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A probabilistic analysis of compound and iterated conditionals under coherence:
theoretical aspects, applications, and related topics

by LypiA CASTRONOVO

This dissertation analyses various aspects on conditional events, compound condi-
tionals, and coherence in the framework of subjective probability. We investigate
logical and probabilistic properties of iterated conditionals defined as trivalent ob-
jects and as suitable conditional random quantities. We check the validity of two
generalised versions of Bayes” Rule for iterated conditionals and we study the p-
validity of generalised versions of Modus Ponens and two-premise centering for iter-
ated conditionals. Then, we study a generalisation of the operations of conjunction
and disjunction of conditional events in the context of conditional random quanti-
ties, where these new objects, instead of depending on the probabilities of the two
conditional events, depend on two arbitrary values a, b in the unit interval. We show
that they are connected by a generalised version of the De Morgan’s law and, by
means of a geometrical approach, we compute the lower and upper bounds on these
new objects both in the precise and the imprecise case. Moreover, some particular
cases, obtained for specific values of a2 and b or in case of some logical relations, are
analysed. We also show how the subjective approach to conditional probability and
compound conditionals can be applied to the theory of fuzzy sets. Then, we con-
tinue the analysis of the algebraic approach to conditionals by defining the Boolean
algebra of iterated conditionals, and with the study of some (probabilistic) proper-
ties related to the concept of “canonical extension”. Finally we show how, thanks
to coherence and proper scoring rules, the concepts of entropy and extropy can be
extended from partitions to arbitrary family of events, and we find the associated
Bregman divergences.
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Introduction

This thesis is the result of research carried out over the three years of PhD in Math-
ematics and Computational Sciences. The aim is to bring together research ([17, 20])
and conference papers ([18, 19, 22]) on the main line of research carried out during
this PhD, that is on the study of conditional events, compound and iterated condi-
tionals, and coherence in the framework of subjective probability.

Conditionals are typically expressed by “if-then” sentences and they are useful
and important tools in many fields. The analysis of conditionals and how to com-
bine them is a relevant topic from the more theoretical areas, such as mathematics
and philosophy ([1, 32, 71]), to the applicative ones, like psychology and artificial
intelligence ([15, 34, 81]). The study of conditional events is not limited to how to
combine them through conjunction and disjunction. Indeed, objects of interest are
certainly iterated conditionals, structures where both the antecedent and the conse-
quent are conditionals. Compound and iterated conditionals are widely used in nat-
ural language to describe decisions and inferences based on incomplete or uncertain
information. Among the various tools for managing conditional uncertainty, subjec-
tive probability theory allows to evaluate uncertainty on a conditional by means of
a conditional probability assessment, interpreted as a degree of belief. In this theory,
given an individual in a certain state of knowledge, the probability P(E) attributed
to an event E is a measure of the individual’s degree of belief in the occurrence of E.
A key point in the theory of subjective probability is how to consistently assess prob-
abilities operationally. To do so, de Finetti proposed a coherence principle based on a
suitable betting scheme ([33]). The subjective theory has been extended to condition-
als by means of conditional probability assessments. In this framework, given two
events A and B, the conditional if A then B is represented by a conditional event des-
ignated as B|A. This is a three-valued object which can be assessed as true, false, or
void ([32]). In this formulation, the probability of the conditional if A then B is inter-
preted by the conditional probability P(B|A). In the literature, not only conditional
events but also logical operations among them have been usually defined in three-
valued logic frameworks (see, e.g., [9, 24, 36, 66]). For what concern two-valued
conditionals, an approach is given by the Boolean algebra of conditionals studied
in [40], a super-structure that contains the three-valued algebra as a substructure. A
different approach to compound and iterated conditionals has been developed in the
setting of coherence in the recent papers [53, 56, 58]. In this approach, conjoined, dis-
joined, and iterated conditionals are defined not as three-valued objects, but rather
as suitable conditional random quantities having possibly more than three values in
the unit interval [0, 1].

This dissertation is structured as follows. In Chapter 1, some introductory top-
ics will be covered. In particular we will recall some basics on events, conditional
events, coherence and its geometrical characterization, conjunction and disjunction
of conditional events both in trivalent logics and in a conditional random quantities
framework, and we briefly remind some notions on coherence for imprecise assess-
ments. Then, in Chapter 2 we present the research paper [17], which is the extended
version of the conference paper [21] presented at the “15th international conference



Introduction 2

on Scalable Uncertainty Management (SUM 2022)”. The work is an analysis of dif-
ferent notion of iterated conditionals (structures where both the antecedent and the
consequent are conditional events), some of them already known in the literature
(Cooper-Calabrese in Section 2.2, de Finetti in Section 2.3, Farrell in Section 2.4) while
others defined as random quantities with a particular structure (Section 2.5) depend-
ing on different definitions of conjunction. We check the validity of some basic prop-
erties, the Import-Export principle and two generalised versions of the Bayes” Rule
for iterated conditioning. Then, we study the p-validity of generalised versions of
Modus Ponens and two-premise centering for iterated conditionals. Subsequently,
[20] is exposed in Chapter 3. This work is a reorganized and extended version of the
conference paper [16] presented at the “13th International Symposium on Imprecise
Probabilities: Theories and Applications (ISIPTA 2023)”. In this paper, we propose
a generalisation of the definitions of conjunction and disjunction of two conditional
events as conditional random quantities. More precisely, these new defined struc-
tures, instead of depending on the probabilities of the two conditional events, are
built using two values a and b in [0, 1]. Then, we consider some logical and prob-
abilistic relations between them and we study the coherent assessments both in the
precise and the imprecise case. In Chapter 4, we present [18], where we analyse
a definition of fuzzy set build through conditional events where the membership
function is defined as a conditional probability. Then, the definitions of complement
and intersection of fuzzy sets are given based on the operations of conditional events
as random quantities. In Chapter 5, we continue the study on the Boolean algebra
of conditional started in [40, 42] by iterating the construction to build the Boolean
algebra of iterated conditionals. In particular we study how some properties of a
probability on these Boolean algebras of conditionals can be characterized in terms
of satisfiability of known principles of its “canonical extensions” to the algebra of
iterated conditionals. Finally in Chapter 6, we consider the theory of the proper
scoring rules and its relation with the study of coherence in term of penalty crite-
rion. More precisely, we consider the asymmetric logarithmic scoring rules for the
probability of an event and thanks to it we suitably extend the definitions of entropy
and extropy, usually given for a partition of events, to the case of arbitrary families
of events, and we find the associated Bregman divergences.



Chapter 1

Events, Conditionals and
Coherence

We start this first chapter with some basic notions needed throughout this thesis,
that are fundamental in particular for Chapter 2, Chapter 3, and Chapter 4. In the
first part, we recall some preliminaries on events, conditional events, the notion of
indicator of a conditional event, and the geometrical characterization of coherence.
Then, we recall the definitions of conjunction and disjunction of conditionals both
in the context of trivalent logics and in the framework of conditional random quan-
tities and we remind some well-known properties satisfied by events, conditionals
and iterated conditionals (structures where both antecedent and consequent are
conditionals). We conclude the chapter briefly mentioning the notion of coherence
in the case of imprecise assessments.

To help readability, preliminaries on Boolean algebra of conditionals and scoring
rules are recalled in the chapter where they are needed (Chapter 5 and Chapter 6,
respectively).

In what follows we use the same symbol to refer to an event A, a two-valued
logical entity which can be true, or false, and its indicator, which takes value 1 in
the first case and 0 in the second. We use the symbols () and ¢J to refer to the sure
event and the impossible event, respectively. The negation of an event A is denoted
by A. Given two events A and B, we denote by A A B (resp., A v B), or simply by
AB, their conjunction (resp., disjunction). When, an event A logically implies an
event B, i.e., AB = &, we write A < B. We say that n events Ej, ..., E, are logically
independent when there are no logical relations among them. Given two events A
and H, with H # (¥, the conditional event A|H is a three-valued logical entity which
is true, or false, or void, according to whether AH is true, or AH is true, or H is true,
respectively. The negation of a conditional event A|H is defined as A|H = A|H.
Moreover, we say that A|H logically implies B|K, denoted by A|H < BJK, if and
only if AH logically implies BK and BK logically implies AH (Goodman-Nguyen
inclusion relation, [65], see also [82]) that is ([65]),

A|H< B[K < AH < BKand BK c AH. (1.1)

1.1 Conditional prevision and coherence

We denote by X a random quantity and by IP(X) its prevision. In the betting scheme,
given any event H # (7, agreeing to the betting metaphor, if you assess that y =
IP(X|H) then for any given s € R you are willing to pay an amount sy and to receive
sX, or sy, according to whether H is true, or false (bet called off), respectively. As
we will see the conjunction of two conditional events can be seen as a conditional
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random quantity with a finite number of possible (numerical) values. Then, in what
follows, for any given conditional random quantity X|H, we assume that, when H
is true, the set of possible values of X is a finite set of real numbers and we say that
X|H is a finite conditional random quantity.

Given a prevision function IP defined on an arbitrary family K of finite condi-
tional random quantities, consider a finite subfamily 7 = {X;|H;,..., X,|H,} € K
and the vector P = (yy,..., in), where yu; = P(X;|H;) is the assessed prevision for
the conditional random quantity X;|H;, i € {1,...,n}. With the pair (F, P) we asso-
ciate the random gain G = ", s;H;(X; — ;). We denote by Gy, the set of values of
G restricted to H, = Hy v --- v Hy,.

Definition 1. The function P defined on K is coherent if and only if, Vn > 1,
Vsi,...,80, VF ={Xq1|Hy,..., Xs|Hy} < K, it holds that: min Gy, <0 < max Gy, .

In other words, IP on K is incoherent if and only if there exists a finite combina-
tion of n bets such that, after discarding the case where all the bets are called off,
the values of the random gain are all positive or all negative. In the particular case
where K is a family of conditional events, then Definition 1 becomes the well known
definition of coherence for a conditional probability function, denoted as P. Notice
that, in the general case where the conditional random quantities in K are bounded
but possibly infinitely valued, the condition min Gy, < 0 < max Gy, in Definition 1
becomes inf Gy;, < 0 < sup Gy,.

Following the approach given in [27, 53, 75], once a coherent assessment y =
IP(X|H) is specified, the conditional random quantity X|H is not looked at as the
restriction of X to H, but is defined as X, or y, according to whether H is true, or H
is true; that is,

X|H = XH + uH. (1.2)

Notice that the representation (1.2) is not circular. Once the value y = P(X|H) is
(coherently) specified by the betting scheme, the object X|H in (1.2) is (subjectively)
determined. We observe that P(XH + yH) = P(X|H). Indeed,

P(XH + uH) = P(X|H)P(H) + uP(H) = p. (1.3)

Remark 1. Given any (finite) conditional random quantity X|H, with {xq,...,x,} set of
possible values of X when H is true, and a prevision assessment p on X|H, by Defini-
tion 1 coherence requires that u € [min{xy,...,x,}, max{xy,...,x,}|. Indeed, if you pay
u < min{xy,...,x,} in a bet on X|H, when H is true it holds that X —u > 0 and
hence min Gy > 0. Likewise, if you pay p > max{xy,...,x,} in a bet on X|H, when
H is true it holds that X — y < 0 and hence maxGy < 0. Thus, X|H = XH + ]/tﬁ €
[min{xq, ..., x,}, max{xy,..., % }].

In the particular case when X is (the indicator of) an event A, then P(X|H) =
P(A|H), where P(A|H) is the conditional probability on A|H. Given a conditional
event A|H and a probability assessment P(A|H) = x, the indicator of A|H, denoted
by the same symbol, is

1, if AH istrue,
Al[H=AH+xH=AH+x(1-H)=1{ 0, if AH is true, (1.4)
x, if H is true.

Notice that P(AH + xH) = xP(H) + xP(H) = x. For the indicator of the negation of
A|H it holds that A|H = 1 — A|H. Given two conditional events A|H and B|K, for
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every coherent assessment (x, y) on {A|H, B|K}, it holds that ([58, formula (15)])
AH + xH < BK+yK < A|H C BK, or AH = 5, or K< B,
that is, between the numerical values of A|H and B|K, under coherence it holds that
A|H < BI[K < A|H < BIK, or AH = J, or K € B. (1.5)

We conclude this subsection by recalling a result ([53, Theorem 4]), needed later
in Section 3.1, showing that if two conditional random quantities X|H, Y|K coincide
when H v K is true, then X|H and Y|K also coincide when H v K is false, and hence
X|H coincides with Y|K in all cases.

Theorem 1. Given any events H # & and K # &, and any random quantities X and Y,
let T1 be the set of the coherent prevision assessments P[X|H]| = p and P[Y|K] = v.

(i) Assume that, for every (u,v) € 11, X|H = Y|K when H v K is true; then yu = v for
every (u,v) € IL

(ii) For every (u,v) €11, X|H = Y|K when H v K is true if and only if X|H = Y|K.

Remark 2. Theorem 1 has been generalised in [56, Theorem 6] by replacing the symbol “="
by “<” in statements (i) and (ii). In other words, if X|H < Y|K when H v K is true, then
P[X|H] < P[Y|K] and hence X|H < Y|K in all cases.

1.2 Axiomatic conditional probability

In this section, we briefly recall the definition of a conditional probability from an
axiomatic point of view.

We observe that, given a function P defined on B x ‘H, where B and H are arbitrary
families of events, with H # (J for every H € H, P satisfies the properties of a
conditional probability if the following conditions hold.

(i) P(E|H) > 0and P(H|H) = 1forevery E€ Band H € H;
(i) P[(Ey v Ep)|H] = P(E1|H) + P(Ez|H), if E1E;H = &, E1,Ex € B, He H;
(iii) P(EH|K) = P(E|HK)P(H|K), for every E, EH, H € B and K, HK € .

We recall that, if P is coherent, then the properties (i), (if), and (iii) are satisfied;
however, these properties are in general not sufficient for coherence of P. We list
below some conditions which, together with (i), (ii), and (ii7), imply coherence of P
(see, e.g.,[28, 35,70, 87]):

(a) Bis a boolean algebra and H = B = B\{};

(b) B is a boolean algebra and H u {(J} is a subalgebra of ;

(c) B is a boolean algebra and H is an additive (or P-quasi additive) subset of

B\{};
(d) B is a boolean algebra, H is a nonempty subset of B\{J}, and the following
condition is satisfied ([31])

n n
[ [ P(EilH;) = [ [ P(EilHign),
i=1 i=1

where E; € B, H; e H, E; < HiHi+1/ i=1,...,n,and H,.1 = Hi.
In particular, in [28] the following (equivalent) definition of coherence is given
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Definition 2. The assessment P(-|-) on an arbitrary family of conditional events K is coher-
ent if P can be extended as a conditional probability (i.e., which satisfies (i), (ii), and (iii))
on B x B° 2 K, with B algebra and H u { &} an additive subset of B.

In our approach, when P is coherent, it is called a conditional probability. In par-
ticular, when B is an algebra and H = BY, P is said a full conditional probability ([35]).

Remark 3. We recall that if a function P defined on an arbitrary family of conditional events
IC is coherent, then it can always be extended to a full conditional probability P’ defined on
BxB oK.

Notice that, when K = Q), from (iii) it follows that P(EH) = P(E|H)P(H), where

P(-) = P(-|Q}). In particular, P(E|H) = PP((E;), when P(H) > 0.

1.3 Geometrical characterization of coherence

Given a family F = {Xj|H1,...,Xn|H,}, for each i € {1,...,n} we denote by
{xi1,...,xi,} the set of possible values of X; when H; is true; then, we set Ajj =
(Xi =x),i=1,...,n,j=1,...,r.. Weset Co = Hy --- H, (it may be Cy = ) and
we denote by Cy, ..., Cy, the constituents contained in H, = H; v --- v H,. Hence
AL (An v v Ay, v Hi) = \/j_y Cp. With each Cy,, h € {1,...,m}, we associate a
vector Qy, = (qm1,-- -, qnn), where q; = x;;if C, < Ay, j = 1,...,7;, while q; = p; if
Cj, < H;; with Co we associate Qg = P = (p1,- -, n)- Denoting by Z the convex hull
of Q1,...,Qm, the condition P € Z amounts to the existence of a vector (Ay, ..., Ay)
such that: >;"  AQ, =P, YA =1, A, = 0, Vi in other words, P € 7 is
equivalent to the solvability of the system (X), associated with (F, P),

Y1 Andni = pi, i€ {l,...,n},
> { SheiAn=1 A, =0, he{l,...,m}. (1.6)

Given the assessment P = (y1,..., 1) on F = {X1|Hy, ..., Xy |Hy}, let S be the set of
solutions A = (Ay,...,Ay) of system (X). We point out that the solvability of system
(X) is a necessary (but not sufficient) condition for coherence of P on F. When (X))
is solvable, and hence S # &, we define:

(DZ(A) = (bi()\],. . /)\m) = Zr:C,gHi )\r, ; Ae S,
Mi = maers,CDi(A), i€ {1,. . .,Tl},‘

Ip={i : M; =0}, Fo = {X;|H;,i€ I},

Po = (i, i € Ip).

(1.7)

For what concerns the probabilistic meaning of Iy, it holds that i € Iy if and only if
the (unique) coherent extension of P to H;|H, is zero. Then, the following theorem
can be proved ([4, Thm 3]):

Theorem 2. A conditional prevision assessment P = (1, ..., 4,) on the family F =
{X1|H1, ..., Xu|Hpn} is coherent if and only if the following conditions are satisfied:
(i) the system (X) defined in (1.6) is solvable; (ii) if Iy # &, then Py is coherent.

Remark 4. We observe that if A is a solution of System (¥.), associated with the pair (F,P),
such that CIDj(A) >0,j=1,...,n, then it holds that Iy = & and hence by Theorem 2 the
assessment P on F is coherent.
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Let S’ be a nonempty subset of the set of solutions S of system (X). We denote
by I}, the set Iy defined as in (1.7), where S is replaced by &', that is

Iy = {i: M = 0}, where M, = max ®;(N), ie{l,...,n} (1.8)
c !

Moreover, we denote by (F{, P}) the pair associated with Ij. Then, we obtain

Theorem 3. The assessment P on F is coherent if and only if the following conditions are
satisfied: (i) the system (¥.) associated with the pair (F,P) is solvable; (ii) if Iy # &, then
P}, is coherent.

Of course, the previous results can be used in the case of a probability assess-
ment, which will be denoted by P, on a family of conditional events /. More
precisely, given a family 7 = {E;|H;,...,E,|H,} of n conditional events, we ob-
serve that, for each i, the family {E;H;, E;H;, H;} is a partition of (). Then, Q) =
AL,(E:H; v E;H; v H;). By applying the distributive property it follows that Q can
also be written as the disjunction of 3" logical conjunctions, some of which may be
impossible. The remaining ones, denoted by Cy, Cy, ..., Cy, where Cy = H;---H,
(if non-impossible), are the constituents generated by F. Of course, m +1 < 3",
with m +1 = 3" when, for example, the events in F are logically independent. Let
P = (p1,...,pn) be a probability assessment on F. In this case, for each constituent
Cp, h=1,...,m,itholds that Q; = (qp1,- ., qn), where q;; = 1, or 0, or p;, according
to whether C;, < E;H;, or C, < E;H;, or Cj, < H;. The point Qp = P is associated with
Co. In the following example, which will be useful in Section 2.2 to prove Theorem 8,
we illustrate how the constituents and the associated points are generated in order
to check the coherence of a probability assessment.

Example 1. Let F = {E1|Hy, E2|Ha} = {B|K,B|(K A (H v A))}, where A, B, H, K are
four logically independent events, and let P = (p1, p2) be a probability assessment on F.
We verify that P is coherent for every (p1, p2) € [0, 1]?. It holds that

Q= (EyHy v E{Hy v H)) A (ExHy v E;Hy v Hp) =

=[BKv BKv K] A[(BKA(Hv A))v (BKA(Hv A)v (Kv AH)] =

= (BKA(Hv A)v @vAHBKv & v (BKA(Hv A)v AHBKv & v & v (Kv AHK) =
=CivCvCyv(CyvC,

where the constituents are

C; = BK A (Hv A) = AHBK v HBK, C; = AHBK,C3 = BK A (Hv A) = AHBK v H BK,
Cy = AHBK, Cy = Kv AHK = K.

The points Qy,’s associated with the pair (F,P) are

Q1= (L1), Q2= (1,p2), Q3=(0,0), Qs = (0,p2), Qo =P = (p1,p2)-

We denote by Z the convex hull of points Q1, Q2, Q3, Qu (see Figure 1.1).) The system (X)
in (1.6) associated with the pair (F,P) is

A1+ Ay = p,

A+ p2As + paAs = po,
A1+)\2+/\3+A4=1,
)\i>0, Vi=1,...,64.

(1.9)

We observe that P = (p1, p2) = p1Q2 + (1 — p1)Q4 and hence the system (1.9) is solvable
and a solution is A = (0, p1,0,1 — p1), with p; € [0,1].
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b2

104 Q= (1,1)
08+
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FIGURE 1.1: Convex hull of the points Q1, Q2, Q3, Q4 associated with the pair (F, P), where
F ={BIK,B|(KA(Hv A))}and P = (p1, p2). In the figure the numerical values are: p; = 0.4
and pp = 0.6.

By considering the function ¢ as defined in (1.7), it holds that

Pr(A) = D A=A +A+ A+ A =1,
h:C,cH

$2(A) = > Ap =M +A3=0.
h:C,s(Ka(AvH))
We set S" = {A} and we get T = {2}. We observe that the sub-assessment p, on B|(K A

(H v A)) is coherent for every pa € [0, 1]. Thus, by Theorem 3, the assessment P = (p1, p2)
on F is coherent ¥(py, pa2) € [0,1]%

The next example, which is related to the compound prevision theorem listed
in Section 4.1, illustrates how to check coherence for (conditional) prevision assess-
ments.

Example 2. ![ Compound prevision theorem] Let F = {XH, X|H, H}, where H is an event,
with H # &, H # O, and X is a finite random quantity. We denote by {x1,..., X}
the possible values of X when H is true. We also set x' = min{xy,...,x,} and x" =
max{xy,...,Xn}. Let P = (z,u,p) be a prevision assessment on F. We verify that P is
coherent if and only if u € [x',x"], p € [0,1], and z = up. Of course, coherence requires
that p € [0, 1]. It holds that

O=Cyv--vC vy,
where the constituents are
Ci=(X=x1),--+,Cp = (X =xy), Cuy1 = H.
The points Qy,'s associated with the pair (F,P) are

Q1 = (g1, 712, 913) = (x1,x1,1), ..., Qu = (Gn1,Gn2, Gn3) = (Xn, X, 1),
Qut1 = (G(n+1)1, Gnt1)2:d(n+1)3) = (0,1, 0).

I This example was inspired by Angelo Gilio’s talk “On Coherence and Conditionals” presented
at the workshop “Reasoning and uncertainty: probabilistic, logical, and psychological perspectives”,
Regensburg, August 9-10, 2022.
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We denote by T the convex hull of points Q1, ..., Qui1. The system (X) in (1.6) associated
with the pair (F,P) is

Mxp 4+ Ayxy =z, MX1+ -+ Agxy = 2,

MXT A+ ApXy + Ay = 1, zZ=up,

M+ +A=p, =4 M+ FA=p, (1.10)
M+ + A1 =1, A1 =1-p,
Ai=0,i=1,...,n+1. Ai=0,i=1,...,n+1.

We distinguish two cases: (i) p = 0; and p € (0,1].
Case (i). System (1.10) is solvable only if z = 0, with the unique solution given by A =

(A, oo, Au, Aug1) = (0,...,0,1). By considering the function ¢ as defined in (1.7), it holds
that
P1(A) =@3(A) = >, A=A+ +XA=1>0
h:C,cQ)
and

(Pz(A): Z Ah=A1+---+An=p=0.
h:C,cH
Then Iy = {2}. We consider the sub-assessment Py = (u) on Fo = {X|H}. It can be easily
proved that y = P(X|H) is coherent if and only if u € [x',x"]. Then, by Theorem 2, the
assessment P = (0, 1,0) on F is coherent if and only if y € [x', x"].
Case (ii). In this case System (1.10) becomes

z
‘u )\1+"‘+)\n

A1+...+An:p, (1.11)
Ang1

A

,...,n+1,

which is solvable when z = pp and p € [x', x"], because y is a convex linear combination of
{x1,..., x4} with weights %,- -, ﬁ For each solution A of System (1.11) it
holds that P1(A) = p3(A) =1 > 0and (pz( ) =p > 0. Then, as Iy = &, by Theorem 2
the assessment (z, i, p), with p € (0,1] is coherent if and only y € [x', x"] and z = up.
Therefore P is coherent if and only if y € [x',x"], p € [0, 1], and z = up. We now show that,
in agreement to Definition 1, an incoherent assessment leads to the existence of a combination
of bets where the values of the random gain are all positive or all negative (Dutch Book). We
set P = (z,u,p), with p € [0,1], u € [x/,x"] and z # up. We observe that the points
Q1,--.,Qus1 belong to the plane w : —X + YV +uZ = u, where X,Y, Z are the axes
coordinates. Moreover, P does not belong to the convex hull 1 because, as z # up, System
(1.10) is not solvable. Now, by considering the function f(X,),2) = X + YV +uzZ —y,
we observe that for each constant k the equation f(X,Y, Z) = k represents a plane which
is parallel to 7t and coincides with 7t when k = 0. Then, f(Q1) = -+ = f(Qu41) = 0.
Moreover, f(Qn) — f(P) =z—up #0,h=1,...,n+1. Werecall that forh =1,...,n+
1, the value gy, of the random gain

G =51(XH—2z)+sH(X —pu) +s3(H—p)
associated to the constituent Cj, is

gn = s1(qm —z) + s2H(qn2 — 1) + 83(qn3 — p)-

We observe that, by setting the stakes sy = —1, s, = 1, s3 = —p, it holds that g, =
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fQn) —f(P) =z—up # 0, h =1,...,n+ 1. Therefore, min g, - maxgy, > 0, when
s1 = —1,s2 = 1, s3 = —, that is a combination of bets where the value of the random gain
are all positive or all negative.

Remark 5. By Example 2 coherence requires that (compound prevision theorem)
IP[XH] = P[X|H]P(H). (1.12)

In particular, when X is (the indicator of) an event E, Equation (1.12) becomes (compound
probability theorem)

P(E A H) = P(E|H)P(H). (1.13)
Moreover, under logical independence of E and H, Example 2 shows that P(E|H) coincides
with the ratio P(IJE(IA{I;) when P(H) > 0, and P(E|H) can be any value in [0, 1] when P(H) =
0. Then, differently from the “standard” approach where P(E|H) is defined only when when
P(H) > 0 by the ratio PSJE(IA{I;) , in the coherence-based approach the conditional probability
P(E|H) is a primitive notion which is properly defined even if P(H) = 0.

We recall the following extension theorem for conditional previsions, which is
a generalisation of de Finetti’s fundamental theorem of probability to conditional
random quantities (see, e.g.,[70, 87, 96])

Theorem 4. Let P = (y1,...,Hn) be a coherent prevision assessment on a family of
bounded conditional random quantities F = {X1|Hs, ..., Xu|Hn}. Moreover, let X|H be a
further bounded conditional random quantity. Then, there exists a suitable closed interval
[, w"] such that the extension yu = P(X|H) is coherent if and only if y € [y', u"].

1.4 Conjunction and disjunction of two conditional events

When we deal with the conjunction and disjunction of conditional events various
approaches can be found in the literature. Traditionally these operations are looked
in the framework of trivalent logics, in which different definitions are possible. We
recall some notions of conjunction among conditional events in some trivalent log-
ics: Kleene-Lukasiewicz-Heyting conjunction (Ak), or de Finetti conjunction ([32]);
Lukasiewicz conjunction (Ar); Bochvar internal conjunction, or Kleene weak con-
junction (A g); Sobocinski conjunction, or quasi conjunction (Ag). In all these defini-
tions the result of the conjunction is still a conditional event with set of truth values
{true, false, void} (see, e.g., [24, 25]). We list below in an explicit way the five con-
junctions and the associated disjunctions obtained by De Morgan’s law ([60]):

1. (A|H) ax (B|K) = AHBK|(AHBK v AH v BK),
BIK) = (AH v BK)|(AHBK v AH v BK);

(AlH) v (
2. (A|H) AL (BIK) = AHBK|(AHBK v AH v BK v HK),
(A|H) vi (BIK) = (AH v BK)|(AHBK v AH v BK v HK) ;
3. (A|H) ~g (BIK) = AHBK|HK,
(A|H) v (BIK) = (A v B)|HK;
4. (A|H) rs (BIK) = ((AH v H) A (BK v K))|(H v K),

(A|H) vs (BIK) = (AH v BK)|(H v K).

Another possibility is to study conjunction and disjunction of two conditional
events as a suitable conditional random quantity in a betting-scheme context ([53,
56], see also [71, 80]).
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Definition 3. Given two conditional events A|H, B|K and a (coherent) probability assess-
ment P(A|H) = x, P(B|K) =y, the conjunction (A|H) A¢s (B|K), where the subindex gs
stays for Gilio-Sanfilippo, is defined as the following conditional random quantity

(A|H) Ags (B|K) = (AHBK + xHBK + yAHK)](H v K). (1.14)
Then, the prevision of the conjunction is the following

P[(A|H) ngs (BIK)] = P(AHBK|(H v K)) + P(A|H)P(HBK|(H v K))
+P(B|K)P(AHK|(H v K)).

In particular, when P(H v K) > 0, formula (1.4) becomes the well known formula
of McGee ([80]) and Kaufmann ([71])

P(AHBK) + P(A|H)P(HBK) + P(B|K)P(AHK)

P[(A|H) ngs (BIK)] = P(H v K)

Remark 6. Notice that the conjunction in (1.14) can be represented as X|H in (1.2) and,
once the (coherent) assessment (x,y,z), where zgs = P[(A|H) Ags (BIK)], is given, the
conjunction is (subjectively) determined by

(A|H) ngs (BIK) = AHBK + xHBK + yAHK + z;sHK.

Then, the set of possible values of (A|H) Ags (B|K), ie. {1,0,x,y,2¢s}, is associated to a
given (coherent) subjective assessment (x,Y, zgs).

Within the betting scheme, by starting with a coherent assessment (x,y) on
{A|H, B|K}, if you extend (x,y) (in a coherent way) by adding the assessment
P[(A|H) Ags (BIK)] = zgs, then you agree to pay zgs, by receiving the random
amount

1, if AHBK s true,

0, if AH v BKis true,
(A|H) ngs (BIK) =< x,  if HBK is true,

y, if AHK s true,

zgs, if H Kis true.
In other words, you receive:
e 1, if both conditional events A|H and B|K are true;
e 0,if A|H or B|K is false;
e x = P(A|H), if A|H is void and B|K is true;
e y = P(B|K), if A|H is true and B|K is void;
* Zg, thatis the paid amount, if both conditional events A|H and B|K are void.

Notice that, in some particular case, the conjunction (A|H) A¢s (B|K), which is a five-
valued object, reduces to a conditional event, that is a three-valued object.

Theorem 5. [53, Theorem 7] Given any coherent assessment (x,y) on { A|H, B|K}, with A,
H, B, K logically independent, and with H # (&, K # (5, the extension zgs = P[(A|H) Ags
(B|K)] is coherent if and only if the Fréchet-Hoeffding bounds are satisfied, that is zgs €

[Zgs, Zgs ], where
Zge = max{x +y — 1,0}, zg, = min{x,y}. (1.15)
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Remark 7. In case of some logical dependencies, for the interval [zg,, zg,] of coherent ex-
tensions zgs it holds that [zg,,zgs] < [max{x +y — 1,0}, min{x,y}|. In particular, if
HK = (&, it holds that (A|H) n¢s (BIK) = (A|H) - (B|K) and hence zgs = zgg = zgg = xy.
See [52] for other cases of logical dependencies.

Definition 3 can be extended to the case of n conditional events as follows ([56])

Definition 4. Let n conditional events E1|Hy, ..., E,|H, be given. For each nonempty
strict subset S of {1,...,n}, let xs be a prevision assessment on /\,.s(Ei|H;). Then, the
conjunction (Eq|Hy) Ags -+ Ags (En|Hy) is the conditional random quantity Cy..., defined
as

1, lf /\;-;1 EiHi is true,

0, if /iy EiH; is true,

Xs, if (Njes Ijz-) A (/\z‘¢s E;H;) istrue, & # S c {1,2,...,n},
X1, if iy Hj is true,

Clm =

(1.16)
where x1.., = X1, ny = P(C1..n).

For n = 1 we obtain €; = E;|H;. In Definition 4 each possible value xs of Cj...,,,
& # S c{l1,...,n},is evaluated when defining (in a previous step) the conjunction
Cs = Aics(EilHi). Then, after the conditional prevision xi..., is evaluated, Cj..., is
completely specified. Of course, we require coherence for the prevision assessment
(xs, & # S < {1,...,n}), so that C1..,, € [0,1]. In the framework of the betting
scheme, xi..., is the amount that you agree to pay with the proviso that you will
receive:

¢ the amount 1, if all conditional events are true;
¢ the amount 0, if at least one of the conditional events is false;

¢ the amount xs equal to the prevision of the conjunction of that conditional
events which are void, otherwise. In particular you receive back x;..., when all
conditional events are void.

As we can see from (1.16), the conjunction C;..., assumes values in the interval [0, 1]
and is (in general) a (2" 4 1)-valued object because the number of nonempty subsets
S, and hence the number of possible values xs, is 2" — 1.

Remark 8. It can be verified that

x1.n = P[(A\iZ1 EiHi + Z@#SC{],Z...,H} x5(/Nies H;) A (/\ig_ss EiH;))|(ViZ1 Hi)]
(1.17)

and
n

Cron=[AEH+ Y xs(/\H)(/\ EH)I\/ H).
i=1

F#Sc{1,2...,n} ieS i¢S i=1

A similar comment can be done for xg and Cg, for each nonempty subset S < {1,2...,n}.

We recall a result which shows that the prevision of the conjunction on n condi-
tional events satisfies the Fréchet-Hoeffding bounds ([56, Theorem13]).

Theorem 6. Let n conditional events E1|Hy, ..., E,|H, be given, with x; = P(E;|H;),
i=1,...,nand xy.., = P(Cy...,). Then

max{x; +---+x, —n+1,0} < x1..,, < min{xy,...,x,}.
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In [52, Theorem 10] we have shown, under logical independence, the sharpness
of the Fréchet-Hoeffding bounds.

