®d
2, IOl dal T/ C0N@ ol
kp SOl d [ l@) ds )_57
Ve X) = / arC“’S(n[f(x)](q)dln ool ) 2| 44 029

in which d| and d; define the unit vectors parallel to the two orders of beams, [ f(x)](q) =
V x(q) is the gradient of the configuration field. The generic component S of the vector
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VIf(x)] | dy®d,, which is denoted by (V[f(x)] | d,®d,)P, is equal to the second
directional derivative of x# , (V[f(x)] | d, ®ds)? =0 (0x?/0d™) /0d®. The symbol “.”
is the standard Euclidean scalar product and the symbol ||-|| denotes the associated norm.
Egs. (3.22), (3.23), and (3.24) are rewritten in the Levi-Civita notation, where the directions

of the beams are assumed to be constant in B:

2

5 [k, x'(q) dx’ :
wa(x)=z_;/37(([5]ij )a(q(f) )(;q(j)dgdg) —1) dq . (3.25)

Ix'(q) dx’(q) dAdBdC 4P
aaTaTtTa

2 5 Ox'(g)

kb [ 1 902008 9aCoaD

w0 =Y, [ || =
a=1

Ax*(q) ax™
[61im X5 A d dy

A . 3.26)

ax'(q) dx’ 2 (
22:/ ky | [ [61i gq(cq)ﬁdgdé‘dg

- Y k m

g 2\ [6]p 2D ") 4E 4F

km dqE aqF

dq ,

dx'(q) 0x’/(q) ;A ;B
Yp (x) = 2 arccos — % — |-z ..
([5]km)gT(cq)—)gq[()q)dlcdf)) ([6]11 ax"(q) Ox (q)dgdé?)

¢ gk aqF
(3.27)

where summation is intended over repeated indices. The constants k,, kp, kp, and y are
the material parameters. Since 3D printing can cause defects in each subcomponent of
the pantographic sheets, uncertainties have to be taken into account and then each material
parameter is modeled by a random variable. In the following, the effect of local pivots-related

random defects on the mechanical response of pantographic sheets is investigated.

3.3.2 Deterministic theory-driven analytical relationship between defects

related random variables and displacements

The main goal of the present section is to find a theory-driven analytical relationship to
describe the transformation between the input random variables associated with local defects
and the output random displacements of pantographic sheets. For this purpose, we use the
statistical analysis proposed in [48], which is devoted to uncertain computational models
generated by the finite element discretization of static linear elastic structures with uncertain

parameters.
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Implementation of the probabilistic model of uncertainties in the computational model

By using finite element discretization, it is known that the solution of a linear mechanical
system can be reduced to the solution of a linear system of equations. Typically, this linear
system of equations is written as [k]u = g, where [ k] is the positive-definite stiffness matrix,
u is the vector of the nodal kinematic unknowns, and g is related to the external applied loads.

On the one hand, let us assume that the mechanical system is affected by a single source
of material parameters-related uncertainty, and let us refer to the random variable associated
with this uncertainty as X. In addition, let us suppose that matrix [k] is a linear function
of random variable X, [k(X)] = [ko] + X [k] in which [k(] is a positive-definite matrix
and where [k ] is symmetric. It is assumed the probability distribution of X is such that
the random matrix [k (X)] is invertible almost surely and that the second-order moment of
the Frobenius norm of [k(X)]~! is finite. Since X is a random variable, then u (X) is a
random vector. These hypotheses imply that u (X) is a second-order random variable. The
vector u (X) can be written as the sum of a deterministic quantity uy = u (0), and a random
addend u (X): u(X)=uo+u; (X). Let [¢] and [A] be the matrices of the eigenvectors and

the eigenvalues of the generalized eigenvalue problem that is defined by

[k1]1[¢] = [kol[#][A] . (3.28)

Since [ko] is positive definite and [k ] is symmetric, the eigenvalues are real and [¢] is such
that [@]7 [ko][#] = [1] and [@]7 [k][¢] = [4]. Let y, and y, be the solutions of the linear
matrix equations,

[plyo=uo . [Py (X)=ui(X). (3.29)

Consequently, component u’(X) of u(X) can be written (see [48]) as

u' (X) = ZX Oy A]m[ AL (y0)™ + (uo)" (3.30)

in which p is the number of nonzero eigenvalues.

We now consider a system that depends on n random variables X 1 X2, ..., X" such that

([ko]+2X"[k1
i=1

As for the case of single random variable X, it assumed that the random Eq. 3.33 admits a

u(X)=g. (3.31)

unique second-order solution. Let [¢,] and [A;] be the matrices of the eigenvectors and the
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eigenvalues of the generalized eigenvalue problem that is defined by

[kil[¢] = [kol[¢:][A:] - (3.32)

As previously, since [kg] is positive definite and [k;] is symmetric, the eigenvalues are
real and [¢,] is such that [¢;]7 [ko][#;] = [I] and [@;]7 [k:][#;] = [A;]. Consequently,
component u’(X) of u(X) can be written (see [48]) as

n Di
| 1
£ 1 2 n i 4
X,X,...,X)z—E X)) —
u ( [¢l]m, 1+Xl [Al]%l

i

[0 (o)™ +(uo0)* . (3.33)

i=1 m,:l

where p; is the number of nonzero eigenvalues of the matrices [4;], and y; is the solutions

of the linear matrix equations,
[:1y0: = uo - (3.39)

The next Subsubsection discusses the range of applicability of Eq. (3.33) and, consequently,
the limitation and validity of the performed approximation.

Revisiting the hypotheses to obtain a second-order random solution using perturbation
analysis

The hypotheses made before imply that material parameters-related uncertainties are small
enough. Let us suppose that X =& X with & < 1 and let us consider the Taylor expansion of
u (X) truncated at the second order, yields

u(sf):u(ﬁsugl) (f)+82u(12) (Y)+o(s3) . (3.35)

Eq. (3.31) writes

(u0+su§1) ()A()+82u§2) (?()+0(83)):g. (3.36)

([ko] + > eX'[ki]

i=1

Since [ko] uo = g, algebraic calculations and polynomial equality leads to

uV (}?l,)’iz, )?") =~ > X [kilug (3.37)
i=1
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and

(3.38)

By replacing Egs. (3.37) and (3.38) into Eq. (3.35), we get

u(s)?l,sfz,..., )—uo SZX’ Juo+e ZZX’XJ u0+0( 3).
i=1 j=1
(3.39)

Now, let us define ui})(X") as the first-order single response resulting from each random
variable X' = & X' acting independently, uﬁ})(Xi) =—X'[k;]uo. It yields

u(Xl,Xz,.. )—u0+Z (x7) +ZZX’X’ u0+o(3). (3.40)

=1 j=1

If Eq. (3.39) is considered and if the Taylor expansion of # (X) is truncated at the first order,

we get

u(Xl,X2,.. ) ug +Z X’ +0( )~u0+z (1) X’ (3.41)

Eq. (3.41) proves that if € (i.e, the randomness of the system) is small enough to approximate
u(X) by means of a first-order polynomial, then Eq. (3.33) is valid and rational functions
describe the relationship between material parameters-related random variables X and random
nodal displacements of a structure analyzed by means of FE methods u/ (X).

In contrast to the paper proposed in [48], Eq. (3.33) will not be used here for numerically
calculating the random response of the system, but this algebraic representation using rational

functions will be used instead of a polynomial representation.

3.3.3 Sentivity of pantographic sheets with respect to local random
pivots-related defects
To fabricate specimens of pantographic sheets, the limitations of 3D printing technology and

the inherent inhomogeneities of the material itself cause random variability in the mechanical
properties. In addition, this type of metamaterial is strongly affected by defects associated with
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pivots. For this reason, let us consider the energy functional (3.21) where the deterministic
parameter kj, is replaced with the random field 6 — {(X,(0),q) — «p(X,(6),q)}, which
is defined as a piecewise random field in the initial configuration 8. The random variable
X, = (X,, X7, X;) model local pivots-related defects.

Geometry, load, deterministic and random mechanical properties

A pantographic sheet is considered whose dimensions are £; = 6.8 x 1072m and ¢, =
2.04x107'm. Three local defects are introduced that are supposed concentrated in the
bidimensional subdomains p (¢/,q?) of B defined by

1

1
1 2 1 2 1 1 2 2
P (ql ’ql) {(q »q ) |q q; | < 20052 s |q q; | < 20052}5 (3 )

withi =1,2,3 (see Fig. 3.29) and where the couples (q},ql.z) are defined by

6Ho s {1 s 6Hoos £ s
P2 (2osa, s (1 2): 2 22 3.43
(Q1,Q) (2 2’2+2) ’ q2aq (3 293 2) ’ ( )
6Hos 6 s
(9345 = (?*5’?5) ’ G40

in which s is equal to £,/200. About the boundary conditions, we assume
u! (O,qz) —0m , u (fz,qz) ~5.63%102m. (3.45)

Assume the axial and bending stiffnesses as well as the mean value of the torsional stiffness
field to be

ka=134x10°N/m , kp=192x10*Nm , k,=1.59x10°N/m, (3.46)

which are the values typically selected for polyamide pantographic sheets [33].

Noninformative prior probabilistic model for local random material-related defects

Let ¢ — r1 (gq) and g — r; (q) two rectangular functions defined by

(Sl )l o). e

2s
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e R e I E [P

where s is equal to £,/200 and H is the Heaviside function. Rectangular functions (3.47)
and (3.48) allow us to model the random stiffness field «, as

1 1 2 2
q _qi q _qi
7y ) rz( 5 )) , (3.49)

where X, = (X ! XS, XS’), q=1(q".q%, IEP is the mean values of the torsional random stiffness

3
ko (Xp-q) = 12P(1+legr1
i=1

field. The symbol X{, denotes uniformly distributed random variables on the interval [—1,1]
that are associated with the torsional random defects located in the region p(ql.l , ql.z).

Deterministic relationship between defected-related random variables and displacements

We build functional relationships between the local horizontal displacements in some points
of the sample and the random variables associated with the torsional random defects located
in the regions p(ql.l,ql.z) with i = 1,2,3 (see Eqgs. (3.43)-(3.44)). We choose five points g
with j=A,B,C,D, and E (see Fig. 3.33 (a)) whose coordinates are

(q;,qi) - (4.284><10—2m,6.610><10—3m) , (3.50)

(qlls,q%) - (7.337><10—2m,4.173><10—2m) , (3.51)

(qlc,qé) - (9.792><10—2m,1.981><1o—2m) : (3.52)

(q}),q%) - (1.122><10_1m,6.470><10_2m) , (3.53)
and

(qé,q%) - (1.448><10—1m,4.819x10—2m) . (3.54)

Let us consider each random variable XI’; acting independently. The functional relationships
XIZ; — u}l.(XI’;) are built by solving eleven deterministic finite element models for eleven
different values of X}, and then interpolating using rational functions. The use of rational
functions is led by Eq. (3.33). The deterministic numerical analyses are based on standard
energy minimization techniques through the application of the standard FEM packages in
COMSOL Multiphysics®. Regarding accuracy, a free tetrahedral mesh with 8470 domain
elements, 268 boundary elements, 78 394 degrees of freedom, and discretization by means of
Argyris polynomials are chosen (see Fig. 3.30). In Fig. 3.31, the logarithm of the specific
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deformation energy obtained for XI’; =0 is shown. In Fig. 3.32, the difference between the
horizontal displacements obtained with XI’; = 0 and the one obtained with only XS different
from zero, Xg = (0.8, is shown. It is deduced that one portion of the sample stretches while
. . : : 1 yv2 yv3 1 1 3y wi
another portion contracts.  Finally, the relationship (X, ,Xp,Xp) — ”j123(X ,sz,Xp) with

m T T T T T T T T T
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Fig. 3.29 Position of defects.

Jj=A,B,C,D, and E is approximated as
3
1 1 v2 v3 1 1 j
i=1

where ”}0 is equal to ujl.l(O), which, in turn, is equal to u}z(O) and u}S(O). Eq. (3.55) and
Monte Carlo numerical simulation allow us to approximately estimate the stochastic response
of the system. We call U} the random variable defined by U} = u}.123(X 1 XS, XS).

Monte Carlo numerical simulation as a stochastic solver

The construction of the probability density functions, mean values, and standard deviations

of the random horizontal displacements affected by local random torsional defects is based
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on the use of the MC numerical simulation of Eq. (3.55). The steps of the stochastic solver

are as follows.

1. Generation of n independent realizations of the uniformly distributed random variables
X} (61), X} (62) ..., X;(6,) withi=1,2,3.

2. Computation of n independent realizations U jl (61), Ujl. (62),...,U ]1 (6,) using Eq. (3.55).

3. Computation of the numerical probability density functions p (u}) the mean values
J

My, the standard deviations o1, and the coefficients of variation Cv;;1 of the random
J J J
variables Ujl. with j=A,B,C,D, and E.

Quantification of uncertainty propagation

In Table 3.3, mean values, coeflicients of variation, and standard deviations of the random
variables U} are presented. Then, since we are facing a strongly nonlinear mechanical
problem, the numerical probability density functions u Jl = Py (u}) of the random variables
Ujl. are built and shown in Fig. 3.34. It is shown that local random torsional defects have very
little impact on the horizontal displacements, although the defect-related random variables
XII; vary within a significant range [—1,1]. This is due to the redundant connections inside
pantographic sheets, which results in standard deviations of approximately -7. For the same
reason, local standard deviations are not strictly influenced by the distance from the location
of the defects. Counter-intuitively, the standard deviation of the horizontal displacement UL,
denoted by oyl is bigger when the defect is placed in g rather than in g3. A significant
difference between the standard deviations of U/, and Uy, denoted by oy, and 071 , exists
when the defect is located in g3, although C and D are almost equally distant from the point g,
itself. The global behavior makes it difficult to predict the region most affected by torsional
defects and to hypothesize the localizations of imperfections for maximizing or minimizing

local standard deviations. A study on this problem will be considered in the future.

Exploring Alternatives in Modeling Random Defects

In this section, random defects have been modeled as uniformly distributed random variables
to maximize the randomness of the system. However, this model can be improved by
incorporating several constraints.

Under the hypothesis of k,, k;, and kg modeled as random variables K,, Kj, and K, we
assume that K,, K, and K; are defined in R*, their mean values E{K,}, E{K,}, and E{K,}
are finite, and log(K,KKj) is finite for physical consistency. Following the same steps as in

Section 4.2.2, it can be easily proven that K,, K3, and K result in statistically independent
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Fig. 3.34 (a) Graph u}, — PU},(”L) of the pdf of U}, (b) graph uy, Pyl (up) of the pdf
of U}g, (c) graph ulc = Py, (ulc) of the pdf of UL, (d) graph ulD = py (ulD) of the pdf of
U }), and (e) Graph ”115 = Py (u}g) The pdfs have been built by means of MC numerical
simulations with 5x 103 samples and the kernel density estimation (KDE) method.
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Table 3.3 Mean values u;;1, standard deviations o1, and coeflicients of variation Cv; of the
J J J
random variables U} with j=A,B,C,D, and E.

Hyl Hyl, Hul, Myl Hyl
7.64x1072m | 1.69%x102m | 2.65x102m | 3.21x10%m | 4.49x 10> m
U} uy, uL u}, U,
3.65x10"m | 8.08%10"m | 9.85x10"m | 6.64x10"m | 7.21x107 " m
4.78%1073% | 4.78x 1073 % | 3.71x103% | 2.07x 10> % | 1.60x 1073 %

Gamma-distributed random variables, whose statistical fluctuations are described by a single
parameter.

If k4, kp, and ks are modeled as random fields {g — K,(q)}, {g — K»(q)}, and
{q — K(q)}, preserving at g the same hypotheses as before, these random fields can be
constructed using the same technique as presented in Section 4.3.2, which requires the
construction of a homogeneous, second-order, non-Gaussian random fields.

Numerous probabilistic models could be proposed for k,, kp, and k;. Here, we have

discussed some of the many possible ones.

