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This dissertation analyses various aspects on conditional events, compound condi-
tionals, and coherence in the framework of subjective probability. We investigate
logical and probabilistic properties of iterated conditionals defined as trivalent ob-
jects and as suitable conditional random quantities. We check the validity of two
generalised versions of Bayes’ Rule for iterated conditionals and we study the p-
validity of generalised versions of Modus Ponens and two-premise centering for iter-
ated conditionals. Then, we study a generalisation of the operations of conjunction
and disjunction of conditional events in the context of conditional random quanti-
ties, where these new objects, instead of depending on the probabilities of the two
conditional events, depend on two arbitrary values a, b in the unit interval. We show
that they are connected by a generalised version of the De Morgan’s law and, by
means of a geometrical approach, we compute the lower and upper bounds on these
new objects both in the precise and the imprecise case. Moreover, some particular
cases, obtained for specific values of a and b or in case of some logical relations, are
analysed. We also show how the subjective approach to conditional probability and
compound conditionals can be applied to the theory of fuzzy sets. Then, we con-
tinue the analysis of the algebraic approach to conditionals by defining the Boolean
algebra of iterated conditionals, and with the study of some (probabilistic) proper-
ties related to the concept of “canonical extension”. Finally we show how, thanks
to coherence and proper scoring rules, the concepts of entropy and extropy can be
extended from partitions to arbitrary family of events, and we find the associated
Bregman divergences.
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Introduction

This thesis is the result of research carried out over the three years of PhD in Math-
ematics and Computational Sciences. The aim is to bring together research ([17, 20])
and conference papers ([18, 19, 22]) on the main line of research carried out during
this PhD, that is on the study of conditional events, compound and iterated condi-
tionals, and coherence in the framework of subjective probability.

Conditionals are typically expressed by “if-then” sentences and they are useful
and important tools in many fields. The analysis of conditionals and how to com-
bine them is a relevant topic from the more theoretical areas, such as mathematics
and philosophy ([1, 32, 71]), to the applicative ones, like psychology and artificial
intelligence ([15, 34, 81]). The study of conditional events is not limited to how to
combine them through conjunction and disjunction. Indeed, objects of interest are
certainly iterated conditionals, structures where both the antecedent and the conse-
quent are conditionals. Compound and iterated conditionals are widely used in nat-
ural language to describe decisions and inferences based on incomplete or uncertain
information. Among the various tools for managing conditional uncertainty, subjec-
tive probability theory allows to evaluate uncertainty on a conditional by means of
a conditional probability assessment, interpreted as a degree of belief. In this theory,
given an individual in a certain state of knowledge, the probability PpEq attributed
to an event E is a measure of the individual’s degree of belief in the occurrence of E.
A key point in the theory of subjective probability is how to consistently assess prob-
abilities operationally. To do so, de Finetti proposed a coherence principle based on a
suitable betting scheme ([33]). The subjective theory has been extended to condition-
als by means of conditional probability assessments. In this framework, given two
events A and B, the conditional if A then B is represented by a conditional event des-
ignated as B|A. This is a three-valued object which can be assessed as true, false, or
void ([32]). In this formulation, the probability of the conditional if A then B is inter-
preted by the conditional probability PpB|Aq. In the literature, not only conditional
events but also logical operations among them have been usually defined in three-
valued logic frameworks (see, e.g., [9, 24, 36, 66]). For what concern two-valued
conditionals, an approach is given by the Boolean algebra of conditionals studied
in [40], a super-structure that contains the three-valued algebra as a substructure. A
different approach to compound and iterated conditionals has been developed in the
setting of coherence in the recent papers [53, 56, 58]. In this approach, conjoined, dis-
joined, and iterated conditionals are defined not as three-valued objects, but rather
as suitable conditional random quantities having possibly more than three values in
the unit interval r0, 1s.

This dissertation is structured as follows. In Chapter 1, some introductory top-
ics will be covered. In particular we will recall some basics on events, conditional
events, coherence and its geometrical characterization, conjunction and disjunction
of conditional events both in trivalent logics and in a conditional random quantities
framework, and we briefly remind some notions on coherence for imprecise assess-
ments. Then, in Chapter 2 we present the research paper [17], which is the extended
version of the conference paper [21] presented at the “15th international conference
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on Scalable Uncertainty Management (SUM 2022)”. The work is an analysis of dif-
ferent notion of iterated conditionals (structures where both the antecedent and the
consequent are conditional events), some of them already known in the literature
(Cooper-Calabrese in Section 2.2, de Finetti in Section 2.3, Farrell in Section 2.4) while
others defined as random quantities with a particular structure (Section 2.5) depend-
ing on different definitions of conjunction. We check the validity of some basic prop-
erties, the Import-Export principle and two generalised versions of the Bayes’ Rule
for iterated conditioning. Then, we study the p-validity of generalised versions of
Modus Ponens and two-premise centering for iterated conditionals. Subsequently,
[20] is exposed in Chapter 3. This work is a reorganized and extended version of the
conference paper [16] presented at the “13th International Symposium on Imprecise
Probabilities: Theories and Applications (ISIPTA 2023)”. In this paper, we propose
a generalisation of the definitions of conjunction and disjunction of two conditional
events as conditional random quantities. More precisely, these new defined struc-
tures, instead of depending on the probabilities of the two conditional events, are
built using two values a and b in r0, 1s. Then, we consider some logical and prob-
abilistic relations between them and we study the coherent assessments both in the
precise and the imprecise case. In Chapter 4, we present [18], where we analyse
a definition of fuzzy set build through conditional events where the membership
function is defined as a conditional probability. Then, the definitions of complement
and intersection of fuzzy sets are given based on the operations of conditional events
as random quantities. In Chapter 5, we continue the study on the Boolean algebra
of conditional started in [40, 42] by iterating the construction to build the Boolean
algebra of iterated conditionals. In particular we study how some properties of a
probability on these Boolean algebras of conditionals can be characterized in terms
of satisfiability of known principles of its “canonical extensions” to the algebra of
iterated conditionals. Finally in Chapter 6, we consider the theory of the proper
scoring rules and its relation with the study of coherence in term of penalty crite-
rion. More precisely, we consider the asymmetric logarithmic scoring rules for the
probability of an event and thanks to it we suitably extend the definitions of entropy
and extropy, usually given for a partition of events, to the case of arbitrary families
of events, and we find the associated Bregman divergences.
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Chapter 1

Events, Conditionals and
Coherence

We start this first chapter with some basic notions needed throughout this thesis,
that are fundamental in particular for Chapter 2, Chapter 3, and Chapter 4. In the
first part, we recall some preliminaries on events, conditional events, the notion of
indicator of a conditional event, and the geometrical characterization of coherence.
Then, we recall the definitions of conjunction and disjunction of conditionals both
in the context of trivalent logics and in the framework of conditional random quan-
tities and we remind some well-known properties satisfied by events, conditionals
and iterated conditionals (structures where both antecedent and consequent are
conditionals). We conclude the chapter briefly mentioning the notion of coherence
in the case of imprecise assessments.
To help readability, preliminaries on Boolean algebra of conditionals and scoring
rules are recalled in the chapter where they are needed (Chapter 5 and Chapter 6,
respectively).

In what follows we use the same symbol to refer to an event A, a two-valued
logical entity which can be true, or false, and its indicator, which takes value 1 in
the first case and 0 in the second. We use the symbols Ω and H to refer to the sure
event and the impossible event, respectively. The negation of an event A is denoted
by A. Given two events A and B, we denote by A ^ B (resp., A _ B), or simply by
AB, their conjunction (resp., disjunction). When, an event A logically implies an
event B, i.e., AB “ H, we write A Ď B. We say that n events E1, . . . , En are logically
independent when there are no logical relations among them. Given two events A
and H, with H ‰ H, the conditional event A|H is a three-valued logical entity which
is true, or false, or void, according to whether AH is true, or AH is true, or H is true,
respectively. The negation of a conditional event A|H is defined as A|H “ A|H.
Moreover, we say that A|H logically implies B|K, denoted by A|H Ď B|K, if and
only if AH logically implies BK and sBK logically implies sAH (Goodman-Nguyen
inclusion relation, [65], see also [82]) that is ([65]),

A|H Ď B|K ðñ AH Ď BK and sBK Ď sAH. (1.1)

1.1 Conditional prevision and coherence

We denote by X a random quantity and by PpXq its prevision. In the betting scheme,
given any event H ‰ H, agreeing to the betting metaphor, if you assess that µ “

PpX|Hq then for any given s P R you are willing to pay an amount sµ and to receive
sX, or sµ, according to whether H is true, or false (bet called off), respectively. As
we will see the conjunction of two conditional events can be seen as a conditional
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random quantity with a finite number of possible (numerical) values. Then, in what
follows, for any given conditional random quantity X|H, we assume that, when H
is true, the set of possible values of X is a finite set of real numbers and we say that
X|H is a finite conditional random quantity.

Given a prevision function P defined on an arbitrary family K of finite condi-
tional random quantities, consider a finite subfamily F “ tX1|H1, . . . , Xn|Hnu Ď K
and the vector P “ pµ1, . . . , µnq, where µi “ PpXi|Hiq is the assessed prevision for
the conditional random quantity Xi|Hi, i P t1, . . . , nu. With the pair pF ,Pq we asso-
ciate the random gain G “

řn
i“1 si HipXi ´ µiq. We denote by GHn the set of values of

G restricted to Hn “ H1 _ ¨ ¨ ¨ _ Hn.

Definition 1. The function P defined on K is coherent if and only if, @n ě 1,
@ s1, . . . , sn, @F “ tX1|H1, . . . , Xn|Hnu Ď K, it holds that: min GHn ď 0 ď max GHn .

In other words, P on K is incoherent if and only if there exists a finite combina-
tion of n bets such that, after discarding the case where all the bets are called off,
the values of the random gain are all positive or all negative. In the particular case
where K is a family of conditional events, then Definition 1 becomes the well known
definition of coherence for a conditional probability function, denoted as P. Notice
that, in the general case where the conditional random quantities in K are bounded
but possibly infinitely valued, the condition minGHn ď 0 ď maxGHn in Definition 1
becomes infGHn ď 0 ď supGHn .

Following the approach given in [27, 53, 75], once a coherent assessment µ “

PpX|Hq is specified, the conditional random quantity X|H is not looked at as the
restriction of X to H, but is defined as X, or µ, according to whether H is true, or H
is true; that is,

X|H “ XH ` µH. (1.2)

Notice that the representation (1.2) is not circular. Once the value µ “ PpX|Hq is
(coherently) specified by the betting scheme, the object X|H in (1.2) is (subjectively)
determined. We observe that PpXH ` µHq “ PpX|Hq. Indeed,

PpXH ` µHq “ PpX|HqPpHq ` µPpHq “ µ. (1.3)

Remark 1. Given any (finite) conditional random quantity X|H, with tx1, . . . , xru set of
possible values of X when H is true, and a prevision assessment µ on X|H, by Defini-
tion 1 coherence requires that µ P rmintx1, . . . , xru, maxtx1, . . . , xrus. Indeed, if you pay
µ ă mintx1, . . . , xru in a bet on X|H, when H is true it holds that X ´ µ ą 0 and
hence minGH ą 0. Likewise, if you pay µ ą maxtx1, . . . , xru in a bet on X|H, when
H is true it holds that X ´ µ ă 0 and hence maxGH ă 0. Thus, X|H “ XH ` µH P

rmintx1, . . . , xru, maxtx1, . . . , xrus.

In the particular case when X is (the indicator of) an event A, then PpX|Hq “

PpA|Hq, where PpA|Hq is the conditional probability on A|H. Given a conditional
event A|H and a probability assessment PpA|Hq “ x, the indicator of A|H, denoted
by the same symbol, is

A|H “ AH ` xH “ AH ` xp1 ´ Hq “

$

&

%

1, if AH is true,
0, if AH is true,
x, if H is true.

(1.4)

Notice that PpAH ` xHq “ xPpHq ` xPpHq “ x. For the indicator of the negation of
A|H it holds that A|H “ 1 ´ A|H. Given two conditional events A|H and B|K, for
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every coherent assessment px, yq on tA|H, B|Ku, it holds that ([58, formula (15)])

AH ` xH ď BK ` yK ðñ A|H Ď B|K, or AH “ H, or K Ď B,

that is, between the numerical values of A|H and B|K, under coherence it holds that

A|H ď B|K ðñ A|H Ď B|K, or AH “ H, or K Ď B. (1.5)

We conclude this subsection by recalling a result ([53, Theorem 4]), needed later
in Section 3.1, showing that if two conditional random quantities X|H, Y|K coincide
when H _ K is true, then X|H and Y|K also coincide when H _ K is false, and hence
X|H coincides with Y|K in all cases.

Theorem 1. Given any events H ‰ H and K ‰ H, and any random quantities X and Y,
let Π be the set of the coherent prevision assessments PrX|Hs “ µ and PrY|Ks “ ν.
piq Assume that, for every pµ, νq P Π, X|H “ Y|K when H _ K is true; then µ “ ν for
every pµ, νq P Π.
piiq For every pµ, νq P Π, X|H “ Y|K when H _ K is true if and only if X|H “ Y|K.

Remark 2. Theorem 1 has been generalised in [56, Theorem 6] by replacing the symbol ““”
by “ď” in statements piq and piiq. In other words, if X|H ď Y|K when H _ K is true, then
PrX|Hs ď PrY|Ks and hence X|H ď Y|K in all cases.

1.2 Axiomatic conditional probability

In this section, we briefly recall the definition of a conditional probability from an
axiomatic point of view.
We observe that, given a function P defined on B ˆ H, where B and H are arbitrary
families of events, with H ‰ H for every H P H, P satisfies the properties of a
conditional probability if the following conditions hold.

piq PpE|Hq ě 0 and PpH|Hq “ 1 for every E P B and H P H;

piiq PrpE1 _ E2q|Hs “ PpE1|Hq ` PpE2|Hq, if E1E2H “ H, E1, E2 P B, H P H;

piiiq PpEH|Kq “ PpE|HKqPpH|Kq, for every E, EH, H P B and K, HK P H.

We recall that, if P is coherent, then the properties piq, piiq, and piiiq are satisfied;
however, these properties are in general not sufficient for coherence of P. We list
below some conditions which, together with piq, piiq, and piiiq, imply coherence of P
(see, e.g.,[28, 35, 70, 87]):
paq B is a boolean algebra and H “ B0 “ BztHu;
pbq B is a boolean algebra and H Y tHu is a subalgebra of B;

pcq B is a boolean algebra and H is an additive (or P-quasi additive) subset of
BztHu;
pdq B is a boolean algebra, H is a nonempty subset of BztHu, and the following
condition is satisfied ([31])

n
ź

i“1

PpEi|Hiq “

n
ź

i“1

PpEi|Hi`1q,

where Ei P B, Hi P H, Ei Ď Hi Hi`1, i “ 1, . . . , n, and Hn`1 “ H1.
In particular, in [28] the following (equivalent) definition of coherence is given
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Definition 2. The assessment Pp¨|¨q on an arbitrary family of conditional events K is coher-
ent if P can be extended as a conditional probability (i.e., which satisfies piq, piiq, and piiiq)
on B ˆ B0 Ě K, with B algebra and H Y tHu an additive subset of B.

In our approach, when P is coherent, it is called a conditional probability. In par-
ticular, when B is an algebra and H “ B0, P is said a full conditional probability ([35]).

Remark 3. We recall that if a function P defined on an arbitrary family of conditional events
K is coherent, then it can always be extended to a full conditional probability P1 defined on
B ˆ B0 Ě K .

Notice that, when K “ Ω, from piiiq it follows that PpEHq “ PpE|HqPpHq, where
Pp¨q “ Pp¨|Ωq. In particular, PpE|Hq “

PpEHq

PpHq
, when PpHq ą 0.

1.3 Geometrical characterization of coherence

Given a family F “ tX1|H1, . . . , Xn|Hnu, for each i P t1, . . . , nu we denote by
txi1, . . . , xiri u the set of possible values of Xi when Hi is true; then, we set Aij “

pXi “ xijq, i “ 1, . . . , n, j “ 1, . . . , ri. We set C0 “ H1 ¨ ¨ ¨ Hn (it may be C0 “ H) and
we denote by C1, . . . , Cm the constituents contained in Hn “ H1 _ ¨ ¨ ¨ _ Hn. Hence
Źn

i“1pAi1 _ ¨ ¨ ¨ _ Airi _ Hiq “
Žm

h“0 Ch. With each Ch, h P t1, . . . , mu, we associate a
vector Qh “ pqh1, . . . , qhnq, where qhi “ xij if Ch Ď Aij, j “ 1, . . . , ri, while qhi “ µi if
Ch Ď Hi; with C0 we associate Q0 “ P “ pµ1, . . . , µnq. Denoting by I the convex hull
of Q1, . . . , Qm, the condition P P I amounts to the existence of a vector pλ1, . . . , λmq

such that:
řm

h“1 λhQh “ P ,
řm

h“1 λh “ 1 , λh ě 0 , @ h; in other words, P P I is
equivalent to the solvability of the system pΣq, associated with pF ,Pq,

pΣq

"
řm

h“1 λhqhi “ µi , i P t1, . . . , nu ,
řm

h“1 λh “ 1, λh ě 0 , h P t1, . . . , mu .
(1.6)

Given the assessment P “ pµ1, . . . , µnq on F “ tX1|H1, . . . , Xn|Hnu, let S be the set of
solutions Λ “ pλ1, . . . , λmq of system pΣq. We point out that the solvability of system
pΣq is a necessary (but not sufficient) condition for coherence of P on F . When pΣq

is solvable, and hence S ‰ H, we define:

ΦipΛq “ Φipλ1, . . . , λmq “
ř

r:CrĎHi
λr, ; Λ P S ,

Mi “ maxΛPS, ΦipΛq, i P t1, . . . , nu ;
I0 “ ti : Mi “ 0u ,F0 “ tXi|Hi , i P I0u,
P0 “ pµi, i P I0q.

(1.7)

For what concerns the probabilistic meaning of I0, it holds that i P I0 if and only if
the (unique) coherent extension of P to Hi|Hn is zero. Then, the following theorem
can be proved ([4, Thm 3]):

Theorem 2. A conditional prevision assessment P “ pµ1, . . . , µnq on the family F “

tX1|H1, . . . , Xn|Hnu is coherent if and only if the following conditions are satisfied:
(i) the system pΣq defined in (1.6) is solvable; (ii) if I0 ‰ H, then P0 is coherent.

Remark 4. We observe that if Λ is a solution of System pΣq, associated with the pair pF ,Pq,
such that ΦjpΛq ą 0, j “ 1, . . . , n, then it holds that I0 “ H and hence by Theorem 2 the
assessment P on F is coherent.
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Let S 1 be a nonempty subset of the set of solutions S of system pΣq. We denote
by I1

0 the set I0 defined as in (1.7), where S is replaced by S 1, that is

I1
0 “ ti : M1

i “ 0u, where M1
i “ max

ΛPS 1
ΦipΛq , i P t1, . . . , nu. (1.8)

Moreover, we denote by pF 1
0,P 1

0q the pair associated with I1
0. Then, we obtain

Theorem 3. The assessment P on F is coherent if and only if the following conditions are
satisfied: piq the system pΣq associated with the pair pF ,Pq is solvable; piiq if I1

0 ‰ H, then
P 1

0 is coherent.

Of course, the previous results can be used in the case of a probability assess-
ment, which will be denoted by P , on a family of conditional events F . More
precisely, given a family F “ tE1|H1, . . . , En|Hnu of n conditional events, we ob-
serve that, for each i, the family tEi Hi, sEi Hi, sHiu is a partition of Ω. Then, Ω “
Źn

i“1pEi Hi _ sEi Hi _ sHiq. By applying the distributive property it follows that Ω can
also be written as the disjunction of 3n logical conjunctions, some of which may be
impossible. The remaining ones, denoted by C0, C1, . . . , Cm, where C0 “ sH1 ¨ ¨ ¨ sHn
(if non-impossible), are the constituents generated by F . Of course, m ` 1 ď 3n,
with m ` 1 “ 3n when, for example, the events in F are logically independent. Let
P “ pp1, . . . , pnq be a probability assessment on F . In this case, for each constituent
Ch, h “ 1, . . . , m, it holds that Qh “ pqh1, . . . , qhnq, where qhi “ 1, or 0, or pi, according
to whether Ch Ď Ei Hi, or Ch Ď sEi Hi, or Ch Ď sHi. The point Q0 “ P is associated with
C0. In the following example, which will be useful in Section 2.2 to prove Theorem 8,
we illustrate how the constituents and the associated points are generated in order
to check the coherence of a probability assessment.

Example 1. Let F “ tE1|H1, E2|H2u “ tB|K, B|pK ^ p sH _ Aqqu, where A, B, H, K are
four logically independent events, and let P “ pp1, p2q be a probability assessment on F .
We verify that P is coherent for every pp1, p2q P r0, 1s2. It holds that

Ω “ pE1H1 _ sE1H1 _ sH1q ^ pE2H2 _ sE2H2 _ sH2q “

“ rBK _ sBK _ sKs ^ rpBK ^ p sH _ Aqq _ psBK ^ p sH _ Aqq _ psK _ sAHqs “

“ pBK ^ p sH _ Aqq _ H _ sAHBK _ H _ psBK ^ p sH _ Aqq _ sAHsBK _ H _ H _ psK _ sAH sKq “

“ C1 _ C2 _ C3 _ C4 _ C0,

where the constituents are

C1 “ BK ^ p sH _ Aq “ AHBK _ sHBK, C2 “ sAHBK, C3 “ sBK ^ p sH _ Aq “ AHsBK _ sH sBK,
C4 “ sAHsBK, C0 “ sK _ sAH sK “ sK.

The points Qh’s associated with the pair pF ,Pq are

Q1 “ p1, 1q, Q2 “ p1, p2q, Q3 “ p0, 0q, Q4 “ p0, p2q, Q0 “ P “ pp1, p2q.

We denote by I the convex hull of points Q1, Q2, Q3, Q4 (see Figure 1.1).) The system pΣq

in (1.6) associated with the pair pF ,Pq is
$

’

’

&

’

’

%

λ1 ` λ2 “ p1,
λ1 ` p2λ2 ` p2λ4 “ p2,
λ1 ` λ2 ` λ3 ` λ4 “ 1,
λi ě 0, @i “ 1, . . . , 4.

(1.9)

We observe that P “ pp1, p2q “ p1Q2 ` p1 ´ p1qQ4 and hence the system (1.9) is solvable
and a solution is Λ “ p0, p1, 0, 1 ´ p1q, with p1 P r0, 1s.
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FIGURE 1.1: Convex hull of the points Q1, Q2, Q3, Q4 associated with the pair pF ,Pq, where
F “ tB|K, B|pK ^ p sH _ Aqqu and P “ pp1, p2q. In the figure the numerical values are: p1 “ 0.4
and p2 “ 0.6.

By considering the function ϕ as defined in (1.7), it holds that

ϕ1pΛq “
ÿ

h:ChĎH

λh “ λ1 ` λ2 ` λ3 ` λ4 “ 1,

ϕ2pΛq “
ÿ

h:ChĎpK^pA_ sHqq

λh “ λ1 ` λ3 “ 0.

We set S 1 “ tΛu and we get I 1
0 “ t2u. We observe that the sub-assessment p2 on B|pK ^

p sH _ Aqq is coherent for every p2 P r0, 1s. Thus, by Theorem 3, the assessment P “ pp1, p2q

on F is coherent @pp1, p2q P r0, 1s2.

The next example, which is related to the compound prevision theorem listed
in Section 4.1, illustrates how to check coherence for (conditional) prevision assess-
ments.

Example 2. 1[Compound prevision theorem] Let F “ tXH, X|H, Hu, where H is an event,
with H ‰ H, H ‰ Ω, and X is a finite random quantity. We denote by tx1, . . . , xnu

the possible values of X when H is true. We also set x1 “ mintx1, . . . , xnu and x2 “

maxtx1, . . . , xnu. Let P “ pz, µ, pq be a prevision assessment on F . We verify that P is
coherent if and only if µ P rx1, x2s, p P r0, 1s, and z “ µp. Of course, coherence requires
that p P r0, 1s. It holds that

Ω “ C1 _ ¨ ¨ ¨ _ Cn _ Cn`1,

where the constituents are

C1 “ pX “ x1q, ¨ ¨ ¨ , Cn “ pX “ xnq, Cn`1 “ sH.

The points Qh’s associated with the pair pF ,Pq are

Q1 “ pq11, q12, q13q “ px1, x1, 1q, . . . , Qn “ pqn1, qn2, qn3q “ pxn, xn, 1q,
Qn`1 “ pqpn`1q1, qpn`1q2, qpn`1q3q “ p0, µ, 0q.

1This example was inspired by Angelo Gilio’s talk “On Coherence and Conditionals” presented
at the workshop “Reasoning and uncertainty: probabilistic, logical, and psychological perspectives”,
Regensburg, August 9-10, 2022.
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We denote by I the convex hull of points Q1, . . . , Qn`1. The system pΣq in (1.6) associated
with the pair pF ,Pq is

$

’

’

’

’

&

’

’

’

’

%

λ1x1 ` ¨ ¨ ¨ ` λnxn “ z,
λ1x1 ` ¨ ¨ ¨ ` λnxn ` λn`1µ “ µ,
λ1 ` ¨ ¨ ¨ ` λn “ p,
λ1 ` ¨ ¨ ¨ ` λn`1 “ 1,
λi ě 0, i “ 1, . . . , n ` 1.

ðñ

$

’

’

’

’

&

’

’

’

’

%

λ1x1 ` ¨ ¨ ¨ ` λnxn “ z,
z “ µp,
λ1 ` ¨ ¨ ¨ ` λn “ p,
λn`1 “ 1 ´ p,
λi ě 0, i “ 1, . . . , n ` 1.

(1.10)

We distinguish two cases: piq p “ 0; and p P p0, 1s.
Case piq. System (1.10) is solvable only if z “ 0, with the unique solution given by Λ “

pλ1, . . . , λn, λn`1q “ p0, . . . , 0, 1q. By considering the function ϕ as defined in (1.7), it holds
that

ϕ1pΛq “ ϕ3pΛq “
ÿ

h:ChĎΩ

λh “ λ1 ` ¨ ¨ ¨ ` λn`1 “ 1 ą 0

and
ϕ2pΛq “

ÿ

h:ChĎH

λh “ λ1 ` ¨ ¨ ¨ ` λn “ p “ 0.

Then I0 “ t2u. We consider the sub-assessment P0 “ pµq on F0 “ tX|Hu. It can be easily
proved that µ “ PpX|Hq is coherent if and only if µ P rx1, x2s. Then, by Theorem 2, the
assessment P “ p0, µ, 0q on F is coherent if and only if µ P rx1, x2s.
Case piiq. In this case System (1.10) becomes

$

’

’

’

’

’

&

’

’

’

’

’

%

z “ µp,
µ “ z

p “
λ1x1`¨¨¨`λnxn

λ1`¨¨¨`λn
,

λ1 ` ¨ ¨ ¨ ` λn “ p,
λn`1 “ 1 ´ p,
λi ě 0, i “ 1, . . . , n ` 1,

(1.11)

which is solvable when z “ µp and µ P rx1, x2s, because µ is a convex linear combination of
tx1, . . . , xnu with weights λ1

λ1`¨¨¨`λn
, ¨ ¨ ¨ , λn

λ1`¨¨¨`λn
. For each solution Λ of System (1.11) it

holds that ϕ1pΛq “ ϕ3pΛq “ 1 ą 0 and ϕ2pΛq “ p ą 0. Then, as I0 “ H, by Theorem 2
the assessment pz, µ, pq, with p P p0, 1s is coherent if and only µ P rx1, x2s and z “ µp.
Therefore P is coherent if and only if µ P rx1, x2s, p P r0, 1s, and z “ µp. We now show that,
in agreement to Definition 1, an incoherent assessment leads to the existence of a combination
of bets where the values of the random gain are all positive or all negative (Dutch Book). We
set P “ pz, µ, pq, with p P r0, 1s, µ P rx1, x2s and z ‰ µp. We observe that the points
Q1, . . . , Qn`1 belong to the plane π : ´X ` Y ` µZ “ µ, where X ,Y ,Z are the axes
coordinates. Moreover, P does not belong to the convex hull I because, as z ‰ µp, System
(1.10) is not solvable. Now, by considering the function f pX ,Y ,Zq “ ´X ` Y ` µZ ´ µ,
we observe that for each constant k the equation f pX ,Y ,Zq “ k represents a plane which
is parallel to π and coincides with π when k “ 0. Then, f pQ1q “ ¨ ¨ ¨ “ f pQn`1q “ 0.
Moreover, f pQhq ´ f pPq “ z ´ µp ‰ 0, h “ 1, . . . , n ` 1. We recall that for h “ 1, . . . , n `

1, the value gh, of the random gain

G “ s1pXH ´ zq ` s2HpX ´ µq ` s3pH ´ pq

associated to the constituent Ch is

gh “ s1pqh1 ´ zq ` s2Hpqh2 ´ µq ` s3pqh3 ´ pq.

We observe that, by setting the stakes s1 “ ´1, s2 “ 1, s3 “ ´µ, it holds that gh “
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f pQhq ´ f pPq “ z ´ µp ‰ 0, h “ 1, . . . , n ` 1. Therefore, min gh ¨ max gh ą 0, when
s1 “ ´1, s2 “ 1, s3 “ ´µ, that is a combination of bets where the value of the random gain
are all positive or all negative.

Remark 5. By Example 2 coherence requires that (compound prevision theorem)

PrXHs “ PrX|HsPpHq. (1.12)

In particular, when X is (the indicator of) an event E, Equation (1.12) becomes (compound
probability theorem)

PpE ^ Hq “ PpE|HqPpHq. (1.13)

Moreover, under logical independence of E and H, Example 2 shows that PpE|Hq coincides
with the ratio PpE^Hq

PpHq
when PpHq ą 0, and PpE|Hq can be any value in r0, 1s when PpHq “

0. Then, differently from the “standard” approach where PpE|Hq is defined only when when
PpHq ą 0 by the ratio PpE^Hq

PpHq
, in the coherence-based approach the conditional probability

PpE|Hq is a primitive notion which is properly defined even if PpHq “ 0.

We recall the following extension theorem for conditional previsions, which is
a generalisation of de Finetti’s fundamental theorem of probability to conditional
random quantities (see, e.g.,[70, 87, 96])

Theorem 4. Let P “ pµ1, . . . , µnq be a coherent prevision assessment on a family of
bounded conditional random quantities F “ tX1|H1, . . . , Xn|Hnu. Moreover, let X|H be a
further bounded conditional random quantity. Then, there exists a suitable closed interval
rµ1, µ2s such that the extension µ “ PpX|Hq is coherent if and only if µ P rµ1, µ2s.

1.4 Conjunction and disjunction of two conditional events

When we deal with the conjunction and disjunction of conditional events various
approaches can be found in the literature. Traditionally these operations are looked
in the framework of trivalent logics, in which different definitions are possible. We
recall some notions of conjunction among conditional events in some trivalent log-
ics: Kleene-Lukasiewicz-Heyting conjunction (^K), or de Finetti conjunction ([32]);
Lukasiewicz conjunction (^L); Bochvar internal conjunction, or Kleene weak con-
junction (^B); Sobocinski conjunction, or quasi conjunction (^S). In all these defini-
tions the result of the conjunction is still a conditional event with set of truth values
ttrue, false, voidu (see, e.g., [24, 25]). We list below in an explicit way the five con-
junctions and the associated disjunctions obtained by De Morgan’s law ([60]):

1. pA|Hq ^K pB|Kq “ AHBK|pAHBK _ AH _ BKq,
pA|Hq _K pB|Kq “ pAH _ BKq|p sAHsBK _ AH _ BKq ;

2. pA|Hq ^L pB|Kq “ AHBK|pAHBK _ A H _ BK _ H Kq,
pA|Hq _L pB|Kq “ pAH _ BKq|p sAHsBK _ AH _ BK _ H Kq ;

3. pA|Hq ^B pB|Kq “ AHBK|HK,
pA|Hq _B pB|Kq “ pA _ Bq|HK;

4. pA|Hq ^S pB|Kq “ ppAH _ Hq ^ pBK _ Kqq|pH _ Kq,
pA|Hq _S pB|Kq “ pAH _ BKq|pH _ Kq.

Another possibility is to study conjunction and disjunction of two conditional
events as a suitable conditional random quantity in a betting-scheme context ([53,
56], see also [71, 80]).
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Definition 3. Given two conditional events A|H, B|K and a (coherent) probability assess-
ment PpA|Hq “ x, PpB|Kq “ y, the conjunction pA|Hq ^gs pB|Kq, where the subindex gs
stays for Gilio-Sanfilippo, is defined as the following conditional random quantity

pA|Hq ^gs pB|Kq “ pAHBK ` xHBK ` yAHKq|pH _ Kq. (1.14)

Then, the prevision of the conjunction is the following

PrpA|Hq ^gs pB|Kqs “ PpAHBK|pH _ Kqq ` PpA|HqPp sHBK|pH _ Kqq

`PpB|KqPpAH sK|pH _ Kqq.

In particular, when PpH _ Kq ą 0, formula (1.4) becomes the well known formula
of McGee ([80]) and Kaufmann ([71])

PrpA|Hq ^gs pB|Kqs “
PpAHBKq ` PpA|HqPp sHBKq ` PpB|KqPpAH sKq

PpH _ Kq
.

Remark 6. Notice that the conjunction in (1.14) can be represented as X|H in (1.2) and,
once the (coherent) assessment px, y, zq, where zgs “ PrpA|Hq ^gs pB|Kqs, is given, the
conjunction is (subjectively) determined by

pA|Hq ^gs pB|Kq “ AHBK ` xHBK ` yAHK ` zgsH K.

Then, the set of possible values of pA|Hq ^gs pB|Kq, i.e. t1, 0, x, y, zgsu, is associated to a
given (coherent) subjective assessment px, y, zgsq.

Within the betting scheme, by starting with a coherent assessment px, yq on
tA|H, B|Ku, if you extend px, yq (in a coherent way) by adding the assessment
PrpA|Hq ^gs pB|Kqs “ zgs, then you agree to pay zgs, by receiving the random
amount

pA|Hq ^gs pB|Kq “

$

’

’

’

’

&

’

’

’

’

%

1, if AHBK is true,
0, if AH _ BK is true,
x, if HBK is true,
y, if AHK is true,
zgs, if H K is true.

In other words, you receive:

• 1, if both conditional events A|H and B|K are true;

• 0, if A|H or B|K is false;

• x “ PpA|Hq, if A|H is void and B|K is true;

• y “ PpB|Kq, if A|H is true and B|K is void;

• zgs, that is the paid amount, if both conditional events A|H and B|K are void.

Notice that, in some particular case, the conjunction pA|Hq ^gs pB|Kq, which is a five-
valued object, reduces to a conditional event, that is a three-valued object.

Theorem 5. [53, Theorem 7] Given any coherent assessment px, yq on tA|H, B|Ku, with A,
H, B, K logically independent, and with H ‰ H, K ‰ H, the extension zgs “ PrpA|Hq ^gs
pB|Kqs is coherent if and only if the Fréchet-Hoeffding bounds are satisfied, that is zgs P

rz1
gs, z2

gss, where
z1

gs “ maxtx ` y ´ 1, 0u, z2
gs “ mintx, yu. (1.15)
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Remark 7. In case of some logical dependencies, for the interval rz1
gs, z2

gss of coherent ex-
tensions zgs it holds that rz1

gs, z2
gss Ď rmaxtx ` y ´ 1, 0u, mintx, yus. In particular, if

HK “ H, it holds that pA|Hq ^gs pB|Kq “ pA|Hq ¨ pB|Kq and hence zgs “ z1
gs “ z2

gs “ xy.
See [52] for other cases of logical dependencies.

Definition 3 can be extended to the case of n conditional events as follows ([56])

Definition 4. Let n conditional events E1|H1, . . . , En|Hn be given. For each nonempty
strict subset S of t1, . . . , nu, let xS be a prevision assessment on

Ź

iPSpEi|Hiq. Then, the
conjunction pE1|H1q ^gs ¨ ¨ ¨ ^gs pEn|Hnq is the conditional random quantity C1¨¨¨n defined
as

C1¨¨¨n “

$

’

’

&

’

’

%

1, if
Źn

i“1 Ei Hi is true,
0, if

Žn
i“1

sEi Hi is true,
xS, if p

Ź

iPS
sHiq ^ p

Ź

iRS Ei Hiq is true, H ‰ S Ă t1, 2, . . . , nu,
x1¨¨¨n, if

Źn
i“1

sHi is true,
(1.16)

where x1¨¨¨n “ xt1,...,nu “ PpC1¨¨¨nq.

For n “ 1 we obtain C1 “ E1|H1. In Definition 4 each possible value xS of C1¨¨¨n,
H ‰ S Ă t1, . . . , nu, is evaluated when defining (in a previous step) the conjunction
CS “

Ź

iPSpEi|Hiq. Then, after the conditional prevision x1¨¨¨n is evaluated, C1¨¨¨n is
completely specified. Of course, we require coherence for the prevision assessment
pxS, H ‰ S Ď t1, . . . , nuq, so that C1¨¨¨n P r0, 1s. In the framework of the betting
scheme, x1¨¨¨n is the amount that you agree to pay with the proviso that you will
receive:

• the amount 1, if all conditional events are true;

• the amount 0, if at least one of the conditional events is false;

• the amount xS equal to the prevision of the conjunction of that conditional
events which are void, otherwise. In particular you receive back x1¨¨¨n when all
conditional events are void.

As we can see from (1.16), the conjunction C1¨¨¨n assumes values in the interval r0, 1s

and is (in general) a p2n ` 1q-valued object because the number of nonempty subsets
S, and hence the number of possible values xS, is 2n ´ 1.

Remark 8. It can be verified that

x1¨¨¨n “ Prp
Źn

i“1 Ei Hi `
ř

H‰SĂt1,2...,nu xSp
Ź

iPS
sHiq ^ p

Ź

iRS Ei Hiqq|p
Žn

i“1 Hiqs

(1.17)
and

C1¨¨¨n “ r

n
ľ

i“1

Ei Hi `
ÿ

H‰SĂt1,2...,nu

xSp
ľ

iPS

sHiq ^ p
ľ

iRS

Ei Hiqs|p

n
ł

i“1

Hiq.

A similar comment can be done for xS and CS, for each nonempty subset S Ă t1, 2 . . . , nu.

We recall a result which shows that the prevision of the conjunction on n condi-
tional events satisfies the Fréchet-Hoeffding bounds ([56, Theorem13]).

Theorem 6. Let n conditional events E1|H1, . . . , En|Hn be given, with xi “ PpEi|Hiq,
i “ 1, . . . , n and x1¨¨¨n “ PpC1¨¨¨nq. Then

maxtx1 ` ¨ ¨ ¨ ` xn ´ n ` 1, 0u ď x1¨¨¨n ď mintx1, . . . , xnu.
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In [52, Theorem 10] we have shown, under logical independence, the sharpness
of the Fréchet-Hoeffding bounds.

Remark 9. Given a finite family F of conditional events, their conjunction is also denoted
by CpFq. We recall that in [56], given two finite families of conditional events F1 and F2,
the object CpF1q ^ CpF2q is defined as CpF1 Y F2q. Then, conjunction satisfies the commu-
tativity and associativity properties ([56, Propositions 1 and 2]). Moreover, the operation of
conjunction satisfies the monotonicity property ([56, Theorem7]), that is C1¨¨¨n`1 ď C1¨¨¨n.
Then,

CpF1 Y F2q ď CpF1q, CpF1 Y F2q ď CpF2q. (1.18)

Following the same idea it is possible to define the disjunction of two conditional
events.

Definition 5. Given two conditional events A|H, B|K and a (coherent) probability assess-
ment PpA|Hq “ x, PpB|Kq “ y, the disjunction pA|Hq _gs pB|Kq is defined as the following
conditional random quantity

pA|Hq _gs pB|Kq “ ppAH _ BKq ` x sH sBK ` y sAH sKq|pH _ Kq. (1.19)

Within the betting scheme, by starting with a coherent assessment px, yq on
tA|H, B|Ku, if you extend px, yq (in a coherent way) by adding the assessment
PrpA|Hq _gs pB|Kqs “ wgs, then you agree to pay wgs, by receiving the random
amount

pA|Hq _gs pB|Kq “

$

’

’

’

’

&

’

’

’

’

%

1, if AH _ BK is true,
0, if AH ^ BK is true,
x, if H BK is true,
y, if AHK is true,
wgs, if H K is true.

We recall that De Morgan’s Laws are satisfied and hence it holds that

pA|Hq _gs pB|Kq “ p sA|Hq ^gs psB|Kq (1.20)

and
pA|Hq ^gs pB|Kq “ p sA|Hq _gs psB|Kq, (1.21)

where the negations pA|Hq _gs pB|Kq and pA|Hq ^gs pB|Kq are defined as
pA|Hq _gs pB|Kq “ 1 ´ pA|Hq _gs pB|Kq and pA|Hq ^gs pB|Kq “ 1 ´ pA|Hq ^gs pB|Kq,
respectively. We also observe that the prevision sum rule is satisfied, that is

A|H ` B|K “ pA|Hq ^gs pB|Kq ` pA|Hq _gs pB|Kq

and hence

PpA|Hq ` PpB|Kq “ PrpA|Hq ^gs pB|Kqs ` PrpA|Hq _gs pB|Kqs. (1.22)

From (1.22), by exploiting the Fréchet-Hoeffding bounds for the conjunction (1.15),
we obtain the Fréchet-Hoeffding bounds for the disjunction :

w1
gs “ maxtx, yu, w2

gs “ mintx ` y, 1u. (1.23)

The operations above are all commutative and associative. By setting
PpA|Hq “ x, PpB|Kq “ y, PppA|Hq ^i pB|Kqq “ zi, i P tK, L, B, Su, and
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A|H B|K ^K ^L ^B ^S ^gs
AHBK 1 1 1 1 1 1 1
AHBK 1 0 0 0 0 0 0
AHK 1 y zK zL zB 1 y
AHBK 0 1 0 0 0 0 0
AHBK 0 0 0 0 0 0 0
AH K 0 y 0 0 zB 0 0
HBK x 1 zK zL zB 1 x
H BK x 0 0 0 zB 0 0
sH sK x y zK 0 zB zS zgs

TABLE 1.1: Numerical values (of the indicator) of the conjunctions pA|Hq ^i pB|Kq, i P

tK, L, B, S, gsu. The triplet px, y, ziq denotes a coherent assessment on tA|H, B|K, pA|Hq ^i
pB|Kqu.

PrpA|Hq ^gs pB|Kqs “ zgs, based on (1.4) and on (1.2) the conjunctions
pA|Hq ^i pB|Kq, i P tK, L, B, S, gsu can be also looked at as random quantities
with set of possible value illustrated in Table 1.1. A similar interpretation can
also be given for the associated disjunctions. In Table 1.2 we list the lower and
upper bounds for the coherent extension zi “ PppA|Hq ^i pB|Kqq, i P tK, L, B, Su

([88]) and zgs “ PrpA|Hq ^gs pB|Kqs ([53]) of the given assessment PpA|Hq “ x
and PpB|Kq “ y. Notice that, differently from conditional events which are three-
valued objects, the conjunction pA|Hq ^gs pB|Kq (and the associated disjunction)
is no longer a three-valued object, but a five-valued object with values in r0, 1s.
In betting terms, the prevision zgs “ PrpA|Hq ^gs pB|Kqs represents the amount
you agree to pay, with the proviso that you will receive the random quantity
AHBK ` x sHBK ` yAH sK, if H _ K is true, zgs if sH sK is true. In other words by
paying zgs you receive: 1, if both conditional events are true; 0, if at least one of the
conditional events is false; the probability of the conditional event that is void if one
conditional event is void and the other one is true; the amount zgs you paid if both
conditional events are void. The notion of conjunction ^gs (and disjunction _gs)
among conditional events has been generalised to the case of n conditional events
in [56]. For some applications see, .e.g., [90, 91]. Developments of this approach
to general compound conditionals has been given in [41]. Differently from the
other notions of conjunctions and disjunction, ^gs and _gs preserves the classical
logical and probabilistic properties valid for unconditional events (see, e.g., [58,
61]). In particular, the Fréchet-Hoeffding bounds, i.e., the lower and upper bounds
for the conjunction z1 “ maxtx ` y ´ 1, 0u, z2 “ mintx, yu, and for the disjunction
w1 “ maxtx, yu, z2 “ mintx ` y, 1u, obtained under logical independence in the
unconditional case for the coherent extensions of PpAq “ x and PpBq “ y to
z “ PpABq and w “ PpA _ Bq, respectively, when A and B are replaced by A|H and
B|K, are only satisfied by zgs (see Table 1.2) and wgs (see Table 1.3).

1.5 Imprecise assessments

We close this chapter by recalling the notion of coherence, for imprecise, or set-
valued, prevision assessments. As in this paper we limit our analysis to conditional
random quantities with possible values in the unit interval, in our case the imprecise
assessments are subsets of the unitary hypercube.
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Conjunction Lower bound Upper bound

pA|Hq ^K pB|Kq z1
K “ 0 z2

K “ mintx, yu

pA|Hq ^L pB|Kq z1
L “ 0 z2

L “ mintx, yu

pA|Hq ^B pB|Kq z1
B “ 0 z2

B “ 1

pA|Hq ^S pB|Kq z1
S “ maxtx ` y ´ 1, 0u z2

S “

#

x`y´2xy
1´xy , if px, yq ‰ p1, 1q

1, if px, yq “ p1, 1q

pA|Hq ^gs pB|Kq z1
gs “ maxtx ` y ´ 1, 0u z2

gs “ mintx, yu

TABLE 1.2: Lower and upper bounds for the coherent extensions zi “ PppA|Hq ^i pB|Kqq,
i P tK, L, B, Su and zgs “ PrpA|Hq ^gs pB|Kqs of the given assessment PpA|Hq “ x and
PpB|Kq “ y.

Disjunction Lower bound Upper bound

pA|Hq _K pB|Kq w1
K “ maxtx, yu w2

K “ 1

pA|Hq _L pB|Kq w1
L “ maxtx, yu w2

L “ 1

pA|Hq _B pB|Kq w1
B “ 0 w2

B “ 1

pA|Hq _S pB|Kq w1
S “

#

xy
x`y´xy , if px, yq ‰ p0, 0q,

0, if px, yq “ p0, 0q
w2

S “ mintx ` y, 1u

pA|Hq _gs pB|Kq w1
gs “ maxtx, yu w2

gs “ mintx ` y, 1u

TABLE 1.3: Lower and upper bounds for the coherent extensions wi “ PppA|Hq _i pB|Kqq,
i P tK, L, B, Su and wgs “ PrpA|Hq _gs pB|Kqs of the given assessment PpA|Hq “ x and
PpB|Kq “ y.
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Definition 6. Let F “ tX1|H1, . . . , Xn|Hnu be a family of n conditional random quantities.
An imprecise, or set-valued, assessment A Ď r0, 1sn on F is a set of precise assessments
P on F .