Remark 9. Given a finite family F of conditional events, their conjunction is also denoted
by C(F). We recall that in [56], given two finite families of conditional events F1 and J,
the object C(F1) A C(F) is defined as C(F1 u F,). Then, conjunction satisfies the commu-
tativity and associativity properties ([56, Propositions 1 and 2]). Moreover, the operation of
conjunction satisfies the monotonicity property ([56, Theorem7]), that is Cq..,41 < Ci..p.
Then,

6(}“1 v ./—"2) < G(}“l), (‘3(./_"1 ) ./_"2) < e(fz). (1.18)

Following the same idea it is possible to define the disjunction of two conditional
events.

Definition 5. Given two conditional events A|H, B|K and a (coherent) probability assess-
ment P(A|H) = x, P(B|K) = y, the disjunction (A|H) v ¢ (B|K) is defined as the following
conditional random quantity

(A|H) vgs (BIK) = ((AH v BK) + xH BK + yAHK)|(H v K). (1.19)

Within the betting scheme, by starting with a coherent assessment (x,y) on
{A|H, B|K}, if you extend (x,y) (in a coherent way) by adding the assessment
P[(A|H) v¢s (BIK)] = wgs, then you agree to pay wgs, by receiving the random
amount

—_
<

if AH v BKis true,
if AH A BK is true,
(AlH) v (BIK) = { x,  if H BKis true,
Y, if AHK is true,
wes, if HK is true.

S

We recall that De Morgan’s Laws are satisfied and hence it holds that

(A[H) vgs (BIK) = (A|H) Ags (B|K) (1.20)

and

(A[H) Ags (BIK) = (A[H) vs (BIK), (1.21)

where the negations (A|H) vgs (BIK) and (A|H) Ags (BIK) are defined as
respectively. We also observe that the prevision sum rule is satisfied, that is

A|H + BIK = (A|H) rgs (BIK) + (A|H) vgs (B|K)
and hence
P(A[H) + P(B|K) = P[(A[H) Ags (BIK)] + P[(A[H) vgs (BIK)]. (1.22)
From (1.22), by exploiting the Fréchet-Hoeffding bounds for the conjunction (1.15),

we obtain the Fréchet-Hoeffding bounds for the disjunction :

/

We

s = max{x,y}, wg, = min{x +y,1}. (1.23)

The operations above are all commutative and associative. By setting
P(AH) = x, P(BIK) = y, P((A|H) ~; (BIK)) = 2z, i € {K/L,B,S}, and
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A|H B’K ANK AL AB NS Ngs
AHBK | 1 1 1 1 1 1 1
AHBK | 1 0 0 0 0 0 0
AHK |1 vy | zx |z | zp | 1 y
AHBK | 0 1 0 0 0 0 0
AHBK | 0 0 0 0 0 0 0
AHK |0 ylo|o|z|lolo
HBK | «x 1 | zx |z | zp | 1 x
HBK X 0 0 0 ZB 0 0
HK X v | zx | 0 | zp | zs | zZg

TABLE 1.1: Numerical values (of the indicator) of the conjunctions (A|H) A; (B|K), i €
{K,L,B,S, gs}. The triplet (x,y,z;) denotes a coherent assessment on {A|H, B|K, (A|H) A;
(BIK)}.

P[(A|H) ngs (BIK)] = zg, based on (1.4) and on (1.2) the conjunctions
(A|H) ~i (BIK), i € {K,L,B,S,gs} can be also looked at as random quantities
with set of possible value illustrated in Table 1.1. A similar interpretation can
also be given for the associated disjunctions. In Table 1.2 we list the lower and
upper bounds for the coherent extension z; = P((A|H) A; (B|K)), i € {K,L,B,S}
([88]) and zgs = PP[(A|H) Ags (BIK)] ([53]) of the given assessment P(A|H) = x
and P(B|K) = y. Notice that, differently from conditional events which are three-
valued objects, the conjunction (A|H) Ags (B|K) (and the associated disjunction)
is no longer a three-valued object, but a five-valued object with values in [0, 1].
In betting terms, the prevision zgs = IP[(A|H) Ags (B|K)] represents the amount
you agree to pay, with the proviso that you will receive the random quantity
AHBK + xHBK + yAHK, if Hv K is true, zgs if HK is true. In other words by
paying z¢s you receive: 1, if both conditional events are true; 0, if at least one of the
conditional events is false; the probability of the conditional event that is void if one
conditional event is void and the other one is true; the amount z¢s you paid if both
conditional events are void. The notion of conjunction A gs (and disjunction v gs)
among conditional events has been generalised to the case of n conditional events
in [56]. For some applications see, .e.g., [90, 91]. Developments of this approach
to general compound conditionals has been given in [41]. Differently from the
other notions of conjunctions and disjunction, A¢s and v preserves the classical
logical and probabilistic properties valid for unconditional events (see, e.g., [58,
61]). In particular, the Fréchet-Hoeffding bounds, i.e., the lower and upper bounds
for the conjunction z’ = max{x + y — 1,0},z” = min{x, y}, and for the disjunction
w' = max{x,y},z" = min{x + y, 1}, obtained under logical independence in the
unconditional case for the coherent extensions of P(A) = x and P(B) = y to
z = P(AB) and w = P(A v B), respectively, when A and B are replaced by A|H and
BJK, are only satisfied by zgs (see Table 1.2) and wys (see Table 1.3).

1.5 Imprecise assessments

We close this chapter by recalling the notion of coherence, for imprecise, or set-
valued, prevision assessments. As in this paper we limit our analysis to conditional
random quantities with possible values in the unit interval, in our case the imprecise
assessments are subsets of the unitary hypercube.
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Conjunction Lower bound Upper bound
A|H) ~nx (BIK zh =0 z" = min{x,
K K Y
AlH) ~r (BIK zh =0 z! = min{x,
L L Yy
AlH) np (BIK 2 =0 zZp =1
B B
X+y—2xy if 1.1
(AIH) As (BIK) | 2 — maxix+y—1,0) | 2= 13+ Ly # L1
1, if (x,y) = (1,1)
(A|H) Ags (BIK) | zgs = max{x +y —1,0} Zgs = min{x, y}

TABLE 1.2: Lower and upper bounds for the coherent extensions z; = P((A|H) A; (B|K)),
i € {K,L,B,S} and zgs = P[(A|H) Ags (BIK)] of the given assessment P(A|H) = x and
P(BIK) = y.

Disjunction Lower bound Upper bound
(A|H) vk (BIK) wi = max{x,y} wi =1
(A|H) v (B|K) w; = max{x, y} w] =1
(A|H) v (B|K) wp =0 wj =1
xy 4 'f 4 OIO 4
(A|H) vs (BK) | wj = { =v=—=v" ] (x,y) # (0,0) w! = min{x + y,1}
0, if (x,y) = (0,0)
(A|H) vgs (BIK) Wes = max{x,y} wgs = min{x +y, 1}

TABLE 1.3: Lower and upper bounds for the coherent extensions w; = P((A|H) v; (B|K)),
i € {K,L,B,S} and wgs = P[(A|H) v¢s (BIK)] of the given assessment P(A|H) = x and
P(BIK) = y.
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Definition 6. Let F = {X;|Hj, ..., X,;|Hy} be a family of n conditional random quantities.
An imprecise, or set-valued, assessment A < [0, 1]" on F is a set of precise assessments

P on F.

Let A be an imprecise assessment on F. For each j € {1,2,...,n}, the projec-
tion p;(A) of A onto the j-th coordinate, is an imprecise assessment on X;|H; and is
defined as

pj(A) = {xj : yj = xj, for some (p1,...,pu) € A}.

Definition 7. Let F = {X;|Hj, ..., X,,|Hy} be a family of n conditional random quantities.
An imprecise assessment A on F is coherent if and only if, for every j € {1,...,n} and for
every x;j € pj(A), there exists a coherent precise assessment P = (pi1, ..., fn) on F, such
that P € Aand p; = x;.

In the context of imprecise assessments the notions of g-coherence and total co-
herence have been also introduced ([47, 49]).

Remark 10. We observe that an interval-valued prevision assessment A = [Iy,uq] x --- X
[ln, un] is an imprecise prevision assessment. In this case it holds that p;(A) = [I;, u;].
Then, based on Definition 7, the imprecise prevision assessment A on F is coherent if and
only if, given any j € {1,...,n} and any x; € [I;, u;], there exists a coherent precise prevision
assessment P = (p1,...,jn) on F,with; < p; < u;,i=1,...,n, and such that y; = x;.
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Chapter 2

A probabilistic analysis of selected
notions of iterated conditioning
under coherence

The results of this chapter are taken from [17].

The idea behind this second chapter is to deepen the analyses of the iterated
conditionals both in trivalent logics and in the framework of conditional random
quantities. To carry out this study, we begin by considering some classical (logical
and probabilistic) properties that are true for events and (basic) conditional and in-
vestigate them in the case of compound and iterated conditional (Section 2.1). For
what concern the trivalued logics, we analyse the iterated conditionals in the logic
of Cooper-Calabrese (Section 2.2), de Finetti (Section 2.3), and Farrell (Section 2.4).
Then, in Section 2.5 we study some iterated conditioning in the framework of condi-
tional random quantities under coherence. We also consider the validity of two gen-
eralized versions of Bayes’ Rule (Section 2.5.6), and we check the p-validity of two
generalized inference rules: Modus Ponens and two-premise centering (Section 2.6).

2.1 Some basic properties and Import-Export principle

In this section, after recalling some basic logical and probabilistic properties
satisfied by events and conditional events, we rewrite them for compound and
iterated conditionals, by replacing events with conditional events. We also recall the
Import-Export principle and its connection with the Lewis’ triviality results.

Given two events A and B, with A # (J, it is well-known the validity of fol-
lowing properties

1. B|A = AB|A;

2. AB < B|A and hence P(AB) < P(B|A);

3. P(AB) = P(B|A)P(A) (compound probability theorem, see Remark 5);

4. if A and B are logically independent, by setting P(A) = x and P(B) = y, the

extension y = P(B|A) is coherent if and only if iz € [y, "], where (see, e.g. [90,
Theorem 6])

y/:{ max{x+y—-10} if x #0, //:{ M' if x 0, (2.1)

0, ifx=0, 1 if x = 0.
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Another classical property that can be checked for the iterated conditional is the
Import-Export principle. Given three events B, K, A, with AK # (J, we say that the
Import-Export principle ([80]) is satisfied for the iterated conditional (B|K)|A, if

(BIK)|A = B|AK. (2.2)

We also recall that the validity of the Import-Export principle (together with the
validity of the total probability theorem) could lead to the counter-intuitive conse-
quences related to Lewis’ triviality results ([79], see also [91]). Indeed, assuming that
the total probability theorem holds for iterated conditionals, that is

P(C|A) = P((C|A) A C) + P((C|A) A C) = P((C|A)|C)P(C) + P((C|A)|C)P(C);

if the Import-Export principle is valid, by applying (2.2) and by observing that
P(CJAC) = 1and P(C|AC) = 0, it follows that

P(C|A) = P(C|AC)P(C) + P(C|AC)P(C) = P(C), (2.3)

which of course is not valid in general for conditional events. Then, the non validity
of the Import-Export principle may avoid Lewis’ triviality results.

In Chapter 1 we recalled some basic properties satisfied by events and condi-
tional events. The main idea in this second chapter is to understand if, when we go
from events to conditional events and from conditionals to iterated conditionals,
these properties are still valid (in their generalised versions if necessary) for these
structures.

To do so, in Properties 1-4 (Section 2.1) we replace events A, B by conditional events
A|H, B|K, and for the compound conditionals the symbol of probability P by the
symbol of prevision IP, the properties 1, 2, 3, and 4 become:

P1. (BIK)|(A[H) = [(A|H) ~ (BIK)]|(A|H);
P2. (A|H)  (B|K) < (BIK)|(A|H) and hence P[(A|H) ~ (B|K)] < P[(B|K)|(A|H)];

P3. IP[(A|H) A (B|K)] = P[(B|K)|(A|H)|P(A|H) (compound formula for iterated con-
ditional);

P4. if A,B,H, K are logically independent events, denoting P(A|H) = x and
P(B|H) = y, the extension u on (B|K)|(A|H) is coherent if and only if y €
(1, 1], where y’ and p” are given in formula (2.1).

We recall that when a compound or iterated conditional reduces to a conditional
event, its prevision coincides with its probability.

We will show in Example 3, Example 4, and Section 2.6 that when some of the
properties P1-P4 are not satisfied, some counterintuitive probabilistic results are ob-
tained. These are avoided by a suitable notion of iterated conditioning which satis-
fies properties P1-P4.

In section 2.2, section 2.3, and section 2.4, we will check the validity of the previ-
ous properties for notions of compound and iterated conditionals introduced in dif-
ferent trivalent logics as suitable conditional events (in these cases, in properties P2
and P4, the symbol of prevision IP is replaced by the symbol of probability P, because
the involved objects are conditional events). Then, in Section 2.5 we will check the
basic properties for the iterated conditionals, defined as conditional random quanti-
ties, built using the structure []|O = [J A O + P([J/O)O and the different notions
of conjunction in trivalent logic recalled in Section 1.4.
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2.2 The iterated conditional in the trivalent logic of Cooper-
Calabrese

In this section, in the framework of a trivalent logic, we study the validity of the
Import-Export principle and of the properties P1-P4 for the notion of iterated con-
ditional, here denoted by (B|K)|c(A|H), studied by Cooper ([30]) and by Calabrese
([12], see also [11, 10]). We also give two results on the set of all coherent assess-
ments for suitable families of conditional events which include the iterated condi-
tional (B|K)|c(A|H).

We recall that the notions of conjunction and disjunction of conditionals used by
Cooper and Calabrese coincide with Ag and v, respectively !.

Definition 8. Given any pair of conditional events A|H and B|K, the iterated conditional
(BIK)|c(A|H) is defined as the following conditional event

(BIK)Ic(A[H) = B|(K A (H v A)). (2.4)

We observe that in (2.4) the conditioning event is the conjunction of the condi-
tioning event K of the consequent B|K and the material conditional H v A associated
with the antecedent A|H.

Remark 11 (Import-Export principle for |¢). By applying Definition 8 with H = ), it
holds that
(BIK)|cA = ABK|AK = B|AK, (2.5)

which shows that the Import-Export principle is satisfied by |c.

2.2.1 Property P1
We observe that

((A[H) ns (BIK))|c(A|H) = ((AHBK v AHK v HBK)|(H v K))|c(A|H) =

= (AHBK v AHK v HBK)|(AK v HK v AHK). (2.6)

From (2.4) and (2.6) it follows that (B|K)|c(A|H) # ((A|H) As (B|K))|c(A|H). In-
deed, as illustrated by Table 2.1, when the constituent AHK is true, it holds that
(BIK)|c(A|H) is void, while ((A|H) s (B|K))|c(A|H) is true. Then, property P1 is
not satisfied by the pair (s, |c).

Ch (A[H) ~s (BIK) | (BIK)|c(A[H) | ((A[H) As (BIK))|c(A[H)
AHBK v HBK True True True
AHBK v HBK False False False
AHK True Void True
AH False Void Void
HK Void Void Void

TABLE 2.1: Truth values of (A|H) s (B|K), (B|K)|c(A|H), and ((A|H) A (B|K))|c(A|H).

2.2.2 Property P2

From Table 2.1 we also obtain that property P2 is not satisfied by (s, |c). Indeed,
under logical independence, when AHK is true, it holds that (A|H) A (B|K) is true,

INote that also Cantwell ([14]) defines the iterated conditional as Cooper and Calabrese, but, unlike
them, in his trivalent logic conjunction and disjunction are defined by Ak and v, respectively.
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while (B|K)|c(A|H) is void. Then, since AH # ¢, K & B, and ((A|H) s (B|K)) &
(BIK)|c(A|H), from (1.5) it follows that ((A|H) As (B|K)) < (B|K)|c(A|H).

2.2.3 Property P3

Now we focus our attention on the following result regarding the coherence of a
probability assessment on {A|H, (B|K)|c(A|H), (A|H) Ans (B|K)} (Theorem 7), then
we use this result in order to check the validity of property P3 for the pair (s, |c).

Theorem 7. Let A, B, H, K be any logically independent events. A probability assessment
P = (x,y,z) on the family of conditional events F = {A|H, (B|K)|c(A|H), (A|H) ng
(B|K)} is coherent if and only if (x,y) € [0,1)% and z € [2/,2"], where 2’ = xy and 2" =
max(x,y).

Proof. The constituents C;,’s and the points Qj,’s associated with the assessment P =
(x,y,z) on F are (see also Table 2.2)

C = 4I—£BK,C2 = AI—{BK v Aﬁ?K v AHK = AH,C3; = HBK,Cy = AHBK,
Cs = HBK,Cy = AHK,Cy = HK,
and

Q1 = (1/ 1’ 1)/ Q2 = (O/yl O)I Q3 = (x/ 1/ 1)/ Q4 = (1/0/ O)/
Qs =(x,0,0), Qs = (1,y,1),P = Qo = (x,y,2).

The system (X) in (1.6) associated with the pair (F, P) becomes

Cn | AlH (BIK)[c(AlH) (A[H) As (BIK) | Qn
Cy | AHBK 1 1 1 Q1
G AH 0 y 0 Q>
Cz | HBK x 1 1 Qs
C, | AHBK 1 0 0 Qu
Cs | HBK X 0 0 Qs
C6 AHK 1 y 1 Q6
Co| HK x y z Qo

TABLE 2.2: Constituents C; and points Q) associated with F =

{A|H, (B|IK)|c(A|H), (A|H) ~g (BIK)}, the probability assessment P = (x,y, z).

A1+xA3+/\4+xA5+A6=x,

M+yrr+A3+yAs =y,

M+A3+ A =2z, (2.7)
MAA+A3+A4+ A5+ A =1,

Ai=0,i=1,...,6.

Lower bound We first prove that the assessment (x,y, xy) is coherent for every
(x,y) € [0,1]%. Then, in order to prove that z’ = xy is the lower bound for z =
P((A|H) s (B|K)), we verify that the assessment (x,y,z) is not coherent when z <
z/ = xy.

We observe that P = (x,y,xy) = xyQ1 + (1 — x)Q2 + x(1 — y)Qa, so a solution of
(2.7)is givenby A = (xy,1 —x,0,x(1—-y),0,0).
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Then, by considering the function ¢ as defined in (1.7), it holds that

P1(A) = Dpc,enM =M+t A+ A+ A =xy+(1-x)+x(1-y)=1>0,
P2(A) = Dpcccaviyvk M =M+ A+ A+ As =xy +x(1-y) = x,
$3(A) = Dpc,crvk M =M+ -+ A =1>0.

Let S’ = {(xy,1—1x,0,x(1 —y),0,0)} denote a subset of the set S of all solutions of
(2.7). We have that M} = 1, M} = x, Mj = 1 (as defined in (1.8)). We distinguish
two cases: (i) x > 0, (i7) x = 0. In the case (i) we get M7 > 0, M) > 0, M} > 0 and
then I} = ¢J. By Theorem 2, the assessment (x, y, xy) is coherent V(x,y) € [0, 1]%. In
the case (ii) we have that M; > 0, M) = 0, M} > 0, hence I = 2. We observe that
the sub-assessment P = y on F} = {(B|K)|c(A|H)} is coherent for every y € [0, 1].
Then, by Theorem 2, the assessment (x, y, xy) on JF is coherent V(x,y) € [0, 1]2.

In order to verify that z’ = xy is the lower bound for z, we observe that the
points Q1, Q2, Q4 belong to the plane 7 : yX + Y — Z = y, where X, Y, Z are the axes
coordinates.

Now, by considering the function f(X,Y,Z) = yX + Y — Z, we observe that for each
constant k the equation f(X,Y, Z) = k represents a plane which is parallel to 7w and
coincides with 7t when k = y. We also observe that f(Q1) = f(Q2) = f(Q4) = v,
f(Q3) = f(Qs) =xy<yand f(Qs) = f(Ly,1) =y+y—-1=2y-1<y.

Then, for every P = Y0 1 A,Qp, with Y5_ A, = Tand A, > 0, thatis P € Z,
it holds that f(P) = f(X0_, AuQu) = S0 Af(Qu) < y. On the other side,
given a > 0, by considering P = (x,y,xy — a) it holds that f(P) = y+a > y
and hence P = (x,y,xy —a) ¢ Z. Therefore, for any given a > 0 the assessment
(x,y,xy — a) is not coherent because (x,y,xy —a) ¢ Z. Then the lower bound of
z = P((A|H) ~g (BIK))is 2z’ = xy.

Upper bound We verify that the assessment (x, y, max(x,y)) on F is coherent for
every (x,y) € [0,1]?. Moreover, we show that z” = max(x, ) is the upper bound for
z = P((A|H) ns (B|K)) by showing that any assessment (x,y,z) on F with (x,y) €
[0,1]?> and z > max{x,y} is not coherent. We distinguish two cases: (i) x > v, (ii)
X <y.

(i) We have that max(x, y) = x and hence

P=(xyx)=(1-x)Q2+xQs.
Then, the vector A = (0,1 —x,0,0,0, x) is a solution of (2.7). Moreover, it holds that

pr(A)= > M=M+lh+M+Ae=1-x+x=1>0,
h:C,cH

Pa2(A) = > Ap=M+A3+ A+ A5 =0,
h:Ch=(Kn(AvH))

P3(A) = Z Ap=AM+-+A=1>0.
h:CpS(HvK)

Let S’ = {(0,1—x,0,0,0,x)} denote a subset of the set S of all solutions of (2.7). We
have that M| = 1, M} = 0, Mj = 1. It follows that Z) = 2. As the sub-assessment
P =yon Fj = {(B|K)|c(A|H)} is coherent Vy € [0, 1], by Theorem 2, it follows that
the assessment (x, y, max(x,y)) is coherent.
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In order to verify that z” = max(x,y) = x is the upper bound for z, we observe that
if max{x,y} = 1, then (1,y,z) with z > 1 is incoherent. Let us assume that y < x < 1.
We observe that the points Q,, Q3, Q¢ belong to the plane 77 : X + %%;Y —7Z = ﬂ%}’c),
where X, Y, Z are the axes coordinates. :

1

Now, by considering the function f(X,Y,Z) = X + %%;Y -7 — y(l%yx, we observe

that f(Q1) = 1—x > 0, f(Q2) = f(Q3) = f(Qe) = 0, f(Qs) = 1—-y1=5 =0,
£(Qs) = % > 0. Then, for every P = 35_, A,Qp, with 30_ A, = 1and A, > 0,

thatis P € Z, it holds that f(P) = f(35_; AuQp) = S5_; Awf(Qy) = 0. On the other
side, given z > x, by considering P = (x,y,z) it holds that f(P) = x —z < 0 and
hence P = (x,y,z) ¢ Z. Therefore, for any given z > x the assessment (x, y, z) is not
coherent because (x,y,z) ¢ Z. Then the upper bound on z is z” = z = max{x, y}.

(ii) In this case max(x,y) = y. We prove that the assessment (x,y, max(x,y)) is
coherent. We observe that

(v yy) =yQs+(1—y)Qs.
Then, the vector A = (0,0,y,0,1 —y,0) is a solution of (2.7). We have

pr(A)= D =0 $a(A) = > Ap=1>0;

h:C,cH h:Cys(KA(AvH))
$3(A) = Xpc,cavry M =1>0.

Let S’ = {(0,0,y,0,1 —y,0)} denote a subset of the set S of all solutions of (2.7). We
have that M} = 0, M, = 1, M} = 1. It follows that Z) = 1. The sub-assessment x on
{A|H} is coherent Vx € [0,1]. Then, by Theorem 2, the assessment (x, y, max(x, y))
on F is coherent V(x,y) € [0,1]%

In order to verify that z” = max(x,y) = y is the upper bound for z, we ob-
serve that if max{x,y} = 1, then (x,1,z) with z > 1 is incoherent. Let us as-
sume that x < y < 1. We observe that the points Q3, Qs, Q¢ belong to the plane

T %X — x(llf_xy) +Y —Z =0, where X, Y, Z are the axes coordinates.

Now, by considering the function f(X,Y,Z) = %X - % +Y — Z, we observe

that f(Q1) = f(Qs) =1-y >0, f(Q2) = {= > 0 f(Qs) = f(Qs) = f(Qe) = 0.
Then, for every P = 22=1 A, Qyp, with 22=1 A, =1land Ay = 0, thatis P € Z, it
holds that f(P) = f(zgzl MQp) = 22:1 Anf(Qp) = 0. On the other side, given
z > y, by considering P = (x,y,z) it holds that f(P) = y—z < 0 and hence
P = (x,y,z) ¢ Z. Therefore, for any given z > y the assessment (x,y,z) is not
coherent because (x,y,z) ¢ Z. Then the upper bound on z is z” = y = max{x, y}.

Finally, for each given (x,y) € [0,1], as (x,y,z’) and (x,y,z") are coherent, by the
Fundamental theorem of probability, any assessment (x,y, z) with z € [z/,2"] is co-
herent too. Then, the assessment (x,v,z) on F is coherent for every (x,y) € [0,1]?
and z € 2/, Z"]. O

Remark 12 (Property P3). From Theorem 7 it follows that any probability assessment
(x,y,2z) € [0,1]® on F = {A|H, (B|K)|c(A|H), (A|H) rs (B|K)}, for which z = xy, is
coherent. In other words, any assessment which satisfies property P3 is coherent. For in-
stance, the assessment (1,0,0) on F is coherent. However, when xy < max{x,y}, there are
coherent probability assessments which do not satisfy property P3. Indeed, any assessment
(x,y,z), with xy < z < max{x, y}, is coherent. Then, property P3 is not satisfied in general
by the pair (ng,|c). For instance the assessment (1,0,1) on F is coherent. However, the
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assessment (1,0,1), on {A, B|A, AB} is not coherent because does not satisfy the compound
probability theorem.

We illustrate in the following example some counterintuitive (probabilistic) as-
pects of the invalidity of properties P1, P2, and P3.

Example 3. Let two independent random quantities X and Y be given. We assume that
Xe{l,...,6}, withP(X=h) =1L, h=1,...,6,and Y € {0,1}, with P(Y = 0) = P(Y =
1)=3 Weset A=(X>3),H=(X>2),B=(Y=1),and K = (Y = 0). From (2.4),
as B = K, it follows that

(BIK)|c(A[H) = K[(K A (H v A)) = D|(K A (Hv A)). (2.8)
Moreover, since
(A|H) rs (BIK) = (Hv AH) A (Kv BK)|(H v K) = (AHK)|(Hv K),  (2.9)
and (H v K) A (Hv A) = AH v HK, it holds that

((A|H) ~s (BIK))|c(A[H) = (AHK|(H v K))|c(A[H) = AHK|((H v K) A (H v A)) =
= AHK|(AH v HK).
(2.10)
From (2.8) and (2.10) it follows that ((A|H) ~s (B|K))|c(A|H) # (B|K)|c(A|H), and
hence property P1 is not satisfied. Concerning the probabilistic aspects we observe that

P((B|K)|c(A]H)) = 0, while

P(((AH) As (BIK)|c(A|H)) = P(AHK|(AH v HK)) = s
41
“p s

From (2.8) and (2.9) it holds that (A|H) As (B|K) € (B|K)|c(A|H) and hence property P2
is not satisfied. Moreover,

P(HVK)

P((A|H) ns (BIK)) = P(AHK|(H v K)) = k)
= &> 0= P(BIK)|c(AIH)).

We also obtain (the counterintuitive result) that the probability of the conjunction is greater
than the probability of one of the two conjuncts, indeed it holds that P((A|H) g (B|K)) =
# > 0 = P(B|K). Therefore,

4
0 = P(A|H)P((BIK)|c(AlH)) # P((A[H) As (BIK)) = 37
and hence property P3 is not satisfied.

2.24 Property P4

We check the validity of property P4 for the iterated conditioning |c by studying the
set of all coherent probability assessments on the family {A|H, B|K, (B|K)|c(A|H)}
(Theorem 8).

Theorem 8. Let A, B, H, K be any logically independent events. The probability assess-
ments P = (x,y,z) on the family of conditional events F = {A|H, B|K, (B|K)|c(A|H)} is
coherent for every (x,y,z) € [0,1]3.
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Proof. We recall that (B|K)|c(A|H) = B|(K A (H v A)). Then, the constituents
Cy’s and the points Q’s associated with the assessment P = (x,y,z) on F =
{A|H,BIK,B|(K A (H v A))} are (see also Table 2.3)

C1 = AHBK, C, = AHBK, C3 = AHK, C4 = AHBK, Cs = AHBK,
Cs = AHK, C; = HBK, Cs = HBK, Cy = HK,

and

Ql = (1/ 1/ 1)/ Q2 = (110’ O)I Q3 = (L]/;Z)/ Q4 = (0/ 112)/ QS = (OIOIZ)I
Q6 = (O/y/Z)/ Q7 = (x/ 111)/ QS = (X,0,0),P = QO = (X,y,Z)~

The system (X) in (1.6) associated with the pair (F, P) becomes

Co | AlH BIK (BIK)|c(A[H) | Qx
Ci1 | AHBK 1 1 1 o]
C, | HBK 1 0 0 Q2
C3 AHIZ 1 y z Q3
Cy | AHBK | 0 1 z Q4
Cs | AHBK | 0 0 z Qs
C(, AHK 0 y z Q6
C; | HBK X 1 1 Q7
Cs | HBK X 0 0 Qs
Co HK X y z Qo

TABLE 2.3: Constituents and points Q)" associated with 7 = {A|H, B|K, (B|K)|c(A|H)}, the
probability assessment P = (x,y, z).

A+ A+ Az + xAy + xAg = x,

A1+]//\3+/\4+y)\6+}\7=y,

A+ 2zA3 +2A4 + 2A5 + ZA6 + Ay = 2, (2.11)
M+ +A3+ A4+ A5+ A6+ A7+ A5 =1,
Ai=0,i=1,...,8

We observe that P belongs to the segment with end points Q3, Qg; indeed (x,y,z) =
xQ3+ (1 —x)Qs = x(1,y,2) + (1 — x)(0,y, z). The vector A = (0,0,x,0,0,1—x,0,0)
is a solution of (2.11), with

pr(A)= D A=A +A+ A3+ A+ A5+ A6 =1>0,

h:C,cH

p(A)= D A=A+ d+ A+ A5+ A7+ A5 =0,
h:C,cK

P3(A) = Z Ap=M+A+A7+ A5 =0.

h:Cr,e((AvH)AK)

We set S’ = {A} and we get Z), = {2,3}. So we obtain F} = {B|K, B|(K A (H v A))}
and P} = (y,z). By recalling Example 1 the sub-assessment (y,z) on {B|K, B|(K A
(H v A))} is coherent for every (y,z) € [0,1]?. Thus, by Theorem 3, the assessment
(x,y,z) on F is coherent V(x,y,z) € [0,1]°. O

Remark 13 (Property P4). We observe that the probability propagation rule valid for
unconditional events (Property P4) is no longer valid for Cooper-Calabrese’s iterated
conditional.  Indeed, from Theorem 8, any probability assessment (x,y,z) on F =
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FIGURE 2.1: Convex hull of the points Q; for i = 1,...,8 associated with the pair (F,P),
where P = (x,y,z) and F = {A|H, B|K, (B|K)|c(A|H)}. In the figure the numerical values
are: x =0.5,y=1,z=0.5.

{A|H, B|K, (B|K)|c(A|H)}, with (x,y,z) € [0,1]° is coherent. For instance, the assess-
ment (1,1,0) on F is coherent, while it is not coherent on {A, B, B|A}.

We briefly sum up here the results obtained in this section (see also Table 6.1)
for the iterated conditioning |c. We verified that | does not satisfy any of the de-
sirable properties P1-P4 we considered in Section 4.1. More precisely, we verified
that (B|K)|c(A|H) # ((A|H) s (B|K))|c(A|H). Thus, P1 does not hold. Further-
more, ((A|H) s (B|K)) € (B|K)|c(A|H). So P2 does not hold either. Still fur-
ther, P(A|H)P((B|K)|c(A|H)) # P((A|H) ns (BIK)) for some probability P. Thus,
P3 does not hold. Finally, we proved that every assessment (x,y,z) € [0,1]° on
{A|H, BIK, (B|K)|c(A|H)} is coherent. From this it follows that P4 does not hold. We
also observed that Import-Export Principle is satisfied.

2.3 The iterated conditional in the trivalent logic of de
Finetti.

In this section we analyse the notion of iterated conditional introduced by de Finetti
in [32]. After recalling that the notion of conjunction and disjunction of conditionals
introduced by de Finetti in [32] coincide with Ax and vk (see Section 1.4), we check
the validity of the Import-Export principle and of the properties P1-P4 for this
iterated conditional in the corresponding trivalent logic.

Definition 9. Given any pair of conditional events A|H and B|K, de Finetti iterated condi-
tional, denoted by (B|K)|sr(A|H), is defined as

(BIK)|a£(A|H) = BI(AHK). (2.12)
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Cn (A[H) ~k (BIK) | (BIK)|ar(A[H) | ((A[H) Ak (B|K))lar(A|H)
AHBK True True True
AHBK False False False
AHK v HBK v HK Void Void Void
AH v HBK False Void Void

TABLE 2.4: Truth table of (A|H) Ak (B|K), (B|K)|sr(A|H), and ((A|H) Ak (B|K))|sr(A|H).

Remark 14 (Import-Export principle for |;r). By applying Definition 9 with H = Q) it
holds that
(BIK)|arA = B|AK, (2.13)

which shows that the Import-Export principle [80] is satisfied by |sp. Then, from (2.5), it
follows that
(BIK)[cA = (B|K)[4rA = BJAK.

2.3.1 Property P1
To check property P1 we observe that from (2.12) it holds that

((A|H) Ak (BIK))|ar(A|H) = (AHBK|(HK v AH v BK))|4p(A|H) =

AHBK|(AHK v AHBK) = AHBK|AHK = (B|K)|4r(A|H). (2.14)

Then, property P1 is satisfied by the pair (Ag, |4r) (see also Table 2.4).

2.3.2 Property P2

From Table 2.4 we also observe that relation P2 is satisfied by (Ak,|sr). Indeed,
according to the Equation (1.1), if (A|H) Ak (B|K) is true, then (B|K)|;r(A|H) is true;
if (BIK)|4r(A|H) is false, then (A|H) Ak (B|K) is false. Thus, since (A|H) nk (BIK) <
(B|K)|4e(A|H), from (1.5) it follows that (A|H) Ak (B|K) < (B|K)|4r(A|H).