3.4 Summarizing the main results

o In Section 3.1, the two-parameter shear energy given in [33] has been improved to
precisely represent experimental bias tests on PA and ME pantographic sheets. The
proposed shear energy (see Eq. (3.6)) captures the high changes in concavity in the

force-elongation curve experimentally observed.

o Overcoming some issues related to the model proposed in [33] for pantographic sheets,
the torsional energy introduced in Section 3.1 does not have the numerical disadvantage
of an infinite value for the second derivative of the shear energy with respect to the

initial equilibrium configuration.

o Although the torsional energy proposed in Section 3.1 has been developed to characterize
the mechanical response of pantographic sheets for monotonic loadings in bias-extension
tests, it is also applicable to model their mechanical behavior under combinations of

shear and axial loadings for which experimental campaigns are currently underway.

o For isotropic and linear elastic materials subjected to 3-point flexure, the coupling

between local transverse elongation and flexure induces anticlastic curvatures. The latter
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is described by the Saint-Venant solution [98, 80, 120]. Conversely, second-gradient
materials are governed by strain energies that are more general. In Section 3.2, DVC
analyses have proven that a pantographic block, when subjected to 3-point flexure with
prescribed displacements parallel to the pantographic plane, experiences deformations
are well approximated by a monoclastic mode for the top surface, while the bottom

surface remains essentially flat.

The second-order continuum model introduced and described in Section 3.2 for the
pantographic block exhibits a rather satisfactory agreement with the experimental data,
especially in predicting the displacements and the monoclastic deformation mode.
The model parameters have been globally calibrated using the force vs. stroke curve.
Further kinematic data should be used in the future to calibrate the parameters. A

generalization is expected of the results already described in [49, 55, 103, 59].

In Section 3.2, after investigating the flexural response of a pantographic block with
prescribed displacements in the pantographic plane, it has been natural to explore
its deformation mode with displacements applied in the direction orthogonal to
the pantographic plane. An anticlastic mode has been predicted. This difference
is not unexpected given that the pantographic block is modeled here by second-
order derivatives of displacements along the pantographic planes and first-order
derivatives along its thickness. Further tests are required to confirm these theoretical
results. Additional experimental efforts will examine the dynamic behavior of such
metamaterials (see also [20, 47]).

Large displacements and periodicity of pantographic structures have caused difficulties
in performing DVC analysis. The model-driven initialization of the DVC analyses
has proven to be highly successful in overcoming these problems. The model-driven
initialization of the DVC analysis may also be used when initialization is complicated
by other factors, such as the onset of damage or fracture, by employing more precise
models [148, 105].

Finally, in Section 3.3, the effect of local uncertainties on pantographic sheets has
been investigated. It is shown that a small number of pivot-related imperfections have
negligible influence on the mechanical response of the system. This influence should

increase when the number of defects is increasing.



Chapter 4
Particle-based materials

In Chapter 2, we have dealt with the foundations of generalized continua. Among these, the
micropolar continuum, the micromorphic continuum, the second-gradient continuum, and the
second-gradient-micropolar continuum have been uniformly presented. In Chapter 3, we have
experimentally validated the capability of second-gradient models to predict the mechanical
behavior of pantographic sheets and pantographic blocks, and we have investigated the effects
of pivots-related random defects on the mechanical response of pantographic sheets. This
chapter is composed of sections 4.1, 4.2, and 4.3. Two models for particle-based materials
are presented. The first section is derived from the papers [75, 74], the second from the
paper [72], and the third from a collaboration with Professor Christian. Soize.

4.1 Response and identification of random micropolar

Timoshenko-Ehrenfest beams

In this section, the derivation of the Timoshenko-Ehrenfest beam equations is introduced
within the framework of linear elasticity, starting from the 3D micropolar continuum model
presented in Section 2.1. Two novel closed-form solutions of these equations are proposed
that are useful for a preliminary study on uncertainty propagation. In [99, 117], more complex
deterministic micropolar beam models for lattice beams have been developed. Despite
the advancements in complex 3D numerical calculations, the study of beam theory (1D)
remains highly relevant. Beam theory simplifies structural analysis, offering foundational
insights, efficient computations for limited resources, and fundamental concepts essential
for various practical scenarios. It remains valid in cases where one dimension significantly
dominates, providing accurate results without the need for 3D models. While 3D models

are indispensable for complexity, beam theory continues to serve as a practical and crucial
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tool in understanding basic principles and streamlining analyses for specific engineering
applications.

This section is organized as follows. In Subsection 4.1.1, the Timoshenko-Ehrenfest beam
equations are derived for the micropolar continuum within the framework of linear elasticity.
Under the assumption of continuously varying material properties along the axis, we propose
three approximated closed-form solutions. Typically, with such material properties, beams
are referred to as axially functionally graded beams [69, 119]. Subsection 4.1.2 deals with
these mechanical properties that are modeled by random fields and constitute a preliminary
study for the uncertainty propagation using a noninformative prior probability model. The
proposed results also find application in the analysis of step beams [88, 39].

Notation
Below i is an integer belonging to {1,2,3} and j is an integer belonging to R.

A lowercase letter such as x, i, u is a real deterministic variable except when used as

an integer as i, j, etc.

An upper case letter such us X, H, U is a real random variable except when used as an

integer index as A, B, etc.

1p: indicator function of a set B.
Tr(A): trace of a matrix A.

||A||: Frobenius norm of a matrix A.
9H: Heaviside function.

) function whose k-th derivative is function f.

x, y, z: Lagrangian coordinates.

v;: component i of the local displacement field v.
¢;: component 7 of the local microrotation field ¢.
Q: microrotation tensor.

u: beam transversal displacement field.
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w: beam horizontal displacement field.
¢: beam rotation field.

f: externally applied axial load.

q: externally applied transversal load.

e: linearized strain tensor.

Q: linearized macrorotation tensor.

K linearized wryness tensor.

¢: deterministic moment of beams inertia.

o : deterministic area of the beams cross-section.

4.1.1 Micropolar Timoshenko-Ehrenfest beam equations
Deformation energy for the linear micropolar continuum
Within the framework of the linear micropolar continuum, under the hypothesis of isotropy

with respect to the stretch and wryness tensors, the deformation energy density is written as

A
W (.8) = - (Tr () + g llse >+ ér llas]

4.1)
A —
+5 (Tr (D) + (“FT*&) IsEI*+ (“F érr) %11

2

where ¢ is the linearized form of the micropolar stretch tensor defined in Eq. (2.11), and f
is the linearized form of the micropolar wryness tensor defined in Eq. (2.13). The stiffness
fields z — Ag (z) and z — ug (z) defines the Lamé parameters. The stiffness field z — &g (z)
stands for the material parameter related to the micro-macro relative rotation, and the stiffness
fields z — Ar (z) and z +— ur (z) define the material parameters related to wryness tensor.
The pre-subscripts S and A distinguish the symmetric and skewsymmetric parts of & and
f. On the one hand, micropolar stretch tensor & depends on the local displacement v
and on the microrotation tensor . On the other hand, wryness tensor ¥ depends on the
gradient of microrotation field Q. We denote by ¢(x, y, z) the axial vector associated with the
skewsymmetric part 4Q(x,y,z) of Q(x,y,2), ¢(x,y,2) =axl(4Q(x,y,z)). We refer to ¢ as

the local microrotation field.
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Defining the deterministic micropolar beam model

Within the framework of the micropolar continuum and Timoshenko-Ehrenfest beam, it
is natural to approximate the local displacement field components v;(x,y, z) and the local

microrotation field components ¢;(x,y, z) as below,
vi(e,y,2)=0 , va(x,y,2)=u(z) , vilxy.z)=w@)+ye(2), (4.2)

¢1(X,y,z) = QD(Z) > </>2(x,y,z) =0 P ¢3(x,y,z) =0 > (43)

where z — w(z) and z — u(z) are the beam axial and transversal displacement fields,
Z — ¢(z) denotes the beam microrotation field. By replacing Egs. (4.2) and (4.3) into
Eq. (4.1), and by evaluating the first variation, yield the equilibrium equations of the
micropolar Timoshenko-Ehrenfest beams in the area of linear elasticity. We get

(() "W(Z)) f(2)=0. (4.4)
£ le@e(“ 2] +at -0, @5
d _ de(2)| u(z) _
d—zl(C(z)tﬂe(z)L) e ]—g(z) ( 2zt ())— (4.6)
with the boundary conditions

4
e o <>] - Jr@e(H2ie@loue| <0, @

z 0
[(e(z)mé(z)o sy ()] (4.8)

where z — f(z) and z — ¢ (z) are the axial and transversal external loads, o is the beam
area, ¢ is the beam moment of inertia, and ¢ the beam length. The stiffness fields z + & (z)
and z — g (z) are defined by

e(x)=e(n(z) , g()=g@)+ér(z2) , c(2)=pur(2)/2, (4.9)

where e (z) is the Young modulus and g (z) is the shear deformation modulus at z. It is
natural to refer to & (z) as the generalized Young modulus at z, to g (z) as the generalized

shear deformation modulus at z, and to c (z) as the generalized micropolar modulus at z.
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Since Ag (z) and ug (z) are the classical Lamé parameters at z, we have

v(z) e(z)

= , A = , 4.10
HE (2) =g (2) E(2) v () (1-20(2) (4.10)
where v (z) is the Poisson coefficient at z. The field z — 7 (z) is defined by
1-v(z
1) = @ @.11)

(1+v(2)) (1-2v(2))

The shear stiffness at z, g (z) o, can be divided by a parameter y (z), known as the shear
correction factor, although this is not a direct result of the monodimensional approximation
of Eq. (4.1). More generally, one can introduce an axial stiffness field z — a (z), a bending
stiffness field z — b (z), and a shear stiffness field z +— ¢ (z). The micropolar Timoshenko-
Ehrenfest beam equations are then rewritten as

( ()dW(Z)) f(2)=0. (4.12)
d =0 4.13
d—z[ ( e +w(z)) +q(z)=0, (4.13)
d u(z)
d—z[ ] ( + ()) (4.14)
with the boundary conditions
€
a(e) LY (Z)a ()] : [()( (Z)w(z))éu(z)] =0, (415
0
[b() ‘p(Z)(s ()] (4.16)
where
a(z)=é()o , b()=co+é()t , t(z)_g(?;’. 4.17)

On the one hand, if € (z) and ¢ (z) have the same order of magnitude, for microbeams, the

magnitude of the moment of inertia ¢ is negligible in comparison to that of area o-. We have

b(z)=c(zx)o+é(z)it~c(z)o. (4.18)
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On the other hand, for macrobeams, we get
b(z)=c(z)o+ée(z)t~é(z)t. (4.19)

These remarks imply that the introduced model, despite its simplicity, can capture scale
effects. It predicts an increasing bending stiffness by decreasing the dimensions of the

cross-section with respect to the classical models.

Approximated closed-form solutions

Following are closed-form relationships between displacements w (z) and u (z), and axial,
bending, and shear stiffness a (z), b (z), and 7 (z). These relationships can be considered as
an approximation of the solution of the system of equations (4.12), (4.13), and (4.14) with
the boundary conditions (4.15) and (4.16). The stiffness fields are stepwise defined by means
of the Heaviside function H as follows,

a(R)~ai+ ) (@-a-)H(z-2) (4.20)

b@)~bi+ Y (bi=bia ) H (-2 , @.21)
i=2

t2) ~h+ ) (G-T)H(z-2) , (4.22)

where 7 is the number of intervals and z; = z;_| + £/n with z; = 0. In the following, given a

generic function f : z — f(z), the symbol ) represents a function whose i-th derivative is

f-

Simply supported micropolar beams

The integration of Eq. (4.13) with respect to z yields

t(z )( “(2) +<p(z)) =—q"V (2) +ki . (4.23)

By adding Eq. (4.23) to Eq. (4.14), we obtain

[ (z )d"” ) IO (4.24)
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Eq. (4.24) can be integrated to obtain

dp(z)  —qP () +kiz+ks

pE () (4.25)

Replacing Eq. (4.21) into Eq. (4.25), it can be written as

de(2) -4 (z)+ki21+ks Z”: (—q(z) (zi) +kizi+ k2
=q® @) +kizici ko
biy

i=2

) H(z-z). (4.26)

Since for a simply supported beam, two of the four boundary conditions are

dy(2) _0 dy(2) _0 4.27)
dz |, ’ dz |, '
we get also
@ (¢
ey =4 f( ) k=0 (4.28)

To shorten the equations writing, it is useful to introduce the function

@ (¢
7 ()=~ (2)+ {,( ) (4.29)
Egs. (4.26), (4.28), and (4.29) lead to
d g 7y 72 (5.
¢(2) g7 () (q ) (z) 47 G 1))W(z—zi) 430)
dz b G\ b bi-1
that can be integrated to give:
g® "(a@ () 7@ (5
0 (2) ~ k3 +ﬂ 4 (q A(Zz)_q A(Z'_l))?’?(z—zi) , @431)
1 i\ b bi-i
where R (z) is the generalized 1-th order Ramp function, which is defined as follows:
0, z=z,
R(z—z)= { ces (4.32)
=% 5 Z>Z,
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Replacing Eq. (4.31) into Eq. (4.23) yields

du@ o, “”(zo Z(wm g (zi-1)

dz tl 1 )?{(Z Zl)

(4.33)

_q? (ZI)Z_ (ZI{Z) (z) g (zi-1)
i=2

= — — )R(Z—Z,‘).
by b; bi_1

Eq. (4.33) can be integrated and an explicit expression of the transversal displacement is
achieved,

" (z)_  ~ (Zlﬂ) (z) g (Zi—l)),R(Z_Z.)

u(z) ~ —k3z+ky + 4 Z+ — —
[ ) i li-1 434)
P2 (Eﬂ” (z) q®? <z,~_1>)Q(Z_Z.) |
by 2 F\ b bi1
where Q denotes the 2-th order ramp function defined by
0 ., z<z,
Q(z—z)= { (1=21)2 (4.35)
S, 1>
Since we are dealing with a simply supported beam, we have
u(z)=0 , u()=0, (4.36)
and the integration constant k3 is given by
g g 7D (5.
. [ ), Z ( () 7 ?(Z’_l))ﬂ(f—zi)]
-1
’ (4.37)

t

I_le(m)ﬁ_ (67(2)(Zi) q? (zi-1)
) b; bi—

= — = )Q (-z)|,
by 2
while the integration constant k4 is equal to zero. In the same way, it is possible to solve

the differential equation governing the axial behavior. By integrating twice Eq. (4.12) with

respect to z, we get

W(Z) %—k1Z+k2—

)R(z—zi). (4.38)

< = =
ai ai-1

SV ) X (f(l)(zi)_f(l)(zi—l)
ay >

i=
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The constants k| and k; are calculated by using the boundary conditions,

w(0)=0 , w()=0. (4.39)
We obtain
(n n (D) (5. 1 (.
k=0 , ki :l _f A(Zl)f_z (f A(Zl) - / A(Zl_l))R(f—zi)]. (4.40)
t ap P a; aj-1

Cantilever micropolar beams

The boundary conditions for a cantilever beam are written as

dy (2)

du (z)
=0 ,
dz

u(@=0 , ¢0)=0 ,
z=C dz

+p(z)] =0. (4.41)

z=t

The procedures outlined in Subsection 4.1.1 is repeated. The the transversal displacement is

given by
"(1) n "(1) "(1) .
= fit (4.42)
¥ (zo 2 < (7? (z ) _ 3% G |
5 Q(z-z),
i= l 1
where, in this case, g% (z) is defined by
7 (2)=-¢? @ +¢"M (O 4¢P () -V (O ¢ (4.43)

Similar relationships to those presented in Eqs. (4.34) and (4.42) can be also derived under

different constraint conditions.

4.1.2 Random solution of micropolar Timoshenko-Ehrenfest beam

model with material uncertainties in the application framework

In this section, the random fields are defined on a probability space (®,7, %), and any element
of ® is denoted by 6. The deterministic fields e : z+ €(z),g:z+ g(z),and ¢ : z > ¢ (z) are
modeled by the random fields £ : 0 — {z+— E (2,6)}, G : 0> {z—> G (z,6)},and C : 6 —
{z+ C(z,0)}. Hence, the axial stiffness a : z — a (z), the bending stiffness b : z +— b (z),
and the shear stiffness ¢ : z + 7 (z) are modeled by the random fields A : 0 +— {7+ A (z,6)},
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B:0— {z+— B(z,0)},and T : 08— {7+ T (z,6)}. We assume that these fields are stepwise

random functions defined into five intervals whose steps are identified by the coordinates
22 25/5, 23 =22+f/5, 24 223 +f/5, and?s :24+5/5,

5

E(@)=Ei+) (Ei—Ei1)H (z=7) , (4.44)
i=2
5

G(2)=Gi+) (Gi-Gi)H(z-3) , (4.45)
i=2
5

C(x)=Ci+) (Ci-Ci)H(z-F) . (4.46)
i=2

We define B; = E;1+C;jo and T; = G0/ y withi=1,2, ..., 5, and consequently,

5
B(z) = B, +Z(Bi—Bi—1)7{(Z—Z')
=

. (4.47)
=§1+Z(§i—§i—1)7‘((z—zi) ,
i=2
5
T(2)=Ti+) (l-T)H(z-%)
= (4.48)
=ﬁ+2(fi—ﬁ—1)7{(z—zf) ,
=2

where n = 100. The displacement fields w : z +— w(z) and u : z — u (z) are replaced with
the random displacement fields W : 0+ {z+> W (z,0)} and U : 8 — {z+— U (z,6)}. Our
problem consists in estimating the probability density functions (pdfs) of the random variables
W (z) and U (z) given the prior pdfs of E;, G; and C;, and viceversa.