Let A be an imprecise assessment on F . For each j P t1, 2, . . . , nu, the projec-
tion ρjpAq of A onto the j-th coordinate, is an imprecise assessment on Xj|Hj and is
defined as

ρjpAq “ txj : µj “ xj, for some pµ1, . . . , µnq P Au.

Definition 7. Let F “ tX1|H1, . . . , Xn|Hnu be a family of n conditional random quantities.
An imprecise assessment A on F is coherent if and only if, for every j P t1, . . . , nu and for
every xj P ρjpAq, there exists a coherent precise assessment P “ pµ1, . . . , µnq on F , such
that P P A and µj “ xj.

In the context of imprecise assessments the notions of g-coherence and total co-
herence have been also introduced ([47, 49]).

Remark 10. We observe that an interval-valued prevision assessment A “ rl1, u1s ˆ ¨ ¨ ¨ ˆ

rln, uns is an imprecise prevision assessment. In this case it holds that ρjpAq “ rlj, ujs.
Then, based on Definition 7, the imprecise prevision assessment A on F is coherent if and
only if, given any j P t1, . . . , nu and any xj P rlj, ujs, there exists a coherent precise prevision
assessment P “ pµ1, . . . , µnq on F , with li ď µi ď ui, i “ 1, . . . , n, and such that µj “ xj.
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Chapter 2

A probabilistic analysis of selected
notions of iterated conditioning
under coherence

The results of this chapter are taken from [17].

The idea behind this second chapter is to deepen the analyses of the iterated
conditionals both in trivalent logics and in the framework of conditional random
quantities. To carry out this study, we begin by considering some classical (logical
and probabilistic) properties that are true for events and (basic) conditional and in-
vestigate them in the case of compound and iterated conditional (Section 2.1). For
what concern the trivalued logics, we analyse the iterated conditionals in the logic
of Cooper-Calabrese (Section 2.2), de Finetti (Section 2.3), and Farrell (Section 2.4).
Then, in Section 2.5 we study some iterated conditioning in the framework of condi-
tional random quantities under coherence. We also consider the validity of two gen-
eralized versions of Bayes’ Rule (Section 2.5.6), and we check the p-validity of two
generalized inference rules: Modus Ponens and two-premise centering (Section 2.6).

2.1 Some basic properties and Import-Export principle

In this section, after recalling some basic logical and probabilistic properties
satisfied by events and conditional events, we rewrite them for compound and
iterated conditionals, by replacing events with conditional events. We also recall the
Import-Export principle and its connection with the Lewis’ triviality results.

Given two events A and B, with A ‰ H, it is well-known the validity of fol-
lowing properties

1. B|A “ AB|A;

2. AB ď B|A and hence PpABq ď PpB|Aq;

3. PpABq “ PpB|AqPpAq (compound probability theorem, see Remark 5);

4. if A and B are logically independent, by setting PpAq “ x and PpBq “ y, the
extension µ “ PpB|Aq is coherent if and only if µ P rµ1, µ2s, where (see, e.g. [90,
Theorem 6])

µ1 “

#

maxtx`y´1,0u

x , if x ‰ 0,
0, if x “ 0,

, µ2 “

#

mintx,yu

x , if x ‰ 0,
1, if x “ 0.

(2.1)
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Another classical property that can be checked for the iterated conditional is the
Import-Export principle. Given three events B, K, A, with AK ‰ H, we say that the
Import-Export principle ([80]) is satisfied for the iterated conditional pB|Kq|A, if

pB|Kq|A “ B|AK. (2.2)

We also recall that the validity of the Import-Export principle (together with the
validity of the total probability theorem) could lead to the counter-intuitive conse-
quences related to Lewis’ triviality results ([79], see also [91]). Indeed, assuming that
the total probability theorem holds for iterated conditionals, that is

PpC|Aq “ PppC|Aq ^ Cq ` PppC|Aq ^ sCq “ PppC|Aq|CqPpCq ` PppC|Aq| sCqPp sCq;

if the Import-Export principle is valid, by applying (2.2) and by observing that
PpC|ACq “ 1 and PpC|A sCq “ 0, it follows that

PpC|Aq “ PpC|ACqPpCq ` PpC|A sCqPp sCq “ PpCq, (2.3)

which of course is not valid in general for conditional events. Then, the non validity
of the Import-Export principle may avoid Lewis’ triviality results.

In Chapter 1 we recalled some basic properties satisfied by events and condi-
tional events. The main idea in this second chapter is to understand if, when we go
from events to conditional events and from conditionals to iterated conditionals,
these properties are still valid (in their generalised versions if necessary) for these
structures.
To do so, in Properties 1-4 (Section 2.1) we replace events A, B by conditional events
A|H, B|K, and for the compound conditionals the symbol of probability P by the
symbol of prevision P, the properties 1, 2, 3, and 4 become:

P1. pB|Kq|pA|Hq “ rpA|Hq ^ pB|Kqs|pA|Hq;

P2. pA|Hq ^ pB|Kq ď pB|Kq|pA|Hq and hence PrpA|Hq ^ pB|Kqs ď PrpB|Kq|pA|Hqs;

P3. PrpA|Hq ^ pB|Kqs “ PrpB|Kq|pA|HqsPpA|Hq (compound formula for iterated con-
ditional);

P4. if A, B, H, K are logically independent events, denoting PpA|Hq “ x and
PpB|Hq “ y, the extension µ on pB|Kq|pA|Hq is coherent if and only if µ P

rµ1, µ2s, where µ1 and µ2 are given in formula (2.1).

We recall that when a compound or iterated conditional reduces to a conditional
event, its prevision coincides with its probability.
We will show in Example 3, Example 4, and Section 2.6 that when some of the
properties P1-P4 are not satisfied, some counterintuitive probabilistic results are ob-
tained. These are avoided by a suitable notion of iterated conditioning which satis-
fies properties P1-P4.

In section 2.2, section 2.3, and section 2.4, we will check the validity of the previ-
ous properties for notions of compound and iterated conditionals introduced in dif-
ferent trivalent logics as suitable conditional events (in these cases, in properties P2
and P4, the symbol of prevision P is replaced by the symbol of probability P, because
the involved objects are conditional events). Then, in Section 2.5 we will check the
basic properties for the iterated conditionals, defined as conditional random quanti-
ties, built using the structure l|⃝ “ l ^ ⃝ ` Ppl|⃝qĎ⃝ and the different notions
of conjunction in trivalent logic recalled in Section 1.4.
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2.2 The iterated conditional in the trivalent logic of Cooper-
Calabrese

In this section, in the framework of a trivalent logic, we study the validity of the
Import-Export principle and of the properties P1-P4 for the notion of iterated con-
ditional, here denoted by pB|Kq|CpA|Hq, studied by Cooper ([30]) and by Calabrese
([12], see also [11, 10]). We also give two results on the set of all coherent assess-
ments for suitable families of conditional events which include the iterated condi-
tional pB|Kq|CpA|Hq.

We recall that the notions of conjunction and disjunction of conditionals used by
Cooper and Calabrese coincide with ^S and _S, respectively 1.

Definition 8. Given any pair of conditional events A|H and B|K, the iterated conditional
pB|Kq|CpA|Hq is defined as the following conditional event

pB|Kq|CpA|Hq “ B|pK ^ p sH _ Aqq. (2.4)

We observe that in (2.4) the conditioning event is the conjunction of the condi-
tioning event K of the consequent B|K and the material conditional sH _ A associated
with the antecedent A|H.

Remark 11 (Import-Export principle for |C). By applying Definition 8 with H “ Ω, it
holds that

pB|Kq|C A “ ABK|AK “ B|AK, (2.5)

which shows that the Import-Export principle is satisfied by |C.

2.2.1 Property P1

We observe that

ppA|Hq ^S pB|Kqq|CpA|Hq “ ppAHBK _ AH sK _ sHBKq|pH _ Kqq|CpA|Hq “

“ pAHBK _ AH sK _ sHBKq|pAK _ sHK _ AH sKq.
(2.6)

From (2.4) and (2.6) it follows that pB|Kq|CpA|Hq ‰ ppA|Hq ^S pB|Kqq|CpA|Hq. In-
deed, as illustrated by Table 2.1, when the constituent AH sK is true, it holds that
pB|Kq|CpA|Hq is void, while ppA|Hq ^S pB|Kqq|CpA|Hq is true. Then, property P1 is
not satisfied by the pair p^S, |Cq.

Ch pA|Hq ^S pB|Kq pB|Kq|CpA|Hq ppA|Hq ^S pB|Kqq|CpA|Hq

AHBK _ sHBK True True True
AHsBK _ sH sBK False False False

AH sK True Void True
sAH False Void Void
sH sK Void Void Void

TABLE 2.1: Truth values of pA|Hq ^S pB|Kq, pB|Kq|CpA|Hq, and ppA|Hq ^S pB|Kqq|CpA|Hq.

2.2.2 Property P2

From Table 2.1 we also obtain that property P2 is not satisfied by p^S, |Cq. Indeed,
under logical independence, when AH sK is true, it holds that pA|Hq ^S pB|Kq is true,

1Note that also Cantwell ([14]) defines the iterated conditional as Cooper and Calabrese, but, unlike
them, in his trivalent logic conjunction and disjunction are defined by ^K and _K , respectively.
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while pB|Kq|CpA|Hq is void. Then, since AH ‰ H, K Ę B, and ppA|Hq ^S pB|Kqq Ę

pB|Kq|CpA|Hq, from (1.5) it follows that ppA|Hq ^S pB|Kqq ę pB|Kq|CpA|Hq.

2.2.3 Property P3

Now we focus our attention on the following result regarding the coherence of a
probability assessment on tA|H, pB|Kq|CpA|Hq, pA|Hq ^S pB|Kqu (Theorem 7), then
we use this result in order to check the validity of property P3 for the pair p^S, |Cq.

Theorem 7. Let A, B, H, K be any logically independent events. A probability assessment
P “ px, y, zq on the family of conditional events F “ tA|H, pB|Kq|CpA|Hq, pA|Hq ^S
pB|Kqu is coherent if and only if px, yq P r0, 1s2 and z P rz1, z2s, where z1 “ xy and z2 “

maxpx, yq.

Proof. The constituents Ch’s and the points Qh’s associated with the assessment P “

px, y, zq on F are (see also Table 2.2)

C1 “ AHBK, C2 “ sAHBK _ sAHsBK _ sAH sK “ sAH, C3 “ sHBK, C4 “ AHsBK,
C5 “ sH sBK, C6 “ AH sK, C0 “ sH sK,

and
Q1 “ p1, 1, 1q, Q2 “ p0, y, 0q, Q3 “ px, 1, 1q, Q4 “ p1, 0, 0q,
Q5 “ px, 0, 0q, Q6 “ p1, y, 1q,P “ Q0 “ px, y, zq.

The system pΣq in (1.6) associated with the pair pF ,Pq becomes

Ch A|H pB|Kq|CpA|Hq pA|Hq ^S pB|Kq Qh
C1 AHBK 1 1 1 Q1
C2 sAH 0 y 0 Q2
C3 sHBK x 1 1 Q3
C4 AHsBK 1 0 0 Q4
C5 sH sBK x 0 0 Q5
C6 AH sK 1 y 1 Q6
C0 sH sK x y z Q0

TABLE 2.2: Constituents Ch and points Qh associated with F “

tA|H, pB|Kq|CpA|Hq, pA|Hq ^S pB|Kqu, the probability assessment P “ px, y, zq.

$
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λ1 ` xλ3 ` λ4 ` xλ5 ` λ6 “ x,
λ1 ` yλ2 ` λ3 ` yλ6 “ y,
λ1 ` λ3 ` λ6 “ z,
λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 “ 1,
λi ě 0, i “ 1, . . . , 6.

(2.7)

Lower bound We first prove that the assessment px, y, xyq is coherent for every
px, yq P r0, 1s2. Then, in order to prove that z1 “ xy is the lower bound for z “

PppA|Hq ^S pB|Kqq, we verify that the assessment px, y, zq is not coherent when z ă

z1 “ xy.
We observe that P “ px, y, xyq “ xyQ1 ` p1 ´ xqQ2 ` xp1 ´ yqQ4, so a solution of
(2.7) is given by Λ “ pxy, 1 ´ x, 0, xp1 ´ yq, 0, 0q.



Chapter 2. A probabilistic analysis of selected notions of iterated conditioning
under coherence

21

Then, by considering the function ϕ as defined in (1.7), it holds that

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ4 ` λ6 “ xy ` p1 ´ xq ` xp1 ´ yq “ 1 ą 0,
ϕ2pΛq “

ř

h:ChĎpA_ sHq_K λh “ λ1 ` λ3 ` λ4 ` λ5 “ xy ` xp1 ´ yq “ x,
ϕ3pΛq “

ř

h:ChĎH_K λh “ λ1 ` ¨ ¨ ¨ ` λ6 “ 1 ą 0.

Let S 1 “ tpxy, 1 ´ x, 0, xp1 ´ yq, 0, 0qu denote a subset of the set S of all solutions of
(2.7). We have that M1

1 “ 1, M1
2 “ x, M1

3 “ 1 (as defined in (1.8)). We distinguish
two cases: piq x ą 0, piiq x “ 0. In the case piq we get M1

1 ą 0, M1
2 ą 0, M1

3 ą 0 and
then I1

0 “ H. By Theorem 2, the assessment px, y, xyq is coherent @px, yq P r0, 1s2. In
the case piiq we have that M1

1 ą 0, M1
2 “ 0, M1

3 ą 0, hence I1
0 “ 2. We observe that

the sub-assessment P 1
0 “ y on F 1

0 “ tpB|Kq|CpA|Hqu is coherent for every y P r0, 1s.
Then, by Theorem 2, the assessment px, y, xyq on F is coherent @px, yq P r0, 1s2.

In order to verify that z1 “ xy is the lower bound for z, we observe that the
points Q1, Q2, Q4 belong to the plane π : yX ` Y ´ Z “ y, where X, Y, Z are the axes
coordinates.
Now, by considering the function f pX, Y, Zq “ yX ` Y ´ Z, we observe that for each
constant k the equation f pX, Y, Zq “ k represents a plane which is parallel to π and
coincides with π when k “ y. We also observe that f pQ1q “ f pQ2q “ f pQ4q “ y,
f pQ3q “ f pQ5q “ xy ď y and f pQ6q “ f p1, y, 1q “ y ` y ´ 1 “ 2y ´ 1 ď y.
Then, for every P “

ř6
h“1 λhQh, with

ř6
h“1 λh “ 1 and λh ě 0, that is P P I ,

it holds that f pPq “ f p
ř6

h“1 λhQhq “
ř6

h“1 λh f pQhq ď y. On the other side,
given a ą 0, by considering P “ px, y, xy ´ aq it holds that f pPq “ y ` a ą y
and hence P “ px, y, xy ´ aq R I . Therefore, for any given a ą 0 the assessment
px, y, xy ´ aq is not coherent because px, y, xy ´ aq R I . Then the lower bound of
z “ PppA|Hq ^S pB|Kqq is z1 “ xy.

Upper bound We verify that the assessment px, y, maxpx, yqq on F is coherent for
every px, yq P r0, 1s2. Moreover, we show that z2 “ maxpx, yq is the upper bound for
z “ PppA|Hq ^S pB|Kqq by showing that any assessment px, y, zq on F with px, yq P

r0, 1s2 and z ą maxtx, yu is not coherent. We distinguish two cases: piq x ě y, piiq
x ă y.
piq We have that maxpx, yq “ x and hence

P “ px, y, xq “ p1 ´ xqQ2 ` xQ6.

Then, the vector Λ “ p0, 1 ´ x, 0, 0, 0, xq is a solution of (2.7). Moreover, it holds that

ϕ1pΛq “
ÿ

h:ChĎH

λh “ λ1 ` λ2 ` λ4 ` λ6 “ 1 ´ x ` x “ 1 ą 0,

ϕ2pΛq “
ÿ

h:ChĎpK^pA_H̄qq

λh “ λ1 ` λ3 ` λ4 ` λ5 “ 0,

ϕ3pΛq “
ÿ

h:ChĎpH_Kq

λh “ λ1 ` ¨ ¨ ¨ ` λ6 “ 1 ą 0.

Let S 1 “ tp0, 1 ´ x, 0, 0, 0, xqu denote a subset of the set S of all solutions of (2.7). We
have that M1

1 “ 1, M1
2 “ 0, M1

3 “ 1. It follows that I 1
0 “ 2. As the sub-assessment

P 1
0 “ y on F 1

0 “ tpB|Kq|CpA|Hqu is coherent @y P r0, 1s, by Theorem 2, it follows that
the assessment px, y, maxpx, yqq is coherent.
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In order to verify that z2 “ maxpx, yq “ x is the upper bound for z, we observe that
if maxtx, yu “ 1, then p1, y, zq with z ą 1 is incoherent. Let us assume that y ď x ă 1.
We observe that the points Q2, Q3, Q6 belong to the plane π : X ` 1´x

1´y Y ´ Z “
yp1´xq

1´y ,
where X, Y, Z are the axes coordinates.
Now, by considering the function f pX, Y, Zq “ X ` 1´x

1´y Y ´ Z ´
yp1´xq

1´y , we observe

that f pQ1q “ 1 ´ x ą 0, f pQ2q “ f pQ3q “ f pQ6q “ 0, f pQ4q “ 1 ´ y 1´x
1´y ě 0,

f pQ5q “
x´y
1´y ě 0. Then, for every P “

ř6
h“1 λhQh, with

ř6
h“1 λh “ 1 and λh ě 0,

that is P P I , it holds that f pPq “ f p
ř6

h“1 λhQhq “
ř6

h“1 λh f pQhq ě 0. On the other
side, given z ą x, by considering P “ px, y, zq it holds that f pPq “ x ´ z ă 0 and
hence P “ px, y, zq R I . Therefore, for any given z ą x the assessment px, y, zq is not
coherent because px, y, zq R I . Then the upper bound on z is z2 “ z “ maxtx, yu.
piiq In this case maxpx, yq “ y. We prove that the assessment px, y, maxpx, yqq is
coherent. We observe that

px, y, yq “ yQ3 ` p1 ´ yqQ5.

Then, the vector Λ “ p0, 0, y, 0, 1 ´ y, 0q is a solution of (2.7). We have

ϕ1pΛq “
ÿ

h:ChĎH

λh “ 0; ϕ2pΛq “
ÿ

h:ChĎpK^pA_H̄qq

λh “ 1 ą 0;

ϕ3pΛq “
ř

h:ChĎpH_Kq λh “ 1 ą 0.

Let S 1 “ tp0, 0, y, 0, 1 ´ y, 0qu denote a subset of the set S of all solutions of (2.7). We
have that M1

1 “ 0, M1
2 “ 1, M1

3 “ 1. It follows that I 1
0 “ 1. The sub-assessment x on

tA|Hu is coherent @x P r0, 1s. Then, by Theorem 2, the assessment px, y, maxpx, yqq

on F is coherent @px, yq P r0, 1s2.
In order to verify that z2 “ maxpx, yq “ y is the upper bound for z, we ob-

serve that if maxtx, yu “ 1, then px, 1, zq with z ą 1 is incoherent. Let us as-
sume that x ď y ă 1. We observe that the points Q3, Q5, Q6 belong to the plane
π : 1´y

1´x X ´
xp1´yq

1´x ` Y ´ Z “ 0, where X, Y, Z are the axes coordinates.

Now, by considering the function f pX, Y, Zq “
1´y
1´x X ´

xp1´yq

1´x ` Y ´ Z, we observe
that f pQ1q “ f pQ4q “ 1 ´ y ą 0, f pQ2q “

y´x
1´x ą 0 f pQ3q “ f pQ5q “ f pQ6q “ 0.

Then, for every P “
ř6

h“1 λhQh, with
ř6

h“1 λh “ 1 and λh ě 0, that is P P I , it
holds that f pPq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ě 0. On the other side, given

z ą y, by considering P “ px, y, zq it holds that f pPq “ y ´ z ă 0 and hence
P “ px, y, zq R I . Therefore, for any given z ą y the assessment px, y, zq is not
coherent because px, y, zq R I . Then the upper bound on z is z2 “ y “ maxtx, yu.
Finally, for each given px, yq P r0, 1s, as px, y, z1q and px, y, z2q are coherent, by the
Fundamental theorem of probability, any assessment px, y, zq with z P rz1, z2s is co-
herent too. Then, the assessment px, y, zq on F is coherent for every px, yq P r0, 1s2

and z P rz1, z2s.

Remark 12 (Property P3). From Theorem 7 it follows that any probability assessment
px, y, zq P r0, 1s3 on F “ tA|H, pB|Kq|CpA|Hq, pA|Hq ^S pB|Kqu, for which z “ xy, is
coherent. In other words, any assessment which satisfies property P3 is coherent. For in-
stance, the assessment p1, 0, 0q on F is coherent. However, when xy ă maxtx, yu, there are
coherent probability assessments which do not satisfy property P3. Indeed, any assessment
px, y, zq, with xy ă z ď maxtx, yu, is coherent. Then, property P3 is not satisfied in general
by the pair p^S, |Cq. For instance the assessment p1, 0, 1q on F is coherent. However, the
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assessment p1, 0, 1q, on tA, B|A, ABu is not coherent because does not satisfy the compound
probability theorem.

We illustrate in the following example some counterintuitive (probabilistic) as-
pects of the invalidity of properties P1, P2, and P3.

Example 3. Let two independent random quantities X and Y be given. We assume that
X P t1, . . . , 6u, with PpX “ hq “ 1

6 , h “ 1, . . . , 6, and Y P t0, 1u, with PpY “ 0q “ PpY “

1q “ 1
2 . We set A “ pX ě 3q, H “ pX ě 2q, B “ pY “ 1q, and K “ pY “ 0q. From (2.4),

as B “ sK, it follows that

pB|Kq|CpA|Hq “ sK|pK ^ p sH _ Aqq “ H|pK ^ p sH _ Aqq. (2.8)

Moreover, since

pA|Hq ^S pB|Kq “ p sH _ AHq ^ psK _ BKq|pH _ Kq “ pAH sKq|pH _ Kq, (2.9)

and pH _ Kq ^ p sH _ Aq “ AH _ sHK, it holds that

ppA|Hq ^S pB|Kqq|CpA|Hq “ pAH sK|pH _ Kqq|CpA|Hq “ AH sK|ppH _ Kq ^ p sH _ Aqq “

“ AH sK|pAH _ sHKq.
(2.10)

From (2.8) and (2.10) it follows that ppA|Hq ^S pB|Kqq|CpA|Hq ‰ pB|Kq|CpA|Hq, and
hence property P1 is not satisfied. Concerning the probabilistic aspects we observe that
PppB|Kq|CpA|Hqq “ 0, while

PpppA|Hq ^S pB|Kqq|CpA|Hqq “ PpAH sK|pAH _ sHKqq “
PpAsKq

PpAHq`Pp sHKq

“
4
6

1
2

4
6 ` 1

6
1
2

“ 4
9 ‰ 0.

From (2.8) and (2.9) it holds that pA|Hq ^S pB|Kq ę pB|Kq|CpA|Hq and hence property P2
is not satisfied. Moreover,

PppA|Hq ^S pB|Kqq “ PpAH sK|pH _ Kqq “
PpAsKq

PpH_Kq

“
4
6 ¨ 1

2
5
6 ` 1

2 ´ 5
6 ¨ 1

2
“ 4

11 ą 0 “ PppB|Kq|CpA|Hqq.

We also obtain (the counterintuitive result) that the probability of the conjunction is greater
than the probability of one of the two conjuncts, indeed it holds that PppA|Hq ^S pB|Kqq “
4
11 ą 0 “ PpB|Kq. Therefore,

0 “ PpA|HqPppB|Kq|CpA|Hqq ‰ PppA|Hq ^S pB|Kqq “
4

11

and hence property P3 is not satisfied.

2.2.4 Property P4

We check the validity of property P4 for the iterated conditioning |C by studying the
set of all coherent probability assessments on the family tA|H, B|K, pB|Kq|CpA|Hqu

(Theorem 8).

Theorem 8. Let A, B, H, K be any logically independent events. The probability assess-
ments P “ px, y, zq on the family of conditional events F “ tA|H, B|K, pB|Kq|CpA|Hqu is
coherent for every px, y, zq P r0, 1s3.
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Proof. We recall that pB|Kq|CpA|Hq “ B|pK ^ p sH _ Aqq. Then, the constituents
Ch’s and the points Qh’s associated with the assessment P “ px, y, zq on F “

tA|H, B|K, B|pK ^ p sH _ Aqqu are (see also Table 2.3)

C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sAHBK, C5 “ sAHsBK,
C6 “ sAH sK, C7 “ sHBK, C8 “ sH sBK, C0 “ sH sK,

and

Q1 “ p1, 1, 1q, Q2 “ p1, 0, 0q, Q3 “ p1, y, zq, Q4 “ p0, 1, zq, Q5 “ p0, 0, zq,
Q6 “ p0, y, zq, Q7 “ px, 1, 1q, Q8 “ px, 0, 0q,P “ Q0 “ px, y, zq.

The system pΣq in (1.6) associated with the pair pF ,Pq becomes

Ch A|H B|K pB|Kq|CpA|Hq Qh
C1 AHBK 1 1 1 Q1
C2 HsBK 1 0 0 Q2
C3 AH sK 1 y z Q3
C4 sAHBK 0 1 z Q4
C5 sAHsBK 0 0 z Q5
C6 sAH sK 0 y z Q6
C7 sHBK x 1 1 Q7
C8 sH sBK x 0 0 Q8
C0 sH sK x y z Q0

TABLE 2.3: Constituents and points Qh’ associated with F “ tA|H, B|K, pB|Kq|CpA|Hqu, the
probability assessment P “ px, y, zq.

$

’

’

’

’

&

’

’

’

’

%

λ1 ` λ2 ` λ3 ` xλ7 ` xλ8 “ x,
λ1 ` yλ3 ` λ4 ` yλ6 ` λ7 “ y,
λ1 ` zλ3 ` zλ4 ` zλ5 ` zλ6 ` λ7 “ z,
λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 ` λ7 ` λ8 “ 1,
λi ě 0, i “ 1, . . . , 8.

(2.11)

We observe that P belongs to the segment with end points Q3, Q6; indeed px, y, zq “

xQ3 ` p1 ´ xqQ6 “ xp1, y, zq ` p1 ´ xqp0, y, zq. The vector Λ “ p0, 0, x, 0, 0, 1 ´ x, 0, 0q

is a solution of (2.11), with

ϕ1pΛq “
ÿ

h:ChĎH

λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 “ 1 ą 0,

ϕ2pΛq “
ÿ

h:ChĎK

λh “ λ1 ` λ2 ` λ4 ` λ5 ` λ7 ` λ8 “ 0,

ϕ3pΛq “
ÿ

h:ChĎppA_ sHq^Kq

λh “ λ1 ` λ2 ` λ7 ` λ8 “ 0.

We set S 1 “ tΛu and we get I 1
0 “ t2, 3u. So we obtain F 1

0 “ tB|K, B|pK ^ p sH _ Aqqu

and P 1
0 “ py, zq. By recalling Example 1 the sub-assessment py, zq on tB|K, B|pK ^

p sH _ Aqqu is coherent for every py, zq P r0, 1s2. Thus, by Theorem 3, the assessment
px, y, zq on F is coherent @px, y, zq P r0, 1s3.

Remark 13 (Property P4). We observe that the probability propagation rule valid for
unconditional events (Property P4) is no longer valid for Cooper-Calabrese’s iterated
conditional. Indeed, from Theorem 8, any probability assessment px, y, zq on F “
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FIGURE 2.1: Convex hull of the points Qi for i “ 1, . . . , 8 associated with the pair pF ,Pq,
where P “ px, y, zq and F “ tA|H, B|K, pB|Kq|CpA|Hqu. In the figure the numerical values
are: x “ 0.5, y “ 1, z “ 0.5.

tA|H, B|K, pB|Kq|CpA|Hqu, with px, y, zq P r0, 1s3 is coherent. For instance, the assess-
ment p1, 1, 0q on F is coherent, while it is not coherent on tA, B, B|Au.

We briefly sum up here the results obtained in this section (see also Table 6.1)
for the iterated conditioning |C. We verified that |C does not satisfy any of the de-
sirable properties P1-P4 we considered in Section 4.1. More precisely, we verified
that pB|Kq|CpA|Hq ‰ ppA|Hq ^S pB|Kqq|CpA|Hq. Thus, P1 does not hold. Further-
more, ppA|Hq ^S pB|Kqq ę pB|Kq|CpA|Hq. So P2 does not hold either. Still fur-
ther, PpA|HqPppB|Kq|CpA|Hqq ‰ PppA|Hq ^S pB|Kqq for some probability P. Thus,
P3 does not hold. Finally, we proved that every assessment px, y, zq P r0, 1s3 on
tA|H, B|K, pB|Kq|CpA|Hqu is coherent. From this it follows that P4 does not hold. We
also observed that Import-Export Principle is satisfied.

2.3 The iterated conditional in the trivalent logic of de
Finetti.

In this section we analyse the notion of iterated conditional introduced by de Finetti
in [32]. After recalling that the notion of conjunction and disjunction of conditionals
introduced by de Finetti in [32] coincide with ^K and _K (see Section 1.4), we check
the validity of the Import-Export principle and of the properties P1-P4 for this
iterated conditional in the corresponding trivalent logic.

Definition 9. Given any pair of conditional events A|H and B|K, de Finetti iterated condi-
tional, denoted by pB|Kq|dFpA|Hq, is defined as

pB|Kq|dFpA|Hq “ B|pAHKq. (2.12)
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Ch pA|Hq ^K pB|Kq pB|Kq|dFpA|Hq ppA|Hq ^K pB|Kqq|dFpA|Hq

AHBK True True True
AHsBK False False False

AH sK _ sHBK _ sH sK Void Void Void
sAH _ sH sBK False Void Void

TABLE 2.4: Truth table of pA|Hq ^K pB|Kq, pB|Kq|dFpA|Hq, and ppA|Hq ^K pB|Kqq|dFpA|Hq.

Remark 14 (Import-Export principle for |dF). By applying Definition 9 with H “ Ω, it
holds that

pB|Kq|dF A “ B|AK, (2.13)

which shows that the Import-Export principle [80] is satisfied by |dF. Then, from (2.5), it
follows that

pB|Kq|C A “ pB|Kq|dF A “ B|AK.

2.3.1 Property P1

To check property P1 we observe that from (2.12) it holds that

ppA|Hq ^K pB|Kqq|dFpA|Hq “ pAHBK|pHK _ sAH _ sBKqq|dFpA|Hq “

AHBK|pAHK _ AHsBKq “ AHBK|AHK “ pB|Kq|dFpA|Hq.
(2.14)

Then, property P1 is satisfied by the pair p^K, |dFq (see also Table 2.4).

2.3.2 Property P2

From Table 2.4 we also observe that relation P2 is satisfied by p^K, |dFq. Indeed,
according to the Equation (1.1), if pA|Hq ^K pB|Kq is true, then pB|Kq|dFpA|Hq is true;
if pB|Kq|dFpA|Hq is false, then pA|Hq ^K pB|Kq is false. Thus, since pA|Hq ^K pB|Kq Ď

pB|Kq|dFpA|Hq, from (1.5) it follows that pA|Hq ^K pB|Kq ď pB|Kq|dFpA|Hq.

2.3.3 Property P3

We consider now the following results regarding the coherence of a probability as-
sessment on tA|H, pB|Kq|dFpA|Hq, pA|Hq ^K pB|Kqu (Theorem 9) in order to check the
validity of property P3 for the pair p^K, |dFq.

Theorem 9. Let A, B, H, K be any logically independent events. A probability assessment
P “ px, y, zq on the family of conditional events F “ tA|H, pB|Kq|dFpA|Hq, pA|Hq ^K
pB|Kqu is coherent if and only if px, yq P r0, 1s2 and z P rz1, z2s, where z1 “ 0 and z2 “ xy.

Proof. The constituents Ch’s and the point Qh’s associated with the assessment P “

px, y, zq on F are

C1 “ AHBK, C2 “ sAHBK _ sAHsBK _ sAH sK “ sAH,
C3 “ AHsBK, C4 “ sH sBK, C5 “ AH sK, C0 “ sHBK _ sH sK,

and
Q1 “ p1, 1, 1q, Q2 “ p0, y, 0q, Q3 “ p1, 0, 0q,
Q4 “ px, y, 0q, Q5 “ p1, y, zq,P “ Q0 “ px, y, zq.

The system pΣq in (1.6) associated with the pair pF ,Pq becomes
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Ch A|H pB|Kq|dFpA|Hq pA|Hq ^K pB|Kq Qh
C1 AHBK 1 1 1 Q1
C2 sAH 0 y 0 Q2
C3 AHsBK 1 0 0 Q3
C4 sH sBK x y 0 Q4
C5 AH sK 1 y z Q5
C0 sHBK _ sH sK x y z Q0

TABLE 2.5: Constituents Ch and points Qh associated with F “

tA|H, pB|Kq|dFpA|Hq, pA|Hq ^K pB|Kqu, the probability assessment P “ px, y, zq.

$
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λ1 ` λ3 ` xλ4 ` λ5 “ x,
λ1 ` yλ2 ` yλ4 ` yλ5 “ y,
λ1 ` zλ5 “ z,
λ1 ` λ2 ` λ3 ` λ4 ` λ5 “ 1,
λi ě 0, i “ 1, . . . , 5.

(2.15)

Lower bound We first prove that the assessment px, y, 0q is coherent for every
px, yq P r0, 1s2. We observe that P “ px, y, 0q “ Q4, so a solution of (2.15) is given by
Λ “ p0, 0, 0, 1, 0q.
Then, by considering the function ϕ as defined in (1.7), it holds that

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ5 “ 0,
ϕ2pΛq “

ř

h:ChĎpAHKq λh “ λ1 ` λ3 “ 0,
ϕ3pΛq “

ř

h:ChĎpAHBK_ĀH_B̄Kq λh “ λ1 ` λ2 ` λ3 ` λ4 “ 1 ą 0.

Let S 1 “ tp0, 0, 0, 1, 0qu denote a subset of the set S of all solutions of (2.15). We
have that M1

1 “ 0, M1
2 “ 0, M1

3 “ 1 (as defined in (1.8)). Then I1
0 “ t1, 2u and we set

K “ F 1
0 “ tA|B, pB|Kq|dFpA|Hqu and V “ P 1

0 “ px, yq. The constituents Ch’s and the
point Qh’s associated with the assessment P 1

0 on F 1
0 are

C1 “ AHBK, C2 “ sAHBK _ sAHsBK _ sAH sK “ sAH,
C3 “ AHsBK, C4 “ AH sK, C0 “ sH sK _ sHBK _ sH sBK “ sH,

and
Q1 “ p1, 1q, Q2 “ p0, yq, Q3 “ p1, 0q, Q4 “ p1, yq,P “ Q0 “ px, yq.

The system pΣq in (1.6) associated with the pair pK,Vq becomes
$

’

’

&

’

’

%

λ1 ` λ3 ` λ4 “ x,
λ1 ` yλ2 ` yλ4 “ y,
λ1 ` λ2 ` λ3 ` λ4 “ 1,
λi ě 0, i “ 1, . . . , 4.

(2.16)

We observe that px, yq “ p1 ´ xqQ2 ` xQ4 so a solution of (2.16) is Λ “ p0, 1 ´ x, 0, xq.
By considering the function ϕ as defined in (1.7), it holds that

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 “ 1,
ϕ2pΛq “

ř

h:ChĎpAHKq λh “ λ1 ` λ3 “ 0,

Let S 1 “ tp0, 1 ´ x, 0, xqu denote a subset of the set S of all solutions of (2.16). We have
that M1

1 “ 0, M1
2 “ 1, (as defined in (1.8)). Then, the set I1

0 associated with pK,Vq
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is I1
0 “ t2u. We observe that the sub-assessment y on tpB|Kq|dFpA|Hqu is coherent

for every y P r0, 1s. Then, by Theorem 2, the assessment px, y, 0q on F is coherent
@px, yq P r0, 1s2.

Upper bound We verify that the assessment px, y, xyq on F is coherent for ev-
ery px, yq P r0, 1s2. Moreover, we show that z2 “ xy is the upper bound for z “

PppA|Hq ^K pB|Kqq by showing that any assessment px, y, zq on F with px, yq P r0, 1s2

and z ą xy is not coherent.
We observe that

px, y, xyq “ xyQ1 ` p1 ´ xqQ2 ` xp1 ´ yqQ3.

Then, the vector Λ “ pxy, 1 ´ x, xp1 ´ yq, 0, 0q is a solution of (2.15). Moreover, it
holds that

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ5 “ 1 ą 0,
ϕ2pΛq “

ř

h:ChĎpAHKq λh “ λ1 ` λ3 “ xy ` 1 ´ x,
ϕ3pΛq “

ř

h:ChĎpAHBK_ĀH_B̄Kq λh “ λ1 ` λ2 ` λ3 ` λ4 “ 1 ą 0.

Let S 1 “ tpxy, 1 ´ x, xp1 ´ yq, 0, 0qu denote a subset of the set S of all solutions of
(2.15). We have that M1

1 “ 1, M1
2 “ xy ` 1 ´ x, M1

3 “ 1 (as defined in (1.8)). We
distinguish two cases: piq px ‰ 1q _ py ‰ 0q, piiq px “ 1q ^ py “ 0q. In the case piq
we get M1

1 ą 0, M1
2 ą 0, M1

3 ą 0 and hence I1
0 “ H. By Theorem 2, the assessment

px, y, xyq is coherent @px, yq P r0, 1s2. In the case piiq we get M1
1 ą 0, M1

2 “ 0, M1
3 ą 0,

then I1
0 “ t2u. We observe that the sub-assessment P 1

0 “ y on F 1
0 “ tpB|Kq|dFpA|Hqu

is coherent for every y P r0, 1s. Then, by Theorem 2, the assessment px, y, xyq on F is
coherent @px, yq P r0, 1s2.
We verify that z2 “ xy is the upper bound for z, by showing that the assessment
px, y, zq is incoherent when z ą xy.
Let z ą xy. We distinguish the following cases: paq y ‰ 0; pbq y “ 0.
Case paq. We observe that the points Q1, Q2, Q3 belong to the plane π : yX ` Y ´ Z “

y, where X, Y, Z are the axes coordinates. We set f pX, Y, Zq “ yX ` Y ´ Z and we
observe that f pPq “ f px, y, zq “ xy ` y ´ z. For each h “ 1, 2, 3, 4, 5, we compute the
difference f pQhq ´ f pPq. We have

f pQ1q ´ f pPq “ f pQ2q ´ f pPq “ f pQ3q ´ f pPq “ z ´ xy;
f pQ4q ´ f pPq “ z; f pQ5q ´ f pPq “ y ´ xy “ yp1 ´ xq;

We consider the sub-cases: piq x ă 1; piiq x “ 1.
piq We recall that, by setting the stakes s1 “ y, s2 “ 1, s3 “ ´1, it holds that gh “

f pQhq ´ f pPq, h “ 1, . . . , 5, where gh is the value of the random gain G associated
with the constituent Ch Ď H. As x ă 1, it follows that gh “ f pQhq ´ f pPq ą 0,
h “ 1, . . . , 5. Thus, as there exist ps1, s2, s3q such that min GH max GH ą 0, it follows
that the assessment px, y, zq is not coherent when z ą xy and x ă 1.
piiq. In this case, as x “ 1, it follows that P “ px, y, zq “ p1, y, zq “ Q5 P I . Then, the
vector Λ “ p0, 0, 0, 0, 1q is a solution of (2.15). Then, by considering the function ϕ as
defined in (1.7), it holds that

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ5 “ 1 ą 0,
ϕ2pΛq “

ř

h:ChĎpAHKq λh “ λ1 ` λ3 “ 0,
ϕ3pΛq “

ř

h:ChĎpAHBK_ĀH_B̄Kq λh “ λ1 ` λ2 ` λ3 ` λ4 “ 0.



Chapter 2. A probabilistic analysis of selected notions of iterated conditioning
under coherence

29

Then, we get I0 Ď t2, 3u. and we study the coherence of the sub-assessment
P0 “ py, zq on F0 “ tpB|Kq|dFpA|Hq, pA|Hq ^K pB|Kqu.
The constituents Ch’s and the point Qh’s associated with the pair pP0,F0q are

C1 “ AHBK, C2 “ sAH _ sH sBK,
C3 “ AHsBK, C0 “ sH sK _ AH sK _ sHBK,

with Ch Ď H “ HBK _ sAH _ sBK, h “ 1, 2, 3. The associated points Qh’s are

Q1 “ p1, 1q, Q2 “ py, 0q, Q3 “ p0, 0q, P “ Q0 “ px, y, zq.

As shown in Figure 2.3 the convex hull I of the points Q1, Q2, and Q3 is the triangle
of vertices p1, 1q, py, 0q, and p0, 0q. We observe that P0 “ py, zq R I because z ą y.
Then, the sub-assessment P0 on F0 is not coherent. Therefore, by Theorem 2, the
assessment P “ p1, y, zq on F is not coherent too.

Notice that, if y “ 0, p0, zq P I ðñ z “ 0, so if z ą 0 the assessment is not
coherent.

FIGURE 2.2: Convex hull of the points Q1, Q2, Q3, Q4, Q5 associated with the pair pF ,Pq,
where F “ tA|H, pB|Kq|dFpA|Hq, pA|Hq ^K pB|Kqu and P “ px, y, zq. In the figure the nu-
merical values are: x “ 1, y “ 0.5, z “ 0.5. Notice that Q5 “ P .

So in this case we have that the probability assessment is coherent if and only if
z ď xy.

Case pbq. In this case y “ 0. We have already analyse the situation px “ 1q ^ py “

0q in the precedent case, so let’s assume x ‰ 1.
We observe that the points Q1, Q2, Q5 belong to the plane π : zX ` p1 ´ zqY ´ Z “ 0,
where X, Y, Z are the axes coordinates. We set f pX, Y, Zq “ zX ` p1 ´ zqY ´ Z and
we observe that f pPq “ f px, y, zq “ ´p1 ´ xqz. For each h “ 1, 2, 3, 4, 5, we consider
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FIGURE 2.3: Convex hull of the points Q1, Q2, Q3 associated with the pair pP0,F0q, where
P0 “ py, zq and F0 “ tpB|Kq|dFpA|Hq, pA|Hq ^K pB|Kqu. In the figure the numerical values
are: y “ 0.5 and z “ 0.6.

the quantity f pQhq ´ f pPq. Then, we obtain

f pQ1q ´ f pPq “ zp1 ´ xq;
f pQ2q ´ f pPq “ zp1 ´ xq;
f pQ3q ´ f pPq “ zp2 ´ xq;
f pQ4q ´ f pPq “ z;
f pQ5q ´ f pPq “ zp1 ´ xq;

We recall that, by setting the stakes s1 “ z, s2 “ 1 ´ z, s3 “ ´1, it holds that gh “

f pQhq ´ f pPq, h “ 1, . . . , 5, where gh is the value of the random gain G associated
with the constituent Ch Ď H. As x ă 1, it follows that gh “ f pQhq ´ f pPq ą 0,
h “ 1, . . . , 5. Thus, as there exist ps1, s2, s3q such that min GH max GH ą 0, it follows
that the assessment px, y, zq is not coherent when z ą xy and y “ 0.
We conclude that z2 “ xy is the upper bound for z.

Remark 15 (Property P3). From Theorem 9 any probability assessment px, y, zq on F “

tA|H, pB|Kq|dFpA|Hq, pA|Hq ^K pB|Kqu, with px, yq P r0, 1s2 and 0 ď z ď xy, is coherent.
Then, any assessment which satisfies property P3 is coherent. Moreover, as z “ xy is not the
unique coherent extension of the conjunction pA|Hq ^K pB|Kq, the quantity PppA|Hq ^K
pB|Kqq could not coincide with the product PppB|Kq|dFpA|HqqPpA|Hq. For example, if we
choose the probability assessment P “ p1, 1, 0q, we observe that P is coherent on F because
0 P rz1, z2s “ r0, 1s. However, we observe that P on tA, B|A, ABu is not coherent because
PpABq “ 0 ‰ PpB|AqPpAq.
Then, property P3 is not satisfied by the pair p^K, |dFq.

2.3.4 Property P4

To check the validity of property P4 for the iterated conditioning |dF we study the
set of all coherent probability assessments on the family tA|H, B|K, pB|Kq|dFpA|Hqu
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(Theorem 10).

Theorem 10. Let A, B, H, K be any logically independent events. The probability assess-
ments P “ px, y, zq on the family of conditional events F “ tA|H, B|K, pB|Kq|dFpA|Hqu is
coherent for every px, y, zq P r0, 1s3.

Proof. The constituents Ch’s and the points Qh’s associated with the assessment P “

px, y, zq on F are (see also Table)

C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sAHBK, C5 “ sAHsBK,
C6 “ sAH sK, C7 “ sHBK, C8 “ sH sBK, C0 “ sH sK,

and

Q1 “ p1, 1, 1q, Q2 “ p1, 0, 0q, Q3 “ p1, y, zq, Q4 “ p0, 1, zq, Q5 “ p0, 0, zq,
Q6 “ p0, y, zq, Q7 “ px, 1, zq, Q8 “ px, 0, zq,P “ Q0 “ px, y, zq.

The system pΣq in (1.6) associated with the pair pF ,Pq becomes

Ch A|H B|K pB|Kq|dFpA|Hq Qh
C1 AHBK 1 1 1 Q1
C2 AHsBK 1 0 0 Q2
C3 AH sK 1 y z Q3
C4 sAHBK 0 1 z Q4
C5 sAHsBK 0 0 z Q5
C6 sAH sK 0 y z Q6
C7 sHBK x 1 z Q7
C8 sH sBK x 0 z Q8
C0 sH sK x y z Q0

TABLE 2.6: Constituents and points Qh’ associated with F “ tA|H, B|K, pB|Kq|dFpA|Hqu, the
probability assessment P “ px, y, zq.

$

’

’

’

’

&

’

’

’

’

%

λ1 ` λ2 ` λ3 ` xλ7 ` xλ8 “ x,
λ1 ` yλ3 ` λ4 ` yλ6 ` λ7 “ y,
λ1 ` zλ3 ` zλ4 ` zλ5 ` zλ6 ` zλ7 ` zλ8 “ z,
λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 ` λ7 ` λ8 “ 1,
λi ě 0, i “ 1, . . . , 8.