2.3.3 Property P3

We consider now the following results regarding the coherence of a probability as-
sessment on {A|H, (B|K)|sr(A|H), (A|H) Ak (B|K)} (Theorem 9) in order to check the
validity of property P3 for the pair (A, |4F)-

Theorem 9. Let A, B, H, K be any logically independent events. A probability assessment
P = (x,y,z) on the family of conditional events F = {A|H, (B|K)|se(A|H), (A|H) rk
(B|K)} is coherent if and only if (x,y) € [0,1]? and z € [Z/,2"], where 2’ = 0 and 2" = xy.

Proof. The constituents C;,’s and the point Qs associated with the assessment P =
(x,y,z) on F are

C1 = AHBK,C, = AHBK v AHBK v AHK = AH,
Cs = AHBK,Cy = HBK,Cs = AHK,Cy = HBK v HK,

and

Q1=(1,11),Q0,=(0,y,0),Q3 = (1,0,0),
Q4 = (x,y,O), Q5 = (L]/,Z),P = QO = (x,y,z).

The system (X) in (1.6) associated with the pair (F, P) becomes
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Ch AlH (BIK)|ar(AlH) (AlH) ~k (BIK) | Qn
G AHBK 1 1 1 1
@) AH 0 Y 0 Q2
C3 AHBK 1 0 0 Q3
C4 H BK X Yy 0 Q4
Cs AHK 1 y z Qs
Co | HBK v HK X y z Qo

TABLE 2.5: Constituents C;; and points Qj associated with F =

{A|H, (B|IK)|4r(A|H), (A|H) Ak (B|K)}, the probability assessment P = (x,y, z).

A+ A3+ xA4 + A5 = x,

A +y)L2+y)\4+y}\5 =1,

M+ zAs5 = z, (2.15)
AMFAFAI+FAL+ A5 =1,

A=0,i=1,...,5.

Lower bound We first prove that the assessment (x,y,0) is coherent for every
(x,y) € [0,1]%. We observe that P = (x,y,0) = Q, so a solution of (2.15) is given by
A =(0,0,0,1,0).

Then, by considering the function ¢ as defined in (1.7), it holds that

(Pl(A) = Zh:Cth A=A+ A+ A3+ A5 =0,
$2(A) = Dpc,canry M =M+ A3 =0,
$3(A) = Zh:Chg(AHBKvAHvBK) Ap=M+A+A3+A=1>0.

Let S’ = {(0,0,0,1,0)} denote a subset of the set S of all solutions of (2.15). We
have that Mj = 0, M} = 0, M} = 1 (as defined in (1.8)). Then I = {1,2} and we set
K = Fj = {A|B, (BIK)|4r(A|H)} and V = P} = (x,y). The constituents C;’s and the
point Qy,’s associated with the assessment Pj on F are

Ci = AHBK,C, = AHBK v AHBK v AHK = AH,
C3 = AHBK,Cy = AHK,Cy = HK v HBK v HBK = H,

and
Qi=(11),Q=(0y),Q=(10), Q= (Ly),P=Q = (xy).
The system (X) in (1.6) associated with the pair (XC, V) becomes

MFA3+ A =1x,

M +y7\2+y)\4=y,
AMH+A+A3+ A4 =1,
Ai=0,i=1,...,4

We observe that (x,y) = (1 — x)Qz + xQy so a solution of (2.16)is A = (0,1 — x,0, x).
By considering the function ¢ as defined in (1.7), it holds that

(2.16)

P1(A) =Dpc,enM =M+t A2+ A3+ A =1,
$2(A) = 2pc,camry M =M+ A3 =0,

LetS’ = {(0,1—x,0, x)} denote a subset of the set S of all solutions of (2.16). We have
that M = 0, M} = 1, (as defined in (1.8)). Then, the set I associated with (/C, V)
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is Iy = {2}. We observe that the sub-assessment y on {(B|K)|s;z(A|H)} is coherent
for every y € [0,1]. Then, by Theorem 2, the assessment (x,y,0) on F is coherent
Y(x,y) € [0,1]%

Upper bound We verify that the assessment (x,y, xy) on F is coherent for ev-
ery (x,y) € [0,1]*>. Moreover, we show that z” = xy is the upper bound for z =
P((A|H) nk (B|K)) by showing that any assessment (x, y,z) on F with (x,y) € [0,1]?
and z > xy is not coherent.

We observe that

(x,y,xy) = xyQ1+ (1 —x)Q2 + x(1 — y)Qs.

Then, the vector A = (xy,1—x,x(1 —y),0,0) is a solution of (2.15). Moreover, it
holds that

(Pl(A) = Zh:Cth Ah=M+A+A3+A5=1>0,
$2(A) = Dpc,cany M =M+ Az =xy+1-x,
$3(A) = 2nc,canBry AHvEK) A =AM+ A2+ A3+ Ay =1>0.

Let 8" = {(xy,1 —x,x(1 —y),0,0)} denote a subset of the set S of all solutions of
(2.15). We have that M} = 1, M) = xy +1—x, M; = 1 (as defined in (1.8)). We
distinguish two cases: (i) (x # 1) v (y # 0), (ii) (x = 1) A (y = 0). In the case (i)
we get Mj > 0, M; > 0, M5 > 0 and hence I} = . By Theorem 2, the assessment
(x,y, xy) is coherent V(x,) € [0,1]%. In the case (ii) we get M} > 0, M} = 0, M} > 0,
then I = {2}. We observe that the sub-assessment P = y on F = {(B|K)|sr(A|H)}
is coherent for every y € [0,1]. Then, by Theorem 2, the assessment (x, y, xy) on F is
coherent V(x,y) € [0,1]>.

We verify that z” = xy is the upper bound for z, by showing that the assessment
(x,v,z) is incoherent when z > xy.

Let z > xy. We distinguish the following cases: (a) y # 0; (b) y = 0.

Case (a). We observe that the points Q1, Q, Q3 belong to the plane 7 : yX +Y — Z =
y, where X, Y, Z are the axes coordinates. We set f(X,Y,Z) = yX+Y — Z and we
observe that f(P) = f(x,y,z) = xy +y —z. Foreach h = 1,2,3,4,5, we compute the
difference f(Qy) — f(P). We have

f(Q1) = f(P) = f(Q2) = f(P) = f(Q3) = f(P) =z —xy;
f(Qy) - f(P) =z f(Q5)—f(P)=y—xy=y(l—x);

We consider the sub-cases: (i) x < 1; (i1) x = 1.

(i) We recall that, by setting the stakes s; = vy, s, = 1, s3 = —1, it holds that g, =
f(Qn) — f(P), h =1,...,5, where g, is the value of the random gain G associated
with the constituent C;, < H. As x < 1, it follows that g, = f(Qy) — f(P) > 0,
h =1,...,5. Thus, as there exist (s1, s2,53) such that min Gy max Gy > 0, it follows
that the assessment (x, , z) is not coherent when z > xy and x < 1.

(ii). In this case, as x = 1, it follows that P = (x,y,z) = (1,y,z) = Qs € Z. Then, the
vector A = (0,0,0,0,1) is a solution of (2.15). Then, by considering the function ¢ as
defined in (1.7), it holds that

P1(A) =Dpc,ent =M+t A2+ A3+ A5 =1>0,
$2(A) = Xc,canr) A = M+ A3 =0,
$3(A) = Zc,c(amBKvAHVBK) A = M+ A2+ A3+ Ay = 0.
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Then, we get Zy < {2,3}. and we study the coherence of the sub-assessment
Po = (y,2) on Fo = {(B|K)|ar(A|H), (A|H) ~k (BK)}.
The constituents C;’s and the point Q) ’s associated with the pair (Py, Fo) are

Ci = AHBK, C; = AHv HBK,
C; = AHBK, Co = HK v AHK v HBK,

with C, € H = HBK v AH v BK, h = 1,2, 3. The associated points Qj,’s are

Q1= (11), Q2= (v,0), Q3 =(0,0), P =Qo = (x,y,2).

As shown in Figure 2.3 the convex hull 7 of the points Q1, Q2, and Qj3 is the triangle
of vertices (1,1), (y,0), and (0,0). We observe that Py = (y,z) ¢ Z because z > .
Then, the sub-assessment Py on Fy is not coherent. Therefore, by Theorem 2, the
assessment P = (1,y,z) on F is not coherent too.

Notice that, if y = 0, (0,z) € Z < z = 0, so if z > 0 the assessment is not
coherent.

0.8

0.6 +

0.4 +

0.2

0.4

0.6 v
L. o8 Qs o

FIGURE 2.2: Convex hull of the points Q1, Q2, Q3, Qu, Qs associated with the pair (F, P),
where F = {A|H, (B|K)|4r(A|H), (A|H) Ag (BIK)} and P = (x,y,z). In the figure the nu-
merical values are: x =1, y = 0.5, z = 0.5. Notice that Q5 = P.

So in this case we have that the probability assessment is coherent if and only if
Z < Xy.

Case (b). In this case y = 0. We have already analyse the situation (x = 1) A (y =
0) in the precedent case, so let’s assume x # 1.
We observe that the points Q1, Q2, Qs belong to the plane 7 : zX + (1 -2)Y —Z =0,
where X, Y, Z are the axes coordinates. We set f(X,Y,Z) = zX + (1 —z)Y — Z and
we observe that f(P) = f(x,y,z) = —(1 — x)z. Foreach h = 1,2,3,4,5, we consider



Chapter 2. A probabilistic analysis of selected notions of iterated conditioning 30
under coherence

z
10 + Q= (1,1)
0.8
] P = (0.5,0.6)
0.6 1 °
04 1 7
0.2 1
0 L = (Q’O) ‘ QQ — :(0?57:0)} ——t— Y
0 0.2 0.4 0.6 0.8 1.0

FIGURE 2.3: Convex hull of the points Q1, Q2, Q3 associated with the pair (Py, Fy), where
Po = (y,z) and Fy = {(B|K)|sr(A|H), (A|H) ~g (BIK)}. In the figure the numerical values
are: y = 0.5and z = 0.6.

the quantity f(Qy) — f(P). Then, we obtain

f(Q1) = f(P) =z(1-x);
f(Q2) = f(P) = z(1 —x);
f(Q3) = f(P) = 2(2—x);
f(Qa) = f(P) =z

f(Qs) = f(P) =z(1 - x);

We recall that, by setting the stakes s; = z, 55 = 1 -2z, 53 = —1, it holds that g, =
f(Qn) — f(P), h =1,...,5, where g, is the value of the random gain G associated
with the constituent C;, < H. As x < 1, it follows that g, = f(Qp) — f(P) > 0,
h =1,...,5. Thus, as there exist (s1, 52, s3) such that min Gy max Gy > 0, it follows
that the assessment (x, y, z) is not coherent when z > xy and y = 0.
We conclude that z” = xy is the upper bound for z.

O

Remark 15 (Property P3). From Theorem 9 any probability assessment (x,y,z) on F =
{A|H, (B|K)|4r(A|H), (A|H) ~x (BIK)}, with (x,y) € [0,1]? and 0 < z < xy, is coherent.
Then, any assessment which satisfies property P3 is coherent. Moreover, as z = xy is not the
unique coherent extension of the conjunction (A|H) nk (B|K), the quantity P((A|H) Ak
(BIK)) could not coincide with the product P((B|K)|sr(A|H))P(A|H). For example, if we
choose the probability assessment P = (1,1,0), we observe that ‘P is coherent on F because
0 € [Z/,2"] = [0, 1]. However, we observe that P on {A, B|A, AB} is not coherent because
P(AB) =0 # P(B|A)P(A).

Then, property P3 is not satisfied by the pair (Ak, |aF)-

2.3.4 Property P4

To check the validity of property P4 for the iterated conditioning |;r we study the
set of all coherent probability assessments on the family {A|H, B|K, (B|K)|;r(A|H)}



Chapter 2. A probabilistic analysis of selected notions of iterated conditioning 31
under coherence

(Theorem 10).

Theorem 10. Let A, B, H, K be any logically independent events. The probability assess-
ments P = (x,y, z) on the family of conditional events F = {A|H, B|K, (B|K)|sr(A|H)} is
coherent for every (x,y,z) € [0,1]>.

Proof. The constituents C;,’s and the points Qj,’s associated with the assessment P =
(x,y,z) on F are (see also Table)

Ci = AHBK,C, = AHBK,Cs = AHK,Cy = AHBK, Cs = AHBK,
Ce = AHK,C; = HBK,Cs = HBK,Cy = HK,

and

Q1 =(111),0Q0:=(1,0,0),Q = (L,y,2),Qs = (0,1,2),Q5 = (0,0,2),
Q6 = (O,y,Z), Q7 = (x, 1,2), Qg = (x/ O,Z),P =Qo = (xr]//Z)~

The system (X) in (1.6) associated with the pair (F, P) becomes

Cn | Al[H BIK (B[K)|ar(AlH) | Qn
Cy | AHBK 1 1 1 O
C, | AHBK | 1 0 0 Q>
C3 AHK 1 Yy z Q3
Cy | AHBK | 0 1 z Q4
Cs | AHBK 0 0 z Qs
C¢ | AHK 0 y z Qs
C7 HBK X 1 z Q7
Cs | HBK x 0 z Qs
Co HK X y z Qo

TABLE 2.6: Constituents and points Q)" associated with F = {A|H, B|K, (B|K)|;r(A|H)}, the
probability assessment P = (x,y,z).

A+ A+ Az + xAy + xAg = x,

)\1+y/\3+/\4+y)t6—|—)\7=y,

A+ zZA3 + zZA4 + 2A5 + zA6 + ZA7 + ZAg = z, (2.17)
M+ +A3+ A4+ A5+ A6+ A7+ Ag =1,

Ai=20,i=1,...,8

We observe that P belongs to the segment with end points Q3, Qg; indeed (x,y,z) =
xQ3+ (1—x)Qs = x(1,y,2) + (1 —x)(0,y, ).

P also belongs to the segment Q;Qs, (x,y,z) = yQr + (1 —y)Qs = y(x,1,z) + (1 —
y)(x,0,2).
Then , :
e y —Y
(Lyz)+ 5 0,y,2) + 2(x,l,z) + > (x,0,2),
),

so the vector A = (0,0, 3,0,0, 1_73‘, %, 1%) is a solution of (2.17), with

(x,y,2) =

P1(A) = Ypc,ca M = M+ A2+ A3+ A+ Ashg = 5 >0,
$2(A) = pc,cx M = M+ A2+ A+ As+ A7+ Ag = 3,
$3(A) = Dpc,camk An = M+ A2 = 0.

Let &' = {(0,0,%,0,0,55%, 4, 2¥)} denote a subset of the set S of all solutions of
(2.17). We have that Mj = 3, M) = 3, M} = 0 (1.8). We get Z), = {3}. We observe
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that the sub-assessment z on {(B|K)|;z(A|H)} is coherent for every z € [0, 1]. Then,
by Theorem 2, the assessment (x,y,z) on F is coherent V(x, v, z) € [0, 1]3. O

Remark 16 (Property P4). We observe that the probability propagation rule valid
for unconditional events (property P4) is no longer valid for de Finetti’s iterated con-
ditional.  Indeed, from Theorem 10, any probability assessment (x,y,z) on F =
{A|H, B|K, (B|K)|4r(A|H)}, with (x,y,z) € [0,1]? is coherent. For instance, the assess-
ment (1,1,0) is coherent on F but it is not coherent on {A, B, B|A}.

We briefly sum up here the results obtained in this section (see also Table
6.1) for the iterated conditioning |;r. We verified that |;r satisfies both properties
P1 and P2. Indeed, (B|K)|s;r(A|H) = ((A|H) rx (B|K))|4e(A|H) and ((A|H) Ak
(BIK)) < (B|K)|se(A|H). However, the iterated conditioning |;r does not sat-
isfy property P3, because P(A|H)P((B|K)|s;r(A|H)) # P((A|H) Ak (BIK)) for some
probability P. Moreover, we showed that every assessment (x,y,z) € [0,1]® on
{A|H, B|K, (B|K)|4e(A|H)} is coherent and from this it follows that property P4 does
not hold. We also observed that Import-Export Principle is satisfied by |f.

2.4 The iterated conditional in the trivalent logic of Farrell.

In this section we consider another definition of iterated conditional as a suitable
conditional event which was proposed by Farrell in [37, p. 385] (see also [36]). In
his trivalent logic, the author uses Ax and v as conjunction and disjunction of
conditional events (Section 1.4), respectively. We first recall the definition of the
iterated conditional, then we check the validity of the Import-Export principle and
of the properties P1-P4.

Definition 10. Given any pair of conditional events A|H and B|K, Farrell iterated condi-
tional, here denoted by (B|K)|r(A|H), is defined as the conditional event

(BIK)|r(A|H) = AHBK|(AHBK v AHBK v H BK). (2.18)

Remark 17 (Import-Export principle for |r). By applying (2.18) with H = (), it holds
that
(B|K)|rA = ABK|(ABK v ABK) = B|AK.

Then, as (B|K)|pA = B|AK, the Import-Export principle is satisfied by |r. Moreover, by
recalling (2.5) and (2.13), it follows that

(BIK)[rA = (BIK)|cA = (B|K)|4rA = B|AK.

24.1 Property P1

By recalling that (A|H) rg (B|K) = AHBK|(AHBK v AH v BK), from (2.18) it fol-
lows that

((AVH) nx (BIK))|F(A[H) = (AHBK|(AHBK v AH v BK))e(AlH) = 5 1o
AHBK|(AHBK v AHBK v H BK) = (B|K)|r(A|H). )
Then, as ((A|H) rx (B|K))|r(A|H) = (B|K)|r(A|H), Property P1 is satisfied by the
pair (Ak, |r). This relation can also be obtained by observing that the truth values of
(B|K)|r(A|H) and of ((A|H) nk (B|K))|r(A|H) in Table 2.7 coincide.
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Cn (AlH) ~k (BIK) | (BIK)[r(A[H) | ((A|H) ~k (BIK))|r(A|H)
AHBK True True True
AHBK v HBK False False False
AHK v HBK v HK Void Void Void
AH False Void Void

TABLE 2.7: Truth table of (A|H) Ak (B|K), (B|K)|r(A|H), and ((A|H) Ax (B|K))|r(A|H).

2.4.2 Property P2

We observe that (see Table 2.7) the iterated conditional (B|K)|r(A|H) is true when
the conjunction (A|H) Ak (B|K) is true; moreover, the conjunction (A|H) Ak (B|K) is
false when the iterated conditional (B|K)|r(A|H) is false. Then, (A|H) ~x (B|K) <
(BIK)|r(A|H). Thus, it follows from (1.5) that (A|H) Ak (B|K) < (B|K)|r(A|H),
which means that P2 is satisfied by (Ak, |r).

2.4.3 Property P3

To check the validity of property P3 for (B|K)|r(A|H) we study the set of coherent
probability assessments on the family F = {A|H, (B|K)|r(A|H), (A|H) ~k (BIK)}.

Theorem 11. Let A, B, H, K, be any logically independent events. A probability assessment
P = (x,y,z) on the family of conditional events F = {A|H, (B|K)|r(A|H), (A|H) Ak
(B|K)} is coherent if and only if (x,y) € [0,1]% and z € [Z,2"], where 2/ = 0 and 2" =
Ti (x,y), where

0, ifx=00ry=0

THx, = .
0 (xY) {H;y_xy, ifx#0andy # 0,

is the Hamacher t-norm with parameter A = 0.

Proof. We recall that {A|H, (B|K)|r(A|H), (A|H) A~k (B|K)} =
{A|H, AHBK|(AHBK v AHBK v HBK), AHBK|(AHBK v AH v BK)}.  Then,
Hs = Hv (AHBK v AHBK v H BK) v (AHBK v AH v BK) = H v HBK. The
constituents Cj,’s and the point Q},’s associated with the assessment P = (x,y,z) on
F are (see Table 2.8)

Ci = AHBK, C, = AHBK, C3 = AHK,Cy = AHBK v AHBK v AHK = AH,
Cs = HBK, Co = HBK v HK,

and

Ql = (1/ 111)/ QZ = (1r0/0)r QS = (1,y,Z),
Qs =(0,4,0), Qs = (x,0,0), P = Qo = (x,y,2).

The system (X) in (1.6) associated with the pair (F, P) becomes

M+ A+ A3+ xA5 = x,

/\1 +y)L3+y)L4 =Y,

AM+zA3 =2z, (2.20)
MFAA+FAI+FAL+ A5 =1,

Ai=0,i=1,...,5.

Lower bound We first prove that the assessment (x,y,0) is coherent for every
(x,y) € [0,1]>. We observe that P = (x,y,0) = xQ3 + (1 — x)Qq, so a solution of
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Ch AlH (BIK)|r(A[H) (A[H) nk (BIK) | Qp
G AHBK 1 1 1 1
G AHBK 1 0 0 Q2
C3 AHK 1 y z Qs
Cy AH 0 y 0 Qs
Cs HBK X 0 0 Qs
Co | HBK v HK X y z Qo

TABLE 2.8: Constituents and points Qj’s associated with F =

{AlH, (BIK)[r(A|H), (A|H) ~k (BIK)} and P = (x,y,2).

(2.20) is given by A = (0,0,x,1 — x,0).
Then, by considering the function ¢ as defined in (1.7), it holds that

P (A) = thcth Ap=M+A+A3+A4=1>0,
$2(A) = Xc,c(AHBKv AHBKVHBK) M = A+ A2+ A5 =0,
$3(A) = 2nc,camBrv AnvE) A =M+ A2+ A+ A5 =1—x.

Let S’ = {(0,0,x,1 —x,0)} denote a subset of the set S of all solutions of (2.20). We
have that M} = 1, M; = 0, M5 = 1 — x (as defined in (1.8)). We distinguish two
cases: (i) x #1; (ii) x = 1.

(i) In this case, M7 > 0, M} = 0, M5 > 0 and hence I = {2}. We observe that the
sub-assessment P} = y on F| = {(B|K)|r(A|H)} is coherent for every y € [0, 1].
Then, by Theorem 3, the assessment (x,y,0) on F is coherent V(x,y) € [0, 1]%;

(ii) We have that M} > 0, M; = M} = 0 and hence [j = {2,3}. We set K = Fj =
{(BIK)|r(A|H), (A|H) nk (B|K)} and V = P} = (y,0). By Theorem 3, as (2.20)
is solvable and I = {2,3}, it is sufficient to check the coherence of the sub-
assessment V on K in order to check the coherence of (x,y,0). We have that
H, = (AHBK v AHBK v H BK) v (AHBK v AH v BK) = AHBK v AH v BK.
The constituents C;,’s and the point Qs associated with the assessment )V on
IC are

Cy = AHBK, C, = AHBK v HBK, C3 = AH,Cy = AHK v HK v HBK,

and
Q1= (1,1), Q2 =1(0,0), Q3 = (v,0), Py = Qo = (y,0).

We have that Hy = C; v --- v C3 = AHBK v AH v BK. The system (X) in (1.6)
associated with the pair (X, V) becomes

M+YAz =y,

A =0,
AM+A+A3 =1,
Ai=0,i=1,...,3.

We observe that V = (y,0) = Q3 so a solution of (2.21is A = (0,0,1).
By considering the function ¢ as defined in (1.7), it holds that

(2.21)

P1(A) = 2c,c(AHBKv AHBKVHBK) M = A1+ A2 =0,
$2(A) = X c(anBKy AHVEK) M = A T A2+ Az = 1.
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Let S = {(0,0,1)} denote a subset of the set S of all solutions of (2.20). We
have that M} = 0, M} = 1, (as defined in (1.8)). Then, the set I} associated with
(K, V) is I) = 1. We observe that the sub-assessment y on {(B|K)|s;z(A|H)} is
coherent for every y € [0,1]. Then, by Theorem 3, the sub-assessment (y,0)
on K is coherent for every y € [0, 1] and hence the assessment (x,y,0) on F is
coherent V(x,y) € [0,1]?. Thus, z’ = 0 is the lower bound of z = P((A|H) Ak
(BIK)), for every (x,y) € [0,1] on {A|H, (B|K)|r(A|H)}.

Upper bound To study the upper bound z” of z = P((A|H) ~k (B|K)) we dis-
tinguish the following cases: (a) x = 0; (b) y = 0; (c) x # O and y # 0.
(a). In this case system (2.20) associated to the pair (F, (0,y, z)) becomes

AM+A+A3 =0, M=A=A3=0,
/\1—1-]/)\34-]/)\4 =Y, ]/A4 =Y

AM+zA3 =2z, = z=0, (2.22)
M+ +A3+A4+A5=1, Ay + A5 =1,
Ai=20,i=1,...,5. Ai=0,i=4,5,

which is solvable only if z = 0. We have already verified that P = (x,y, 0) is coherent
on F for all (x,y) € [0,1]2, hence, in particular, (0,y,0) is coherent. We observe
that system (2.22) with z > 0 is not solvable, then the assessment (0,y,z), with
z > 0is not coherent. Thus, z” = 0is the upper bound for zwhen x = 0and y € [0, 1].

(b). We recall that the pair (Ag,|r) satisfies property P2, that is z < y. As
y = 0, it follows that z = 0. We have already verified that P = (x,y,0) is coherent
on F for all (x,y) € [0, 1], hence, in particular, (x,0,0) is coherent. We also observe
that the assessment (x,0,z), with z > 0 is not coherent, because the pair (y = 0,z)
violates property P2. Thus, z” = 0 is the upper bound for z when x € [0,1] and y = 0.

(c) Fist of all, we verify that the assessment P = (x,y, ; +;z xy) on F is coher-

ent. Then, we verify that z” = - +;y_ w 1s the upper bound for z, by showing that

(x,y,z), with z > 2", is incoherent for every (x,y) € [0,1]>.
We observe that

_ xy Xy y(l —x) x(1-y)
P= (X’y’ery—xy) x+y—ny1+x+y—ny4+x+y—ny5'

Then a solution of (2.20) is A = (; +;y_ L 0,0, ;”Sy__?y, xxfy__yx)y) and it holds that

$2(A) = 2pc,c(AHBKY AHBKY HBK) M = M + A2+ As = x+yxfxy/
$3(A) = 2pc,c(anBry AHVER) M =M + A2+ Ag+ A5 =1>0.

Let 8" = {(5 +;y_ 50,0, ﬂly__?y, xxily__z()y)} be a subset S of all solutions of (2.20). We

have that M} > 0, M}, > 0, M} > 0 (as defined in (1.8)). Then, by Theorem3 the

assessment (x, v, ﬁ) is coherent for every x # 0 and y # 0.
Now we prove that in this case z” = - +;y_ W 18 the upper bound for z.

We distinguish two sub-cases: (i) x = 1, (ii) x # 1.
(i) We recall that the pair (A, |p) satisfies property P2 and hence z < y. Then, when
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— xy — Xy — i
x=1,a8 ;5= =y, we have that any assessment z > y—xy — Y ismnot coherent.

Therefore, z" = x+;y_x = y is the upper bound for z = P((A|H) Ak (B|K)).

(ii) We recall that in this case x € (0,1) and y # 0. We observe that the points
Q1,Q4, Qs belong to the plane 7w : yX +xY — (x +y — xy)Z = xy, where X,Y,Z
are the axes coordinates. We set f(X,Y,Z) = yX +xY — (x +y — xy)Z — xy, we
choose P = (x,v,z) with z > x+;y_xy, ie. (x+y—axy)z—xy > 0, and we observe
that f(P) = xy — (x+y —xy)z. Foreachh = 1,...,5, we consider the quantity

f(Qpn) — f(P). Then, we obtain

f(Q1)—f(P)=(x+y—xy)z—xy >0;

f(Q2) = f(P)=y(1 —x) + (x +y —xy)z — xy > 0;
f(Qs)—f(P)=y—xy=y(l—x)>0; (2.23)
f(Qs) = f(P)=(x+y—xy)z—xy >0;
f(Qs)—f(P)=(x+y—xy)z—xy > 0.

We recall that, by setting the stakes s; =y, s, = x, 53 = —x —y + xy, it holds that g, =
f(Qn) —f(P), h =1,...,5, where g is the value of the random gain G associated
with the constituent C, < H3. From (2.23) we obtain that g, = f(Qy) — f(P) > 0,
h =1,...,5. Thus, as there exist (s1,s2,53) such that min Gy max Gy > 0, it follows
that the assessment (x, y, z) is not coherent when z > ﬁ

We conclude that z” = +;y_ W 18 the upper bound for z.

Therefore z” = T}!(x, y) is the upper bound for z, for every (x,y) € [0, 1]% O

Remark 18 (Property P3). From Theorem 11 it follows that any probability assessment
(x,y,z) on F = {A|H,(BIK)|r(A|H), (A|H) rk (B|K)}, with (x,y) € [0,1]* and
z = xy, is coherent because xy € [z',z"], where 2/ = 0 and 2" = T (x,y). Then,
any assessment which satisfies property P3 is coherent. Moreover, as z = xy is not the
unique coherent extension, the quantity P((A|H) ~k (B|K)) could not coincide with the
product P((B|K)|r(A|H))P(A|H). For example, if we choose the probability assessment
P = (1,1,0), we observe that P is coherent on F, because 0 € [z’,z"] = [0,1]. How-
ever, we observe that the assessment P = (1,1,0) on {A, B|A, AB} is not coherent, because
P(AB) =0 # P(B|A)P(A) = 1. Then, property P3 is not satisfied by the pair (Ax, |F).

2.4.4 Property P4

To check the validity of property P4 for the iterated conditioning |r we study the set
of all coherent probability assessments on the family {A|H, B|K, (B|K)|r(A|H)}.

Theorem 12. Let A, B, H, K be any logically independent events. The probability assess-
ment P = (x,y,z) on the family of conditional events F = {A|H, B|K, (B|K)|r(A|H)} is
coherent for every (x,y,z) € [0,1]>.

Proof. The constituents Cj,’s and the points Q},’s associated with the assessment P =
(x,y,z) on F are (see also Table2.9)

C1 = AHBK,C, = AHBK,C; = AHK,Cy = AHBK,Cs = AHBK,
C¢ = AHK,C; = HBK,Cg = HBK,Cy = HK,

and

Ql = (1/ 1’ 1)/ Q2 = (110/ 0)/ Q3 = (1/]//2)/ Q4 = (0/ 112)/ Q5 = (OIOIZ)I
Qs =(0,v,2),Q7 = (x,1,2),Qs = (x,0,0), P = Qo = (x,y,2).
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Cn | AH BIK (BIK)|p(A[H) | Qn
Cy | AHBK 1 1 1 Q1
C, | AHBK 1 0 0 Q2
Cs AHK 1 y Z Q3
Cy | AHBK | 0 1 z o)
Cs | AHBK | 0 0 z Qs
C6 AHK 0 Yy zZ Q6
C7 HBK X 1 z Q7
Cg H BK X 0 0 Qg
Co HK X Y z Qo

TABLE 2.9: Constituents and points Qj,’s associated with 7 = {A|H, B|K, (B|K)|r(A|H)} and
P =(xy,z).

We observe that C; v --- v Cg = H v K = H3. The system (X) in (1.6) associated
with the pair (F, P) becomes

A+ A+ A3+ xAy + xAg = x,

)\1+y/\3+)\4+y7\6+)\7:y,

M+ 2ZA3 4+ zZA4 + ZA5 + zAg + ZA7 = 2, (2.24)
MAA+A3+ A4+ A5+ A6+ A7+ Ag =1,
A=0,i=1,...,8

We observe that P belongs to the segment with end points Q3, Qs; indeed (x,y, z) =
xQ3+ (1 —x)Q¢ = x(1,y,2z) + (1 —x)(0,y,2z). Then, the vector A = (0,0,x,0,0,1 —
x,0,0) is a solution of (2.24), with

P (A) = Zh:Cth Ap=M+AM+A3+ A1+ A5+ A6 =1,
P2(A) = Dpc,ex M =M+ A2+ A+ A5+ A7+ Ag =0,
¢3(A) = Zh:Chg[AHBKvAHEKvHEK] Ap =M+ A2+ Ag=0.

Let S = {(0,0,x,0,0,1—x,0,0)} be a subset S of all solutions of (2.24). We have
that M] > 0, M), = 0, M} = O (as defined in (1.8)). Then, I, = {2,3}. We check
the coherence of the sub-assessment P} = (y,z) on Fj = {B|K, (B|K)|r(A|H)}. The
constituents Cj,’s and the point Qs associated with the assessment P on F are

C; = AHBK,C, = AHBKv HBK,
Cs3 = AHBK v HBK,Cy = AHBK,Cy = K,

and
Q1 = (1/ 1)/ Q= (O/ O)r Q3 = (1/Z)r Qs = (O,Z),P =Qo = (y,Z)-

We observe that C; v --- v C4 = K = Hj. The system (X) in (1.6) associated with the
pair (Fo, Po) becomes

)L1+A3=y,

AM+zZAz +2zA4 =z,
AMF+A+A3+ A4 =1,
Air=0,i=1,...,4

(2.25)
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We observe that (,z) = yQs + (1 — y)Qa so a solution of (2.25is Ao = (0,0,y,1 —y).
By considering the function ¢’ it holds that

P1(A) =Dk =M+t A2+ A3+ A =1,
$2(A) = Xc,c[aHBKv AHBKv A BK] M = A+ A2 = 0.

Let S’ = {(0,0,y,1 —y)} be a subset S of all solutions of (2.25). We have that M| > 0,
M), = 0 (as defined in (1.8)). Then, Iy = {2}. We observe that the sub-assessment z on
{(B|IK)|r(A|H)} is coherent for every z € [0,1]. Then, by Theorem 3, the assessment
(x,y,z) on F is coherent V(x,y,z) € [0,1]°. O

Remark 19 (Property P4). We observe that the probability propagation rule valid for un-
conditional events (property P4) is no longer valid for Farrell’s iterated conditional. Indeed,
from Theorem 12, any probability assessment (x,y,z) on F = {A|H, B|K, (B|K)|r(A|H)},
with (x,y,z) € [0, 1]3 is coherent. For instance, the assessment (1,1,0) is coherent on JF
but it is not coherent on {A, B, B|A}.

We briefly sum up here the results obtained in this section (see also Table 6.1)
for the iterated conditioning |r. We verified that the | satisfies both properties P1
and P2. Indeed, (B|K)|r(A|H) = ((A|H) ~x (B|K))|r(A|H) and ((A|H) Ak (BIK)) <
(BIK)|r(A|H). However, the iterated conditioning |r does not satisfy property
P3, because P(A|H)P((B|K)|r(A|H)) # P((A|H) nk (B|K)) for some probability
P. Moreover, we showed that every assessment (x,y,z) € [0,1]* is coherent on
{A|H, BIK, (B|K)|r(A|H)} and hence property P4 is not satisfied. Finally, we ob-
served that Import-Export Principle is satisfied by |r.