Noninformative prior probabilistic model for random material parameters

We suppose that E1, E» , ..., Es are independent positive-valued random variables whose
prior probability density functions defined by

- - 2
ILR+ (el-) \/2_7r10'E exp {_F (e,- —I’I’LEI,) }
i E;

pE, (€)= (4.49)

teo 1 N S O O
/(; V2nog, CxXp { 20’% (61 mEi) } de;
1



4.1 Response and identification of random micropolar Timoshenko-Ehrenfest beams 101

where oz, and mg, are the standard deviations and mean values of E;. In the same way,
we suppose that Gi,Gy,...,Gsand Cy, Ca,...,Cs are independent positive-valued random

variables whose prior probability density functions are defined by

2
s (8) gexp {—20,%_ (8 -mg,) }
i G;

P, (&) = —. (4.50)
+o 1 1 = _ =
b e, CXP{‘?;. (#:-ma) }dgl
1 1 2
]lR+ (Ci) \/TTO'CI.CXP{_T& (ci—mci) }
pc; (ci) = , 4.51)

2
/O+oo \/2_7:0-Ci eXp{—#éi (Ci _mCi) }dCi

where ore? and mg, are the standard deviations and mean values of G;, and oc, and mc, are
the standard deviations and mean values of C;. Assuming that the random variables E;, Gi,
and C; are independent, the prior model of the joint probability density function of E;, G;,

and C; is written as
PEGic; (€,8is¢i) = pg, (€) pg, (8) pc; (ci) (4.52)

Geometry, load, deterministic and random mechanical properties

Simply supported and clamped macro and microbeams are studied in the following. The values
of the geometry parameters are d™"® =3 X 10~"'m, dy* 0 =6X 10~"'m, and £ma°r° = 5 dyere
and dM° =3x 107%m, dJi™® = 6x 10 m, and £M° = 54, where d" and dMer
denote the thickness of cross-sections, d;nacro and d;nicm denote the bases of cross-sections,
and £™2°° and £™ the length of the beams. Concerning the means values and standard
deviations of E;, G;, and C;, we refer to Tables 1 and 2, where the following reference values

are chosen
pp =1.76x10"Pa |, ps =6.7692x10'Pa , ¢, =8.6x10'°N. (4.53)

The applied external load is ¢(z) = 1 x 10 N/m for microbeams and ¢(z) = 1 x 10° N/m for
microbeams. The shear correction factor y is chosen equal to 1 for simplicity.
Stochastic solver

The stochastic solver used is based on the Monte Carlo numerical simulation method. The

steps of this stochastic are defined below.
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Table 4.1 Dimensionless mean values of the random variables E;, G;, C; withi = 1,2, ..., 5.
M /He, | Bi /e, | He/HE, | Mg /BE, | e HE,
2.5% 1 % 2 % 1.5% 2.5%
Ké HG, | K, 1, | Ky /He, | He/ka, | Ha ke,
2.5% 1 % 2 % 1.5% 2.5%
uc,/uc, | Ho/te, | Mo /M, | Mci/Mc, | pos/ic,
2.5% 1 % 2 % 1.5% 2.5%

Table 4.2 Coeflicients of variation Cv ;s CV(‘;i, and Cv, of the random variables E;, G;, and
C; with i=1,2,...,5.

CVEI CVE2 CVE3 CVE4 CVE5
0.9 0.8 0.85 0.9 0.95
CVG1 CVC‘;2 CV(‘;3 CVG4 CVG5
0.9 0.8 0.85 0.9 0.95
CVC1 CVC2 CVC3 CVC4 CVC5
0.9 0.8 0.85 0.9 0.95

1. Generation of m independent realizations X; (01), X; (62) , ..., X;(6,,) of the random
variables X; using the probability distributions defined in Eq. (4.52) in which X; =
(Eia G_i9 él) .

2. Computation of m independent realizations U (61), U (63) , ..., U (6,,) using Egs. (4.34)
and (4.42) for both micro and macrobeams.

3. Estimation of the pdfs of the quantities of interest that are limited to the displacements
at points Z;, withi = 1,2, ..., 10, such that 0 < 7 <26 < 21,21 <22 <27 <22,22 <23 <
78 < 74, 24 < 74 < 79 < 75, and 75 < 75 < 710 < {. Using the realizations computed in
step 2, the probability density functions of the displacements U; = u (X1, X», ..., Xs,2;)
withi=1,2, ..., 10 have been estimated with the Kernel Density Estimation (KDE)
method from nonparametric statistics.

The same steps are adapted for the solution of the inverse problem, which consists in giving
the pdfs of the displacements in several points of the beam axis and in estimating the pdfs of
the material parameters in the same points.

Uncertainty propagation

For the simply supported micropolar macrobeams, simply supported micropolar microbeams,

cantilever micropolar macrobeams, and cantilever micropolar microbeams, we show in
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Fig. 4.1 the probability density functions (pdfs) of the vertical displacements obtained in the
4-th interval of the beams denoted by Us. The pdfs are estimated by using the realizations
computed with the Monte Carlo (MC) simulation method and the kernel density estimation
(KDE) method. Once the direct problem is solved, starting from the pdfs of the displacements,

The pdf of Us: simply supported micropolar macrobeam The pdf of Uy : simply supported micropolar microbeam

3.0
250 1 3.0
25
—~ 2.0 —
< [e]
= 2 20
= 15} =
= 315
5 =}
2 1.0 2 40
0.5¢ ] 0.5
OO E L L L L L \7 OO L L L L L L L L L L L L L L L L L L L L L
1.28 1.30 1.32 1.34 1.36 1.38 0.94 0.96 0.98 1.00 1.02
us(1073m) us(107"m)
(a) (b)
The pdf of Uy: cantilever micropolar macrobeam The pdf of Uy: cantilever micropolar microbeam
gl
3 L
o S
32 -
= S 4
) )
o Qo
1F ol
0 ol
5.8 6.0 6.2 6.4 6.6 3.50 3.55 3.60 3.65 3.70 3.75 3.80
us(1073m) u4(107"m)
(c) (d)

Fig. 4.1 Graph u4 — py, (u4) of the pdf of Uy obtained for (a) simply supported macrobeam
(b) simply supported microbeam (c) cantilever macrobeam (d) cantilever microbeam. The
pdfs have been built by means of MC numerical simulations and the KDE method. The
random variable Us model the displacement at 74 = 3¢€/5+1/9¢/5 of the 4-th interval of the
beams.

the pdfs of B; and T; are derived. As shown in Fig. 4.2, by recalling that B; = E; 1+ C; o and
T; = G0/ x, we can conclude that

o if a macrobeam is analyzed, the pdf of B;/t approximates the pdf of E;;
o if a microbeam is analyzed, the pdf of B;/o approximates the pdf of C;;

o in both cases, the pdf of 7;y /o approximates the pdf of G;
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o if M, is the random variable associated with ur, (see Eq. (4.1)), the pdf of Mr, can be
obtained using the relationship,

1 Mr;
P, () = 5pc (51) - (4.54)
2 2
We want to underline that Mr, is a material parameter related to the 3D mechanical behavior
of the micropolar continuum.

The prior and estimated pdfs of E, ‘ The prior‘and estimateq pdfs of G4
4 L
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Fig. 4.2 (a) Comparison between the graph e4 — pz, (é4) of the prior pdf of E4 (dashed
line) and the graph b4/t pg,;, (bs/t) ~ pg, (€4) obtained by analyzing the macrobeam
(solid line). (b) Comparison between the graph g4 — p, (§4) of the prior pdf of G4 (dashed
line) and the graph t4x /0 pr,) /o (tax /o) = pg, (§4) obtained by analyzing the macro or
microbeam (solid line). (c) Comparison between the graph c4 — pc, (c4) of the prior pdf of
C4 (dashed line) and the graph bs/o — p Bs/o (ca/0) = pc, (c4) obtained by analyzing the
microbeam (solid line). (d) Graph ur, — puy, (ur,) of the pdf of Mr, obtained by means of
Eq. (4.54) and the prior (dashed line) and identified (solid line) pdfs of C4. The pdfs have
been estimated using MC numerical simulations and the KDE method.
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4.2 Sensitivity of a particle-based homogeneous and isotropic
second-gradient continuum model with respect to un-

certain parameters

This section concerns the probabilistic analysis of particle-based materials. More precisely,
this section is devoted to the stochastic modeling of the particle-based geometric and material
microscale parameters associated with particle-pair interactions of an existing particle-
based second gradient model. Such an issue is addressed with a probabilistic methodology
that relies on the maximum entropy (MaxEnt) principle from information theory. After
defining and improving the chosen particle-based second gradient continuum model, it is
shown that for micro-homogeneous and micro-isotropic materials, the involved microscale
parameters turn out to be statistically independent. More precisely, the particle-pair distance
between two consecutive particles is a uniformly distributed random variable and the specific
microscale stiffness parameters are Gamma-distributed random variables. For illustration
purposes, a micro-homogeneous, micro-isotropic, macro-homogeneous, and macro-isotropic
2D concrete plate subjected to an axial load is considered. A stochastic solver based on Monte
Carlo numerical simulations is chosen whose convergence is studied. Finally, uncertainties
propagation is discussed, and statistical fluctuations in the macro mechanical response are

found to be significant.

Notation
Below A, B, C, D, E, F, and i are integers belonging to {1,2,3}.

A lowercase letter such as x, 1, u is a real deterministic variable except when used as an
integer index as i, j, etc. Greek letters @, 8, n and 7 are neither deterministic variables

or integers as subscripts.
A boldface lower case letter such as x, 7, u is a real deterministic vector.

An upper case letter such as X, H, U is a real random variable except when used as an

integer index as A, B, etc.
A boldface upper case letter such as X, H, U is a vector random variable.

A lower case letter between brackets such as [x], [n], [«] is a real deterministic

second-order tensor.
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A boldface upper case letter between brackets such as [ X], [H], [U] is a real random

second-order tensor.

A lower case Gothic letter between brackets such as [], [b], [u] is a real deterministic
third-order tensor.

A boldface upper case Gothic letter between brackets such as [X], [$], [¥] is a real
random third-order tensor.

A lower case letter between two brackets such as [[x]], [[z]], [[«]] is areal deterministic

fourth-order tensor.

A lower case Gothic letter between two brackets such as [[x]], [[D]], [[u]] is a real
deterministic fifth-order tensor.

A lower case letter between three brackets such as [[[x]]], [[[%]]], [[[«]]] is a real

deterministic sixth-order tensor.

[E: Mathematical expectation.

The Levi-Civita tensor calculus is used. Indices denoted by upper case letters are chosen
to indicate components in the initial (or Lagrangian) configuration and lowercase letters
to indicate components in the Eulerian (or current) one. Summation over the repeated
Latin indices is used. There is no summation over repeated Greek indices. Superscripts

denote the contravariant components, and subscripts denote the covariant ones.
|lx||: Euclidean norm of x € R"

|All: Supyy <1 [[Ax|| operator norm of linear operator A.

[g]pc: component (D, C) of the metric tensor [g].

[5]2: component (A, B) of the second-order identity tensor [/].

[x]7: transpose of the second-order tensor [x], and [xT] is the second-order tensor of
the transposition.

1 5: indicator function of a set B.
r': component i of the deterministic configuration field r.

vi: component i of the deterministic displacement field v.



4.2 Sensitivity of a particle-based homogeneous and isotropic second-gradient continuum
model with respect to uncertain parameters 107

[f ]i‘: deterministic gradient of the configuration field [ f].

n4: component A of the unit vector 7 defining the orientaton of one pair («, ).

u®: component C deterministic objective deformation vector u.

¢: deterministic specific deformation energy
w: deterministic deformation energy
[e]g: component (C, B) of the deterministic Cauchy-Green tensor [e].

[b]g #: component (D, E, F) of the deterministic second-gradient deformation tensor

[B].

4.2.1 Defining a deterministic particle-based continuum
Discrete model

We summarize the model proposed in [13, 136, 104]. Let B8 be a rigid particle and let
us build a discrete set of n rigid particles at distance ¢ from S (same arguments can be
generalized for ¢ variable along the spatial directions). Let us consider the discrete system
of rigid particles obtained by assembling s of these sets. It is a discrete grid of rigid
particles within a bounded domain 8B of R? such that the distance between two consecutive
particles in the grid is £. Although any particle shape is acceptable, particle sizes must be
sufficiently small to justify the passage from the discrete to the equivalent continuum model
in Subsection 4.2.1. Let @ and 8 be two consecutive particles in the grid, whose coordinate
vectors are ¢, = (¢4-q4-4,) and g5 = (q/g,, qz, qg) in a given fixed coordinate system defined
by a generic basis of R3. In this section, stochastic considerations are introduced, wherein the
symbol ¢ is preferred for denoting the Lagrangian coordinates, as the symbol X is reserved
for the random quantities. We define r = (r!,72,73) : ¢ — r(q) as the configuration field and
we introduce the second-order tensor valued-function [ f] such as

[f1:q 0 F@] ={F (@], = agq(ff),i S 1.2.3:A=1,.23) (4.55)

and we define [f] = [f(gp)]. Let uqp be the objective deformation vector such that !

wap = |17 (7 (2) =7 (a5)) - (40 -45) - (4.56)

!In components: u; = [fﬁT]lC (ri (ga)-1" (q,;)) - (qg —qg)
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Truncated at the second-order, the Taylor expansion of r in the neighborhood of g4 yields

(a2-at) 3 nlD)

(‘13—612)(q§—q§) . (457

9=4qp

Let 7,4 be the unit vector defining the orientation of one pair (,) of two consecutive

particles such as
qo—qp=Napl . (4.58)

Substituting Eqs. (4.57) and (4.58) in Eq. (4.56) yields

c ~ 1 8% (q)
ugﬁ:[fg]i ([fﬁ]lB g (+ 2 9qAqP| -,
—4ip

(L4715 L=t ) )+ [fﬂ]cj;w

Let us define the two deformation tensors [e¢] : ¢ — [e] (g) and [§] : ¢ — [b] (g) such that

(4.59)

~B AA 2
ﬁ g

(el =5 (L1 1= 1915) (4.60)
62 i
0155 =711 55503 @61)

We introduce the notation [eﬁ] = [e] (qﬁ) and [bﬁ] = [b] (qﬁ). The tensor [e] is the
Cauchy—Green tensor. Substituting Egs. (4.60) and (4.61) into Eq. (4.59) yields

C 62 i
MC =2 e f TP\t =B AA 52
wo=2leels? [ /l anan " (4.62)
C ~B ~
—2[3,3]13 afﬁ£+ [bﬁ]AB gﬁ”ﬁﬁfz-
Eq. (4.61) can be written (see [37]) as
c 1 0le 0le 0le
[bﬁ]AB =3 [g]DC( [ ;AZ(Q) + [ ;BQ(Q) _ [6]33(4) ) . (4.63)
q 9=q q 9=q q 9=q

Let us define the elastic energy function Aw,g : teg = Awep (u(,[;) related to the interaction
of the pair (a, ) of consecutive particles. Since u,p is an objective function, it is considered

as a measure of deformation (see Eq. (4.56)). Among all possible choices for the function
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Aw,pg, it is chosen such that