(2.17)

We observe that P belongs to the segment with end points Q3, Q6; indeed px, y, zq “

xQ3 ` p1 ´ xqQ6 “ xp1, y, zq ` p1 ´ xqp0, y, zq.
P also belongs to the segment ĞQ7Q8, px, y, zq “ yQ7 ` p1 ´ yqQ8 “ ypx, 1, zq ` p1 ´

yqpx, 0, zq.
Then

px, y, zq “
x
2

p1, y, zq `
1 ´ x

2
p0, y, zq `

y
2

px, 1, zq `
1 ´ y

2
px, 0, zq,

so the vector Λ “ p0, 0, x
2 , 0, 0, 1´x

2 , y
2 , 1´y

2 q is a solution of (2.17), with

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5λ6 “ 1
2 ą 0,

ϕ2pΛq “
ř

h:ChĎK λh “ λ1 ` λ2 ` λ4 ` λ5 ` λ7 ` λ8 “ 1
2 ,

ϕ3pΛq “
ř

h:ChĎAHK λh “ λ1 ` λ2 “ 0.

Let S 1 “ tp0, 0, x
2 , 0, 0, 1´x

2 , y
2 , 1´y

2 qu denote a subset of the set S of all solutions of
(2.17). We have that M1

1 “ 1
2 , M1

2 “ 1
2 , M1

3 “ 0 (1.8). We get I 1
0 “ t3u. We observe



Chapter 2. A probabilistic analysis of selected notions of iterated conditioning
under coherence

32

that the sub-assessment z on tpB|Kq|dFpA|Hqu is coherent for every z P r0, 1s. Then,
by Theorem 2, the assessment px, y, zq on F is coherent @px, y, zq P r0, 1s3.

Remark 16 (Property P4). We observe that the probability propagation rule valid
for unconditional events (property P4) is no longer valid for de Finetti’s iterated con-
ditional. Indeed, from Theorem 10, any probability assessment px, y, zq on F “

tA|H, B|K, pB|Kq|dFpA|Hqu, with px, y, zq P r0, 1s3 is coherent. For instance, the assess-
ment p1, 1, 0q is coherent on F but it is not coherent on tA, B, B|Au.

We briefly sum up here the results obtained in this section (see also Table
6.1) for the iterated conditioning |dF. We verified that |dF satisfies both properties
P1 and P2. Indeed, pB|Kq|dFpA|Hq “ ppA|Hq ^K pB|Kqq|dFpA|Hq and ppA|Hq ^K
pB|Kqq ď pB|Kq|dFpA|Hq. However, the iterated conditioning |dF does not sat-
isfy property P3, because PpA|HqPppB|Kq|dFpA|Hqq ‰ PppA|Hq ^K pB|Kqq for some
probability P. Moreover, we showed that every assessment px, y, zq P r0, 1s3 on
tA|H, B|K, pB|Kq|dFpA|Hqu is coherent and from this it follows that property P4 does
not hold. We also observed that Import-Export Principle is satisfied by |dF.

2.4 The iterated conditional in the trivalent logic of Farrell.

In this section we consider another definition of iterated conditional as a suitable
conditional event which was proposed by Farrell in [37, p. 385] (see also [36]). In
his trivalent logic, the author uses ^K and _K as conjunction and disjunction of
conditional events (Section 1.4), respectively. We first recall the definition of the
iterated conditional, then we check the validity of the Import-Export principle and
of the properties P1-P4.

Definition 10. Given any pair of conditional events A|H and B|K, Farrell iterated condi-
tional, here denoted by pB|Kq|FpA|Hq, is defined as the conditional event

pB|Kq|FpA|Hq “ AHBK|pAHBK _ AHsBK _ sH sBKq. (2.18)

Remark 17 (Import-Export principle for |F). By applying (2.18) with H “ Ω, it holds
that

pB|Kq|F A “ ABK|pABK _ AsBKq “ B|AK.

Then, as pB|Kq|F A “ B|AK, the Import-Export principle is satisfied by |F. Moreover, by
recalling (2.5) and (2.13), it follows that

pB|Kq|F A “ pB|Kq|C A “ pB|Kq|dF A “ B|AK.

2.4.1 Property P1

By recalling that pA|Hq ^K pB|Kq “ AHBK|pAHBK _ sAH _ sBKq, from (2.18) it fol-
lows that

ppA|Hq ^K pB|Kqq|FpA|Hq “ pAHBK|pAHBK _ sAH _ sBKqq|FpA|Hq “

AHBK|pAHBK _ AHsBK _ sH sBKq “ pB|Kq|FpA|Hq.
(2.19)

Then, as ppA|Hq ^K pB|Kqq|FpA|Hq “ pB|Kq|FpA|Hq, Property P1 is satisfied by the
pair p^K, |Fq. This relation can also be obtained by observing that the truth values of
pB|Kq|FpA|Hq and of ppA|Hq ^K pB|Kqq|FpA|Hq in Table 2.7 coincide.
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Ch pA|Hq ^K pB|Kq pB|Kq|FpA|Hq ppA|Hq ^K pB|Kqq|FpA|Hq

AHBK True True True
AHsBK _ sH sBK False False False

AH sK _ sHBK _ sH sK Void Void Void
sAH False Void Void

TABLE 2.7: Truth table of pA|Hq ^K pB|Kq, pB|Kq|FpA|Hq, and ppA|Hq ^K pB|Kqq|FpA|Hq.

2.4.2 Property P2

We observe that (see Table 2.7) the iterated conditional pB|Kq|FpA|Hq is true when
the conjunction pA|Hq ^K pB|Kq is true; moreover, the conjunction pA|Hq ^K pB|Kq is
false when the iterated conditional pB|Kq|FpA|Hq is false. Then, pA|Hq ^K pB|Kq Ď

pB|Kq|FpA|Hq. Thus, it follows from (1.5) that pA|Hq ^K pB|Kq ď pB|Kq|FpA|Hq,
which means that P2 is satisfied by p^K, |Fq.

2.4.3 Property P3

To check the validity of property P3 for pB|Kq|FpA|Hq we study the set of coherent
probability assessments on the family F “ tA|H, pB|Kq|FpA|Hq, pA|Hq ^K pB|Kqu.

Theorem 11. Let A, B, H, K, be any logically independent events. A probability assessment
P “ px, y, zq on the family of conditional events F “ tA|H, pB|Kq|FpA|Hq, pA|Hq ^K
pB|Kqu is coherent if and only if px, yq P r0, 1s2 and z P rz1, z2s, where z1 “ 0 and z2 “

TH
0 px, yq, where

TH
0 px, yq “

#

0, if x “ 0 or y “ 0
xy

x`y´xy , if x ‰ 0 and y ‰ 0,

is the Hamacher t-norm with parameter λ “ 0.

Proof. We recall that tA|H, pB|Kq|FpA|Hq, pA|Hq ^K pB|Kqu “

tA|H, AHBK|pAHBK _ AHsBK _ sH sBKq, AHBK|pAHBK _ sAH _ sBKqu. Then,
H3 “ H _ pAHBK _ AHsBK _ sH sBKq _ pAHBK _ sAH _ sBKq “ H _ sH sBK. The
constituents Ch’s and the point Qh’s associated with the assessment P “ px, y, zq on
F are (see Table 2.8)

C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sAHBK _ sAHsBK _ sAH sK “ sAH,
C5 “ sH sBK, C0 “ sHBK _ sH sK,

and
Q1 “ p1, 1, 1q, Q2 “ p1, 0, 0q, Q3 “ p1, y, zq,
Q4 “ p0, y, 0q, Q5 “ px, 0, 0q, P “ Q0 “ px, y, zq.

The system pΣq in (1.6) associated with the pair pF ,Pq becomes
$

’

’

’

’

&

’

’

’

’

%

λ1 ` λ2 ` λ3 ` xλ5 “ x,
λ1 ` yλ3 ` yλ4 “ y,
λ1 ` zλ3 “ z,
λ1 ` λ2 ` λ3 ` λ4 ` λ5 “ 1,
λi ě 0, i “ 1, . . . , 5.

(2.20)

Lower bound We first prove that the assessment px, y, 0q is coherent for every
px, yq P r0, 1s2. We observe that P “ px, y, 0q “ xQ3 ` p1 ´ xqQ4, so a solution of
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Ch A|H pB|Kq|FpA|Hq pA|Hq ^K pB|Kq Qh
C1 AHBK 1 1 1 Q1
C2 AHsBK 1 0 0 Q2
C3 AH sK 1 y z Q3
C4 sAH 0 y 0 Q4
C5 sH sBK x 0 0 Q5
C0 sHBK _ sH sK x y z Q0

TABLE 2.8: Constituents and points Qh’s associated with F “

tA|H, pB|Kq|FpA|Hq, pA|Hq ^K pB|Kqu and P “ px, y, zq.

(2.20) is given by Λ “ p0, 0, x, 1 ´ x, 0q.
Then, by considering the function ϕ as defined in (1.7), it holds that

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 “ 1 ą 0,
ϕ2pΛq “

ř

h:ChĎpAHBK_AHsBK_ sH sBKq λh “ λ1 ` λ2 ` λ5 “ 0,
ϕ3pΛq “

ř

h:ChĎpAHBK_ĀH_B̄Kq λh “ λ1 ` λ2 ` λ4 ` λ5 “ 1 ´ x.

Let S 1 “ tp0, 0, x, 1 ´ x, 0qu denote a subset of the set S of all solutions of (2.20). We
have that M1

1 “ 1, M1
2 “ 0, M1

3 “ 1 ´ x (as defined in (1.8)). We distinguish two
cases: piq x ‰ 1; piiq x “ 1.

piq In this case, M1
1 ą 0, M1

2 “ 0, M1
3 ą 0 and hence I1

0 “ t2u. We observe that the
sub-assessment P 1

0 “ y on F 1
0 “ tpB|Kq|FpA|Hqu is coherent for every y P r0, 1s.

Then, by Theorem 3, the assessment px, y, 0q on F is coherent @px, yq P r0, 1s2;

piiq We have that M1
1 ą 0, M1

2 “ M1
3 “ 0 and hence I1

0 “ t2, 3u. We set K “ F 1
0 “

tpB|Kq|FpA|Hq, pA|Hq ^K pB|Kqu and V “ P 1
0 “ py, 0q. By Theorem 3, as (2.20)

is solvable and I1
0 “ t2, 3u, it is sufficient to check the coherence of the sub-

assessment V on K in order to check the coherence of px, y, 0q. We have that
H2 “ pAHBK _ AHsBK _ sH sBKq _ pAHBK _ sAH _ sBKq “ AHBK _ sAH _ sBK.
The constituents Ch’s and the point Qh’s associated with the assessment V on
K are

C1 “ AHBK, C2 “ AHsBK _ sH sBK, C3 “ sAH, C0 “ AH sK _ sH sK _ sHBK,

and
Q1 “ p1, 1q, Q2 “ p0, 0q, Q3 “ py, 0q, P 1

0 “ Q0 “ py, 0q.

We have that H2 “ C1 _ ¨ ¨ ¨ _ C3 “ AHBK _ sAH _ sBK. The system pΣq in (1.6)
associated with the pair pK,Vq becomes

$

’

’

&

’

’

%

λ1 ` yλ3 “ y,
λ1 “ 0,
λ1 ` λ2 ` λ3 “ 1,
λi ě 0, i “ 1, . . . , 3.

(2.21)

We observe that V “ py, 0q “ Q3 so a solution of (2.21 is Λ “ p0, 0, 1q.
By considering the function ϕ as defined in (1.7), it holds that

ϕ1pΛq “
ř

h:ChĎpAHBK_AHsBK_ sH sBKq λh “ λ1 ` λ2 “ 0,
ϕ2pΛq “

ř

h:ChĎpAHBK_ sAH_sBKq λh “ λ1 ` λ2 ` λ3 “ 1.
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Let S 1 “ tp0, 0, 1qu denote a subset of the set S of all solutions of (2.20). We
have that M1

1 “ 0, M1
2 “ 1, (as defined in (1.8)). Then, the set I1

0 associated with
pK,Vq is I1

0 “ 1. We observe that the sub-assessment y on tpB|Kq|dFpA|Hqu is
coherent for every y P r0, 1s. Then, by Theorem 3, the sub-assessment py, 0q

on K is coherent for every y P r0, 1s and hence the assessment px, y, 0q on F is
coherent @px, yq P r0, 1s2. Thus, z1 “ 0 is the lower bound of z “ PppA|Hq ^K
pB|Kqq, for every px, yq P r0, 1s on tA|H, pB|Kq|FpA|Hqu.

Upper bound To study the upper bound z2 of z “ PppA|Hq ^K pB|Kqq we dis-
tinguish the following cases: paq x “ 0; pbq y “ 0; pcq x ‰ 0 and y ‰ 0.
paq. In this case system (2.20) associated to the pair pF , p0, y, zqq becomes

$

’

’

’

’

&

’

’

’

’

%

λ1 ` λ2 ` λ3 “ 0,
λ1 ` yλ3 ` yλ4 “ y,
λ1 ` zλ3 “ z,
λ1 ` λ2 ` λ3 ` λ4 ` λ5 “ 1,
λi ě 0, i “ 1, . . . , 5.

ðñ

$

’

’

’

’

&

’

’

’

’

%

λ1 “ λ2 “ λ3 “ 0,
yλ4 “ y
z “ 0,
λ4 ` λ5 “ 1,
λi ě 0, i “ 4, 5,

(2.22)

which is solvable only if z “ 0. We have already verified that P “ px, y, 0q is coherent
on F for all px, yq P r0, 1s2, hence, in particular, p0, y, 0q is coherent. We observe
that system (2.22) with z ą 0 is not solvable, then the assessment p0, y, zq, with
z ą 0 is not coherent. Thus, z2 “ 0 is the upper bound for z when x “ 0 and y P r0, 1s.

pbq. We recall that the pair p^K, |Fq satisfies property P2, that is z ď y. As
y “ 0, it follows that z “ 0. We have already verified that P “ px, y, 0q is coherent
on F for all px, yq P r0, 1s2, hence, in particular, px, 0, 0q is coherent. We also observe
that the assessment px, 0, zq, with z ą 0 is not coherent, because the pair py “ 0, zq

violates property P2. Thus, z2 “ 0 is the upper bound for z when x P r0, 1s and y “ 0.

(c) Fist of all, we verify that the assessment P “ px, y, xy
x`y´xy q on F is coher-

ent. Then, we verify that z2 “
xy

x`y´xy is the upper bound for z, by showing that
px, y, zq, with z ą z2, is incoherent for every px, yq P r0, 1s2.
We observe that

P “ px, y,
xy

x ` y ´ xy
q “

xy
x ` y ´ xy

Q1 `
yp1 ´ xq

x ` y ´ xy
Q4 `

xp1 ´ yq

x ` y ´ xy
Q5.

Then a solution of (2.20) is Λ “ p
xy

x`y´xy , 0, 0, yp1´xq

x`y´xy , xp1´yq

x`y´xy q and it holds that

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 “
y

x`y´xy ,
ϕ2pΛq “

ř

h:ChĎpAHBK_AHsBK_ sH sBKq λh “ λ1 ` λ2 ` λ5 “ x
x`y´xy ,

ϕ3pΛq “
ř

h:ChĎpAHBK_ĀH_B̄Kq λh “ λ1 ` λ2 ` λ4 ` λ5 “ 1 ą 0.

Let S 1 “ tp
xy

x`y´xy , 0, 0, yp1´xq

x`y´xy , xp1´yq

x`y´xy qu be a subset S of all solutions of (2.20). We
have that M1

1 ą 0, M1
2 ą 0, M1

3 ą 0 (as defined in (1.8)). Then, by Theorem3 the
assessment px, y, xy

x`y´xy q is coherent for every x ‰ 0 and y ‰ 0.
Now we prove that in this case z2 “

xy
x`y´xy is the upper bound for z.

We distinguish two sub-cases: piq x “ 1, piiq x ‰ 1.
piq We recall that the pair p^K, |Fq satisfies property P2 and hence z ď y. Then, when
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x “ 1, as xy
x`y´xy “ y, we have that any assessment z ą

xy
x`y´xy “ y is not coherent.

Therefore, z2 “
xy

x`y´xy “ y is the upper bound for z “ PppA|Hq ^K pB|Kqq.
piiq We recall that in this case x P p0, 1q and y ‰ 0. We observe that the points

Q1, Q4, Q5 belong to the plane π : yX ` xY ´ px ` y ´ xyqZ “ xy, where X, Y, Z
are the axes coordinates. We set f pX, Y, Zq “ yX ` xY ´ px ` y ´ xyqZ ´ xy, we
choose P “ px, y, zq with z ą

xy
x`y´xy , i.e. px ` y ´ xyqz ´ xy ą 0, and we observe

that f pPq “ xy ´ px ` y ´ xyqz. For each h “ 1, . . . , 5, we consider the quantity
f pQhq ´ f pPq. Then, we obtain

f pQ1q ´ f pPq “ px ` y ´ xyqz ´ xy ą 0;
f pQ2q ´ f pPq “ yp1 ´ xq ` px ` y ´ xyqz ´ xy ą 0;
f pQ3q ´ f pPq “ y ´ xy “ yp1 ´ xq ą 0;
f pQ4q ´ f pPq “ px ` y ´ xyqz ´ xy ą 0;
f pQ5q ´ f pPq “ px ` y ´ xyqz ´ xy ą 0.

(2.23)

We recall that, by setting the stakes s1 “ y, s2 “ x, s3 “ ´x ´ y ` xy, it holds that gh “

f pQhq ´ f pPq, h “ 1, . . . , 5, where gh is the value of the random gain G associated
with the constituent Ch Ď H3. From (2.23) we obtain that gh “ f pQhq ´ f pPq ą 0,
h “ 1, . . . , 5. Thus, as there exist ps1, s2, s3q such that min GH max GH ą 0, it follows
that the assessment px, y, zq is not coherent when z ą

xy
x`y´xy .

We conclude that z2 “
xy

x`y´xy is the upper bound for z.
Therefore z2 “ TH

0 px, yq is the upper bound for z, for every px, yq P r0, 1s2.

Remark 18 (Property P3). From Theorem 11 it follows that any probability assessment
px, y, zq on F “ tA|H, pB|Kq|FpA|Hq, pA|Hq ^K pB|Kqu, with px, yq P r0, 1s2 and
z “ xy, is coherent because xy P rz1, z2s, where z1 “ 0 and z2 “ TH

0 px, yq. Then,
any assessment which satisfies property P3 is coherent. Moreover, as z “ xy is not the
unique coherent extension, the quantity PppA|Hq ^K pB|Kqq could not coincide with the
product PppB|Kq|FpA|HqqPpA|Hq. For example, if we choose the probability assessment
P “ p1, 1, 0q, we observe that P is coherent on F , because 0 P rz1, z2s “ r0, 1s. How-
ever, we observe that the assessment P “ p1, 1, 0q on tA, B|A, ABu is not coherent, because
PpABq “ 0 ‰ PpB|AqPpAq “ 1. Then, property P3 is not satisfied by the pair p^K, |Fq.

2.4.4 Property P4

To check the validity of property P4 for the iterated conditioning |F we study the set
of all coherent probability assessments on the family tA|H, B|K, pB|Kq|FpA|Hqu.

Theorem 12. Let A, B, H, K be any logically independent events. The probability assess-
ment P “ px, y, zq on the family of conditional events F “ tA|H, B|K, pB|Kq|FpA|Hqu is
coherent for every px, y, zq P r0, 1s3.

Proof. The constituents Ch’s and the points Qh’s associated with the assessment P “

px, y, zq on F are (see also Table2.9)

C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sAHBK, C5 “ sAHsBK,
C6 “ sAH sK, C7 “ sHBK, C8 “ sH sBK, C0 “ sH sK,

and

Q1 “ p1, 1, 1q, Q2 “ p1, 0, 0q, Q3 “ p1, y, zq, Q4 “ p0, 1, zq, Q5 “ p0, 0, zq,
Q6 “ p0, y, zq, Q7 “ px, 1, zq, Q8 “ px, 0, 0q,P “ Q0 “ px, y, zq.
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Ch A|H B|K pB|Kq|FpA|Hq Qh
C1 AHBK 1 1 1 Q1
C2 AHsBK 1 0 0 Q2
C3 AH sK 1 y z Q3
C4 sAHBK 0 1 z Q4
C5 sAHsBK 0 0 z Q5
C6 sAH sK 0 y z Q6
C7 sHBK x 1 z Q7
C8 sH sBK x 0 0 Q8
C0 sH sK x y z Q0

TABLE 2.9: Constituents and points Qh’s associated with F “ tA|H, B|K, pB|Kq|FpA|Hqu and
P “ px, y, zq.

We observe that C1 _ ¨ ¨ ¨ _ C8 “ H _ K “ H3. The system pΣq in (1.6) associated
with the pair pF ,Pq becomes

$

’

’

’

’

&

’

’

’

’

%

λ1 ` λ2 ` λ3 ` xλ7 ` xλ8 “ x,
λ1 ` yλ3 ` λ4 ` yλ6 ` λ7 “ y,
λ1 ` zλ3 ` zλ4 ` zλ5 ` zλ6 ` zλ7 “ z,
λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 ` λ7 ` λ8 “ 1,
λi ě 0, i “ 1, . . . , 8.

(2.24)

We observe that P belongs to the segment with end points Q3, Q6; indeed px, y, zq “

xQ3 ` p1 ´ xqQ6 “ xp1, y, zq ` p1 ´ xqp0, y, zq. Then, the vector Λ “ p0, 0, x, 0, 0, 1 ´

x, 0, 0q is a solution of (2.24), with

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 “ 1,
ϕ2pΛq “

ř

h:ChĎK λh “ λ1 ` λ2 ` λ4 ` λ5 ` λ7 ` λ8 “ 0,
ϕ3pΛq “

ř

h:ChĎrAHBK_AHsBK_ sH sBKs λh “ λ1 ` λ2 ` λ8 “ 0.

Let S 1 “ tp0, 0, x, 0, 0, 1 ´ x, 0, 0qu be a subset S of all solutions of (2.24). We have
that M1

1 ą 0, M1
2 “ 0, M1

3 “ 0 (as defined in (1.8)). Then, I1
0 “ t2, 3u. We check

the coherence of the sub-assessment P 1
0 “ py, zq on F 1

0 “ tB|K, pB|Kq|FpA|Hqu. The
constituents Ch’s and the point Qh’s associated with the assessment P 1

0 on F 1
0 are

C1 “ AHBK, C2 “ AHsBK _ sH sBK,
C3 “ sAHBK _ sHBK, C4 “ sAHsBK, C0 “ sK,

and
Q1 “ p1, 1q, Q2 “ p0, 0q, Q3 “ p1, zq, Q4 “ p0, zq,P “ Q0 “ py, zq.

We observe that C1 _ ¨ ¨ ¨ _ C4 “ K “ H2. The system pΣq in (1.6) associated with the
pair pF0,P0q becomes

$

’

’

&

’

’

%

λ1 ` λ3 “ y,
λ1 ` zλ3 ` zλ4 “ z,
λ1 ` λ2 ` λ3 ` λ4 “ 1,
λi ě 0, i “ 1, . . . , 4.

(2.25)
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We observe that py, zq “ yQ3 ` p1 ´ yqQ4 so a solution of (2.25 is Λ0 “ p0, 0, y, 1 ´ yq.
By considering the function ϕ1 it holds that

ϕ1pΛq “
ř

h:ChĎK λh “ λ1 ` λ2 ` λ3 ` λ4 “ 1,
ϕ2pΛq “

ř

h:ChĎrAHBK_AHsBK_ sH sBKs λh “ λ1 ` λ2 “ 0.

Let S 1 “ tp0, 0, y, 1 ´ yqu be a subset S of all solutions of (2.25). We have that M1
1 ą 0,

M1
2 “ 0 (as defined in (1.8)). Then, I1

0 “ t2u. We observe that the sub-assessment z on
tpB|Kq|FpA|Hqu is coherent for every z P r0, 1s. Then, by Theorem 3, the assessment
px, y, zq on F is coherent @px, y, zq P r0, 1s3.

Remark 19 (Property P4). We observe that the probability propagation rule valid for un-
conditional events (property P4) is no longer valid for Farrell’s iterated conditional. Indeed,
from Theorem 12, any probability assessment px, y, zq on F “ tA|H, B|K, pB|Kq|FpA|Hqu,
with px, y, zq P r0, 1s3 is coherent. For instance, the assessment p1, 1, 0q is coherent on F
but it is not coherent on tA, B, B|Au.

We briefly sum up here the results obtained in this section (see also Table 6.1)
for the iterated conditioning |F. We verified that the |F satisfies both properties P1
and P2. Indeed, pB|Kq|FpA|Hq “ ppA|Hq ^K pB|Kqq|FpA|Hq and ppA|Hq ^K pB|Kqq ď

pB|Kq|FpA|Hq. However, the iterated conditioning |F does not satisfy property
P3, because PpA|HqPppB|Kq|FpA|Hqq ‰ PppA|Hq ^K pB|Kqq for some probability
P. Moreover, we showed that every assessment px, y, zq P r0, 1s3 is coherent on
tA|H, B|K, pB|Kq|FpA|Hqu and hence property P4 is not satisfied. Finally, we ob-
served that Import-Export Principle is satisfied by |F.

2.5 Iterated conditionals and compound prevision theorem

We observe that none of the iterated conditioning operations, |C, |dF, and |F, stud-
ied in the previous sections satisfies the compound probability theorem P3. In this
section, we consider iterated conditionals which, among other things, satisfy prop-
erty P3. We first recall a structure used for defining, in the framework of conditional
random quantities, the iterated conditioning |gs. Then, we introduce four notions of
iterated conditioning which are based on the same structure and on the four con-
junctions of trivalent logics recalled in Section 1. For all these new objects we check
the validity of the basic properties.

We recall that in [91] (see also [53]), by using the structure

l|⃝ “ l ^ ⃝ ` Ppl|⃝qĎ⃝, (2.26)

with l “ B|K, ⃝ “ A|H ‰ H, and l ^ ⃝ “ pB|Kq ^gs pA|Hq, the iterated condi-
tional pB|Kq|gspA|Hq has been defined as the following conditional random quantity

pB|Kq|gspA|Hq “ pA|Hq ^gs pB|Kq ` µgs p sA|Hq, (2.27)

where µgs “ PrpB|Kq|gspA|Hqs. We underline that when l “ A,⃝ “ H formula
(2.26) reduces to formula (1.4). We also recall that ([53])

PrpA|Hq ^gs pB|Kqs “ PrpB|Kq|gspA|HqsPpA|Hq. (2.28)

Moreover, in [57, Definition 7], by exploiting the structure (2.26), the iterated con-
ditioning |gs has been extended to the case of conjoined conditionals. More pre-
cisely, denoting by CpF1q (resp., CpF2q) the ^gs-conjunction of the conditional events
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in a finite family of conditional events F1 (resp., F2), the iterated conditional
CpF2q|gsCpF1q has been defined as

CpF2q|gsCpF1q “ CpF2q ^gs CpF1q ` µp1 ´ CpF1qq “ CpF1 Y F2q ` µp1 ´ CpF1qq,
(2.29)

where µ “ PrCpF2q|gsCpF1qs. In addition, it holds [57, Equation (8)] that

PrCpF2q ^gs CpF1qs “ PrCpF2q|gsCpF1qsPrCpF1qs. (2.30)

Formulas (2.28) and (2.30) generalise the compound probability theorem recalled in
(1.13).

We now introduce the different notions of iterated conditioning, beyond |gs, ob-
tained with the structure (2.26), by using the trivalent logic conjunctions ^K, ^L, ^B,
and ^S, recalled in Section 1. Among other things, we will show that a formula like
(2.28) still holds for each of these new objects.

Definition 11. Given two conditional events A|H, B|K, with AH ‰ H, for each i P

tK, L, B, S, gsu, we define the iterated conditional pB|Kq|ipA|Hq as

pB|Kq|ipA|Hq “ pA|Hq ^i pB|Kq ` µi p sA|Hq, (2.31)

where µi “ PrpB|Kq|ipA|Hqs.

Remark 20. In a betting framework, by setting PrpB|Kq|ipA|Hqs “ µi, i P tK, L, B, S, gsu,
then for every real number s you agree to pay an amount sµi in order to receive the random
quantity s ¨ pB|Kq|ipA|Hq. The associated random gain is

G “ srpB|Kq|ipA|Hq ´ µis “ srpA|Hq ^i pB|Kq ` µi p sA|Hq ´ µis. (2.32)

We observe that, for each i P tK, L, S, gsu, if sA|H is true, as pA|Hq ^i pB|Kq “ 0 (see Table
1.1), it follows that pB|Kq|ipA|Hq “ µi, for every µi, and hence G “ spµi ´ µiq “ 0. In
other words, for i P tK, L, S, gsu the bet on pB|Kq|ipA|Hq is called off when the antecedent
A|H is false. Concerning i “ B, if sAHK is true, as pA|Hq ^B pB|Kq “ 0 (see Table 1.1), it
follows that pB|Kq|BpA|Hq “ µB and hence G “ 0. Then, the bet on pB|Kq|BpA|Hq is called
off when the antecedent A|H is false and B|K is not void. As we will see in Remark 22, for
each iterated conditional pB|Kq|ipA|Hq, i P tK, L, B, S, gsu, there are other cases where the
bet is called off, i.e. pB|Kq|ipA|Hq “ µi.

Now, we check the validity of properties P1–P4, introduced in Section 4.1, for
each iterated conditioning |i, i P tK, L, B, S, gsu.

2.5.1 Property P1

In the next result we show that each iterated conditioning |i, i P tK, L, B, Su, satisfies
property P1.

Theorem 13. Given two conditional events A|H, B|K, with AH ‰ H, it holds that

ppA|Hq ^i pB|Kqq|ipA|Hq “ pB|Kq|ipA|Hq, i P tK, L, B, Su. (2.33)

Proof. Let i P tK, L, B, Su be given. We set PrpB|Kq|ipA|Hqs “ µi and PrppA|Hq ^

pB|Kqq|ipA|Hqs “ νi. By Definition 11, as pA|Hq ^i pA|Hq ^i pB|Kq “ pA|Hq ^i pB|Kq,
it holds that

ppA|Hq ^i pB|Kqq|ipA|Hq “ pA|Hq ^i pB|Kq ` νip sA|Hq. (2.34)
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Then, as pB|Kq|ipA|Hq “ pA|Hq ^i pB|Kq ` µip sA|Hq, in order to prove (2.33) it
is enough to verify that νi “ µi. We observe that ppA|Hq ^i pB|Kqq|ipA|Hq ´

pB|Kq|ipA|Hq “ pνi ´ µiqp sA|Hq, where νi ´ µi “ PrppA|Hq ^i pB|Kqq|ipA|Hq ´

pB|Kq|ipA|Hqs. By setting PpA|Hq “ x, it holds that

pνi ´ µiqp sA|Hq “

$

&

%

0, if A|H “ 1,
νi ´ µi, if A|H “ 0,
pνi ´ µiqp1 ´ xq, if A|H “ x, 0 ă x ă 1.

Notice that, in the betting scheme, νi ´ µi is the amount to be paid in order to receive
the random amount pνi ´ µiqp sA|Hq. Then, by coherence, νi ´ µi must be a linear
convex combination of the possible values of pνi ´ µiqp sA|Hq, by discarding the cases
where the bet is called off, that is the cases where you receive back the paid amount
νi ´ µi, whatever νi ´ µi is. In other words, coherence requires that νi ´ µi must
belong to the convex hull of the set t0, pνi ´ µiqp1 ´ xqu, that is νi ´ µi “ α ¨ 0 ` p1 ´

αqpνi ´ µiqp1 ´ xq, for some α P r0, 1s. Then, as 0 ă x ă 1, we observe that the
previous equality holds if and only if νi ´ µi “ 0, that is νi “ µi. Therefore, equality
(2.33) holds.

We recall that |gs satisfies property P1. Indeed, for the generalised iterated con-
ditional (2.29) it holds that ([57, Theorem 5])

CpF2q|gsCpF1q “ CpF1 Y F2q|gsCpF1q. (2.35)

Then, by applying (2.35) with F1 “ tA|Hu, F2 “ tB|Ku, it follows that

pB|Kq|gspA|Hq “ ppA|Hq ^gs pB|Kqq|gspA|Hq.

Thus, property P1 is satisfied by each iterated conditioning |i P t|K, |L, |B, |S, |gsu.

2.5.2 Property P2

We show that each iterated conditioning |i, i P tK, L, B, S, gsu, satisfies property P2.
We observe that, coherence requires µi ě 0, i P tK, L, B, S, gsu (see Remark 21 in
Section 2.5.3). Then, for each i P tK, L, B, S, gsu, as pA|Hq ^i pB|Kq ď pA|Hq ^i pB|Kq `

µip sA|Hq, from (2.31) it follows that

pA|Hq ^i pB|Kq ď pB|Kq|ipA|Hq, (2.36)

and hence PrpA|Hq ^i pB|Kqs ď PrpB|Kq|ipA|Hqs.

2.5.3 Property P3

We already recalled in equation (2.28) that the iterated conditioning |gs satisfies P3.
Then, by setting zgs “ PrpA|Hq ^gs pB|Kqs, µgs “ PrpB|Kq|gspA|Hqs, and x “ PpA|Hq

it holds that zgs “ xµgs. By exploiting the structure (2.26), we show below that
P3 is also valid for |K, |L, |B, and |S. Indeed, by the linearity property of a coherent
prevision, from (2.31) we obtain that

µi “ PrpB|Kq|ipA|Hqs “ PppB|Kq ^i pA|Hqq ` µiPp sA|Hq “

“ PppB|Kq ^i pA|Hqq ` µi Pp sA|Hq “ zi ` µip1 ´ xq ,
(2.37)
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where x “ PpA|Hq and zi “ PppA|Hq ^i pB|Kqq, i P tK, L, B, Su. As µi “ zi ` µip1 ´ xq,
it follows that

zi “ µix, i P tK, L, B, Su.

Therefore, coherence requires that

PrpA|Hq ^i pB|Kqs “ PrpB|Kq|ipA|HqsPpA|Hq, i P tK, L, B, S, gsu, (2.38)

which states that the compound prevision formula for iterated conditionals (prop-
erty P3) is valid for each iterated conditioning |i, i P tK, L, B, S, gsu.

Remark 21. Notice that, as PpA|Hq ě 0 and PrpA|Hq ^i pB|Kqs ě 0 for i P

tK, L, B, S, gsu, from (2.38) it follows that PrpB|Kq|ipA|Hqs ě 0, i P tK, L, B, S, gsu.

We set PpA|Hq “ x, PpB|Kq “ y, PppA|Hq ^i pB|Kqq “ zi, i P tK, L, B, Su,
PrpA|Hq ^i pB|Kqs “ zgs, and PrpB|Kq|ipA|Hqs “ µi, i P tK, L, B, S, gsu. Then,
based on Definition 11 and on the compound prevision theorem, for each |i, i P

tK, L, B, S, gsu, we obtain the random quantities pB|Kq|ipA|Hq illustrated below.

• p|Kq. We recall that pA|Hq ^K pB|Kq “ AHBK|pHK _ AH _ BKq, then we have

pB|Kq|KpA|Hq “ AHBK|pHK _ AH _ BKq ` µKpĀ|Hq “

“

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

1, if AHBK is true,
0, if AHsBK is true,
zK, if AH sK is true,
zK ` µKp1 ´ xq, if sHBK _ sH sK is true,
µKp1 ´ xq, if sH sBK is true,
µK, if sAH is true.

(2.39)

From (2.38), coherence requires that zK “ xµK and zK ` µKp1 ´ xq “ µK. Then,
we obtain

pB|Kq|KpA|Hq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

1, if AHBK is true,
0, if AHsBK is true,
xµK, if AH sK is true,
µKp1 ´ xq, if sH sBK is true,
µK, if sAH _ sHBK _ sH sK is true.

(2.40)

• p|Lq. We recall that pA|Hq ^L pB|Kq “ AHBK|pAHBK _ A H _ BK _ H Kq, then
we have

pB|Kq|LpA|Hq “ AHBK|pAHBK _ A H _ BK _ H Kq ` µLpĀ|Hq “

“

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

1, if AHBK is true,
0, if AHsBK is true,
zL, if AH sK is true,
zL ` µLp1 ´ xq, if sHBK is true,
µLp1 ´ xq, if sH sBK _ sH sK is true,
µL, if sAH is true.

(2.41)
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From (2.38), coherence requires that zL “ xµL and zL ` µLp1 ´ xq “ µL. Then,
we obtain

pB|Kq|LpA|Hq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

1, if AHBK is true,
0, if AHsBK is true,
xµL, if AH sK is true,
µLp1 ´ xq, if sH sBK _ sH sK is true,
µL, if sAH _ sHBK is true.

(2.42)

• p|Bq. We recall that pA|Hq ^B pB|Kq “ AHBK|BK, then we have

pB|Kq|BpA|Hq “ AHBK|HK ` µBpĀ|Hq “

“

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

1, if AHBK is true,
0, if AHsBK is true,
zB, if AH sK is true,
zB ` µB, if sAH sK is true,
zB ` µBp1 ´ xq, if sH is true,
µB, if sAHBK _ sAHsBK is true.

(2.43)

From (2.38), coherence requires that zB “ xµB and zB ` µBp1 ´ xq “ µB. Then,
we obtain

pB|Kq|BpA|Hq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

1, if AHBK is true,
0, if AHsBK is true,
xµB, if AH sK is true,
µBp1 ` xq, if sAH sK is true,
µB, if sH _ sAHBK _ sAHsBK is true.

(2.44)

• p|Sq. We recall that pA|Hq ^S pB|Kq “ ppAH _ Hq ^ pBK _ Kqq|pH _ Kq, then we
have

pB|Kq|SpA|Hq “ ppAH _ Hq ^ pBK _ Kqq|pH _ Kq ` µSp sA|Hq “

“

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

1, if AHB _ AH sK is true,
0, if AHsBK is true,
1 ` µSp1 ´ xq, if sHBK is true,
µSp1 ´ xq, if sH sBK is true,
zS ` µSp1 ´ xq, if sH sK is true,
µS if sAH is true.

(2.45)

From (2.38), coherence requires that zS “ xµS and zS ` µSp1 ´ xq “ µS. Then,
we obtain

pB|Kq|SpA|Hq “

$
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’

’

’

’

’

&

’

’

’

’

’

’

%

1, if AHB _ AH sK is true,
0, if AHsBK is true,
1 ` µSp1 ´ xq, if sHBK is true,
µSp1 ´ xq, if sH sBK is true,
µS if sAH _ sH sK is true.

(2.46)
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• p|gsq. We recall that pA|Hq ^gs pB|Kq “ pAHBK ` x sHBK ` y sAHKq|pH _ Kq, then
we have ([53])

pB|Kq|gspA|Hq “ pAHBK ` x sHBK ` yAH sKq|pH _ Kq ` µgsp sA|Hq “

“
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%

1, if AHBK is true,
0, if AHsBK is true,
y, if AH sK is true,
x ` µgsp1 ´ xq, if sHBK is true,
µgsp1 ´ xq, if sH sBK is true,
zgs ` µgsp1 ´ xq, if sH sK is true,
µgs, if sAH is true.

(2.47)

From (2.38), coherence requires that zgs “ xµgs and zgs ` µgsp1 ´ xq “ µgs.
Then, we recall that

pB|Kq|gspA|Hq “
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’
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1, if AHBK is true,
0, if AHsBK is true,
y, if AH sK is true,
x ` µgsp1 ´ xq, if sHBK is true,
µgsp1 ´ xq, if sH sBK is true,
µgs, if sAH _ sH sK is true.

(2.48)

In Table 2.10 we summarize the possible values of the iterated conditionals
pB|Kq|ipA|Hq, i P tK, L, B, S, gsu.

pB|Kq|KpA|Hq pB|Kq|LpA|Hq pB|Kq|BpA|Hq pB|Kq|SpA|Hq pB|Kq|gspA|Hq

AHBK 1 1 1 1 1
AHBK 0 0 0 0 0
AHK xµK xµL xµB 1 y
AHBK µK µL µB µS µgs
AHBK µK µL µB µS µgs
AH K µK µL µBp1 ` xq µS µgs
HBK µK µL µB 1+ µSp1 ´ xq x ` µgsp1 ´ xq

H BK µKp1 ´ xq µLp1 ´ xq µB µSp1 ´ xq µgsp1 ´ xq

H K µK µLp1 ´ xq µB µS µgs

TABLE 2.10: Numerical values of pB|Kq|ipA|Hq, i P tK, L, B, S, gsu. We denotes PpA|Hq “ x,
PpB|Kq “ y, and PrpB|Kq|ipA|Hqs “ µi, i P tK, L, B, S, gsu.

Remark 22. In addition to the cases considered in Remark 20, based on property P3 (see
Table 2.10), for each i P tK, L, B, S, gsu, there are other situations where pB|Kq|ipA|Hq “ µi,
for every µi, and hence the associated bet is called off. For example, the iterated conditional
pB|Kq|KpA|Hq coincides with µK not only when sA|H is true, but also when sHBK, or sH sK,
is true. Moreover, a bet on these iterated conditionals could also be called off for values of x
as well. For instance, pB|Kq|KpA|Hq reduces to µK, when x “ 1 and AH sK is true, or when
x “ 0 and sH sBK is true.
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2.5.4 Property P4

In this section, for each i P tK, L, B, Su, we find the set of all coherent assess-
ments on the family tA|H, B|K, pA|Hq ^i pB|Kq, pB|Kq|ipA|Hqu. Moreover, for each
i P tK, L, B, Su, we determine the interval of coherent extensions on pB|Kq|ipA|Hq

and we check the validity of property P4. Then, we recall that property P4 is satis-
fied by |gs.

The iterated conditioning |K

Theorem 14. Let A, B, H, K be any logically independent events. The set Π of all the coher-
ent assessments px, y, z, µq on the family F “ tA|H, B|K, pA|Hq ^K pB|Kq, pB|Kq|KpA|Hqu

is Π “ Π1 Y Π2, where Π1 “ tpx, y, z, µq : x P p0, 1s, y P r0, 1s, z P rz1, z2s, µ “ z
x u with

z1 “ 0, z2 “ mintx, yu, and Π2 “ tp0, y, 0, µq : py, µq P r0, 1s2u.

Proof. It is well-known that the assessment px, yq on tA|H, B|Ku is coherent for every
px, yq P r0, 1s2. By Table (1.2), the assessment z “ PppA|Hq ^K pB|Kqq is a coherent ex-
tension of px, yq if and only if z P rz1, z2s where z1 “ 0 and z2 “ mintx, yu. Assuming
x ą 0, from (2.38), it holds that µ “ z

x . Then, every px, y, z, µq P Π1 is coherent, i.e.,
Π1 Ď Π. Of course, if x ą 0 and px, y, z, µq R Π1, then the assessment px, y, z, µq is not
coherent, i.e. px, y, z, µq R Π.
Let us consider now the case x “ 0, so that z1 “ 0 and z2 “ 0. We show that the
assessment p0, y, 0, µq is coherent if and only if py, µq P r0, 1s2, that is Π2 Ď Π.

As x “ 0, from (2.40), it holds that

pB|Kq|KpA|Hq “

$

’

&

’

%

1, if AHBK is true,
0, if AHsBK _ AH sK is true,
µ, if sAH _ sHBK _ sH sBK _ sH sK is true,

(2.49)

that is pB|Kq|KpA|Hq “ AHBK ` µp sA _ sHq. Moreover we have that AHBK ` µp sA _
sHq and the conditional event BK|AH “ AHBK ` ηp sA _ sHq, where η “ PpBK|AHq,
coincide when AH is true. Then, from Theorem 1, it follows that µ “ η and
hence pB|Kq|KpA|Hq and BK|AH should also coincide when AH is false. Thus,
pB|Kq|KpA|Hq and BK|AH coincide in all cases. Therefore F “ tA|H, B|K, pA|Hq ^K
pB|Kq, pB|Kq|KpA|Hqu “ tA|H, B|K, AHBK|pAHBK _ AH _ BKq, BK|AHu and H4 “

H _ K _ pAHBK _ AH _ BKq _ AH “ H _ K. The constituents Ch’s and the points
Qh’s associated with pF ,Pq, where P “ p0, y, 0, µq are the following:

C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sAHBK, C5 “ sAHsBK,
C6 “ sAH sK, C7 “ sHBK, C8 “ sH sBK, C0 “ sH sK,

and

Q1 “ p1, 1, 1, 1q, Q2 “ p1, 0, 0, 0q, Q3 “ p1, y, 0, 0q, Q4 “ p0, 1, 0, µq, Q5 “ p0, 0, 0, µq,
Q6 “ p0, y, 0, µq, Q7 “ p0, 1, 0, µq, Q8 “ p0, 0, 0, µq, Q0 “ p0, y, 0, µq.

The constituents contained in H4 “ H _ K are C1, . . . , C8. The system pΣq in (1.6)
associated with the pair pF ,Pq is
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’
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λ1 ` λ2 ` λ3 “ 0,
λ1 ` yλ3 ` λ4 ` yλ6 ` λ7 “ y,
λ1 “ 0,
λ1 ` µλ4 ` µλ5 ` µλ6 ` µλ7 ` µλ8 “ µ
λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 ` λ7 ` λ8 “ 1,
λi ě 0, i “ 1, . . . , 8.

(2.50)

We observe that, as y P r0, 1s, P belongs to the segment with end points Q4, Q5
because P “ yQ4 ` p1 ´ yqQ5. Then, Λ “ p0, 0, 0, y, 1 ´ y, 0, 0, 0q is a solution of (2.50)
with

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 “ 1 ą 0,
ϕ2pΛq “

ř

h:ChĎK λh “ λ1 ` λ2 ` λ4 ` λ5 ` λ7 ` λ8 “ 1 ą 0,
ϕ3pΛq “

ř

h:ChĎpAHBK_AH_BKq
λh “ λ1 ` λ2 ` λ4 ` λ5 ` λ6 ` λ8 “ 1 ą 0,

ϕ4pΛq “
ř

h:ChĎAH λh “ λ1 ` λ2 ` λ3 “ 0.

Let S 1 “ tp0, 0, 0, y, 1 ´ y, 0, 0, 0qu denote a subset of the set S of all solutions of (2.50).
We have that M1

1 “ M1
2 “ M1

3 “ 1 and M1
4 “ 0 (as defined in (1.8)). It follows that

I1
0 “ t4u. As the sub-assessment P 1

0 “ µ on F 1
0 “ tBK|AHu is coherent @µ P r0, 1s,

by Theorem 2, it follows that the assessment p0, y, 0, µq on F “ tA|H, B|K, pA|Hq ^K
pB|Kq, pB|Kq|KpA|Hqu is coherent for every py, µq P r0, 1s2, that is p0, y, 0, µq P Π2.
Thus Π2 Ď Π. Of course, if p0, y, z, µq R Π2 the assessment p0, y, z, µq is not coherent
and hence p0, y, z, µq R Π. Therefore Π “ Π1 Y Π2.

Based on Theorem 14, we obtain

Theorem 15. Let A, B, H, K be any logically independent events. Given any assessment
px, yq P r0, 1s2 on tA|H, B|Ku, for the iterated conditional pB|Kq|KpA|Hq the extension
µK “ PppB|Kq|KpA|Hqq is coherent if and only if µK P rµ1

K, µ2
Ks, where

µ1
K “ 0, µ2

K “

"

min
␣

1, y
x

(

, if x ą 0;
1, if x “ 0.