2.5 Iterated conditionals and compound prevision theorem

We observe that none of the iterated conditioning operations, |c, |sr, and |f, stud-
ied in the previous sections satisfies the compound probability theorem P3. In this
section, we consider iterated conditionals which, among other things, satisfy prop-
erty P3. We first recall a structure used for defining, in the framework of conditional
random quantities, the iterated conditioning |¢s. Then, we introduce four notions of
iterated conditioning which are based on the same structure and on the four con-
junctions of trivalent logics recalled in Section 1. For all these new objects we check
the validity of the basic properties.
We recall that in [91] (see also [53]), by using the structure

OO =0r0+P™O)0, (2.26)

with ] = B|K, O = A|H # &, and (O A O = (B|K) Ags (A|H), the iterated condi-
tional (B|K)|¢s(A|H) has been defined as the following conditional random quantity

(B|K)|gs(A|H) = (A|H) Ngs (BIK) + Hgs (A‘H)/ (2.27)

where pgs = IP[(B|K)|¢s(A|H)]. We underline that when [] = A,(O = H formula
(2.26) reduces to formula (1.4). We also recall that ([53])

PI(A[H) Ags (BIK)] = P[(B|K)|gs(A[H)]P(A[H). (2.28)

Moreover, in [57, Definition 7], by exploiting the structure (2.26), the iterated con-
ditioning |¢s has been extended to the case of conjoined conditionals. More pre-
cisely, denoting by C(F7) (resp., C(F2)) the A ¢s-conjunction of the conditional events
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in a finite family of conditional events Fi (resp., F2), the iterated conditional
C(F2)¢sC(F1) has been defined as

C(F2)lgsC(F1) = C(F2) Ags €(F1) + u(1 = C(F1)) = €(F1 v F2) + u(1 = C(F1)),
(2.29)
where y = P[C(F3)|¢s€(F1)]. In addition, it holds [57, Equation (8)] that

P[C(F2) rgs C(F1)] = P[C(F2) gs€(F1)P[C(F1)]- (2.30)

Formulas (2.28) and (2.30) generalise the compound probability theorem recalled in
(1.13).

We now introduce the different notions of iterated conditioning, beyond |, ob-
tained with the structure (2.26), by using the trivalent logic conjunctions Ak, A1, AB,
and Ag, recalled in Section 1. Among other things, we will show that a formula like
(2.28) still holds for each of these new objects.

Definition 11. Given two conditional events A|H, B|K, with AH # (&, for each i €
{K,L,B,S, gs}, we define the iterated conditional (B|K)|;(A|H) as

(BIK)|:(A[H) = (A[H) ~; (BIK) + pi (A|H), (2.31)
where u; = P[(B|K)|:(A|H)].

Remark 20. In a betting framework, by setting P[(B|K)|;(A|H)] = u;, i € {K,L, B, S, gs},
then for every real number s you agree to pay an amount sy; in order to receive the random
quantity s - (B|K)|;(A|H). The associated random gain is

G = s[(BIK)|i(A|H) — pi] = s[(A|H) ~; (BIK) + p; (A|H) — i]. (2.32)

We observe that, for each i € {K, L, S, gs}, if A|H is true, as (A|H) n; (B|K) = 0 (see Table
1.1), it follows that (B|K)|;(A|H) = u;, for every u;, and hence G = s(u; — p;) = 0. In
other words, for i € {K,L,S, gs} the bet on (B|K)|;(A|H) is called off when the antecedent
A|H is false. Concerning i = B, if AHK is true, as (A|H) rp (B|K) = 0 (see Table 1.1), it
follows that (B|K)|g(A|H) = up and hence G = 0. Then, the bet on (B|K)|p(A|H) is called
off when the antecedent A|H is false and B|K is not void. As we will see in Remark 22, for
each iterated conditional (B|K)|;(A|H), i € {K,L,B,S,gs}, there are other cases where the
bet is called off, i.e. (B|K)|;(A|H) = u;.

Now, we check the validity of properties P1-P4, introduced in Section 4.1, for
each iterated conditioning |;, i € {K, L, B, S, gs}.

2.5.1 Property P1

In the next result we show that each iterated conditioning |;, i € {K, L, B, S}, satisfies
property P1.

Theorem 13. Given two conditional events A|H, B|K, with AH # (&, it holds that

((A[H) i (BIK))[i(A[H) = (BIK)[i(A|H), i€{KL,B,S} (2.33)
Proof. Leti € {K,L,B,S} be given. We set P[(B|K)|;(A|H)] = p; and P[((A|H) A
(BIK))|i(A|H)] = v;. By Definition 11, as (A|H) ~; (A|H) ~; (B|K) = (A|H) ~; (B|K),
it holds that

((A[H) ~; (BIK))|i(A|H) = (A[H) ~; (BIK) + vi(A|H). (2.34)
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Then, as (B|K)[;(A|H) = (A|H) A; (B|K) + u;j(A|H), in order to prove (2.33) it
is enough to verify that v; = p;. We observe that ((A|H) A; (B|K))[;(A|H) —
(BIK)|i(AlH) = (vi — ui)(A|H), where v; —pu; = P[((A[H) r; (BIK))|i(AlH) —
(BIK)|;i(A|H)]. By setting P(A|H) = x, it holds that

) 0, if A|H =1,
(vi —pi)(A|H) = { vi —my, if A[H =0,
(vi—ui)(1—x), if AlH=x, 0 <x <1

Notice that, in the betting scheme, v; — y; is the amount to be paid in order to receive
the random amount (v; — p;)(A|H). Then, by coherence, v; — y; must be a linear
convex combination of the possible values of (v; — 1;)(A|H), by discarding the cases
where the bet is called off, that is the cases where you receive back the paid amount
v; — u;j, whatever v; — y; is. In other words, coherence requires that v; — y; must
belong to the convex hull of the set {0, (v; — u;)(1 — x)}, thatisv; —p; = a -0+ (1 —
a)(v;i — p;i)(1 — x), for some a € [0,1]. Then, as 0 < x < 1, we observe that the
previous equality holds if and only if v; — y; = 0, that is v; = y;. Therefore, equality
(2.33) holds. O

We recall that |¢s satisfies property P1. Indeed, for the generalised iterated con-
ditional (2.29) it holds that ([57, Theorem 5])

C(F2)|gsC(F1) = C(F1 L F2)|gsC(F1). (2.35)
Then, by applying (2.35) with 7 = {A|H}, F> = {B|K}, it follows that
(B‘K)|gs(A‘H) = ((A|H) Ngs (B|K))|gs(A|H>

Thus, property P1 is satisfied by each iterated conditioning |; € {|x, |1, |3, |s, [gs}-

2.5.2 Property P2

We show that each iterated conditioning |;, i € {K,L, B, S, gs}, satisfies property P2.
We observe that, coherence requires y; > 0, i € {K,L,B,S,gs} (see Remark 21 in
Section 2.5.3). Then, foreachi € {K, L, B, S, gs}, as (A|H) ~; (BIK) < (A|H) ~; (BIK) +
#i(A|H), from (2.31) it follows that

(A[H) ~i (BIK) < (BIK)[i(A[H), (2.36)

and hence P[(A|H) A; (BK)] < P[(B|K)|:(A|H)].

2.5.3 Property P3

We already recalled in equation (2.28) that the iterated conditioning |¢s satisfies P3.
Then, by setting z¢s = P[(A|H) Ags (B|K)], ptgs = P[(B|K)|¢s(A|H)], and x = P(A[H)
it holds that zgs = xpges. By exploiting the structure (2.26), we show below that
P3 is also valid for |k, |, |p, and |s. Indeed, by the linearity property of a coherent
prevision, from (2.31) we obtain that

i = P(BIK):(A|H)] = P((BIK) A; (A|H)) + u;P(A|H) =

= P((BIK) ~i (A[H)) + ui P(A|H) = z + (1 —x), (2.37)
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where x = P(A|H) and z; = P((A|H) ~; (B|K)),i € {K,L,B,S}. As y; = z; + ui(1 —x),
it follows that
zi = uix, 1€ {K,L,B,S}.

Therefore, coherence requires that
P[(A|H) A; (BIK)] = P[(BIK)|:(A|H)|P(AH), i€ {K,L,B,S,gs},  (238)

which states that the compound prevision formula for iterated conditionals (prop-
erty P3) is valid for each iterated conditioning |;, i € {K, L, B, S, gs}.

Remark 21. Notice that, as P(A|H) > 0 and P[(A|H) ~; (BIK)] = 0 for i €
{K,L,B,S,gs}, from (2.38) it follows that P[(B|K)|;(A|H)] = 0,i€ {K,L,B, S, gs}.

We set P(A|H) = x, P(BIK) = y, P((A|H) ~; (BIK)) = z;, i € {K,L,B,S},
P[(A|H) A; (BIK)] = zgs, and P[(BIK)|;(A|H)] = u;, i € {K,L,B,S,gs}. Then,
based on Definition 11 and on the compound prevision theorem, for each |;, i €
{K,L, B, S, gs}, we obtain the random quantities (B|K)|;(A|H) illustrated below.

* (|x). We recall that (A|H) Ak (B|K) = AHBK|(HK v AH v BK), then we have

(BIK)|x(A|H) = AHBK|(HK v AH v BK) + ux(A|H) =
(1, if AHBK is true,
0, if AHBK is true,
_ if AHK is true, (2.39)
zx + ux(l —x), if HBK v HKis true,
uk(1—x), if H BK is true,
| K, if AH is true.
From (2.38), coherence requires that zx = xpg and zx + pux(1 — x) = pk. Then,
we obtain
1, if AHBK is true,
0, if AHBK is true,
(BIK)|k(A|H) = { xug, if AHK is true, (2.40)
ux(1—x), if HBK is true,
| UK, if AHv HBK v HK is true.

* (|1). We recall that (A|H) AL (B|K) = AHBK|(AHBK v AH v BK v HK), then
we have

(B|K)|L(A|H) = AHBK|(AHBK v AH v BKv HK) + ur(A|H) =
(1
0

, if AHBK is true,
i if AHBK is true,
K if AHK is true, (2.41)
B zp +up(1—x), if HBK is true,
ur(l—x), if H BK v HK is true,

UL, if AH is true.
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From (2.38), coherence requires that z;, = xyr and zp + pr(1 — x) = pr. Then,

we obtain
1, if AHBK is true,
0, if AHBK is true,
(BIK)|L(A|H) = < xur, if AHK is true, (2.42)
ur(l—x), if H BK v HK is true,
1L if AH v HBK is true.
* (|g). We recall that (A|H) Ap (B|K) = AHBK|BK, then we have
(BIK)|s(AJH) = AHBK|HK + jp(A]H) =
1, if AHBK is true,
0, if AHBK is true,
)z, if AHK is true, (2.43)
zZp + Ug, if AHK is true,
zp+up(l—x), if H is true,
| 1B/ if AHBK v AHBK is true.
From (2.38), coherence requires that zp = xup and zg + pug(1 — x) = up. Then,
we obtain
1, if AHBK is true,
0, if AHBK is true,
(BIK)[p(A|H) = < xug, if AHK is true, (2.44)
up(l+x), if AHK s true,
1B, if Hv AHBK v AHBK is true.

* (|s). We recall that (A|H) As (B|K) =

have

((AH v H) A (BK v K))|(H v K), then we

(BIK)|s(A[H) = ((AH v H) A (BK v K))|(H v K) + ps(A|H) =

1, if AHB v AHK is true,
0, if AHBK is true,
_ J14ps(1—x), if HBKis true, (2.45)
B ps(l—x), if H BK is true,
zs +us(1—x), if HKis true,
| #s if AH is true.
From (2.38), coherence requires that zg = xpg and zg + ps(1 — x) = ps. Then,
we obtain
1, if AHB v AHK is true,
0, if AHBK is true,
(BIK)|s(A|H) = {1+ us(1 —x), if HBKis true, (2.46)
ps(1—x) if H BK is true,

if AH v HK is true.
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* (lgs)- We recall that (A|H) Ags (B|K) = (AHBK + xHBK + yAHK)|(H v K), then

we have ([53])

(BIK)
(1, if AHBK is true,
0, if AHBK is true,
Y, if AHK is true,
=9 X+ pgs(1—x), if HBK is true,
Hes(1—x), if H BK is true,
Zgs + Hogs(1—x), if HK is true,
Hgs, if AH is true.

From (2.38), coherence requires that zos =

Then, we recall that

(B‘K)|gs(A’H) = 13

-

Xpgs and zgs + pgs(1 —

1, if AHBK is true,

, if AHBK is true,
Y, if AHK is true,
x+pgs(1—x), if HBK is true,
tes(1 —x), if H BK is true,
Hgs, if AH v HK is true.

lgs(A|H) = (AHBK + xHBK + yAHK)|(H v K) + jigs(A|H) =

(2.47)

X) = Hgs-

(2.48)

In Table 2.10 we summarize the possible values of the iterated conditionals
(BIK)|i(A|H),ie{K,L,B,S,gs}.

(BIK)Ik(AIH) | (BIK)IL(AIH) | (BIK)|s(AlH) | (BIK)Is(AIH) | (BIK)lgs(AlH)
AHBK 1 1 1 1 1
AHBK 0 0 0 0 0
AHK XHK XHL XHp 1 y
AHBK UK UL UB Hs Hgs
AHBK UK UL UB Hs Hgs
AHK 1K e up(1 + x) Hs Mgs
leK UK UL [25;; 1+ ]/ls(l—x) x+ptgs(l—x)
HBK uk(l—x) pr(l—x) B us(l—x) Hgs(1— x)
HK 1K pr(l—x) 1B Hs Hgs

TABLE 2.10: Numerical values of (B|K)|;(A|H), i€ {K,L,B,S,gs}. We denotes P(A|H) = x,

P(B|K) =y, and P[(B|K)|i(A[H)] = pi, i

{K,L,B,S, gs}.

Remark 22. In addition to the cases considered in Remark 20, based on property P3 (see
Table 2.10), foreach i € {K,L, B, S, gs}, there are other situations where (B|K)|;(A|H) = u;,
for every p;, and hence the associated bet is called off. For example, the iterated conditional
(B|K)|x(A|H) coincides with ux not only when A|H is true, but also when HBK, or HK,
is true. Moreover, a bet on these iterated conditionals could also be called off for values of x
as well. For instance, (B|K)|x(A|H) reduces to ux, when x = 1 and AHK is true, or when
x = 0 and H BK is true.
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2.5.4 Property P4

In this section, for each i € {K,L,B,S}, we find the set of all coherent assess-
ments on the family {A|H, B|K, (A|H) A; (BIK), (B|K)|;(A|H)}. Moreover, for each
i € {K,L,B,S}, we determine the interval of coherent extensions on (B|K)|;(A|H)
and we check the validity of property P4. Then, we recall that property P4 is satis-
fied by |gs.

The iterated conditioning |

Theorem 14. Let A, B, H, K be any logically independent events. The set 11 of all the coher-
ent assessments (x,y,z, u) on the family F = {A|H, B|K, (A|H) nx (B|K), (B|K)|x(A|H)}
is IT = I U I1", where IT" = {(x,y,z, 1) : x € (0,1],y € [0,1],z € [Z,2"], u = 2} with
Z/ =0,7" = min{x,y}, and II" = {(0,y,0,u) : (y, 1) € [0,1]%}.

Proof. 1t is well-known that the assessment (x,y) on {A|H, B|K} is coherent for every
(x,y) € [0,1]%. By Table (1.2), the assessment z = P((A|H) A (B|K)) is a coherent ex-
tension of (x,y) if and only if z € [z/,z"] where 2’ = 0 and z” = min{x, y}. Assuming
x > 0, from (2.38), it holds that = Z. Then, every (x,y,z u) € IT' is coherent, i.e.,
IT < IT. Of course, if x > 0 and (x,y,z, 4) ¢ IT, then the assessment (x,y, z, i) is not
coherent, i.e. (x,y,z, 1) ¢ IL

Let us consider now the case x = 0, so that zZ = 0 and z” = 0. We show that the
assessment (0,y,0, i) is coherent if and only if (y, 4) € [0, 1]%, that is IT” < TL.

As x = 0, from (2.40), it holds that

1, if AHBK s true,
(BIK)|k(A|H) =<0, if AHBK v AHK is true, (2.49)
u, if AHv HBKv HBK v HKis true,

that is (B|K)|x(A|H) = AHBK + u(A v H). Moreover we have that AHBK + u(A v
H) and the conditional event BK|AH = AHBK + (A v H), where = P(BK|AH),
coincide when AH is true. Then, from Theorem 1, it follows that 4 = # and
hence (B|K)|x(A|H) and BK|AH should also coincide when AH is false. Thus,
(BIK)|x(A|H) and BK|AH coincide in all cases. Therefore 7 = {A|H, B|K, (A|H) Ak
(B|K), (B|K)|x(A|H)} = {A|H, B|K, AHBK|(AHBK v AH v BK),BK|AH} and H4 =
Hv Kv (AHBK v AH v BK) v AH = H v K. The constituents C;,’s and the points
Qy’s associated with (F,P), where P = (0,y,0, i) are the following:

Ci = AHBK,C, = AHBK, Cs = AHK,Cy = AHBK, Cs = AHBK,
Cs = AHK,C; = HBK,Cs = HBK,Cy = HK,

and

Q1=(1,1,1,1),0,=(1,0,0,0),Q3 = (1,4,0,0), Qs = (0,1,0, 1), Qs = (0,0,0, u),
Q6 = (0/]/,0; i’l)/ Q7 = (0/ 1/0/ ,u)/ Q8 = (01 O/ O/ ]/l), QO = (0,]/, O/ ,u)

The constituents contained in H4y = H v K are Cy,...,Cg. The system (X) in (1.6)
associated with the pair (F, P) is
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AM+A+ A3 =0,

A1+y/\3+/\4+y)t6+}\7=y,

A =0,

X 2.50
7\14—}!)\44—}!)\54—}!)\64-}1)&74-#)&8:‘1/{ ( )
MFAA+A3+ A+ A5+ A+ A7+ Ag =1,
A=0i=1,...,8.

We observe that, as y € [0,1], P belongs to the segment with end points Q4, Qs
because P = yQs + (1 —y)Qs. Then, A = (0,0,0,y,1—1y,0,0,0) is a solution of (2.50)
with

P1(A) = Dpc,erM =M+ A2+ A3+ A+ A5+ 16 =1>0,

$2(A) = Ypc,ex M =M+ A+ A+ A5+ A7+ Ag =1>0,

P3(N) = Zh:Chg(AHBKvZH\/EK) Ah=AM+AM+A4+ A5+ A+ Ag=1>0,
Pa(A) = Dpc,can M =M+ A2+ A3 = 0.

LetS" = {(0,0,0,y,1—1y,0,0,0)} denote a subset of the set S of all solutions of (2.50).
We have that M| = M) = M5 = 1 and M} = 0 (as defined in (1.8)). It follows that
I, = {4}. As the sub-assessment P = u on F) = {BK|AH} is coherent Yy € [0,1],
by Theorem 2, it follows that the assessment (0,y,0, #) on F = {A|H, B|K, (A|H) ~x
(BIK), (BIK)|k(A|H)} is coherent for every (y,u) € [0,1]% that is (0,y,0,u) € I1".
Thus IT” < I1. Of course, if (0,y,z, u) ¢ I1” the assessment (0, y, z, i) is not coherent
and hence (0,y,z, u) ¢ I1. Therefore IT = IT U IT".

O

Based on Theorem 14, we obtain

Theorem 15. Let A, B, H, K be any logically independent events. Given any assessment
(x,y) € [0,1]> on {A|H, B|K}, for the iterated conditional (B|K)|x(A|H) the extension
ux = P((B|K)|k(A|H)) is coherent if and only if ux € [uy, x|, where

;L P min{l,z}, ifx > 0;
]/lK—O, VK_{ 1, * l'fx:o' (251)

Proof. Of course, the assessment (x,y) on { A|H, B|K} is coherent. Assume that x > 0.
We simply write p instead of ugx. From Theorem 14, it follows that the set of all
coherent assessments (x,y,z,4) on F = {A|H, B|K, (A|H) ~rx (B|K), (B|K)|x(A|H)}
isIl" = {(x,y,zpu) 0 <x<1,0<y <1z <z<Z pu=7%}, wherez = 0and
z" = min{x,y} (1.2). Then, y is a coherent extension of (x, y) if and only if i € [u’, u"],
where ¢/ = 0 and ¢ = 2 = min{1,%}. Assume that x = 0. From Theorem
14, it follows that the set of all coherent assessments (x,y,z,4) on F = {A|H, B|K,
(AIH) Ak (BIK), (BIK)|x(A[H)} is T = {(0,y,0,1) : (y, ) & [0,1]%}. Then, s is a
coherent extension to (B|K)|x(A|H) of (0,y) on {A|H, B|K} if and only if u € [/, p"],
where ' = 0and p” = 1. O

Remark 23. We notice that the lower and upper bounds 'y and py for (B|K)|x(A|H),
given in (2.51), do not coincide with the lower and upper bound y' and y” for B|A, given
in (2.1). In particular, the extension uxg = 0 to (B|K)|x(A|H) of (1,1) on {A|H, B|K}
is coherent because, as uy = 0, the assessment (1,1,0) on {A|H, B|K, (B|K)|x(A|H)} is
coherent. However, u = 0 is not a coherent extension to B|A of (1,1) on { A, B}, because, as
W= w = 1, the assessment (1,1,0) on {A, B, B|A} is not coherent. Therefore,
property P4 is not satisfied by |k.
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In the following example we show that the invalidity of property P4 leads to
some counterintuitive aspects.

Example 4. In a random experiment we are supposed to pick a ball from one of two bags, U
and V, both containing white balls. We do not know which of the two bags is selected. We
set H ="the ball is picked from the bag U” (and hence H ="the ball is picked from the bag
V") and A ="the drawn ball is white”. Of course P(A|H) = P(A|H) = 1. Based on (2.39)
it holds that

(A‘H)lK(A|H)7: (A\H) AK (ALH) + Uk (A\H) = AHI:I](HH v AH v AH) + Uk (A\H) =
= J|A+px (A|H) = 0 + px (A|H) =0,

because, by coherence, g = 0. Then, P[(A|H)|x(A|H)] = 0 is the unique coherent exten-
sion of P(A|H) = P(A|H) = 1. Thus, when using |k, the iterated conditional if the drawn
ball is white if picked from U, then it is white if picked from V has a prevision of 0,
even if both conditionals, the drawn ball is white if picked from U and the drawn ball
is white if picked from V, have probability 1.

The iterated conditioning |; We obtain results similar to the case |x. Indeed we
have

Theorem 16. Let A, B, H, K be any logically independent events. The set I1 of all the coher-
ent assessment (x,y,z, u) on the family F = {A|H, B|K, (A|H) ~r (B|K), (B|K)|L(A|H)}
is IT = IT U I1", where IT" = {(x,y,z, 1) : x € (0,1],y € [0,1],z € [Z,2"], u = 2} with
Z' =0,2" = min{x,y}, and I1" = {(0,y,0, 1) : (y, 1) € [0,1]%}.

Proof. 1t is well-known that the assessment (x,y) on {A|H, B|K} is coherent for every
(x,y) € [0,1]>. By Table (1.2), the assessment z = P((A|H) A1 (B|K)) is a coherent ex-
tension of (x,y) if and only if z € [z/,z"] where 2/ = 0 and 2" = min{x, y}. Assuming
x > 0, from (2.37) it holds that 4 = %. Then, every (x,y,z,u) € IT is coherent, i.e.,
IT < I1. Of course, if x > 0 and (x,y,z, 1) ¢ IT, then the assessment (x, y, z, 1) is not
coherent, i.e. (x,y,z,u) ¢ I

Let us consider now the case x = 0, so that zZ = 0 and z” = 0. We show that the
assessment (0,y,0, %) is coherent if and only if (y, ) € [0,1]%, thatis [1” < I1. As
x = 0, from (2.42), it holds that

1, if AHBK is true,
(BIK)|L(A|H) =10, if AHBK v AHK is true, (2.52)
ur, if AHv HBK v HBK v HK is true.

that is (B|K)|L(A|H) = BK|AH (see proof of Theorem 14). Therefore F =
{A|H,B|K, (A|H) ~r (BIK), (B|K)|L(A|H)} = {A|H,B|K, AHBK|(AHBK v AH v
BKv HK),BK|AH}and H4 = Hv Kv (AHBK v AH v BK v HK) v AH = Q. The
constituents C;s and the points Q} s associated with (F,P), where P = (0,y,0, ),
are the following (see also Table 2.11):

C = AHBK,C, = AHBK,C; = AHK,Cy = AHBK,Cs = AHBK,
Cs = AHK,C; = HBK,Cs = HBK,Cy = AK,

and

Q1=(1,1,1,1),Q, =(1,0,0,0),Q3 = (1,4,0,0), Qs = (0,1,0, 1), Qs = (0,0,0, u),
Q6 = (O/]/IOz l’l)l Q7 = (01 110r l’l)l Q8 = (0/ 0/ 0/ ]’l)l Q9 = (0,]/; 0/ ,u)
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The system (X) in (1.6) associated with the pair (F,P) is

Ci | AIH BIK (A[H) ~L (BIK) (BIK)[L(A[H) | Qu
Ci | AHBK | 1 1 1 1 Q1
Co | AHBK | 1 0 0 0 Q2
C3 AHK 1 y 0 0 Q3
Cs | AHBK | 0 1 0 H Q4
Cs | AHBK | 0 0 0 i Qs
Ce| AHK | 0 y 0 i Qs
C7 HBK 0 1 0 U Q7
Cs | HBK 0 0 0 u Qs
Co | HK 0 y 0 i Qo

TABLE 2.11: Constituents and points Qj’s associated with F = {A|H,B|K,(AlH) AL
(BIK), (BIK)[L(A|H)} and P = (0,y, 0, p)-

(M + A2+ A3 =0,
A1+y)t3+/\4+y)\6+)\7+y)\9=y,
A =0,

X 2.53
M+ pAg + pds + pde + uA7 + uAg + Ao = u ( )
MAAM+A3+ A4+ A5+ A6+ Ay +Ag+Ag =1,

L A=20,i=1,...,9.

We observe that P belongs to the segment with end points Qs, Qs; indeed

0,y,0,u) = yQs+ (1 —y)Qs = y(0,1,0,u) + (1 —y)(0,0,0, ). Then, the vector
A=1(0,0,0y,1-y,0,0,0,0) is a solution of (2.53), with

P1(A) = Dpc,enM =M+t A2+ A3+ A+ A5 =1>0,
P (A) = Zh:C;,gK Ap=M+A+A4+A5=1>0,
$3(A) = e, c(AHBKY AHVBKVAK) M = M+ A2+ Ag+ A5 + A + As + Ao =1 >0,
Pa(A) = Dpc,cap M =A + A2+ A3 =0.

Let &’ = {(0,0,0,y,1—1,0,0,0,0)} denote a subset of the set S of all solutions of
(2.53). We have that M| = M) = M}, = 1 and Mj = 0 (as defined in (1.8)).
It follows that Ij = {4}. As the sub-assessment P = u on F; = {BK|AH} is
coherent Vi € [0,1], by Theorem 2, it follows that the assessment (0,y,0, 1) on
F = {A|H,BIK, (A|H) A1 (B|K), (B|K)|L(A|H)} is coherent for every (y, ) € [0,1]?,
thatis (0,y,0, ) € I1”. Thus IT” < I1. Of course, if (0,y,z, ) ¢ I1” the assessment
(0,y,z, ) is not coherent and hence (0,y, z, i) ¢ I1. Therefore I'T = IT" U IT". O

Based on Theorem 16, we obtain

Theorem 17. Let A, B, H,K be any logically independent events. Given a coherent as-
sessment (x,y) on {A|H, B|K}, for the iterated conditional (B|K)|r(A|H) the extension
ur = P((B|K)|L(A|H)) is coherent if and only if uy, € [y}, u} |, where

min {1, %}, ifx>0;
im0 - { b g0

Proof. The proof is the same as in Theorem 15 where K is replaced by L and Theorem
14 is replaced by Theorem 16. O
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Remark 24. Theorem 17 shows that the interval of coherent extensions [p}, u}] for ur, =
IP[(B|K)|L(A|H)] does not coincide with the interval [u', u"| of coherent assessment for
u = P(B|A) where y' and y" are as in (2.1). Thus, property P4 is not satisfied by |.

The iterated conditioning |[p We continue by analysing the set of coherent ex-
tensions for the iterated conditional |g. We first show that, when we evaluate
P[(B|K)|g(A|H)], if P(A|H) = 0, then coherence requires that P((A|H) Ap (B|K)) =
0.

Remark 25. We recall that, given any (x,y) € [0,1]?, where x = P(A|H) and y = P(B|K),
the interval of coherent extensions on zg = P((A|H) ~p (B|K)) is [2%,z%] = [0,1] (Table
1.2). In particular it is coherent to assess (0,y,zp), with zg > 0, on {A|H, B|K, (A|H) Ap
(BIK)}. However, for the object (B|K)|p(A|H) coherence also requires that zp = ppx (see
2.37). Then, coherence requires that zg = 0 when we consider the assessment (0,v,zg, Up)
on {A|H, B|K, (A|H) ~p (BIK), (B|K)|s(A|H)}.

Theorem 18. Let A, B, H, K be any logically independent events. The set 11 of all the coher-
ent assessments (x,y,z, u) on the family F = {A|H, B|K, (A|H) ~p (B|K), (B|K)|p(A|H)}
is IT = IT" U I1", where IT" = {(x,y,z, 1) : x € (0,1],y € [0,1],z € [Z,2"], u = 2} with
7 =0,2"=1,and 1" = {(0,y,0, 1) : (y, u) € [0,1]?}.

Proof. Of course the assessment (x,y) on {A|H,B|K} is coherent for every
(x,y) € [0,1]*>. By Table (1.2), the assessment z = P((A|H) p (B|K)) is a co-
herent extension of (x,y) if and only if z € [z/,z"] where 2/ = 0 and z” = 1. Assuming
x > 0, from (2.37) it holds that 4 = %. Then, every (x,y,z,u) € IT is coherent, i.e.,
IT c I1. Of course, if x > 0 and (x,y,z, 1) ¢ IT, then the assessment (x,y, z, i) is not
coherent, i.e. (x,y,z, 1) ¢ IL

Let us consider now the case x = 0. We recall that it is coherent to assess
(0,y,2), with z > 0, on {A|H,B|K, (A|H) ~p (B|K)} (see Table 1.2). However, for
the further object (B|K)|g(A|H) coherence also requires that z = wux (see 2.37).
Then, coherence requires that z = 0 when we consider the assessment (0,y,z, 1) on
{A|H, BIK, (A|H) ~p (B|K), (BIK)|g(A|H)}. We show that the assessment (0,y,0, )
is coherent if and only if (y, 1) € [0,1]% thatis [1” < T1. As x = 0, from (2.44), it
holds that

1, if AHBK is true,
(B|K)|p(A|H) =<0, if AHBK v AHK is true, (2.55)
up, if Hv AHBK v AHBK v AHK is true,

that is (B|K)|p(A|H) = BK|AH (see proof Theorem 14). We show that the as-
sessment P = (0,y,0,u) on F = {A|H,BIK,(A|H) ~ng (B|K), (B|K)|g(A|H)} =
{A|H, B|[K, AHBK|HK, BK|AH} is coherent if and only if (y,u) € [0,1]%, that is
IT” < II. We observe that H4 = Hv Kv HK v AH = H v K. The constituents
C;,s and the points Q) s associated with (F,P), where P = (0,y,0, ), are the follow-
ing:

C; = AHBK,C, = AHBK,C3 = AHK,Cy = AHBK,Cs = AHBK,

C¢ = AHK,C; = HBK,Cg = HBK,Cy = HK,

and

Q1=(1,1,1,1),0,=(1,0,0,0),Q3 = (1,4,0,0), Qs = (0,1,0, 1), Qs = (0,0,0, u),
Q6 = (O/ylof i’l)l Q7 = (0/ 1/01;1’[)/ QS = (OIO/OIV)/P = QO = (O/ylor,u)
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The system (X) in (1.6) associated with the pair (F,P) is

(M +A2+A3=0,
MAYA3+ A4 +yAg + A7 =y,

A =0,

M+ pAg + pAs + pde + pA7 + udg = u
MAA+A3+A4+A5+ A6+ A7+ Ag =1,
Ai=0,i=1,...,8

(2.56)

\

We observe that P belongs to the segment with end points Q4, Qs; indeed

0,%,0,4) =yQs+ (1 —y)Q5 = y(0,1,0, 1) + (1 —y)(0,0,0, p).
Then the vector A = (0,0,0,y,1—v,0,0,0) is a solution of (2.56), with

)
A) :Zh:chgk/\h =M+A+Aa+ A5+ A7+ A5 =1>0,
A) =Yhc,cHk M =M+ A2+ A+ A5 =1>0,

A) =Yhc,cantn =M+ A2+ A3 =0.

LetS" = {(0,0,0,y,1—1y,0,0,0)} denote a subset of the set S of all solutions of (2.56).
We have that M| = M), = M5 = 1 and M} = 0 (as defined in (1.8)). It follows that
I, = {4}. As the sub-assessment P) = u on F) = {BK|AH} is coherent Yy € [0,1],
by Theorem 2, it follows that the assessment (0,y,0, 4) on F = {A|H, B|K, (A|H) A5
(BIK), (B|K)|p(A|H)} is coherent for every (y,u) € [0,1]%, that is (0,y,0,u) € I1”.
Thus IT” < I1. Of course, if (0,y,z, u) ¢ I1” the assessment (0, y, z, i) is not coherent
and hence (0,y,z, u) ¢ I1. Therefore IT = IT U IT". O

Theorem 19. Let A, B, H,K be any logically independent events. Given a coherent as-
sessment (x,y) on {A|H, B|K}, for the iterated conditional (B|K)|g(A|H) the extension
up = P[(B|K)|p(A|H)] is coherent if and only if up € [up, ugl, where

1
=0 w={ 3 iy @s7)
Proof. Assume that x > 0. We simply write p instead of yp. From Theorem 18 it
follows that the set of all coherent assessments (x,y,z, u) on F is IT = {(x,y,z, u) :
0<x<10<y<1z <z<z pu=2%}, wherez =0andz" =1 (see Table 1.2).
Then, u is a coherent extension of (x,y) if and only if u € [y/, "], where y’ = 0 and
o= %” = % Assume that x = 0. From Theorem 18 it follows that the set of all
coherent assessments (x,y,z,u) on F = {A|H, B|K, (A|H) ~p (B|K), (B|K)|p(A|H)}
isI1” = {(0,y,0,1) : (y,u) € [0,1]?}. Then, u is a coherent extension to (B|K)|z(A|H)
of the assessment (0,y) on {A|H, B|K} if and only if y € [y, u"], where y’ = 0 and
u =1. O

Remark 26. We notice that the lower and upper bounds 'y and u3 for (B|K)|p(A|H),
given in (2.57), do not coincide with the lower and upper bound y' and y” for B|A, given
in (2.1). In particular, the extension ug = X to (B|K)|g(A|H) of (x,y) on {A|H, B|K},
with 0 < x < 1, is coherent. Indeed, as yy = %,from (2.57), the assessment (x,y, %) on
{A|H, BIK, (B|K)|g(A|H)} is coherent. However, we recall that y = % is not a coherent
extension to B|A of (x,y) on {A, B}, with 0 < x < 1. Indeed, as 1 > 1 > y" = min{x,y},
from (2.1) the assessment (x,y, 1) on {A, B, B|A} is not coherent. Therefore, property P4 is
not satisfied by |p.