Awaﬁ (uaﬁ) = AW(Y,BTI (uaﬁ) +Awaﬁ7 (uaﬁ) , (4.64)
in which
1 2 1 2
AW oy (ap) = 5 Kapn [apnl|” > Awapr (wep) = 5 Kape |[ape|” . (4.65)
and where |
Uopn = 5 \Uap " ﬁaﬁ ﬁafﬁ , UWUapr =Ugp— \Uap* ﬁaﬁ ﬁaﬁ , .
5 ) ( ) (4.66)

in which kg, and k.. are two given positive local microscale material parameters, and in
which u g, and u g, are the vector decomposition of the deformation vector u g parallel and
orthogonal to 7,p, respectively. The vector decomposition of u,p in 2u,p, and u g, With

respect to the local coordinates system (ql(lc), g, q3(lc)) is shown in Fig. 4.3. For technical

Fig. 4.3 Vector decomposition of u,p in the local coordinates system described by
q19=(4'19 4209 4309y "in which 2u,p, is the projection of u,p with respect to 7,p
and u .. is the projection on the plane defined by u,z and u,.. Particles can have different
sizes and different shapes. Any particle shape is admissible. Particle sizes need to be small
enough to pass from the discrete to the equivalent continuum model. The quantities u g,
Uqpy, and u,p, have been defined in Egs. (4.61) and (4.66). They represent deformation
measures of the particle-pair («,f).

needs, no coupling energetic term, such as ||uaﬁ,7|| ||u apr||» 1s considered between u g, and
U, p- It allows us to state a relationship between the microscale material parameters, kg, and
kqpr, and the macroscale material parameters, and to obtain an equivalent second-gradient
continuum model for particle-based based materials that generalizes the classical (or Cauchy)

continuum model. Due to the interactions between all the n consecutive particles of S, the
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total energy Awp is written as

nﬁ nﬁ 1 1
Awp = le AWap (ap) = ZI: (5 kaﬂﬂ||uaﬁ77||2+Eka/)"r”uaﬁruz) , (4.67)
a=lg a=lg

Finally, the total energy related to the considered system of particles is equal to

YDV 3 3 o o T PRI

p=la=1g B=la=1g

Equivalent continuum model

If the distance ¢ between two consecutive particles is small enough with respect to the smaller
characteristic dimension of domain 8B, we can replace the discrete model by an equivalent
continuum model. Let 7 : w — 71 (w) be the orientation field in which w € Q = [0, 7] X [0, 27]

and let u : ¢ — u (q) such that

fg Zl;q;AB(w) A w) £
1 (4.69)
=2 [elg(q)ﬁB(w)f+ [6]55(q) %(w) 7 (w) €%

uC(q,w) =2 el (q)nB(w)é’+ [ ()]

For the continuum model, the deformation energy w is written as

=/B¢(q) dq:/g/gw(w,q)dwdq

1= 2 1~ (4.70)
:/ / (5"“‘“*” e (@.9)]["+ 5 &r (e0.9) ||ur<w,q)||2) dwdq,
BJQ

where ¢ : g — ¢ (q) is the specific deformation energy and ¥ : (w,q) — ¥ (w,q) is the
specific deformation energy per unit direction, such that

1~ 2 1~
6@)= [ 0.0 do. 0.0 =3F 0.0 Ju, @0 +3E @) s .0
4.71)
in whichu, : (w,q) = u,(w,q) and u, : ¢ = u.(w,q) are such that

ay(.0)= 5 (u(g) FNTW) , wwg)=ulg)-u,(wq) . @7
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The mappings En (w,q) — %,7 (w,q) and ke (w,q) — ke (w, q) are the specific stiffness

fields per unit direction. The specific deformation energy ¢ (g) is written as

¢ (q) == [[c]1eh(q) [e]§(q) [e]f(q)+% [[c]125F (q) [e]$(q) [B]2F(q)

+3 Ll (@) 15155(0) 914, (a)

| =

4.73)

in which [[c]], [[[«]]] and [[¢]] are the tensors of the material parameters that are detailed

in [13] and where [[c]] is the classical fourth-order tensor of material parameters.

Case of a homogeneous and isotropic equivalent continuum model

Let us call “micro-homogeneous” a continuum characterized by constant specific microscale
stiffness fields along spatial direction ¢, i.e., k, (@, q) = Ehom) () and k7 (@, q) = k"™ (w).
Let us call “micro-isotropic” a continuum in which the specific microscale stiffness fields
are constant along the direction of interaction w, i.e, %n (w,q) = k,(fm) (q) and ke (w,q) =
ki”f’) (q). If the continuum is micro-homogeneous and micro-isotropic, we have E,, (w,q) =k,
and %T (w,q) = k-, where k,, and k- belongs to R*. At the macroscale, choosing the coordinate
system defined by the canonical (or standard) basis of R3, it is proven in [13, 136, 104] that
the homogeneous and isotropic continuum is characterized by the specific deformation energy
¢ (gq) defined by

5(@) =& [e13(@) [e14(@) + 36 [e13() [e13(0)

+265 [9145(@) 012 (0)+ 5.6 s @) [D]Epa) 479
+2&5 [D]34(a) [B]8c(9) +E6 [D]30(a) [D]5c(q) +2€7 [Dl3c(q) [D]55(a) -

The symbols &1 and &, are the Lamé coeflicients in classical elasticity. The term homogeneous
is used here to underline that &1, &>, ..., and &7 are constant. The term isotropic is used here to
underline that the specific deformation energy is invariant under coordinates rotation (see [2]
for more details). By adding the hypotheses of micro-isotropic and micro-homogeneous

continua, the functions E 1 and g’f\z are defined by

~ A £? ~ 47 £2
& =& (f,kn,kT):%(kn—4kT) L bH=b (f,k,,,k,):’lr—s(knka). (4.75)
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The remaining parameters &3, &4, &5, &6 and &7 depend on & and &>, which, in turn depend

on{, k, and k-,
2

& =& (Cky k) = 758 (g ke) =4, (4.76)
2 —
é5= &5 (Ckyoke) = 7035 (82 (€ ko) +38 (Cky ko) ) = 7, 4.77)
2 —
é5 =& (6. ky ko) = T (782 (6, K er) — 481 (€K Kr) ) (4.78)

In the following, a probabilistic model is proposed for ¢, k,, and k. under the hypotheses of
micro-homogeneity and micro-isotropy. Then, the random mechanical response of continua
described by Eqs. (4.74), (4.76), (4.77), and (4.78) is studied.

4.2.2 Defining the random particle-based continuum

Let X:0+— X (0) = (L(0),K,(0),K;(6)) be the random variable with values in R3, defined
on the probability space (®,7",%), whose probability distribution is Px on R3. The random
variable L describes the random particle-pair distance between two consecutive particles,
K; and K; are the random microscale stiffness fields modeling interactions between two
consecutive particles. Under the hypotheses of micro-homogeneity and micro-isotropy, L,
K, and K are assumed to be independent of the spatial and interaction directions. Eq. (4.75)
allows us to define the random variables E; : 8 - =, (6) = & (L (6),K, (), K. (6)) and
Ey: 0 (0) =& (L(0),K,(0),K. (6)) such that
47rL2 4nL?

5 (Ky=4K:) . Ey= = (Ky+6Ko) | (4.79)

LI]

The symbols Z; and E; correspond to the random Lamé coefficients in classical elasticity.
Eqs. (4.76) and (4.77) lead us to define the random variables Ez = E4 : 0 — E3(0) =
B4 (0) = & (L(0),Ky (0),K, (6)), Bs : 0 — Es (6) =E7(0) = &5 (L(6) K, (0) K (0)) and
B : 0 — E6 (6) = &6 (L (6) Ky (6) K- ().

At ¢, the random specific deformation energy ®(q) : 6 — ®(q,6) is obtained by
substituting the deterministic quantities (£1,£2,[e](q), [B](q)) in Eq. (4.74) by the random

ones (E1 (6),E2(0),[E](q.6),[9]1(q.6)), and is given by

@ (9) =5 [E1}(9) [E1 (9)+ 321 [E1}(@) [E1()

253 [$]45(q) [5]§c<q>+554 [5145(q) [9]55(g) *80)
+285 [9154(a) [912c(0) +E6 [D50(9) [D]5c(0) +257 [D]5c(0) [9]55(0)
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where [E] (q) : 6 — [E] (q,0) is the random Cauchy—Green deformation tensor and [$] (g) :
0 +— [9](q,0) is the random second-gradient deformation tensor, which depend on the
random configuration field R : 6 — {q — R (q,6)}. The random deformation energy per
unit direction, ¥ (w, q) : 0 — ¥ (w, q,0), is given by

1 1
¥ (0.9) = 5K, Uy (0. @I + 5K U (0. 0)1 (4.81)
in which
1 ~ ~
Uy(@.9)=;U(@Q)-F@)i@) . U(wq=U@-Uyw.q) . @82

and where U : 6 — {q +— U (q,0)} is the random field defined by

2 pi
dq”dq (4.83)

=2 [E15(0)i%@) £+ 5 [515,(0) %) (@) £

UC (g) =2 [EI§(@)i%w) £+ [F(g)]

where [F(g)] : 0 — [F(q)1(6) = {[F(g)],(6) = f”Ra’f]z"‘”,i - 1,2,3;A=1,2,3). The ap-
proach proposed in [65] for classical linear elasticity is used in Subsection 4.2.2. In
Subsection 4.2.2, the maximum entropy (MaxEnt) principle is used to define a prior proba-
bility model for X = (L, K, K;), which are the only source of uncertainty of the analyzed
continuum model. In the spirit of the previous deterministic model, since we analyze the
equivalent continuum model, the geometry of the single rigid particles, which are modeled
as material points, are not considered here. The connectivity of the particles is modeled
by means of the microscale stiffness parameters K;, and K;. The random variables L, K,
and K, are assumed to be independent of the spatial and orientation directions. If we
wish to apply the exposed second-gradient continuum model for particle-based materials
to granular materials, remarks should be added concerning the geometry and shapes of the
grains, granulometry involved, geometry disorder, and structure of the granular medium. The

application is immediate for composite materials.

Maximum entropy principle for constructing the prior probability distribution of

uncertain parameters

The Shannon entropy &(p x) of a probability density function (pdf) px on R” is defined by
E(px) =- /Rn px(x)log(px(x)) dx, which measures the level of uncertainties. Higher

uncertainty results in a larger Shannon entropy.
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In accordance with the MaxEnt principle, the pdf of the R*-valued random variable
X = (L, K,, K;) maximizes the Shannon entropy under the constraints defined by the available
information (see for instance [129]) that are given as follows:

(Q1) The support of py is
Supppx =Sx , Sx C[l1,H] xR xR cR?, (4.84)

where 0 < {1 < {5 < +0co0.

(Q2) The mean value of K;, and K are given and finite,
E{K,} =y, <+ , y,eR", (4.85)
E{K;} =y <40 , 7y,eR". (4.86)

(Q3) The inverse of the random matrix [ K] such that

K, O
(Kl=| ' : (4.87)
0 K:
has a finite second-order moment (for physical consistencies),
B{IK|} <+o0. (4.88)

This property can be stated as suggested in [125, 126] and can be replaced by the
following one: the random variable log (det([K])) has a given mean value whose
absolute value is finite,

E{log(det([K]))} =7Ydet » |Vdetl <+o0. (4.89)

Since the random variable det ([K]) = K, K-, Eq. (4.89) can be rewritten as

E{u(KpKe)} =vaee » w(KyKr)=log(K,K:) . (4.90)

We now consider the R?-valued random variable (K,,K;) defined on (©,7,P). The
constraints stated by propositions (Q2) and (Q3) read

E{h(K;.K:)} =7, 4.91)
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where ¥ = (¥y, ¥z, Yder) and h : R? > R3 such that
h(ky, ko) = (ky, ke,dog(ky ke)) . (4.92)
Let Crree (see [129]) be the set of functions on R?, defined by
Cireo = {p el (R3,R+) , Supp p = SX} . (4.93)

The set Cyq of the admissible probability density functions p : (€, ky, k) = p(€, ky, k.) of
X =(L,K,,K,) is defined by

Cad :{p € Ciree » /3]7 (g’kfl’k‘l') dgdkﬂ dk: =1,
R
/ h (ky k2) p (€. ko kz) d€dk, dk, :y} . (4.94)
R3

Under the constraints defined by (Q1), (Q2), and (Q3), and using the MaxEnt principle, it
is possible to prove that pdf py of X is the unique solution of the following optimization

problem,

px =argmax & (p) , (4.95)
pecad

where p — &(p) is the Shannon entropy defined by
E(p) = / p (ks ke) log (p (€, Ky, kr)) dCdky i (4.96)
R3

Effective construction of the prior probability distribution of uncertain parameters

Proposition 1 For the micro-homogeneous and micro-isotropic continuum in the field of the
particle-based theory presented in Section 3.1.1, the expression of the joint probability density
function of the random variables L, K,, and K-, constructed using the MaxEnt principle
under the constraints defined by (Q1), (Q3), and (Q3), shows that random variables L, K,
and K. are statistically independent. It also shows that the random variable L is uniformly
distributed in [{1,{>], and that K, and K. are Gamma distributed in R*, whose parameters

are
mKn

1_/16'

(aﬂ’ﬂﬂ) = (1 —Aes ) and (ar,fBr) = (1 -, K ) . 4.97)

1 - /lc
In Eq. (4.97), mg, = E{Kn} and mg,_ =E{K.} are the given mean values of K, and K-,

and A € ]—co, 1[ controls the statistical fluctuations. The parameters (ay,3y) and (az,Br)

can be expressed as a function of the mean values mg, and mg_ and of the coefficients of
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variation cvg, = ok, [mg, and cvg_ = ok, [mk, of K, and of K,

1
-1,

mg, =By . mg =a:fr , CVk,=CVg, = (4.98)
Note that the statistical fluctuations of K, and K, which are driven by their coefficients of
variation, depend only on the same single parameter A..

Proof The following proof is inspired from [65]. The solution of the optimization problem
defined by Eq. (4.95) is written as

PLK, K, (Chyp ke) = Lsy (ko kr) ¢ exp(—(A° b (ko k:))) o Y (Ckyke) €RP,
(4.99)
where h : R? — R3 is such that k(k;, k) = (ky, k., log(ky k-)) (see Eq. (4.92)), the positive
normalization constant c%"] and the Lagrange multiplier 2% = (A, Az, A¢) must be such that
PLK, .k belongs to the admissible set Cyq defined by Eq. (4.94). An algebraic calculation
shows that the support Sy introduced in Eq. (4.84) can be written as Sy = [, (2] X Rt xR*

and that, substuiting Eq. (4.92) into (4.99), pr, K, K, can be written as

pLE, k. (Ckp. ko) = pr(0) pi, (ky) Pk, (ko) (4.100)
in which
pL (f) = 1[{1,{2] (f) c1, (4101)
Pk, (ky) = 1+ (ky) 2k, exp {-A, k,} (4.102)
and
P, (ko) =g+ (ko) 3k exp{-Ark} (4.103)

where c1, ¢2, and c3 are positive normalization constants such that %' = ¢y ¢y c3. Hence,
L is uniformly distributed, K;, and K, are Gamma distributed with parameters (a/n, /3,,) =
(1-2¢,1/4;) and (@r,B:) = (1=2¢,1/4;). Since

1:/ Lz (0 crdt=ci1(L-41) (4.104)
[£1,42]
r{-a.
l=c; / k;ﬂcexp{—/lnk,]}dk,]:cz—;l_ﬂ ), (4.105)
R* c
n

r(1-a
l=cy / k;ﬂvexp{—ATkT}dk,:cz;TMC), (4.106)
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where I' : z > I'(2) = f0+°o s“lexp (=s) ds is the Gamma function. The normalization

constants are found to be

-2, A
H-4 r-a)’

TTr-1)
while it can be deduced that 1/4;, =mg, /(1-A.) and 1/2; =mg_/(1-4.). To guarantee
the finite value of the integrals in Egs. (4.105) and (4.106), we must have 1 =4, >0, 4, > 0
and A, > 0. Using the argument presented in Appendix B of [65], it can be seen that this

(4.107)

C1

algebraic solution is the unique solution of the optimization problem defined by Eq. (4.94).
Let us emphasize that the outcomes presented in this section are the result of applying the
MaxEnt principle with the available information (Q1), (Q2), and (Q3).