(2.51)

Proof. Of course, the assessment px, yq on tA|H, B|Ku is coherent. Assume that x ą 0.
We simply write µ instead of µK. From Theorem 14, it follows that the set of all
coherent assessments px, y, z, µq on F “ tA|H, B|K, pA|Hq ^K pB|Kq, pB|Kq|KpA|Hqu

is Π1 “ tpx, y, z, µq : 0 ă x ď 1, 0 ď y ď 1, z1 ď z ď z2, µ “ z
x u, where z1 “ 0 and

z2 “ mintx, yu (1.2). Then, µ is a coherent extension of px, yq if and only if µ P rµ1, µ2s,
where µ1 “ 0 and µ2 “ z2

x “ min
␣

1, y
x

(

. Assume that x “ 0. From Theorem
14, it follows that the set of all coherent assessments px, y, z, µq on F “ tA|H, B|K,
pA|Hq ^K pB|Kq, pB|Kq|KpA|Hqu is Π2 “ tp0, y, 0, µq : py, µq P r0, 1s2u. Then, µ is a
coherent extension to pB|Kq|KpA|Hq of p0, yq on tA|H, B|Ku if and only if µ P rµ1, µ2s,
where µ1 “ 0 and µ2 “ 1.

Remark 23. We notice that the lower and upper bounds µ1
K and µ2

K for pB|Kq|KpA|Hq,
given in (2.51), do not coincide with the lower and upper bound µ1 and µ2 for B|A, given
in (2.1). In particular, the extension µK “ 0 to pB|Kq|KpA|Hq of p1, 1q on tA|H, B|Ku

is coherent because, as µ1
K “ 0, the assessment p1, 1, 0q on tA|H, B|K, pB|Kq|KpA|Hqu is

coherent. However, µ “ 0 is not a coherent extension to B|A of p1, 1q on tA, Bu, because, as
µ1 “

maxt1`1´1,0u

1 “ 1, the assessment p1, 1, 0q on tA, B, B|Au is not coherent. Therefore,
property P4 is not satisfied by |K.
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In the following example we show that the invalidity of property P4 leads to
some counterintuitive aspects.

Example 4. In a random experiment we are supposed to pick a ball from one of two bags, U
and V, both containing white balls. We do not know which of the two bags is selected. We
set H ““the ball is picked from the bag U” (and hence sH ““the ball is picked from the bag
V”) and A ““the drawn ball is white”. Of course PpA|Hq “ PpA| sHq “ 1. Based on (2.39)
it holds that

pA| sHq|KpA|Hq “ pA| sHq ^K pA|Hq ` µK p sA|Hq “ AH sH|pH sH _ sAH _ sA sHq ` µK p sA|Hq “

“ H| sA ` µK p sA|Hq “ 0 ` µK p sA|Hq “ 0,

because, by coherence, µK “ 0. Then, PrpA| sHq|KpA|Hqs “ 0 is the unique coherent exten-
sion of PpA|Hq “ PpA| sHq “ 1. Thus, when using |K, the iterated conditional if the drawn
ball is white if picked from U, then it is white if picked from V has a prevision of 0,
even if both conditionals, the drawn ball is white if picked from U and the drawn ball
is white if picked from V, have probability 1.

The iterated conditioning |L We obtain results similar to the case |K. Indeed we
have

Theorem 16. Let A, B, H, K be any logically independent events. The set Π of all the coher-
ent assessment px, y, z, µq on the family F “ tA|H, B|K, pA|Hq ^L pB|Kq, pB|Kq|LpA|Hqu

is Π “ Π1 Y Π2, where Π1 “ tpx, y, z, µq : x P p0, 1s, y P r0, 1s, z P rz1, z2s, µ “ z
x u with

z1 “ 0, z2 “ mintx, yu, and Π2 “ tp0, y, 0, µq : py, µq P r0, 1s2u.

Proof. It is well-known that the assessment px, yq on tA|H, B|Ku is coherent for every
px, yq P r0, 1s2. By Table (1.2), the assessment z “ PppA|Hq ^L pB|Kqq is a coherent ex-
tension of px, yq if and only if z P rz1, z2s where z1 “ 0 and z2 “ mintx, yu. Assuming
x ą 0, from (2.37) it holds that µ “ z

x . Then, every px, y, z, µq P Π1 is coherent, i.e.,
Π1 Ď Π. Of course, if x ą 0 and px, y, z, µq R Π1, then the assessment px, y, z, µq is not
coherent, i.e. px, y, z, µq R Π.
Let us consider now the case x “ 0, so that z1 “ 0 and z2 “ 0. We show that the
assessment p0, y, 0, µq is coherent if and only if py, µq P r0, 1s2, that is Π2 Ď Π. As
x “ 0, from (2.42), it holds that

pB|Kq|LpA|Hq “

$

’

&

’

%

1, if AHBK is true,
0, if AHsBK _ AH sK is true,
µL, if sAH _ sHBK _ sH sBK _ sH sK is true.

(2.52)

that is pB|Kq|LpA|Hq “ BK|AH (see proof of Theorem 14). Therefore F “

tA|H, B|K, pA|Hq ^L pB|Kq, pB|Kq|LpA|Hqu “ tA|H, B|K, AHBK|pAHBK _ AH _

BK _ H Kq, BK|AHu and H4 “ H _ K _ pAHBK _ AH _ BK _ H Kq _ AH “ Ω. The
constituents C1

hs and the points Q1
hs associated with pF ,Pq, where P “ p0, y, 0, µq,

are the following (see also Table 2.11):

C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sAHBK, C5 “ sAHsBK,
C6 “ sAH sK, C7 “ sHBK, C8 “ sH sBK, C9 “ sH sK,

and

Q1 “ p1, 1, 1, 1q, Q2 “ p1, 0, 0, 0q, Q3 “ p1, y, 0, 0q, Q4 “ p0, 1, 0, µq, Q5 “ p0, 0, 0, µq,
Q6 “ p0, y, 0, µq, Q7 “ p0, 1, 0, µq, Q8 “ p0, 0, 0, µq, Q9 “ p0, y, 0, µq.
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The system pΣq in (1.6) associated with the pair pF ,Pq is

Ch A|H B|K pA|Hq ^L pB|Kq pB|Kq|LpA|Hq Qh
C1 AHBK 1 1 1 1 Q1
C2 AHsBK 1 0 0 0 Q2
C3 AH sK 1 y 0 0 Q3
C4 sAHBK 0 1 0 µ Q4
C5 sAHsBK 0 0 0 µ Q5
C6 sAH sK 0 y 0 µ Q6
C7 sHBK 0 1 0 µ Q7
C8 sH sBK 0 0 0 µ Q8
C9 sH sK 0 y 0 µ Q9

TABLE 2.11: Constituents and points Qh’s associated with F “ tA|H, B|K, pA|Hq ^L
pB|Kq, pB|Kq|LpA|Hqu and P “ p0, y, 0, µq.
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λ1 ` λ2 ` λ3 “ 0,
λ1 ` yλ3 ` λ4 ` yλ6 ` λ7 ` yλ9 “ y,
λ1 “ 0,
λ1 ` µλ4 ` µλ5 ` µλ6 ` µλ7 ` µλ8 ` µλ9 “ µ
λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 ` λ7 ` λ8 ` λ9 “ 1,
λi ě 0, i “ 1, . . . , 9.

(2.53)

We observe that P belongs to the segment with end points Q4, Q5; indeed
p0, y, 0, µq “ yQ4 ` p1 ´ yqQ5 “ yp0, 1, 0, µq ` p1 ´ yqp0, 0, 0, µq. Then, the vector
Λ “ p0, 0, 0, y, 1 ´ y, 0, 0, 0, 0q is a solution of (2.53), with

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5 “ 1 ą 0,
ϕ2pΛq “

ř

h:ChĎK λh “ λ1 ` λ2 ` λ4 ` λ5 “ 1 ą 0,
ϕ3pΛq “

ř

h:ChĎpAHBK_ sAH_sBK_ sH sKq λh “ λ1 ` λ2 ` λ4 ` λ5 ` λ6 ` λ8 ` λ9 “ 1 ą 0,
ϕ4pΛq “

ř

h:ChĎAH λh “ λ1 ` λ2 ` λ3 “ 0.

Let S 1 “ tp0, 0, 0, y, 1 ´ y, 0, 0, 0, 0qu denote a subset of the set S of all solutions of
(2.53). We have that M1

1 “ M1
2 “ M1

3 “ 1 and M1
4 “ 0 (as defined in (1.8)).

It follows that I1
0 “ t4u. As the sub-assessment P 1

0 “ µ on F 1
0 “ tBK|AHu is

coherent @µ P r0, 1s, by Theorem 2, it follows that the assessment p0, y, 0, µq on
F “ tA|H, B|K, pA|Hq ^L pB|Kq, pB|Kq|LpA|Hqu is coherent for every py, µq P r0, 1s2,
that is p0, y, 0, µq P Π2. Thus Π2 Ď Π. Of course, if p0, y, z, µq R Π2 the assessment
p0, y, z, µq is not coherent and hence p0, y, z, µq R Π. Therefore Π “ Π1 Y Π2.

Based on Theorem 16, we obtain

Theorem 17. Let A, B, H, K be any logically independent events. Given a coherent as-
sessment px, yq on tA|H, B|Ku, for the iterated conditional pB|Kq|LpA|Hq the extension
µL “ PppB|Kq|LpA|Hqq is coherent if and only if µL P rµ1

L, µ2
Ls, where

µ1
L “ 0, µ2

L “

"

min
␣

1, y
x

(

, if x ą 0;
1, if x “ 0.

(2.54)

Proof. The proof is the same as in Theorem 15 where K is replaced by L and Theorem
14 is replaced by Theorem 16.
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Remark 24. Theorem 17 shows that the interval of coherent extensions rµ1
L, µ2

Ls for µL “

PrpB|Kq|LpA|Hqs does not coincide with the interval rµ1, µ2s of coherent assessment for
µ “ PpB|Aq where µ1 and µ2 are as in (2.1). Thus, property P4 is not satisfied by |L.

The iterated conditioning |B We continue by analysing the set of coherent ex-
tensions for the iterated conditional |B. We first show that, when we evaluate
PrpB|Kq|BpA|Hqs, if PpA|Hq “ 0, then coherence requires that PppA|Hq ^B pB|Kqq “

0.

Remark 25. We recall that, given any px, yq P r0, 1s2, where x “ PpA|Hq and y “ PpB|Kq,
the interval of coherent extensions on zB “ PppA|Hq ^B pB|Kqq is rz1

B, z2
Bs “ r0, 1s (Table

1.2). In particular it is coherent to assess p0, y, zBq, with zB ą 0, on tA|H, B|K, pA|Hq ^B
pB|Kqu. However, for the object pB|Kq|BpA|Hq coherence also requires that zB “ µBx (see
2.37). Then, coherence requires that zB “ 0 when we consider the assessment p0, y, zB, µBq

on tA|H, B|K, pA|Hq ^B pB|Kq, pB|Kq|BpA|Hqu.

Theorem 18. Let A, B, H, K be any logically independent events. The set Π of all the coher-
ent assessments px, y, z, µq on the family F “ tA|H, B|K, pA|Hq ^B pB|Kq, pB|Kq|BpA|Hqu

is Π “ Π1 Y Π2, where Π1 “ tpx, y, z, µq : x P p0, 1s, y P r0, 1s, z P rz1, z2s, µ “ z
x u with

z1 “ 0, z2 “ 1, and Π2 “ tp0, y, 0, µq : py, µq P r0, 1s2u.

Proof. Of course the assessment px, yq on tA|H, B|Ku is coherent for every
px, yq P r0, 1s2. By Table (1.2), the assessment z “ PppA|Hq ^B pB|Kqq is a co-
herent extension of px, yq if and only if z P rz1, z2s where z1 “ 0 and z2 “ 1. Assuming
x ą 0, from (2.37) it holds that µ “ z

x . Then, every px, y, z, µq P Π1 is coherent, i.e.,
Π1 Ď Π. Of course, if x ą 0 and px, y, z, µq R Π1, then the assessment px, y, z, µq is not
coherent, i.e. px, y, z, µq R Π.

Let us consider now the case x “ 0. We recall that it is coherent to assess
p0, y, zq, with z ą 0, on tA|H, B|K, pA|Hq ^B pB|Kqu (see Table 1.2). However, for
the further object pB|Kq|BpA|Hq coherence also requires that z “ µx (see 2.37).
Then, coherence requires that z “ 0 when we consider the assessment p0, y, z, µq on
tA|H, B|K, pA|Hq ^B pB|Kq, pB|Kq|BpA|Hqu. We show that the assessment p0, y, 0, µq

is coherent if and only if py, µq P r0, 1s2, that is Π2 Ď Π. As x “ 0, from (2.44), it
holds that

pB|Kq|BpA|Hq “

$

’

&

’

%

1, if AHBK is true,
0, if AHsBK _ AH sK is true,
µB, if sH _ sAHBK _ sAHsBK _ sAH sK is true,

(2.55)

that is pB|Kq|BpA|Hq “ BK|AH (see proof Theorem 14). We show that the as-
sessment P “ p0, y, 0, µq on F “ tA|H, B|K, pA|Hq ^B pB|Kq, pB|Kq|BpA|Hqu “

tA|H, B|K, AHBK|HK, BK|AHu is coherent if and only if py, µq P r0, 1s2, that is
Π2 Ď Π. We observe that H4 “ H _ K _ HK _ AH “ H _ K. The constituents
C1

hs and the points Q1
hs associated with pF ,Pq, where P “ p0, y, 0, µq, are the follow-

ing:
C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sAHBK, C5 “ sAHsBK,
C6 “ sAH sK, C7 “ sHBK, C8 “ sH sBK, C0 “ sH sK,

and

Q1 “ p1, 1, 1, 1q, Q2 “ p1, 0, 0, 0q, Q3 “ p1, y, 0, 0q, Q4 “ p0, 1, 0, µq, Q5 “ p0, 0, 0, µq,
Q6 “ p0, y, 0, µq, Q7 “ p0, 1, 0, µq, Q8 “ p0, 0, 0, µq,P “ Q0 “ p0, y, 0, µq.
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The system pΣq in (1.6) associated with the pair pF ,Pq is
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

λ1 ` λ2 ` λ3 “ 0,
λ1 ` yλ3 ` λ4 ` yλ6 ` λ7 “ y,
λ1 “ 0,
λ1 ` µλ4 ` µλ5 ` µλ6 ` µλ7 ` µλ8 “ µ
λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 ` λ7 ` λ8 “ 1,
λi ě 0, i “ 1, . . . , 8.

(2.56)

We observe that P belongs to the segment with end points Q4, Q5; indeed
p0, y, 0, µq “ yQ4 ` p1 ´ yqQ5 “ yp0, 1, 0, µq ` p1 ´ yqp0, 0, 0, µq.
Then the vector Λ “ p0, 0, 0, y, 1 ´ y, 0, 0, 0q is a solution of (2.56), with

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 “ 1 ą 0,
ϕ2pΛq “

ř

h:ChĎK λh “ λ1 ` λ2 ` λ4 ` λ5 ` λ7 ` λ8 “ 1 ą 0,
ϕ3pΛq “

ř

h:ChĎHK λh “ λ1 ` λ2 ` λ4 ` λ5 “ 1 ą 0,
ϕ4pΛq “

ř

h:ChĎAH λh “ λ1 ` λ2 ` λ3 “ 0.

Let S 1 “ tp0, 0, 0, y, 1 ´ y, 0, 0, 0qu denote a subset of the set S of all solutions of (2.56).
We have that M1

1 “ M1
2 “ M1

3 “ 1 and M1
4 “ 0 (as defined in (1.8)). It follows that

I1
0 “ t4u. As the sub-assessment P 1

0 “ µ on F 1
0 “ tBK|AHu is coherent @µ P r0, 1s,

by Theorem 2, it follows that the assessment p0, y, 0, µq on F “ tA|H, B|K, pA|Hq ^B
pB|Kq, pB|Kq|BpA|Hqu is coherent for every py, µq P r0, 1s2, that is p0, y, 0, µq P Π2.
Thus Π2 Ď Π. Of course, if p0, y, z, µq R Π2 the assessment p0, y, z, µq is not coherent
and hence p0, y, z, µq R Π. Therefore Π “ Π1 Y Π2.

Theorem 19. Let A, B, H, K be any logically independent events. Given a coherent as-
sessment px, yq on tA|H, B|Ku, for the iterated conditional pB|Kq|BpA|Hq the extension
µB “ PrpB|Kq|BpA|Hqs is coherent if and only if µB P rµ1

B, µ2
Bs, where

µ1
B “ 0, µ2

B “

" 1
x , if 0 ă x ă 1,
1, if x “ 0 _ x “ 1.

(2.57)

Proof. Assume that x ą 0. We simply write µ instead of µB. From Theorem 18 it
follows that the set of all coherent assessments px, y, z, µq on F is Π1 “ tpx, y, z, µq :
0 ă x ď 1, 0 ď y ď 1, z1 ď z ď z2, µ “ z

x u, where z1 “ 0 and z2 “ 1 (see Table 1.2).
Then, µ is a coherent extension of px, yq if and only if µ P rµ1, µ2s, where µ1 “ 0 and
µ2 “ z2

x “ 1
x . Assume that x “ 0. From Theorem 18 it follows that the set of all

coherent assessments px, y, z, µq on F “ tA|H, B|K, pA|Hq ^B pB|Kq, pB|Kq|BpA|Hqu

is Π2 “ tp0, y, 0, µq : py, µq P r0, 1s2u. Then, µ is a coherent extension to pB|Kq|BpA|Hq

of the assessment p0, yq on tA|H, B|Ku if and only if µ P rµ1, µ2s, where µ1 “ 0 and
µ2 “ 1.

Remark 26. We notice that the lower and upper bounds µ1
B and µ2

B for pB|Kq|BpA|Hq,
given in (2.57), do not coincide with the lower and upper bound µ1 and µ2 for B|A, given
in (2.1). In particular, the extension µB “ 1

x to pB|Kq|BpA|Hq of px, yq on tA|H, B|Ku,
with 0 ă x ă 1, is coherent. Indeed, as µ2

B “ 1
x , from (2.57), the assessment px, y, 1

x q on
tA|H, B|K, pB|Kq|BpA|Hqu is coherent. However, we recall that µ “ 1

x is not a coherent
extension to B|A of px, yq on tA, Bu, with 0 ă x ă 1. Indeed, as 1

x ą 1 ě µ2 “ mintx, yu,
from (2.1) the assessment px, y, 1

x q on tA, B, B|Au is not coherent. Therefore, property P4 is
not satisfied by |B.
We also notice that, when PpA|Hq ą 0, as pA|Hq ^B pB|Kq “ AH|BK, from (2.38) it holds
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that
PrpB|Kq|BpA|Hqs “

PppA|Hq ^B pB|Kqq

PpA|Hq
“

PpAH|BKq

PpA|Hq
. (2.58)

We point out that the prevision of pB|Kq|BpA|Hq given in (2.58) coincides with the prob-
ability of the super-conditional event BK|AH, denoted by P˚pBK|AHq, introduced in [6,
formula (20)]. As P˚pBK|AHq can assume values greater than 1, in [6] it has been called
conditional hyper-probability.

The iterated conditioning |S We first show that, when we evaluate
PrpB|Kq|SpA|Hqs, if PpA|Hq “ 0, then coherence requires that PppA|Hq ^S pB|Kqq “

0.

Remark 27. We recall that, given any px, yq P r0, 1s2, where x “ PpA|Hq and y “ PpB|Kq,
the interval of coherent extensions on zS “ PppA|Hq ^S pB|Kqq is rz1, z2s where (see Table
1.2)

z1 “ maxtx ` y ´ 1, 0u and z2 “

#

x`y´2xy
1´xy , if px, yq ‰ p1, 1q,

1, if px, yq “ p1, 1q.

In particular it is coherent to assess zS ą 0 when x “ 0. However, for the object
pB|Kq|SpA|Hq coherence also requires that zS “ µSx (see 2.37). Then, coherence re-
quires that zS “ 0 when we consider the assessment p0, y, zS, µSq on tA|H, B|K, pA|Hq ^S
pB|Kq, pB|Kq|SpA|Hqu.

Theorem 20. Let A, B, H, K be any logically independent events. The set Π of all the coher-
ent assessments px, y, z, µq on the family F “ tA|H, B|K, pA|Hq ^S pB|Kq, pB|Kq|SpA|Hqu

is Π “ Π1 Y Π2, where

Π1 “ tpx, y, z, µq : x P p0, 1s, y P r0, 1s, z P rz1, z2s, µ “ z
x u,

with z1 “ maxtx ` y ´ 1, 0u, z2 “

#

x`y´2xy
1´xy , if px, yq ‰ p1, 1q,

1, if px, yq “ p1, 1q,

(2.59)

and
Π2 “ tp0, y, 0, µq : y P r0, 1s, µ ě 0u. (2.60)

Proof. We know that the assessment px, yq on tA|H, B|Ku is coherent for every
px, yq P r0, 1s2. We also recall that the assessment z “ PppA|Hq ^S pB|Kqq is a co-
herent extension of px, yq if and only if z P rz1, z2s, where (see Table 1.2)

z1 “ maxtx ` y ´ 1, 0u and z2 “

#

x`y´2xy
1´xy , if px, yq ‰ p1, 1q,

1, if px, yq “ p1, 1q.

Assuming x ą 0, then it follows from (2.37) that µ “ z
x . Thus, as every px, y, z, µq P Π1

is coherent, it holds that Π1 Ď Π. Of course, if x ą 0 and px, y, z, µq R Π1, then
px, y, z, µq is not coherent, i.e. px, y, z, µq R Π.
Let us consider now the case x “ 0. From Remark 27, coherence requires that z “ 0.
We show that the assessment P “ p0, y, 0, µq is coherent if and only if y P r0, 1s and
µ ě 0, and hence Π2 Ď Π. As x “ 0, by (2.46) it holds that

pB|Kq|SpA|Hq “

$

’

’

&

’

’

%

1, if AHBK _ AH sK is true,
0, if AHsBK is true,
µ, if sAH _ sH sK _ sH sBK is true,
1 ` µ, if sHBK is true,

(2.61)
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that is, when x “ 0,

pB|Kq|SpA|Hq “ rAHBK ` AH sK ` p1 ` µq sHBKs|pAH _ sHBKq.

Then, we have F “ tA|H, B|K, pAH _ sHq ^ pBK _ sKq|pH _ Kq, pAHBK ` AH sK `

p1 ` µq sHBKq|pAH _ sHBKqu, with H4 “ H _ K _ pH _ Kq _ pAH _ sHBKq “ H _ K.
Therefore, the constituents and the points Qh’s associated with pF ,Pq are

C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sAHBK, C5 “ sAHsBK,
C6 “ sAH sK, C7 “ sHBK, C8 “ sH sBK, C0 “ sH sK,

and

Q1 “ p1, 1, 1, 1q, Q2 “ p1, 0, 0, 0q, Q3 “ p1, y, 1, 1q, Q4 “ p0, 1, 0, µq, Q5 “ p0, 0, 0, µq,
Q6 “ p0, y, 0, µq, Q7 “ p0, 1, 1, 1 ` µq, Q8 “ p0, 0, 0, µq,P “ Q0 “ p0, y, 0, µq.

The system pΣq in (1.6) associated with the pair pF ,Pq is
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

λ1 ` λ2 ` λ3 “ 0,
λ1 ` yλ3 ` λ4 ` yλ6 ` λ7 “ y,
λ1 ` λ3 ` λ7 “ 0,
λ1 ` λ3 ` µλ4 ` µλ5 ` µλ6 ` p1 ` µqλ7 ` µλ8 “ µ,
λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 ` λ7 ` λ8 “ 1,
λi ě 0, i “ 1, . . . , 8.

(2.62)

We observe that P belongs to the segment with end points Q4, Q5; indeed
p0, y, 0, µq “ yQ4 ` p1 ´ yqQ5 “ yp0, 1, 0, µq ` p1 ´ yqp0, 0, 0, µq.
Then, the vector Λ “ p0, 0, 0, y, 1 ´ y, 0, 0, 0q is a solution of (2.62), with

ϕ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 “ 1 ą 0,
ϕ2pΛq “

ř

h:ChĎK λh “ λ1 ` λ2 ` λ4 ` λ5 ` λ7 ` λ8 “ 1 ą 0,
ϕ3pΛq “

ř

h:ChĎH_K λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6 ` λ7 ` λ8 “ 1 ą 0,
ϕ4pΛq “

ř

h:ChĎpAH_ sHBKq λh “ λ1 ` λ2 ` λ3 ` λ7 “ 0.

Let S 1 “ tp0, 0, 0, y, 1 ´ y, 0, 0, 0qu denote a subset of the set S of all solutions of (2.62).
We have that M1

1 “ M1
2 “ M1

3 “ 1 and M1
4 “ 0 (as defined in (1.8)). It follows that

I1
0 “ t4u. We set F 1

0 “ tpAHBK ` AH sK ` p1 ` µq sHBKq|pAH _ sHBKqu and P 1
0 “ µ.

By exploiting the betting scheme, we show that the assessment µ on the conditional
random quantity pAHBK ` AH sK ` p1 ` µq sHBKq|pAH _ sHBKq is coherent for every
µ ě 0. The random gain for the assessment µ is

G “ spAH ` sHBKqpAHBK ` AH sK ` p1 ` µq sHBK ´ µq.

Without loss of generality we can assume s “ 1. The constituents in AH _ sHBK are
C1 “ AHBK, C2 “ AHsBK, C3 “ AH sK, C4 “ sHBK and the corresponding values for
the random gain G are g1 “ 1 ´ µ, g2 “ ´µ, g3 “ 1 ´ µ “ g1, g4 “ 1. Hence the set of
values of G restricted to AH _ sHBK is GAH_ sHBK “ tg1, g2, g4u “ t1 ´ µ, ´µ, 1u. We
distinguish two cases: piq µ ă 0; piiq µ ě 0.
Case piq. We observe that, 1 ´ µ ą 0, ´µ ą 0, and hence minGAH_ sHBK ą 0. Then the
assessment P0 on F0 is incoherent.
Case piiq. We observe that, minGAH_ sHBK “ ´µ ď 0 and maxGAH_ sHBK “ 1 ą 0.
Then, as

minGAH_ sHBK ¨ maxGAH_ sHBK ď 0,
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the assessment P0 on F0 is coherent. Then, as System (2.62) is solvable and P0 on
F0 is coherent, by Theorem 3 it follows that every assessment p0, y, 0, µq on F is
coherent if and only if p0, y, 0, µq P Π2 “ tp0, y, 0, µq : y P r0, 1s, µ ě 0u. Thus,
Π2 Ď Π. Of course, if p0, y, z, µq R Π2 the assessment p0, y, z, µq is not coherent and
hence p0, y, z, µq R Π. Therefore Π “ Π1 Y Π2.

Remark 28. From Theorem 20 we observe that, when x “ 0, the set of all coherent assess-
ments px, y, z, µq on F is Π2 given in (2.60). Then, in this case, µ “ PrpB|Kq|SpA|Hqs “

PrpAHBK ` AH sK ` p1 ` µq sHBKq|pAH _ sHBKqs is coherent for every value µ ě 0.

Based on Theorem 20, when x ą 0, we obtain the following result on the lower
and upper bounds for PrpB|Kq|SpA|Hqs.

Theorem 21. Let A, B, H, K be any logically independent events. Given a coherent as-
sessment px, yq on tA|H, B|Ku, with x ‰ 0, for the iterated conditional pB|Kq|SpA|Hq the
extension µS “ PrpB|Kq|SpA|Hqs is coherent if and only if µS P rµ1

S, µ2
Ss, where

µ1
S “ maxt

x ` y ´ 1
x

, 0u and µ2
S “

#

x`y´2xy
xp1´xyq

, ifpx, yq ‰ p1, 1q;
1, if px, yq “ p1, 1q.

(2.63)

Proof. We simply write µ instead of µS. As x ą 0, from Theorem 20 it follows
that the set of all coherent assessments px, y, z, µq on F “ tA|H, B|K, pA|Hq ^S
pB|Kq, pB|Kq|SpA|Hqu is the set Π1 given in Theorem 20. Then, µ is a coherent ex-
tension of px, yq if and only if µ P rµ1, µ2s, where µ1 and µ2 are

µ1 “
z1

x
“ maxt

x ` y ´ 1
x

, 0u and µ2 “
z2

x
“

#

x`y´2xy
xp1´xyq

, if px, yq ‰ p1, 1q;
1, if px, yq “ p1, 1q.

Remark 29. We observe that the lower and upper bounds µ1
S and µ2

S for pB|Kq|SpA|Hq,
given in (2.63), do not coincide with the lower and upper bound µ1 and µ2 for B|A, given
in (2.1). Then, formula P4 is not satisfied by |S. In particular the extension µS “ 1

x to
pB|Kq|SpA|Hq of px, 1q on tA|H, B|Ku, with 0 ă x ă 1, is coherent because µ2

S “ 1´x
xp1´xq

“

1
x . However, the assessment µ “ 1

x is not a coherent extension on µ “ PpB|Aq of PpAq “ x,
PpBq “ 1, because by (2.1) it holds that µ2 ď 1 ă 1

x . We also notice that in a bet on the
iterated conditionalpB|Kq|SpA|Hq, by paying (the coherent assessment) µS “ 1

x , with x P

p0, 1q, the amount 1, received when both the conditional events A|H and B|K are true, does
not coincide with the maximum value of the random win. In other words, we obtain that the
associated random gain G “ pB|Kq|SpA|Hq ´ µS is negative even when both the antecedent
and the consequent of the iterated conditional are true. For instance, by setting x “ 1

3 and
µS “ 1

x “ 3, if the event sH sBK is true, then the iterated conditional pB|Kq|SpA|Hq “
1
x ´ 1 “ 3 ´ 1 “ 2 ą 1 and hence G “ 2 ´ 3 “ ´1.

The iterated conditioning |gs We recall that |gs, unlike all the other iterated con-
ditioning, satisfies property P4 ([90, Theorem 4]). Indeed, given a coherent as-
sessment px, yq on tA|H, B|Ku, under logical independence, for the iterated condi-
tional pB|Kq|gspA|Hq the extension µ “ PrpB|Kq|gspA|Hqs is coherent if and only if
µ P rµ1

gs, µ2
gss, where

µ1
gs “

"

maxt
x`y´1

x , 0u, if x ‰ 0,
0, if x “ 0,

, µ2
gs “

"

mint1, y
x u, if x ‰ 0,

1, if x “ 0,
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which coincide with µ1 and µ2 given in (2.1), respectively. As we can see from Table
2.12, only the iterated conditioning |gs satisfies property P4.

Iterated conditioning Interval of coherent extensions

|C r0, 1s

|dF r0, 1s

|F r0, 1s

|K

„

0,
"

min
␣

1, y
x

(

, if x ‰ 0;
1, if x “ 0.

ȷ

|L

„

0,
"

min
␣

1, y
x

(

, if x ‰ 0;
1, if x “ 0.

ȷ

|B

„

0,
" 1

x , if 0 ă x ă 1,
1, if x “ 0 _ x “ 1.

ȷ

|S

$

’

’

&

’

’

%

«

maxt
x`y´1

x , 0u,

#

x`y´2xy
xp1´xyq

, if px, yq ‰ p1, 1q;
1, if px, yq “ p1, 1q.

ff

if x ‰ 0;

µ ě 0, if x “ 0;

|gs

„"

maxt
x`y´1

x , 0u, if x ‰ 0,
0, if x “ 0,

,
"

mint1, y
x u, if x ‰ 0,

1, if x “ 0.

ȷ

TABLE 2.12: Interval rµ1
i, µ2

i s of coherent extensions of the assessment px, yq P r0, 1s2 on
tA|H, B|Ku to the iterated conditional pB|Kq|ipA|Hq, i P tC, dF, F, K, L, B, S, gsu, under the
assumption that A, H, B, K are logically independent.

2.5.5 Import-Export principle

In this section we show that none of the iterated conditioning |K, |L, |B, |S, |gs satis-
fies the Import-Export principle. We recall that the Import-Export principle is valid
when pB|Kq|A “ B|AK (see equation (2.2)). We remind that, in agreement with [1,
71] and differently from [80], for the iterated conditional pB|Kq|gspA|Hq the Import-
Export principle is not valid. As a consequence, as shown in [53] (see also [91, 90]),
Lewis’ triviality results ([79]) are avoided by |gs. For what concerns the iterated con-
ditioning |K, |L, |B, |S, it holds that pB|Kq|i A ‰ B|AK, i P tK, L, B, Su, because there
are some constituents where the two objects may assume different values (see Ta-
ble 2.13). For instance, when AsK is true and z “ PpB|AKq ‰ 1, it follows that
pB|Kq|S A “ 1 ‰ z “ B|AK. Then, none of the iterated conditioning |K, |L, |B, |S, |gs
satisfies the Import-Export principle. However, we observe that Import-Export
principle could be satisfied under some suitable logical relations among the events
A, B, K. For instance, if AsK “ H, it can be easily proved that pB|Kq|i A “ B|AK,
i P tK, L, S, gsu. Thus, when AsK “ H, the Import-Export principle is satisfied by
pB|Kq|K A, pB|Kq|L A, pB|Kq|S A, and pB|Kq|gs A.
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pB|Kq|K A pB|Kq|L A pB|Kq|B A pB|Kq|S A pB|Kq|gs A B|AK
ABK 1 1 1 1 1 1
ABK 0 0 0 0 0 0
AK xµK xµL xµB 1 y z
ABK µK µL µB µS µgs z
A BK µK µL µB µS µgs z
A K µK µL µBp1 ` xq µS µgs z

TABLE 2.13: Numerical values of pB|Kq|i A, i P tK, L, B, S, gsu and of the conditional
event B|AK. We denotes x “ PpAq, y “ PpB|Kq, z “ PpB|AKq and µi “ PrpB|Kq|i As,
i P tK, L, B, S, gsu. We observe that pB|Kq|i A ‰ B|AK, i P tK, L, B, S, gsu.

2.5.6 Generalised versions of Bayes’ rule

In this section, by exploiting property P4, we analyse generalised versions of Bayes’
Rule for the iterated conditioning |K, |L, |B, |S, and |gs.

From (2.38) it follows that PrpB|Kq ^i pA|Hqs “ PrpB|Kq|ipA|HqsPpA|Hq “

PrpA|Hq|ipB|KqsPpB|Kq, i P tK, L, B, S, gsu. Then, when PpA|Hq ą 0 it holds that

PrpB|Kq|ipA|Hqs “
PrpA|Hq|ipB|KqsPpB|Kq

PpA|Hq
, i P tK, L, B, S, gsu. (2.64)

Formula (2.64) is a generalisation of the following well-known version of Bayes’s
Rule

PpB|Aq “
PpA|BqPpBq

PpAq
, if PpAq ą 0,

where the events A, B are replaced by the conditional events A|H, B|K, respec-
tively, and the conditioning operator | is replaced by the iterated conditioning |i,
i P tK, L, B, S, gsu. We also recall that, given two events A and B, it holds that
A “ AB _ AsB, and hence PpAq “ PpABq ` PpAsBq “ PpA|BqPpBq ` PpA|sBqPpBq.
Then, we obtain the following version of Bayes’ Rule

PpB|Aq “
PpA|BqPpBq

PpA|BqPpBq ` PpA|sBqPpsBq
. (2.65)

We now check, for each iterated conditioning |i, i P tK, L, B, S, gsu, the validity of the
following generalised version of formula (2.65)

PrpB|Kq|pA|Hqs “
PrpA|Hq|pB|KqsPpB|Kq

PrpA|Hq|pB|KqsPpB|Kq ` PrpA|Hq|psB|KqsPpsB|Kq
. (2.66)

Based on (2.38),for each i P tK, L, B, S, gsu, it follows that

PrpA|Hq ^i pB|Kqs ` PrpA|Hq ^i psB|Kqs “ PrpA|Hq|ipB|KqsPpB|Kq ` PrpA|Hq|ipsB|KqsPpsB|Kq.
(2.67)

We recall that when A, B, and sB in the equality A “ pA ^ Bq _ pA ^ sBq are
replaced by the conditional events A|H, B|K, and sB|K, respectively, and the conjunc-
tion ^ is replaced by ^i, i P tK, L, B, Su, it holds that the corresponding equality is
not satisfied. Indeed we have that

pA|Hq ‰ rpA|Hq ^i pB|Kqs _i rpA|Hq ^i psB|Kqs, i P tK, L, B, Su.

More precisely, it holds that (see [60, Section 4.1])
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• rpA|Hq ^K pB|Kqs _K rpA|Hq ^K psB|Kqs “ AHK|pAHK _ sAHq ‰ A|H;

• rpA|Hq ^L pB|Kqs _L rpA|Hq ^L psB|Kqs “ AHK|pH _ sKq ‰ A|H;

• rpA|Hq ^B pB|Kqs _B rpA|Hq ^B psB|Kqs “ A|pHKq ‰ A|H;

• rpA|Hq ^S pB|Kqs _S rpA|Hq ^S psB|Kqs “ pA _ sHq|pH _ Kq ‰ A|H.

Moreover, for each i P tK, L, B, Su, we observe that the conditional probability
PpA|Hq does not necessarily coincide with the sum

PppA|Hq ^i pB|Kqq ` PppA|Hq ^i psB|Kqq.

Indeed, it can be proved that the assessment p1, 0, 0q on tA|H, pA|Hq ^i
pB|Kq, pA|Hq ^i psB|Kqu, i P tK, L, Bu, as well as the assessment p1, 1, 1q on
tA|H, pA|Hq ^S pB|Kq, pA|Hq ^S psB|Kqu, is coherent. As a consequence, from (2.67),
we obtain that the probability PpA|Hq does not necessarily coincide with

PrpA|Hq|ipB|KqsPpB|Kq ` PrpA|Hq|ipsB|KqsPpsB|Kq.

Thus, for each iterated conditioning |i, i P tK, L, B, Su, the generalised version of
Bayes’s Rule given in formula (2.66) is not satisfied. However, we recall that ([50])

pA|Hq “ pA|Hq ^gs pB|Kq ` pA|Hq ^gs psB|Kq.

Then, by the linearity property of a coherent prevision and by (2.67), it follows that

PpA|Hq “ PrpA|Hq ^gs pB|Kqs ` PrpA|Hq ^gs psB|Kqs “

“ PrpA|Hq|gspB|KqsPpB|Kq ` PrpA|Hq|gspsB|KqsPpsB|Kq.

Hence, when PpA|Hq ą 0, it holds that

PrpB|Kq|gspA|Hqs “
PrpA|Hq|gspB|KqsPpB|Kq

PrpA|Hq|gspB|KqsPpB|Kq ` PrpA|Hq|gspsB|KqsPpsB|Kq
. (2.68)

Therefore, the generalisation of the second version of Bayes’ Rule only holds for |gs
and does not hold for |K, |L, |B, and |S.

2.6 Generalised version of Modus Ponens and two-premise
centering

In this section, for selected definitions of the iterated conditioning with possible
value in r0, 1s, based on the probability propagation rules obtained in the previous
sections and exploited for checking the validity of property P4 (see Table 2.12), we
study the p-validity of the generalisation of two inference rules: Modus Ponens and
two-premise centering. We first recall the notions of p-consistency and p-entailment
for conditional random quantities, which take values in a finite subset of r0, 1s ([90]).
These concepts are based on the notions of p-consistency and p-entailment given for
conditional events by Adams ([1]) and also studied in the setting of coherence in
[46].

Definition 12. Let Fn “ tXi|Hi , i “ 1, . . . , nu be a family of n conditional random
quantities which take values in a finite subset of r0, 1s. Then, Fn is p-consistent if and only
if, the (prevision) assessment pµ1, µ2, . . . , µnq “ p1, 1, . . . , 1q on Fn is coherent.
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Definition 13. A p-consistent family Fn “ tXi|Hi , i “ 1, . . . , nu p-entails a conditional
random quantity X|H, which takes values in a finite subset of r0, 1s, denoted by Fn ñp
X|H, if and only if for any coherent (prevision) assessment pµ1, . . . , µn, zq on Fn Y tX|Hu:
if µ1 “ ¨ ¨ ¨ “ µn “ 1, then z “ 1.

We say that the inference from a p-consistent family of premises Fn to a conclu-
sion X|H is p-valid if and only if Fn p-entails X|H.

We recall that as the iterated conditionals pB|Kq|CpA|Hq, pB|Kq|dFpA|Hq, and
pB|Kq|FpA|Hq are conditional events, their indicators take values in the interval [0,1].
Moreover, from Table 2.10 we observe that the iterated conditionals pB|Kq|KpA|Hq,
pB|Kq|LpA|Hq and pB|Kq|gspA|Hq take values in r0, 1s. On the other hand, the iterated
conditionals pB|Kq|BpA|Hq and pB|Kq|SpA|Hq may take values outside the interval
r0, 1s. Thus, in order to examine the p-validity of generalised inference rules, we will
only consider the iterated conditionals pB|Kq|ipA|Hq, i P tC, dF, F, K, L, gsu.

2.6.1 Modus Ponens

We recall that, given two events A and B the Modus Ponens inference, with (p-
consistent) premise set tA, B|Au and conclusion B, is p-valid ([93], see also [48, 68]),
that is

tA, B|Au ñp B. (2.69)

For each i P tC, dF, F, K, L, gsu, we will study the p-validity of the generalised version
of Modus Ponens obtained when the events A, B are replaced by the conditional
events A|H, B|K and the conditional event B|A is replaced by the iterated conditional
pB|Kq|ipA|Hq2. An example of this generalisation is (see also [43, 89]):

A|H
hkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkj

The cup is fragile if made of glass .

If

A|H
hkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkj

the cup is fragile if made of glass , then

B|K
hkkkkkkkkkkikkkkkkkkkkj

it breaks if dropped.

Therefore,

B|K
hkkkkkkkkkkkkkkikkkkkkkkkkkkkkj

the cup breaks if dropped.

Then, we check the p-validity of the generalised version of Modus Ponens where the
premise set is tA|H, pB|Kq|ipA|Hqu and the conclusion is B|K, that is

PpA|Hq “ 1, PrpB|Kq|ipA|Hqs “ 1 ùñ PpB|Kq “ 1. (2.70)

It is easy to verify (see Table 2.12) that the family tA|H, pB|Kq|ipA|Hqu is p-consistent,
i P tC, dF, F, K, L, gsu. We will show that the generalised version of Modus Ponens
is p-valid for |i P t|K, |L, |gsu. Indeed, in these cases from Table 2.12 it follows that
PrpB|Kq|ipA|Hqs ď µ2

i “ mint1, y
x u “ y “ PpB|Kq, when PpA|Hq “ x “ 1. Then,

PpB|Kq is necessarily equal to 1, when PpA|Hq “ 1 and PrpB|Kq|ipA|Hqs “ 1 and
hence formula (2.70) is satisfied. Thus,

tA|H, pB|Kq|ipA|Hqu ñp B|K, i P tK, L, gsu. (2.71)

For i P tC, dF, Fu, as illustrated in Table 2.12, the interval of coherent extensions
rµ1

i, µ2
i s on pB|Kq|ipA|Hq of the assessment p1, 0q on tA|H, B|Ku coincides with the unit

interval r0, 1s. In particular the assessment p1, 1, 0q on tA|H, pB|Kq|ipA|Hq, pB|Kqu is

2The particular case where K “ Ω and |i “ |gs has been studied in [89].
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coherent and hence formula (2.70) is not satisfied for i P tC, dF, Fu, that is

tA|H, pB|Kq|ipA|Hqu œp B|K, i P tC, dF, Fu. (2.72)

Concerning the example above, from Ppthe cup is fragile if made of glassq “ 1 and
PrIf the cup is fragile if made of glass, then it breaks if droppeds “ 1, it follows (as a
natural result) that Ppthe cup breaks if droppedq “ 1 when the iterated conditioning
is interpreted as |K, |L, |gs, because (2.70) is satisfied in these cases. However, the
same conclusion does not follow (which is strange) when the iterated conditioning
is interpreted as |C, |dF, and |F because (2.70) does not hold in these cases.

2.6.2 Two-premise centering

We recall that the inference of two-premise centering, that is inferring if A then B from
the two separate premises A and B, is p-valid ([90]). Indeed, given two events A and
B it holds that

tA, Bu ñp B|A. (2.73)

For each i P tC, dF, F, K, L, gsu, we will study the p-validity of the generalised
version of two-premise centering, where the unconditional events A, B are replaced
by the conditional events A|H,B|K, respectively, and the conditional event B|A is
replaced by the iterated conditional pB|Kq|ipA|Hq. An example of this generalisation
is

A|H
hkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkj

The cup is fragile if made of glass .
B|K

hkkkkkkkkkkkkkkikkkkkkkkkkkkkkj

The cup breaks if dropped.

Therefore, if

A|H
hkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkj

the cup is fragile if made of glass , then it

B|K
hkkkkkkkkikkkkkkkkj

breaks if dropped.

For each i, we consider as premise set tA|H, B|Ku, as conclusion the iterated con-
ditional pB|Kq|ipA|Hq and we check the p-validity of the generalised version of two-
premise centering, that is

PpA|Hq “ 1, PpB|Kq “ 1 ùñ PrpB|Kq|ipA|Hqs “ 1. (2.74)

Of course, as the assessment px, yq “ p1, 1q on tA|H, B|Ku is coherent, the premise
set tA|H, B|Ku is p-consistent. We recall that generalised two-premise centering is
p-valid for |gs ([90, Equation (13)]), that is

tA|H, B|Ku ñp pB|Kq|gspA|Hq. (2.75)

The previous result can be also obtained from Table 2.12, by observing that the lower
bound of the coherent extensions on pB|Kq|gspA|Hq of the assessment x “ y “ 1 is
µ1

i “ maxt
x`y´1

x , 0u “ 1. Moreover, for i P tC, dF, F, K, Lu, from Table 2.12 it follows
that that any value in r0, 1s is a coherent extension on pB|Kq|ipA|Hq of PpA|Hq “

PpB|Kq “ 1. Thus, (2.74) is not satisfied by |C, |dF, |F, |K, |L, and hence

tA|H, B|Ku œp pB|Kq|ipA|Hq, i P tC, dF, F, K, Lu. (2.76)
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Concerning the example above, from Ppthe cup is fragile if made of glassq “ 1 and
Ppthe cup breaks if droppedq “ 1 it follows that PrIf the cup is fragile if made of glass, then
it breaks if droppeds “ 1, when the iterated conditioning is interpreted as |gs, because
the generalised two-premise centering is p-valid. However, the same conclusion
does not follow when the iterated conditioning is interpreted as |C, |dF, |F, |K, |L, be-
cause the generalized two-premise centering is p-invalid in these cases.
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Chapter 3

Generalised conjunction and
disjunction of two conditional
events in the setting of conditional
random quantities

The results of this chapter are taken from [20].