We also notice that, when P(A|H) > 0, as (A|H) ~np (B|K) = AH|BK, from (2.38) it holds
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that

_ P((AIH) A5 (BIK)) _ P(AH|BK)
We point out that the prevision of (B|K)|p(A|H) given in (2.58) coincides with the prob-
ability of the super-conditional event Bx|Ap, denoted by P*(Bx|Aw), introduced in [6,
formula (20)]. As P*(Bk|Apn) can assume values greater than 1, in [6] it has been called

conditional hyper-probability.

The iterated conditioning |s We first show that, when we evaluate
P[(B|K)|s(A|H)], if P(A|H) = 0, then coherence requires that P((A|H) As (B|K)) =
0.

Remark 27. We recall that, given any (x,y) € [0,1]?, where x = P(A|H) and y = P(B|K),

the interval of coherent extensions on zs = P((A|H) As (B|K)) is [2/,2"] where (see Table
1.2)

x+y—2xy .
z' =max{x+y—1,0} and 2" = { T—xy 7 if (x,y) # (1,1),

1, if () = (1,1).
In particular it is coherent to assess zg > 0 when x = 0. However, for the object
(B|K)|s(A|H) coherence also requires that zg = ugx (see 2.37). Then, coherence re-

quires that zg = 0 when we consider the assessment (0,y,zs, us) on {A|H, B|K, (A|H) Ag
(BIK), (BK)|s(A|H)}.

Theorem 20. Let A, B, H, K be any logically independent events. The set 11 of all the coher-
ent assessments (x,y, z, p) on the family F = {A|H, B|K, (A|H) ~s (B|K), (B|K)|s(A|H)}
is IT = IT U IT”, where

I ={(x,y,z,u) :xe 0,1,y [0,1],z€ [Z,2"],u = Z},

x+y—2xy . (2.59)
with z/ = max{x +y—1,0},2" = I—xy 7/ z'f(x,y) # (11),
1, if (x,y) = (1,1),
and
1" = {(0,y,0,u) : y € [0,1], u = 0}. (2.60)

Proof. We know that the assessment (x,y) on {A|H,B|K} is coherent for every
(x,y) € [0,1]%. We also recall that the assessment z = P((A|H) A5 (B|K)) is a co-
herent extension of (x,y) if and only if z € [z/,2”], where (see Table 1.2)

x+y—2xy .
7z = max{x +y— 1,0} and 7" = 1-xy 7 l (x/ y) # (1/ 1)1
1 if (x,) = (1,1)

Assuming x > 0, then it follows from (2.37) that 4 = Z. Thus, as every (x,y,z,u) € IT
is coherent, it holds that IT" < II. Of course, if x > 0 and (x,y,z,u) ¢ IT, then
(x,y,z, 1) is not coherent, i.e. (x,y,z,u) ¢ IL

Let us consider now the case x = 0. From Remark 27, coherence requires that z = 0.
We show that the assessment P = (0,,0, u#) is coherent if and only if y € [0, 1] and
# =0, and hence IT” < I1. As x = 0, by (2.46) it holds that

1, if AHBK v AHK is true,
0, if AHBK is true,
(BIK)ls(A|H) = 1, if AH v HK v H BK is true, (2.61)

1+, if HBK is true,
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that is, when x = 0,
(B|K)|s(A|H) = [AHBK + AHK + (1+ y)HBK]|(AH v HBK).

Then, we have F = {A[H, B|K, (AH v H) A (BK v K)|(H v K), (AHBK + AHK +
(1+ u)HBK)|(AH v HBK)}, with Hy = Hv Kv (Hv K) v (AH v HBK) = H v K.
Therefore, the constituents and the points Q),’s associated with (F, P) are

Ci = AHBK,C, = AHBK,Cs = AHK,Cy = AHBK, Cs = AHBK,
Cs = AHK,C; = HBK,Cs = HBK,Cy = HK,

and

Ql = (1/ 1/ ]-/ 1)/ QZ = (11 010/0)/ Q3 = (1/% 1/1)/ Q4 = (0/ 1/0/ ]’l)/ Q5 = (010/0/ V)/
Q6 = (O/ylof l’l)l Q7 = (OI 1/ 1/1 + "l/l), Q8 = (OIO/O/V)/P = QO = (O/ylof,u)

The system (%) in (1.6) associated with the pair (F,P) is

(A + A+ A3 =0,

)\1+y/\3+)\4+y)\6+)\7:y,

AM+A3+ A7, =0,

AL+ Az + pAy + pAs + pde + (14 p)Ay + pAg =,
MAA+A3+A4+A5+ A+ A7+ Ag =1,
Ai=0,i=1,...,8

(2.62)

\

We observe that P belongs to the segment with end points Q4, Qs; indeed

0,9,0,1) =yQa+ (1 =y)Qs =y(0,1,0,p) + (1 —y)(0,0,0, ).
Then, the vector A = (0,0,0,y,1 —y,0,0,0) is a solution of (2.62), with

P1(A) =Dpc,ecut =M+ A+ A3+ A+ A5+ A6 =1>0,

4)2(1\) = Zh:Cth/\h =M+ +A+ A5+ A7+ A5 =1>0,

P3(A) = Dpc,crvk M =M+t A2+ A3+ A+ A5 + A+ A7+ Ag =1>0,
$a(A) = 2pc,canvisr)y M =M+ A2+ A3+ A7 = 0.

LetS’ = {(0,0,0,4,1—1y,0,0,0)} denote a subset of the set S of all solutions of (2.62).
We have that M| = M, = M} = 1 and M}, = 0 (as defined in (1.8)). It follows that
I = {4}. We set Fy = {(AHBK + AHK + (1 + u)HBK)|(AH v HBK)} and P} = p.
By exploiting the betting scheme, we show that the assessment y on the conditional
random quantity (AHBK + AHK + (1 + #)HBK)|(AH v HBK) is coherent for every
u = 0. The random gain for the assessment y is

G = s(AH + HBK)(AHBK + AHK + (1 + ) HBK — p).

Without loss of generality we can assume s = 1. The constituents in AH v HBK are
C; = AHBK,C, = AHBK,C3 = AHK,C4 = HBK and the corresponding values for
therandom gainGareg; =1—u, 9 = —u, 93 = 1 — . = 1,94 = 1. Hence the set of
values of G restricted to AH v HBK is G 4. gpx = {81, 82,84} = {1 —u, —p,1}. We
distinguish two cases: (i) u < 0; (ii) u > 0.
Case (i). We observe that, 1 —u > 0, —pu > 0, and hence min G ,j;,, gk > 0. Then the
assessment Py on JF is incoherent.
Case (ii). We observe that, minG 5, g = —}# < 0and max Gy, q5x = 1 > 0.
Then, as

minG g, g - MaxXYap, apx < 0,
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the assessment Py on Fy is coherent. Then, as System (2.62) is solvable and Py on
Fo is coherent, by Theorem 3 it follows that every assessment (0,y,0, ) on F is
coherent if and only if (0,y,0,u) € 11" = {(0,y,0,u) : y € [0,1],4 = 0}. Thus,
IT" < I1. Of course, if (0,y,z, u) ¢ I1” the assessment (0,y, z, u) is not coherent and
hence (0,y,z, i) ¢ IL. Therefore IT = IT L IT". O

Remark 28. From Theorem 20 we observe that, when x = 0, the set of all coherent assess-
ments (x,y,z,u) on F is I1" given in (2.60). Then, in this case, p = P[(B|K)|s(A|H)] =
P[(AHBK + AHK + (14 u)HBK)|(AH v HBK)] is coherent for every value y > 0.

Based on Theorem 20, when x > 0, we obtain the following result on the lower
and upper bounds for IP[(B|K)|s(A|H)].

Theorem 21. Let A, B, H,K be any logically independent events. Given a coherent as-
sessment (x,y) on {A|H, B|K}, with x # 0, for the iterated conditional (B|K)|s(A|H) the
extension ps = IP[(B|K)|s(A|H)] is coherent if and only if us € [, pug], where

_ xHy=2xy .
e = max(* Y1 gy andﬂfg'={ SR iay) £ (1)

L if (v, y) = (1L, 1).

Proof. We simply write u instead of us. As x > 0, from Theorem 20 it follows
that the set of all coherent assessments (x,y,z,4) on F = {A|H,B|K, (A|H) Ag
(BIK), (B|K)|s(A|H)} is the set IT" given in Theorem 20. Then, y is a coherent ex-
tension of (x,y) if and only if u € [y/, u"], where y’ and " are

(2.63)

/ - " X+y—2xy . .
p = z_ max{ix i 1,0} and p" = 2] ?f (x,y) # (1,1);
x X 1, if (x,y) =(1,1)

O]

Remark 29. We observe that the lower and upper bounds ys and u¢ for (B|K)|s(A|H),
given in (2.63), do not coincide with the lower and upper bound y' and y” for B|A, given
in (2.1). Then, formula P4 is not satisfied by |s. In particular the extension yg = 1 to

(BIK)|s(A|H) of (x,1) on {A|H, B|K}, with 0 < x < 1, is coherent because y¢ = x(ll:xx) =

1. However, the assessment p = L is not a coherent extension on y = P(B|A) of P(A) = x,
P(B) = 1, because by (2.1) it holds that u” < 1 < 1. We also notice that in a bet on the
iterated conditional(B|K)|s(A|H), by paying (the coherent assessment) yg = %, with x €
(0,1), the amount 1, received when both the conditional events A|H and B|K are true, does
not coincide with the maximum value of the random win. In other words, we obtain that the
associated random gain G = (B|K)|s(A|H) — ug is negative even when both the antecedent
and the consequent of the iterated conditional are true. For instance, by setting x = % and
Hs = L+ = 3, if the event H BK is true, then the iterated conditional (B|K)|s(A|H) =

X

1-1=3-1=2>1landhenceG=2-3=—1

The iterated conditioning | ¢s We recall that |5, unlike all the other iterated con-
ditioning, satisfies property P4 ([90, Theorem 4]). Indeed, given a coherent as-
sessment (x,y) on {A|H, B|K}, under logical independence, for the iterated condi-
tional (B|K)|¢s(A|H) the extension u = IP[(B|K)|ss(A|H)] is coherent if and only if

1 € [pgs, pgs], where

,_ f max{* L0}, ifx#0, , _ [ min{l, %}, ifx=#0,
Hes =7 o, ifx=0, " "&£ 1, if x =0,



Chapter 2. A probabilistic analysis of selected notions of iterated conditioning 53
under coherence

which coincide with p’ and p” given in (2.1), respectively. As we can see from Table
2.12, only the iterated conditioning |¢s satisfies property P4.

Iterated conditioning Interval of coherent extensions
lc [0,1]
|ar [0,1]
IF [0,1]
min{l,z}, if x #0;
x [0’ { 1, ifx=0. ]
B o f min{l ¢}, ifx#0;
"1, if x = 0.
1 jfo<x<1,
s [0’{{ ifx:0vx=1.]
X+y—2xy . .
max{*=1 01, x(1-xy) %f (x,y) # (L,1); if x # 0;
S x 1, if (x,y) = (1,1).
=0, ifx=0;
| max{**=1 0}, ifx#0, [ min{l, %}, ifx#0,
& 0, ifx=0" {1 if x = 0.

TABLE 2.12: Interval [y, u”] of coherent extensions of the assessment (x,y) € [0,1]* on
{A|H, B|K} to the iterated conditional (B|K)|;(A|H), i € {C,dF,F,K,L,B,S, gs}, under the
assumption that A, H, B, K are logically independent.

2.5.5 Import-Export principle

In this section we show that none of the iterated conditioning |k, |1, |3, |s, |¢s satis-
fies the Import-Export principle. We recall that the Import-Export principle is valid
when (B|K)|A = B|AK (see equation (2.2)). We remind that, in agreement with [1,
71] and differently from [80], for the iterated conditional (B|K)|¢s(A|H) the Import-
Export principle is not valid. As a consequence, as shown in [53] (see also [91, 90]),
Lewis’ triviality results ([79]) are avoided by |¢s. For what concerns the iterated con-
ditioning |k, |1, |B, |s, it holds that (B|K)|;A # B|AK, i € {K,L,B, S}, because there
are some constituents where the two objects may assume different values (see Ta-
ble 2.13). For instance, when AK is true and z = P(B|AK) # 1, it follows that
(BIK)[sA = 1 # z = B|AK. Then, none of the iterated conditioning |, |r,|B, |s, |gs
satisfies the Import-Export principle. However, we observe that Import-Export
principle could be satisfied under some suitable logical relations among the events
A,B,K. For instance, if AK = (7, it can be easily proved that (B|K)|;A = B|AK,
i € {K,L,S,gs}. Thus, when AK = (¢, the Import-Export principle is satisfied by
(BIK) kA, (BIK)|LA, (BIK)|sA, and (BIK)|gs A.
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(BIK)|kA | (BIK)[LA | (BIK)[gA | (BIK)[sA | (BIK)|gsA | BJAK
ABK 1 1 1 1 1 1
ABK 0 0 0 0 0 0
AK XK XHL XU 1 y z
ABK 135 L MB Hs Pgs z
A BK K L MB Hs Pgs z
AK Pk L p(1+x) Ms Hes z

TABLE 2.13: Numerical values of (B|K)|;A, i € {K,L,B,S,gs} and of the conditional
event B|[AK. We denotes x = P(A), y = P(B|K), z = P(B|AK) and u; = P[(B|K)|;A],
ie{K,L,B,S,gs}. We observe that (B|K)|;A # B|AK,ie {K,L,B,S, gs}.

2.5.6 Generalised versions of Bayes’ rule

In this section, by exploiting property P4, we analyse generalised versions of Bayes’
Rule for the iterated conditioning |, |1, s, |s, and |gs.

From (2.38) it follows that P[(B|K) A; (A|H)] = P[(BIK)|;(A|H)]P(A|H) =
P[(A|H)|;(B|K)]P(BIK), i€ {K,L,B,S,gs}. Then, when P(A|H) > 0 it holds that

P[(A[H)[:(BIK)]P(B|K)

P[(BIK)[i(A|H)] = P(A[H)

(2.64)

,ie€{K,L,B,S,gs}.

Formula (2.64) is a generalisation of the following well-known version of Bayes’s
e P(AIB)P(B)
P(BJ|A) = T PlA)

where the events A, B are replaced by the conditional events A|H, B|K, respec-
tively, and the conditioning operator | is replaced by the iterated conditioning |;,
i € {KL,B,S,gs}. We also recall that, given two events A and B, it holds that
A = AB v AB, and hence P(A) = P(AB) + P(AB) = P(A|B)P(B) + P(A|B)P(B).
Then, we obtain the following version of Bayes” Rule

if P(A) > 0,

P(A|B)P(B)
(A[B)P(B) + P(A|B)P(B)’

P(BJA) = 5 (2.65)

We now check, for each iterated conditioning |;, i € {K, L, B, S, gs}, the validity of the
following generalised version of formula (2.65)

P{(A[H)|(BIK)]P(B|K)

PIAIH)[(BIK)IP(BK) + PLAIH)BRIPEK)

P[(BIK)|(A[H)] =

Based on (2.38),for each i € {K, L, B, S, s}, it follows that

P[(A|H) A (BIK)] + P[(A|H) r; (BIK)] = P[(A|H)|:(BIK)]P(BIK) + P[(A|H)|:(BIK)]P(BIK).
(2.67)
We recall that when A, B, and B in the equality A = (A A B) v (A B) are
replaced by the conditional events A|H, B|K, and B|K, respectively, and the conjunc-
tion A is replaced by aj, i € {K, L, B, S}, it holds that the corresponding equality is
not satisfied. Indeed we have that

(AIH) # [(A|H) a; (BIK)] v: [(AlH) A; (BIK)], i€ {K,L,B,S}.

More precisely, it holds that (see [60, Section 4.1])
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e [(A|H) rx (BIK)] vk [(A|H) rx (BIK)] = AHK|(AHK v AH) # A|H;
* [(AlH) AL (BIK)] vi [(AlH) AL (BIK)] = AHK|(H v K) # A|H;

* [(A|H) ~p (BIK)] v [(A|H) Ap (BIK)] = A|(HK) # A|H;

* [(A[H) s (BIK)] vs [(A[H) s (BIK)] = (A v H)|(H v K) # A|H.

Moreover, for each i € {K,L,B,S}, we observe that the conditional probability
P(A|H) does not necessarily coincide with the sum

P((A[H) ~; (BIK)) + P((A|H) A; (B|K)).

Indeed, it can be proved that the assessment (1,0,0) on {A|H,(A|H) A;
(BIK), (A|H) ~; (BIK)}, i € {K,L,B}, as well as the assessment (1,1,1) on
{A|H, (A|H) rs (B|K), (A|H) As (B|K)}, is coherent. As a consequence, from (2.67),
we obtain that the probability P(A|H) does not necessarily coincide with

P[(A[H)|;(B|K)]P(BIK) + P[(A|H)|:(B|K)]P(B|K).

Thus, for each iterated conditioning |;, i € {K,L, B,S}, the generalised version of
Bayes’s Rule given in formula (2.66) is not satisfied. However, we recall that ([50])

(A|H) = (A|H) Ags (BIK) + (A|H) Ags (BIK).
Then, by the linearity property of a coherent prevision and by (2.67), it follows that

P(A|H) = P[(A|H) ngs (BIK)] + P[(A|H) Ags (BIK)] =
= P[(A[H)]gs(BIK)]P(B|K) + P[(A|H)|gs(B[K)]P(B|K).

Hence, when P(A|H) > 0, it holds that

PAH)|s(BK)IPGBIK)
P(AIH)](BIK)JP(BIK) + P[(A[H) |5 (BIK)IP(BIK)

P[(B[K)|gs(A|H)] = (2.68)

Therefore, the generalisation of the second version of Bayes” Rule only holds for |
and does not hold for |g, |1, |, and |s.

2.6 Generalised version of Modus Ponens and two-premise
centering

In this section, for selected definitions of the iterated conditioning with possible
value in [0, 1], based on the probability propagation rules obtained in the previous
sections and exploited for checking the validity of property P4 (see Table 2.12), we
study the p-validity of the generalisation of two inference rules: Modus Ponens and
two-premise centering. We first recall the notions of p-consistency and p-entailment
for conditional random quantities, which take values in a finite subset of [0, 1] ([90]).
These concepts are based on the notions of p-consistency and p-entailment given for

conditional events by Adams ([1]) and also studied in the setting of coherence in
[46].

Definition 12. Let F,, = {X;|H;, i = 1,...,n} be a family of n conditional random
quantities which take values in a finite subset of [0, 1]. Then, F,, is p-consistent if and only
if, the (prevision) assessment (1, Ha, ..., un) = (1,1,...,1) on F, is coherent.
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Definition 13. A p-consistent family F,, = {X;|H;, i = 1,...,n} p-entails a conditional
random quantity X|H, which takes values in a finite subset of [0,1], denoted by F, =
X|H, if and only if for any coherent (prevision) assessment (u1, . .., Un,z) on F, v {X|H}:
ifuy=---=up=1thenz = 1.

We say that the inference from a p-consistent family of premises F;, to a conclu-
sion X|H is p-valid if and only if F;, p-entails X|H.

We recall that as the iterated conditionals (B|K)|c(A|H), (B|K)|sr(A|H), and
(B|K)|r(A|H) are conditional events, their indicators take values in the interval [0,1].
Moreover, from Table 2.10 we observe that the iterated conditionals (B|K)|x(A|H),
(B|K)|L(A|H) and (B|K)|gs(A|H) take values in [0, 1]. On the other hand, the iterated
conditionals (B|K)|g(A|H) and (B|K)|s(A|H) may take values outside the interval
[0,1]. Thus, in order to examine the p-validity of generalised inference rules, we will
only consider the iterated conditionals (B|K)|;(A|H), i € {C,dF,F,K,L,gs}.

2.6.1 Modus Ponens

We recall that, given two events A and B the Modus Ponens inference, with (p-
consistent) premise set {A, B|A} and conclusion B, is p-valid ([93], see also [48, 68]),
that is

{A,B|A} =, B. (2.69)

Foreachie {C,dF,F,K, L, gs}, we will study the p-validity of the generalised version
of Modus Ponens obtained when the events A, B are replaced by the conditional
events A|H, B|K and the conditional event B| A is replaced by the iterated conditional
(BIK)|;(A|H)?. An example of this generalisation is (see also [43, 89]):

AlH

The cup is fragile if made of glass .
AlH BIK

If the cup is fragile if made of glass , then it breaks if dropped.
B|K

Therefore, the cup breaks if droppe;l.

Then, we check the p-validity of the generalised version of Modus Ponens where the
premise set is {A|H, (B|K)|;(A|H)} and the conclusion is B|K, that is

P(A|H) =1, P[(B|K)|;(A|H)] =1 = P(BIK) = 1. (2.70)

It is easy to verify (see Table 2.12) that the family {A|H, (B|K)|;(A|H)} is p-consistent,
i € {C,dF,F,K,L,gs}. We will show that the generalised version of Modus Ponens
is p-valid for |; € {|k, |1, |¢s}. Indeed, in these cases from Table 2.12 it follows that
P[(BIK)[i(A|H)] < p! = min{1,2} = y = P(B|K), when P(A|H) = x = 1. Then,
P(BJ|K) is necessarily equal to 1, when P(A|H) = 1 and PP[(B|K)|;(A|H)] = 1 and
hence formula (2.70) is satisfied. Thus,

{AlH, (BIK)i(A|H)} =, BIK, i€ {K,L,gs}. (2.71)

For i € {C,dF, F}, as illustrated in Table 2.12, the interval of coherent extensions
(1!, u!] on (B|K)|;(A|H) of the assessment (1,0) on { A|H, B|K} coincides with the unit
interval [0,1]. In particular the assessment (1,1,0) on {A|H, (B|K)|;(A|H), (B|K)} is

2The particular case where K = Q and |; = | ¢s has been studied in [89].
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coherent and hence formula (2.70) is not satisfied for i € {C,dF, F}, that is
{AH, (BIK){(AH)} =, BIK, i€ {C,dF,F}. 2.72)

Concerning the example above, from P(the cup is fragile if made of glass) = 1 and
IP[If the cup is fragile if made of glass, then it breaks if dropped] = 1, it follows (as a
natural result) that P(the cup breaks if dropped) = 1 when the iterated conditioning
is interpreted as |k, |1, |gs, because (2.70) is satisfied in these cases. However, the
same conclusion does not follow (which is strange) when the iterated conditioning
is interpreted as |c, |4r, and |r because (2.70) does not hold in these cases.

2.6.2 Two-premise centering

We recall that the inference of two-premise centering, that is inferring if A then B from
the two separate premises A and B, is p-valid ([90]). Indeed, given two events A and
B it holds that

{A, B} =, BJA. (2.73)

For each i € {C,dF,F,K,L,gs}, we will study the p-validity of the generalised
version of two-premise centering, where the unconditional events A, B are replaced
by the conditional events A|H,B|K, respectively, and the conditional event B|A is
replaced by the iterated conditional (B|K)|;(A|H). An example of this generalisation
is

AlH

The cup is fragile if made of glass .
BIK

The cup breaks if droppegl.
AlH BIK

- % ~ ——
Therefore, if the cup is fragile if made of glass , then it breaks if dropped.

For each i, we consider as premise set { A|H, B|K}, as conclusion the iterated con-
ditional (B|K)|;(A|H) and we check the p-validity of the generalised version of two-
premise centering, that is

P(A|H) =1, P(BIK) = 1 — P[(B|K)|:(A|H)] = 1. (2.74)

Of course, as the assessment (x,y) = (1,1) on {A|H, B|K} is coherent, the premise
set {A|H, B|K} is p-consistent. We recall that generalised two-premise centering is
p-valid for | ([90, Equation (13)]), that is

{A|H, B|K} = (B|K)|¢s(A|H). (2.75)

The previous result can be also obtained from Table 2.12, by observing that the lower
bound of the coherent extensions on (B|K)|¢s(A|H) of the assessment x = y = 11is

i = max{ x+y_1,0} = 1. Moreover, for i € {C,dF, F,K, L}, from Table 2.12 it follows

X

that that any value in [0,1] is a coherent extension on (B|K)|;(A|H) of P(A|H) =
P(B|K) = 1. Thus, (2.74) is not satisfied by |c, |4r, |F, |k, |1, and hence

{A|H,B|K} =, (BIK)|:(A|H), i€ {C,dF,FK,L}. (2.76)
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Concerning the example above, from P(the cup is fragile if made of glass) = 1 and
P(the cup breaks if dropped) = 1 it follows that IP[If the cup is fragile if made of glass, then
it breaks if dropped] = 1, when the iterated conditioning is interpreted as |¢s, because
the generalised two-premise centering is p-valid. However, the same conclusion
does not follow when the iterated conditioning is interpreted as |c, |4r, |, |k, |1, be-
cause the generalized two-premise centering is p-invalid in these cases.
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Chapter 3

Generalised conjunction and
disjunction of two conditional
events in the setting of conditional
random quantities

The results of this chapter are taken from [20].

The choice of going from definitions of conjunctions in three valued logics to
five valued objects is justified by the search for a structure able to generalise the
conjunction of two events by also maintaining similar properties. However, one
might wonder whether the choice to take the values of the probabilities of the
two conditional events when one of them is true and the other undefined is ac-
tually too restrictive. In other words, could the object (A|H) Ags (B|K) be just a
particular case of a more general definition of conjunction that allows more val-
ues in the “partially” true cases, obtained when a conjunct is true and the other
is void ([13]), while also preserving all the logic and probabilistic properties that
we would like to have? In this chapter, to answer this question we consider what
we called “generalised conjunction” (A|H) A, (B|K) that is defined by means of
two arbitrary values a,b € [0, 1], which may be related to the probabilities x and
y of the two conditional events. In particular, in Section 3.1 we give the definition
of generalised conjunction of conditional events (A|H) A, (B|K), its negation and
the generalise disjunction (A|H) v, (B|K). Then we introduce the generalised De
Morgan’s law and we analyse the Sum rule for these new objects by also prov-
ing that it is satisfied only for a = P(A|H) and b = P(B|K). In Section 3.2 we
present the main results which characterize the set of all coherent prevision assess-
ments, first on the family 7 = {A|H, B|K, (A|H) A, (B|K)}, and then on the family
F = {A|H,B|K, (A|H) v, (B|K)}. In Corollary 2 and Corollary 4 we show the re-
lation between the satisfiability of the Fréchet-Hoeffding bounds and the choice of
a=x = P(A|H) and b = y = P(B|K). In Section 3.3 both for A,; and v,; we anal-
yse the case in which H and K are incompatible, i.e HK = (7, and then, we consider
specific choices for the parameters a and b in which the multi-valued objects reduce
to trivalent ones. In particular, we take into account as parameters’ values the pairs
(a,b) = (0,0), (a,b) = (1,1) and (a,b) = (p, p) with p = P[(A|H) A, (BIK)] for
the conjunction and p = P[(A|H) v, (B|K)] for the disjunction, for which we find
well-known definitions of conjunctions and disjunctions in three-valued logics, fur-
ther emphasizing the idea that that our structures provide a more general setting for
the study of operations among conditionals events. Then, in Section 3.4 for a more
general analysis of the coherence on the generalised conjunction and disjunction, we
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study the case of interval-valued prevision assessments. We deepen further aspects
on the generalised conjunction in Section 3.5, in particular concerning a possible in-
terpretation and the analysis of the inclusion relation A|H < B|K.

3.1 Generalised operations for two conditional events

In this section we first generalise the notion of conjunction between two conditional
events recalled in Definition 3 by replacing x = P(A|H) and y = P(B|K) with two ar-
bitrary values a, b in [0, 1], then we analyse it in the framework of the betting scheme,
and we define its negation. Then, following the same idea we generalise the disjunc-
tion in Definition 5 and we study it in a coherent betting framework. Moreover, in
order to check if these objects are consistent with classical probabilistic and logical
properties, we give a generalisation of De Morgan’s laws and the Sum rule for these
new random quantities.

Definition 14. Given four events A, B, H, K, with H # & and K # &, and two values
a,b € [0, 1], we define the generalised conjunction w.r.t. a and b of the conditional events
A|H and B|K as the following conditional random quantity

(A|H) Aup (BIK) = (AHBK + aHBK + bAHK)|(H v K). (3.1)
By the linearity of prevision, from (3.1), it follows that

P[(A|H) Aqp (BIK)] = P(AHBK|(H v K)) + aP(HBK|(H v K)) + bP(AHK|(H v K)).
(3.2)
By exploiting (1.2), by setting z = P[(A|H) A4 (B|K)], it holds that

(A[H) A,p (BIK) = AHBK + aHBK + bAHK + z(H v K). (3.3)

In the betting framework, if you assess z = P[(A|H) A, (B|K)], then you agree to
pay z, by receiving the random amount given in (3.3), that is

if AHBK is true,

if AH v BK is true,
if HBK is true,

if AHK is true,

, if H K is true.

~

~

(A[H) nqp (BIK) =

~

NSTR O

In other words, you agree to pay z in order to receive:
e 1, if both conditional events A|H and B|K are true;
e 0,if A|H or B|K is false;
e g,if A|H is void and B|K is true ;
e b,if A|H is true and B|K is void;
e z, that is the paid amount, if both conditional events A|H and B|K are void.

We observe that (A|H) A, (B|K), when H v Kis true, assumes values in [0, 1]. Then,
by coherence (see Remark 1) it must be z € [0, 1] and hence (A|H) A, (BIK) € [0, 1].
Of course, (A|H) Aqp (BIK) = (B|K) Ap, (A|H). We also observe that, if H = K, then
HBK = AHK = &, and hence, for each pair (a, b), it holds that

(A|H) ~nop (B|H) = AB|H.



Chapter 3. Generalised conjunction and disjunction of two conditional events in

: o o 61
the setting of conditional random quantities

Remark 30. When we assess P(A|H) = x = a and P(B|K) = y = b, from Definition 3
and Definition 14, and using that (A|H) A (B|K) = (B|K) A (A|H), it holds that

(AlH) Nxy (B‘K) = (A‘H) Ags (B’K) = (B‘K) Ngs (AlH) = (B’K) ANy,x (A|H),

that is both (A|H) Aap (B|K) and (B|K) Ay, (A|H) reduces to (A|H) Ags (BIK), when
a = x and b = y. Moreover,

P(A[H) Axy (BIK)] = P(AHBK|(H v K)) + P(AJH)P(HBK|(H v K)) 4

+P(BIK)P(AHK|(H v K)). ’
We also notice that, when x < a,y < b it holds that (A|H) Ags (BIK) — (A|H) Agp (BIK) =
(x —a)(HBK|H v K) + (y — b)(KAH|H v K) < 0, and hence, by coherence, P[(A|H) Ags
(BIK)] < P[(A|H) Aqp (BIK)].

We want now to define the negation for this new structure. Basic probability
teaches us that, given an event A, the probability of its negation A,is P(A) = 1—
P(A). The idea is to leave this relationship unchanged while also exploiting the
linearity of the prevision. Then we have the following

Definition 15. Let us consider four events A, B, H, K, with H # & and K # &, and two
values a,b € [0,1]. Given the generalised conjunction (A|H) ~,, (B|K) of the conditional
events A|H and B|K, we define its negation as the following conditional random quantity

(A[H) Agp (BIK) =1 = (A[H) Agp (BIK).

We observe that

P[(A[H) Aqp (BIK)] =1 =P[(A|H) Ay (BIK)].

Following the same philosophy used in Definition 14 to generalise to conjunc-
tion in Definition 3, considering the disjunction of two conditional events in the
framework of conditional random quantities recalled in Definition 5, we define the
generalised disjunction as follows

Definition 16. Given four events A, B, H,K, with H # & and K # &, and two values
a,b € [0, 1], we define the generalised disjunction w.r.t. a and b of the conditional events
A|H and B|K as the following conditional random quantity

(A|H) v,p (B|K) = (AH v BK +aH BK + bAHK)|(H v K). (3.5)
By exploiting (1.2), by setting w = IP[(A|H) v, (B|K)], it holds that
(A|H) v, (BIK) = (AH v BK) + aH BK + bAHK + w(H v K). (3.6)

In the betting framework, if you assess w = IP[(A|H) v,; (B|K)], then you agree to
pay w, by receiving the random amount

if AH v BK is true,
if AHBK is true,

if H BK is true,

, if AHK is true,

w, if H K is true.

~

(A[H) vap (BIK) =

~

SR o

In other words, you agree to pay w in order to receive:
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1, if one of the conditional events A|H or B|K is true;

0, if both A|H and B|K are false;

a, if A|H is void and B|K is false ;

b, if A|H is false and B|K is void;

w, that is the paid amount, if both conditional events A|H and B|K are void.

Therefore

P[(A|H) vap (BIK)] = P((AH v BK)|(H v K)) +aP(H BK|(H v K)) (37)
+bP(AHK|(H v K)). ’
We observe that (A|H) v, (B|K), when H v K is true, assumes values in [0, 1]. Then,
by coherence (see Remark 1) it must be w € [0, 1] and hence (A|H) v, (B|K) € [0, 1].
Of course it holds that (A|H) v, (B|K) = (B|K) vy, (A|H).

Remark 31. It can be easily observed that when we take (a,b) = (x,y), it holds that
(A|H) vap (BIK) = (B|K) vpq (AH) = (A|H) vgs (B|K), where the latter disjunction
is the one defined in Definition 5.