4.2.3 Stochastic boundary value problem and its random solution de-
fined in the application framework

In order to simplify the presentation, for constructing and analyzing the boundary value
problem (BVP) for the random particle-based continuum model exposed in Section 4.2.2,
the methodology is directly applied to a particular particle-based sample and not presented
in a general case. We consider a plate with a hole located in the middle whose mechanical
properties are those of concrete and that is subjected to a numerical axial traction test. The
domain of this plate is denoted by B and its boundary is 08 = 0By U 0B, UIB;. Zero
Dirichlet conditions are applied on 08 and d8; (left end and right end), where the body is
clamped. A Neumann boundary condition is applied on 08, (right end), where the uniaxial
traction is applied. The displacement field is free on 0B (see Fig. 4.11).

Geometry, load, deterministic and random mechanical properties

The values of the geometry parameters defined in Fig. (4.11) are b1 =3x 10" m, by =5x
1072 m, and bz3=1x 10~2m. The amplitude of the uniaxial traction load is = 1.5 X 10°N / m2.
The mean values mz, = E{E;} and mz, = E{&;} of the random Lamé coefficients Z; and E,
are such that mg, = 3.529 X 10°N/m? and mg, = 10'°N/m?. Using Eq. (4.79) and because
L is independent on K, and K, then, solving the linear equations for the mean values of K,
and K yields

mg, =E{K,} =8.613x10°N/m* , mg, =E{K;}=1.029x10°N/m*. (4.108)
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Let ok, and ok, be the standard deviations of the random variables K; and K. Following
Proposition 1 we have now to choose the value of cvg :=cv K, =CVK,, and of 1 and ;. Since L
is uniformly distributed in [}, £>], we have my = ({1 +&2) /2 and o = (& — ¢1) /(2V3). Thus,
one has {; =myp —cvymp V3 and O =mp+evpmyp V3. In this application, my = 1 X 10~*m.
The sensitivity in the mechanical response of the analyzed continuum sample with respect to

cvy and cvg is investigated.

2

q 2
=1 500 N/mm
7] )
|9%] A

b

Fig. 4.4 Numerical axial traction test on a plate made of particle-based materials with
uncertainties. In the application, the material parameters are the ones of concrete. In the
present figure, the red points are used to underline that we are dealing with a particle-based
material and, more specifically, with a composite material whose particles (or inclusions)
have a random distance that is independent of the spatial and orientation directions. These
assumptions on the distance between particles may be relaxed to describe more complex
microstructures in which the particle-pair distance, and consequently £, would depend on the
spatial directions.

Strong stochastic solution of the weak formulation of the boundary value problem

In this section, first we summarize the weak formulation of the deterministic BVP, which
will be used for constructing the computational model based on the mixed Finite Element
(FE) method. Then, we introduce stochasticity in this weak formulation yielding the random
weak formulation. The strong stochastic solution of this random weak formulation will be
searched. Note that such a formulation is adapted to a stochastic solver based on Monte Carlo

(MC) numerical simulation that will be introduced in Section 4.2.3.

Derivation of the weak formulation of the deterministic boundary value problem

Let Cy be the admissible space of sufficiently differentiable functions v : ¢ — v (gq) defined
on B with values in R? satisfying the zero Dirichlet conditions on 08, and 98;. Since the

right-hand side of Eq. (4.74) exhibits the deformation tensors that are a function of v and
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since coeflicients &1 to &7 depend on x = (¢, k,, k;), we rewrite function ¢(q) as d(v,x)(q)
in order to explicit the dependencies in v and x, where ¢ : (v,x) — ¢(v,x) is such that
¢ (v,x)(q) = ¢ (q). The weak formulation of the deterministic BVP is: find v in Cy such that

(6m) (v,6v;x) =0 , Vov={sv',6v%6v} eCy, (4.109)

where o7 is the first variation of the energy functional 7 defined by

7 (vix) = /B 7(v.x)(q) dg - / v (q) ds(q). @.110)

B,

in which ds(q) is the surface element.

Random weak formulation and its strong stochastic solution

The random weak formulation is derived from Egs. (4.109) and (4.110) in substituting x by
the random vector X whose probability model is defined in Proposition 1. Consequently,
displacement field v becomes a random displacement field V : 0 +— {V(0) : g — V (¢,0)}
such that V (6) belongs to Cy and configuration r becomes the random configuration field
R :0+— {q+— R(q,0)} defined in Section 4.2.2. The strong stochastic solution consists in
finding V (0), for 8 in ®, with values in Cy such that

(om) (V(0),0v;X(6))=0 , VévelCy , a.s. 4.111)

Monte Carlo numerical simulation as stochastic solver

The construction of the strong stochastic solution of the random weak formulation is based
on the use of the MC numerical simulation and on Eq. (4.111). Consequently, the steps of
the stochastic solver are as follows.

1. Generation of n independent realizations X (61), X(63), ..., X(6,) of random variable
X using the probability distribution Py (dx) = px(x)dx defined in Proposition 1, in
which X = (L, K, K-).

2. Computation of n independent deterministic solutions V (6;), V (63) , ...,V (6,) that
satisfy Eq. (4.111). In fact, the mixed FE method is used for each computation, where
the displacement field and its gradient are solved both as unknowns under constraints
imposed by means of Lagrange multipliers. In the formulation used, the definition
of the stress tensors is not required and related issues are avoided. In this regard,
one should mention the important issue of symmetry loss of the Cauchy stress tensor
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within the framework of second gradient continuum models [14]. For second gradient
continuum models, details concerning the application of mixed FE method are presented
in [121]. In the present application, the weak formulation of the equivalent continuum
model is discretized using finite elements. We are simulating a particle-based material
not with a random microstructure, but with random particle-pair distance between
consecutive particles and random microscale stiffness parameters. As previously
explained, the mesh size does not depend on the random medium properties. Although
the equivalent continuum model is derived from the discrete model, this is not a classical
homogenization procedure in which the microstructure is a random medium represented
by apparent mechanical properties and in which the macrostructure has effective
mechanical properties that are deterministic for scale separation. As a consequence,
the random fluctuations of the mechanical response do not depend on the mesh size All
simulations are performed by a computing node using Intel Xeon E7-4850, in total
64 cores each with a 40 MB cache, equipped with 256 GB memory in total, running
Linux Kernel 5 Ubuntu 20.04. The code is written in Python by using multithreading
such that thousands of computations are distributed asynchronously to the available
resources efficiently. The code in Python is wrapped by the FEniCS software into a C++
code and is solved as a compiled program. Therefore, yet efficient in developing the
code in Python, solution is highly optimized by using a massive parallelization under
the current implementation. The Python code, generated during the current study, is
part of the FEniCS project available at http://www.fenicsproject.org/download, and an
example for the computational implementation is available in [1] to be used under the
GNU Public license [GNU Public].

We consider a finite set of scalar observations expressed in terms of V, for instance the
energy and some components of the displacement field at a given point q. Let Z be the

real valued-random variable representing one of the considered observations. For any

(Z”) and the standard deviation é”).

fixed value n, we estimate the mean value m

The convergence of the stochastic solver with respect to n is performed for each random

(n)
z

pp- 35) based on the central limit theorem. For that, we will plot the dimensionless

quantity ?—:{Z") / m(Z") where zE{Zn) =no én)/ V.

variable Z by estimating the quantity &°,” = 1o /+/n following the procedure in ([129]

Convergence analysis and quantification of uncertainty propagation

Let us define two points ¢, = (b1/2,b3/2,0) and g, = (b;,0,0). As a function of the number

n of realization, we compute the mean value mg, and the standard deviation o, of the
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specific deformation energy in g, where ®; = ® (g,). We also evaluate the mean values myt
and my} and the standard deviations Ty and oy, of the horizontal displacements at ¢; and
q,, where V11 =V!(q,) and V21 =V!(q,). Finally, we compute the mean value mya and the
standard deviation oy of the transversal displacement in g, where V12 =V2(q,). Fig. 4.5

displays the dimensionless quantities defined by

B ) oy A0 noy)

m (vg) ‘\/—mm)

«E(V'?(n) 770() E{V'?(n) n@é?) i
(vnl> ‘\/—mm) ol - im

as a function of the number of realizations n. The value of n has been chosen equal to
G1(0.95), n=G71(0.95) = 1.64, where G is the standard normal cumulative distribution
function. The probability of committing at most an error of 0.49 % with respect to the derived
mean values was estimated to be 0.95 by considering n = 10000. The choice to analyze the
mechanical response at points g; and g, is due to two reasons: an energy concentration
occurs at ¢, and the maximum displacement occurs at g,. The coefficients of variation
CVa,, CVy1, CVy 1, and cVy2 obtained for different values of cv; and cvg are shown in Fig. 4.6.

Moreover the mean Values Mpg, > MA ;> MA W’ ma v and the root mean square values IMSAg, »

v’
1
Imsyp ,, rmsp ,, rmsy, , of the dimensionless random variables

l 2 1

1 1 1 1 2 2
@ - ih »7% iy
A==, AV.:—2 : AVlz:V—lz (4.113)

T

obtained for different values of cv; and cvg are shown in Figs. 4.7 and 4.8, where <I>1, V1
Vzl, and V12 are the specific deformation energy at g, the horizontal displacements at g, and

q_z, the vertical displacement at g, corresponding to the nominal values of L, K;, and K. For

different values of cv; and cvg, Fig. 4.9 shows the graph of the dimensionless quantities
defined by

‘CV(pl - l‘mSAch ‘val —IMmSy1 ‘
1 1

ICVp, = , ICVy=—"—,
CVop, 1 Cvyi
1

4.114)

’CVVZI - rmsV21 ‘CVvlz - rmsvlz
ICVy1 = ——— ICVy2 =
V2 CVVI ’ Vl CVV2
2 1
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€®1 Img, as a function of n for different values of cv; and cvg év} /qu as a function of n for different values of cv; and cvgk

15
£ 10
3
S
Fy
W 05
I S Sl S
0.0 0.0 o
2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
n n
(a) (b)

é\/;/mvg as a function of n for different values of cv;, and cvg

évglmwz as a function of n for different values of cv; and cvgk
0.0

7 (%)

o/lm
1

€y

2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
n n

(c) (d)

Fig. 4.5 Graphs (a) n +— €, /me,, (b) n— Evll /mvll, (c)n> Evzl /mU21, (dn— Evlz/mvlz
for different values of cv; and cvg to study the convergence with respect to n. Solid line:
results for cvy = 15% and cvg = 15 % (yellow), cvy = 15% and cvg =0 (red), cvy =0 and
cvg = 15% (black). Dashed line: results for cvy, = 10% and cvg = 10 % (yellow), cvy = 10%
and cvg =0 (red), cvy, =0 and cvg = 10% (black). Dotted line: results for cv;, = 5% and
cvk = 5% (yellow), cvy = 5% and cvg =0 (red), cvy =0 and cvg =5 % (black).
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Cvo, as a function of cv; and cvk CVV} as a function of cv, and cvk
30
25
20
S
s 15
3
10
5
0 0
6 8 10 12 14 6 8 10 12 14
cvy, cvk (%) cvy, cvk (%)
(@) (b)
cvv% as a function of cv; and cvk CVV% as a function of cv; and cvk

6 8 10 12 14 6 8 10 12 14

cvy, cvk (%) cvy, cvk (%)

(c) (d)

Fig. 4.6 Graphs of (a) cve,, (b) vyl (©) vyl (d) cVy2 for different values of cv; and cvg.
Solid line: results for cvy equal to cvg both different from zero. Dashed line: results for cvy,
different from zero and cvg equal to zero. Dotted line: results for cv; equal to zero and cvg
different form zero.
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ma,. as a function of cv; and cvk my, , asa function of cv, and cvk
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Fig. 4.7 Graphs of (a) m Ao, > (b)y m Ay c)m Ay (d)ym A2 for different values of cv; and cvg.

1 2 1
Solid line: results for cvy, equal to cvg both different from zero. Dashed line: results for cvy,
different from zero and cvk equal to zero. Dotted line: results for cvy equal to zero and cvg
different from zero.
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Fig. 4.8 Graphs of (a) rmsa, (b) rmsa (©) rmsa (d) rmsa for different values of cvy,

1 2 1
and cvg. Solid line: results for cvy equal to cvg both different from zero. Dashed line:
results for cvy, different from zero and cvg equal to zero. Dotted line: results for cvy equal to
zero and cvg different form zero.
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Equation (4.114) defines the relative differences between the coefficients of variation of @y,

Vll, V21, V12 and the coefficients of variation of the same variables that would result from
replacing their means values with the nominal ones.

rcve, as a function of cv, and cvi

rCVv} as a function of cv; and cvg
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Fig. 4.9 Graphs of (a) rcve,, (b) vy, (c) revys, (d) revys for different values of cv; and
cvk. Solid line: results for cv;, equal to cvg both different from zero. Dashed line: results
for cvy, different from zero and cvg equal to zero. Dotted line: results for cv;, equal to zero

and cvg different from zero.

4.3 Sensitivity of a particle-based homogeneous and isotropic

second-gradient continuum model with respect to un-

certain constitutive fields

This section is the outcome of collaboration with Professor Christian Soize and continues

in line with Section 4.2. It presents a comprehensive study on the development and
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application of a stochastic second-gradient continuum model for particle-based materials,
with an application focused on disorder colloidal crystals. Colloidal crystals represent an
important class of particle-based materials. They find applications in material sciences
and Biomedical engineering [26], as optical materials [144], and have the potential to
improve 3D printing technologies due to their tunable electrical, optical, mechanical, and
rheological properties [150]. Currently, significant scientific efforts are underway to realize
complex colloidal crystals and novel colloidal crystal microsensing systems [143, 85]. In a
perfectly ordered colloidal crystal, particles are arranged in a regular, periodic lattice structure.
However, deviations from this ideal structure, such as sphere vacancies, line dislocations,
and random position errors, can degrade the optical properties, leading to disorder colloidal
crystals [101, 113]. Since we are dealing with particle-based materials and not granular
materials, factors such as the topology of contacts, granulometry, grain sizes, shapes, and
geometric structure are not considered. The model incorporates random fields to capture the
spatial variability and heterogeneity present in the geometric and material properties of these
materials. The computational framework is based on the mixed Finite Element (FE) method
applied to the equivalent second-gradient continuum. The Monte Carlo (MC) numerical
simulation method is used as a stochastic solver of the random formulation of the Boundary
Value Problem (BVP). The paper begins with an overview of an existing second-gradient
continuum model for particle-based materials. Then, it incorporates random fields into this
model to provide a more realistic representation of the geometric and material properties.
Finally, the resulting stochastic second-gradient model is applied to analyze disorder colloidal

crystals, which have wide-ranging applications.

4.3.1 Defining the stochastic particle-based second-gradient equivalent

continuum

We hereby introduce the key aspects of the stochastic particle-based second-gradient equivalent
continuum. Further details can be found in [94, 13, 136, 104].