The choice of going from definitions of conjunctions in three valued logics to
five valued objects is justified by the search for a structure able to generalise the
conjunction of two events by also maintaining similar properties. However, one
might wonder whether the choice to take the values of the probabilities of the
two conditional events when one of them is true and the other undefined is ac-
tually too restrictive. In other words, could the object pA|Hq ^gs pB|Kq be just a
particular case of a more general definition of conjunction that allows more val-
ues in the ‘partially’ true cases, obtained when a conjunct is true and the other
is void ([13]), while also preserving all the logic and probabilistic properties that
we would like to have? In this chapter, to answer this question we consider what
we called “generalised conjunction” pA|Hq ^a,b pB|Kq that is defined by means of
two arbitrary values a, b P r0, 1s, which may be related to the probabilities x and
y of the two conditional events. In particular, in Section 3.1 we give the definition
of generalised conjunction of conditional events pA|Hq ^a,b pB|Kq, its negation and
the generalise disjunction pA|Hq _a,b pB|Kq. Then we introduce the generalised De
Morgan’s law and we analyse the Sum rule for these new objects by also prov-
ing that it is satisfied only for a “ PpA|Hq and b “ PpB|Kq. In Section 3.2 we
present the main results which characterize the set of all coherent prevision assess-
ments, first on the family F “ tA|H, B|K, pA|Hq ^a,b pB|Kqu, and then on the family
F “ tA|H, B|K, pA|Hq _a,b pB|Kqu. In Corollary 2 and Corollary 4 we show the re-
lation between the satisfiability of the Fréchet-Hoeffding bounds and the choice of
a “ x “ PpA|Hq and b “ y “ PpB|Kq. In Section 3.3 both for ^a,b and _a,b we anal-
yse the case in which H and K are incompatible, i.e HK “ H, and then, we consider
specific choices for the parameters a and b in which the multi-valued objects reduce
to trivalent ones. In particular, we take into account as parameters’ values the pairs
pa, bq “ p0, 0q, pa, bq “ p1, 1q and pa, bq “ pp, pq with p “ PrpA|Hq ^a,b pB|Kqs for
the conjunction and p “ PrpA|Hq _a,b pB|Kqs for the disjunction, for which we find
well-known definitions of conjunctions and disjunctions in three-valued logics, fur-
ther emphasizing the idea that that our structures provide a more general setting for
the study of operations among conditionals events. Then, in Section 3.4 for a more
general analysis of the coherence on the generalised conjunction and disjunction, we
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study the case of interval-valued prevision assessments. We deepen further aspects
on the generalised conjunction in Section 3.5, in particular concerning a possible in-
terpretation and the analysis of the inclusion relation A|H Ď B|K.

3.1 Generalised operations for two conditional events

In this section we first generalise the notion of conjunction between two conditional
events recalled in Definition 3 by replacing x “ PpA|Hq and y “ PpB|Kq with two ar-
bitrary values a, b in r0, 1s, then we analyse it in the framework of the betting scheme,
and we define its negation. Then, following the same idea we generalise the disjunc-
tion in Definition 5 and we study it in a coherent betting framework. Moreover, in
order to check if these objects are consistent with classical probabilistic and logical
properties, we give a generalisation of De Morgan’s laws and the Sum rule for these
new random quantities.

Definition 14. Given four events A, B, H, K, with H ‰ H and K ‰ H, and two values
a, b P r0, 1s, we define the generalised conjunction w.r.t. a and b of the conditional events
A|H and B|K as the following conditional random quantity

pA|Hq ^a,b pB|Kq “ pAHBK ` aHBK ` bAHKq|pH _ Kq. (3.1)

By the linearity of prevision, from (3.1), it follows that

PrpA|Hq ^a,b pB|Kqs “ PpAHBK|pH _ Kqq ` aPpHBK|pH _ Kqq ` bPpAHK|pH _ Kqq.
(3.2)

By exploiting (1.2), by setting z “ PrpA|Hq ^a,b pB|Kqs, it holds that

pA|Hq ^a,b pB|Kq “ AHBK ` aHBK ` bAHK ` zpH _ Kq. (3.3)

In the betting framework, if you assess z “ PrpA|Hq ^a,b pB|Kqs, then you agree to
pay z, by receiving the random amount given in (3.3), that is

pA|Hq ^a,b pB|Kq “

$

’

’

’

’

&

’

’

’

’

%

1, if AHBK is true,
0, if AH _ BK is true,
a, if HBK is true,
b, if AHK is true,
z, if H K is true.

In other words, you agree to pay z in order to receive:

• 1, if both conditional events A|H and B|K are true;

• 0, if A|H or B|K is false;

• a, if A|H is void and B|K is true ;

• b, if A|H is true and B|K is void;

• z, that is the paid amount, if both conditional events A|H and B|K are void.

We observe that pA|Hq ^a,b pB|Kq, when H _ K is true, assumes values in r0, 1s. Then,
by coherence (see Remark 1) it must be z P r0, 1s and hence pA|Hq ^a,b pB|Kq P r0, 1s.
Of course, pA|Hq ^a,b pB|Kq “ pB|Kq ^b,a pA|Hq. We also observe that, if H “ K, then
HBK “ AHK “ H, and hence, for each pair pa, bq, it holds that

pA|Hq ^a,b pB|Hq “ AB|H.
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Remark 30. When we assess PpA|Hq “ x “ a and PpB|Kq “ y “ b, from Definition 3
and Definition 14, and using that pA|Hq ^ pB|Kq “ pB|Kq ^ pA|Hq, it holds that

pA|Hq ^x,y pB|Kq “ pA|Hq ^gs pB|Kq “ pB|Kq ^gs pA|Hq “ pB|Kq ^y,x pA|Hq,

that is both pA|Hq ^a,b pB|Kq and pB|Kq ^b,a pA|Hq reduces to pA|Hq ^gs pB|Kq, when
a “ x and b “ y. Moreover,

PrpA|Hq ^x,y pB|Kqs “ PpAHBK|pH _ Kqq ` PpA|HqPpHBK|pH _ Kqq

`PpB|KqPpAHK|pH _ Kqq.
(3.4)

We also notice that, when x ď a, y ď b it holds that pA|Hq ^gs pB|Kq ´ pA|Hq ^a,b pB|Kq “

px ´ aqp sHBK|H _ Kq ` py ´ bqpsKAH|H _ Kq ď 0, and hence, by coherence, PrpA|Hq ^gs
pB|Kqs ď PrpA|Hq ^a,b pB|Kqs.

We want now to define the negation for this new structure. Basic probability
teaches us that, given an event A, the probability of its negation A, is PpAq “ 1 ´

PpAq. The idea is to leave this relationship unchanged while also exploiting the
linearity of the prevision. Then we have the following

Definition 15. Let us consider four events A, B, H, K, with H ‰ H and K ‰ H, and two
values a, b P r0, 1s. Given the generalised conjunction pA|Hq ^a,b pB|Kq of the conditional
events A|H and B|K, we define its negation as the following conditional random quantity

pA|Hq ^a,b pB|Kq “ 1 ´ pA|Hq ^a,b pB|Kq.

We observe that

PrpA|Hq ^a,b pB|Kqs “ 1 ´ PrpA|Hq ^a,b pB|Kqs.

Following the same philosophy used in Definition 14 to generalise to conjunc-
tion in Definition 3, considering the disjunction of two conditional events in the
framework of conditional random quantities recalled in Definition 5, we define the
generalised disjunction as follows

Definition 16. Given four events A, B, H, K, with H ‰ H and K ‰ H, and two values
a, b P r0, 1s, we define the generalised disjunction w.r.t. a and b of the conditional events
A|H and B|K as the following conditional random quantity

pA|Hq _a,b pB|Kq “ pAH _ BK ` aH BK ` bAHKq|pH _ Kq. (3.5)

By exploiting (1.2), by setting w “ PrpA|Hq _a,b pB|Kqs, it holds that

pA|Hq _a,b pB|Kq “ pAH _ BKq ` aH BK ` bAHK ` wpH _ Kq. (3.6)

In the betting framework, if you assess w “ PrpA|Hq _a,b pB|Kqs, then you agree to
pay w, by receiving the random amount

pA|Hq _a,b pB|Kq “

$

’

’

’

’

&

’

’

’

’

%

1, if AH _ BK is true,
0, if AHBK is true,
a, if H BK is true,
b, if AHK is true,
w, if H K is true.

In other words, you agree to pay w in order to receive:
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• 1, if one of the conditional events A|H or B|K is true;

• 0, if both A|H and B|K are false;

• a, if A|H is void and B|K is false ;

• b, if A|H is false and B|K is void;

• w, that is the paid amount, if both conditional events A|H and B|K are void.

Therefore

PrpA|Hq _a,b pB|Kqs “ PppAH _ BKq|pH _ Kqq ` aPpH BK|pH _ Kqq

`bPpAHK|pH _ Kqq.
(3.7)

We observe that pA|Hq _a,b pB|Kq, when H _ K is true, assumes values in r0, 1s. Then,
by coherence (see Remark 1) it must be w P r0, 1s and hence pA|Hq _a,b pB|Kq P r0, 1s.
Of course it holds that pA|Hq _a,b pB|Kq “ pB|Kq _b,a pA|Hq.

Remark 31. It can be easily observed that when we take pa, bq “ px, yq, it holds that
pA|Hq _a,b pB|Kq “ pB|Kq _b,a pA|Hq “ pA|Hq _gs pB|Kq, where the latter disjunction
is the one defined in Definition 5.

3.1.1 Generalised De Morgan’s law and sum rule

Two classical relations linking the conjunction and disjunction of events are De Mor-
gan’s Laws and the so called Sum Rule. We want now to check if some generalisa-
tions of these rules are satisfied also by the new structures ^a,b and _c,d.

We begin by recalling that, given two basic events A and B by De Morgan’s
law it holds that A _ B “ pA ^ Bq. On the basis of the previous relation, we seek
to find a similar one linking ^a,b, its negation and generalised disjunction _c,d, for
some a, b, c, d P r0, 1s. Then, also using Definition 15, we consider the following
generalised De Morgan law

pA|Hq _c,d pB|Kq “ p sA|Hq ^a,b psB|Kq “ 1 ´ p sA|Hq ^a,b psB|Kq. (3.8)

By Definition 14, by replacing A with sA and B with sB, if follows that

pA|Hq ^a,b pB|Kq “ pAHBK ` aH BK ` bAHKq|pH _ Kq.

Looking at Table 3.1 and setting c “ 1 ´ a and d “ 1 ´ b, we obtain that
pA|Hq _1´a,1´b pB|Kq “ 1 ´ p sA|Hq ^a,b psB|Kq, when H _ K is true. Then by The-
orem 1, they also coincide when H K is true, that is w “ 1 ´ z, where z “

PrpA|Hq ^a,b pB|Kqs. Therefore, formula

pA|Hq _a,b pB|Kq “ 1 ´ p sA|Hq ^1´a,1´b psB|Kq, (3.9)

holds in all cases and hence

PrpA|Hq _a,b pB|Kqs “ 1 ´ Prp sA|Hq ^1´a,1´b psB|Kqs. (3.10)

Another important rule that characterizes the relation between the conjunction
and the disjunction of two basic events is the Sum Rule. More precisely, given two
events A and B it holds that A ` B “ AB ` A _ B (and that PpAq ` PpBq “ PpABq `
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Const. A|H B|K pA|Hq ^a,b pB|Kq pA|Hq ^a,b pB|Kq 1 ´ pA|Hq ^a,b pB|Kq pA|Hq _c,d pB|Kq

AHBK 1 1 1 0 1 1
AHBK 1 0 0 0 1 1
AHK 1 y b 0 1 1
AHBK 0 1 0 0 1 1
AHBK 0 0 0 1 0 0
AH K 0 y 0 b 1 ´ b d
HBK x 1 a 0 1 1
H BK x 0 0 a 1 ´ a c
H K x y za,b z 1 ´ z w

TABLE 3.1: Numerical values of the events A|K, B|K and of the conditional random quanti-
ties pA|Hq ^a,b pB|Kq, pA|Hq ^a,b pB|Kq, 1 ´ pA|Hq ^a,b pB|Kq and pA|Hq _c,d pB|Kq, where
x “ PpA|Hq, y “ PpB|Kq, za,b “ PrpA|Hq ^a,b pB|Kqs, z “ PrpA|Hq ^a,b pB|Kqs, and
w “ PrpA|Hq _c,d pB|Kqs.

PpA _ Bq). We want to generalise this relation to conditional events A|H and B|K,
that is, we want to verify if, for some values of a, b, c, d P r0, 1s, it happens that
A|H ` B|K “ pA|Hq ^a,b pB|Kq ` pA|Hq _c,d pB|Kq.

We have the following result.

Theorem 22. Let A, B, H, K be any logically independent events. Let px, yq P r0, 1s2 be a
coherent assessment on tA|H, B|Ku. Given any numbers a, b, c, d P r0, 1s we have that

A|H ` B|K “ pA|Hq ^a,b pB|Kq ` pA|Hq _c,d pB|Kq ðñ a “ c “ x and b “ d “ y.
(3.11)

Proof. To prove relation (3.11), we compute the values of A|H ` B|K and pA|Hq ^a,b
pB|Kq ` pA|Hq _c,d pB|Kq looking at Table 3.1. If we want that A|H ` B|K “

pA|Hq ^a,b pB|Kq ` pA|Hq _c,d pB|Kq then from the constituent AH sK, it must be
1 ` y “ b ` 1 ô y “ b, from sAH sK, 0 ` y “ 0 ` d ô y “ d, from sHBK,
x ` 1 “ a ` 1 ô x “ a, and from sHsBK, we have that x ` 0 “ 0 ` c ô x “ b.
Therefore, when H _ K is true, A|H ` B|K “ pA|Hq ^a,b pB|Kq ` pA|Hq _c,d pB|Kq

if and only if a “ c “ x and b “ d “ y. We observe that A|H ` B|K “

pAH ` x sH ` BK ` ysKq|pH _ Kq, with PrpAH ` x sH ` BK ` ysKq|pH _ Kqs “ x ` y (see
[53, Theorem 2]). Moreover, as both the objects pA|Hq ^a,b pB|Kq and pA|Hq _c,d pB|Kq

are conditional random quantities with the same conditioning event H _ K, it holds
that pA|Hq ^a,b pB|Kq ` pA|Hq _c,d pB|Kq is also a conditional random quantity con-
ditioned to H _ K. Moreover, when a “ c “ x and b “ d “ y, by Theorem 1, it
follows that pAH ` x sH ` BK ` ysKq|pH _ Kq and pA|Hq ^a,b pB|Kq ` pA|Hq _c,d pB|Kq,
coincide when H _ K is false. Then eq. (3.11) is verified.

Remark 32. From Theorem 22, we have that

A|H ` B|K “ pA|Hq ^a,b pB|Kq ` pA|Hq _c,d pB|Kq ðñ p^a,b, _c,dq “ p^gs, _gsq

where ^gs and _gs are as in Definition 3 and Definition 5, respectively. Then, the pair
p^gs, _gsq is the only one that satisfies the generalised version of the sum rule and we have
that PpA|Hq ` PpB|Kq “ PrpA|Hq ^gs pB|Kqs ` PrppA|Hq _gs pB|Kqs.
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3.2 Sets of coherent assessments

In this section we study the sets of coherent assessments on the families
tA|H, B|K, pA|Hq ^a,b pB|Kqu in Theorem 23, and tA|H, B|K, pA|Hq _a,b pB|Kqu in The-
orem 24. Moreover, both for the generalised conjunction and for the generalised
disjunction, we observe that the Fréchet-Hoeffding bounds are satisfied for every
px, yq P r0, 1s2 only for pa, bq “ px, yq, that is for the conjunction and disjunction of
conditional events defined in Definition 3 and Definition 5, respectively.

3.2.1 Generalised conjunction and coherence

We begin by analysing the coherent assessments on the generalised conjunction.

Theorem 23. Let A, B, H, K be any logically independent events. A prevision assessment
P “ px, y, zq on the family of conditional random quantities F “ tA|H, B|K, pA|Hq ^a,b
pB|Kqu is coherent if and only if px, yq P r0, 1s2 and z P rz1, z2s, where

z1 “

#

px ` y ´ 1q ¨ mint a
x , b

y , 1u, if x ` y ´ 1 ą 0,
0, otherwise

(3.12)

and
z2 “ maxtz2

1, z2
2, mintz2

3, z2
4uu, (3.13)

where
z2

1 “ mintx, yu,

z2
2 “

$

&

%

xpb ´ ayq ` ypa ´ bxq

1 ´ xy
, if px, yq ‰ p1, 1q,

1, if px, yq “ p1, 1q,

z2
3 “

$

&

%

xp1 ´ aq ` ypa ´ xq

1 ´ x
, if x ‰ 1,

1, if x “ 1,

z2
4 “

$

&

%

xpb ´ yq ` yp1 ´ bq

1 ´ y
, if y ‰ 1,

1, if y “ 1.

Proof. First of all we observe that, by logical independence of A, H, B, K, the assess-
ment px, yq is coherent for every px, yq P r0, 1s2. The constituents Ch’s contained in
H _ K and the points Qh’s associated with the assessment P “ px, y, zq on F are
C1 “ AHBK, C2 “ AHBK, C3 “ AHBK, C4 “ AHBK, C5 “ AHK, C6 “ HBK, C7 “

AHK, C8 “ H BK and Q1 “ p1, 1, 1q, Q2 “ p1, 0, 0q, Q3 “ p0, 1, 0q, Q4 “ p0, 0, 0q, Q5 “

p1, y, bq, Q6 “ px, 1, aq, Q7 “ p0, y, 0q, Q8 “ px, 0, 0q. Considering the convex hull I of
Q1, . . . , Q8, the coherence of P requires that the condition P P I be satisfied, that is

P “
ř8

h“1 λhQh,
ř8

h“1 λh “ 1, λh ě 0, h “ 1, . . . , 8 .

We observe that Q7 “ yQ3 ` p1 ´ yqQ4 and Q8 “ xQ2 ` p1 ´ xqQ4. Then, I is the
convex hull of Q1, . . . , Q6. Thus, the condition P P I amounts to the solvability of
the following system in the unknowns λ1, . . . , λ6

P “
ř6

h“1 λhQh,
ř6

h“1 λh “ 1, λh ě 0, h “ 1, . . . , 6 (3.14)
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that is
$

’

’

&

’

’

%

λ1 ` λ2 ` λ5 ` xλ6 “ x,
λ1 ` λ3 ` yλ5 ` λ6 “ y,
λ1 ` bλ5 ` aλ6 “ z,
λ1 ` ¨ ¨ ¨ ` λ6 “ 1, λi ě 0, @i “ 1, . . . , 6.

(3.15)

For each solution Λ “ pλ1, . . . , λ6q of system (3.15) we have that the functions Φj
defined in (1.7) are

Φ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5,
Φ2pΛq “

ř

h:ChĎK λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ6,
Φ3pΛq “

ř

h:ChĎH_K λh “ λ1 ` λ2 ` λ3 ` λ4 ` λ5 ` λ6.
(3.16)

For each given px, yq P r0, 1s2, based on Theorem 4 we determine the lower and
upper bounds z1, z2 for the coherent extension z “ PrpA|Hq ^a,b pB|Kqs.

Lower bound We distinguish two cases: (A) x ` y ´ 1 ď 0; (B) x ` y ´ 1 ą 0.

(A) We show that z1 “ 0 is the lower bound for z “ PrpA|Hq ^a,b pB|Kqs by proving
that the assessment px, y, 0q on F is coherent. Let a pair px, yq P r0, 1s2 be given.
We first observe that P “ px, y, 0q “ xQ2 ` yQ3 ` p1 ´ x ´ yqQ4. Then, P P I ,
where I is the convex hull of Q1, . . . , Q6, with a solution of (3.15) given by
Λ “ p0, x, y, 1 ´ x ´ y, 0, 0q. For the functions Φj given in (3.16) it holds that
Φ1pΛq “ Φ2pΛq “ Φ3pΛq “ 1 ą 0. Then, from Remark 4, the assessment
px, y, 0q on F is coherent. Thus, for every px, yq P r0, 1s2 the assessment px, y, 0q

is coherent and hence z1 “ 0.

(B) As x ` y ´ 1 ą 0, it holds that x ‰ 0 and y ‰ 0. We consider three subcases:
(B.1) mint a

x , b
y , 1u “ 1; (B.2) mint a

x , b
y , 1u “ a

x ; (B.3) mint a
x , b

y , 1u “ b
y .

Case (B.1). We observe that a ě x and b ě y. We first prove that the
assessment px, y, x ` y ´ 1q is coherent. Then, we show that z1 “ x ` y ´ 1
is the lower bound for z “ PrpA|Hq ^a,b pB|Kqs. As P “ px, y, x ` y ´ 1q “

px ` y ´ 1qQ1 ` p1 ´ yqQ2 ` p1 ´ xqQ3, it follows that P P I . Then, a solution
of system (3.15) is given by Λ “ px ` y ´ 1, 1 ´ y, 1 ´ x, 0, 0, 0q. From (3.16)
it holds that Φ1pΛq “ Φ2pΛq “ Φ3pΛq “ 1 ą 0. Then, from Remark 4, the
assessment px, y, x ` y ´ 1q on F is coherent.

In order to prove that z1 “ x ` y ´ 1 is the lower bound for z “ PrpA|Hq ^a,b
pB|Kqs, we verify that the assessment P “ px, y, zq, with px, yq P r0, 1s2 and
z ă z1 “ x ` y ´ 1, is not coherent because px, y, zq R I . We observe that the
points Q1, Q2, Q3 belong to the plane π : X ` Y ´ Z “ 1. We set f pX, Y, Zq “

X ` Y ´ Z ´ 1 and we obtain f pQ1q “ f pQ2q “ f pQ3q “ 0, f pQ4q “ ´1 ă

0, f pQ5q “ y ´ b ď 0, f pQ6q “ x ´ a ď 0. Then, by considering P “ px, y, zq,
with z ă x ` y ´ 1, it holds that

f pPq “ x ` y ´ 1 ´ z ą 0 ě f pQhq, h “ 1, . . . , 6,

and hence P “ px, y, zq R I . Indeed, if it were P P I , that is
P linear convex combination of Q1, . . . , Q6, it would follow that
f pPq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ď 0. Thus, the lower bound for

z is z1 “ x ` y ´ 1, for every px, yq P r0, 1s2 such that mint a
x , b

y , 1u “ 1.
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Case (B.2). We notice that a ď x and a
x ď b

y .
We show that in this case

z1 “ px ` y ´ 1q mint
a
x

,
b
y

, 1u “
a
x

px ` y ´ 1q.

We first prove that px, y, a
x px ` y ´ 1qq is coherent. Indeed, we observe that

P “ px, y, a
x px ` y ´ 1qq “ p1 ´ yqQ2 `

p1´xqp1´yq

x Q3 `
x`y´1

x Q6. Then, P P I ,
where I is the convex hull of Q1, . . . , Q6, with a solution of (3.15) given
by Λ “ p0, 1 ´ y, p1´xqp1´yq

x , 0, 0, x`y´1
x q. By recalling (3.16), it holds that

Φ1pΛq “
1´y

x , Φ2pΛq “ Φ3pΛq “ 1 ą 0. We distinguish two cases: piq y ‰ 1,
piiq y “ 1. In the case piq we get ΦjpΛq ą 0, j “ 1, 2, 3 and hence by Remark
4 it follows that the assessment px, y, a

x px ` y ´ 1qq is coherent. In case piiq,
as Φ1pΛq “ 0, it holds that I0 Ď t1u, with the sub-assessment P0 “ x on
F0 “ tA|Hu coherent because x P r0, 1s. Then, by Theorem 2, the assessment
px, y, a

x px ` y ´ 1qq “ px, 1, aq on F is coherent. Thus, in this sub-case the as-
sessment px, y, a

x px ` y ´ 1qq on F is coherent for every px, yq P r0, 1s2. In order
to prove that a

x px ` y ´ 1q is the lower bound z1 for z “ PrpA|Hq ^a,b pB|Kqs,
we verify that px, y, zq, with px, yq P r0, 1s2 and z ă a

x px ` y ´ 1q, is not coherent
because px, y, zq R I . We observe that the points Q2, Q3, Q6 belong to the
plane π : aX ` aY ´ xZ “ a. We set f pX, Y, Zq “ apX ` Y ´ 1q ´ xZ and we
obtain f pQ2q “ f pQ3q “ f pQ6q “ 0, f pQ1q “ a ´ x ď 0, f pQ4q “ ´a ď 0,
f pQ5q “ ay ´ bx ď 0. Then, by considering P “ px, y, zq, with z ă a

x px ` y ´ 1q,
it holds that f pPq “ f px, y, zq “ apx ` y ´ 1q ´ xz ą 0 ě f pQhq,
h “ 1, . . . , 6, and hence P “ px, y, zq R I . Indeed, if it were P P I ,
that is P linear convex combination of Q1, . . . , Q6, it would follow that
f pPq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ď 0. Thus, in this sub-case the lower

bound for z “ PppA|Hq ^a,b pB|Kqq is z1 “ a
x px ` y ´ 1q, for every px, yq P r0, 1s2

such that mint a
x , b

y , 1u “ a
x .

Case (B.3). We notice that b ď y and a
x ě b

y . We prove that

px, y, b
y px ` y ´ 1qq is coherent and that z1 “ b

y px ` y ´ 1q is the lower
bound for z “ PrpA|Hq ^a,b pB|Kqs.
We observe that P “ px, y, b

y px ` y ´ 1qq “
p1´xqp1´yq

y Q2 ` p1 ´ xqQ3 `
x`y´1

y Q5.

Then, P P I , with a solution of (3.15) given by Λ “ p0, p1´xqp1´yq

y , 1 ´

x, 0, x`y´1
y , 0q.It holds that Φ1pΛq “ Φ3pΛq “ 1, Φ2pΛq “ 1´x

y . We distin-
guish two cases: piq x ‰ 1, piiq x “ 1. In the case piq we get ΦjpΛq ą 0,
j “ 1, 2, 3, and hence by Remark 4, the assessment px, y, b

y px ` y ´ 1qq

is coherent. In the case piiq we get I0 Ď t2u, with the sub-assessment
P0 “ y on F0 “ tB|Ku coherent because y P r0, 1s. Then, by Theorem 2,
the assessment px, y, b

y px ` y ´ 1qq “ p1, y, bq on F is coherent. Thus, the

assessment px, y, b
y px ` y ´ 1qq on F is coherent for every px, yq P r0, 1s2

such that mint a
x , b

y , 1u “ b
y . In order to prove that b

y px ` y ´ 1q is the
lower bound z1 for z “ PppA|Hq ^a,b pB|Kqq, we verify that px, y, zq,
with px, yq P r0, 1s2 and z ă b

y px ` y ´ 1q, is not coherent because
px, y, zq R I . We observe that the points Q2, Q3, Q5 belong to the plane
π : bX ` bY ´ yZ “ b. We set f pX, Y, Zq “ bpX ` Y ´ 1q ´ yZ and we
obtain f pQ2q “ f pQ3q “ f pQ5q “ 0, f pQ1q “ b ´ y ă 0, f pQ4q “ ´b ď 0,
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f pQ5q “ bx ´ ay ď y. Then, by considering P “ px, y, zq, with z ă b
y px ` y ´ 1q,

it holds that f pPq “ f px, y, zq “ bpx ` y ´ 1q ´ yz ą 0 ě f pQhq,
h “ 1, . . . , 6, and hence P “ px, y, zq R I . Indeed, if it were P P I ,
that is P linear convex combination of Q1, . . . , Q6, it would follow that
f pPq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ď 0. Thus, the lower bound for

z “ PrpA|Hq ^a,b pB|Kqs is z1 “ b
y px ` y ´ 1q.

Therefore, for every px, yq P r0, 1s2 the value z1 given in formula (3.12) is the lower
bound for z “ PrpA|Hq ^a,b pB|Kqs.

Upper bound We distinguish two cases: (C) ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ą 0; (D)
ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0.

(C) We first prove that
maxtz2

1, z2
2, mintz2

3, z2
4uu “ z2

2, (3.17)

where z2
i , i “ 1, 2, 3, 4, are given in (3.13). Then, we prove that px, y, z2

2q is
coherent. Finally we prove that z2

2 is the upper bound, by showing that px, y, zq

with z ą z2
2 is not coherent. We observe that to be in case (C) we must have

a ą x and b ą y. Indeed, if it were a ď x, as

ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď xp1 ´ yq ` bp1 ´ xq ` xy ´ 1
“ bp1 ´ xq ` x ´ 1 “ p1 ´ xqpb ´ 1q ď 0,

we would be in case (D). Likewise, if it were b ď y, as

ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď ap1 ´ yq ` yp1 ´ xq ` xy ´ 1
“ ap1 ´ yq ` y ´ 1 “ p1 ´ yqpa ´ 1q ď 0,

we would be in case (D). As a ą x and b ą y, it holds that x ‰ 1 and y ‰ 1.
Moreover,

a ´ bx ą x ´ bx “ xp1 ´ bq ě 0, b ´ ay ą yp1 ´ aq ě 0. (3.18)

We observe that

z2
2 ´ z2

3 “
xpb ´ ayq ` ypa ´ bxq

1 ´ xy
´

xp1 ´ aq ` ypa ´ xq

1 ´ x

“
xp1 ´ yqrap1 ´ yq ` bp1 ´ xq ` xy ´ 1s

p1 ´ xyqp1 ´ xq
ě 0

(3.19)

and

z2
2 ´ z2

4 “
xpb ´ ayq ` ypa ´ bxq

1 ´ xy
´

xpb ´ yq ` yp1 ´ bq

1 ´ y

“
yp1 ´ xqrap1 ´ yq ` bp1 ´ xq ` xy ´ 1s

p1 ´ xyqp1 ´ yq
ě 0.

(3.20)

Then z2
2 ě z2

3 and z2
2 ě z2

4. Concerning the relation between z2
2 and z2

1 we
distinguish two cases: piq x ď y; piiq x ě y.
piq. In this case z2

1 “ mintx, yu “ x. As ap1 ´ yq ` bp1 ´ xq ą 1 ´ xy, it holds
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that xpap1 ´ yq ` bp1 ´ xqq ě xp1 ´ xyq. Then,

z2
2 “

xpb ´ ayq ` ypa ´ bxq

p1 ´ xyq
ě

xpb ´ ayq ` xpa ´ bxq

1 ´ xy
“

“
xpap1 ´ yq ` bp1 ´ xqq

1 ´ xy
ě

xp1 ´ xyq

1 ´ xy
“ x “ z2

1.

piiq In this case z2
1 “ mintx, yu “ y. As ap1 ´ yq ` bp1 ´ xq ą 1 ´ xy, it holds

that ypap1 ´ yq ` bp1 ´ xqq ě yp1 ´ xyq. Then,

z2
2 “

xpb ´ ayq ` ypa ´ bxq

p1 ´ xyq
ě

ypb ´ ayq ` ypa ´ bxq

1 ´ xy

“
ypap1 ´ yq ` bp1 ´ xqq

1 ´ xy
ě

yp1 ´ xyq

1 ´ xy
“ y “ z2

1.

Thus, formula (3.17) holds.

We now prove that px, y, z2
2q “ px, y, xpb´ayq`ypa´bxq

1´xy q is a coherent assessment on

F . We observe that P “ px, y, z2
2q “

p1´xqp1´yq

1´xy Q4 `
xp1´yq

1´xy Q5 `
yp1´xq

1´xy Q6. Then,

P P I with a solution of (3.15) given by Λ “ p0, 0, 0, p1´xqp1´yq

1´xy , xp1´yq

1´xy , yp1´xq

1´xy q.
From (3.16) it follows

Φ1pΛq “
1 ´ y

1 ´ xy
, Φ2pΛq “

1 ´ x
1 ´ xy

, Φ3pΛq “ 1.

As x ă 1 and y ă 1, it holds that ΦjpΛq ą 0, j “ 1, 2, 3. Then, by Remark 4 the
assessment px, y, z2q on F is coherent.
In order to prove that z2

2 is the upper bound z2 for z “ PrpA|Hq ^a,b pB|Kqs,
we verify that px, y, zq, with z ą z2, is not coherent because px, y, zq R I . We
observe that the points Q4, Q5, Q6 belong to the plane π : ´pb ´ ayqX ´ pa ´

bxqY ` p1 ´ xyqZ “ 0. We set f pX, Y, Zq “ ´pb ´ ayqX ´ pa ´ bxqY ` p1 ´ xyqZ.
It holds that f pQ4q “ f pQ5q “ f pQ6q “ 0, f pQ1q “ ´rap1 ´ yq ` bp1 ´ xq `

xy ´ 1s ă 0, f pQ2q “ ´pb ´ ayq ă 0, f pQ3q “ ´pa ´ bxq ă 0. Then, for
every P P I , that is P is a linear convex combination of Q1, . . . , Q6, it would
follow that f pPq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ď 0. Then, by considering

P “ px, y, zq, with z ą z2
2, it holds that zp1 ´ xyq ą xpb ´ ayq ` ypa ´ bxq and

hence
f pPq “ ´pb ´ ayqx ´ pa ´ bxqy ` p1 ´ xyqz ą 0.

Then, P “ px, y, zq R I . Thus, in case (C) z2 “ maxtz2
1, z2

2, mintz2
3, z2

4uu “ z2
2.

(D) First of all we observe that z2
2 ď mintz2

3, z2
4u. Indeed, if x ‰ 1 and y ‰ 1,

from (3.19) and (3.20) it holds that z2
2 ď z2

3 and z2
2 ď z2

4. If x “ 1, y ‰ 1, of
course z2

2 ď z2
3 “ 1 and from (3.20) it holds that z2

2 ď z2
4. If y “ 1, x ‰ 1, of

course z2
2 ď z2

4 “ 1 and from (3.19) it holds that z2
2 ď z2

3. Finally, if x “ y “ 1,
then z2

2 “ z2
3 “ z2

4 “ 1. Then, maxtz2
1, z2

2, mintz2
3, z2

4uu “ maxtz2
1, mintz2

3, z2
4uu.

Moreover, as xp1´aq`ypa´xq

1´x ´
xpb´yq`yp1´bq

1´y “
py´xqrap1´yq`bp1´xq`xy´1s

p1´yqp1´xq
, we obtain

z2
3 ´ z2

4 “

$

’

’

’

&

’

’

’

%

py´xqrap1´yq`bp1´xq`xy´1s

p1´yqp1´xq
, if x ‰ 1 and y ‰ 1,

1 ´ b, if x “ 1 and y ‰ 1,
a ´ 1, if x ‰ 1 and y “ 1,
0, if x “ y “ 1.

(3.21)
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We consider the following subcases: (D.1) x ď y; (D.2) y ă x;

Case (D.1). From (3.21) it holds that mintz2
3, z2

4u “ z2
3. Then,

maxtz2
1, mintz2

3, z2
4uu “ maxtx, z2

3u. We distinguish two cases: piq a ď x;
piiq a ą x.
piq. We observe that, if x “ 1 (and hence y “ 1) we have that
maxt1, z2

3u “ 1 “ z2
1. If x ‰ 1, as

z2
3 ´ z2

1 “
xp1 ´ aq ` ypa ´ xq

1 ´ x
´ x “

xp1 ´ aq ` ypa ´ xq ´ xp1 ´ xq

1 ´ x
“

“
apy ´ xq ´ xpy ´ xq

1 ´ x
“

py ´ xqpa ´ xq

1 ´ x

(3.22)

it holds that z2
3 ď z2

1 “ x. Then maxtz2
1, z2

3u “ z2
1 “ x.

Now we show that the assessment P “ px, y, z2
1q “ px, y, xq is coherent and

that the upper bound z2 for z is z2
1 “ x. We observe that P “ px, y, xq “

xQ1 ` py ´ xqQ3 ` p1 ´ yqQ4, then, P P I and a solution of (3.15) is given by
Λ “ px, 0, y ´ x, 1 ´ y, 0, 0q. It holds that Φ1pΛq “ Φ2pΛq “ Φ3pΛq “ 1, then
by Remark 4 the probability assessment px, y, xq on F is coherent. In order to
prove that z2 “ z2

1 “ x is the upper bound for z, we verify that P “ px, y, zq,
with z ą z2 “ x, is not coherent because P R I . We observe that the points
Q1, Q3, Q4 belong to the plane π : X ´ Z “ 0. We set f pX, Y, Zq “ X ´ Z and
we obtain f pQ1q “ f pQ3q “ f pQ4q “ 0, f pQ2q “ 1 ą 0, f pQ5q “ 1 ´ b ě 0,
f pQ6q “ x ´ a ě 0. Then, for every P P I it holds that f pPq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ě 0. Then, by considering P “ px, y, zq, with z ą x, it holds that

f pPq “ f px, y, zq “ x ´ z ă 0, and hence P R I . Thus, z2 “ z2
1 “ x.

piiq As x ă a, x ‰ 1. In this case, from (3.22) it holds that

maxtz2
1, z2

3u “ z2
3 “

xp1 ´ aq ` ypa ´ xq

1 ´ x
.

We prove that px, y, z2
3q “ px, y, xp1´aq`ypa´xq

1´x q is a coherent assessment
on F “ tA|H, B|K, pA|Hq|a,bpB|Kqu and that z2 “ z2

3. We observe that
P “ px, y, xp1´aq`ypa´xq

1´x q “
xp1´yq

1´x Q1 ` p1 ´ yqQ4 `
y´x
1´x Q6, hence P P I .

A solution of (3.15) is given by Λ “ p
xp1´yq

1´x , 0, 0, 1 ´ y, 0, y´x
1´x q and it holds

that Φ1pΛq “
1´y
1´x , Φ2pΛq “ Φ3pΛq “ 1. We distinguish two cases: y ‰ 1

and y “ 1. If y ‰ 1 we get Φ1pΛq ą 0 and Φ2pΛq “ Φ3pΛq “ 1 ą 0;
then I0 “ H and by Remark 4 the assessment px, y, z2

3q is coherent. If
y “ 1 we get I0 Ď t1u, with the sub-assessment P0 “ x on F0 “ tA|Hu

coherent because x P r0, 1s. Then, by Remark 4, the assessment px, y, z2
3q on

F is coherent. In order to prove that z2 “ z2
3, we verify that px, y, zq, with

z ą z2
3 is not coherent because px, y, zq R I . We observe that the points

Q1, Q4, Q6 belong to the plane π : pa ´ 1qX ` px ´ aqY ` p1 ´ xqZ “ 0.
We set f pX, Y, Zq “ pa ´ 1qX ` px ´ aqY ` p1 ´ xqZ and we obtain
f pQ1q “ f pQ4q “ f pQ6q “ 0, f pQ2q “ a ´ 1 ď 0, f pQ3q “ x ´ a ă 0, f pQ5q “

a ´ 1 ` ypx ´ aq ` bp1 ´ xq “ ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0. Then, for every
P P I it follows that f pQq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ď 0. Then, by con-

sidering P “ px, y, zq, with z ą
xp1´aq`ypa´xq

1´x , i.e. zp1 ´ xq ą xp1 ´ aq ` ypa ´ xq,
it holds that f pPq “ f px, y, zq “ ´rp1 ´ aqx ` pa ´ xqys ` p1 ´ xqz ą 0
and hence P R I . Thus, the upper bound for z “ PppA|Hq ^a,b pB|Kqq is
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z2 “ z2
3 “

xp1´aq`ypa´xq

1´x .

Case (D.2) From (3.21) it holds that mintz2
3, z2

4u “ z2
4. Then,

maxtz2
1, mintz2

3, z2
4uu “ maxty, z2

4u. We distinguish two cases: pjq b ď y;
pjjq b ą y.
pjq. As y ă x, it holds that y ‰ 1. We observe that

z2
4 ´ z2

1 “
yp1 ´ bq ` xpb ´ yq

1 ´ y
´ y “

px ´ yqpb ´ yq

1 ´ y
(3.23)

and hence, as y ă x and b ď y, z2
4 ď z2

1. Then maxtz2
1, z2

4u “ z2
1 “ y. We

show that P “ px, y, z2
1q “ px, y, yq is coherent and that the upper bound z2

for z is z2
1 “ y. We observe that P “ px, y, yq “ yQ1 ` px ´ yqQ2 ` p1 ´ xqQ4,

then, P P I and a solution of (3.15) is given by Λ “ py, x ´ y, 0, 1 ´ x, 0, 0q. It
holds that Φ1pΛq “ Φ2pΛq “ Φ3pΛq “ 1, then by Remark 4 the probability
assessment px, y, yq on F is coherent. In order to prove that z2 “ z2

1 “ y is
the upper bound for z, we verify that P “ px, y, zq, with z ą z2 “ y, is not
coherent because P R I . We observe that the points Q1, Q2, Q4 belong to the
plane π : Y ´ Z “ 0. We set f pX, Y, Zq “ Y ´ Z and we obtain f pQ1q “ f pQ2q “

f pQ4q “ 0, f pQ3q “ 1 ą 0, f pQ5q “ y ´ b ě 0, f pQ6q “ 1 ´ a ě 0. Then, for
every P P I it holds that f pPq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ě 0. Then, by

considering P “ px, y, zq, with z ą y, it holds that f pPq “ f px, y, zq “ y ´ z ă 0,
and hence P R I . Thus, z2 “ z2

1 “ y.
pjjq In this case, from (3.23) it holds that

maxtz2
1, z2

4u “ z2
4 “

xpb ´ yq ` yp1 ´ bq

1 ´ y
.

We prove that px, y, z2
4q “ px, y, xpb´yq`yp1´bq

1´y q is a coherent assessment on F and

that z2 “ z2
4. We observe that P “ px, y, yp1´bq`xpb´yq

1´y q “
yp1´xq

1´y Q1 ` p1 ´ xqQ4 `

x´y
1´y Q5. Then, P P I with a solution of (3.15) given by Λ “ p

yp1´xq

1´y , 0, 0, 1 ´

x, x´y
1´y , 0q. Based on (3.16) it holds that Φ1pΛq “ Φ3pΛq “ 1 ą 0, and Φ2pΛq “

1´x
1´y . We distinguish two cases: x ‰ 1; x “ 1. If x ‰ 1, we get ΦjpΛq ą 0,
j “ 1, 2, 3. Then I0 “ H and by Remark 4 the assessment px, y, z2

4q on F is
coherent. If x “ 1, we get I0 Ď t2u, with the sub-assessment P0 “ y on F0 “

tB|Ku coherent because y P r0, 1s. Then, by Theorem 2, the assessment px, y, z2
4q

on F is coherent. In order to prove that z2 “ z2
4 “

yp1´bq`xpb´yq

1´y is the upper
bound for z “ PppA|Hq ^a,b pB|Kqq, we verify that px, y, zq, with px, yq P r0, 1s2

and z ą z2
4, is not coherent because px, y, zq R I . We observe that the points

Q1, Q4, Q5 belong to the plane π : py ´ bqX ` pb ´ 1qY ` p1 ´ yqZ “ 0. We set
f pX, Y, Zq “ py ´ bqX ` pb ´ 1qY ` p1 ´ yqZ and we obtain f pQ1q “ f pQ4q “

f pQ5q “ 0, f pQ2q “ y ´ b ă 0, f pQ3q “ b ´ 1 ď 0, f pQ6q “ xpy ´ bq ` pb ´

1q ` ap1 ´ yq “ ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0. Then, for every P P I , it holds
that f pPq “ f p

ř6
h“1 λhQhq “

ř6
h“1 λh f pQhq ď 0. Moreover, by considering

P “ px, y, zq, with z ą
xpb´yq`yp1´bq

1´y , i.e. zp1 ´ yq ą xpb ´ yq ` yp1 ´ bq, it
holds that f pPq “ f px, y, zq “ ´rpb ´ yqx ` p1 ´ bqys ` p1 ´ yqz ą 0 and hence
P “ px, y, zq R I . Thus, the upper bound for z “ PppA|Hq ^a,b pB|Kqq is z2 “

z2
4 “

xpb´yq`yp1´bq

1´y .
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Case z1

(A): x ` y ´ 1 ď 0 0
(B): x ` y ´ 1 ą 0

Sub-cases:
(B.1):a ě x and b ě y x ` y ´ 1
(B.2):a ă x and a

x ď b
y

a
x px ` y ´ 1q

(B.3):b ă y and b
y ď a

x
b
y px ` y ´ 1q

TABLE 3.2: Values of the lower bound z1 of z “ PrpA|Hq ^a,b pB|Kqs for different values of
x “ PpA|Hq, y “ PpB|Kq, a, b P r0, 1s.

Case z2

(C)
ap1 ´ yq ` bp1 ´ xq ą 1 ´ xy z2

2 “
xpb´ayq`ypa´bxq

1´xy
(D)

ap1 ´ yq ` bp1 ´ xq ď 1 ´ xy
Sub-cases:

x ď y and a ď x z2
1 “ x

x ď y and a ą x z2
3 “

xp1´aq`ypa´xq

1´x
y ă x and b ď y z2

1 “ y
y ă x and b ą y z2

4 “
xpb´yq`yp1´bq

1´y

TABLE 3.3: Values of the upper bound z2 of z “ PrpA|Hq ^a,b pB|Kqs for different values of
x “ PpA|Hq, y “ PpB|Kq, a, b P r0, 1s.

Therefore, for every px, yq P r0, 1s2 the value z2 given in formula (3.13) is the upper
bound for z “ PrpA|Hq ^a,b pB|Kqs.

A summary of the different values of the lower and upper bounds z1 and z2 for
the prevision of pA|Hq ^a,b pB|Kq are given in Table 3.2 and in Table 3.3, respectively.

Moreover, from Theorem 23 it follows that

Corollary 1. Let A, B, H, K be any logically independent events. Then, the set Πa,b of all
coherent prevision assessments px, y, zq on F “ tA|H, pB|Kq, pA|Hq ^a,b pB|Kqu, is

Πa,b “ tpx, y, zq : px, yq P r0, 1s2, z P rz1, z2su, (3.24)

where z1 and z2 are defined in (3.12) and (3.13), respectively.

We recall that, under logical independence, the set of all coherent as-
sessment px, y, zq on tA|H, B|K, pA|Hq ^ pB|Kqu is the tetrahedron T of points
p1, 1, 1q, p1, 0, 0q, p0, 1, 0q, p0, 0, 0q, that is ([53]) T “ tpx, y, zq : px, yq P r0, 1s2, z P

rmaxtx ` y ´ 1, 0u, mintx, yusu. As, from (3.12) and (3.13), z1 ď maxtx ` y ´ 1, 0u

and z2 ě mintx, yu for every pa, bq P r0, 1s2, it holds that (see Figure 3.1 )

T Ď Πa,b @pa, bq P r0, 1s2. (3.25)

From Theorem 23, we also have that the Fréchet-Hoeffding bounds are not satisfied
by pA|Hq ^a,b pB|Kq for every px, yq P r0, 1s2, when a and b are arbitrarily chosen. For
example, if we take a ą x and b ą y, then from Equation (3.13), the upper bound
of the coherent assessments on pA|Hq ^a,b pB|Kq is z2

2 “
xpb´ayq`ypa´bxq

1´xy ‰ mintx, yu.
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FIGURE 3.1: The gray region enclosed between the two surfaces represents the set Πa,b of
all coherent prevision assessments px, y, zq on tA|H, B|K, pA|Hq ^a,b pB|Kqu, with a “ 0.9
and b “ 0.3. The tetrahedron T is the set of all coherent prevision assessments px, y, zq on
tA|H, B|K, pA|Hq ^gs pB|Kqu. It can be observed that T Ă Πa,b.