3.1.1 Generalised De Morgan’s law and sum rule

Two classical relations linking the conjunction and disjunction of events are De Mor-
gan’s Laws and the so called Sum Rule. We want now to check if some generalisa-
tions of these rules are satisfied also by the new structures A, ; and v .

We begin by recalling that, given two basic events A and B by De Morgan’s

law it holds that A v B = (A A B). On the basis of the previous relation, we seek
to find a similar one linking A, , its negation and generalised disjunction v 4, for
some a,b,c,d € [0,1]. Then, also using Definition 15, we consider the following
generalised De Morgan law

(A|H) veq (BIK) = (A|H) Agp (BIK) = 1= (A[H) Agyp (BIK). (3.8)
By Definition 14, by replacing A with A and B with B, if follows that
(A|H) A,p (BIK) = (AHBK +aH BK + bAHK)|(H v K).

Looking at Table 3.1 and setting ¢ = 1—4a and d = 1—b, we obtain that
(A[H) vi-a1-p (BIK) = 1—(A[H) Agp (BIK), when H v K is true. Then by The-
orem 1, they also coincide when H K is true, that is w = 1 —z, where z =
P[(A|H) Agp (BIK)]. Therefore, formula

(A[H) vy (BIK) = 1= (A|H) A1-q1-p (BIK), 3.9)
holds in all cases and hence
P[(A|H) vap (BIK)] = 1 =P[(A|H) A1_g1-5 (BIK)]. (3.10)

Another important rule that characterizes the relation between the conjunction
and the disjunction of two basic events is the Sum Rule. More precisely, given two
events A and B it holds that A + B = AB+ A v B (and that P(A) + P(B) = P(AB) +
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Const. (AIH) Aap (BIK) | (AIH) n0p BIK) | 1= (AIH) Ay (BIK) | (AIH) vea (BIK)

AHBK
AHBK
AHK
AHBK
AHBK
AHK
HBK
HBK
HK

0

e

0
1-b

1
1—a
1-z

RRROOO»—\H»—\%
O OO O T O =
N QN O = O OO

S aRrQUO R R R,

L*L OoOrre org Op—\;

N
N
=

TABLE 3.1: Numerical values of the events A|K, B|K and of the conditional random quanti-
ties (A|H) Anp (BIK), (A|H) Agp (BIK), 1 — (A|H) Agp (BIK) and (A|H) v 4 (B|K), where
x = P(AH), y = P(BIK), z,p = P[(AH) nnp (BIK)], 2 = P[(A[H) A,y (BK)], and
w = P[(A[H) Vo (BIK)].

P(A v B)). We want to generalise this relation to conditional events A|H and B|K,
that is, we want to verify if, for some values of a,b,c,d € [0,1], it happens that
AlH + BIK = (A[H) Aq (BIK) + (A[H) v o4 (BIK).

We have the following result.

Theorem 22. Let A, B, H, K be any logically independent events. Let (x,y) € [0,1]* be a
coherent assessment on { A|H, B|K}. Given any numbers a, b, c,d € [0,1] we have that

AlH + BIK = (A|H) Aqp (BIK) + (A|H) voq (BIK) «=a=c=xandb=d=y.
(3.11)

Proof. To prove relation (3.11), we compute the values of A|H + B|K and (A|H) A,y
(BIK) + (A|H) v.g4 (B|K) looking at Table 3.1. If we want that A|H + B|[K =
(A|H) Aup (BIK) + (A|H) veq (BIK) then from the constituent AHK, it must be
14y = b+1 < y = b, from AHK, O+y = 0+d & y = d, from HBK,
x+1=a+1< x = a, and from HBK, we have that x+ 0 = 0+ ¢ < x = b.
Therefore, when H v K is true, A|H + B|[K = (A|H) Anp (BIK) 4+ (A|H) vq (B|K)
ifand only if a = ¢ = xand b = d = y. We observe that A|H + B[K =
(AH + xH + BK +yK)|(H v K), with P[(AH + xH + BK + yK)|(H v K)] = x + y (see
[53, Theorem 2]). Moreover, as both the objects (A|H) A, (B|K) and (A|H) v 4 (B|K)
are conditional random quantities with the same conditioning event H v K, it holds
that (A|H) A,p (BIK) + (A|H) v 4 (BIK) is also a conditional random quantity con-
ditioned to H v K. Moreover, whena = ¢ = xand b = d = y, by Theorem 1, it
follows that (AH + xH + BK + yK)|(H v K) and (A|H) A, (B|K) + (A|H) v 4 (B|K),
coincide when H v Kis false. Then eq. (3.11) is verified. O

Remark 32. From Theorem 22, we have that
AlH + BIK = (A[H) Agp (BIK) + (A[H) vea (BIK) == (Agp Vea) = (Ags/ \/gs)

where Ags and v g¢s are as in Definition 3 and Definition 5, respectively. Then, the pair
(Agss Vgs) is the only one that satisfies the generalised version of the sum rule and we have
that P(A|H) + P(B|K) = P[(A|H) ngs (BIK)] + P[((A|H) vgs (BIK)].
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3.2 Sets of coherent assessments

In this section we study the sets of coherent assessments on the families
{A|H,B|K, (A|H) Ao (B|K)} in Theorem 23, and {A|H, BIK, (A|H) v, (B|K)} in The-
orem 24. Moreover, both for the generalised conjunction and for the generalised
disjunction, we observe that the Fréchet-Hoeffding bounds are satisfied for every
(x,y) € [0,1]? only for (a,b) = (x,y), that is for the conjunction and disjunction of
conditional events defined in Definition 3 and Definition 5, respectively.

3.2.1 Generalised conjunction and coherence

We begin by analysing the coherent assessments on the generalised conjunction.

Theorem 23. Let A, B, H, K be any logically independent events. A prevision assessment
P = (x,y,z) on the family of conditional random quantities F = {A|H, B|K, (A|H) Ag
(B|K)} is coherent if and only if (x,y) € [0,1]? and z € [Z',2"], where

o (x+y—1)-min{, 1}, ifxt+y—-1>0, (3.12)
0, otherwise
and
7" = max{z, z5, min{z}, zj } }, (3.13)
where

z{ = min{x, y},

o if(oy) # (L),

x(b—ay)+y(a—bx)

25 = 1—xy
L, if (v, y) = (1,1),
x(1—a)+yla—x) .

2l = Ty , ifx#1,
1/ l:fle’
x(b—y)+y(l-b) .
1, ify =1

Proof. First of all we observe that, by logical independence of A, H, B, K, the assess-
ment (x,v) is coherent for every (x,y) € [0,1]?. The constituents C;’s contained in
H v K and the points Qs associated with the assessment P = (x,y,z) on F are
C; = AHBK,C, = AHBK,C3 = AHBK,Cy = AHBK,Cs = AHK,Cs = HBK,Cy; =
ZHK, Cg = HEK and Q1 = (1, 1, 1), Qz = (1,0,0), Q3 = (0, 1, 0), Q4 = (0,0,0), Q5 =
(Ly,b),Qs = (x,1,a),Q7 = (0,y,0), Qs = (x,0,0). Considering the convex hull Z of
Q1,...,Qs, the coherence of P requires that the condition P € 7 be satisfied, that is

/PZZz:l/\th, Zi:lAh:ll Ap,=20,h=1,...,8.

We observe that Q7 = yQ3 + (1 — y)Qa and Qg = xQ2 + (1 — x)Q4. Then, 7 is the
convex hull of Qy, ..., Q. Thus, the condition P € Z amounts to the solvability of
the following system in the unknowns A4, ..., Ag

P = QS A=1,A,20,h=1,...,6 (3.14)
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that is
A+ A+ A5+ xA6 = x,

A1+A3+y/\5+/\6=]/,
)\1+b/\5+a)\6=2,
AM+-+A=1,A=0Vi=1,...,6.

(3.15)

For each solution A = (Aq,...,A¢) of system (3.15) we have that the functions <I>j
defined in (1.7) are

D1(A) = Dpc,enrn =M+ A2+ A3+ Ay + As,
Dy (A) = Zh:Cth Ap =AM+ A2+ A3+ Ay + Ag, (3.16)
D3(A) = Ypc,cavik A =M+ A2+ A3+ As + As + Ae.

For each given (x,y) € [0,1]?, based on Theorem 4 we determine the lower and
upper bounds z’, z” for the coherent extension z = P[(A|H) A, (B|K)].

Lower bound We distinguish two cases: (A)x+y—-1<0;(B)x+y—1>0.

(A) We show that z’ = 0is the lower bound for z = P[(A|H) A, (B|K)] by proving
that the assessment (x, y,0) on F is coherent. Let a pair (x,y) € [0, 1] be given.
We first observe that P = (x,1,0) = xQ2 + yQ3 + (1 — x — y)Qa. Then, P € Z,
where 7 is the convex hull of Qy,..., Qe with a solution of (3.15) given by
A = (0,x,y,1—x—y,0,0). For the functions ®; given in (3.16) it holds that
P (A) = P(A) = P3(A) = 1 > 0. Then, from Remark 4, the assessment
(x,y,0) on F is coherent. Thus, for every (x,y) € [0,1]? the assessment (x, y, 0)
is coherent and hence z’ = 0.

(B) Asx+y—1 >0, it holds that x # 0 and y # 0. We consider three subcases:
: b i : b ) : b b
(B.1) min{ %, v 1} = 1;(B.2) min{{, y 1} = %, (B.3) min{{, L 1} = Ve
Case (B.1). We observe that a > x and b > y. We first prove that the
assessment (x,y,x +y — 1) is coherent. Then, we show thatz/ = x +y —1
is the lower bound for z = P[(A|H) A,y (BIK)]. AsP = (x,y,x+y—1) =
(x+y—1)Q1+ (1 —y)Q2 + (1 — x)Qs3, it follows that P € Z. Then, a solution
of system (3.15) is givenby A = (x+y—1,1—-y,1—1x,0,0,0). From (3.16)
it holds that ®1(A) = Py(A) = P3(A) = 1 > 0. Then, from Remark 4, the
assessment (x,y,x +y — 1) on F is coherent.

In order to prove that z’ = x + y — 1 is the lower bound for z = P[(A|H) A,
(B|K)], we verify that the assessment P = (x,y,z), with (x,y) € [0,1]*> and
z < z/ = x +y —1, is not coherent because (x,y,z) ¢ Z. We observe that the
points Q1, Q2, Q3 belong to the plane 7 : X +Y —Z = 1. Weset f(X,Y,Z) =
X+Y—-Z—1and we obtain f(Q1) = f(Q2) = f(Q3) =0, f(Qs) =—-1<
0, f(Qs) =y—b <0, f(Qs) = x—a < 0. Then, by considering P = (x,v,z),
with z < x + y — 1, it holds that

fP)=xty—1-2>0=f(Qu), h=1,...,6,

and hence P = (x,y,z) ¢ Z. Indeed, if it were P € Z, that is
P linear convex combination of Q1,...,Q¢, it would follow that
FP) = FC0_ AQu) = % Auf(Qu) < 0. Thus, the lower bound for
zisz' = x+y—1, for every (x,y) € [0,1]* such that min{%, 5,1} =1
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Case (B.2). We notice that a < x and
We show that in this case

<

IS

a
x

Z = (x+y—1)min{z,§,1} = %(x%—y—l).

We first prove that (x,y, {(x +y — 1)) is coherent. Indeed, we observe that

P = (xytx+y—1) = (1-yQ + 40 Q; + 1Q,. Then, P € Z,
where 7 is the convex hull of Qq,...,Q, with a solution of (3.15) given
by A = (0,1-y, (1_x)x(1_y),0, 0, x+i_1). By recalling (3.16), it holds that
D(A) = 1%, Py(A) = P3(A) = 1 > 0. We distinguish two cases: (i) y # 1,
(i) y = 1. In the case (i) we get ®;(A) > 0,j = 1,2,3 and hence by Remark
4 it follows that the assessment (x,y, §(x +y — 1)) is coherent. In case (ii),
as ®1(A) = 0, it holds that Zy < {1}, with the sub-assessment Py = x on
Fo = {A|H} coherent because x € [0,1]. Then, by Theorem 2, the assessment
(x,y,3(x +y—1)) = (x,1,a) on F is coherent. Thus, in this sub-case the as-
sessment (x,y, 2(x + y — 1)) on F is coherent for every (x,y) € [0,1]%. In order
to prove that £ (x +y — 1) is the lower bound z’ for z = P[(A|H) A,y (BIK)],
we verify that (x,y,z), with (x,y) € [0,1]* and z < 2(x + y — 1), is not coherent
because (x,y,z) ¢ Z. We observe that the points Qy, Q3, Qs belong to the
plane 7t : aX +aY —xZ = a. Weset f(X,Y,Z) = a(X+Y —1) — xZ and we
obtain f(Q2) = f(Q3) = f(Qe) = 0, f(Q1) =a—x <0, f(Qs) = —a <0,
f(Qs) = ay — bx < 0. Then, by considering P = (x,y,z), withz < {(x+y—1),
it holds that f(P) = f(x,y,z) = alx+y—1)—xz > 0 = f(Qp),
h =1,...,6, and hence P = (x,y,z) ¢ Z. Indeed, if it were P € Z,
that is P linear convex combination of Qq,...,Qg, it would follow that
F(P) = FO5_ 1 AuQn) = S0_ 1 Auf(Qn) < 0. Thus, in this sub-case the lower
bound for z = P((A|H) A,y (BIK))isz = %(x +y — 1), for every (x,y) € [0,1]?
such that min{%, 3, 1} =12,

a
x

Case (B.3). We notice that b < y and § > 5 We prove that
(x,y,%(x +y — 1)) is coherent and that z/ =
bound for z = P[(A|H) A,y (B|K)].

We observe that P = (x,y, %(x—ky— 1)) = WQZ +(1-x)Qs+ x+z_1 Qs.
Then, P € Z, with a solution of (3.15) given by A = (0, w,l —
x,0,4=1,0).It holds that ®;(A) = ®3(A) = 1, Dp(A) = 15X We distin-
guish two cases: (i) x # 1, (ii) x = 1. In the case (i) we get ®;(A) > 0,

g(x +y — 1) is the lower

j = 1,2,3, and hence by Remark 4, the assessment (x, y,%(x +y—1))
is coherent. In the case (ii) we get Zy < {2}, with the sub-assessment
Po = y on Fy = {B|K} coherent because y € [0,1]. Then, by Theorem 2,
the assessment (x,y, %(x +y—1)) = (1,y,b) on F is coherent. Thus, the

assessment (x, y,g(x +y —1)) on F is coherent for every (x,y) € [0,1]?

such that min{%,%,l} = g In order to prove that g(x +y—1) is the
lower bound z' for z = P((A|H) A.p (BIK)), we verify that (x,y,z),

with (x,y) € [0,1]> and z < %(x + y — 1), is not coherent because
(x,y,z) ¢ Z. We observe that the points Q», Q3, Q5 belong to the plane
m:bX+bY—-—yZ = b Weset f(X,Y,Z) = b(X+Y —1)—yZ and we
obtain f(Q2) = f(Q3) = f(Qs) =0, f(Q1) =b—-y <0, f(Qs) = -b <0,
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f(Qs5) = bx —ay < y. Then, by considering P = (x,y,z), withz < g(x +y—1),
it holds that f(P) = f(x,y,z) = blx+y—-1)—yz > 0 = f(Qp),
h =1,...,6, and hence P = (x,y,z) ¢ Z. Indeed, if it were P € I,
that is P linear convex combination of Qi,...,Qs, it would follow that
fP) = FC0_ Q) = S Auf(Qp) < 0. Thus, the lower bound for
z = P[(A[H) Agp (BIK)]is 2/ = 2(x +y - 1).

Therefore, for every (x,y) € [0,1]? the value z’ given in formula (3.12) is the lower
bound for z = P[(A|H) A, (B|K)].

Upper bound We distinguish two cases: (C) a(1 —y) +b(1 —x) +xy —1 > 0; (D)
al—y)+b(l—x)+xy—1<0.

(C) We first prove that
max{z],z5, min{z},z4 }} = 25, (3.17)

where z7, i = 1,2,3,4, are given in (3.13). Then, we prove that (x,y,z3) is
coherent. Finally we prove that z7 is the upper bound, by showing that (x, y, z)
with z > zJ is not coherent. We observe that to be in case (C) we must have
a > x and b > y. Indeed, if it were a < x, as

al—y)+b(1—x)+xy—1<x(1—-y)+b(l—x)+xy—1
=b(l-x)+x—-1=(1-x)(b—-1) <0,

we would be in case (D). Likewise, if it were b < y, as

al—y)+b(1—x)+xy—1<a(l-y)+y(l—-x)+xy—1
=a(l-y)+y-1=>1-y)@a-1) <0,

we would be in case (D). Asa > xand b > y, it holds that x # 1 and y # 1.

Moreover,
a—bx>x—bx=x(1-b)>0, b—ay>y(l—a)=0. (3.18)
We observe that
[ x(b—ay)—i—y(a—bx) _ x(l_a)+y(a_x)
20 1—xy 1—x (3.19)
:x(l—y)[a(l—y)+b(1—x)+xy—1]20 '
(1—xy)(1—x)
and
P/ - x(b—ay)+y(u—bx) _X(b—y)—}-]/(l—b)
2 1—xy 1-y (3.20)
:y(l—x)[a(l—y)+b(1—x)+xy—l]20‘ '
(1—xy)(1-y)

Then zj > z4 and z7 > zj. Concerning the relation between zj and z{ we
distinguish two cases: (i) x < y; (ii) x > y.
(i). In this case z{ = min{x,y} = x. Asa(l—y)+b(l —x) > 1— xy, it holds
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(D)

that x(a(1 —y) + b(1 — x)) = x(1 — xy). Then,

J x(b—ay)+y(a —bx) - x(b—ay)+x(a—bx)

2 (1—-xy) - 1—xy -
_ X -y)+b(1-x) _ x(A-xy) . _ 4
1—xy T 1-ay v

(ii) In this case z] = min{x,y} = y. Asa(l—-y)+b(1—x) > 1— xy, it holds
that y(a(1 —y) + b(1 — x)) = y(1 — xy). Then,

x(b—ay) +y(a— bx) - y(b—ay)+y(a—bx)

Z//:
? (1—xy) - 1-xy
_yad-y+o1-x) _ yl-xy)
1—xy T 1-xy y==

Thus, formula (3.17) holds.
x(b— ay)+y(a bx))

We now prove that (x,y,z5) = (x,y, is a coherent assessment on

F. We observe that P = (x,y,2§) = 152 xly DOy + X y)Q 4y ,Qs. Then,

P € T with a solution of (3.15) given by A = (0,0, 0, e lngcly y), 1(1*95)’ yl(ix;)).
From (3.16) it follows

1-y 1-x

@1(/\) = ql CDZ(A) = 171 CI)3(A) =1

—xy
As x < 1land y < 1, it holds that QDJ-(A) >0,j =1,2,3. Then, by Remark 4 the
assessment (x,y,z") on F is coherent.

In order to prove that z} is the upper bound z” for z = P[(A|H) A, (BIK)],
we verify that (x,y,z), with z > z”, is not coherent because (x,y,z) ¢ Z. We
observe that the points Q4, Qs, Q¢ belong to the plane 77 : —(b —ay)X — (a —
bx)Y+(1—xy)Z =0. Weset f(X,Y,Z) = —(b—ay)X — (a—bx)Y + (1 —xy)Z.
It holds that £(Qs) = £(Qs) = f(Qs) = 0, F(Qr) = —[a(l - ) +b(1 - x) +
xy—1] <0, f(Q2) = =(b—ay) <0, f(Q3) = —(a—bx) < 0. Then, for
every P € Z, that is P is a linear convex combination of Qj, ..., Qs, it would
follow that f(P) = f(X0_, AnQu) = S5_; Auf(Qn) < 0. Then, by considering
P = (x,y,z), with z > 2/, it holds that z(1 — xy) > x(b —ay) + y(a — bx) and
hence

f(P)=—(b—ay)x—(a—bx)y+ (1—xy)z > 0.
Then, P = (x,y,z) ¢ Z. Thus, in case (C) z” = max{z{, zj, min{z5,z}j }} = z

First of all we observe that zj < mm{z3,z4} Indeed, if x # 1and y # 1,
from (3.19) and (3.20) it holds that z/ fand zi < zj. Ifx =1,y # 1, of
course z2 < z3 = 1 and from (3.20) 1t holds thatzy < zj. Ify = 1, x # 1, of
course 22 < zj = 1 and from (3.19) it holds that zJ < z]. Fmally, ifx=y=1,
then zJ = z§ = zj = 1. Then, max{z{, zj, min{z}, zj }} = max{z], min{z3, z}}.

(0 tyle—x)  xb-pty(b) _ (g-la—y)+b(1—x)txy-1]
T—x Ty T-y1—x)

Moreover, as , we obtain

(y=x)[a(l=y)+b(1—x)+xy—1] .
0l a0t gy 2 Tand y # 1,

1-b,ifx=1landy # 1, (3.21)
a—1,ifx#landy =1,
0,ifx=y=1.

Zh—z) =



Chapter 3. Generalised conjunction and disjunction of two conditional events in

. e o 69
the setting of conditional random quantities

We consider the following subcases: (D.1) x < y; (D.2) y < x;

Case (D.1). From (3.21) it holds that min{z},z) = zj. Then,
max{z], min{z},z}}} = max{x,z5}. We distinguish two cases: (i) a < x;
(ii) a > x.
(i). We observe that, if x = 1 (and hence y = 1) we have that
max{l,z§} =1=2z]. Ifx # 1, as

Z//_ /. x(l_a>+y(a_x) o x<1_a)+y<a_x)_x(1_x> _

3721 = X = =

1—x 1—x
(3.22)
_aly—x)-x(y-x) _(y-x)@-2)
1—x 1—x

it holds that z < z{ = x. Then max{z{,z5} = z{ = x.

Now we show that the assessment P = (x,y,7]) = (x,y,x) is coherent and
that the upper bound z” for z is z{ = x. We observe that P = (x,y,x) =
xQ1+ (¥ —x)Q3 + (1 — y)Q4, then, P € 7 and a solution of (3.15) is given by
A = (x,0,y—x,1—-y,0,0). It holds that ®;(A) = Pr(A) = P3(A) = 1, then
by Remark 4 the probability assessment (x,y, x) on F is coherent. In order to
prove that z” = z{ = x is the upper bound for z, we verify that P = (x,y,z),
with z > z” = x, is not coherent because P ¢ Z. We observe that the points
Q1,Q3, Q4 belong to the plane 7 : X —Z = 0. We set f(X,Y,Z) = X — Z and
we obtain f(Q1) = f(Qs) = f(Q)) = 0, f(Q2) =1>0, f(Qs) = 1—b3=0,
f(Qg) = x —a = 0. Then, for every P € T it holds that f(P) = f(35_, A,Qp) =
2221 Auf(Qp) = 0. Then, by considering P = (x,y, z), with z > x, it holds that
f(P) = f(x,y,2) = x —z < 0,and hence P ¢ Z. Thus, z" = z{ = x.

(ii) As x < a, x # 1. In this case, from (3.22) it holds that

x(1—a) +yla—x)
1—x

max{z],z4} = 23 =

We prove that (x,y,z§) = (x, y,w) is a coherent assessment

on F = {A[H,B|K, (A|H)|,»(B|K)} and that z" = zg We observe that
P = (xvy, x(lia%w(uix)) = x(lljxy) Q1+ (1 —y)Qs+ = Qs hence P € T.

—X

A solution of (3.15) is given by A = (x(1 Y 0,0,1 — y,O 7=%) and it holds

s 1—x
that ®1(A) = L;Z, Dy (A) = P3(A) = 1. We distinguish two cases: y # 1
andy = 1. Ify # 1 we get D1(A) > 0 and P(A) = P3(A) =1 > 0;
then 7y = & and by Remark 4 the assessment (x,y,z3) is coherent. If
y = 1 we get Zy < {1}, with the sub-assessment Py = x on Fy = {A]H}
coherent because x € [0,1]. Then, by Remark 4, the assessment (x,y,z53) on
F is coherent. In order to prove that z” = zJ, we verify that (x,y,z), with
z > z4 is not coherent because (x,y,z) ¢ Z. We observe that the points
Q1,Q4, Qp belong to the plane w : (a — )X+ (x —a)Y + (1 —x)Z = 0.
We set f(X,Y,Z2) = (@a—-1)X+(x—a)Y+ (1 —x)Z and we obtain
Q1) = £(Qa) = F(Qs) =0, f(Q2) =a—1<0, f(Qs) = x—a <0, f(Qs) =
a—1+y(x—a)+b(1—-x)=a(l—y)+b(1l-x)+xy—1<0. Then, for every
P e Titfollows that f(Q) = f(X0_, AuQp) = S5_; Anf(Qp) < 0. Then, by con-
sidering P = (x,y,z), withz > %, ie.z(1—x)>x(1—a)+y(a—x),
it holds that f(P) = f(x,y,z) = —[l—a)x+(@a—x)y]+(1—-x)z > 0
and hence P ¢ Z. Thus, the upper bound for z = P((A|H) A.p (B|K)) is
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Case (D.2) From (3.21) it holds that min{z},z] = zj. Then,
max{z{, min{z5,zj}} = max{y,zj}. We distinguish two cases: (j) b < y;
(jj) b > y.
(j). Asy < x, it holds that y # 1. We observe that

ZZ_Z,{:y(lfb)H(bfy) L —yb-y) (3.23)
-y -y

and hence, as y < x and b < y, z] < z{. Then max{z],z]} = z{ = . We

show that P = (x,y,7{) = (x,y,y) is coherent and that the upper bound z”
for z is z] = y. We observe that P = (x,y,y) = yQ1 + (x —y)Q2 + (1 — x)Qq,
then, P € 7 and a solution of (3.15) is given by A = (y,x —y,0,1 —x,0,0). It
holds that ®1(A) = Pp(A) = P3(A) = 1, then by Remark 4 the probability
assessment (x,y,y) on F is coherent. In order to prove that z” = z{ = y is
the upper bound for z, we verify that P = (x,y,z), with z > z” = y, is not
coherent because P ¢ Z. We observe that the points Q1, Q2, Q4 belong to the
planert: Y —Z = 0. Weset f(X,Y,Z) = Y — Zand weobtain f(Q1) = f(Q2) =
f(Q4) =0, f(Q3) =1>0, f(Q5) =Yy— b>=0, f<Q6) =1—a > 0. Then, for
every P € T itholds that f(P) = f(30_, AyQu) = S0_, Anf(Qp) = 0. Then, by
considering P = (x,y,z), withz > y, itholds that f(P) = f(x,y,z) =y—z <0,
and hence P ¢ 7. Thus, 2" = z{ = y.

(jj) In this case, from (3.23) it holds that

max{z{,zj} = zj = xb- yl)iz(l D,

x(b— y)+y(1 b))

We prove that (x,y,z}) = (x,y, is a coherent assessment on F and

thatz” = zJ]. We observe that P = (x, y, 1= b{f;(b_y)) = y(ll__yx) Q1+ (1—x)Qq+

ﬂQ5. Then, P € Z with a solution of (3.15) given by A = (y(1 %) 0,0,1—
X, xfy 0). Based on (3.16) it holds that ®1(A) = &3(A) =1 > 0, and Dy (A) =

= We distinguish two cases: x # 1; x = 1. If x # 1, we get ®;(A) > 0,
] = 1 2,3. Then Zy = & and by Remark 4 the assessment (x,y,z}) on F is
coherent. If x = 1, we get Zy < {2}, with the sub-assessment Py = y on Fy =
{B|K} coherent because y € [0,1]. Then, by Theorem 2, the assessment (x, y, z})

on F is coherent. In order to prove that z” = zj = %’;(b—y) is the upper

bound for z = P((A|H) A,y (B|K)), we verify that (x,y,z), with (x,y) € [0,1]?
and z > zJ, is not coherent because (x,y,z) ¢ Z. We observe that the points
Q1,Q4, Qs belong to the plane 7w : (y —b)X + (b—1)Y + (1 —y)Z = 0. We set
fX,Y,Z2) = (y—b)X+ (b—1)Y + (1 —y)Z and we obtain f(Q1) = f(Q4) =
f(Qs) =0, f(Q) =y-b<0, f(Q3) =b—-1<0, f(Qe) = x(y —b) + (b —
1)+a(l—y)=a(1l—y)+b(l—x)+xy—1<0. Then, for every P € Z, it holds
that f(P) = f(X9_, AuQn) = 3% Auf(Qp) < 0. Moreover, by considering
P = (x,y,z), with z > %ﬂy/(l—b)’ ie. z1—-y) > x(b—y)+y(Q—0D), it
holds that f(P) = f(x,y,z) = —[(b—y)x + (1 —b)y] + (1 —y)z > 0 and hence
P = (x,y,z) ¢ Z. Thus, the upper bound for z = P((A|H) A,y (B|K)) is 2" =

o — x(b— y)+y(1 b)
4 -y
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Case 4
(A:x+y—-1<0 0
B:x+y—1>0

Sub-cases:
(Bl)azxandb>y | x+y—1
(B.2):a<xand%<§ fx+y—1)
(B.S):b<yand§<§ §(x+y—1)

TABLE 3.2: Values of the lower bound z’ of z = P[(A|H) A, (BIK)] for different values of
x =P(A|H),y = P(B|K),a,b e [0,1].

Case 2
©
a(1—y) +b(1—x) > 1—xy | 24 = H=epiyle=to
(D)
a(l—y)+b(1—x) <1—xy
Sub-cases:
x<yanda<x 2 = x
x<yanda > x Zﬁ:w
D —x
y<xandb <y =y
y<xandb >y ZZ:%;O—}J)

TABLE 3.3: Values of the upper bound z” of z = P[(A|H) A, (B|K)] for different values of
x =P(A|H),y = P(B|K),a,b e [0,1].

Therefore, for every (x,y) € [0,1]? the value z” given in formula (3.13) is the upper
bound for z = P[(A|H) A,y (B|K)].
O

A summary of the different values of the lower and upper bounds z’ and z” for
the prevision of (A|H) A, (B|K) are given in Table 3.2 and in Table 3.3, respectively.
Moreover, from Theorem 23 it follows that

Corollary 1. Let A, B, H, K be any logically independent events. Then, the set 11, of all
coherent prevision assessments (x,y,z) on F = {A|H, (B|K), (A|H) ~n,p (BIK)}, is

I, = {(x,y,2): (x,y) € [0,1]%,z € [Z,2"]}, (3.24)
where z' and 2" are defined in (3.12) and (3.13), respectively.

We recall that, under logical independence, the set of all coherent as-
sessment (x,y,z) on {A|H,B|K,(A|H) A (B|K)} is the tetrahedron 7 of points
(1,1,1),(1,0,0),(0,1,0),(0,0,0), that is ([53]) T = {(x,v,2) : (x,y) € [0,1)%z €
[max{x + vy — 1,0}, min{x, y}|}. As, from (3.12) and (3.13), z/ < max{x +y — 1,0}
and z” > min{x, y} for every (a,b) € [0,1]?, it holds that (see Figure 3.1 )

T T, Y(a,b)e[0,1]% (3.25)

From Theorem 23, we also have that the Fréchet-Hoeffding bounds are not satisfied
by (A|H) A, (B|K) for every (x,y) € [0,1]%, when a and b are arbitrarily chosen. For
example, if we take 2 > x and b > y, then from Equation (3.13), the upper bound

x(b—ay)tyla—bx) min{x, y}.

of the coherent assessments on (A|H) A, (B|K) is 25 = Ty
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Y

FIGURE 3.1: The gray region enclosed between the two surfaces represents the set I1, , of
all coherent prevision assessments (x,y,z) on {A|H, B|K, (A|H) n,p (BIK)}, with a = 0.9
and b = 0.3. The tetrahedron 7 is the set of all coherent prevision assessments (x,y,z) on
{A|H, B|K, (A|H) Ags (B|K)}. It can be observed that 7 < IT, .

In the following corollary we show that the only case the Fréchet-Hoeffding bounds
for the conjunction are satisfied for every (x,y) € [0,1]?is for a = x and b = v, that is
the only conjunction of two conditional events always coherent with these bounds
is (A|H) ngs (BIK), explicitly depending on the probabilities of the conditionals.

Corollary 2. Let A, B, H and K be any logically independent events. The generalised
conjunction (A|H) ~,p, (B|K) satisfies the Fréchet-Hoeffding bounds for every coherent as-
sessment (x,y) € [0,1]%> on {A|H, B|K}, ifand only ifa = x and b = y.

Proof. Ifa = x and b = y, from Remark 30 we have that (A|H) Ay (B|IK) = (A[H) Ags
(B|K) and this object satisfies the Fréchet-Hoeffding bounds for every (x,y) € [0,1]%.

Let us suppose now that (A|H) A, (B|K) satisfies the Fréchet-Hoeffding bounds
for every (x,y) € [0,1]> buta # x. We observe from Table 3.3 that to have the Fréchet-
Hoeffding upper bound z” = min{x, y} we need to have a(1 —y) + b(1 —x) <1 —xy
and [(x <y A a<x)v(x>y A b <y)]. Letusconsider any coherent
assessment (x,y) on {A|H, B|[K} such that a(l1 —y) +b(1 —y) < 1—xy, x < y and
x+y—1>0. Then, z/ = min{x,y} = x and a < x, because we supposed a # x.
Having that x + y — 1 > 0, the Fréchet-Hoeffding lower bound for these assessments
would be 2/ = x + y — 1. Nevertheless, being ¢ < 1, we have that min{%, 5, 1} #1
and hence z’ = (x +y — 1) min{{, g, 1} # x +y —1 so we arrive to a contradiction.
Then it must be 2 = x. A similar contradiction arises if we suppose b # y, then for

the Fréchet-Hoeffding bounds to be satisfied for every coherent assessment (x, ) on
{A|H, BIK} it is needed that (a,b) = (x,y). O

In other words Corollary 2 amounts to say that I1,, = 7 if and only if 2 = x and

b =y, for every assessment (x,y) € [0,1]? on {A|H, B|K}.