Let us consider a particle 3D-lattice structure contained within an open bounded domain
B c R? with a sufficiently smooth boundary 8. The 3D-lattice structure is assumed to
be composed of np at constant spacing £. Two particles at distance £ are here named
consecutive particles (see Fig. 4.10). Let q. and q, be two consecutive particles in the
nominal configuration. Let ﬁ(q q _) be the unit vector that describes the direction of the
particle-pair consisting of the one at q. and the other one at q; In this section, stochastic
considerations are introduced, wherein the symbol ¢ is preferred for denoting the Lagrangian

coordinates, as the symbol X is reserved for the random quantities. For the stochastic
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Fig. 4.10 Illustration of a 2D material made up of particles placed at constant spacing. We
depict the geometrical significance of £ and 7, ;- The model takes into account both the
interactions in the direction described by =, ; and in the direction orthogonal to n, ;- In
particular, stiffness is assumed constant in the plane orthogonal to 7, ;-



4.3 Sensitivity of a particle-based homogeneous and isotropic second-gradient continuum
model with respect to uncertain constitutive fields 129

description, q. and gj are modeled by the random variables Q; and @ ;. Let L;;(Q;,0 ;) be

the distance between Q; and Q ;, and let N i7(Q;, Q) describing the direction connecting Q;
and Q ;, which can also be described by means of the random Euler angles Q;;(Q;,0 j). Let
Kyij(Q;,0;) and K+;;(Q;, Q) be the random stiffnesses associated with the deformation in
the direction defined by N;;(Q;,0Q;) and any direction orthogonal to it, respectively. We
assume that the level of particle disordering is small enough to approximate the initial domain
transformed by the disordering as the initial domain itself. Let {{L (q;6),0 € ®},q € B} be
the random field defined such that, at ¢ = Q,(6),

L(Q:(6):0) ZLZAQ,(e) Q;(0)), (4.115)

with j such that q is consecutive to q.ni being the number of particles consecutive to q. Let
{{K,(q;0).,0 € @} q € B} and {{K;(q;0),0 € ®},q € B} be the random fields assoc1ated
with the stiffnesses such that, at ¢ = Q,(6),

Ky (Q:(6);06) ZKMQl(e) Q,(0)). (4.116)

K- (Q:(0),9) ZK,W(Q,(G) Q;(0)). (4.117)

Using the same approach, which some authors refer to as the Piola Ansatz [36], we
introduce the deterministic field 7 (w), where w belongs to S = [0, 7] X [0,27]. At w(0) =
Q;;(Q;(6),0,(0)), this field satisfies n(w(6)) = Nij(Qi(Q),Qj(H)). We also introduce the
random objective deformation field U(q,q;w) that is defined by

U (q.¢:0) =2 [E]§(q) n%(w) L(q. q)+ [9]155(9) (@)1 (w) L*(q.q) .  (4.118)

where [E] (q) is the random Cauchy—Green deformation tensor defined by

—0BM (4.119)

IR (q) OR’ (q)
[E]g(‘I):— MC( 8 B 8 M 8ij

in which {{R (¢;0) ,0 € ®},q € B} is the random configuration field defined by

R(0:(6):6) = Ri(Q,(6)), (4.120)

where R;(Q;(6)) defines the position of Q,(6), and [$] (q) is the random second-gradient
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‘I=‘15)

(4.121)

deformation tensor defined by

dE]S
[96] 55 (0) = % [g]DC(M

COE @] 0[E]s@)
dqP

A D
v=0, dq 4=q; dq

For w in S, let us introduce the random deformation energy per unit direction, {¥ (¢,q; w) ,q €
B}, such that

_ 1 _ _ 2 1 _ _
¥(g.4;0)) = 5Ky (4.9 U, (q.7;))]| +5K:(4.9) U= (¢.3:0)|*, (4.122)
in which

_ 1 _ ~ ~ _ _ _
Up(q.q:0) =5 U(q.q;0) - n(w)n(w) , U:(q.q:0)=U(q:q:0)-Uy(q.q:0) .
(4.123)

Hence, let us define the random fields {Z(q), g € B} and {E;(q), g € B} such that

47rL2(q)
15

AnL*(q)

35 (K,(q)+6K.(q)), (4.124)

Ei(q) = (Ky(q)—4K:(q)) . Eaq)=
which are the random Lamé coefficients. Let us define the random fields {Z3(q), g € B} to

{Z7(q), q € B} such that

_ L*(q) _
E3(q) = 1 Ei(q), (4.125)
24(g) = Ea(q) . (4.126)
LZ
=5(g) = 0 (1%,(9) 4321 (g)), @127
LZ
o(q) = 11(2‘{)) (T22(q) - 4E1(q)) . (4.128)
and
=1(g) = Es(q). (4.129)

Let us define the random displacement field {V(q), g € 8} such that R(q) =q+V(q). Let
{®(q), q € B} be the random field associated with the specific deformation energy defined
by

®(q) = /‘I’(q;a)) dw. (4.130)
S

Considering that deformation tensors [E] and [$] depend on V, to explicitly represent
the dependencies of ®(g) on V, L, K,,, and K, we introduce the functional ¢ such that
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®(q)=¢(V;L,K,,K:)(q). Searching for an equivalent continuum in the isotropic symmetry
class, Eq. (4.130) yields the following expression

@ (9) =Z:(q) [E13(9) [E} (0)+ 321(0) [E14(9) [E1(0)

+255(9) [9145(0) [912c(@)+ 5 Z4(0) [5144() [51E,(a)

+2E5(9) [9134(9) [91¢c(9) +E6() [D]3c(a) [9]30(0) +2E7(q) [D]3c(a) [9]55(0)-
(4.131)

The total deformation energy functional w is obtained by integrating the specific deformation
energy as follows,

w (V5 L, Ky, Kr) = /B¢(V;L,K,7,KT)(q)dq. (4.132)

In the same way as before, w is written to explicitly show its dependencies on V, L, K;;, and
K. Itis crucial to emphasize that the introduced continuum model is not obtained by means

of a homogenization procedure. It serves as an equivalent continuum model at the same scale.

4.3.2 Constructing the prior probability model of the involved random
fields

Construction of the random field {L (q), g € B}

The objective is to define a prior probability model for the random field {L(q) ,q € B}.
Let Q; denote the random variable describing the position of the i-th particle in the given
3D-lattice structure. Random variable Q); is uniformly distributed within a sphere of diameter
Pmax = /2 — dmax /2, centered at q, (where q = (ﬂ,-l’ giz, g?) is the nominal position of
the i-th particle), and pmax > 0. Here, £ denotes the nominal particle spacing, which is
assumed to be constant along the space, and dp.x represents the maximum diameter of
the particles. The assumptions on pny,x ensure that there is nneither overlap nor contact
among the particles. Let us introduce the random fields {A(q),q € B}, {&1(q).q € B},
and {2 (q),q € B}, related to spherical coordinates (one radius and two angles), which
are assumed to be independent. Each one of these three random fields is assumed to be
an uncountable collection of independent random variables having the same probability
distribution. For all ¢ in B, the real-valued random variable A (q) is uniformly distributed in
[0, pmax |, the real-valued random variable & (gq) is uniformly distributed in [0, 2], and the

real-valued random variable &> (¢) is uniformly distributed in [0, ]. The random position,
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0,=(0!.07,07), of the i-th particle, is defined by

Qi =q; +A(g,) cos(Fi(g)) sin(F2(g,)). (4.133)
07 =q; +A(g)sin(§1(g))sin(F2(q)). (4.134)

and
Q] =q’ +A(g,) cos(Fa(g,)). (4.135)

For each realization 6 € 0, the trajectories g — L (q,60) of random field {L(q), g € B} are
constructed by means of Eq. (4.115).

Construction of random field {[K(q)], g € 8} and its generator of realizations at
sampling points

In accordance with the MaxEnt principle from information theory, our goal is to develop
a prior probability model for the random fields {K,, (¢) ,q € 8}, and {K. (q) ,q € B}. To
achieve this, we construct the prior probability model for the matrix-valued random field
{[K (q)], g € B} such that

[K(q)] = (4.136)

0 K:(q)

K,(g) 0 ]

while taking into account the available information outlined below. Matrix-valued random
field {[K (q)], g € B} is a restriction to 8 of the homogeneous and second-order random
field {[K (q)], g € R?} indexed by R3. It must take values in the ensemble M3 diag of
diagonal positive-definite random matrices. The mean function of {[K (q)], ¢ € R}, which

+

is independent of ¢, is a constant matrix given in M diag’

E{K(pl}=[k] ., [k]= (4.137)

diag *
Ehr g

kn O €M+
0 %

The second-order moment of [K(g)]~' must be finite for physical consistency. Note that,
random matrix [K(q)] is almost-surely invertible, which does not imply neither the existence
of a second-order moment of its inverse nor the existence of a deterministic lower bound.
Following the formulation proposed in [129], a deterministic lower bound is introduced,
which assures the existence of the second-order moment of the inverse. Consequently, the
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algebraic representation of [K(q)] is defined as

(K (@)= (e 1kl +[£]

1/2
G ()] [K]" ) (4.138)
In Eq. (4.138), € is an arbitrarily sufficiently small positive number, [k ] 2 is the square root
of [k], and {[G (¢)],q € R?} is a homogeneous, second-order, non-Gaussian Mgiag-valued
random field, which must satisfies

E{[G ()]} = [I] , E{log(det[G (g)])} =v, |v| <+c0 , Vg eR’, (4.139)

as proposed in [127] and where v is independent of ¢. Matrix-valued random field
{[G (q)], g € R} is constructed using the MaxEnt principle under constraints defined by
Eq. (4.139) following the methodology and developments proposed in [127, 66, 129], which

are summarized in the following.

Construction of random germ {Z (¢), ¢ € R*} of random field {[G (q)], ¢ € R} and its
generator at sampling points

The random germ {Z (q), g € R} is a Gaussian, second-order, centered, homogeneous

random field for which the autocorrelation function is expressed as

3
Rz =]]ej(m) - Va=(umm) e®, (4.140)
j=1

where, for all j =1,2,3,

422 .
0, 0=1 , o (nj):ﬂznésinz(g—jz;) for 1, #0. (4.141)
The symbols A1, 1>, A3 denote positive real numbers that represent the spatial correlation
lengths of random germ {Z (q), ¢ € R3}. Since the objective is to simulate {Z (¢), g € R3}
at given points q,,. . ., g,, of B C R3, we define the random vector Z = (Z(q,),...,Z (q,,))
that belongs to R”. Different procedures exist in the literature. As explained in [127], we
can use neither the method proposed in [122-124] adapted for large values of m or a method
adapted for small values of m, which involves the Cholesky factorization of the covariance
matrix of Z [127]. Below, we summarize the procedure adapted for small values of m that
will be used in Section 4.2.3, devoted to the numerical application. Since random vector Z is
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centered, the covariance matrix [Cz] € M}, of Z is given by the formula
[C21iy =Rz (a,-4;) (4.142)

Then, the Cholesky factorization [Cz] = [Lz]" [Lz] can be performed. We can express the

random vector Z as the linear transformation

Z=[Lz1"Z, (4.143)

in which Z = (Z, .. .,Zm) is a R”-random variable whose components Zl, .. .,Zm are m
independent normalized Gaussian random variables, i.e., E{Z i} =0and E{(Z j)z} =1 for
j=1,...,m. To finish the construction of the family of random matrices {[G (qi)],i =
1,...,m} as a function of the family of random matrices {Z (qi) ,i=1,...,m}, itis necessary
to introduce a family of functions {y — & (@, )}, defined in Section 4.3.2.

Definition of the family of functions {y — & (a,y)},-0

Let us consider a positive real number a. Let y — h (a,y) be a function from R into |0, +co[
such that I, = h (@,Y) is a Gamma random variable with parameter @ and Y is a normalized
Gaussian random variable, i.e., E{Y} =0 and E {Yz} =1. For all y € R, mapping h(a,-) is
written as

h(a,y)=Fr (Fy (), (4.144)

in which y = Fr, () is the cumulative distribution of random variable I, y — Fy (y) is the

cumulative distribution of random variable Y,

LA | Y1 2
F, = — ¢ e'dt , F :/ "2y, 4.145
0= 0= [ = @.145)

a +— I' (@) is the Gamma function defined by

+00
()= / 1 Vel dt, (4.146)
0

in which F F_l is the inverse function of Fr, .
@
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Construction of the family of matrices {[G (¢;)].i=1,...,m} and {[K (¢,;)].i=1,...,m}

Let Z;1 (¢;) and Z»; (¢;) be two independent copies of the random variable Z (g;), with
i=1,....m, builtas in Section 4.3.2. Eq. (4.143)implies E{Z;; (q,)} =0and E{Z2, (q,)} = 1.
Let 0[] be a real number independent of g; such that 0 < d[g] < 4/3/7, which enables to

control the statistical fluctuation of the random field {[G (¢)], ¢ € R}. Let us define the
random matrix [L; (g;)] such that

B (72\/2}1(&1,211(‘11')) 0

[L2(q:)] = . o \/2h onzatan | (4.147)

in which o = 661/V3, @1 =3 /(25%61), =3 /(2%]) —1/2, and h (a,y) is defined by Eq.

(4.144). Finally, the random matrix |G (g;)] is given by

|G (¢:)] = [L2 (‘L‘)]T [L2(q;)] - (4.143)

The objective is to simulate the family of random matrices {[K (¢;)],i = 1,...,m}. Taking

into account Eq. (4.138), the random matrix [K (q ,)] is written as,

K (q;)] = i (8 (k] + (k] (L2 (a:)] [L2(a2)] [K] 1/2) : (4.149)

which depends on three correlation lengths A1, 4,43 and dispersion parameter 0[¢j.
Weak formulation of the stochastic boundary value problem and its strong stochastic
solution

Let C, representing the set of admissible displacements v : g — v (¢) defined on 8 with values
in R3 satisfying the zero Dirichlet conditions on 08 and d85; in dB. Let H = L%*(®,C,)
be the set of the random fields V = {V(q),q € 8} defined on probability space (®,7,P)
with values in C,, which are of second-order: for all g in B, E{||[V(q)||*} < +co. The strong
stochastic solution of the weak formulation of the stochastic BVP is: find V in H, such that

6n(V,6v;L,K,,K;)=0 , VYéveC , a.s., (4.150)
where o7 is the first variation of the energy functional r defined on C, by

n(v;L,Ky,K:) =w (v;L,Kp,K:) —=s(v) , veGC, (4.151)
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in which the functional w is defined in Eq. (4.132), and where the functional s is defined by
s0)== [ @@ (@)oo, @.152)

where 7!(q) denotes the vector of the external actions at ¢, and do(q) is the surface
element. It is assumed that there is a unique strong solution V in H. In Section 4.2.3, this
strong stochastic solution is constructed using a stochastic solver based on Monte Carlo (MC)

numerical simulation [118, 115].

4.3.3 Application to 2D disorder colloidal crystals

Colloidal crystals consist of particles arranged in ordered arrays. However, imperfections
can occur, causing perturbations in the ordered structure. When perturbations occur,
we refer to the resulting structure as disordered colloidal crystals. Hereafter, we study
a rectangular 2D disorder colloidal crystal using the random particle-based equivalent
continuum model presented in Section 4.3.1, where random fields are built as described in
Section 4.2.2. The rectangular domain is denoted by 8 ¢ R? and its boundary is represented
by 08 = 0ByU 0B; UdB;. Zero Dirichlet conditions are applied on the left-end boundary
denoted as 08B, and on the right-end boundary denoted as 08;. A uniaxial traction force is
applied on 08;. The displacement field is free on the boundaries 08 as shown in Fig. 4.11.

q2

bl teXt

POOOOOOOOO00000000000000000000000000000000000000O0O0

ooo oooo coo ooo oooo coo
P0OOO0ODOOOOD0OD00000000000000000000000000000000000000O0O0

Fig. 4.11 Scheme of the considered colloidal crystal and of the simulated axial traction test.
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Geometry characteristics, load magnitude, and random fields parameters

The 2D domain 8 occupied by the colloidal crystal is defined as a rectangle (see Fig. 4.11)
whose dimensions are b1 = 1.38 x 107> m and b, = 5.52 x 107%m. Regarding the diameters of
the colloidal particles, the particle spacing, and the mechanical properties, we refer to [84]. 2D
samples are considered, consisting of particles with a diameter of 1.09 x 10~"m (0.109 um)
forming a 2D triangular lattice structure. We examine the impact of three different values of
nominal particle spacing £ = E{L(q)}, which is assumed to remain constant throughout the
space. The investigated values are 2.76 X 10~"m (0.276 um), 2.3 % 10~"m (0.23 um), and
2.1x107"m (0.21 um). When considering £ = 2.76 x 10~" m, these samples correspond to
an area fraction of 0.12 and a particle concentration of 1.2 x 10'* particles/cm? (for density
calculation, we consider a thickness equal to the particle diameter). The mean shear modulus
of the equivalent continuum is £, = 20Pa (200dyn/ cm?). Moreover, we choose =, =8Pa
(80dyn/cm?), resulting in a ratio between the bulk modulus and shear modulus of 1.06.
This choice corresponds to a physical state that is far from the melting point of the phase
transition [149]. It is important to note that there exists a wide range of studies investigating
the mechanical properties of colloidal crystals. These properties can vary due to factors
such as particle size and shape, interparticle interactions, packing, ordering, temperature,
surface effects, external environment, and more. One of the advantages of the equivalent
second-gradient continuum model summarized in Section 4.3.1, together with the probability
model introduced in Section 4.2.2, is its applicability to any colloidal crystal. The effect of line
forces 1 of different amplitudes ranging from zero to 2.5 x 107 N/m is investigated. Using
Eq. (4.79), choosing £ = 2.76 X 10~" m, considering that L(q) is statistically independent on
K,(q) and K;(q), and solving the linear equations for the mean values k 0= E {K,](q)} and
k. =E{K-(g)} yield

k,=147x 10°°N/m* k. =1.57x10""N/m*, (4.153)

which are used in all the computations. We consider two different scenarios: one with random
stiffnesses and deterministic particle spacing (i.e., without disordering), and another with
random stiffnesses and random particle spacing (i.e., with disordering). Random stiffnesses
are controlled by the dispersion parameter 6| and the two correlation lengths A and 4,
in the two directions defined by the global Cartesian coordinate system. We assume that
the two correlation lengths are equal and we introduce the correlation length A defined by
A=Ay = Ap. A parametric study is conducted for three different values of 6, 0.1,0.2,0.3
(10%,20%,30%), and three different values of A, 1073 ¢, ¢, and 2¢. The sensitivity of
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the mechanical response of the disordered colloidal crystal is investigated with respect to

variations in (g and A.