In the following corollary we show that the only case the Fréchet-Hoeffding bounds
for the conjunction are satisfied for every px, yq P r0, 1s2 is for a “ x and b “ y, that is
the only conjunction of two conditional events always coherent with these bounds
is pA|Hq ^gs pB|Kq, explicitly depending on the probabilities of the conditionals.

Corollary 2. Let A, B, H and K be any logically independent events. The generalised
conjunction pA|Hq ^a,b pB|Kq satisfies the Fréchet-Hoeffding bounds for every coherent as-
sessment px, yq P r0, 1s2 on tA|H, B|Ku, if and only if a “ x and b “ y.

Proof. If a “ x and b “ y, from Remark 30 we have that pA|Hq ^a,b pB|Kq “ pA|Hq ^gs
pB|Kq and this object satisfies the Fréchet-Hoeffding bounds for every px, yq P r0, 1s2.

Let us suppose now that pA|Hq ^a,b pB|Kq satisfies the Fréchet-Hoeffding bounds
for every px, yq P r0, 1s2 but a ‰ x. We observe from Table 3.3 that to have the Fréchet-
Hoeffding upper bound z2 “ mintx, yu we need to have ap1 ´ yq ` bp1 ´ xq ď 1 ´ xy
and rpx ď y ^ a ď xq _ px ą y ^ b ď yqs. Let us consider any coherent
assessment px, yq on tA|H, B|Ku such that ap1 ´ yq ` bp1 ´ yq ď 1 ´ xy, x ď y and
x ` y ´ 1 ą 0. Then, z2 “ mintx, yu “ x and a ă x, because we supposed a ‰ x.
Having that x ` y ´ 1 ą 0, the Fréchet-Hoeffding lower bound for these assessments
would be z1 “ x ` y ´ 1. Nevertheless, being a

x ă 1, we have that mint a
x , b

y , 1u ‰ 1

and hence z1 “ px ` y ´ 1q mint a
x , b

y , 1u ‰ x ` y ´ 1 so we arrive to a contradiction.
Then it must be a “ x. A similar contradiction arises if we suppose b ‰ y, then for
the Fréchet-Hoeffding bounds to be satisfied for every coherent assessment px, yq on
tA|H, B|Ku it is needed that pa, bq “ px, yq.

In other words Corollary 2 amounts to say that Πa,b “ T if and only if a “ x and
b “ y, for every assessment px, yq P r0, 1s2 on tA|H, B|Ku.

3.2.2 Generalised disjunction and coherence

In the next result we compute the lower and upper bounds for the prevision of the
generalised disjunction.
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Theorem 24. Let A, B, H, K be any logically independent events. A prevision assessment
P “ px, y, wq on the family of conditional random quantities F “ tA|H, pB|Kq, pA|Hq _a,b
pB|Kqu is coherent if and only if px, yq P r0, 1s2 and w P rw1, w2s, where

w1 “ mintw1
1, w1

2, maxtw1
3, w1

4uu, (3.26)

with
w1

1 “ maxtx, yu,

w1
2 “

$

&

%

ax ` by ´ pa ` b ´ 1qxy
x ` y ´ xy

, if px, yq ‰ p0, 0q,

0, if px, yq “ p0, 0q,

w1
3 “

$

&

%

apx ´ yq ` xy
x

, if x ‰ 0,

0, if x “ 0,

w1
4 “

$

&

%

bpy ´ xq ` xy
y

, if y ‰ 0,

0, if y “ 0,

and

w2 “

#

1 ´ p1 ´ x ´ yq ¨ mint 1´a
1´x , 1´b

1´y , 1u, if x ` y ă 1,
1, otherwise.

(3.27)

Proof. Of course the assessment px, yq on tA|H, B|Ku is coherent for every px, yq P

r0, 1s2. For each given px, yq P r0, 1s2, based on Theorem 4, we determine the interval
of the coherent extensions on w “ PrpA|Hq _a,b pB|Kqs. We observe that the lower
and upper bounds, w1 and w2, for w can be easily obtained from those of the conjunc-
tion p sA|Hq ^1´a,1´b psB|Kq by exploiting formula (3.9). Indeed, since PrpA|Hq _a,b
pB|Kqs “ 1 ´ Prp sA|Hq ^1´a,1´b psB|Kqs, it holds that w1 “ 1 ´ η2 and w2 “ 1 ´ η1,
where η1 and η2 are the lower and upper bounds for Prp sA|Hq ^1´a,1´b psB|Kqs, re-
spectively.

Lower bound Let us consider first the lower bound w1. For each tuple px, y, a, bq P

r0, 1s4 we denote by z2px, y, a, bq and by z2
i px, y, a, bq, i “ 1, 2, 3, 4 the values of z2

and z2
i , i “ 1, 2, 3, 4, obtained by applying formula (3.13). We observe that η2 “

z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq and hence w1 “ 1 ´ z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq. Then, as
1 ´ maxtx1, . . . , xnu “ mint1 ´ x1, . . . , 1 ´ xnu, it holds that

w1 “ 1 ´ z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq

“ 1 ´ max
␣

z2
1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq, z2

2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq,
mintz2

3p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq, z2
4p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bqu

(

“

“ min
␣

1 ´ z2
1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq, 1 ´ z2

2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq,
maxt1 ´ z2

3p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq, 1 ´ z2
4p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bqu

(

,
“ mintw1

1, w1
2, maxtw1

3, w1
4uu,

where
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w1
1 “ 1 ´ z2

1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq “ 1 ´ mint1 ´ x, 1 ´ yu “ maxtx, yu,

w1
2 “ 1 ´ z2

2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq “

“ 1 ´

$

&

%

p1 ´ xqr1 ´ b ´ p1 ´ aqp1 ´ yqs ` p1 ´ yqr1 ´ a ´ p1 ´ bqp1 ´ xqs

1 ´ p1 ´ xqp1 ´ yq
, if p1 ´ x, 1 ´ yq ‰ p1, 1q,

1, if p1 ´ x, 1 ´ yq “ p1, 1q,
“

“

$

&

%

ax ` by ´ pa ` b ´ 1qxy
x ` y ´ xy

, if px, yq ‰ p0, 0q,

0, if px, yq “ p0, 0q,

w1
3 “ 1 ´ z2

3p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq “

“ 1 ´

$

&

%

p1 ´ xqa ` p1 ´ yqp1 ´ a ´ 1 ` xq

x
, if 1 ´ x ‰ 1,

1, if 1 ´ x “ 1,
“

$

&

%

apx ´ yq ` xy
x

, if x ‰ 0,

0, if x “ 0,

w1
4 “ 1 ´ z2

4p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq “

“ 1 ´

$

&

%

p1 ´ xqp1 ´ b ´ 1 ` yq ` p1 ´ yqb
y

, if 1 ´ y ‰ 1,

1, if 1 ´ y “ 1,
“

$

&

%

bpy ´ xq ` xy
y

, if y ‰ 0,

0, if y “ 0.

Therefore, formula (3.26) holds.

Upper bound Now, let us consider the upper bound w2. For each tuple px, y, a, bq P

r0, 1s4 we denote by z1px, y, a, bq the value of z1 obtained by applying formula (3.12).
We observe that the lower bound η1 for Prp sA|Hq ^1´a,1´b psB|Kqs coincides with z1p1 ´

x, 1 ´ y, 1 ´ a, 1 ´ bq. Then

w2 “ 1 ´ η1 “ 1 ´ z1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq “

“ 1 ´

#

p1 ´ x ` 1 ´ y ´ 1q ¨ mint 1´a
1´x , 1´b

1´y , 1u, if 1 ´ x ` 1 ´ y ´ 1 ą 0,
0, otherwise,

“

“

#

1 ´ p1 ´ x ´ yq ¨ mint 1´a
1´x , 1´b

1´y , 1u, if x ` y ă 1,
1, otherwise.

Therefore, formula (3.27) holds.

A summary of the different values of the lower bound w1 for the prevision of
pA|Hq _a,b pB|Kq can be found in Table 3.4. They are obtained from Table 3.3 by
exploiting the relation w1 “ 1 ´ z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq. Likewise, a summary of
the different values of the upper bound w2 for the prevision of pA|Hq _a,b pB|Kq is
given in Table 3.5. These values are obtained from Table 3.2 by exploiting the relation
w2 “ 1 ´ z1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq.

Moreover, from Theorem 24 it follows that
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Case w1

(C)
ax ` by ´ xy ă 0 w1

2 “
ax`by´pa`b´1qxy

x`y´xy
(D)

ax ` by ´ xy ě 0
Sub-cases:

x ě y and a ě x w1
1 “ x

x ě y and a ă x w1
3 “

apx´yq`xy
x

y ą x and b ě y w1
1 “ y

y ą x and b ă y w1
4 “

bpy´xq`xy
y

TABLE 3.4: Values of the lower bound w1 of w “ PrpA|Hq _a,b pB|Kqs for different values of
x “ PpA|Hq, y “ PpB|Kq, a, b P r0, 1s.

Case w2

(A): x ` y ě 1 1
(B): x ` y ă 1

Sub-cases:
(B.1):a ď x and b ď y x ` y

(B.2):a ą x and 1´a
1´x ď 1´b

1´y
ap1´xq`p1´aqy

1´x

(B.3):b ą y and 1´b
1´y ď 1´a

1´x
bp1´yq`p1´bqx

1´y

TABLE 3.5: Values of the upper bound w2 of w “ PrpA|Hq _a,b pB|Kqs for different values of
x “ PpA|Hq, y “ PpB|Kq, a, b P r0, 1s.

Corollary 3. Let A, B, H, K be any logically independent events. Then, the set Π1
a,b of all

coherent prevision assessments px, y, wq on F “ tA|H, pB|Kq, pA|Hq _a,b pB|Kqu, is

Π1
a,b “ tpx, y, wq : px, yq P r0, 1s2, w P rw1, w2su, (3.28)

where w1 and w2 are defined in eq. (3.26) and in eq. (3.27), respectively.

We recall that, under logical independence, the set of all coherent assess-
ment px, y, wq on tA|H, B|K, pA|Hq _gs pB|Kqu is the tetrahedron T 1 of points
p1, 1, 1q, p1, 0, 1q, p0, 1, 1q, p0, 0, 0q, that is T 1 “ tpx, y, wq : px, yq P r0, 1s2, w P

rmaxtx, yu, mintx ` y, 1usu. As, from (3.26) and (3.27), w1 ď maxtx, yu and w2 ě

mintx ` y, 1u for every pa, bq P r0, 1s2, it holds that (see Figure 3.2)

T 1 Ď Π1
a,b @pa, bq P r0, 1s2.

From Theorem 24, we have that in general the disjunction pA|Hq _a,b pB|Kq does
not satisfy the Fréchet-Hoeffding bounds for every px, yq P r0, 1s2, when a and b
are arbitrary chosen. For example, if we take 0 ‰ b “ x ă y, then from Equa-
tion (3.26) the lower bound of the coherent assessments on pA|Hq _a,b pB|Kq is
w1

4 “
apx´yq`xy

x ‰ maxtx, yu. In the following corollary we show that the only case
the Fréchet-Hoeffding bounds are satisfied for every px, yq P r0, 1s2 is for a “ x and
b “ y, that is the only disjunction of two conditional events always coherent with
these bounds is pA|Hq _gs pB|Kq, explicitly depending on the probabilities of the
conditionals.
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FIGURE 3.2: The gray region enclosed between the two surfaces represents the set Π1
a,b of

all coherent prevision assessments px, y, wq on tA|H, B|K, pA|Hq _a,b pB|Kqu, with a “ 0.1
and b “ 0.7. The tetrahedron T 1 of points p1, 1, 1q, p1, 0, 1q, p0, 1, 1q, p0, 0, 0q is the set of all
coherent prevision assessments px, y, wq on tA|H, B|K, pA|Hq _gs pB|Kqu. It can be observed
that T 1 Ă Π1

a,b.

Corollary 4. Let A, B, H and K be any logically independent events. The generalised
disjunction pA|Hq _a,b pB|Kq satisfies the Fréchet-Hoeffding bounds for every coherent as-
sessment px, yq P r0, 1s2 on tA|H, B|Ku if and only if a “ x and b “ y.

Proof. If a “ x and b “ y, from Remark 31 we have that pA|Hq _a,b pB|Kq “ pA|Hq _gs
pB|Kq and this definition of disjunction satisfies the Fréchet-Hoeffding bounds for
every px, yq P r0, 1s2.

Let us suppose now that pA|Hq _a,b pB|Kq satisfies the Fréchet-Hoeffding bounds
for every px, yq P r0, 1s2 but a ‰ x. Consider the set of coherent assessments on
tA|H, B|Ku such that x ě y and x ` y ă 1. Then, it holds that w1 “ maxtx, yu “ x
and w2 “ mintx ` y, 1u “ x ` y. From Table 3.5 to have such a lower bound we need
to have ax ` by ´ xy ě 0 and a ě x. Then it must be a ą x using that a ‰ x. However,
to have that upper bound we need to have a ă x, and hence we have a contradiction.
Then it must be a “ x. A similar contradiction arises if we suppose b ‰ y. Then for
the Fréchet-Hoeffding bounds to be satisfied for any coherent assessment px, yq on
tA|H, B|Ku the only choice for a and b is pa, bq “ px, yq.

By Corollary 4 it follows that Π1
a,b “ T 1 if and only if a “ x and b “ y, for every

assessment px, yq P r0, 1s2 on tA|H, B|Ku.
We conclude this section by underlining again that if we want to extend the oper-

ation of conjunction and disjunction from basic events A, B to conditionals A|H, B|K
in a way that preserve similar properties, a suitable choice is to consider the struc-
tures pA|Hq ^gs pB|Kq (Definition 3) and pA|Hq _gs pB|Kq (Definition 5).

3.3 Some particular cases

In this section, first we consider some particular cases of the generalised conjunction
(Definition 14) and the generalised disjunction (Definition 16) obtained when the
conditioning events H and K are incompatible. Then we analyse these structures for
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some given values of a and b in which the generalised objects reduce to conditional
events. More precisely, considering a, b P t0, 1, pu, with p “ z “ PrpA|Hq ^a,b pB|Kqs

in the case of the conjunction, and p “ w “ PrpA|Hq _a,b pB|Kqs in the case of the
disjunction, we analyse the particular cases pa, bq “ p0, 0q, pa, bq “ p1, 1q, and pa, bq “

pp, pq.

3.3.1 The case H and K incompatible

We analyse the generalised conjunction in the particular case where the conditioning
events H and K are incompatible, i.e. HK “ H.

Theorem 25. Let A|H, B|K, be two conditional events with A, H, B logically independent,
A, B, K logically independent, and HK “ H. A prevision assessment P “ px, y, zq on
F “ tA|H, B|K, pA|Hq ^a,b pB|Kqu is coherent if and only if px, yq P r0, 1s2 and z P rz1, z2s,
where

z1 “ mintay, bxu, z2 “ maxtay, bxu. (3.29)

Proof. The constituents and the points Qh’s associated with the pair pF ,Pq

are C1 “ AHK, C2 “ HBK, C3 “ AHK, C4 “ H BK, C0 “ H K, and
Q1 “ p1, y, bq, Q2 “ px, 1, aq, Q3 “ p0, y, 0q, Q4 “ px, 0, 0q, Q0 “ P “ px, y, zq.
We observe that Hn “ H _ K and that I is the convex hull of points Q1, . . . Q4. For
each given assessment px, yq based on Theorem 4 we determine the lower and upper
bounds z1, z2 for the coherent extension z “ PrpA|Hq ^a,b pB|Kqs. We distinguish
two cases: piqay ď bx, piiqbx ă ay. Case piq. We show that the assessment px, y, zq on
F is coherent if and only px, yq P r0, 1s2 and z P rz1, z2s, where z1 “ ay and z2 “ bx.

Lower bound First we prove that px, y, ayq, is coherent, and then that z1 “ ay is the
lower bound for z. We observe that P “ px, y, ayq “ yQ2 ` p1 ´ yqQ4. Then, P P I
with a solution of (3.15) given by Λ “ p0, y, 0, 1 ´ yq. It follows that

Φ1pΛq “
ř

h:ChĎH λh “ λ1 ` λ3 “ 0,
Φ2pΛq “

ř

h:ChĎK λh “ λ2 ` λ4 “ 1,
Φ3pΛq “

ř

h:ChĎH_K λh “ λ1 ` λ2 ` λ3 ` λ4 “ 1.

As Φ1pΛq “ 0, it holds that I0 Ď t1u, with the sub-assessment P0 “ x on F0 “ tA|Hu

coherent because x P r0, 1s. Then, by Theorem 2 the assessment P “ px, y, ayq on F
is coherent. Now we show that z1 “ ay is the lower bound. Of course, if x “ 0,
as ay ď bx “ 0, it holds that ay “ 0. In this case we have that z1 “ 0 is the lower
bound because pA|Hq ^a,b pB|Kq P r0, 1s. We assume now that x ‰ 0. We observe that
Q2, Q3, Q4 belong to the plane π : ayX ` axY ´ xZ ´ axy “ 0. By setting f pX, Y, Zq “

ayX ` axY ´ xZ ´ axy, it holds that

f pQ1q “ ay ´ bx ď 0, f pQ2q “ f pQ3q “ f pQ4q “ 0.

Then, for every P P I it holds that f pPq “ f p
ř4

h“1 λhQhq “
ř4

h“1 λh f pQhq ď 0.
Then, by considering P “ px, y, zq, with z ă ay, it holds that f pPq “ f px, y, zq “

xpay ´ zq ą 0, and hence P R I . Thus, as px, y, ayq is coherent and px, y, zq, with
z ă ay, is not coherent, it follows that z1 “ ay is the lower bound for pA|Hq ^a,b pB|Kq.

Upper bound We show that the assessment P “ px, y, bxq on F is coherent. We
observe that px, y, bxq “ xQ1 ` p1 ´ xqQ3. Then, P P I with a solution of (3.15) given
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by Λ “ px, 0, 1 ´ x, 0q. It follows that

Φ1pΛq “ Φ3pΛq “ 1, Φ2pΛq “ 0.

As Φ2pΛq “ 0, it holds that I0 Ď t2u, with the sub-assessment P0 “ y on F0 “ tB|Ku

coherent because y P r0, 1s. Then, by Theorem 2 the assessment P “ px, y, bxq on
F is coherent. We show that z2 “ bx is the upper bound for z. We distinguish
two cases: y ą 0 and y “ 0. Let us suppose for now that y ą 0. We observe that
Q1, Q3, Q4 belong to the plane π : byX ` bxY ´ yZ “ bxy. Considering the function
f pX, Y, Zq “ byX ` bxY ´ yZ ´ bxy, it holds that

f pQ1q “ f pQ3q “ f pQ4q “ 0, f pQ2q “ bx ´ ay ě 0.

Then, for every P P I it holds that f pPq “ f p
ř6

h“1 λhQhq “
ř6

h“1 λh f pQhq ě 0.
Then, by considering P “ px, y, zq, with z ą bx, it holds that f pPq “ f px, y, zq “

ypbx ´ zq ă 0 and hence P R I . Thus, the assessment P “ px, y, zq with z ą bx is not
coherent and hence z2 “ bx.
If y “ 0, we observe that Q1, Q2, Q3 belong to the plane π : ´bX ` pbx ´ aqY ` Z “ 0.
We set f pX, Y, Zq “ ´bX ` pbx ´ aqY ` Z and it holds that f pQ1q “ f pQ2q “ f pQ3q “

0, f pQ4q “ ´bx ď 0. Then, for every P P I it holds that f pPq “ f p
ř6

h“1 λhQhq “
ř6

h“1 λh f pQhq ď 0. Then, by considering P “ px, 0, zq, with z ą bx, it holds that
f pPq “ f px, 0, zq “ ´bx ` z ą 0, and hence P R I . Thus, the assessment P “ px, 0, zq,
with z ą bx, is not coherent and hence z2 “ bx.

Case piiq. The proof can be obtained in a way similar to the proof in Case piq, when
switching x with y and a with b.

We observe that the bounds obtained in Theorem 25 (under the logical re-
lation HK “ H) are more restrictive than the bounds obtained in Theo-
rem 23 (under the assumption of logical independence of A, H, B, K). That is,
rmintay, bxu, maxtay, bxus Ď rz1, z2s, where z1 and z2 are given in (3.12) and (3.13),
respectively. Of course, when a ă 1 and b ă 1, it holds that z2 ă 1. This is in
agreement to the fact that pA|Hq ^a,b pB|Kq can never be 1 in this case.

Remark 33. The result of Theorem 25 can be also obtained in a different way by exploiting
the linearity of prevision. Indeed, when HK “ H, it holds that AHBK “ H, HBK “ BK
and AHK “ AH and hence

pA|Hq ^a,b pB|Kq “ paBK ` bAHq|pH _ Kq. (3.30)

We observe that PpBK|pH _ Kqq “ PpB|KqPpK|pH _ Kqq and PrAH|pH _ Kqs “

PpA|HqPrH|pH _ Kqs. Then, from (3.30), by the linearity of prevision, it follows that

z “ PrpA|Hq ^a,b pB|Kqs “ aPpHBK|pH _ Kqq ` bPpKAH|pH _ Kqq “

“ aPpB|KqPpK|pH _ Kqq ` bPpA|HqPpH|pH _ Kqq.
(3.31)

By setting x “ PpA|Hq, y “ PpB|Kq, α “ PpH|pH _ Kqq “ 1 ´ PpK|pH _ Kqq, formula
(3.31) becomes

z “ ayp1 ´ αq ` bxα. (3.32)

It can be proved1 that the assessment px, y, αq on tA|H, B|K, H|pH _ Kqu, with HK “

H, is coherent for every px, y, αq P r0, 1s3. Then, from (3.32) we obtain that z P

1For proving that px, y, αq on tA|H, B|K, H|pH _ Kqu, with HK “ H, is coherent for every px, y, αq P

r0, 1s3 it is sufficient to check that each of the eight vertices of the unit cube is coherent ([47]).
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rmintay, bxu, maxtay, bxus, because α P r0, 1s.

Remark 34. When a “ x and b “ y, from (3.29) we obtain that z1 “ z2 “ ay “ bx “ xy.
That is, when HK “ H, it holds that

PrpA|Hq ^x,y pB|Kqs “ PrpA|Hq ^gs pB|Kqs “ PpA|HqPpB|Kq,

which is in agreement with the result given in [55] (see also [52]).

In the next theorem we analyse the generalised disjunction (Definition 16) when
the conditioning events H and K are incompatible, i.e. HK “ H. From Theorem 25,
and by relation (3.9), it follows

Theorem 26. Let A|H, B|K be two conditional events with A, H, B logically independent,
A, B, K logically independent, and HK “ H. A prevision assessment P “ px, y, wq on F “

tA|H, B|K, pA|Hq _a,b pB|Kqu is coherent if and only if px, yq P r0, 1s2 and w P rw1, w2s,
where

w1 “ minta ` y ´ ay, b ` x ´ bxu, w2 “ maxta ` y ´ ay, b ` x ´ bxu. (3.33)

Proof. From Equation (3.10), it holds that w1 “ 1 ´ z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq, where
z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq is the upper bound of the generalised conjunction valued
in 1 ´ x, 1 ´ y, 1 ´ a, and 1 ´ b. Then

w1 “ 1 ´ z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq “ 1 ´ maxtp1 ´ aqp1 ´ yq, p1 ´ bqp1 ´ xqu “

“ mint1 ´ p1 ´ aqp1 ´ yq, 1 ´ p1 ´ bqp1 ´ xqu “ minta ` y ´ ay, b ` x ´ bxu.

In the same way, from (3.10), it follows that w2 “ 1 ´ z1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq,
where z1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq is the lower bound of the generalised conjunction
valued in 1 ´ x, 1 ´ y, 1 ´ a, and 1 ´ b. Then

w2 “ 1 ´ z1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq “ 1 ´ mintp1 ´ aqp1 ´ yq, p1 ´ bqp1 ´ xqu “

“ maxt1 ´ p1 ´ aqp1 ´ yq, 1 ´ p1 ´ bqp1 ´ xqu “ maxta ` y ´ ay, b ` x ´ bxu.

Remark 35. We observe that, when a “ x and b “ y, from (3.33) we obtain that w1 “

w2 “ a ` y ´ ay “ b ` x ´ bx “ x ` y ´ xy. That is, when HK “ H, it holds that

PrpA|Hq _x,y pB|Kqs “ PrpA|Hq _gs pB|Kqs “ PpA|Hq ` PpB|Kq ´ PpA|HqPpB|Kq.

3.3.2 The case a “ b “ 0

In the case where a “ b “ 0 the generalised conjunction reduces to a trivalent object,
in particular it corresponds to the forth conjunction proposed by Walker in [94].
Indeed,

pA|Hq ^0,0 pB|Kq “ AHBK|pH _ Kq. (3.34)

Based on Theorem 23, under logical independence, it follows that the probability
assessment px, y, zq on tA|H, B|K, pA|Hq ^0,0 pB|Kqu “ tA|H, B|K, AHBK|pH _ Kqu is
coherent if and only if px, yq P r0, 1s2 and z P rz1, z2s, where z1 “ 0 and z2 “ mintx, yu.

For what concerns the generalised disjunction pA|Hq _a,b pB|Kq, when a “ b “ 0
it reduces to a trivalent object which coincides with the quasi disjunction (see Sec-
tion 1.4). Indeed,

pA|Hq _0,0 pB|Kq “ pAH _ BKq|pH _ Kq “ pA|Hq _S pB|Kq.
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Then, when H _ K is true it holds that pA|Hq _S pB|Kq ď pA|Hq _a,b pB|Kq. By ap-
plying [56, Theorem 6], it holds that PppA|Hq _S pB|Kqq ď PrpA|Hq _a,b pB|Kqs and
hence

pA|Hq _S pB|Kq ď pA|Hq _a,b pB|Kq

in all cases. Moreover, based on Theorem 24 it follows that px, y, wq on
tA|H, B|K, pA|Hq _0,0 pB|Kqu is coherent if and only if px, yq P r0, 1s2 and w P rw1, w2s,
where

w1 “ w1
2 “

$

&

%

xy
x ` y ´ xy

, if px, yq ‰ p0, 0q,

0, if px, yq “ p0, 0q,

because ax ` by ´ xy “ ´xy ă 0, and

w2 “

#

1 ´ p1 ´ x ´ yq ¨ mint 1
1´x , 1

1´y , 1u, if x ` y ă 1,
1, otherwise.

“

"

1 ´ p1 ´ x ´ yq “ x ` y, if x ` y ă 1,
1, otherwise.

“ mintx ` y, 1u,

because 1
1´x ě 1 and 1

1´y ě 1.
Then, the lower and upper bounds w1 and w2 coincide with w1

S and w2
S given in

Table 1.3. We observe that w1
S is the Hamacher t-norm with the parameter λ “ 0.

Thus, differently from the unconditional case where PpA _ Bq “ 1 is the only
coherent extension of p1, 0q on tA, Bu, for the probability of the quasi disjunction
pA|Hq _S pB|Kq, any value wS P r0, 1s is a coherent extension of p1, 0q on tA|H, B|Ku

because w1
S “ 0 and w2

S “ 1. From a probabilistic point of view this is not desirable
because it allows to coherently assess probability 0 for the quasi disjunction even if
one of the two conjuncts has probability 1 and the other one has probability zero. A
similar comment can be also done in the particular case where H and K are incom-
patible. Indeed, when HK “ H, by instantiating equation (3.33) with a “ b “ 0, the
lower and upper bounds for pA|Hq _S pB|Kq become

w1 “ mintx, yu, w2 “ maxtx, yu. (3.35)

3.3.3 The case a “ b “ 1

It is interesting to notice that quasi conjunction is a particular case of the generalised
conjunction pA|Hq ^a,b pB|Kq where a “ 1 and b “ 1. Indeed, looking at the Sobocin-
ski conjunction in terms of conditional random quantity, it holds that

pA|Hq ^S pB|Kq “ pAHBK ` HBK ` AHKq|pH _ Kq. (3.36)

Then, we have that

pA|Hq ^1,1 pB|Kq “ pAHBK ` HBK ` AHKq|pH _ Kq “ pA|Hq ^S pB|Kq.

When H _ K is true it holds that pA|Hq ^S pB|Kq ě pA|Hq ^a,b pB|Kq. By applying
[56, Theorem 6], it holds that PrpA|Hq ^S pB|Kqs ě PrpA|Hq ^a,b pB|Kqs and hence

pA|Hq ^S pB|Kq ě pA|Hq ^a,b pB|Kq

in all cases. Moreover, based on Theorem 23 it follows that px, y, zq on
tA|H, B|K, pA|Hq ^1,1 pB|Kqu is coherent if and only if px, yq P r0, 1s2 and z P rz1, z2s,
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where

z1 “

"

px ` y ´ 1q, if x ` y ´ 1 ą 0,
0, otherwise “ maxtx ` y ´ 1, 0u,

and

z2 “

$

&

%

xpb ´ ayq ` ypa ´ bxq

1 ´ xy
, if px, yq ‰ p1, 1q,

1, if px, yq “ p1, 1q,
“

$

&

%

x ` y ´ 2xy
1 ´ xy

, if px, yq ‰ p1, 1q,

1, if px, yq “ p1, 1q,

because in this case it holds that ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 “ 1 ´ y ` 1 ´ x ` xy ´

1 “ 1 ´ y ´ x ` xy “ 1 ´ y ´ xp1 ´ yq “ p1 ´ yqp1 ´ xq ě 0. Then, the lower and
upper bounds z1 and z2 coincide with z1

S and z2
S given in Table 1.2. We recall that z2

S
is the Hamacher t-conorm with the parameter λ “ 0 . Then, for every px, yq P r0, 1s2,
as maxpx, yq is the smallest t-conorm, it holds that

z2
S ě maxtx, yu ě mintx, yu,

and hence the quasi conjunction do not preserve the bounds in (1.15). Thus, dif-
ferently from the unconditional case where PpABq “ 0 is the only coherent exten-
sion of the assessment p1, 0q on tA, Bu, for the probability of the quasi conjunction
pA|Hq ^S pB|Kq, any value zS P r0, 1s is a coherent extension of p1, 0q on tA|H, B|Ku

because z1
S “ 0 and z2

S “ 1. This is not desirable from a probabilistic point of view
because it allows to coherently assess probability 1 for the quasi conjunction even if
one of the two conjuncts has probability 1 and the other one has probability zero. A
similar comment can be also done in the particular case where H and K are incom-
patible. Indeed, when HK “ H, by instantiating equation (3.29) with a “ b “ 1, the
lower and upper bounds for pA|Hq ^S pB|Kq are

z1 “ mintx, yu, z2 “ maxtx, yu. (3.37)

Then, as pA|Hq ^1,1 pB|Kq “ p sHBK _ AH sKq|pH _ Kqq, it follows that, given two con-
ditional events A|H and B|K, with HK “ H, a probability assessment P “ px, y, zq

on F “ tA|H, B|K, p sHBK _ AH sKq|pH _ Kqqu is coherent if and only if px, yq P r0, 1s2

and z P rmintx, yu, maxtx, yus.

In the case where a “ b “ 1 the generalised disjunction reduces to a trivalent
object, in particular it corresponds to the forth disjunction proposed by Walker in
[94]. Indeed,

pA|Hq _1,1 pB|Kq “ ppAH _ BKq ` sH sBK ` sAH sKq|pH _ Kq.

Based on Theorem 24, under logical independence, it follows that px, y, wq on
tA|H, B|K, pA|Hq _1,1 pB|Kqu is coherent if and only if px, yq P r0, 1s2 and w P rw1, w2s,
where w1 “ maxtx, yu and w2 “ 1.

3.3.4 The case a “ b “ p

We analyse now the particular case for the generalised conjunction in which a “ b “

z “ PrpA|Hq ^z,z pB|Kqs. From Equation (3.3), setting a “ b “ z we have

pA|Hq ^z,z pB|Kq “ AHBK ` zHBK ` zAHK ` zpH _ Kq “ AHBK|pAHBK _ AH _ BKq.
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Moreover, for what concerns the generalised disjunction, by setting a “ b “ w “

PrpA|Hq _w,w pB|Kqs in Equation (3.6), we have that

1.

Then for these choices of parameters the conditioning events change and the gener-
alised conjunction and disjunction reduce, respectively, to the trivalent conjunction
and disjunction of Kleene-de Finetti ([24, 61]). The lower and upper bound for
the coherent assessments on these objects are well-known and they are z1 “ 0
and z2 “ mintx, yu for the conjunction, and w1 “ maxtx, yu and w2 “ 1 for the
disjunction.

It worth notice that with the choices pa, bq “ p0, 0q, pa, bq “ p1, 1q, and pa, bq “

pp, pq, we obtain three of the four associative conjunctions and disjunctions proposed
by Walker ([94]) among the nine that were reasonable for the author to consider in a
trivalent setting.

3.4 Interval-valued prevision assessments

In this section, to deepen the study on the generalised conjunction ^a,b and
disjunction _a,b, we analyse the case of interval-valued probability assessments.
For both structures, given the imprecise assessment A “ prx1, x2s ˆ ry1, y2sq on
tA|H, B|Ku, we study the coherent extensions to pA|Hq ^a,b pB|Kq (Theorem 27)
and pA|Hq _a,b pB|Kq (Theorem 29), respectively. Moreover, we consider the case
HK “ H both for the generalised conjunction (Theorem 28) and disjunction
(Theorem 30).

We recall that under logical independence any assessment px, yq P r0, 1s2 on
tA|H, B|Ku is coherent. Based on Theorem 23, we denote by rz1px, yq, z2px, yqs the
interval of coherent prevision extensions of px, yq to pA|Hq ^a,b pB|Kq. Given the
interval-valued assessment rx1, x2s ˆ ry1, y2s Ď r0, 1s2 on tA|H, B|Ku, we set rz˚, z˚˚s

the interval of coherent extensions z on pA|Hq ^a,b pB|Kq, where

z˚ “ min
px,yqPrx1,x2sˆry1,y2s

z1px, yq

and
z˚˚ “ max

px,yqPrx1,x2sˆry1,y2s
z2px, yq.

The assessment prx1, x2s ˆ ry1, y2s ˆ rz˚, z˚˚sq on F “ tA|H, pB|Kq, pA|Hq ^a,b pB|Kqu

is coherent w.r.t. Definition 7. Moreover, any assessment rx1, x2s ˆ ry1, y2s ˆ rα, βs,
with rα, βs Ą rz˚, z˚˚s, is not coherent. Then, the interval rz˚, z˚˚s is the least commit-
tal extension, that is the natural extension ([95], see also [84]), of the interval-valued
assessment rx1, x2s ˆ ry1, y2s, which is equivalent to the lower probability assess-
ment px1, 1 ´ x2, y1, 1 ´ y2q on tA|H, A|H, B|K, B|Ku. In what follows we compute the
lower and upper bounds, z˚ and z˚˚, by also considering the case where HK “ H.

Theorem 27. Let A, B, H, K be any logically independent events and let A “ prx1, x2s ˆ

ry1, y2sq be an interval-valued assessment on tA|H, B|Ku. Then, the interval of coherent
extensions of A to pA|Hq ^a,b pB|Kq is the interval rz˚, z˚˚s “ rz1px1, y1q, z2px2, y2qs, where
z1px, yq and z2px, yq are defined in formula (3.12) and formula (3.13), respectively.
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Proof. We first want to observe that z˚ “ z1px1, y1q and that z˚˚ “ z2px2, y2q, where
z1px, yq and z2px, yq are given in Theorem 23. The proof is straightforward by observ-
ing that

z˚ “ z1px1, y1q “ min
px,yqPA

z1px, yq,

where z1px, yq is given in (3.12), and that

z˚˚ “ z2px2, y2q “ max
px,yqPA

z2px, yq,

where z2px, yq is given in (3.13).
We now show for the lower bound z˚ “ z1px1, y1q that z1px1, y1q “ minpx,yqPA z1px, yq

and for the upper bound z˚˚ “ z2px2, y2q that z2px2, y2q “ maxpx,yqPA z2px, yq.

Lower bound We distinguish the following cases: (A): x1 ` y1 ´ 1 ď 0; (B): x1 `

y1 ´ 1 ą 0.
Case (A). If x1 ` y1 ´ 1 ď 0 then z1px1, y1q “ 0 “ minpx,yqPA z1px, yq and hence z˚ “

z1px1, y1q “ 0.
Case (B). We consider three subcases: (B.1): mint a

x1
, b

y1
, 1u “ 1; (B.2): mint a

x1
, b

y1
, 1u “

a
x1

; (B.3): mint a
x1

, b
y1

, 1u “ b
y1

;
Case (B.1). If x1 ` y1 ´ 1 ą 0 and a ě x1 and b ě y1, then z1px1, y1q “ x1 ` y1 ´ 1. In
this case z1px1, y1q “ minpx,yqPA z1px, yq. Indeed, as x ě x1 and y ě y1, it holds that
x ` y ´ 1 ě x1 ` y1 ´ 1 ą 0, from Table 3.2, we can have the following three cases:
piq z1px, yq “ x ` y ´ 1, piiq z1px, yq “ a

x px ` y ´ 1q, piiiq z1px, yq “ b
y px ` y ´ 1q.

piq. Of course, z1px, yq “ x ` y ´ 1 ě x1 ` y1 ´ 1 “ z1px1, y1q.
piiq. We observe that a

x px ` y ´ 1q is non-decreasing in the arguments x and y. Then,
as a ě x1, it holds that

z1px, yq “ a
x px ` y ´ 1q ě a

x px ` y1 ´ 1q ě a
x1

px1 ` y1 ´ 1q ě px1 ` y1 ´ 1q “ z1px1, y1q.

piiiq. Similar to the reasoning exploited in piiq it can be easily proved that z1px, yq “
b
y px ` y ´ 1q ě px1 ` y1 ´ 1q “ z1px1, y1q.
Case (B.2).
In this case a ă x1 and a

x1
ď b

y1
. We show that z1px1, y1q “ a

x1
px1 ` y1 ´ 1q “

minpx,yqPA z1px, yq. As x ě x1 ą a and y ě y1, it holds that x ` y ´ 1 ě x1 ` y1 ´ 1 ą 0,
and a ă x. Then from Table 3.2, we can have the following cases: piq z1px, yq “
a
x px ` y ´ 1q, piiq z1px, yq “ b

y px ` y ´ 1q.
piq. As a

x px ` y ´ 1q is non-decreasing in the arguments x and y it holds that
z1px1, y1q “ a

x1
px1 ` y1 ´ 1q ď a

x px ` y ´ 1q “ z1px, yq.
piiq. We observe that b

y px ` y ´ 1q is non-decreasing in the arguments x and y. Then,

as b
y1

ě a
x1

, it holds that

b
y px ` y ´ 1q ě b

y1
px1 ` y1 ´ 1q ě a

x1
px1 ` y1 ´ 1q “ z1px1, y1q.

Case (B.3). By applying a reasoning similar to the case (B.2) it can be shown that
z1px1, y1q “ b

y1
px1 ` y1 ´ 1q “ minpx,yqPA z1px, yq.

Upper bound We distinguish two cases: (C) ap1 ´ y2q ` bp1 ´ x2q ` x2y2 ´ 1 ą 0;
(D) ap1 ´ y2q ` bp1 ´ x2q ` x2y2 ´ 1 ď 0.
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Case (C). From Table 3.3 it holds that

z˚˚ “ z2px2, y2q “
x2pb ´ ay2q ` y2pa ´ bx2q

1 ´ x2y2
. (3.38)

We show that z˚˚ “ z2px2, y2q ě z2px, yq for every px, yq P A. Let be given px, yq P A.
We distinguish the following cases: piq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ą 0; piiq ap1 ´ yq `

bp1 ´ xq ` xy ´ 1 ď 0, x ď y, a ď x; piiiq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0, x ď y, a ą x
pivq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0, y ă x, b ď y; pvq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0,
y ă x, b ą y.
piq We have that z2px, yq “ z2

2px, yq. From Equation (3.18), as b ´ ay ě 0, it holds that

z2
2px, yq ´ z2

2px2, yq “ ´
px2´xq p1´yq pb´a yq

p1´x yq p1´x2 yq
ď 0, (3.39)

that is z2
2px, yq ď z2

2px2, yq. Moreover, as a ´ bx2 ě 0 (see Equation (3.18)), it holds
that

z2
2px2, yq ´ z2

2px2, y2q “ ´
py2´yq p1´x2q pa´b x2q

p1´x2 yq p1´x2 y2q
ď 0. (3.40)

Then, z2px, yq “ z2
2px, yq ď z2

2px2, yq ď z2
2px2, y2q “ z˚˚.

piiq We have that z2px, yq “ z2
1px, yq “ x. Moreover, by recalling (3.13), it holds that

z2px, yq “ x “ mintx, yu ď mintx2, y2u ““ z2
1px2, y2q ď z2

2px2, y2q.

Then, z2px, yq ď z2
2px2, y2q.

piiiq We have that z2px, yq “ z2
3px, yq. We observe that

z2
3px, yq ´ z2

3px2, yq “ ´
px2´xq p1´aq p1´yq

p1´xq p1´x2q
ď 0 (3.41)

and that
z2

3px2, yq ´ z2
3px2, y2q “ ´

pa´x2q py2´yq

1´x2
ď 0 (3.42)

because a ą x2. Then, by recalling (3.13), it holds that z2px, yq “ z2
3px, yq ď

z2
3px2, yq ď z2

3px2, y2q ď z2
2px2, y2q “ z˚˚.

pivq We have that z2px, yq “ z2
1px, yq “ y and, as in case piiq, it can be shown that

z2px, yq ď z2
2px2, y2q “ z˚˚.

pvq We have that z2px, yq “ z2
4px, yq. As in case piiiq, it can be shown that

z2px, yq “ z2
4px, yq ď z2

4px2, yq ď z2
4px2, y2q ď z2

2px2, y2q “ z˚˚.

Case (D). From Table 3.3 we can distinguish the following situations: (D.1) x2 ď

y2 and a ď x2; (D.2) x2 ď y2 and a ą x2; (D.3) y2 ă x2 and b ď y2; (D.4) y2 ă x2 and
b ą y2.
(D.1) It holds that

z˚˚ “ z2px2, y2q “ z2
1px2, y2q “ x2.

We show that z˚˚ “ z2px2, y2q ě z2px, yq for every px, yq P A. Let px, yq P A be
given. We distinguish the following cases: piq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ą 0; piiq
ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0, x ď y, a ď x; piiiq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0,
x ď y, a ą x pivq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0, y ă x, b ď y; pvq

ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0, y ă x, b ą y.
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piq We have that z2px, yq “ z2
2px, yq. Moreover,

z2
2px, yq ´ a “ ´

p1´yq pa´b xq

1´x y ď 0

because a ´ bx ą 0. Then,

z2
2px, yq ď a ď x2 “ z2px, yq “ z˚˚.

piiq We have that z2px, yq “ z2
1px, yq “ x ď x2 “ z2px, yq “ z˚˚.

piiiq We have that z2px, yq “ z2
3px, yq. We observe that

z2
3px, yq ´ a “ ´

pa´xq p1´yq

1´x ď 0

because a ą x . Then

z2
3px, yq ď a ď x2 “ z2px, yq “ z˚˚.

pivq We have that z2px, yq “ z2
1px, yq “ y ă x ď x2 “ z2

1px2, y2q “ z˚˚.

pvq We have that z2px, yq “ z2
4px, yq. As y ă x, we obtain

z2
4px, yq ´ x “ ´

px´yq p1´bq

1´y ď 0

Then
z2

4px, yq ď x ď x2 “ z2px, yq “ z˚˚.

(D.2) It holds that

z˚˚ “ z2px2, y2q “ z2
3px2, y2q “

x2p1 ´ aq ` y2pa ´ x2q

1 ´ x2
.

We show that z˚˚ “ z2px2, y2q “
x2p1´aq`y2pa´x2q

1´x2
ě z2px, yq for every

px, yq P A. Let px, yq P A be given . We distinguish the following cases: piq
ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ą 0; piiq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0, x ď y, a ď x;
piiiq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0, x ď y, a ą x pivq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0,
y ă x, b ď y; pvq ap1 ´ yq ` bp1 ´ xq ` xy ´ 1 ď 0, y ă x, b ą y.
piq We have that z2px, yq “ z2

2px, yq. As b ´ ay ą 0 and a ą x2 ě bx2, it follows from
(3.39) and (3.40) that z2

2px, yq ď z2
2px2, y2q. By recalling from Theorem 23 that in case

(D.2) z2
2px2, y2q ď z2

3px2, y2q, we obtain that z2
2px, yq ď z2

3px2, y2q “ z˚˚.
piiq This subcase is not satisfied by any px, yq P A. Indeed, we are considering
a ą x2, then in this case a ą x2 ě x and hence it is not possible to have a ď x.

piiiq We have that z2px, yq “ z2
3px, yq. From relations (3.41) and (3.42) it holds that

z2
3px, yq ď z2

3px2, y2q “ z˚˚.

pivq We have that, from (3.13), z2px, yq “ z2
1px, yq “ y ă x ď x2 “ z2

1px2, y2q ď

z2
3px2, y2q “ z˚˚.

pvq We have that z2px, yq “ z2
4px, yq. As y ă x, we obtain

z2
4px, yq ´ x “ ´

px´yq p1´bq

1´y ď 0
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Then, by (3.13),

z2
4px, yq ď x ď x2 “ z2

1px2, y2q ď z2
3px2, y2q “ z2px, yq “ z˚˚.

(D.3) In this case, by following a reasoning similar to the case (D.1), it can be
proved that z˚˚ “ z2px2, y2q “ z2

1px2, y2q “ y2.
(D.4) In a way similar to the one in case (D.2), it can be proved that z˚˚ “

z2px2, y2q “ z2
4px2, y2q “

x2pb´yq`y2p1´bq

1´y2
.

We now generalise Theorem 25 for interval-valued prevision assessments.

Theorem 28. Let A “ prx1, x2s ˆ ry1, y2sq be an interval-valued probability assessment on
tA|H, B|Ku with HK “ H. Then, the interval of coherent extensions of A to pA|Hq ^a,b
pB|Kq is the interval rz˚, z˚˚s, where

z˚ “ mintay1, bx1u, z˚˚ “ maxtay2, bx2u. (3.43)

Proof. The proof is straightforward by recalling that every assessment px, yq P r0, 1s2

on tA|H, B|Ku is coherent when HK “ H and by observing that both the lower and
upper bounds z1 and z2 given in Theorem 25 are non-decreasing functions in the
arguments x and y.

Using the results obtained in Theorem 27, we can analyse the imprecise proba-
bilities case also for the generalised disjunction pA|Hq _a,b pB|Kq.