3.2.2 Generalised disjunction and coherence

In the next result we compute the lower and upper bounds for the prevision of the
generalised disjunction.
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Theorem 24. Let A, B, H, K be any logically independent events. A prevision assessment
P = (x,y,w) on the family of conditional random quantities F = {A|H, (B|K), (A|H) vap
(B|K)} is coherent if and only if (x,y) € [0,1]? and w € [w', w"], where

w' = min{w}, w5, max{w}, wj}}, (3.26)
with
w) = max{x,y},
ax+by—(a+b—1)xy
w;{ e ) £ 00)
0, if (x,y) = (0,0),
a(x —y)+xy 0
wé — /1_fx #* 7
0, ifx=0,
b(y—x)+xy .
W, = y ,ify #0,
0, ify =0,
and
W — 1—(1—x—y) min{{=2 x,lyl} yfx+y<1, (327)
1, otherwise.

Proof. Of course the assessment (x,y) on {A|H, B|K} is coherent for every (x,y) €
[0,1]2. For each given (x,y) € [0,1]?, based on Theorem 4, we determine the interval
of the coherent extensions on w = P[(A|H) v, (B|K)]. We observe that the lower
and upper bounds, w’ and w”, for w can be easily obtained from those of the conjunc-
tion (A|H) A1_s1-p (B|K) by exploiting formula (3.9). Indeed, since P[(A|H) v,y
(BIK)] = 1 —P[(A|H) A1_g1_p (BIK)], it holds that w' = 1 — " and w” = 1 -7,
where 7’ and 7" are the lower and upper bounds for P[(A|H) A1_,1_p (B|K)], re-
spectively.

Lower bound Let us consider first the lower bound w’. For each tuple (x,y,4a,b) €
[0,1]* we denote by z"(x,y,a,b) and by z!(x,y,a,b), i = 1,2,3,4 the values of z”
and z/, i = 1,2,3,4, obtained by applying formula (3.13). We observe that " =
z’(1-x,1—y,1—a,1—-b)and hencew’ =1—-z2"(1—x,1—y,1—a,1—>b). Then, as
1 —max{xy,...,x,} = min{l —xq,...,1—x,}, it holds that

w = 1-2'1-x,1-y,1—a,1- b)

1—max{z{(1—-x,1~- y, —b),z (1—x1 y,1 —b),
min{z4(1—x,1-y,1 ) (1—x1 al— }}—
= min{l-2z{(1-x1- y, ),1—2’2’(1—x1 y,1 —b),

max{1l —z5(1 —x, 1—y,1—a 1 ),1—ZZ(1—x,1—y,1—a,1—b)}},
= min{w}, w), max{w}, wy}},

where
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wy=1-2{1-x1-y,1-a,1-b) =1—min{l —x,1 -y} = max{x,y},
wy,=1-2(1-x,1-y,1—a,1-b) =

{ A-91-b-(0-a)d-yl+A-yl—a-1A-b1-x)]
—1—

090 ) Jif(1—x,1—y) # (1,1),
Lif(1—x1—y)=(1,1),

ax +by—(a+b—1)xy

{ S if (x,y) # (0,0),
0, if (x,y) = (0,0),

wy=1-2z5(1-x1-y,1—-a,1-b) =

1{ A=xat@=pA=a=1%0) 50q L9 { X=X e s,

x = x
1,ifl—x=1, 0,ifx=0,
wy=1-zj(1-x1-y,1—-a,1-b) =

1{ A=x)A=b=1+)+A=pb ) { b(y—xy)”y ify #0,

Lifl—y=1, 0, ify = 0.

Therefore, formula (3.26) holds.

Upperbound Now, let us consider the upper bound w”. For each tuple (x,y,4,b) €
[0,1]* we denote by z'(x, y,a, b) the value of z’ obtained by applying formula (3.12).
We observe that the lower bound 7’ for P[(A|H) A1_,1_p (B|K)] coincides with z/(1 —
x,1—y,1—a,1—-0). Then

w = 1-#=1-2(1-x,1-y,1—a,1-0) =
(1—x+1—y—1)-min{%,%,1}, ifl-x+1-y—1>0,
0, otherwise,

- 1-

y

) 1-(1-x-y) min{{=%, 2,1}, ifx+y<l,
a 1, otherwise.

Therefore, formula (3.27) holds. O

A summary of the different values of the lower bound w’ for the prevision of
(A|H) v4p (BIK) can be found in Table 3.4. They are obtained from Table 3.3 by
exploiting the relation w’ =1 —z"(1—x,1—y,1—a,1—b). Likewise, a summary of
the different values of the upper bound w” for the prevision of (A|H) v, (B|K) is
given in Table 3.5. These values are obtained from Table 3.2 by exploiting the relation
w'=1-2Z(1-x1-y,1—a,1-0b).

Moreover, from Theorem 24 it follows that
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Case w'
©
ax+by—(a+b—1)x
M+%$W<OZ%:%ﬁwyy
ax+by—xy =0
Sub-cases:

x>yanda>x W) = x
x>yanda < x wh = ”(x—z)ﬂy
y>xandb>y w/1=]/
y>xandb<y wﬁl:w

TABLE 3.4: Values of the lower bound w’ of w = P[(A[|H) v, (B|K)] for different values of
x =P(A|H),y = P(B|K),a,b € [0,1].

Case w”
A:x+y=>1 1
B):x+y<l1

Sub-cases:
(B.1):a<xandb <y X4y
(B.2):a > x and 172 < % w
(B.3):b > y and % = W

TABLE 3.5: Values of the upper bound w” of w = P[(A|H) v, (B|K)] for different values of
x =P(A|H),y = P(B|K),a,b € [0,1].

Corollary 3. Let A, B, H, K be any logically independent events. Then, the set 1T,  of all
coherent prevision assessments (x,y,w) on F = {A|H, (B|K), (A|H) v, (B|K)}, is

My = {(x,y,w) : (xy) € [0, we [, "]}, (328)
where w' and w" are defined in eq. (3.26) and in eq. (3.27), respectively.

We recall that, under logical independence, the set of all coherent assess-
ment (x,y,w) on {A|H,B|K,(A|H) v (BIK)} is the tetrahedron 7' of points
(1,1,1),(1,0,1),(0,1,1),(0,0,0), that is 7' = {(x,y,w) : (x,y) € [0,1]%, w €
[max{x,y}, min{x + y,1}]}. As, from (3.26) and (3.27), w’' < max{x,y} and w” >
min{x +y, 1} for every (a,b) € [0,1]?, it holds that (see Figure 3.2)

T <11, Y(a,b) € [0,1]%

From Theorem 24, we have that in general the disjunction (A|H) v,; (B|K) does

not satisfy the Fréchet-Hoeffding bounds for every (x,y) € [0,1]?, when a and b
are arbitrary chosen. For example, if we take 0 # b = x < y, then from Equa-
tion (3.26) the lower bound of the coherent assessments on (A|H) v, (B|K) is
wy = W # max{x, y}. In the following corollary we show that the only case
the Fréchet-Hoeffding bounds are satisfied for every (x,y) € [0,1]? is for a = x and
b = y, that is the only disjunction of two conditional events always coherent with
these bounds is (A|H) v (B|K), explicitly depending on the probabilities of the
conditionals.



Chapter 3. Generalised conjunction and disjunction of two conditional events in

: o o 76
the setting of conditional random quantities

.
),/,/ // \\\
; P - _
0.9 X/
| g =
08 ; 7 —
’ [4 ’
- //
0.7 4
4
’
06 4 i
4 T

< 05 H/“ ,/
0.4
0.3
0.2 y

0.1

FIGURE 3.2: The gray region enclosed between the two surfaces represents the set H;,h of
all coherent prevision assessments (x,y,w) on {A|H, B|K, (A|H) v, (B|K)}, with a = 0.1
and b = 0.7. The tetrahedron 7" of points (1,1,1),(1,0,1),(0,1,1),(0,0,0) is the set of all
coherent prevision assessments (x,y,w) on {A|H, B|K, (A|H) v¢s (B|K)}. It can be observed
that 7' < IT .

Corollary 4. Let A, B, H and K be any logically independent events. The generalised
disjunction (A|H) v, (B|K) satisfies the Fréchet-Hoeffding bounds for every coherent as-
sessment (x,y) € [0,1]% on {A|H, B|K} if and only ifa = x and b = v,

Proof. Ifa = xand b = y, from Remark 31 we have that (A|H) v, (B|K) = (A|H) v g
(BIK) and this definition of disjunction satisfies the Fréchet-Hoeffding bounds for
every (x,y) € [0,1]2.

Let us suppose now that (A|H) v, ; (B|K) satisfies the Fréchet-Hoeffding bounds
for every (x,y) € [0,1]*> but a # x. Consider the set of coherent assessments on
{A|H, B|K} such that x > y and x +y < 1. Then, it holds that w’ = max{x,y} = x
and w” = min{x +y,1} = x + y. From Table 3.5 to have such a lower bound we need
tohaveax + by —xy > 0and a > x. Then it mustbe a > x using thata # x. However,
to have that upper bound we need to have 2 < x, and hence we have a contradiction.
Then it must be a = x. A similar contradiction arises if we suppose b # y. Then for
the Fréchet-Hoeffding bounds to be satisfied for any coherent assessment (x,y) on
{A|H, B|K} the only choice for a and b is (a,b) = (x,y). O

By Corollary 4 it follows that I, , = 7" if and only if 2 = x and b = y, for every
assessment (x,y) € [0,1]?> on {A|H, B|K]}.

We conclude this section by underlining again that if we want to extend the oper-
ation of conjunction and disjunction from basic events A, B to conditionals A|H, B|K
in a way that preserve similar properties, a suitable choice is to consider the struc-
tures (A|H) Ags (B|K) (Definition 3) and (A|H) v ¢s (B|K) (Definition 5).

3.3 Some particular cases

In this section, first we consider some particular cases of the generalised conjunction
(Definition 14) and the generalised disjunction (Definition 16) obtained when the
conditioning events H and K are incompatible. Then we analyse these structures for
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some given values of 2 and b in which the generalised objects reduce to conditional
events. More precisely, considering a,b € {0,1, p}, with p = z = P[(A|H) A4y (BIK)]
in the case of the conjunction, and p = w = P[(A|H) v, (B|K)] in the case of the
disjunction, we analyse the particular cases (a,b) = (0,0), (a,b) = (1,1), and (a,b) =

(p, p)-

3.3.1 The case H and K incompatible

We analyse the generalised conjunction in the particular case where the conditioning
events H and K are incompatible, i.e. HK = (7.

Theorem 25. Let A|H, B|K, be two conditional events with A, H, B logically independent,
A, B, K logically independent, and HK = (. A prevision assessment P = (x,y,z) on
F = {A|H,BIK, (A|H) Ay (B|K)} is coherent if and only if (x,y) € [0,1]?and z € [/, 2"],
where

z' = min{ay, bx}, z" = max{ay, bx}. (3.29)

Proof. The constituents and the points Qj’s associated with the pair (F,P)
are C; = AHK, C; = HBK, C3 = AHK, C4 = HBK, C; = HK, and
Qi = (Lyb), Q2 = (xLa), Qs = (0,9,0,Q = (1,00, Q = P = (x,3,2)
We observe that H,, = H v K and that Z is the convex hull of points Qy, ... Q4. For
each given assessment (x, ) based on Theorem 4 we determine the lower and upper
bounds z’,z” for the coherent extension z = P[(A|H) A, (BIK)]. We distinguish
two cases: (i)ay < bx, (ii)bx < ay. Case (i). We show that the assessment (x, y,z) on
F is coherent if and only (x,y) € [0,1]? and z € [Z/,2"], where 2’ = ay and z” = bx.

Lower bound First we prove that (x,y, ay), is coherent, and then that z’ = ay is the
lower bound for z. We observe that P = (x,y,ay) = yQ2 + (1 —y)Q4. Then, P € T
with a solution of (3.15) given by A = (0,y,0,1 — y). It follows that

D1(A) = 2t =M +A3 =0,
D2(A) = Dk A=A+ A =1,
D3(A) = Xpc,cvk M =M+ A2+ A3+ Ay = 1.

As ®1(A) = 0, itholds that Zy < {1}, with the sub-assessment Py = x on Fy = {A|H}
coherent because x € [0,1]. Then, by Theorem 2 the assessment P = (x,y,ay) on F
is coherent. Now we show that z’ = ay is the lower bound. Of course, if x = 0,
as ay < bx = 0, it holds that ay = 0. In this case we have that z/ = 0 is the lower
bound because (A|H) A, (B|K) € [0,1]. We assume now that x # 0. We observe that
Q2, Q3, Q4 belong to the plane 7t : ayX + axY —xZ —axy = 0. By setting f(X,Y,Z) =
ayX + axY — xZ — axy, it holds that

f(Qi) =ay —bx <0, f(Qa2) = f(Qs) = f(Qs) = 0.

Then, for every P € Z it holds that f(P) = f(3}_; AuQn) = Sy Awf(Qn) < 0.
Then, by considering P = (x,y,z), with z < ay, it holds that f(P) = f(x,y,z) =
x(ay —z) > 0, and hence P ¢ Z. Thus, as (x,y,ay) is coherent and (x,y, z), with
z < ay, is not coherent, it follows that z’ = ay is the lower bound for (A|H) A, (B|K).

Upper bound We show that the assessment P = (x,y,bx) on F is coherent. We
observe that (x,y,bx) = xQq + (1 — x)Qs. Then, P € Z with a solution of (3.15) given
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by A = (x,0,1—x,0). It follows that
D1(A) =DP3(A) =1, P(A) =0.

As @5(A) = 0, it holds that 7 < {2}, with the sub-assessment Py = y on Fy = {B|K}
coherent because y € [0,1]. Then, by Theorem 2 the assessment P = (x,y,bx) on
F is coherent. We show that z” = bx is the upper bound for z. We distinguish
two cases: y > 0 and y = 0. Let us suppose for now that y > 0. We observe that
Q1, Q3, Q4 belong to the plane 7 : byX + bxY — yZ = bxy. Considering the function
f(X,Y,Z) = byX + bxY —yZ — bxy, it holds that

f(Q1) = f(Q3) = f(Qs) =0, f(Q2) =bx—ay=>0.

Then, for every P € Z it holds that f(P) = f(35_, AuQn) = So_i Auf(Qp) = 0.
Then, by considering P = (x,y,z), with z > bx, it holds that f(P) = f(x,y,z) =
y(bx —z) < 0 and hence P ¢ Z. Thus, the assessment P = (x,y, z) with z > bx is not
coherent and hence z” = bx.
If y = 0, we observe that Q1, Qz, Q3 belong to the plane 7t : —bX + (bx —a)Y + Z = 0.
Weset f(X,Y,Z) = —bX + (bx —a)Y + Z and it holds that f(Q1) = f(Q2) = f(Q3) =
0, f(Q4) = —bx < 0. Then, for every P € Z it holds that f(P) = f(30_, A,Qp) =
22:1 M f(Qp) < 0. Then, by considering P = (x,0,z), with z > bx, it holds that
f(P) = f(x,0,z) = —bx+z > 0,and hence P ¢ Z. Thus, the assessment P = (x,0, z),
with z > bx, is not coherent and hence z” = bx.

Case (ii). The proof can be obtained in a way similar to the proof in Case (i), when
switching x with y and a with b. O

We observe that the bounds obtained in Theorem 25 (under the logical re-
lation HK = () are more restrictive than the bounds obtained in Theo-
rem 23 (under the assumption of logical independence of A, H,B,K). That is,
[min{ay, bx}, max{ay, bx}] < [Z/,z"], where 2z’ and z" are given in (3.12) and (3.13),
respectively. Of course, when a < 1 and b < 1, it holds that z” < 1. This is in
agreement to the fact that (A|H) A, (B|K) can never be 1 in this case.

Remark 33. The result of Theorem 25 can be also obtained in a different way by exploiting
the linearity of prevision. Indeed, when HK = (&, it holds that AHBK = ¢§, HBK = BK
and AHK = AH and hence

(A|H) Anp (BIK) = (aBK + bAH)|(H v K). (3.30)

We observe that P(BK|(H v K)) = P(B|K)P(K|(H v K)) and P[AH|(H v K)] =
P(A|H)P[H|(H v K)]. Then, from (3.30), by the linearity of prevision, it follows that

z = P[(A|H) Aqp (BIK)] = aP(HBK|(H v K)) + bP(KAH|(H v K)) =

(3.31)
= aP(B|K)P(K|(H v K)) + bP(A|H)P(H|(H v K)).
By setting x = P(A|H), y = P(B|K), « = P(H|(H v K)) = 1 — P(K|(H v K)), formula
(3.31) becomes
z =ay(l—a) + bxa. (3.32)

It can be proved" that the assessment (x,y,a) on {A|H,B|K,H|(H v K)}, with HK =
&, is coherent for every (x,y,a) € [0,1]°. Then, from (3.32) we obtain that z €

IFor proving that (x,y,a) on {A|H, B|K, H|(H v K)}, with HK = (&, is coherent for every (x,y, &) €
[0,1]3 it is sufficient to check that each of the eight vertices of the unit cube is coherent ([47]).
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[min{ay, bx}, max{ay, bx}], because « € [0, 1].

Remark 34. When a = x and b = y, from (3.29) we obtain that z’ = z" = ay = bx = xy.
That is, when HK = &, it holds that

P{(A|H) Axy (BIK)] = P[(A|H) ngs (BIK)] = P(A|H)P(B|K),
which is in agreement with the result given in [55] (see also [52]).

In the next theorem we analyse the generalised disjunction (Definition 16) when
the conditioning events H and K are incompatible, i.e. HK = (. From Theorem 25,
and by relation (3.9), it follows

Theorem 26. Let A|H, B|K be two conditional events with A, H, B logically independent,
A, B, K logically independent, and HK = (. A prevision assessment P = (x,y, w) on F =
{A|H,B|K, (A|H) v, (B|K)} is coherent if and only if (x,y) € [0,1]% and w € [w/,w"],
where

w =min{a+y—ay, b+x—bx}, v’ =max{a+y—ay, b+x—>bx}.  (3.33)

Proof. From Equation (3.10), it holds that w’ = 1—2z"(1 —x,1—y,1—a,1—b), where
z"(1—x,1-y,1—a,1—b)is the upper bound of the generalised conjunction valued
inl—x,1-y,1—a,and 1 —b. Then

w=1-72"1-x,1-y,1—a,1-b)=1-max{(1—-a)(1-y), (1-b)(1—x)} =
=min{l—(1-a)(1-y), 1-(1-0b)(1 —x)} =min{a +y —ay, b+ x —bx}.

In the same way, from (3.10), it follows thatw” =1 —-2'(1—-x,1—-y,1—4a,1-10),
where z/(1 —x,1—y,1—a,1—b) is the lower bound of the generalised conjunction
valuedinl—-x,1—-y,1—a,and 1 —b. Then

w'=1-21-x,1-y,1—-a,1-b)=1-min{(1—-a)(1-y), 1-0)(1—x)} =
=max{l—-(1-a)(1-y), 1-(1-b)(1—x)} =max{a+y—ay, b+ x—bx}.

O

Remark 35. We observe that, when a = x and b = y, from (3.33) we obtain that w' =
W' =a+y—ay=b+x—bx =x+y—xy. Thatis, when HK = (, it holds that

P[(A|H) vy (BIK)] = P[(A[H) vgs (BIK)] = P(A|H) + P(B|K) — P(A|H)P(B|K).

3.3.2 Thecasea=b=0

In the case where a = b = 0 the generalised conjunction reduces to a trivalent object,
in particular it corresponds to the forth conjunction proposed by Walker in [94].
Indeed,

(A|H) ~op (B|K) = AHBK|(H v K). (3.34)

Based on Theorem 23, under logical independence, it follows that the probability
assessment (x,y,z) on {A|H, B|K, (A|H) oo (B|K)} = {A|H, BIK, AHBK|(H v K)} is
coherent if and only if (x,y) € [0,1]? and z € [Z/,2"], where 2’ = 0 and 2" = min{x, y}.

For what concerns the generalised disjunction (A|H) v, (B|K), whena =b =0
it reduces to a trivalent object which coincides with the quasi disjunction (see Sec-
tion 1.4). Indeed,

(A|H) voo (BIK) = (AH v BK)|(H v K) = (A[H) v (BIK).
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Then, when H v K is true it holds that (A|H) v (B|K) < (A|H) v, (B|K). By ap-
plying [56, Theorem 6], it holds that P((A|H) vs (B|K)) < IP[(A|H) v, (B|K)] and
hence

(A[H) vs (BIK) < (A[H) v, (BIK)

in all cases. Moreover, based on Theorem 24 it follows that (x,y,w) on
{A|H, B|K, (A|H) v, (B|K)} is coherent if and only if (x,y) € [0,1]? and w € [@’, w"],
where

X+y—xy

X .
e i @) £ (0,0,
=
0, if (x,y) = (0,0),

because ax + by — xy = —xy < 0, and
o 1—(1—x—y)'min{ﬁ,ﬁ,1}, ifx+y<1,
1, otherwise.
1-Q=x-y)=x+y, ifx+y<1l, .
N { 1, otherwise. min{x +y, 1},

because - > 1 and ﬁ > 1.

Then, the lower and upper bounds w’ and w” coincide with w§ and wg given in
Table 1.3. We observe that wy is the Hamacher t-norm with the parameter A = 0.
Thus, differently from the unconditional case where P(A v B) = 1 is the only
coherent extension of (1,0) on {A, B}, for the probability of the quasi disjunction
(A|H) vs (B|K), any value ws € [0,1] is a coherent extension of (1,0) on {A|H, B|K}
because wg = 0 and w¢ = 1. From a probabilistic point of view this is not desirable
because it allows to coherently assess probability 0 for the quasi disjunction even if
one of the two conjuncts has probability 1 and the other one has probability zero. A
similar comment can be also done in the particular case where H and K are incom-
patible. Indeed, when HK = ¢, by instantiating equation (3.33) witha = b = 0, the
lower and upper bounds for (A|H) vs (B|K) become

w' = min{x,y}, w” = max{x,y}. (3.35)

333 Thecasea=b=1

It is interesting to notice that quasi conjunction is a particular case of the generalised
conjunction (A|H) A, (B|K) where a = 1 and b = 1. Indeed, looking at the Sobocin-
ski conjunction in terms of conditional random quantity, it holds that

(A|H) A5 (B|K) = (AHBK + HBK + AHK)|(H v K). (3.36)
Then, we have that
(A|H) 11 (B|K) = (AHBK + HBK + AHK)|(H v K) = (A|H) A5 (B|K).

When H v K is true it holds that (A|H) As (B|K) = (A|H) A, (BIK). By applying
[56, Theorem 6], it holds that P[(A|H) As (B|K)] = P[(A|H) A, (B|K)] and hence

(A[H) ns (BIK) = (A[H) Aqp (BIK)

in all cases. Moreover, based on Theorem 23 it follows that (x,y,z) on
{A|H, BIK, (A|H) 11 (B|K)} is coherent if and only if (x,y) € [0,1]? and z € [Z/,2"],
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where
;[ (x+y-1), ifx+y—-1>0 ~
Z= { 0, otherwise = max{x +y—1,0},
and
— — -2
o x(b a]i):rxyy(a bx), if (x,y) # (1,1), _ ’leiww, if (x,y) = (1,1),
1, if (X,]/) = (1,1), 1, if (X,y) _ (111)1

because in this case it holds that a(1 —y) + b(1 —x) +xy—1=1—-y+1—x+xy —
l1=1-y—x+xy=1-y—x(1-y) = (1-y)(1—x) > 0. Then, the lower and
upper bounds z’ and z” coincide with z§ and z¢ given in Table 1.2. We recall that z
is the Hamacher t-conorm with the parameter A = 0 . Then, for every (x,y) € [0,1]?,
as max(x,y) is the smallest t-conorm, it holds that

z¢ = max{x,y} = min{x, y},

and hence the quasi conjunction do not preserve the bounds in (1.15). Thus, dif-
ferently from the unconditional case where P(AB) = 0 is the only coherent exten-
sion of the assessment (1,0) on {A, B}, for the probability of the quasi conjunction
(A|H) ns (B|K), any value zgs € [0, 1] is a coherent extension of (1,0) on {A|H, B|K}
because z; = 0 and z¢ = 1. This is not desirable from a probabilistic point of view
because it allows to coherently assess probability 1 for the quasi conjunction even if
one of the two conjuncts has probability 1 and the other one has probability zero. A
similar comment can be also done in the particular case where H and K are incom-
patible. Indeed, when HK = ¢, by instantiating equation (3.29) witha = b = 1, the
lower and upper bounds for (A|H) As (B|K) are

Z' = min{x,y}, z" = max{x,y}. (3.37)

Then, as (A|H) A11 (B|K) = (HBK v AHK)|(H v K)), it follows that, given two con-
ditional events A|H and B|K, with HK = (¥, a probability assessment P = (x,y,z)
on F = {A|H, B|K, (HBK v AHK)|(H v K))} is coherent if and only if (x,y) € [0,1]?
and z € [min{x, y}, max{x, y}].

In the case where a = b = 1 the generalised disjunction reduces to a trivalent
object, in particular it corresponds to the forth disjunction proposed by Walker in
[94]. Indeed,

(A|H) v11 (B|K) = ((AH v BK) + H BK + AHK)|(H v K).
Based on Theorem 24, under logical independence, it follows that (x,y,w) on

{A|H, B|K, (A|H) v1,1 (B|K)} is coherent if and only if (x,y) € [0,1]?> and w € [@/, w"],
where w’ = max{x,y} and " = 1.

334 Thecasea=b=7p

We analyse now the particular case for the generalised conjunction in whicha = b =
z = P[(A|H) Az (B|K)]. From Equation (3.3), setting a = b = z we have

(A|H) A~ (B|K) = AHBK + zHBK + zAHK + z(H v K) = AHBK|(AHBK v AH v BK).
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Moreover, for what concerns the generalised disjunction, by settinga = b = w =
P[(A|H) Vuw,w (B|K)] in Equation (3.6), we have that

/

Then for these choices of parameters the conditioning events change and the gener-
alised conjunction and disjunction reduce, respectively, to the trivalent conjunction
and disjunction of Kleene-de Finetti ([24, 61]). The lower and upper bound for
the coherent assessments on these objects are well-known and they are z/ = 0
and z” = min{x,y} for the conjunction, and w’ = max{x,y} and w” = 1 for the
disjunction.

It worth notice that with the choices (a,b) = (0,0), (a,b) = (1,1), and (a,b) =
(p, p), we obtain three of the four associative conjunctions and disjunctions proposed
by Walker ([94]) among the nine that were reasonable for the author to consider in a
trivalent setting.

3.4 Interval-valued prevision assessments

In this section, to deepen the study on the generalised conjunction A,;, and
disjunction v,;, we analyse the case of interval-valued probability assessments.
For both structures, given the imprecise assessment A = ([x1,x2] % [y1,42]) on
{A|H, B|K}, we study the coherent extensions to (A|H) A, (B|K) (Theorem 27)
and (A[|H) v, (B|K) (Theorem 29), respectively. Moreover, we consider the case
HK = ¢ both for the generalised conjunction (Theorem 28) and disjunction
(Theorem 30).

We recall that under logical independence any assessment (x,y) € [0,1]* on
{A|H, B|K} is coherent. Based on Theorem 23, we denote by [Z/(x,y),z"(x,y)] the
interval of coherent prevision extensions of (x,y) to (A|H) A, (B|K). Given the
interval-valued assessment [x1, x2] x [y1, 2] < [0,1]? on {A|H, B|K}, we set [z*,z**]
the interval of coherent extensions z on (A|H) A, (B|K), where

z*¥ = min Z'(x,
(xy)elxx2]x [y1,2] (.y)
and
Z** = max Z"(x,y).

(xy)elx1,x2]x [y1,y2]

The assessment ([x1, x2] % [y1,Y2] % [z¥,2**]) on F = {A|H, (B|K), (A|H) A, (B|K)}
is coherent w.r.t. Definition 7. Moreover, any assessment [x1,x2] x [y1,y2] % [«, B],
with [, ] D [z*,2**], is not coherent. Then, the interval [z*, z*¥] is the least commit-
tal extension, that is the natural extension ([95], see also [84]), of the interval-valued
assessment [x1,x2] x [y1,y2], which is equivalent to the lower probability assess-
ment (x1,1—x2,y1,1—y2) on {A|H, A|H, B|K, B|K}. In what follows we compute the
lower and upper bounds, z* and z**, by also considering the case where HK = (.

Theorem 27. Let A, B, H, K be any logically independent events and let A = ([x1, x2] %
[y1,Y2]) be an interval-valued assessment on {A|H, B|K}. Then, the interval of coherent
extensions of A to (A|H) nap (B|K) is the interval [z*,z**] = [2/(x1,y1),2" (x2,2)], where
Z'(x,y) and 2" (x, y) are defined in formula (3.12) and formula (3.13), respectively.



Chapter 3. Generalised conjunction and disjunction of two conditional events in

. e o 83
the setting of conditional random quantities

Proof. We first want to observe that z* = z/(x1,y1) and that z** = z"(xp, y2), where
Z'(x,y) and 2 (x, y) are given in Theorem 23. The proof is straightforward by observ-
ing that
* _ . /
z z (xllyl) (;,T]BQAZ (x/]/)/
where z'(x, y) is given in (3.12), and that

2** = 72"(x,y2) = max 2"(x,y),

(xy)eA

where z”(x, y) is given in (3.13).
We now show for the lower bound z* = z'(x1,y1) that 2'(x1, 1) = min(, )4 2'(x, y)
and for the upper bound z** = z"(xz, y2) that z"(x2,y2) = max(y y)e4 2" (%, y).

Lower bound We distinguish the following cases: (A): x;1 +y; —1 < 0; (B): x1 +
Y1 — 1>0.

Case (A). If x; +y1 —1 < 0 then z'(x1,41) = 0 = min(, )4 2'(x,y) and hence z* =
z'(x1,y1) = 0.

Case (B). We consider three subcases: (B.1): min{x%, y—bl, 1} = 1;(B.2): min{xil, y%, 1}

x%; (B.3): min{f—l, %,1} = y—bl;

Case (B.1). If xy+y1 —1>0and a > xy and b > yy, then z’(x1,11) = x1 +y1 — 1. In
this case z/(x1,y1) = min(yy)eA Z'(x,y). Indeed, as x > x7 and y > y3, it holds that
x+y—12=x;+y; —1> 0, from Table 3.2, we can have the following three cases:
()2 (xy) =x+y—1,(3i) 2 (x,y) = $(x +y—1), (iii) Z'(x,y) = %(x +y—1).

(i). Of course, Z'(x,y) = x +y—1=x1 +y1 — 1 = Z/(x1, y1).

(if). We observe that £(x + v — 1) is non-decreasing in the arguments x and y. Then,
as a = xi, it holds that

Zxy)=tx+y-1=ix+y—-1)=Fn+y—1) = (x+y—1) =2'(x1, ).

(iii). Similar to the reasoning exploited in (i) it can be easily proved that z/(x,y) =
g(x +y—1) = (x1+y1—1) = 2/(x1,y1).

Case (B.2).

In this case « < x; and ;’—1 < y% We show that z/(xq,y1) = %(Jq +y—1) =
min(y y)eA Z'(x,y). Asx > x; >aandy >y, itholdsthatx+y—1>x1+y; —1 >0,
and 2 < x. Then from Table 3.2, we can have the following cases: (i) z/(x,y) =
fx+y—1), (i) Z(x,y) = s(x +y—1).

(i). As I(x +y — 1) is non-decreasing in the arguments x and y it holds that
() =gty —1) < flx+y—1) =2 (xy).

(ii). We observe that s(x + y — 1) is non-decreasing in the arguments x and y. Then,

as L > 2 it holds that
n X1
Jary=1) = Sty —1) = Ll +yi—1) =2 (v, ).

Case (B.3). By applying a reasoning similar to the case (B.2) it can be shown that
2, y1) = L4y - 1) = mingyea? (x,9).

Upper bound We distinguish two cases: (C) a(1 —y2) + b(1 — x2) + xoy2 —1 > 0;
(D)a(1—y2) +b(1—2x2) +x2y2 — 1 <0.
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Case (C). From Table 3.3 it holds that

x2(b —ayy) + ya(a — bxy)
1-— X2Y2 '

RF Z”(Xg,yz) _

(3.38)

We show that z** = z"(x2,y2) = 2" (x, y) for every (x,y) € A. Let be given (x,y) € A.
We distinguish the following cases: (i) a(1 —y) +b(1—x) +xy—1> 0; (ii) a(1 —y) +
b(1l—x)+xy—1<0,x<y,a< (zzz) al—y)+b(1—x)+xy—1<0,x<y,a>x
(iv)a(l—y)+b(1—x)+xy—1<0,y<x,b<y; (v)a(l-y)+b(1l—x)+xy—1<0,
y<x,b>uy.

(i) We have that z”(x,y) = z5(x, y). From Equation (3.18), as b — ay > 0, it holds that

— b
2 (x,y) — Z4(xp,y) = L2 C 0N <, (3.39)

that is z (x,y) < z§(x2,y). Moreover, as a — bx, > 0 (see Equation (3.18)), it holds
that

—y) (1—x5) (a—b
2 (x2,y) — Z(xa,y2) = —LBERE0) <, (3.40)

Then, 2'(x,y) = 23(x,y) < 25(x2,y) < 25(x2,y2) = 2™,
(ii) We have that z”(x,y) = z{(x,y) = x. Moreover, by recalling (3.13), it holds that

Z"(x,y) = x = min{x, y} < min{xy, yo} == z{(x2, ¥2) < 25(x2, ¥2).

Then, z"(x,y) < z5(x2,Y2).
(iii) We have that z"(x,y) = z4(x,y). We observe that

2(x,y) — F(x,y) = -0 <0 (3.41)
and that
2(x2,y) — Z5(x2, ) = 22 < (3.42)

because @ > xp. Then, by recalling (3.13), it holds that z"(x,y) = zj(x,y) <

25(x2,y) < 23(x2,Y2) < 23 (x2, ¥2) = 2**.
(iv) We have that z”(x,y) = z{(x,y) = y and, as in case (ii), it can be shown that

2"(x,y) < z3(x2,y2) = 2

(v) We have that z"(x,y) = zj(x,y). As in case (iii), it can be shown that
2'(x,y) = z(x,y) < zj(x2,y) < zj(x2, y2) < 25(x2, 42) = 2**.

Case (D). From Table 3.3 we can distinguish the following situations: (D.1) x; <
yoand a < x2; (D.2) xo < ypand a > xp; (D.3) y» < xp and b < y2; (D.4) y2 < x2 and
b > Y.

(D.1) It holds that

2" = 2" (x2,y2) = 21 (x2, ¥2) = x2.