Computational model and Monte Carlo numerical simulation

As explained in Section 4.3.2, the strong stochastic solution is obtained via a stochastic
solver based on Monte Carlo (MC) numerical simulation. The domain 8 is divided into m
subdomains, and their centroids are denoted as ¢, ..., ¢q,,. After selecting the parameters 6|
and A for the random fields {K;, (q) ,q € 8} and {K (q) ,q € B}, we generate n independent
realizations of them at ¢, ..., q,,. Similarly, if the particle spacing is assumed to be random,
then we compute n realizations of the random field {L (q) ,q € B}. Conversely, if the
particle spacing is assumed to be deterministic, then we replace random field L with its
nominal value £. For each realization 6, the trajectories of random fields K;;, K-, and L are
constructed as piecewise constant functions. For the i-th subdomain, we assume that the
values are constant and equal to L(q,)(0), K, (¢q;)(6), and K-(g,)(6). Using the mixed FE
method with a 2D triangular mesh, we compute n independent realizations of the strong
solution of the BVP. The convergence of the obtained results is monitored by selecting
three different values for the characteristic mesh length hmesh: 2 76 % 107" m, 2.3x 107" m,
and 2.1 x 107" m. These values correspond to 2408, 3248, and 4 108 mesh elements, as
well as 24 646, 33 134, and 41 822 degrees of freedom. The displacement field V and
its gradient V,V are treated as unknowns, subject to constraints imposed via Lagrange
multipliers. The Python code used in this study is based on the FEniCS project, accessible at
http://www.fenicsproject.org/download. To perform massive parallelization, the MPI library
is used. An example of the computational implementation is provided in [1] and is available
for use under the GNU Public License [GNU Public]. We use SNES (Scalable Nonlinear
Equations Solvers) as a nonlinear solver for the computations.

The sensitivity of the mechanical response with respect to uncertainties is analyzed
by examining a finite set of scalar observations that are expressed in terms of V. These
observations include certain components of the displacement field at a specific point q. Let
X be the real valued-random variable that represents one of these observations. Let E/ {X}
and 65(") be the estimation of the mean value E{X } and coefficient of variation §x performed
with 7 realizations. For each random variable X, the convergence of the stochastic solver with
respect to n is monitored by the quantity sg(") JEM{X} that can be expressed as =7 6&’0 /A\n
with 7 = G71(0.95), in which G is the standard normal cumulative distribution function (see
([129] pp. 35)). The probability density function of X is estimated using the Gaussian Kernel
Density Estimation (KDE) method with n = 10000 realizations. Moreover, we analyze the

graph x(,) — 1 =17 (x(,)), where x(p) is the p-th percentile of X and t**' defines the axial
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external load, to determine whether the crystal exhibits hardening or softening mechanical
behavior. Confidence intervals are constructed for these graphs. Finally, we introduce the
random variable K° defined as the ratio between the effective axial stiffness K = rt/v],
where V21 is the horizontal displacement at the middle point of the right-end boundary 0 5;,

and its mean value E{K°T},

Keff text text
T=—— |, KT=— | B{K"}=—rn. (4.154)
E{Keff} 14 E{v,}

Random variable K* provides insight into the fluctuations of effective global axial stiffness
relative to the mean value. To estimate the pdf k +— pger (k) of K, we use the Gaussian
KDE method. Additionally, we integrate the obtained pdf of K* to estimate the cumulative
distribution function (cdf) k = Fe.r (k). Following the approach in [128], we define the
function 8 +— P(3) such that

P(B) =P (1-B <K < 1+8) = Faeerr (1+ ) = Fgeen (1= 8) . (4.155)

The value P(8) represents the probability that K lies within the interval |1 -8, 1+ 3].
Probability P(3) allows for quantifying the level of the statistical fluctuations of K° with
respect to its mean value.

Analyzing convergences and quantifying uncertainty propagation

Let g, = (b1/2,b,/2) represent a point inside domain 8 € R? and ¢, = (b1,0) represent a
point on the boundary 8. Let V12 =V?(q,) and V21 =V!(q,) denote the horizontal and
transversal displacements at ¢, and q,, respectively.

Convergence of stochastic solver

We check the convergence of the results as a function of the number 7 of realizations increases
by evaluating the quantities 5|v,2| / E(”){|V12|} and §V21 / E("){Vzl} defined as

g ) ol g ol

EO{V)y Vo

Fig. 4.5 shows that there is the 95% probability of having an error of at most 0.51% in

EM{V)}  Vn

the mean values of Vlz, and an error of at most 0.03% in the mean values of V21 when
considering the number of realizations n = 10000. Hence, good convergence is obtained.
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The results are provided for axial external load 7' = 1 x 103 N/m, nominal particle spacing
£=2.76x10""m (0.276 um), mesh size h™*! = ¢, correlation length 1 = 1072 ¢ and §[g;
less than or equal to 30 %.

~ 2 )
&|vz|/ E{1Vi} as afunction of n év;/E{Vg}as a function of n

& vz E{IVE 1} (%)
&yl E{V3} (%)

0.0 oooCE . . . . o
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n n

(@) (b)

Fig. 4.12 Convergence analysis of the stochastic solver. Graphs (a) n 5|V12| /]E{|V12

}, (b)
n— §V21 /E{V21 }, obtained for ' = 1 x 1078 N//m, nominal particle spacing £ =2.76 x 10~" m,
mesh size h™" = ¢, correlation length A = 1073 ¢, and 6 = 30% (yellow), d;g) = 20%

(red), 0[G) = 10 % (black), for both without disordering (dashed line) and with disordering
(solid line).

Probability density functions and coefficients of variation of V21 and |V12| for fixed
correlation length A

We build the pdfs v} — Py (v;) and vi — P2 (v?) using the Gaussian KDE method based
on a number of realizations n = 10000. We assume axial external load 7' = 1 x 1078 N /m,
nominal particle spacing £ = 2.76 x 107" m (0.276 um), mesh size A™" = ¢, correlation
length A =1073¢, and § (6] less than or equal to 0.3. Concerning component V), in Fig. 4.13,
it can be observed, that the mean value and the standard deviation are increasing with the
values of 0[], but the mean value is smaller for disordering while the standard deviation is
greater. Concerning component V2, in Fig. 4.14, it can be observed that, for both disordering
and without disordering, the mean value is approximately constant as a function of (¢,
while the standard deviation is increasing with ¢[). These remarks are further supported
by Fig. 4.15 displaying the coefficients of variation 5V2| and o V2] of V2l and V2, respectively.
In this figure, it can be seen that, for the longitudinal component of the displacement, the
dispersion is larger with disordering than without disordering. It is approximately the same
for the transversal component of the displacement. In addition, we observe that 6 V2| is much
larger than Oy This result can be attributed to the comparable standard deviations T2
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of |V12| and oy, of Vzl, as shown in Fig. 4.16, despite the much smaller mean value of |V12|
compared to the mean value of Vzl. Continuing our analysis with Fig. 4.16, we notice that
oy is slightly larger than T2 since the horizontal particle spacing, ¢, is slightly larger than
the vertical particle spacing, £V3/3 (see red dotted line). In particular, without disordering,
the ratio oy / T2 remains approximately constant as well as the coeflicient of variation
0[] increases since the system characteristics (particle spacing and correlation length of
stiffness random fields) remain unchanged. With disordering, the ratio oy, / T2 increases
compared to the case without disordering. The lower horizontal particle spacing compared to
the vertical one contributes to the increase in the ratio. As the randomness associated with
the stiffness parameters, controlled by 6|, becomes dominant, the ratio decreases towards a
constant value.

Pdfs of V3: random stiffnesses without disordering Pdfs of V3: random stiffnesses with disordering
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Py; (v2)

p ;(V;)

2.7 2.8 2.9 3.0 3.1

Fig. 4.13 Graphs of v; = pyl ( v;): (a) without disordering and (b) with disordering. External

load ' = 1 x 1078 N/m, nominal particle spacing £ = 2.76 x 107" m, mesh size h™" = ¢,
correlation length A = 1073 t, 616) = 10% (dotted line), 6] = 20% (dashed line), and
01G] = 30% (solid line).

Accuracy of the computational model with respect to mesh size /™"

The accuracy of the computational model with respect to the mesh size is analyzed by
considering A™*" equal to £, 0.83¢, and 0.76¢, where £ is the nominal particle spacing chosen
as 2.76 x 1077 m (0.276 um). Fig. 4.17 shows the sensitivity to the mesh size /™" of the
coefficients of variation 5|v12| and 6V21 . The results are obtained for number of realizations
n=10000, ' =1x1078 N/m, correlation length A = 1073 ¢, with disordering, and 5[] = 0.3.

Choosing A™*" = £, it can be concluded that the results are sufficiently accurate.
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Pdfs of | VZ|: random stiffnesses without disordering Pdfs of | VZ|: random stiffnesses with disordering
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Fig. 4.14 (a) Graphs of v% =P (v%): (a) without disordering (b) with disordering that
are obtained for 1! = 1 x 107 N/m, nominal particle spacing £ = 2.76 x 10~ m, mesh size

hmesh = ¢, correlation length A = 1073 ¢, for 5[] = 10% (dotted line), §[g] = 20 % (dashed
line), and 6 (G| = 30 % (solid line).
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Fig. 4.15 Graphs of (a) 6 V2| and (b) 6‘,21 as a function of §|¢; obtained for ' =1x10"8N/m,

nominal particle spacing £ = 2.76 x 10~ m, mesh size /™" = ¢, correlation length 1 = 1073 ¢,
with disordering (solid line), without disordering (dashed line).
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UV;/U‘ 2| @sa function of 6jg)

Fig. 4.16 Graphs of a2 / oy asa function of 6| obtained for 1> = 1x 10"8N/m, nominal

particle spacing £ = 2.76 x 107 m, mesh size h™*" = ¢, correlation length 1 = 1073 £, with
disordering (black solid line), without disordering (black dashed line). The red dotted line
represents the ratio between the horizontal and vertical particle spacing.

Accuracy of the computational model with respect to mesh size #™°"

The accuracy of the computational model with respect to the mesh size is analyzed by
considering A™mesh
as 2.76 x 107" m (0.276 um). Fig. 4.17 shows the sensitivity to the mesh size /™" of the
coefficients of variation 6|V12| and 5V21. The results are obtained for number of realizations
n=10000, 7' = 1x 10" N/m, correlation length A = 103 £, with disordering, and & (61 =0.3.

Choosing A™*" = ¢, it can be concluded that the results are sufficiently accurate.

equal to £, 0.83¢, and 0.76¢, where ¢ is the nominal particle spacing chosen
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Fig. 4.17 Graphs of (a) ¢ V2| and (b) 6V2| for different values of ™" obtained for ' =

1 x 1078 N/m, nominal particle spacing £ = 2.76 x 10~"m, with disordering, correlation
length A = 1073¢, and & (6] = 30%. The symbol b, = 20£ denotes the vertical side of the
rectangular crystal.
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Effects of the correlation length 1 on the axial displacements V2l

Let us consider ' = 1 x 1078 N/m, nominal particle spacing £ =2.76x 10~"m (0.276 um),
mesh size AMesh = ¢, and 6| = 30%, with disordering, and number of realizations n = 10000.
Fig. 4.18 shows how the probability density function v} - Py (v}) of V; changes as the
correlation length A changes. These functions are built using the Gaussian KDE method.
The differences are negligible when 1 = 1073¢ and 1 = £. They become significant when
A =2(. The results are consistent with the used continuum model. For A = 1073£ and
A ={, consecutive particles are uncorrelated. For A = 2¢£, correlation occurs contributing
to an increase in the randomness of the system. This analysis is improved by quantifying
the deviation of the effective stiffness from its mean value in terms of probability. To this
aim, in Fig. 4.18, we show the function 8 +— P(B) defined in Eq. 4.155 obtained under
the same conditions as before regarding geometry, applied load, J[g), mesh size, and the
number of realizations. The value P(83) gives the probability that 1 — 8 < KT < 1+, where
gceft = Ko /E{K°T} and KT is the global axial stiffness of the analyzed crystal as defined in
Eq. 4.154.

Pdfs of V] for different correlation lengths A

Pdfs of P as a function of 8
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Fig. 4.18 Graph of (a) v% = py; (vé) and (b) 8 — P(B) for ' = 1 x 10"3N/m, nominal

particle spacing £ =2.76 x 10~ m, mesh size h™" = ¢, § (6] = 30%, with disordering, number
of realizations n = 10000, and for A = 1073£ (solid line), A = £ (dashed line), and 1 = 2¢
(dotted line).

Effects of the number of particles on the coefficients of variation of V2l and |V12|

Let us consider ' = 1 x 108 N/m, 6 (6] = 30%, with disordering, number of realizations
n = 10000, &7 and k_ as given in Eq. 4.153. In this case, we consider three different values
of the nominal distance £ between consecutive particles in order to progressively increase the
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number of particles, considering the same domain 8. The mesh size h™" is chosen equal
to £. In Fig. 4.19, we show that the coeflicients of variation of VZ1 and |V12| decrease as the
nominal distance £ between particles decreases. As expected, the randomness of the system
decreases as the number of particles increases.

6vz| as a function of of scaled nominal cell diameter ¢/b, 6, as a function of scaled nominal cell diameter ¢/by
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Fig. 4.19 Graphs of (a) 6 V2| and (b) 5\/21 for different values of nominal distance ¢ between

consecutive particles. The results are obtained for 1 = 1 x 1078 N/m, mesh size h™eh = L,
correlation length A = 1073¢, with disordering, and & (G] = 30%. The symbol b, = 20¢ denotes
the short side of the rectangular crystal, b1 = 50¢ the vertical side.

Graphs of the force-displacement relationships and their confidence regions

Fig. 4.20 displays the confidence regions with the probability level 95% of the force-
displacement relationships

Vé(p)/bl = teXt(Vé(p)/bl)/;eXt, 4.157)
and

|V%(p)|/b1 = IEXt(|V%(,,)|/b1)/feXt (4.158)
where 7% = 1 x 1078 N/m, v%(p) and vé(p) are the p-th percentile of V2 and V,. The results

are obtained for nominal particle spacing £ = 2.76 x 10" m (0.276 um), mesh size h™h = ¢,
correlation length A = 1073 ¢, n=10000 realizations, 6] = 30 %, and with disordering. The
confidence region for the relationship related to displacement in the axial direction V21 is
smaller due to the smaller coefficient of variation 6‘,21 compared to ¢ V2 The relationship
related to Vz1 exhibits a hardening behavior, where the strength increases with displacement.
This behavior is attributed to the presence of nonlocal grid effects considered in a second-

gradient model, which are plausible in small specimens like those analyzed in this application.
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In the literature, we have not found results regarding force-displacement curves of colloidal
crystals. However, it is plausible to expect a hardening behavior, as evidence of hardening
has been observed in colloidal gels with increasing shear deformation [29] and in colloidal
crystals with increasing temperature [9].

ext 7 ext 1
t7/t™" as a function of v; /b
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Fig. 4.20 Confidence regions with the probability level 95 % (a) for the graphs vé ) /by —
t‘”‘t(v;(p)/bl)/feXt truncated at t‘”“(v;(p)/bl)/feXt =30 and (b) for the graph |v%(p)|/b1 -
te’“(|v%(p) |/b1) /7% truncated at te’“(lv%(p) 1/b1) /1% =250, where 7' = 1 x 10" N/m, and
v;(p) correspond to the p-th percentile of Vzl, |v% (p)| correspond to the p-th percentile of |V12|.

The results are obtained considering nominal particle spacing £ = 2.76 x 10~" m, mesh size
h™esh = ¢ correlation length A = 1073 £, n = 10000 realizations, and & (6] = 30%. The solid
line represents the statistical mean value. The dashed line represents the linearized statistical
mean value.