Theorem 29. Let A, B, H, K be any logically independent events and let A “ prx1, x2s ˆ

ry1, y2sq be an interval-valued assessment on tA|H, B|Ku. Then, the interval of coherent
extensions of A to pA|Hq _a,b pB|Kq is the interval rw˚, w˚˚s “ rw1px1, y1q, w2px2, y2qs,
where w1px, yq and w2px, yq are defined in formula (3.26) and formula (3.27), respectively.

Proof. Given the interval-valued assessment rx1, x2s ˆ ry1, y2s Ď r0, 1s2 on
tA|H, B|Ku, we set rw˚, w˚˚s the interval of coherent extensions of w on pA|Hq _a,b
pB|Kq, with

w˚ “ min
px,yqPrx1,x2sˆry1,y2s

w1px, yq

and
w˚˚ “ max

px,yqPrx1,x2sˆry1,y2s
w2px, yq,

where w1px, yq and w2px, yq are defined in formula (3.26) and formula (3.27), re-
spectively. We recall that from Theorem 27, the lower and upper bounds for the
generalised conjunction, pA|Hq ^a,b pB|Kq, in the imprecise case where px, yq P

rx1, x2s ˆ ry1, y2s, are

z˚ “ z1px1, y1q “ min
px,yqPrx1,x2sˆry1,y2s

z1px, yq, z˚˚ “ z2px2, y2q “ max
px,yqPrx1,x2sˆry1,y2s

z2px, yq.

We observe that, as p1 ´ x, 1 ´ yq P r1 ´ x2, 1 ´ x1s ˆ r1 ´ y2, 1 ´ y1s, then

z1p1 ´ x2, 1 ´ y2q “ min
px,yqPrx1,x2sˆry1,y2s

z1p1 ´ x, 1 ´ yq,

and
z2p1 ´ x1, 1 ´ y1q “ max

px,yqPrx1,x2sˆry1,y2s
z2p1 ´ x, 1 ´ yq.
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From (3.10), we have that

w1px, yq “ 1 ´ z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq, w2px, yq “ 1 ´ z1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bq,

and hence

w˚ “ min
px,yqPrx1,x2sˆry1,y2s

w1px, yq “ min
px,yqPrx1,x2sˆry1,y2s

p1 ´ z2p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bqq “

“ 1 ´ max
px,yqPrx1,x2sˆry1,y2s

z2p1 ´ x, 1 ´ yq “ 1 ´ z2p1 ´ x1, 1 ´ y1q “ w1px1, y1q

w˚˚ “ max
px,yqPrx1,x2sˆry1,y2s

w2px, yq “ max
px,yqPrx1,x2sˆry1,y2s

p1 ´ z1p1 ´ x, 1 ´ y, 1 ´ a, 1 ´ bqq “

“ 1 ´ min
px,yqPrx1,x2sˆry1,y2s

z1p1 ´ x, 1 ´ yq “ 1 ´ z1p1 ´ x2, 1 ´ y2q “ w2px2, y2q.

Moreover, considering the interval of coherent assessments obtained in the pre-
cise case (Theorem 26), we also find the interval of coherent prevision extensions for
H and K incompatible.

Theorem 30. Let A “ prx1, x2s ˆ ry1, y2sq be an interval-valued probability assessment on
tA|H, B|Ku with HK “ H. Then, the interval of coherent extensions of A to pA|Hq _a,b
pB|Kq is the interval rw˚, w˚˚s, where

w˚ “ minta ` y1 ´ ay1, b ` x1 ´ bx1u, w˚˚ “ maxta ` y2 ´ ay2, b ` x2 ´ bx2u. (3.44)

Proof. From Theorem 26 we have that

w1px, yq “ minta ` y ´ ay, b ` x ´ bxu, w2px, yq “ maxta ` y ´ ay, b ` x ´ bxu.

We recall that
w˚ “ min

px,yqPrx1,x2sˆry1,y2s
w1px, yq

and
w˚˚ “ max

px,yqPrx1,x2sˆry1,y2s
w2px, yq,

then, by observing that b ` x1p1 ´ bq ď b ` xp1 ´ bq ď b ` x2p1 ´ bq and a ` y1p1 ´ aq ď

a ` yp1 ´ aq ď a ` y2p1 ´ aq, it holds that

w˚ “ minta ` y1 ´ ay1, b ` x1 ´ bx1u, w˚˚ “ maxta ` y2 ´ ay2, b ` x2 ´ bx2u.

3.5 Further aspects on pA|Hq ^a,b pB|Kq

In this section we deepen two further aspects of the generalised conjunction
pA|Hq ^a,b pB|Kq. We first give a subjective interpretation of pA|Hq ^a,b pB|Kq when
we consider two individuals O and O1. Then, we examine pA|Hq ^a,b pB|Kq, when
A|H Ď B|K.
Let us consider two individuals O and O1. Suppose that O1 asserts P1pA|Hq “ a and
P1pB|Kq “ b. Then, based on Remark 30, for O1 the conjunction pA|Hq ^a,b pB|Kq co-
incides with its conjunction pAHBK ` P1pA|HqHBK ` P1pB|KqAHKq|pH _ Kq, which
we denote by pA|Hq ^1

gs pB|Kq. Thus, by coherence, P1rpA|Hq ^a,b pB|Kqs satisfies the
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Fréchet-Hoeffding bounds, that is:

P1rpA|Hq ^a,b pB|Kqs “ P1rpA|Hq ^1
gs pB|Kqs P rmaxta ` b ´ 1, 0u, minta, bus.

Now, suppose that O asserts PpA|Hq “ x and PpB|Kq “ y. Then, under logical
independence, the lower and upper bounds z1 and z2 on pA|Hq ^a,b pB|Kq computed
in Theorem 23, for the individual O, represent the lower and upper bounds for the
coherent extension PrpA|Hq ^1

gs pB|Kqs of the assessment px, yq on tA|H, B|Ku. Thus,
according to eq. (3.25), it generally holds that

PrpA|Hq ^a,b pB|Kqs “ PrpA|Hq ^1
gs pB|Kqs P rz1, z2s Ě rmaxtx ` y ´ 1, 0u, mintx, yus,

while

PrpA|Hq ^x,y pB|Kqs “ PrpA|Hq ^gs pB|Kqs P rmaxtx ` y ´ 1, 0u, mintx, yus.

A real world application of this interpretation could be given in the framework
of a joint-bet in soccer betting (see [41, 62]). The conditional events can be inter-
preted as A|H “ The outcome of the first match is home win, given that the first match
is valid, and B|K “ The outcome of the second match is draw, given that the second match
is valid. Suppose the bettor assesses x “ PpA|Hq, y “ PpB|Kq. However these are
his personal evaluations, and when he bets on these matches he has to deal with
the bookmaker ones. That is, bookmaker probabilities may be a “ P1pA|Hq “ 1

Q1

and b “ P1pB|Kq “ 1
Q2

, where Q1 and Q2 are the assigned decimal odds on the two
single bets. In a single bet the stake will be refunded if the match is not valid. A
double bet on A|H and B|K in a linked series of the two single bets where the return
of one bet is stacked to the other bet. Then, the bettor actually bets on the joint-bet
pA|Hq ^a,b pB|Kq, in the context where he has his own probabilities but the object is
determined by those of the bookmaker. Moreover the bookmaker usually consid-
ers the two bets as “independent” and for him pA|Hq ^a,b pB|Kq “ pA|Hq ^1

gs pB|Kq

with P1rpA|Hq ^a,b pB|Kqs “ ab “ 1
Q1Q2

, while the bettor could coherently assess
z “ PrpA|Hq ^a,b pB|Kqs P rz1, z2s as in Theorem 23. In particular, the bettor, pay-
ing ab, might feel he has an advantage when ab ă z1, where z1 is the lower bound
in (3.12). This condition can only occur when 0 ă ab ă px ` y ´ 1q mint a

x , b
y u.

Indeed, if x ` y ´ 1 ď 0 then z1 “ 0 ď ab, and if mint a
x , b

y , 1u “ 1 then z1 “

x ` y ´ 1 ď a ` b ´ 1 ď ab. Moreover, 0 ă ab ă px ` y ´ 1q mint a
x , b

y u also re-

quires that 0 ă a ă x and 0 ă b ă y. Indeed, if a
x ď b

y , then it must be

b ă
x`y´1

x ď
xy
x ď y. Similarly, if b

y ă a
x , then it must be a ă

x`y´1
y ď

xy
y ď x.

As an example, consider the case where x “ 0.8, y “ 0.9, a “ 0.7, and b “ 0.8. In this
case, ab “ 0.56 ă z1 “ p0.8 ` 0.9 ´ 1q 7

8 “ 0.6125.

Inclusion relation We recall that, when A|H Ď B|K, it holds that pA|Hq ^gs pB|Kq “

A|H (see, e.g., [58, formula (16)]) and hence PrpA|Hq ^gs pB|Kqs “ PpA|Hq. These
relations are not preserved by pA|Hq ^a,b pB|Kq. Indeed, if A|H Ď B|K, as AHBK “

AH, KAH “ H, and HBK “ HK, from (3.1) it holds that

pA|Hq ^a,b pB|Kq “ pAH ` aHKq|pH _ Kq ‰ A|H, (3.45)



Chapter 3. Generalised conjunction and disjunction of two conditional events in
the setting of conditional random quantities

89

because, when HK is true, it follows that pA|Hq ^a,b pB|Kq “ a, while A|H “ x,
where x “ PpA|Hq. Moreover, it holds that

PrpA|Hq ^a,b pB|Kqs “ PpA|HqPpH|H _ Kq ` aPpHK|H _ Kq “ αx ` p1 ´ αqa,

where x “ PpA|Hq, α “ PpH|H _ Kq. Thus, when A|H Ď B|K, it follows that

PrpA|Hq ^a,b pB|Kqs P rmintx, au, maxtx, aus,

whereas
PrpA|Hq ^gs pB|Kqs “ PpA|Hq “ x.

In particular when a “ b “ 1, that is pA|Hq ^a,b pB|Kq “ pA|Hq ^S pB|Kq, from (3.45)
it follows that pA|Hq ^a,b pB|Kq “ pAH _ HKq|pH _ Kq Ě pA|Hq (see [59, Remark 4])
and PppAH _ HKq|pH _ Kqq P rx, 1s.

Analogous observations from this section can be applied to pA|Hq _a,b pB|Kq.
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Chapter 4

Compound conditionals and fuzzy
sets

The results of this chapter are mostly taken from [18]. To help the readability and
simplify the notation, in the following we use the symbols ^ to refer to ^gs.
In this chapter, starting from the probabilistic interpretation of the membership func-
tion of a fuzzy set as a suitable conditional probability given in [26, 28], we propose
a slightly different definition of a fuzzy set. Then, we introduce suitable set opera-
tions for fuzzy sets. In particular, we consider the complement and the intersection
of fuzzy sets, the latter defined exploiting the conjunction of conditional events as
random quantities. We also analyse the choice of a t-norm as membership of the
intersection in the context of coherent conditional probabilities.

4.1 Fuzzy sets and random quantities

Let X be a random quantity with range of values CX, for each x P CX, we denote
by Ax the event pX “ xq. Obviously, the family tAxuxPCX is a partition (possibly
not finite) of the sure event Ω. In this paper we only consider finite sets CX. Let φ
be any property related to the random quantity X. Let us consider an experiment
of selecting an agent randomly from a given population. The selected agent, for a
given x P CX, must state whether the property φ holds for X or not. Let Eφ be the
following event: Eφ = “They claim that X has the property φ”. Then, we consider the
conditional event Eφ|Ax = “They claim that X has the property φ, knowing that X “

x” and a conditional probability PpEφ|Axq, seen as a real function µφpxq “ PpEφ|Axq

defined on CX.

Remark 36. We recall that, every function µφ : CX Ñ r0, 1s, such that µφpxq “ 0 if
AxEφ “ H, and µφpxq “ 1 if Ax Ď Eφ, is a coherent conditional probability [26, Theorem
2]. In particular, for every x P CX, if Eφ and Ax are logically independent, as AxEφ ‰ H

and Ax Ę Eφ, it follows that every µφpxq P r0, 1s, x P CX, is a coherent conditional
probability (see also [47, Proposition 12]).

To look at PpEφ|Axq “ µφpxq in the betting framework, we consider a conditional
bet that You place on the assertion of the agent randomly chosen from the given
population. More precisely, by choosing PpEφ|Axq “ µφpxq, for every s P R, You
are willing to pay the amount sµφpxq to receive the random amount s ¨ pEφ|Axq “

s ¨ pEφ Ax ` µφpxq sAxq. In other words, for every s P R, You pay the amount sµφpxq

in order to receive the amount: s, if They claim that X has property φ and X “ x; 0,
if They claim that X has property sφ and X “ x; sµφpxq, that is the paid amount, if
X ‰ x. Similarly to [26, Definition 2] the following probabilistic interpretation of a
fuzzy set can be given.



Chapter 4. Compound conditionals and fuzzy sets 91

Definition 17 (Fuzzy set). Let X be a random quantity with set of possible values CX
and a property φ on X. Given a coherent conditional probability P on the family Fφ “

tEφ|Ax, x P CXu, we define a fuzzy set E˚
φ in Fφ, with membership µφ, the set

E˚
φ “ tpEφ|Ax, µφpxqq : x P CXu, where µφpxq “ PpEφ|Axq. (4.1)

In this setting, for every φ, the fuzzy emptyset, H˚, is the fuzzy set where the
membership function is µHpxq “ 0, for every x P CX. Analogously, the fuzzy sample
set Ω˚ is the fuzzy set where the membership function is µΩpxq “ 1 for every x P

CX. Of course, the fuzzy set H˚ (resp., Ω˚ ) can only be defined if the assessment
µφpxq “ 0 (resp., µΩpxq “ 1), x P CX, is coherent. Based on Remark 36, under the
assumption that, for every x P CX, the events Eφ and Ax are logically independent,
it follows that the fuzzy sets H˚ and Ω˚ are properly defined. In our framework,
the negation of the event Eφ, denoted by sEφ, is the event “They claim that it is not
true that X has the property φ”. The sentence “it is not true that X has the property
φ” will be simply denoted as “X has the property sφ”. Then, sEφ “ E

sφ “ “They claim
that X has the property sφ”. Thus, the negation sEφ|Ax of the conditional event Eφ|Ax
coincides with the conditional event E

sφ|Ax=“They claim that X has the property sφ,
knowing that X “ x”.

Definition 18 (Complement of a fuzzy set). Given a fuzzy set E˚
φ in FX, the complement

of E˚
φ, denoted by sE˚

φ, is the following fuzzy set in F
sφ: sE˚

φ “ E˚
sφ “ tpE

sφ|Ax, µ
sφpxqq : x P

CXu, where µ
sφpxq “ PpE

sφ|Axq.

In Definition 18 coherence requires that µ
sφpxq “ PpE

sφ|Axq “ PpsEφ|Axq “ 1 ´

PpEφ|Axq “ 1 ´ µφpxq, for every x P CX. Therefore,

sE˚
φ “ tpsEφ|Ax, 1 ´ µφpxqq : x P CXu. (4.2)

To illustrate the definition of these fuzzy sets we give the following example.

Example 5. Let X denote the height (in cm) of a certain individual (let us choose Andy),
with X P CX “ t140, 141, . . . , 220u. Let φ be the property “tall”. We consider the following
two events: Eφ = “They claim that Andy is tall”, Ax= “Andy’s height is x cm”, x P CX.
Let us consider the fuzzy set E˚

φ on CX, where, for every x P CX, µφpxq “ PpEφ|Axq is your
degree of belief on the conditional event Eφ|Ax, that is on the conditional sentence “They
claim that Andy is tall knowing that his height is x cm”. By Definition 18, it holds that the
complement sE˚

φ of E˚
φ is the set of the pairs pE

sφ|Ax, µ
sφpxqq “ psEφ|Ax, 1 ´ µφpxqq, for every

x P CX, where E
sφ|Ax is the conditional event “They claim that Andy is not tall, knowing

that his height is x cm”.

4.2 Intersection of fuzzy sets

In this section, to continue with the formalization of set operations among fuzzy sets
defined as in Definition 17, we consider a new definition of intersection of fuzzy sets
(Definition 19). Moreover, we analyse the cases of the intersection of a fuzzy set with
it self and with its complement.

Based on in Definition 3, given two fuzzy sets E˚
φ and E˚

ψ, we define their inter-
section E˚

φ^ψ as follows.

Definition 19 (Intersection). Let X, Y be two random quantities and φ, ψ two properties
on X and Y, respectively. Moreover, let E˚

φ “ tpEφ|Ax, µφpxqq : x P CXu and E˚
ψ “

tpEψ|Ay, µψpyqq : y P CYu be two fuzzy sets on Fφ and Fψ, respectively. The intersection
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E˚
φ^ψ of E˚

φ and E˚
ψ is the following fuzzy set on Fφ^ψ “ tpEφ|Axq ^ pEψ|Ayq, px, yq P

CX ˆ CYu:

E˚
φ^ψ “ E˚

φ ^ E˚
ψ “ tppEφ|Axq ^ pEψ|Ayq, µφ^ψpx, yqq : px, yq P CX ˆ CYu,

where µφ^ψpx, yq “ PrpEφ|Axq ^ pEψ|Ayqs.

For each pair px, yq P CX ˆ CY, the conjunction pEφ|Axq ^ pEψ|Ayq in Definition 19
can be interpreted as the compound conditional “They claim that: X has the property
φ, knowing that X “ x, and Y has the property ψ, knowing that Y “ y”.

Remark 37. In [26, 28], the authors consider, under suitable assumptions of conditional
independence, as conjunction of two conditional events Eφ|Ax and Eψ|Ay the conditional
event pEφ ^ Eψq|pAx ^ Ayq (Bochvar conjunction), which can be interpreted as the follow-
ing conditional “They claim that: X has the property φ and Y has the property ψ, knowing
that X “ x and Y “ y”. Notice that in general the conditional event pEφ ^ Eψq|pAx ^ Ayq

does not coincide with the conjuntion pEφ|Axq ^ pEψ|Ayq, which is instead a conditional
random quantity. Then, the intersection E˚

φ ^ E˚
ψ introduced in Definition 19 differs from

the one given in [28, Definition 21, p.229]. In particular in [28], under the assump-
tion that PpEφ|pAx ^ Ayqq “ PpEφ|Axq and PpEψ|pAx ^ Ayqq “ PpEψ|Ayq, for every
px, yq P CX ˆ CY, the membership function of the intersection, µ1

φ^ψ, is interpreted as
the probability PppEφ ^ Eψq|pAx ^ Ayqq, for every px, yq P CX ˆ CY. Under these hy-
potheses, it follows that µ1

φ^ψpx, yq satisfies the Fréchet-Hoeffding bounds (eq. (1.15)), that
is: maxtµφpxq ` µψpyq ´ 1, 0u ď µ1

φ^ψpx, yq ď mintµφpxq, µψpyqu. The assumptions
of conditional independence recalled above are essential to have these bounds on the prob-
ability of the conjunction. Otherwise, for every px, yq P CX ˆ CY, given the assessment
pµφpxq, µψpyqq P r0, 1s2 on tEφ|Ax, Eψ|Ayu, every µ1

φ^ψpx, yq P r0, 1s is a coherent ex-
tension on pEφ ^ Eψq|pAx ^ Ayq [88]. We observe that, using the conjunction in Defi-
nition 3, that is pEφ|Axq ^ pEψ|Ayq, the Fréchet-Hoeffding bounds (1.15) are satisfied for
every pµφpxq, µψpyqq P r0, 1s2. Nevertheless, sometimes the assumption of conditional inde-
pendence may not be reasonable, as shown in the following example.

Example 6. We set X and E˚
φ as in Example 5. Let Y denote the weight (in kg) of Andy,

with Y P CY “ t40, 41, . . . , 120u. Let ψ be the property “fit”. We consider the events
Eψ = “They claim that Andy is fit”, A1

y= “Andy’s weight is y kg”, y P CY. By Re-
mark 36, every µψpyq P r0, 1s is a coherent assessment for Eψ|A1

y. We observe that it
seems natural not to consider Eψ stochastically independent from Ax conditionally to A1

y,
that is, it seems reasonable to assume that PpEψ|Ax A1

yq could not coincide with PpEψ|A1
yq.

Indeed, the information on Andy’s height could modify the belief on claiming that Andy
is fit only knowing his weight. By Definition 19, for instance, the conditional random
quantity pEφ|A180q ^ pEψ|A1

75q can be interpreted as the conjoint sentence “They claim
that: Andy is tall, knowing that his height is 180 cm, and Andy is fit, knowing that
his weight is 75 kg”. Suppose to assign the following values to the membership func-
tions: µφp180q “ PpEφ|A180q “ 0.85 and µψp75q “ PpEψ|A1

75q “ 0.8. By Theo-
rem 5, it holds that µφ^ψp180, 75q “ PrpEφ|A180q ^ pEψ|A1

75qs is coherent if and only if
µφ^ψp180, 75q P rmaxt0.85 ` 0.8 ´ 1, 0u, mint0.85, 0.8us “ r0.65, 0.8s.

Remark 38. We observe that, by Definition 19, it follows that E˚
φ ^ E˚

φ ‰ E˚
φ. Let E˚

φ

be a fuzzy set. Then E˚
φ ^ E˚

φ “ tpEφ|Axq ^ pEφ|Ax1q, µφ^φpx, x1qq, px, x1q P CX ˆ CXu,
where µφ^φpx, x1q “ µφpxq, if x “ x1, and µφ^φpx, x1q “ µφpxqµφpx1q, if x ‰ x1. Indeed,
by Definition 3, when x “ x1, it holds that pEφ|Axq ^ pEφ|Ax1q “ Eφ|Ax and hence by
coherence µφ^φpx, xq “ µφpxq. Otherwise, when we consider pairs px, x1q P CX ˆ CX
where x ‰ x1, as Ax Ax1 “ H, by Remark 7, it holds that pEφ|Axq ^ pEφ|Ax1q “ pEφ|Axq ¨
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pEφ|Ax1q and hence, by coherence, µφ^φpx, x1q “ µφpxqµφpx1q ď mintµφpxq, µφpx1qu.
Therefore, in general, E˚

φ ^ E˚
φ ‰ E˚

φ.

It is well-known that, in fuzzy logic, the intersection between a fuzzy set and its
complementary set in general does not coincide with the fuzzy empty set. We now
observe that this feature still holds when applying Definitions 18 and 19.

Remark 39. Let E˚
φ be a fuzzy set. Then, by Definition 18 and Definition 19, it holds that

E˚
φ ^ sE˚

φ “ tppEφ|Axq ^ pE
sφ|Ax1q, µφ^sφpx, x1qq : px, x1q P CX ˆ CXu, where µφ^sφpx, x1q “

0, if x “ x1, and µφ^sφpx, x1q “ µφpxqµ
sφpx1q “ µφpxqµφp1 ´ x1q, if x ‰ x1. Indeed, we

observe that, when x “ x1, it holds that pEφ|Axq ^ pE
sφ|Axq “ pEφ|Axq ^ psEφ|Axq “ 0 and

hence by coherence µφ^sφpx, xq “ 0. Otherwise, when we consider pairs px, x1q P CX ˆ CX
with x ‰ x1, by Remark 7 it holds that pEφ|Axq ^ pE

sφ|Ax1q “ pEφ|Axq ¨ pE
sφ|Ax1q, which is

not constant and can therefore not necessarily be equal to 0. Therefore, as µφ^sφpx, x1q cannot
necessarily be equal to 0, it follows that E˚

φ ^ E˚
sφ ‰ H˚.

We recall that Definition 3 has been extended to the case of n conditional events
in Definition 4. Then, Definition 19 can be extended to the case of n fuzzy sets as
follows.

Definition 20. Let X1, . . . , Xn be n random quantities and n associated properties
φ1, . . . , φn, respectively. Let E˚

φi
“ tpEφi |Axi , µφi pxiqq : xi P CXi u be a fuzzy set on Fφi ,

i “ 1, . . . , n. The fuzzy conjunction E˚
φ1

^ . . . ^ E˚
φn

is defined as

E˚
φ1^...^φn

“ E˚
φ1

^ . . . ^ E˚
φn

“

“ tppEφ1 |Ax1q ^ . . . ^ pEφn |Axn q, µφ1^...^φn px1, . . . , xnqq : px1, . . . , xnq P CX1 ˆ . . . ˆ CXn u,

where µφ1^...^φn px1, . . . , xnq “ PrpEφ1 |Ax1q ^ . . . ^ pEφn |Axn qs.

In the literature, different operators have been suggested to model the intersec-
tion and union of fuzzy sets, such as the max-operator, the min-operator ([99]), and
the bold union ([44]). In particular, many authors proposed as aggregation opera-
tors for the intersection and the union of fuzzy sets the so called triangular norms
(t-norms) and conorms (t-conorms), respectively ([72]). For what concerns the t-
norm, with our approach not all of them are acceptable to describe coherent prob-
ability for the conjunction of conditional events. A class of t-norms that in cases of
logical independence describe coherent prevision assessments for the conjunction of
two conditional events is given by the Frank t-norms ([52]). They are t-norms Tλ

that give a gradual transition between the Lukasiewicz t-norm TL and the minimum
t-norm TM ([8]), that is

maxtx ` y ´ 1, 0u ď Tλpx,yq ď mintx, yu, λ P r0, `8s. (4.3)

In particular T0px, yq “ TMpx, yq “ mintx, yu, T1px, yq “ TPpx, yq “ xy, and
T`8px, yq “ TLpx, yq “ maxtx ` y ´ 1, 0u. From (1.15) and (4.3) we have that, under
logical independence, for every (coherent) pair of conditional probabilities µφpxq “

PpEφ|Axq and µψpyq “ PpEψ|Ayq the assessment µφ^ψpx, yq “ Tλpµφpxq, µψpyqq is a
coherent extension on pEφ|Axq ^ pEψ|Ayq, for every λ P r0, `8s. Then, Frank t-norms
can be used to construct the membership function of the intersection of two fuzzy
sets. However, as shown in the example below, the construction of membership
functions by means of Frank t-norms for all the intersections which involve three
fuzzy sets could lead to case of incoherent conditional prevision [52, Example 7].
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Example 7. Given any logically independent events E1, E2, E3, H1, H2, H3, we observe
that the assessment px1, x2, x3q “ p0.5, 0.6, 0.7q on tE1|H1, E2|H2, E3|H3u is coher-
ent. Moreover, as shown in [52, Example 7], the extension pTLpx1, x2q, TLpx1, x3q,
TLpx2, x3q, TLpx1, x2, x3qq “ p0.1, 0.2, 0.3, 0q on the family tC12,C13,C23, C123u, where
Cij “ pEi|Hiq ^ pEj|Hjq, and C123 “ pE1|H1q ^ pE2|H2q ^ pE3|H3q, is not coherent.
This counterexample shows that, when considering the fuzzy sets E˚

φ1
, E˚

φ2
, E˚

φ1^φ2
, E˚

φ1^φ3
,

E˚
φ2^φ3

, and E˚
φ1^φ2^φ3

, the t-norm of Lukasiewics cannot be always chosen as membership
function in Definition 20 because it could lead to incoherent assessments.
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Chapter 5

Towards an algebraic and
probabilistic setting for iterated
Boolean conditionals

The results of this chapter are taken from [22].

In this chapter, we will follow the algebraic approach developed in [40] (see also
[41, 42]) to deal with iterated (nested) conditionals. To represent iterated condition-
als we employ an algebra that can be built from any Boolean algebra of plain events,
by doubling the construction defined in [40] that defines Boolean algebras of con-
ditionals. More precisely, given a Boolean algebra A, its associated Boolean algebra
of conditionals, denoted by CpAq, contains all basic conditionals of the form pa | bq

for a P A and b P AztKu and their Boolean combinations. Since CpAq is itself a
Boolean algebra, and it is finite if A is finite, we can consider its Boolean algebra of
conditionals CpCpAqq that now contains basic iterated conditionals like pa | bq | pc | dq

for a, c P A and b, d P AztKu and their Boolean combinations as well. Thanks to
the richer language available in the Boolean algebras of iterated conditionals it is
possible to study algebraic and probabilistic versions of properties that we cannot
express with basic conditionals. More precisely, in Section 5.1 we recall some prelim-
inary notions on the construction of the algebra of conditionals CpAq and its atomic
structure, the notion of canonical extension of a positive probability P on A and the
“separability property” for a probability Q on CpAq. In Section 5.2, we analyse the
structure of the algebra of iterated conditionals CpCpAqq by also describing its atoms
and the different ways of obtaining a probability on CpCpAqq. In Section 5.3, starting
from the well-known Import-Export principle, we formulate a weaker version of it
and we use the latter to characterize the separable probabilities on CpAq. Then, in
Section 5.4 we introduce the “conjunction rationality” principle for the canonical ex-
tension of a positive probability Q on CpAq and we prove it is related to the McGee
decomposition formula for the conjunction of two basic conditional given for Q.

5.1 Basics on the Boolean algebra of conditionals

Boolean algebras will be considered in their usual language p^, _,s, K, Jq of type
p2, 2, 1, 0, 0q where ^ and _ denote the lattice operations of meet and join respec-
tively, x indicates the operation of complementation (or negation), while K and J are
the constants for the bottom and the top elements respectively. For every Boolean
algebra B “ pB, ^, _, x, K, Jq we will denote by ď the lattice order of B so that for all
a, b P B, a ď b holds iff a ^ b “ a or, equivalently, a _ b “ b. Moreover we will denote
by B1 the set BztKu.
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Now, let A be a Boolean algebra. The Boolean algebra of conditionals of A ([40]),
denoted by CpAq, is defined by firstly considering the Boolean algebra FreepA ˆ A1q

freely generated by the set A ˆ A1 “ tpa, bq : a P A, b P AztKuu, and then imposing
on it some suitable properties of conditionals. This second step is done by taking the
quotient of FreepA ˆ A1q by the minimal congruence ” that extends the following
set of relations:

• pb | bq ” J, for all b P AztKu;

• pa1 | bq ^ pa2 | bq ” pa1 ^ a2 | bq, for all a1, a2 P A, b P AztKu;

• pa | bq ” pa | bq, for all a P A, b P AztKu;

• pa | bq ” pa ^ b | bq, for all a P A, b P AztKu;

• pa | bq ^ pb | cq ” pa | cq, for all a P A, b, c P AztKu such that a ď b ď c.

In the above we have adopted the notational convention of writing a | b for the pair
pa, bq P A ˆ A1. Sometimes, to ease the reading, we will also write ab instead of a ^ b
and we will use the abbreviation a Ñ b for the material conditional a _ b.

Then, in symbols, CpAq “ FreepA ˆ A1q{”. If A is finite, then so is CpAq and we
will henceforth assume to work with finite algebras only. In particular the algebras
we will consider are atomic with atoms atpAq “ tα1, . . . , αnu. In [40] the atoms of
CpAq are characterized in terms of the atoms of A as follows: an element ω P CpAq is
an atom iff there exists a permutation σ “ pi1, . . . , inq on the set of indices t1, . . . , nu

in Sn,1 and hence a linear sequence of pairwise different atoms of A
pαi1 , . . . , αin q,

such that

ωσ “ pαi1 | Jq^pαi2 | αi1q^ . . . ^pαin´1 | αi1^ . . . ^αin´2q^pαin | αi1^ . . . ^αin´1q

“ pαi1 | Jq^pαi2 | αi1q^ . . . ^pαin´1 | αi1^ . . . ^αin´2q,
(5.1)

since pαin | αi1^ . . . ^αin´1q “ pαin |αin q and pαin |αin q is the top element of CpAq. Be-
cause of this we can identify atoms of CpAq by shorter sequences pαi1 . . . , αin´1q of
n ´ 1 pairwise different atoms of A. To stress the identification of atoms of CpAq

with sequences of atoms of A, we will write ωσ for the atoms of CpAq. Moreover, for
every atom ωσ P atpCpAqq and every j “ 1, . . . , n ´ 1, we write ωσrjs to denote the jth
coordinate αij of the sequence pαi1 , . . . , αin´1q that uniquely determines ωσ. Clearly,
ωσrjs P atpAq.

Every positive probability P : A Ñ r0, 1s can be extended to a positive probability
µP on CpAq by stipulating that for every atom ωσ P atpCpAqq defined as above,

µPpωσq “ Ppαi1q ¨
Ppαi2q

Ppαi1q
¨ . . . ¨

Ppαin´1q

Ppαi1 ^ . . . ^ αin´2q
.

By [40, Lemma 6.8] the above map µP is a probability distribution on atpCpAqq

and its associated probability on CpAq, that we will still denote by the same symbol
µP, is called the canonical extension of P to CpAq.

Moreover, by [40, Theorem 6.13], for every a, b P A, with b ‰ K, µPpa | bq “
Ppa^bq

Ppbq

and hence canonical extensions µP provide a finitary solution to what has been called
the strong conditional event problem (see [67]) within the setting of Boolean algebras of
conditionals. This reads as follows:

1Adhering to a standard notation we will henceforth denote by Sn the set of permutations over a
set of n elements.
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(SCEP) For every Boolean algebra A, find another Boolean algebra A˚ and a map Ź:
A ˆ A Ñ A˚ such that A is subalgebra of A˚ and, for every positive probability
P on A, there exists an extension P˚ of P on A˚ such that, for all a, b P A with
b ‰ K, P˚pb Ź aq “

Ppa^bq

Ppbq
.

The above (SCEP) can be further strengthened by requiring that every positive prob-
ability on the bigger algebra A˚ behaves as a conditional probability on A ˆ A1. Call
this stronger principle (SCEP)`.

Although Boolean algebras of conditionals, and canonical extensions, provide a
solution for the (SCEP), the stronger (SCEP)` fails in general in this setting. Indeed,
[40, Example 6.3] shows that there are positive probability functions Q : CpAq Ñ

r0, 1s that fail to model the axioms of conditional probability (see for instance [69])
and therefore they do not satisfy Qpa | bq “

Qpa^b|Jq

Qpb|Jq
. However, it is relevant to

observe that, by [40, Corollary 6.14], Q : CpAq Ñ r0, 1s is a conditional probability iff
Q satisfies the next separability property.

(Sep) for all a ď b ď c with b ‰ K, Qpa | cq “ Qppa | bq^pb | cqq “ Qpa | bq ¨ Qpb | cq.

We will call Q separable when it satisfies (Sep). In other words, separable probabili-
ties on CpAq behave as conditional probabilities on A ˆ A1.

5.2 Iterated conditionals in CpCpAqq

In this section, we first analyse the algebraic structure CpCpAqq of iterated condi-
tionals, describing in particular its atoms and the general semantic for iterated con-
ditionals. Then, we consider different ways of deriving probabilities on CpCpAqq

by also comparing the construction of the double canonical extension of a positive
probability defined on A, and of the canonical extension of a positive probability on
CpAq.

Mimicking the construction of CpAq from A, being CpAq itself a Boolean algebra,
it is possible to build its Boolean algebra of conditionals CpCpAqq, that is the Boolean
algebra of iterated conditionals of A. In CpCpAqq we allow basic iterated conditionals,
i.e objects of the form pa|bq|pc|dq with a|b, c|d P CpAq, c|d ‰ KC, which can be then
freely combined using the usual Boolean operations.

Definition 21. Given a Boolean algebra A and its Boolean algebra of conditionals CpAq, we
define the Boolean algebra of iterated conditionals of A as

CpCpAqq “ FreepCpAq ˆ CpAq1q{”

where the congruence relation ” is defined as in the case of CpAq except that in the equations
the conditions a, b, c P A, b, c ‰ K are replaced by a|b, c|d, e| f P CpAq, c|d, e|f ‰ K,
respectively.

The following properties hold in CpCpAqq by construction and by recalling how
the congruence ” is defined in the previous section.

Fact 1. The following identities hold in every CpCpAqq.

(i) pa|bq|pa|bq “ J|J;

(ii) ppa|bq|pc|dqq ^ ppa1|b1q|pc|dqq “ rpa|bq ^ pa1|b1qs|pc|dq;

(iii) pa|bq|pc|dq “ pa | bq | pc | dq “ pa|bq|pc|dq;
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(iv) rpa|bq ^ pc|dqs|pc|dq “ pa|bq|pc|dq;

(v) if pa|bq ď pc|dq ď pe| f q, then ppa|bq|pc|dqq ^ ppc|dq|pe| f qq “ pa|bq|pe| f q.

Now we want to give a characterization of the atoms of CpCpAqq in terms of the
atoms in CpAq. A basic observation is that if A is finite, then CpAq is also finite, and
thus CpCpAqq is finite as well, and hence all of them are atomic.

We recall that, if |atpAq| “ n, the atoms of CpAq are determined by permutations
in Sn and hence by sequences of length n ´ 1 of pairwise different atoms of A; as a
consequence |atpCpAqq| “ n!.

We also recall that the lattice order relation ď in CpAq is defined as

t ď s iff t ^ s “ t iff t _ s “ s, for every s, t P CpAq. (5.2)

Remark 40. In [40, Proposition 4.7] it is shown that an atom ωσ “ pασp1q | Jq ^ pασp2q |

ασp1qq ^ ¨ ¨ ¨ ^ pασpn´1q | ασp1q ¨ ¨ ¨ ασpn´2qq is below (i.e. it is a model for) a conditional
pa | bq w.r.t. the lattice order ď in CpAq, i.e. ωσ ď pa | bq (also written as ωσ |ù pa|bq), if
and only if the following condition is satisfied:

either “ασp1q ď ab”, or “ασp1q ď sb and ασp2q ď ab”, or . . .
or “ασp1q ď sb and . . . and ασpn´2q ď sb and ασpn´1q ď ab”.

By repeating the same procedure as above, it follows that the atoms of CpCpAqq

will be determined by sequences of length |atpCpAqq| ´ 1 “ n! ´ 1 of pairwise dif-
ferent atoms of CpAq, that is, by sequences of the form pωσ1 , ωσ2 , . . . , ωσn!´1q, where
σj P Sn is a permutation and ωσj P atpCpAqq for all j “ 1, . . . , n! ´ 1.

Therefore, |atpCpCpAqqq| “ pn!q!. In terms of the atoms of A, an atom of CpCpAqq

can be represented by a sequence of sequences of atoms of A, and it can be visualized
as the matrix

M “
`

ωσ1 , ωσ2 , . . . , ωσn!´1

˘

“

¨

˚

˚

˚

˝

ωσ1r1s ωσ2r1s . . . ωσn!´1r1s

ωσ1r2s ωσ2r2s . . . ωσn!´1r2s
...

... . . .
...

ωσ1rn ´ 1s ωσ2rn ´ 1s . . . ωσn!´1rn ´ 1s

˛

‹

‹

‹

‚

Given a matrix M as the above, conforming to the previous notation, the corre-
sponding atom ωM of CpCpAqq is the following conjunction of iterated conditionals:

ωM “ pωσ1 | Jq ^ pωσ2 | ωσ1q ^ ¨ ¨ ¨ ^ pωσn!´1 | ωσ1 ¨ ¨ ¨ ωσn!´2q.

The next example hints on what these formal expressions look like in the iterated
case of CpCpAqq.

Example 8. Let A be an algebra with 3 atoms α1, α2, α3. Then, the conditional algebra CpAq

has 3! “ 6 atoms:

ω1 “ pα1|Jq ^ pα2|α1q, ω2 “ pα1|Jq ^ pα3|α1q, ω3 “ pα2|Jq ^ pα1|α2q,
ω4 “ pα2|Jq ^ pα3|α2q, ω5 “ pα3|Jq ^ pα1|α3q, ω6 “ pα3|Jq ^ pα2|α3q.

Conforming to the notation introduced above, the atoms of CpAq are identified both with
sequences pαi1 , αi2 , αi3q of length 3 and with sequences pαi1 , αi2q of length 2 (since the missing
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atom is univocally determined). For the sake of clarity, in this example we will consider
sequences of length 3. For instance ω1 will be identified with pα1, α2, α3q. Analogously, the
conditional algebra CpCpAqq has 6! atoms whose associated sequences have length 6 (instead
of 5) and they are hence of the form

M “ pωσ1 , ωσ2 , ωσ3 , ωσ4 , ωσ5 , ωσ6q

where, for all i “ 1, . . . , 6, ωσi P atpCpAqq.
For example, let us consider the matrix

M “

¨

˝

α1 α1 α2 α2 α3 α3
α2 α3 α1 α3 α1 α2
α3 α2 α3 α1 α2 α1

˛

‚

where the first column of M corresponds to ω1, the second to ω2 and so forth. Its correspond-
ing atom in CpCpAqq can be written as:

ωM “ pω1|pJ|Jqq ^ pω2|ω1q ^ pω3|ω1 ^ ω2q ^ pω4|ω1 ^ ω2 ^ ω3q^

^pω5|ω1 ^ ω2 ^ ω3 ^ ω4q “

“ pω1|pJ|Jqq ^ pω2|ω2 _ ω3 _ ω4 _ ω5 _ ω6q^

^pω3|ω3 _ ω4 _ ω5 _ ω6q ^ pω4|ω4 _ ω5 _ ω6q ^ pω5|ω5 _ ω6q.

To get more hints on the previous expression, let us observe that

ω5 _ ω6 “ ppα3|Jq ^ pα1|α3qq _ ppα3|Jq ^ pα2|α3qq “ pα3|Jq ^ pα1 _ α2|α3q “

“ pα3|Jq ^ pα1 _ α2|α1 _ α2q “ pα3|Jq

and hence pω5|ω5 _ ω6q “ ppα3|Jq ^ pα1|α3qq|pα3|Jq “ pα1|α3q|pα3|Jq.
Moreover, recalling that for a, b, c P A

• if a ď b ď d then pa|bq ě pa|dq, and hence α3 ď α2 “ α1 _ α3 ď J and it implies
that pα3|α2q ě pα3|Jq,

• pa ^ b|Jq ď pa|bq ď pb Ñ a|Jq and hence pα3|α2q ď pα2 Ñ α3|Jq

we have that

ω4 _ ω5 _ ω6 “ ppα2|Jq ^ pα3|α2qq _ pα3|Jq

“ ppα2|Jq _ pα3|Jqq ^ ppα3|α2q _ pα3|Jqq

“ pα2 _ α3|Jq ^ pα3|α2q

“ pα2 Ñ α3|Jq ^ pα3|α2q “ pα3|α2q.

Then, pω4|ω4 _ ω5 _ ω6q “ ppα2|Jq ^ pα3|α2qq|pα3|α2q “ pα2|Jq|pα3|α2q.
Let us now consider

ω3 _ ω4 _ ω5 _ ω6 “ ppα2|Jq ^ pα1|α2qq _ pα3|α2q “ pα2|Jq _ pα3|α2q.

Therefore, pω3|ω3 _ ω4 _ ω5 _ ω6q “ ppα2|Jq ^ pα1|α2qq|ppα2|Jq _ pα3|α2qq.
We can also consider

ω2|ω1 “ ppα1|Jq ^ pα3|α1qq|ppα2 _ α3|Jq _ pα1 _ α3|α1qq

“ ppα1|Jq ^ pα3|α1qq|ppα2 _ α3|Jq _ pα3|α1qq

“ ppα1|Jq ^ pα3|α1qq|ppα2|Jq _ pα3|α1qq.
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Finally, we come up with the following expression of the atom ωM:

ωM “ ppα1|Jq ^ pα2|α1qq|pJ|Jq ^

ppα1|Jq ^ pα3|α1qq|ppα2|Jq _ pα3|α1qq ^

ppα2|Jq ^ pα1|α2qq|ppα2|Jq _ pα3|α2qq ^

pα2|Jq|pα3|α2q ^ pα1|α3q|pα3|Jq.

Remark 41. Given an iterated conditional pa|bq|pc|dq P CpCpAqq and a matrix M “

pω1, . . . , ωnq, we say the atom ωM models pa|bq|pc|dq, written ωM |ù pa|bq|pc|dq, if
and only if ωM ď pa|bq|pc|dq and hence, recalling Remark 40, if and only if, Dj such that
Mrjs “ ωj |ù pa|bq ^ pc|dq and, @k ă j, Mrks “ ωk ­|ù pc|dq.

Now, let us turn our attention on canonical extensions on CpAq and on CpCpAqq.
Reproducing the results about the canonical extension of positive probabilities on
A to probabilities on CpAq, given a positive probability Q : CpAq Ñ r0, 1s we can
always define its canonical extension µQ : CpCpAqq Ñ r0, 1s in such a way that, for
every iterated conditional pa|bq | pc|dq P CpCpAqq, we have

µQppa|bq | pc|dqq “
Qppa|bq ^ pc|dqq

Qpc|dq
.

In particular, if Q is the canonical extension µP of a positive probability P on A,
then µP on CpAq is again positive, and thus we can in turn canonically extend it to a
probability µµP on CpCpAqq. In this case, [42, Theorem 8] (see also [41]) tells us that
the expression for µPppa|bq ^ pc|dqq is

µPppa|bq ^ pc|dqq “ Ppabcd|b _ dq ` Ppa|bqPpb̄cd|b _ dq ` Ppc|dqPpd̄ab|b _ dq,

that coincides with the formula obtained by McGee [80] and Kaufmann [71]. Then,
we get the following expression for the probability of an iterated conditional:

µµP ppa|bq | pc|dqq “
µPppa|bq^pc|dqq

µPpc|dq
“

Ppabcd|b_dq`Ppa|bqPpb̄cd|b_dq`Ppc|dqPpd̄ab|b_dq

Ppc|dq
.

5.3 The weak Import-Export principle and the separability
property

As already recalled in Section 2.1, a well-known and widely discussed principle for
conditional logics is that of Import-Export (also known under the name of exportation).
This principle needs a nested occurrence of the conditional operator to be written
and hence, while it cannot be expressed in a conditional algebra like CpAq, it can be
formalized in CpCpAqq. In the language of CpCpAqq it hence reads as the following
equation: for all a, b, c P A such that b, c ‰ K,

(IE) pa | cq | pb | Jq “ pa | c ^ bq | pJ | Jq.

In what follows we will be interested in the next equation that is in fact a weak
version of (IE) obtained by taking c “ J in (IE):

(wIE) pa | Jq | pb | Jq “ pa | bq | pJ | Jq.
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Besides being a weakening of the Import-Export principle, the identity (wIE)
states a condition that appears to be reasonable to ask for iterated conditionals. In-
deed, keeping the discussion at an informal level, the identification of every plain
event a P A with its conditional representation pa | Jq P CpAq ensures the two sides
of (wIE) read the same. More precisely, omitting the trivial reading of those an-
tecedents “given that the sure event J holds”, (wIE) reads tautologically: “a given b
equals a given b”.

Although reasonable, (wIE) does not always hold in CpCpAqq as the next result
shows.

Proposition 1. For every algebra A with more than two atoms, there are a, b P A with
b ‰ K for which (wIE) does not hold in CpCpAqq.

Proof. Let us consider the case of an algebra A with three atoms tα, β, γu. We take
a “ α and b “ α _ β. Consider a matrix like the following

M1 “

ˆ

γ β . . .
α γ . . .

˙

.

By Remark 41, ωM1 |ù pa|bq|pJ|Jq but ωM1 ­|ù pa|Jq|pb|Jq. Similarly, a matrix like

M2 “

ˆ

γ α . . .
β γ . . .

˙

is such that ωM2 ­|ù pa|bq|pJ|Jq but ωM2 |ù pa|Jq|pb|Jq.
Therefore, pa|bq|pJ|Jq and pa|Jq|pb|Jq are different elements of CpCpAqq, and

hence (wIE) does not hold in this CpCpAqq.

Although the weak Import-Export principle (wIE) does not in general hold in
the algebras CpCpAqq, however, it is interesting to observe that, if P is a positive
probability on A, then the double canonical extension µµP : CpCpAqq Ñ r0, 1s is a
probabilistic model for (wIE), that is to say, for any a P A and b P A1,

µµP ppa | Jq | pb | Jqq “ µµP ppa | bq | pJ | Jqq.

Still, µµP does not provide a model for the Import-Export principle (IE).

Proposition 2. For every positive probability function P on A, µµP is a probabilistic model
of (wIE), but, in general, it is not a probabilistic model of (IE).

Proof. Let us consider the quantities µPppa | cq ^ pb | Jqq and µµP ppa | c ^ bq | pJ | Jqq.
By [71] and [90, Section 8], and recalling the last equation of the above Section 5.2,

µµP ppa | cq | pb | Jqq “
Ppabcq`Ppa|cq¨Ppbcq

Ppbq
. (5.3)

We distinguish two cases: piq bc “ K; piiq bc ‰ K.
Case piq. By (5.3), it follows that µµP ppa | cq | pb | Jqq “ Ppa|cq, while µµP ppa | c ^ bq |

pJ | Jqq is undefined, because pa | c ^ bq “ pa|Kq R CpAq.
Case piiq. By (5.3), it follows that

µµP ppa | cq | pb | Jqq “
Ppa|bcqPpc|bqPpbq`Ppa|cq¨Ppc|bqPpbq

Ppbq
“

“ Ppa|c ^ bqPpc|bq ` Ppa|cqPpsc|bq
(5.4)

while
µµP ppa | c ^ bq | pJ | Jqq “ Ppa | c ^ bq.



Chapter 5. Towards an algebraic and probabilistic setting for iterated Boolean
conditionals

102

Therefore, µµP does not model (IE) in general. However, let us take c “ J. As
PpJ|bq “ 1, PpK|bq “ 0 and Ppa|J ^ bq “ Ppa|bq, it holds that

µµP ppa | Jq | pb | Jqq “ Ppa|bq “ µµP ppa | bq | pJ | Jqq “ Ppa|bq

and hence (wIE) is satisfied by µµP .

Example 9. In this example we show what kind of consequences can be obtained when a
positive probability P on A is such that µµP is a probabilistic model for (IE). By using the
fact in CpCpAqq we have µPpt ^ sq “ µµP pt | sqµPpsq for every t, s P CpAq, the following
equalities always hold for any two events a P A and c P A1:

Ppa | cq “ µPpa | cq “ µPppa | cq ^ pa | Jqq ` µPppa | cq ^ psa | Jqq “

“ µµP ppa | cq | pa|JqqµPpa | Jq ` µµP ppa | cq | psa|JqqµPpsa | Jq “

“ µµP ppa | cq | pa|JqqPpaq ` µµP ppa | cq | psa|JqqPpsaq.

Now, if µµP is a probabilistic model for (IE) then it follows that µµP ppa | cq | pa|Jqq “

µµP ppa | acq | pJ|Jqq “ Ppa | acq “ 1 and µµP ppa | cq | psa|Jqq “ µµP ppa | sacq | pJ|Jqq “

Ppa | sacq “ 0, and thus it results that

Ppa|cq “ 1 ¨ Ppaq ` 0 ¨ Ppsaq “ Ppaq,

which is in general not satisfactory. This derivation is actually another proof of one of the
well-known Lewis’ triviality results. However, as in general µµP is not a probabilistic model
for (IE), Lewis’ triviality result can be avoided by µµP in CpCpAqq.

Remark 42. We observe that in the particular cases in which b ď c or c ď b, we have that
µP satisfies (IE) ([54, Proposition 1]). If b ď c it holds that cb “ K so that Ppc|bq “ 0.
Moreover, a|pc ^ bq “ a|b and hence Ppa|c ^ bq “ Ppa|bq. Then, by (5.4), it holds that

µµP ppa | cq | pb | Jqq “ Ppa|bq ¨ 1 ` Ppa|cq ¨ 0 “ Ppa|bq “ µµP ppa | c ^ bq | pJ | Jqq.

Likewise, if c ď b, Ppa|c ^ bq “ Ppa|cq and hence

µµP ppa | cq | pb | Jqq “ Ppa|cqrPpc|bq ` Ppc|bqs “ Ppa|cq “ µµP ppa | c ^ bq | pJ | Jqq.

Now we turn our attention on the satisfiability of (wIE) by the canonical exten-
sions µQ on CpCpAqq of a positive Q : CpAq Ñ r0, 1s.

As we recalled in Section 5.1, the separability property for a probability Q :
CpAq Ñ r0, 1s characterizes those functions that behave as conditional probabilities
on A. While separability seems to be non-characterizable in the language of CpAq,
the next result shows that, interestingly, it can be captured by requiring the canonical
extension µQ of Q to model the equation (wIE) in CpCpAqq.

Theorem 31. Let A be any finite Boolean algebra and let Q : CpAq Ñ r0, 1s be a positive
probability function. Then, Q is separable iff µQppa|bq|pJ|Jqq “ µQppa|Jq|pb|Jqq for every
a P A and b P AztKu.

Proof. Let us start assuming that Q is separable. In such a case, we know that Qpa ^

b|Jq “ Qppa|bq ^ pb|Jqq “ Qpa|bqQpb|Jq. Then, it follows that

µQppa|bq|pJ|Jqq “ Qpa|bq “
Qpa ^ b|Jq

Qpb|Jq
“

Qppa|Jq ^ pb|Jqq

Qpb|Jq
“ µQppa|Jq|pb|Jqq.
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Conversely, let us suppose that µQppa|Jq|pb|Jqq “ µQppa|bq|pJ|Jqq for every a P

A and b P AztKu. Now, let PQ : A Ñ r0, 1s be the probability on A defined by
restricting Q to A (considered as a subalgebra of CpAq), and consider µPQ : CpAq Ñ

r0, 1s, the canonical extension of PQ to CpAq. Then, for a, b P A,

µPQ pa|bq “
PQpa ^ bq

PQpbq
“

Qpa ^ b|Jq

Qpb|Jq
“

Qppa|Jq ^ pb|Jqq

Qpb|Jq

“ µQppa|Jq|pb|Jqq “ µQppa|bq|pJ|Jqq “ Qpa|bq.

Therefore, Q and µPQ coincide on the basic conditionals of the form px | yq. More-
over, we know that µPQ is a canonical extension and hence it is separable, i.e.

µPQ pa|cq “ µPQ ppa|bq ^ pb|cqq “ µPQ pa|bqµPQ pb|cq

for a ď b ď c, with a, b, c P A. But we found out that on basic conditionals, µPQ pa|cq “

Qpa|cq, µPQ pa|bq “ Qpa|bq, and µPQ pb|cq “ Qpb|cq, and hence

Qpa|cq “ Qpa|bqQpb|cq, for a, b, c P A s.t. a ď b ď c,

that is, Q is separable.

5.4 On the McGee formula and the conjunction rationality
principle

In this final section we consider probabilistic properties related to the conjunction
of basic conditionals. Any canonical extension µP of a (positive) probability P on A
satisfies the McGee formula for conjunction of basic conditionals, but this is not the
case for any probability Q on CpAq.

Definition 22. A (positive) probability Q : CpAq Ñ r0, 1s satisfies the McGee decompo-
sition formula (McD) when, for every pa|bq, pc|dq P CpAq,

Qppa|bq ^ pc|dqq “ Qpabcd|b _ dq ` Qpa|bqQpb̄cd|b _ dq ` Qpc|dqQpd̄ab|b _ dq.

By the very definition of the canonical extension µQ on CpCpAqq the following
properties hold.

Lemma 1. For any probability Q : CpAq Ñ r0, 1s the following identities hold:

(i) µQprpa|bq | pJ|Jqs ^ rpc|dq | pJ|Jqsq “ µQppa|bq ^ pc|dq | pJ|Jqq “ Qppa|bq ^

pc|dqq.

(ii) If Q is separable, then µQprpa|Jq | pb|Jqs ^ rpc|Jq | pd|Jqsq “ Qpabcd|b _ dq `

Qpa|bqQpb̄cd|b _ dq ` Qpc|dqQpd̄ab|b _ dq.

Proof. (i) Since Qpxq “ µQpx | pJ|Jqq for any x P CpCpAqq, we simply have that
µQprpa|bq | pJ|Jqs ^ rpc|dq | pJ|Jqsq “ µQppa|bq ^ pc|dq | pJ|Jqq “ Qppa|bq ^ pc|dqq,
where the first equality follows from Fact 1 (ii).

(ii) Since µQ is a canonical extension, it satisfies McGee decomposition formula
for a conjunction of basic (iterated) conditionals, and we have:

µQprpa|Jq | pb|Jqs ^ rpc|Jq | pd|Jqsq “

“ µQppabcd|Jq|pb _ d|Jqq ` µQppa|Jq|pb|Jqq ¨ µQppb̄cd|Jq | pb _ d|Jqq`

`µQppc | Jq | pd|Jqq ¨ µQppd̄ab|Jq | pb_d|Jqq.
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Now, if Q is separable, by Theorem 31, µQppa|Jq | pb|Jqq “ µQppa|bq | pJ|Jqq “

Qpa|bq. Therefore,

µQprpa|Jq | pb|Jqs ^ rpc|Jq | pd|Jqsq “

“ Qpabcd|b _ dq ` Qpa|bqQpb̄cd|b _ dq ` Qpc|dqQpd̄ab|b _ dq.

Let us consider now the following principle at the level of iterated conditionals.

Definition 23. A probability Q : CpAq Ñ r0, 1s satisfies the conjunction rationality
principle (CRP) when, for all a, b P A and c, d P A1:

pCRPq µQprpa|bq | pJ|Jqs ^ rpc|dq | pJ|Jqsq “ µQprpa|Jq | pb|Jqs ^ rpc|Jq | pd|Jqsq

Note that if Q satisfies (CRP) necessarily it must also be separable, since taking
c “ d “ J above we get µQppa|bq | pJ|Jqq “ µQppa|Jq | pb|Jqq, and by Theorem 31,
Q must be separable.

We can finally prove that (CRP) characterises in CpCpAqq the satisfaction of
McGee decomposition formula in CpAq.

Theorem 32. A probability Q : CpAq Ñ r0, 1s satisfies the conjunction rationality prin-
ciple (CRP) iff Q satisfies the McGee decomposition (McD).

Proof. If Q satisfies (CRP), Q is separable, and then by Lemma 1 above, Qppa|bq ^

pc|dqq “ µQprpa|Jq | pb|Jqs ^ rpc|Jq | pd|Jqsq “ Qpabcd|b _ dq ` Qpa|bqQpb̄cd|b _ dq `

Qpc|dqQpd̄ab|b _ dq, hence Q satisfies (McD).
Conversely, since µQ is a canonical extension (and hence it satisfies McGee for-

mula), we have:

µQppa|Jq | pb|Jqq “ µQprpa|Jq | pb|Jqs ^ rpJ|Jq | pJ|Jqsq “

µQppab|Jq|pJ|Jqq ` µQppa|Jq|pb|Jqq ¨ µQppb̄|Jq | pJ|Jqq ` 0 “

Qpab|Jq ` µQppa|Jq|pb|Jqq ¨ Qppb̄|Jqq

that is, µQppa|Jq|pb|Jqq “ Qpab|Jq{Qpb|Jq. On the other hand, if Q satisfies (McD),
we have Qpa|bq “ Qppa|bq ^ pJ|Jqq “ Qpab|Jq ` Qpa|bq ¨ Qpb̄|Jq, hence Qpa|bq “

Qpab|Jq{Qpb|Jq, since we are assuming Q to be positive.
Therefore, it follows that Qpa|bq “ µQppa|Jq | pb|Jqq and thus Q is separable

because of (i) of Lemma 1. Then, we can finally conclude, by (ii) of the same lemma
above, that:

µQprpa|bq | pJ|Jqs ^ rpc|dq | pJ|Jqsq “ Qppa|bq ^ pc|dqq

“ Qpabcd|b _ dq ` Qpa|bqQpb̄cd|b _ dq ` Qpc|dqQpd̄ab|b _ dq

“ µQprpa|Jq | pb|Jqs ^ rpc|Jq | pd|Jqsq,

that is, (CRP) is satisfied.
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Chapter 6

Entropy and extropy for partial
probability assessments on
arbitrary families of events

The results of this chapter are taken from [19].

Among the many research topics covered by de Finetti during his career, he stud-
ied the theory of proper scoring rules in particular analysing the connections be-
tween the admissibility of a probability assessment and the concept of coherence by
means of the penalty criterion and the Brier quadratic score ([38, 39]). In the follow-
ing, by considering the asymmetric logarithmic scoring rule for the probability of an
event, we suitably extend the definitions of entropy and extropy from a partition of
events to the case of arbitrary families of events. Consequently, we also extend the
well-known Kullback–Leibler divergence (and its dual) from a simplex of Rn to the
larger domain r0, 1sn.

The chapter is organized as follows. In Section 6.1 we recall some basic notions
on scoring rules, Bregman divergence, entropy, extropy, and the penalty criterion
for defining coherence. In Section 6.2 we introduce the asymmetric logarithmic scor-
ing rule, by showing that it is strictly proper. We also illustrate its relation to the
2-parameter Beta family of scoring rules. In Section 6.3 we extend the notion of
entropy from partitions to an arbitrary finite family of events and introduce a Breg-
man divergence which generalises the Kullback –Leibler divergence. In Section 6.4,
we introduce the complement of the asymmetric logarithmic score, which allows
us to define the notion of extropy for an arbitrary family of events and the associ-
ated Bregman divergence. In Section 6.5, we propose a suitable symmetric strictly
proper scoring rule, showing that the associated expected loss coincides, not only
for the probability mass distribution of a random quantity but also for probability
assessments on arbitrary families of events, with the sum of entropy and extropy.

6.1 Strictly proper scoring rules and coherence

We recall the notion of strictly proper scoring rule for an event E. In the literature,
a score can be interpreted as a reward or as a penalty. In the following, we look at
scores as penalties and hence improving the score means reducing it.

Definition 24. [86] A function s : t0, 1u ˆ r0, 1s Ñ r0, `8s is said to be a strictly proper
scoring rule if the following conditions are satisfied:
(a) for every x, p P r0, 1s, with x ‰ p, it is

p sp1, pq ` p1 ´ pq sp0, pq ă p sp1, xq ` p1 ´ pq sp0, xq ; (6.1)
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(b) the functions sp1, xq and sp0, xq are continuous.

We observe that x is your announced probability for the event E while p is your
degree of belief on E and hence the quantity p sp1, xq ` p1 ´ pq sp0, xq represents your
expected score. We recall that a scoring rule is said to be symmetric if sp1, xq “

sp0, 1 ´ xq, @x P r0, 1s.
We consider for any strictly proper scoring rule s : t0, 1u ˆ r0, 1s, the extension S

on the set r0, 1s ˆ r0, 1s, defined as (see [51])

Spp, xq “ psp1, xq ` p1 ´ pqsp0, xq.

We observe that if x is your announced probability for the event E, and p represents
your degree of belief in E, then the quantity Spp, xq represents your expected score.
Using S, condition (a) in Definition 24 can be rewritten as

Spp, pq ă Spp, xq, @x, p P r0, 1s, x ‰ p.

That is, given a strictly proper scoring rule s, your expected score is minimum only
when your announced probability x coincides with your degree of belief p. Fur-
thermore, if sp1, xq and sp0, xq are continuous functions, then Spp, xq, for any given
p P r0, 1s is a continuous function in the variable x.

Remark 43. Condition pbq in Definition 24 is consistent with s assuming value `8. As
noticed in [86], the only cases where a strictly proper scoring rule s can assume value `8 are
arguments p1, 0q and p0, 1q, that is for categorically mistaken judgement. Therefore, when we
consider the function S we have that Spp, 0q “ psp1, 0q ` p1 ´ pqsp0, 0q “ `8 for p ą 0,
if sp1, 0q “ `8; Spp, 1q “ psp1, 1q ` p1 ´ pqsp0, 1q “ `8 for p ă 1, if sp0, 1q “ `8. In
particular Spp, pq ă 8 for all p P r0, 1s.

The notion of coherence is crucial in the subjective approach to probability and
it can be defined through a penalty criterion. Given a strictly proper scoring rule s,
with the assessment P “ pp1, . . . , pnq on F “ tE1, . . . , Enu we associate a random
loss LpF ,Pq “

řn
1 spEi, piq. Then, based on [39, 45], coherence can be characterized

by the following definition ([61, 51])

Definition 25. Given a strictly proper scoring rule s and an arbitrary family of events K,
a probability assessment P on the events in K is said to be coherent if and only if, for every
integer n, for every finite subfamily F “ tE1, . . . , Enu Ď K, denoting by P “ pp1, . . . , pnq

the restriction of P to F , it does not exist another assessment P˚ “ pp˚
1 , . . . , p˚

nq on F such
that LpF ,P˚q ď LpF ,Pq, with LpF ,P˚q ă LpF ,Pq in at least one case.

Definition 25 defines coherence in terms of the loss L, which in turn depends on
the chosen scoring rule s. However, as shown in [51, Theorem 4] (see also [86]), the
set of all coherent assessments on K does not depend on the choice of the strictly
proper scoring rule s. Then, Definition 25 coincides with the definition of coherence
originally based on the Brier score, s “ pE ´ pq2.

Remark 44. We observe (see the proof of [51, Theorem 3]) that if the assessment P “

pp1, . . . , pnq on F “ tE1, . . . , Enu is coherent, then for any coherent extension pλ1, . . . , λmq

(that is, with
ř

h:ChĎEi
λh “ pi, i “ 1, . . . , n,

řm
h“1 λh “ 1 and λh ě 0, h “ 1, . . . , m) on

the set of constituents tC1, . . . , Cmu associated with F , and for any P˚ ‰ P , it holds that

m
ÿ

h“1

λhLh “

n
ÿ

i“1

Sppi, piq ă

n
ÿ

i“1

Sppi, p˚
i q “

m
ÿ

h“1

λhL˚
h , (6.2)
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where Lh (resp., L˚
h ) represents the value of LpF ,Pq (resp., of LpF ,P˚q) when the con-

stituent Ch is true. In other words, for any coherent extension pλ1, . . . , λmq of the coherent
assessment P , formula (6.2) implies that

EpLpF ,Pqq ă EpLpF ,P˚qq, @P˚ ‰ P .

6.1.1 Bregman divergence, entropy and extropy

Let C be a convex subset of Rn with non empty interior and let ϕ : C Ñ R be a strictly
convex function, differentiable in the interior of C whose gradient ∇ϕ extends to a
bounded, continuous function on C. In the definition below we recall the notion of
Bregman divergence ([23]).

Definition 26. For x, y P C the Bregman divergence Dϕ : C ˆ C Ñ R corresponding to ϕ
is given by Dϕpx, yq “ ϕpxq ´ ϕpyq ´ ∇ϕpyqpx ´ yq.

We can construct a Bregman divergence starting from a given scoring rule s. We
recall that it can be proved that Spp, xq “ Spx, xq ` S1px, xqpp ´ xq, where S1px, xq “

Sp1, xq ´ Sp0, xq, and by setting ϕppq “ ´Spp, pq it holds that

Dϕpp, xq “ ϕppq ´ ϕpxq ´ ∇ϕpxqpp ´ xq “ Spp, xq ´ Spp, pq. (6.3)

We introduce now two important objects strongly related to the notion of scoring
rule. Given a finite random quantity X with possible values x1, . . . , xn, n ě 1, we set
Ei “ pX “ xiq, i “ 1, . . . , n. Then, the family F “ tE1, E2, . . . , Enu is a partition of Ω.
Let P “ pp1, . . . , pnq, with pi “ PpEiq, be a coherent probability assessment on F . If
P is coherent, then it is a probability mass function on X.

Definition 27. The entropy associated with the pair pX,Pq is defined as

HpX,Pq “ ´

n
ÿ

i“1

pi logppiq. (6.4)

We recall that the entropy is related with the expected value of the logarithmic
strictly proper scoring rule of a distribution ([74, pag. 343]), that is with the expected
value of

slogpF ,Pq “ ´

n
ÿ

i“1

Ei logppiq. (6.5)

Definition 28. The extropy associated with the pair pX,Pq is defined as

JpX,Pq “ ´

n
ÿ

i“1

p1 ´ piq logp1 ´ piq. (6.6)

The extropy can be seen as dual and complement of entropy ([78]). We also recall
that the extropy can be seen as the expected value of the following strictly proper
scoring rule of a distribution ([2, 77, 78])

sc
logpF ,Pq “ ´

n
ÿ

i“1

p1 ´ Eiq logp1 ´ piq. (6.7)
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FIGURE 6.1: The functions Spp, xq and Sp1 ´ p, 1 ´ xq for the asymmetric log score with
p “ 0.2 (left) and p “ 0.4 (right) illustrate the asymmetry of the score.

6.2 Asymmetric logarithmic score

In this section we analyse the asymmetric logarithmic score and we show that it is
strictly proper. First, we recall the definition of symmetric score [97].

Definition 29. A scoring rule s is symmetric if and only if

spi, xq “ sp1 ´ i, 1 ´ xq , i “ 0, 1, for all x P r0, 1s.

The well known Brier score spE, xq “ pE ´ xq2 is an example of symmetric (strictly
proper) scoring rule ([5]). Indeed sp1 ´ E, 1 ´ xq “ p1 ´ E ´ 1 ` xq2 “ pE ´ xq2.

By Definition 29, a score s is said to be asymmetric if spi, xq ‰ sp1 ´ i, 1 ´ xq , i “

0, 1 for some x P r0, 1s. An example of asymmetric score is given by the following
logarithmic score.

Definition 30. Given an event E, the asymmetric logarithmic scoring rule is defined as

spE, xq “ x ´ E logpxq ´ E “

"

x ´ logpxq ´ 1, if E “ 1,
x, if E “ 0 ,

where
sp1, 0q “ limxÑ0` sp1, xq “ `8.

Of course spE, xq is not symmetric, because sp1, xq “ x ´ logpxq ´ 1 ‰ sp0, 1 ´ xq “

1 ´ x. We observe that the extension Spp, xq is given by

Spp, xq “ p px ´ logpxq ´ 1q ` p1 ´ pq x “ ´p logpxq ´ p ` x, (6.8)

and in particular Sp1, xq “ sp1, xq “ x ´ logpxq ´ 1 and Sp0, xq “ sp0, xq “ x. As a
consequence of the asymmetry of the score, it follows that Spp, xq ‰ Sp1 ´ p, 1 ´ xq

as illustrated in Figure 6.1. We show now that the previous score is a strictly proper
scoring rule according to Definition 24.

Proposition 3. The asymmetric scoring rule spE, xq “ x ´ E logpxq ´ E is a strictly proper
score.

Proof. We begin by observing that sp1, xq “ x ´ logpxq ´ 1 and sp0, xq “ x are
continuous functions in r0, 1s and hence condition pbq of Definition 24 is satis-
fied. By Definition 24, to prove that spE, xq is strictly proper we have to show that
Spp, xq “ psp1, xq ` p1 ´ pqsp0, xq is uniquely minimized at x “ p. We know that
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p “ PpEq so that we can consider it fixed and looking at Spp, xq as a function of x
only. We distinguish two cases: piq p P p0, 1s and piiq p “ 0.
Case piq. Let p P p0, 1s and x P r0, 1s. We first observe that for x “ 0,

lim
xÑ0`

Spp, xq “ lim
xÑ0`

px ´ p logpxq ´ 1q “ `8

and hence Spp, pq ă Spp, 0q. Then, for x P p0, 1s, x ‰ p, it holds that

Spp, pq ă Spp, xq ðñ p ´ p logppq ´ p ă x ´ p logpxq ´ p
ðñ x ´ p ´ p logpxq ` p logppq ą 0 ðñ x

p ´ logp x
p q ´ 1 ą 0.

For x “ p we have of course that Spp, pq “ Spp, xq. Therefore for every p P p0, 1s and
for every x P r0, 1s it holds that Spp, pq ă Spp, xq if x ‰ p and Spp, pq “ Spp, xq if and
only if x “ p, that is Spp, xq is uniquely minimized at x “ p.

Case piiq. It is immediate to see that Sp0, xq “ sp0, xq “ x takes its minimum in
x “ p “ 0.

From Figure 6.1 it can be also observed that the asymmetric logarithmic score is
strictly proper, indeed for p “ 0.2 (left) and p “ 0.4 (right) the expected score Spp, xq

reaches its minimum only when x “ p.

Remark 45 (Beta family). We note that this score belongs to the 2-parameter Beta family
of scoring rules (see [7], see also [64, pag. 364]), that is the two-parameter family

sp1, xq “

ż 1

x
tα´1p1 ´ tqβdt,

sp0, xq “

ż x

0
tαp1 ´ tqβ´1dt,

with α, β ą ´1. Indeed, we obtain the asymmetric logarithmic scoring rule by setting the
parameters α “ 0, β “ 1 and we have that

sp1, xq “ x ´ logpxq ´ 1 “

ż 1

x
tα´1p1 ´ tqβdt, α “ 0, β “ 1 .

sp0, xq “ x “

ż x

0
tαp1 ´ tqβ´1dt, α “ 0, β “ 1 .

We also recall that this family provides symmetric scoring rules when α “ β, indeed

sp1, xq “
ş1

x tα´1p1 ´ tqβdt “
ş0

1´xp1 ´ cqα´1cαp´dcq “

“
ş1´x

0 cαp1 ´ cqα´1dc “ sp0, 1 ´ xq.

Given the asymmetric logarithmic score spE, xq “ x ´ E logpxq ´ E, using Equa-
tion (6.3), we can find its associated Bregman divergence. Therefore, by Equa-
tion (6.8), setting ϕppq “ ´Spp, pq “ p logppq, it holds that

Dϕpx, yq “ Spp, xq ´ Spp, pq “

“ x ´ p logpxq ´ p ´ p ` p logppq ` p “ p logp
p
x q ´ pp ´ xq.

(6.9)

The divergence in Equation (6.9) will be used in Section 6.3 to generalise the Kull-
back–Leibler divergence (KLD).
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6.3 Entropy for a probability assessment on an arbitrary fam-
ily of events

Looking at Equation (6.4), we observe that the quantities x1, . . . , xn, are not involved
in the definition of the entropy and hence we can consider the entropy for any pair
pF ,Pq, where F is a partition of Ω, even if F is not associated with a random quan-
tity X. Then, given a partition F of Ω and a coherent probability assessment P on
F we set the entropy associated with the pair pF ,Pq as

HpF ,Pq “ ´

n
ÿ

i“1

pi logppiq .

Given a coherent probability assessment P “ pp1, . . . , pnq on an arbitrary family of
events F “ tE1, . . . , Enu, we consider the penalty L w.r.t. the asymmetric strictly
proper scoring rule spE, xq “ x ´ E logpxq ´ E,

LpF ,Pq “
řn

i“1 spEi, piq “
řn

i“1ppi ´ Ei logppiq ´ Eiq “

“
řn

i“1 pi ´
řn

i“1 Ei logppiq ´
řn

i“1 Ei .

If F is a partition of Ω, as
řn

i“1 pi “ 1, we have that the penalty

LpF ,Pq “

n
ÿ

i“1

pi ´

n
ÿ

i“1

Ei logppiq ´ 1 “ ´

n
ÿ

i“1

Ei logppiq “ slogpF ,Pq.

In other words, the logarithmic score of a distribution coincides with the sum of the
asymmetric logarithmic scoring rule applied to each event in the partition F .

Given a coherent probability assessment P “ pp1, . . . , pnq and a probability as-
sessment Q “ pq1, . . . , qnq on an arbitrary family of events F “ tE1, . . . , Enu, we
set

SpP , Qq “

n
ÿ

i“1

Sppi, qiq “

n
ÿ

i“1

qi ´

n
ÿ

i“1

pi logpqiq ´

n
ÿ

i“1

pi,

which, by the linearity property of the expectation (see Remark 44), coincides with
the expected value of your penalty EpLpF , Qqq when your announced probability
assessment on F is Q, while your degrees of belief on F are given by the assessment
P . In particular, SpP ,Pq is the expected value of LpF ,Pq, that is

SpP ,Pq “ EpLpF ,Pqq “ ´

n
ÿ

i“1

pi logppiq . (6.10)

By setting Φpp1, . . . , pnq “
řn

i“1 ϕppiq, where ϕppiq “ pi logppiq, it follows from Equa-
tion (6.9) that the Bregman divergence DΦpP , Qq is given by

DΦpP , Qq “ SpP , Qq ´ SpP ,Pq “
řn

i“1rpi logp
pi
qi

q ´ ppi ´ qiqs. (6.11)

The divergence in Equation (6.11) is the Generalised I-divergence ([3]) which gener-
alises the Kullback–Leibler divergence (KLD) to the larger domain r0, 1sn.

If F is a partition of Ω, then Equation (6.10) shows that the expected value of
the penalty LpF ,Pq, that is SpP ,Pq, when your announced probability assessment
coincides with your degree of belief, is the entropy associated with the pair pF ,Pq.
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Moreover, in this case, as
řn

i“1 pi “
řn

i“1 qi “ 1, it follows that

SpP , Qq “ ´

n
ÿ

i“1

pi logpqiq,

which coincides with the cross entropy. The divergence DΦpP , Qq given in Equa-
tion (6.11) reduces to KLD, that is

DΦpP , Qq “

n
ÿ

i“1

pi log
ˆ

pi

qi

˙

.

In the following definition, by exploiting the asymmetric logarithmic score, we ex-
tend the notion of entropy to an arbitrary finite family of events F .

Definition 31. Given a family of n events F and a coherent probability assessment P on
the F , let spE, xq “ x ´ E logpxq ´ E be the asymmetric logarithmic strictly proper scoring
rule on an event E and L be the corresponding penalty associated with pF ,Pq. We define the
entropy associated with the pair pF ,Pq, denoted by HpF ,Pq, as the expected value w.r.t. P
of the penalty L, that is

HpF ,Pq “ EpLpF ,Pqq “ SpP ,Pq “ ´

n
ÿ

i“1

pi logppiq.

Remark 46. In particular, if n “ 1, that is F “ tEu, P “ tpu, we have

HpE, pq “ Spp, pq “ ´p logppq,

which coincides with the well-known expected surprise for an event with probability p. Then,
as the entropy of a random quantity X coincides with the expected surprise of a probability
mass function on a partition of events, the entropy given in Definition 31 can be interpreted
as the expected surprise of an assessment P on an arbitrary family of events F .

6.4 Extropy for a probability assessment on an arbitrary fam-
ily of events

Similarly to the previous section, we define the notion of extropy for an arbitrary
family of events by considering the complement of the asymmetric logarithmic score
spE, xq “ x ´ E logpxq ´ E. We define the complement asymmetric logarithmic score
score of spE, xq as

scpE, xq “ sp1 ´ E, 1 ´ xq “ E ´ x ´ p1 ´ Eq logp1 ´ xq.

The score scpE, xq is asymmetric (see Figure 6.1), strictly proper and its expected
score is given by

Scpp, xq “ p ´ x ´ p1 ´ pq logp1 ´ xq.

Given a coherent probability assessment P “ pp1, . . . , pnq on an arbitrary family of
n event F “ tE1, . . . , Enu, the penalty Lc w.r.t. scpE, xq is given by

LcpF ,Pq “
řn

i“1 scpEi, piq “

“
řn

i“1 Ei ´
řn

i“1 pi ´
řn

i“1p1 ´ Eiq logp1 ´ piq .

If F is a partition of Ω, as
řn

i“1 pi “ 1, we have that
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LcpF ,Pq “ 1 ´ 1 ´

n
ÿ

i“1

p1 ´ Eiq logp1 ´ piq “ ´

n
ÿ

i“1

p1 ´ Eiq logp1 ´ piq “ sc
logpF ,Pq.

By recalling that Q “ pq1, . . . , qnq is your announced probability assessment on F is
Q, and P “ pp1, . . . , pnq the vector of your degrees of belief on F , we set

ScpP , Qq “

n
ÿ

i“1

Scppi, qiq “

n
ÿ

i“1

pi ´

n
ÿ

i“1

p1 ´ piq logp1 ´ qiq ´

n
ÿ

i“1

qi,

which coincides with EpLcpF , Qqq. In particular, ScpP ,Pq, that is the expected value
of the penalty when Q “ P , is

ScpP ,Pq “ EpLcpF ,Pqq “ ´

n
ÿ

i“1

p1 ´ piq logp1 ´ piq . (6.12)

As done in Section 6.3, we set Φcpp1, . . . , pnq “
řn

i“1 ϕcppiq, where ϕcppiq “ p1 ´

piq logp1 ´ piq. Then, if P is your degree of belief on F and Q your announced
probability, it follows from Equation (6.3) that the Bregman divergence DΦc pP , Qq is
given by

DΦc pP , Qq “ ScpP , Qq ´ ScpP, Pq “
řn

i“1rp1 ´ piq logp
1´pi
1´qi

q ´ pqi ´ piqs. (6.13)

If F is a partition of Ω, then Equation (6.12) shows that the expected value of the
penalty LcpF ,Pq, that is ScpP ,Pq, when your announced probability assessment
coincides with your degree of belief, is the extropy associated with the pair pF ,Pq.
Moreover, in this case it holds that

ScpP , Qq “

n
ÿ

i“1

Scppi, qiq “ ´

n
ÿ

i“1

p1 ´ piq logp1 ´ qiq,

coincides with the cross extropy ([76]).
Now, by exploiting the complement asymmetric logarithmic score, we extend

the notion of extropy to an arbitrary finite family of events F .

Definition 32. Given a family of n events F and a coherent probability assessment P “

pp1, . . . , pnq on F “ tE1, . . . , Enu, let scpE, xq be the complement asymmetric logarithmic
score on an event E and Lc be the corresponding penalty associated with pF ,Pq. We define
the extropy associated with the pair pF ,Pq, denoted by JpF ,Pq, as the expected value w.r.t.
P of the penalty Lc, that is

JpF ,Pq “ EpLcpF ,Pqq “ ScpP ,Pq “ ´

n
ÿ

i“1

p1 ´ piq logp1 ´ piq.

6.5 Symmetrized logarithmic score of the probability of an
event

The notions of entropy and extropy for a random quantity, as well as our extensions
to a probability assessment on an arbitrary family of events, can be interpreted as the
expected value of the penalties associated with asymmetric scores of the probability



Chapter 6. Entropy and extropy for partial probability assessments on arbitrary
families of events

113

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x

0

0.5

1

1.5

2

2.5

3

3.5

4
E

xp
ec

te
d 

S
co

re
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FIGURE 6.2: The functions Ssympp, xq and Ssymp1 ´ p, 1 ´ xq for the symmetric log score with
p “ 0.2 (left) and p “ 0.4 (right) illustrate the symmetry of the score.

of an event. We consider now the symmetrized logarithmic score obtained as the
sum of spE, xq and scpE, xq, that is

ssympE, pq “ spE, pq ` scpE, pq “ spE, pq ` sp1 ´ E, 1 ´ pq “

“ pp ´ E logppq ´ Eq ` p1 ´ p ´ p1 ´ Eq logp1 ´ pq ´ 1 ` Eq “

“ ´E logppq ´ p1 ´ Eq logp1 ´ pq.
(6.14)

Of course, the symmetric score ssym is strictly proper because it is the sum of two
strictly proper scoring rules. Denoting by p you degree of belief on E, and by x your
announced probability, the expected value of ssym is

Ssympp, xq “ ´p logpxq ´ p1 ´ pq logp1 ´ xq,

with

Ssympp, pq “ ´p logppq ´ p1 ´ pq logp1 ´ pq ă Ssympp, xq, if x ‰ p.

As a consequence of the symmetry of the score, it follows that Ssympp, xq “ Ssymp1 ´

p, 1 ´ xq as illustrated in Figure 6.2.
Given a coherent probability assessment P “ pp1, . . . , pnq on an arbitrary family

of n events F “ tE1, . . . , Enu, the penalty Lsym w.r.t. ssympE, xq is given by

LsympF ,Pq “
řn

i“1 ssympEi, piq “
řn

i“1pspEi, piq ` scpEi, piqq “

“ ´
řn

i“1 Ei logppiq ´
řn

i“1p1 ´ Eiq logp1 ´ piq .

Still denoting by Q “ pq1, . . . , qnq your announced probability assessment on F , and
by P “ pp1, . . . , pnq the vector of your degrees of belief on F , we set

SsympP , Qq “ SpP , Qq ` ScpP , Qq “ ´

n
ÿ

i“1

pi logpqiq ´

n
ÿ

i“1

p1 ´ piq logp1 ´ qiq. (6.15)

Then,
SsympP , Qq “ EpLsympF , Qqq “ EpLpF , Qqq ` EpLcpF , Qqq.

Considering the Definitions 31 and 32 of Entropy and Extropy on an arbitrary
family of events F , given a coherent assessment P on F , the expected value of the
penalty associated w.r.t. ssym given in Equation (6.15) coincides with the sum of
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entropy and extropy, that is

SsympP ,Pq “ HpF ,Pq ` JpF ,Pq. (6.16)

Since both entropy and extropy represent the expected value of the penalty with re-
spect to asymmetric scores, a useful measure of information can be obtained by con-
sidering the expected value of the corresponding symmetrized score. This measure
is given by Equation (6.16), that is by HpF ,Pq ` JpF ,Pq, which take into account
both entropy and extropy for arbitrary family of events.

To look at the Bregman divergence that we can obtain using the expected score
in Equation (6.16), from Equations (6.11) and (6.13), by setting Φsympp2, . . . , pnq “
řn

i“1 ϕsymppiq, where ϕsymppiq “ ϕppiq ` ϕcppiq “ pi logppiq ` p1 ´ piq logp1 ´ piq, it
holds that

DΦsympP , Qq “ DΦpP , Qq ` DΦc pP , Qq “

“
řn

i“1rpi logp
pi
qi

q ´ ppi ´ qiqs `
řn

i“1rp1 ´ piq logp
1´pi
1´qi

q ´ pqi ´ piqs “

“
řn

i“1

”

pi log
´

pi
qi

¯

` p1 ´ piq log
´

1´pi
1´qi

¯ı

.
(6.17)

Then, the Bregman divergence of the symmetrized score is nothing but the sum of
the divergence obtained in Equations (6.11) and (6.13) using the expected value of
the asymmetric logarithmic score (Equation (6.5)) and its “complementary” asym-
metric score (Equation (6.7)). Notice that, since we are considering that P and Q are
probability assessments on an arbitrary family of events F , unlike the KLD, in Equa-
tion (6.17) it is not required that P and Q belong to the simplex Rn. In the particular
case where P and Q belong to the simplex, that is they are coherent probability as-
sessment on partitions, Equation (6.17) coincides with the expected value of the total
score associated with the following score for a distribution ([78])

stotallogpF ,Pq “ slogpF ,Pq ` sc
logpF ,Pq “

n
ÿ

i“1

r´Ei logppiq ´ p1 ´ Eiq logp1 ´ piqs,

which in our case is obtained as the penalty Lsym w.r.t. the symmetric logarithmic
score ssym for the probability of an event.
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Conclusions

This thesis focused on the study of conditional events, compound and iterated con-
ditionals in a coherent subjective probability setting.

In Chapter 2, different definitions of iterated conditionals have been analysed.
First, in the framework of trivalent logics, we studied the notions of iterated condi-
tionals in the logics of Cooper-Calabrese (|C), de Finetti (|dF) and Farrell (|F). Then, by
exploiting the structure l|⃝ “ l ^ ⃝ ` Ppl|⃝qĎ⃝ used in order to define |gs from
the conjunction ^gs, for each i P tK, L, B, Su, we defined the iterated conditioning |i
from the conjunction ^i. We observed that the iterated conditionals pB|Kq|ipA|Hq,
i P tK, L, B, S, gsu, are all conditional random quantities (not always in r0, 1s) which
satisfy the compound prevision theorem. For all these objects we analysed the va-
lidity of the Import-Export principle and of the properties (see Section 2.1)

P1. pB|Kq|pA|Hq “ rpA|Hq ^ pB|Kqs|pA|Hq

P2. pA|Hq ^ pB|Kq ď pB|Kq|pA|Hq

P3. PrpA|Hq ^ pB|Kqs “ PrpB|Kq|pA|HqsPpA|Hq

P4. Lower and upper bounds for pB|Kq|pA|Hq.

A brief summary of the results is given in Table 6.1. We observed that all the basic
logical and probabilistic properties are satisfied only by the iterated conditioning |gs.
We also showed that a generalised version of the Bayes’ Rule PpB|Aq “

PpA|BqPpBq

PpAq
for

|C |dF |F |K |L |B |S |gs
No IE ✓ ✓ ✓ ✓ ✓

P1 ✓ ✓ ✓ ✓ ✓ ✓ ✓
P2 ✓ ✓ ✓ ✓ ✓ ✓ ✓
P3 ✓ ✓ ✓ ✓ ✓
P4 ✓

TABLE 6.1: Properties P1-P4, the non validity of Import-Export Principle (No IE), and iter-
ated conditionals in their own logic. The symbol ✓ means that the property is satisfied. The
blank space means that the property is not satisfied.

iterated conditionals is satisfied by |i with i P tK, L, B, S, gsu. We discussed the impli-
cations of the obtained results on the probability propagation rules from tA|H, B|Ku

to the iterated conditional pB|Kq|ipA|Hq, by studying the p-validity of the generalised
versions of Modus Ponens and two-premise centering, which involve conditional
events and iterated conditionals. We observed that for |B and |S, as the iterated con-
ditionals pB|Kq|BpA|Hq and pB|Kq|SpA|Hq can take value outside the interval [0,1],
the study of p-validity is meaningless. For the remaining ones |C, |dF, |F, |K, |L, and
|gs, we showed that only for the iterated conditioning |gs turns out that both gener-
alised versions of the inference rules are p-valid. We also examined two examples
of the generalised inference rules in natural language by observing that, when we
adopt the notion of iterated conditioning |i, with |i P t|C, |dF, |F, |K, |Lu, some results
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which are counterintuitive in commonsense reasoning can be obtained. Future work
on these structures could concern the (possible) characterization of the p-entailment
of Adams in the setting of coherence by means of the iterated conditioning |K, |L, |B,
and |S, and the study of the different notions of iterated conditioning in the frame-
work of nonmonotonic reasoning in System P and in other non-classical logics, like
connexive logic ([85]). In Chapter 3 we proposed a generalisation of the definitions
of conjunction and disjunction of two conditional events defined as conditional ran-
dom quantities. These new structures take arbitrary values a, b P r0, 1s not neces-
sarily equal to the probabilities x “ PpA|Hq and y “ PpB|Kq, in the cases where
one conditional event is void and the other is true (for the conjunction) or false (for
the disjunction). For these objects, even though a generalised De Morgan’s relation
holds, the Sum rule, written for conditional events, is not satisfied, except in the case
a “ x “ PpA|Hq and b “ y “ PpB|Kq. Then, we proved that the Fréchet-Hoeffding
bounds, both for conjunction and disjunction, are satisfied for every coherent as-
sessment px, yq on tA|H, B|Ku only when we take a “ x and b “ y. Moreover, we
analysed some particulare cases, such as incompatibility between the antecedents
and for particular values of a and b. In particular, we studied the case pa, bq “ p0, 0q

for which the generalised conjunction reduces to one of the four associative conjunc-
tion proposed by Walker ([94]), and the generalised disjunction reduces to the quasi
disjunction. Similarly, we analysed the case pa, bq “ p1, 1q for which the generalised
conjunction reduces to quasi conjunction and the generalised disjunction reduces
to the fourth Walker’s disjunction. Finally, we considered the case pa, bq “ pp, pq

in which the generalised five-valued structures coincide with the three-valued con-
junction and disjunction in the trivalent logic of Kleene-de Finetti. Furthermore,
we analysed the coherent assessment on the conjunction and the disjunction in the
case of interval-valued assessments and we gave an interpretation for the gener-
alised conjunction in the setting of subjective probability theory. Further work could
concern the investigation of these generalizations within the theory of the Boolean
algebra of conditionals ([40, 42]), of Markov graphs ([98]) and the study of related
generalized notions of iterated conditionals which could give further insights on the
generalized structures and their applicability (see, e.g., [63]).

In Chapter 4 following the approach introduced by Coletti and Scozzafava in
[26], we proposed a framework for fuzzy set theory based on conditional events and
coherent conditional probability theory. Then considering the operations of condi-
tional events as random quantities, we defined the complement and the intersection
of fuzzy sets, interpreting the membership functions as the prevision of the corre-
sponding operations on conditional events. Future work will concern the analysis
of other set operations and relations, such as the union, the inclusion of fuzzy sets
[29], De Morgan’s Laws and the formalization and interpretation of more complex
structures such as the “conditional” of two fuzzy sets, E˚

φ|E˚
ψ defined through the

notion of iterated conditional (see, e.g. [90]).
In Chapter 5, we took a step further in the study of the Boolean algebra of con-

ditional started by [40] analysing the Boolean algebra of iterated conditionals. We
studied how some properties of a probability on these Boolean algebras can be char-
acterized in terms of satisfiability of known principles of its “canonical extensions”
to the algebra of iterated conditionals. In particular, we proved that a weaker ver-
sion of the Import-Export principle is satisfied by the canonical extension µQ of a
probability Q defined on the Boolean algebra of conditionals if and only if Q is a
separable probability, and that if µQ satisfies what we called "conjunction rationality
principle" then Q satisfies the McGee’s decomposition formula for the conjunction.
As for future work we plan to further extend our analysis when, instead of starting
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from a positive probabilities on A and on CpAq, we directly start from a conditional
probability (in the axiomatic sense) on A ˆ A1 and on CpAq ˆ CpAq1. Also we plan to
explore the relationship, within CpCpAqq, between the general import-export princi-
ple and the p-validity of inference rules in nonmonotonic reasoning, as done in [63]
within the framework of conditional random quantities.

Finally in Chapter 6, we studied the relation of the study of coherence in terms
of penalty criterion and the theory of the proper scoring rules. In particular, we
considered the asymmetric logarithmic scoring rules for the probability of an event
and thanks to it we suitably extended the definitions of entropy and extropy, usually
given for a partition of events, to the case of arbitrary families of events, and we
find the associated Bregman divergences. Further developments could concern the
study of the properties of entropy, extropy, cross-entropy, and cross-extropy in the
case of an arbitrary family of events (or conditional events), by also exploiting the
connections between scoring rules and Bregman divergence. Moreover, the structure
free approach used in this paper may also be of interest when considering partial
assessments, as it allows for a connection to work on scoring rules for imprecise
models ([73, 83, 92]).
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