4.4 Summarizing the main results

o In Section 4.1.1 the equilibrium equations of the axially functionally graded micropolar
Timoshenko-Ehrenfest beams have been derived. The presented simplified model can
predict scale effects. Novel solutions have been presented for simply supported and
cantilever beams (see Eqs.(4.34) and (4.42)).

o In Section 4.1.2 the random response and identification of the micropolar Timoshenko-
Ehrenfest beams have been analyzed via a prior noninformative probabilistic model.
It has been proven that the study of an isotropic microbeam allows us to derive the

stochastic information of a nonclassical material parameter of the 3D micropolar model.
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(¢]

o

(e]

o

Section 4.2 has been devoted to the construction of a probabilistic model for the
geometric and material microscale parameters of the particle-based second-gradient
model. In Section 4.2.1, the literature-proposed relationship between the Cauchy
deformation tensor and the second-gradient deformation tensor has been improved (see
Eq. (4.63)).

In Section 4.2.2, for the micro-homogeneous and micro-isotropic continuum model
developed for particle-based materials, the statistical dependence between the particle-
pair distance between two consecutive particles and the microscale-specific stiffness

parameters has been investigated.

A probabilistic model for these uncertain parameters has been developed using the
maximum entropy principle. Using the available information, it has been shown
that the three considered uncertain parameters are statistically independent. The
particle-pair distance between two consecutive particles is uniformly distributed, and

the microscale-specific stiffness parameters are Gamma-distributed (see Eq. (4.97)).

For the application under consideration, it has been proven that the random mechanical
response, such as the specific deformation energy and displacements at certain points,
exhibits significant statistical fluctuation with respect to the level of uncertainties.
Observations indicate that the particle-pair distance between two consecutive particles
of a particle-based material has a greater effect on the statistical fluctuations of random

mechanical responses.

Section 4.3 has been devoted to developing random field models for disorder particle-
based materials, which have been described using an equivalent second-gradient
continuum model at the same scale. The construction of these random field models
has been based on the Maximum Entropy principle (see Section 4.3.1). Numerical
simulations have been conducted on disordered colloidal crystals.

In Section 4.3.2, a simulated axial test shows that the mean value of axial displacements
and their fluctuations increase as the fluctuations of mesoscale stiffness parameters and
positions increase. The mean value of transversal displacements remains relatively
constant, while its fluctuations increase with fluctuations in mesoscale stiffness param-
eters and positions. The coefficients of variation for displacements decrease as the
number of particles increases, indicating higher homogenization levels. Fluctuations
in effective macroscale axial stiffness increase as the correlation lengths of mesoscale

stiffness fields increase.
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o The techniques employed in Sections 4.2 and 4.3 can also be used to construct a

stochastic model for the second-gradient continuum recently introduced by [106].



Chapter 5

Conclusion and perspectives

5.1 General conclusion

This dissertation is devoted to the mechanics of generalized continua. The foundations of the
micropolar continuum, the micromorphic continuum, the second-gradient continuum, and
the second-gradient-micropolar continuum have been presented in detail. A comprehensive
discussion of stress and strain measures and the derivation of the Euler-Lagrange equations
are included. The treatment is organized to emphasize the connection between the various
analyzed continuum models. Euler-Lagrange equations have been derived using the least
action principle (or the principle of virtual work) and the Levi-Civita tensor calculus.
Throughout the text, it is emphasized that least action principle entails the type of admissible
external loads for the various continuum models and the type of static actions exchanged by
the continuum subdomains.

Generalized continua are widely used in the analysis of architectured metamaterials.
Since pantographic structures represent a paradigmatic case, pantographic sheets (2D) and
pantographic blocks (3D) have been investigated. First, we have proposed and experimentally
validated a novel torsional energy for modeling the torsional behavior of pivots of polyamide
and metallic pantographic sheets. Although the proposed energy has been developed within
the framework of discrete mechanics (Hencky-Type discrete models), it is still applicable
within the framework of second-gradient continua. Then, a novel second-gradient continuum
model for modeling pantographic blocks has been proposed. Digital volume correlation
techniques have been applied to experimentally validate the theoretical model. The proposed
continuum model is capable to reproduce the nonclassical mechanical behavior of pantographic
blocks that exhibit synclastic deformation rather than anticlastic deformation under a 3-point
flexural test. Finally, the effect of material-related local defects in the mechanical response

of pantographic sheets has been analyzed in which the mechanical properties have been
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considered uncertain. A prior noninformative probabilistic model has been constructed and
a stochastic solver has been developed. Due to redundant connections inside pantographic
sheets, it has been demonstrated that pivots-related local defects have minimal influence on
the random horizontal displacements of pantographic sheets.

Generalized continua are also suitable for the analysis of particle-based materials. Microp-
olar beams and particle-based second-gradient continuum models have been investigated to
encourage engineering applications. First, equilibrium equations for micropolar Timoshenko-
Ehrenfest beams have been derived under the assumption of continuously varying material
parameters along the axis. Novel approximated closed-form solutions have been derived.
The derived solutions have been used to perform the response and identification of beams
characterized by material-related uncertainties that have been modeled by means of prior
noninformative probabilistic models. On the one hand, it has been shown that the statistical
inverse analysis of macrobeams permits the identification of the probability density functions
of the Young modulus at various points along the beam axis. On the other hand, the statistical
inverse analysis of microbeams enables us to identify the probability density functions at
various points along the beam axis of one 3D micropolar parameter responsible for scale
effects. Second, the sensitivity of a previously published particle-based second-gradient
continuum model with respect to material-related uncertainties has been performed. The
deterministic model is theoretically refined by improving the relationship between the first-
and second-gradient deformation measures. The sensitivity analysis has been approached
using the maximum entropy principle from information theory. First, it is assumed that
particle-pair distance and microscale stiffness parameters are independent of spatial and
orientation directions. Using the available information, it has been demonstrated that the
particle-pair distance between two consecutive particles and the microscale stiffness parame-
ters are, respectively, uniformly and Gamma-distributed. For the considered application, it
has been proven that the random mechanical response is subjected to significant fluctuations
due to uncertainties. In addition, it is shown that the particle-pair distance has a greater effect
on the statistical fluctuations of mechanical response. Second, particle-pair distance and
microscale stiffness parameters are modeled as random fields. In contrast to the previous
scenario, the performed numerical application shows that fluctuations in microscale stiffness

have a more substantial impact on the statistical fluctuations in mechanical response.

5.2 Future perspectives

Throughout this thesis, the focus has been on gradient-type nonlocal theories rather than

integral nonlocal theories [70]. Integral nonlocal theories are suitable for continua where
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interaction forces rapidly diminish with distance, following the attenuating neighborhood
hypothesis [45]. Furthermore, assuming a smooth neighborhood, these integral theories
lead to gradient-type nonlocal theories [92]. Eringen nonlocal elasticity stands as one of
the prominent integral nonlocal theories, extensively used for analyzing nanomaterials and
microstructured materials [44, 15, 107, 7]. This dissertation chooses to not deal with integral
nonlocal elasticity acknowledging that the topic deserves additional exploration.

Recently, in collaboration with Professor Christian Soize, we have introduced a model
for particle-based materials capable of encompassing Piola peridynamics and Eringen
nonlocal elasticity [77]. Furthermore, we have adapted this novel model into a stochastic
formulation [78] based on the Maximum Entropy principle, following a similar procedure as
in Section 4.3. Papers [77] and [78] are currently under revision. Moreover, our ongoing
work addresses dynamic aspects and identification issues.

Additionally, it is necessary to spend some more words on the modeling of pivots in
pantographic structures. As previously highlighted, we distinguish three analysis scales: a
macroscopic scale viewing the pantographic structure as a continuous medium, a mesoscopic
scale where the pantographic structure is modeled as a set of extensional and rotational
springs, and finally, a microscopic scale wherein the pantographic structure is represented
as a collection of beams and pivots. In Section 3.1, it has been proposed a novel model for
describing pivots at the mesoscale. However, together with Professor Boris Desmorat, we
are concurrently working on a novel mesoscale model corresponding to a microscale plastic
model within the framework of generalized standard materials featuring von Mises yield

surface and isotropic hardening. The following research directions can be also identified.

o Investigating the ability of the proposed generalized continua with uncertainties to

characterize the mechanical behavior of biological tissues.

o Designing novel architectured metamaterials with nonclassical mechanical behaviors

using the proposed generalized continua.

o Performing design optimization under uncertainties of architectured metamaterials

requiring the use of probabilistic machine learning tools.

In future works, the author of this dissertation will further investigate the role of probabilistic
machine learning tools [130] in the theory of generalized continua.
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Appendix A

A few mathematical tools

A.1 Tensor algebra

This section is derived from the course given by Francesco dell’Isola at the University of
L’Aquila. The presented tools have been used to derive the Euler-Lagrange equations for

second-gradient continuum models.

A.1.1 Levi-Civita tensor algebra

Let us analyze how the components of a vector V belonging to the subspace V of R change
when the basis E = {E;};_; _y of V changes. The following rules underlie the Levi-Civita

tensor algebra:

1. for any given equality, the number of free (i.e., uninvolved in a summation) subscripts or
superscripts on the right must be equal to the number of free subscripts or superscripts
on the left;

2. for any given equality, it is possible to change the symbol of the indices involved in
a summation without consequences. It is always better to change the symbol if it is
possible.

Using the convention of summation on repeated indices, the summation is implied over a term
in which an index variable appears twice as subscript and superscript and is not otherwise
defined. It holds N

V:ZV’Ei:V’Ei:VJEj:... (A.1)

i=1
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.....

matrix 7" defined by
, J’
El,=T\E , E-= (T_l)_ E', . (A2)

1

.....

.....

V=V/E, =VIE;. (A.3)
Eq. (A.2) implies 3
V=V/'E, =V (T‘l); E), (A4)
and 3
(w’ —vi (T_l)j ) E', =0. (A.5)

Thanks to the linear independence of {E l{’}i’:l we arrive to

i = (T“)j’ Vi (A.6)

Since when the basis changes, the components of V change in accordance with the matrix 7,
we say that the components of V vary in a contravariant way, or that they are contravariant

components of the vector V.

A.1.2 Covariant components of a covector

Let us consider the algebraic dual space V* of subspace V of RY. The elements of V are

named covectors or linear forms. For any covector £ in V*, we have
(V)= (V'E;)=V'C(E) . (A7)
Let ¢£ be the standard representation of the covector ¢ with respect to the basis E defined by
v (vy=vi (A.8)
such that V =V/ E;. It yields

C(V)=C(V'E;)=(L(V)E(E) . (A.9)
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Eq. (A.9) implies that £ is a linear combination of {ffg}l.:l - In addition, since it is

.....

al,(V)=aq;V'=0 & =0, (A.10)

.....

......

7

(V) =ViE(E) | €(V):Vi(T‘1)lJ€(E},), (A11)

and, thanks to the arbitrariness of V, we get
f(E;.,) — T L(E) . (A.12)

Since the components of covector ¢ with respect to the basis {f%} - vary in accordance
i=1,...N

with the matrix T, we say that they change in a covariant way.

A.1.3 Definition of tensor

Two distinct but equivalent definitions are provided below.

Definition 1. A tensor is a linear function & that arranges k — copies of V and h — copies of
V* to a scalar quantity @ € R,

2| VX.XVXV*X.V'|[>R. (A.13)

k—copies h—copies

The linear function £ acts on the elements of V and V™, therefore, the image of & is
independent of the bases considered in V and V*. A multi-index function L can be
associated to £ defined by

Lt (it ek i i) o LI000 (A.14)
such that
LIV Vi, = @ (VOB VR 660G, L (ALS)

We are naturally led to the second definition of a tensor as a multi-index function.
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Definition 2. A tensor is a multi-index function L defined by

L (i1yeesis f1sees jn) > LIV (A.16)

0.0

Jh

where Llj.ll"lk arranges k-contravariant components of a vector V of V and h-covariant

components of a covector € of V* to the element of R given by

LIy Vi L, (A.17)

i1...0%

that is basis independent.

A.1.4 Scalar product and covariant components of a vector
Scalar product

Let V be a real vector space of dimension N equipped with the scalar product (:,-)q, :

VXV —R. Let {E;}; .y be abasis of V. Given two vectors V and W of V, we have

(V. W)y =(V'E,WE;),, = (E.E}), VW' . (A.18)
Let g be the metric tensor defined by
8ij = (EiEj)y » (A.19)

we get

(V.W)y = gi; VW . (A.20)
If basis {E;},_; _y is orthonormal in V, then g;; is equal to the Kronecker delta 6;;. With
an abuse of notation, it is usually written (g~!)¥ = g/,
Covariant components of a vector

Let V a subspace of RN and V* its dual. Let us consider the function ¢ defined by
0:Vov" | V)W (VW) , (A.21)

with V and W in RY. The function ¢ is bijective and we have (V, W), = g;; VI W/, where V!
and W/ are the components of V and W with respect to a basis of V. Consequently, given a
vector V in RV, there exists a one-to-one relationship between V and the covector defined by

gi;V'. with an abuse of nomenclature, the quantities V; = g;; V' are usually named covariant
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components of vector V. In our notation, superscripts denote the contravariant components

of a vector, and subscripts denote the covariant ones.

A.2 Gauss divergence theorem for bounded surfaces

Theorem 1. Let us consider a basis {e;};_1 5 3 of R3. All tensor fields in R? will be represented
by their components with respect to this basis. Let M be a compact subset of R? with a smooth
boundary O M. Let N be the outward-pointing unit normal of 0 M. For any differentiable

vector field W, it yields
owe a
dv = W*N,ds . (A.22)
m Ox¢ IM

Hereafter, the generalization of the divergence theorem for bounded surfaces is given. This

result is fundamental for deriving boundary conditions in second-gradient continuum models.

Theorem 2. Let us consider a basis {e;};_; 5 3 of R3. All tensor fields in R? will be represented
by their components with respect to this basis. Let M be a smooth bounded surface of R>
and let 00 M its smooth boundary. Let P be the field of projection operator on tangent space
and let v be the outward-pointing unit normal of 00 M. For any vector field W, it yields

8W|‘|1
/ PZ ds = Wﬁl v,de, (A.23)
oM 0x°¢ AOM

where Wﬁ‘ = PZ wb.






Appendix B

DVC additional details

B.1 DVC hardware and DVC parameters

Table B.1 reports the hardware parameters of the experiment, and Table B.2 the DVC

parameters.
Table B.1 DVC hardware parameters
Tomograph North Star Imaging X50+
X-ray source XRayWorX XWT-240-CT
Target / Anode W (reflection mode)
Filter none
Voltage 120 kV
Current 180 nA
Tube to detector 500 mm
Tube to object 272.685 mm
Detector Dexela 2923
Definition 1536 % 1944 pixels (2 X 2 binning)
Number of projections 1200
Angular amplitude 360°
Frame average 5 per projection
Frame rate 10 fps
Acquisition duration 25 min 58 s
Reconstruction algorithm | filtered back-projection
Gray Levels amplitude 8 bits

Volume size
Field of view
Image scale

1723 x 491 x 813 voxels (after crop)
143 x40.75 x 67.48 mm? (after crop)
83 pnm/voxel
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Table B.2 DVC analysis parameters.

DIC software Correli 3.0 [83]

Image filtering none

Element length (mean) | 6 vx

Shape functions linear (T4 elements [68])

Mesh see Figure 3.16

Matching criterion penalized sum of squared differences
Regularization length | £, =25 vx

Interpolant cubic

B.2 Gray level residuals

The gray level residual fields are reported in Figure B.1 for each loading step. The residual
field was fairly homogeneous, except in the immediate vicinity of the supports (particularly at
the top and bottom right), where high local flexure of the beam ends was not fully captured,
partly because of the presence of cardboard. Higher RMS residuals found for the fourth scan
were due to a residual field that had larger values on average throughout the sample. In that
case, the larger deflection and especially more significant flexure of the beams produced a

larger residual over the whole specimen.
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Fig. B.1 Gray level residual fields for the different considered loading steps: (a) 24 mm,
(b) 29 mm, (c) 34 mm and (d) 39 mm deflections. Axis labels are expressed in voxels, the

dynamic range for registered volumes was 255 (8 bits). The residuals are shown on the
meshes in their deformed configuration.
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