We show that z** = z"(xp,12) = z"(x,y) for every (x,y) € A. Let (x,y) € A be
given. We distinguish the following cases: (i) a(1 —vy) + b(1 — x) + xy —1 > 0; (ii)
al-y)+b(1—x)+xy—1<0,x<ya<ux (iii)al—-—y)+b(1l—x)+xy—1<0,
x <y a>x{@al-y)+bQ-x)+xy—1 < 0,y < x, b < y; (v)
al—y)+b(1—x)+xy—1<0,y<x,b>y.
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(i) We have that z"(x,y) = zj(x,y). Moreover,

—y) (a—b
Z4(x,y) —a = - (4L

A

0
because a — bx > 0. Then,
z5(x,y) <a<xy=z2"(x,y) =z"".

(ii) We have that z”(x,y) = z{(x,y) = x < xp = 2"(x,y) = z**.
(iii) We have that z”(x,y) = z4(x,y). We observe that

Z(x,y) —a = —7(”7?7(;7” <0
because a > x . Then
z5(x,y) <a<xy=z2"(x,y) =z"".

(iv) We have that z"(x,y) = z{(x,y) =y < x < xp = 2] (%2, y2) = 2**.

(v) We have that z”(x, y) = zj(x,y). Asy < x, we obtain

—y) (1—b
Zi(x,y) —x = ~ = d-h q)_(yl ) <0
Then
zZy(x,y) < x < xp =2"(x,y) = z*%.
(D.2) It holds that
X2 (1—a)+yr(a—x
FAMES Z//(x2/y2> = Zg(xZIyZ) = 2( :2 — Zi( 2) .

We show that z** = 2z"(xp,y2) = %ﬁ(%m > z"(x,y) for every

(x,y) € A. Let (x,y) € A be given . We distinguish the following cases: (i)
al—y)+b(1—x)+xy—1>0;(ii)a(l —y)+b(1—x)+xy—1<0,x <y, a<x
(iii)a(l—y)+b(1—x)+xy—1<0,x <y, a>x(iv)a(l—y)+b(l—x)+xy—1<0,
y<x,b<y,(v)al—-y)+b(l—x)+xy—1<0,y<x,b>y.

(i) We have that z"(x,y) = z5(x,y). Asb—ay > 0and a > x, > bxy, it follows from
(3.39) and (3.40) that z5(x,y) < z5(x2,¥2). By recalling from Theorem 23 that in case
(D.2) z5(x2,y2) < z5(x2,Y2), we obtain that 25 (x,y) < z§(x2,y2) = z**.

(ii) This subcase is not satisfied by any (x,y) € A. Indeed, we are considering
a > x,, then in this case 2 > x, > x and hence it is not possible to have a < x.

(iii) We have that z”(x,y) = z4(x,y). From relations (3.41) and (3.42) it holds that
3k

z3(x,y) < z3(x2,12) = 2

(iv) We have that, from (3.13), z"(x,y) = z{(x,y) =y < x < xp = z{(x2,)2) <
z5(x2,y2) = 2**.

(v) We have that z”(x, y) = zj(x,y). Asy < x, we obtain

Zy(x,y) —x = _7@—%)_(;—17) <0
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Then, by (3.13),
zy(x,y) < x < x2 = 21 (x2, ¥2) < 23(x2,y2) = 2" (%, y) = z**.

(D.3) In this case, by following a reasoning similar to the case (D.1), it can be
proved that z** = 2" (x2,y2) = 2 (x2,12) = V2.
(D.4) In a way similar to the one in case (D.2), it can be proved that z** =

2"(x2,2) = 24 (X2, 12) = %yy;(l—b) -

We now generalise Theorem 25 for interval-valued prevision assessments.

Theorem 28. Let A = ([x1,x2] x [y1,Y2]) be an interval-valued probability assessment on
{A|H, B|K} with HK = . Then, the interval of coherent extensions of A to (A|H) A,y
(B|K) is the interval [z*,z**], where

z* = min{ayy, bx1}, z** = max{ay,, bxy}. (3.43)

Proof. The proof is straightforward by recalling that every assessment (x,y) € [0, 1]?
on {A|H, B|K} is coherent when HK = ¢ and by observing that both the lower and
upper bounds z’ and z” given in Theorem 25 are non-decreasing functions in the
arguments x and y. O

Using the results obtained in Theorem 27, we can analyse the imprecise proba-
bilities case also for the generalised disjunction (A|H) v,; (B|K).

Theorem 29. Let A, B, H, K be any logically independent events and let A = ([x1,x2] %
[y1,Y2]) be an interval-valued assessment on {A|H, B|K}. Then, the interval of coherent
extensions of A to (A|H) v, (B|K) is the interval [w*, w**| = [w'(x1,y1), w"(x2,y2)],
where w'(x,y) and w" (x,y) are defined in formula (3.26) and formula (3.27), respectively.

Proof. Given the interval-valued assessment [x1,x2] x [y1,y2] < [0,1]*> on
{A|H, B|K}, we set [w*, w**] the interval of coherent extensions of w on (A|H) v,
(BIK), with

w* = min w'(x,y)

(xy)elx1,x2]x [y1,y2]

and

w** = max w’(x,y),

(xy)elx,x2]x [y1,y2]
where w'(x,y) and w”(x,y) are defined in formula (3.26) and formula (3.27), re-
spectively. We recall that from Theorem 27, the lower and upper bounds for the
generalised conjunction, (A|H) A, (B|K), in the imprecise case where (x,y) €
[x1, x2] % [y1, 2], are

z¥ =2 (x1,11) = min Z(x,y), 2" =2"(x2,12) = max Z"(x,y).

(xy)elx1,x2]x [y1,y2] (xy)elx1,x2]x [y1,2]
We observe that, as (1 —x,1 —y) € [1 —x2,1 —x1] x [1 —y2,1—y1], then

Z(1—x3,1—yp) = min Z(1-x1-y),
(xy)elx1,x2] x [y1,y2]

and

Z'"(1—x1,1—1y1) = max Z"(1-x,1—y).
(vy)elxrxa]x[y1y2]
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From (3.10), we have that

w(x,y)=1-2"1-x,1-y,1-a,1-b), w'(x,y)=1-Z(1-x,1-y,1—a,1-0),

and hence

w* = min W (x,y) = min 1-2"(1—x,1—y,1—a,1-0b)) =
(xy)elxrxa]x[y1,y2] () (x,y)e[xl,xz]x[yl,yz]( ( 4 )

=1- max Z’"1—x1-y)=1-2"1—-x1,1—y1) = w'(x1,11)
(xy)e[x1,x2] % [y1,y2]

W = max W’ (x,y) = max 1-Z1-x,1-y,1—a,1-0)) =
(xy)elx1,x2]x[y1,y2] (:y) (xy)€[x1,x2] % [J/Lyz]( ( Y )

=1- min Z(1-x1-y)=1-2'(1—x2,1—y2) = W' (x2,12).

(xy)elx1x2]x[y1,y2]
O

Moreover, considering the interval of coherent assessments obtained in the pre-
cise case (Theorem 26), we also find the interval of coherent prevision extensions for
H and K incompatible.

Theorem 30. Let A = ([x1,x2] % [y1,Y2]) be an interval-valued probability assessment on
{A|H, B|K} with HK = . Then, the interval of coherent extensions of A to (A|H) v,
(B|K) is the interval [w*, w**|, where

w* =min{a +y; —ayy, b+ x; —bx1}, w** =max{a+y>—ayy, b+ xy —bxy}. (3.44)
Proof. From Theorem 26 we have that
w'(x,y) =min{a +y—ay, b+x—bx}, w"(x,y) =max{a+y—ay, b+ x—Dbx}.

We recall that

w* = min w'(x,y)

(xy)elx1,x2]x [y1,y2]

and

w** = max w’(x,y),

(vy)elxrxa]x[y1,y2]
then, by observing thatb +x1(1—b) < b+x(1-b) < b+x(l—-b)anda+y(1—a) <
a+y(l—a)<a+y(1—a),itholds that

w* =min{a +y1 —ayy, b+ x1 —bxq}, w** = max{a+yy —ayz, b+ x2 — bxy}.

3.5 Further aspects on (A|H) A, (B|K)

In this section we deepen two further aspects of the generalised conjunction
(A|H) ~ap (BIK). We first give a subjective interpretation of (A|H) A, (B|K) when
we consider two individuals O and O’. Then, we examine (A|H) A, (B|K), when
A|H < BIK.

Let us consider two individuals O and O’. Suppose that O’ asserts P'(A|H) = a and
P'(B|K) = b. Then, based on Remark 30, for O’ the conjunction (A|H) A, (B|K) co-
incides with its conjunction (AHBK + P'(A|H)HBK + P'(B|K)AHK)|(H v K), which
we denote by (A|H) Ag, (B|K). Thus, by coherence, P'[(A|H) A,y (B|K)] satisfies the
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Fréchet-Hoeffding bounds, that is:
P'[(A[H) nap (BIK)] = P'[(A[H) g (BIK)] € [max{a + b — 1,0}, min{a, b}].

Now, suppose that O asserts P(A|H) = x and P(B|K) = y. Then, under logical
independence, the lower and upper bounds z’ and z” on (A|H) A, (B|K) computed
in Theorem 23, for the individual O, represent the lower and upper bounds for the
coherent extension IP[(A[H) Ag, (B|K)] of the assessment (x,y) on {A|H, B|K}. Thus,
according to eq. (3.25), it generally holds that

P[(A[H) Aqp (BIK)] = P[(A|H) rgs (BIK)] € [2/,2"] 2 [max{x +y — 1,0}, min{x, y}],
while
P[(A|H) Axy (BIK)] = P[(A|H) Ags (BIK)] € [max{x +y — 1,0}, min{x, y}].

A real world application of this interpretation could be given in the framework
of a joint-bet in soccer betting (see [41, 62]). The conditional events can be inter-
preted as A|H = The outcome of the first match is home win, given that the first match
is valid, and B|K = The outcome of the second match is draw, given that the second match
is valid. Suppose the bettor assesses x = P(A|H), y = P(B|K). However these are
his personal evaluations, and when he bets on these matches he has to deal with
the bookmaker ones. That is, bookmaker probabilities may be a = P'(A|H) = é

and b = P'(B|K) = é, where Q; and Q; are the assigned decimal odds on the two
single bets. In a single bet the stake will be refunded if the match is not valid. A
double bet on A|H and B|K in a linked series of the two single bets where the return
of one bet is stacked to the other bet. Then, the bettor actually bets on the joint-bet
(A|H) Agp (BIK), in the context where he has his own probabilities but the object is
determined by those of the bookmaker. Moreover the bookmaker usually consid-
ers the two bets as “independent” and for him (A|H) A, (BIK) = (A|H) Ag (BIK)
with P'[(A|H) Anp (BIK)] = ab = ﬁ, while the bettor could coherently assess
z = P[(A|H) Aqp (BIK)] € [Z/,2"] as in Theorem 23. In particular, the bettor, pay-
ing ab, might feel he has an advantage when ab < z’, where z’ is the lower bound

in (3.12). This condition can only occur when 0 < ab < (x +y — 1)min{§,§ .
Indeed, if x+y—1 < 0 thenz’ = 0 < ab, and if min{%,g,l} = 1 then z/ =
x+y—1<a+b—-1 < ab. Moreover, 0 < ab < (x—i—y—l)min{%,g also re-
quires that 0 < 2 < xand 0 < b < y. Indeed, if £ < 3, then it must be

b < < x—xy < y. Similarly, ifs < £, then it must be a < iyl oy

As an example, consider the case where x = 0.8,y = 0.9,a = 0.7, and b = 0.8. In this
case, ab = 0.56 < z/ = (0.8 +0.9 — 1)% = 0.6125.

x+y—1
x

Inclusion relation We recall that, when A|H < B|K, it holds that (A[H) Ags (B|K) =
Al|H (see, e.g., [58, formula (16)]) and hence IP[(A[H) A¢s (B|K)] = P(A|H). These
relations are not preserved by (A|H) A, (B|K). Indeed, if A|H < B|K, as AHBK =
AH,KAH = ¢4, and HBK = HK, from (3.1) it holds that

(A|H) Aqp (BIK) = (AH + aHK)|(H v K) # A[H, (3.45)
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because, when HK is true, it follows that (A|H) A, (B|K) = a, while A|H = x,
where x = P(A|H). Moreover, it holds that

P[(A|H) Aqp (BIK)] = P(A|H)P(H|H v K) + aP(HK|H v K) = ax + (1 — a)a,
where x = P(A|H), « = P(H|H v K). Thus, when A|H < B|K, it follows that
P[(A|H) Aqp (BIK)] € [min{x, a}, max{x,a}],

whereas
P[(A[H) rgs (BIK)] = P(A|H) = x.
In particular when a = b = 1, thatis (A|H) A, (B|K) = (A|H) g (B|K), from (3.45)
it follows that (A|H) A, (B|K) = (AH v HK)|(H v K) 2 (A|H) (see [59, Remark 4])
and P((AH v HK)|(H v K)) € [x,1].
Analogous observations from this section can be applied to (A|H) v,; (B|K).
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Chapter 4

Compound conditionals and fuzzy
sets

The results of this chapter are mostly taken from [18]. To help the readability and
simplify the notation, in the following we use the symbols A to refer to Ags.

In this chapter, starting from the probabilistic interpretation of the membership func-
tion of a fuzzy set as a suitable conditional probability given in [26, 28], we propose
a slightly different definition of a fuzzy set. Then, we introduce suitable set opera-
tions for fuzzy sets. In particular, we consider the complement and the intersection
of fuzzy sets, the latter defined exploiting the conjunction of conditional events as
random quantities. We also analyse the choice of a t-norm as membership of the
intersection in the context of coherent conditional probabilities.

4.1 Fuzzy sets and random quantities

Let X be a random quantity with range of values Cx, for each x € Cx, we denote
by Ay the event (X = x). Obviously, the family {Ay}iec, is a partition (possibly
not finite) of the sure event (). In this paper we only consider finite sets Cx. Let ¢
be any property related to the random quantity X. Let us consider an experiment
of selecting an agent randomly from a given population. The selected agent, for a
given x € Cx, must state whether the property ¢ holds for X or not. Let E, be the
following event: E, = “They claim that X has the property ¢”. Then, we consider the
conditional event E,| Ay = “They claim that X has the property ¢, knowing that X =
x” and a conditional probability P(Ey|Ay), seen as a real function p(x) = P(Ey|Ax)
defined on Cy.

Remark 36. We recall that, every function p, : Cx — [0,1], such that py(x) = 0 if
AxEy = &, and py(x) = 1if Ay < Ey, is a coherent conditional probability [26, Theorem
2]. In particular, for every x € Cx, if E, and Ay are logically independent, as AxEy # &
and Ay & E,, it follows that every py(x) € [0,1], x € Cx, is a coherent conditional
probability (see also [47, Proposition 12]).

To look at P(Ey|Ax) = py(x) in the betting framework, we consider a conditional
bet that You place on the assertion of the agent randomly chosen from the given
population. More precisely, by choosing P(Ey|Ax) = py(x), for every s € R, You
are willing to pay the amount sy, (x) to receive the random amount s - (Ep|Ax) =
s- (EpAx + pgp(x)Az). In other words, for every s € R, You pay the amount sy(x)
in order to receive the amount: s, if They claim that X has property ¢ and X = x; 0,
if They claim that X has property ¢ and X = x; sy, (x), that is the paid amount, if
X # x. Similarly to [26, Definition 2] the following probabilistic interpretation of a
fuzzy set can be given.
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Definition 17 (Fuzzy set). Let X be a random quantity with set of possible values Cx
and a property ¢ on X. Given a coherent conditional probability P on the family F, =
{Ey|Ax, x € Cx}, we define a fuzzy set E;‘; in Fy, with membership y, the set

Ej = {(Ep|Ax, pg(x)) : x € Cx}, where pg(x) = P(Eg|Ax). 4.1)

In this setting, for every ¢, the fuzzy emptyset, (5*, is the fuzzy set where the
membership function is p g (x) = 0, for every x € Cx. Analogously, the fuzzy sample
set ()* is the fuzzy set where the membership function is puq(x) = 1 for every x €
Cx. Of course, the fuzzy set * (resp., (* ) can only be defined if the assessment
te(x) = 0 (resp., ua(x) = 1), x € Cx, is coherent. Based on Remark 36, under the
assumption that, for every x € Cx, the events E, and A, are logically independent,
it follows that the fuzzy sets @* and ()* are properly defined. In our framework,
the negation of the event E,, denoted by E,, is the event “They claim that it is not
true that X has the property ¢”. The sentence “it is not true that X has the property
¢” will be simply denoted as “X has the property ¢”. Then, E, = E; = “They claim
that X has the property ¢”. Thus, the negation E,| A, of the conditional event Ey|A,
coincides with the conditional event Eg5|A,="They claim that X has the property ¢,
knowing that X = x”.

Definition 18 (Complement of a fuzzy set). Given a fuzzy set Ej in Fx, the complement
of Ey, denoted by E;’;, is the following fuzzy set in F: E;‘, = E5 = {(Eg|Ax, pig(x)) : x €
Cx}, where pg(x) = P(Eg|Ax).

In Definition 18 coherence requires that jig(x) = P(Eg|Ay) = P(Ey|Ay) = 1—
P(Ey|Ax) =1 — pgy(x), for every x € Cx. Therefore,

E;‘, = {(E(P|Ax,1 — Ho(x)) : x € Cx}. (4.2)
To illustrate the definition of these fuzzy sets we give the following example.

Example 5. Let X denote the height (in cm) of a certain individual (let us choose Andy),
with X € Cx = {140,141, ...,220}. Let ¢ be the property “tall”. We consider the following
two events: E, = “They claim that Andy is tall”, Ay= “Andy’s height is x cm”, x € Cx.
Let us consider the fuzzy set Ey, on Cx, where, for every x € Cx, pgp(x) = P(Eq|Ay) is your
degree of belief on the conditional event Ey|Ay, that is on the conditional sentence “They
claim that Andy is tall knowing that his height is x cm”. By Definition 18, it holds that the
complement E;’I; of Ej, is the set of the pairs (Eg|Ax, pg(x)) = (Ep|Ax, 1= pg(x)), for every
x € Cx, where E¢|Ax is the conditional event “They claim that Andy is not tall, knowing
that his height is x cm”.

4.2 Intersection of fuzzy sets

In this section, to continue with the formalization of set operations among fuzzy sets
defined as in Definition 17, we consider a new definition of intersection of fuzzy sets
(Definition 19). Moreover, we analyse the cases of the intersection of a fuzzy set with
it self and with its complement.

Based on in Definition 3, given two fuzzy sets Ej and Ej, we define their inter-
section E¢ , , as follows.

Definition 19 (Intersection). Let X, Y be two random quantities and ¢,  two properties
on X and Y, respectively. Moreover, let Eg = {(Eg|Ax, pp(x)) : x € Cx} and Ej, =
{(Eyp|lAy, uy(y)) : y € Cy} be two fuzzy sets on F, and Fy, respectively. The intersection
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?;mp éf f;’; and Ej, is the following fuzzy set on Fony = {(Eg|Ax) A (EyplAy), (x,y) €
x X Cyj:

prp = Eg ~ By = {((EglAx) A (EylAy), ponyp(x,y) - (x,y) € Cx x Cy},

where ppnp(X,y) = P[(Egp|Ax) A (Ey|Ay)].

For each pair (x,y) € Cx x Cy, the conjunction (Ey|Ax) A (Ey|Ay) in Definition 19
can be interpreted as the compound conditional “They claim that: X has the property
@, knowing that X = x, and Y has the property ¢, knowing that Y = y”.

Remark 37. In [26, 28], the authors consider, under suitable assumptions of conditional
independence, as conjunction of two conditional events Ey|Ay and Ey|Ay the conditional
event (Ey A Ey)|(Ax A Ay) (Bochvar conjunction), which can be interpreted as the follow-
ing conditional “They claim that: X has the property ¢ and Y has the property 1, knowing
that X = x and Y = y”. Notice that in general the conditional event (Ey, A Ey)|(Ax A Ay)
does not coincide with the conjuntion (Ey|Ayx) A (Ey|Ay), which is instead a conditional
random quantity. Then, the intersection Ey A Ej introduced in Definition 19 differs from
the one given in [28, Definition 21, p.229]. In particular in [28], under the assump-
tion that P(Ey|(Ax A Ay)) = P(Ey|Ax) and P(Ey|(Ax A Ay)) = P(Ey|Ay), for every
(x,y) € Cx x Cy, the membership function of the intersection, ., is interpreted as
the probability P((Ey A Ey)|(Ax A Ay)), for every (x,y) € Cx x Cy. Under these hy-
potheses, it follows that y, . ,(x,y) satisfies the Fréchet-Hoeffding bounds (eq. (1.15)), that
is: max{pe(x) + py(y) — 1,0} < piy(x,y) < min{py(x), py(y)}. The assumptions
of conditional independence recalled above are essential to have these bounds on the prob-
ability of the conjunction. Otherwise, for every (x,y) € Cx x Cy, given the assessment
(g (x), uyp(y)) € [0,1]* on {Ey|As, Ey|Ay}, every Hony(x,y) € [0,1] is a coherent ex-
tension on (Ey A Ey)|(Ax A Ay) [88]. We observe that, using the conjunction in Defi-
nition 3, that is (Ey|Ax) A (Ey|Ay), the Fréchet-Hoeffding bounds (1.15) are satisfied for
every (1y(x), uy(y)) € [0,1]%. Nevertheless, sometimes the assumption of conditional inde-
pendence may not be reasonable, as shown in the following example.

Example 6. We set X and Ej as in Example 5. Let Y denote the weight (in kg) of Andy,
with’ Y € Cy = {40,41,...,120}. Let ¢ be the property “fit”. We consider the events
Ey = “They claim that Andy is fit”, Aj= “Andy’s weight is y kg”, y € Cy. By Re-
mark 36, every py(y) € [0,1] is a coherent assessment for Ey|A}. We observe that it
seems natural not to consider Ey stochastically independent from A conditionally to Aj,
that is, it seems reasonable to assume that P(Ey|AxAj) could not coincide with P(Ey|Aj).
Indeed, the information on Andy’s height could modify the belief on claiming that Andy
is fit only knowing his weight. By Definition 19, for instance, the conditional random
quantity (Ey|Aigo) A (Ey|ALs) can be interpreted as the conjoint sentence “They claim
that: Andy is tall, knowing that his height is 180 cm, and Andy is fit, knowing that
his weight is 75 kg”. Suppose to assign the following values to the membership func-
tions: 14(180) = P(Ey|A1g) = 0.85 and uy(75) = P(Ey|Azs) = 0.8. By Theo-
rem 5, it holds that py.y(180,75) = P[(Ey|Aiso) A (Ey|A7s)] is coherent if and only if
Hony(180,75) € [max{0.85 + 0.8 — 1,0}, min{0.85,0.8}] = [0.65,0.8].

Remark 38. We observe that, by Definition 19, it follows that EG n EG # E5. Let EG
be a fuzzy set. Then Ej A Ef = {(Eg|Ax) A (EglAw), fong(x, X)), (x,x") € Cx x Cx},
where Popp(x,X') = pe(x), if x = X', and pyrp(x,X') = po(x)pe(x"), if x # x'. Indeed,
by Definition 3, when x = x', it holds that (Ey|Ax) A (Eg|Ay) = Ey|Ax and hence by
coherence ppnp(X,X) = pe(x). Otherwise, when we consider pairs (x,x’) € Cx x Cx
where x # x', as AxAy = &, by Remark 7, it holds that (Ey|Ax) A (Eg|Ax) = (Eg|Ax) -
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(Ep|Ax) and hence, by coherence, pyny(x,x") = po(x)pe(x") < min{py(x), pe(x’)}.
Therefore, in general, E; A Eg # EG.

It is well-known that, in fuzzy logic, the intersection between a fuzzy set and its
complementary set in general does not coincide with the fuzzy empty set. We now
observe that this feature still holds when applying Definitions 18 and 19.

Remark 39. Let EG be a fuzzy set. Then, by Definition 18 and Definition 19, it holds that
Ey A EG = {((EglAx) A (EglAx), tong(x,x")) : (x,x') € Cx x Cx}, where pugppq(x, X') =
0,if x = X', and pyrg(x,X') = pp(X)pgury = po(X)pe(1 —x'), if x # x'. Indeed, we
observe that, when x = x', it holds that (Ey|Ayx) A (Eg|Ax) = (Eg|Ax) A (Eg|Ay) = 0and
hence by coherence pipng(x,x) = 0. Otherwise, when we consider pairs (x,x’) € Cx x Cx
with x # x', by Remark 7 it holds that (Ey|Ax) A (Eg|Ax) = (Eg|Ax) - (Eg|Axr), which is
not constant and can therefore not necessarily be equal to 0. Therefore, as py5(x, X") cannot
necessarily be equal to 0, it follows that E; n EG # %

We recall that Definition 3 has been extended to the case of n conditional events
in Definition 4. Then, Definition 19 can be extended to the case of n fuzzy sets as
follows.

Definition 20. Let Xj,..., X, be n random quantities and n associated properties
@1, -, @, respectively. Let Ej = {(Eg,|Ax;, g (xi)) : xi € Cx,} be a fuzzy set on Fq,
i=1,...,n. The fuzzy conjunction Eg ~ ... A Eg s defined as

* — * *
EfP1A~~~MPn = E(Pl A A Eq)n =

- {((E¢1|Axl) ZANEIIVAN (E(Pn’Ax"),l/lqol/\.”,\q)n(xl,. . .,x”)) : (xl,...,Xn) € CXl X ... X CX”},
where fo, n..ng, (X1, .-, Xn) = P[(Eg,|Ax;) A .. A (Eg,|Ax,)]-

In the literature, different operators have been suggested to model the intersec-
tion and union of fuzzy sets, such as the max-operator, the min-operator ([99]), and
the bold union ([44]). In particular, many authors proposed as aggregation opera-
tors for the intersection and the union of fuzzy sets the so called triangular norms
(t-norms) and conorms (t-conorms), respectively ([72]). For what concerns the t-
norm, with our approach not all of them are acceptable to describe coherent prob-
ability for the conjunction of conditional events. A class of t-norms that in cases of
logical independence describe coherent prevision assessments for the conjunction of
two conditional events is given by the Frank t-norms ([52]). They are t-norms T
that give a gradual transition between the Lukasiewicz t-norm T;, and the minimum
t-norm Ty ([8]), that is

max{x +y —1,0} < T, < min{x, y}, A € [0, +oo]. (4.3)

In particular To(x,y) = Tm(x,y) = min{x,y}, Ti(x,y) = Tp(x,y) = xy, and
Tio(x,y) = Tr(x,y) = max{x +y —1,0}. From (1.15) and (4.3) we have that, under
logical independence, for every (coherent) pair of conditional probabilities y,(x) =
P(Ey|Ay) and py(y) = P(Ey|Ay) the assessment prg.y(x,y) = Tr(pe(x), pyp(y)) is a
coherent extension on (Ey|Ay) A (Ey|Ay), for every A € [0, +-00]. Then, Frank t-norms
can be used to construct the membership function of the intersection of two fuzzy
sets. However, as shown in the example below, the construction of membership
functions by means of Frank t-norms for all the intersections which involve three
fuzzy sets could lead to case of incoherent conditional prevision [52, Example 7].
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Example 7. Given any logically independent events Ei,E,, E3, H1, Hy, H3, we observe
that the assessment (x1,x2,x3) = (0.5,0.6,0.7) on {Ei|Hy, Ex|H, E3|H3} is coher-
ent. Moreover, as shown in [52, Example 7], the extension (Tr(x1,x2), Tr(x1,x3),
Tr(x2,x3), Tr(x1,x2,x3)) = (0.1,0.2,0.3,0) on the family {Ci2, C13,Co3, Ci123}, where
C?l-]- = (Ei’Hi> A (E]|H]), and (‘3123 = (E1’H1) A (Ez‘Hz) A (E3’H3), is not coherent.
This counterexample shows that, when considering the fuzzy sets Ej ,Eg ,Eg o, Eg ngsr
EG, ngsr and EG o, o5, the t-norm of Lukasiewics cannot be always chosen as membership
function in Definition 20 because it could lead to incoherent assessments.
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Chapter 5

Towards an algebraic and
probabilistic setting for iterated
Boolean conditionals

The results of this chapter are taken from [22].

In this chapter, we will follow the algebraic approach developed in [40] (see also
[41, 42]) to deal with iterated (nested) conditionals. To represent iterated condition-
als we employ an algebra that can be built from any Boolean algebra of plain events,
by doubling the construction defined in [40] that defines Boolean algebras of con-
ditionals. More precisely, given a Boolean algebra A, its associated Boolean algebra
of conditionals, denoted by C(A), contains all basic conditionals of the form (a | b)
fora € Aand b € A\{L} and their Boolean combinations. Since C(A) is itself a
Boolean algebra, and it is finite if A is finite, we can consider its Boolean algebra of
conditionals C(C(A)) that now contains basic iterated conditionals like (a | b) | (c | d)
fora,c € A and b,d € A\{L} and their Boolean combinations as well. Thanks to
the richer language available in the Boolean algebras of iterated conditionals it is
possible to study algebraic and probabilistic versions of properties that we cannot
express with basic conditionals. More precisely, in Section 5.1 we recall some prelim-
inary notions on the construction of the algebra of conditionals C(A) and its atomic
structure, the notion of canonical extension of a positive probability P on A and the
“separability property” for a probability Q on C(A). In Section 5.2, we analyse the
structure of the algebra of iterated conditionals C(C(A)) by also describing its atoms
and the different ways of obtaining a probability on C(C(A)). In Section 5.3, starting
from the well-known Import-Export principle, we formulate a weaker version of it
and we use the latter to characterize the separable probabilities on C(A). Then, in
Section 5.4 we introduce the “conjunction rationality” principle for the canonical ex-
tension of a positive probability Q on C(A) and we prove it is related to the McGee
decomposition formula for the conjunction of two basic conditional given for Q.

5.1 Basics on the Boolean algebra of conditionals

Boolean algebras will be considered in their usual language (A, v,”, L, T) of type
(2,2,1,0,0) where A and v denote the lattice operations of meet and join respec-
tively, ~ indicates the operation of complementation (or negation), while | and T are
the constants for the bottom and the top elements respectively. For every Boolean
algebra B = (B, A, v,, L, T) we will denote by < the lattice order of B so that for all
a,be B,a <bholdsiff a A b = aor, equivalently, a v b = b. Moreover we will denote
by B’ the set B\{_L}.
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Now, let A be a Boolean algebra. The Boolean algebra of conditionals of A ([40]),
denoted by C(A), is defined by firstly considering the Boolean algebra Free(A x A’)
freely generated by the set A x A’ = {(a,b) : a € A,b € A\{L}}, and then imposing
on it some suitable properties of conditionals. This second step is done by taking the
quotient of Free(A x A’) by the minimal congruence = that extends the following
set of relations:

b|b)=T,forallbe A\{L};
a1 | b) A(ap | b) = (a1 Aax | b), forallay,a, e A, be A\{L};

(
(

* (a| (@|b),forallae A, be A\{L};

@l =
(a|b)=(anb|b) forallae A, be A\{L},
(a|b) A

a| (blcy=(a|c), forallae A, b,ce A\{L}suchthata <b <c.

In the above we have adopted the notational convention of writing a | b for the pair
(a,b) e A x A’. Sometimes, to ease the reading, we will also write ab instead of a A b
and we will use the abbreviation a — b for the material conditional @ v b.

Then, in symbols, C(A) = Free(A x A’)/=. If A is finite, then so is C(A) and we
will henceforth assume to work with finite algebras only. In particular the algebras
we will consider are atomic with atoms at(A) = {aj,...,a,}. In [40] the atoms of
C(A) are characterized in terms of the atoms of A as follows: an element w € C(A) is
an atom iff there exists a permutation o = (iy,...,i,) on the set of indices {1, ...,n}
in S,,,' and hence a linear sequence of pairwise different atoms of A

(IXi],. . .,Oéz'n),
such that

Wo = (@ | TIA( | G) A A [T AT A, | A AT)
(s, | T A, | 8)A - A (G | G A .. AT,

(5.1)
since (a;, | @i A ... A0 ) = (a; |a;,) and («;, |a;, ) is the top element of C(A). Be-
cause of this we can identify atoms of C(A) by shorter sequences («;, ..., «; ) of
n — 1 pairwise different atoms of A. To stress the identification of atoms of C(A)
with sequences of atoms of A, we will write w, for the atoms of C(A). Moreover, for
every atom w, € at(C(A)) and every j = 1,...,n — 1, we write w,|j] to denote the jth
coordinate a;, of the sequence (a;,, ..., ;, ,) that uniquely determines w,. Clearly,
we|j] € at(A).

Every positive probability P : A — [0, 1] can be extended to a positive probability
up on C(A) by stipulating that for every atom w, € at(C(A)) defined as above,
P(Dci2) P(‘Xin 1)

P(“iil).“..P(Til/\"'/\lxin 2).

pr(ws) = Pla) -

By [40, Lemma 6.8] the above map pp is a probability distribution on at(C(A))
and its associated probability on C(A), that we will still denote by the same symbol
up, is called the canonical extension of P to C(A).

Moreover, by [40, Theorem 6.13], forevery a,b € A, withb # L, up(a | b) = %
and hence canonical extensions yp provide a finitary solution to what has been called
the strong conditional event problem (see [67]) within the setting of Boolean algebras of

conditionals. This reads as follows:

I Adhering to a standard notation we will henceforth denote by S, the set of permutations over a
set of n elements.
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(SCEP) For every Boolean algebra A, find another Boolean algebra A* and a map =>:
A x A — A* such that A is subalgebra of A* and, for every positive probability
P on A, there exists an extension P* of P on A* such that, for all a,b € A with

b# L P*b=a) = Zpal).

The above (SCEP) can be further strengthened by requiring that every positive prob-
ability on the bigger algebra A* behaves as a conditional probability on A x A’. Call
this stronger principle (SCEP)*.

Although Boolean algebras of conditionals, and canonical extensions, provide a
solution for the (SCEP), the stronger (SCEP)* fails in general in this setting. Indeed,
[40, Example 6.3] shows that there are positive probability functions Q : C(A) —
[0,1] that fail to model the axioms of conditional probability (see for instance [69])

and therefore they do not satisfy Q(a | b) = Qéa(g‘lg)' However, it is relevant to
observe that, by [40, Corollary 6.14], Q : C(A) — [0,1] is a conditional probability iff
Q satisfies the next separability property.

(Sep) foralla <b<cwithb# 1,Q(a|c)=Q((a|b)a(b|c)) =Q(a|b) -Q(b]c).

We will call Q separable when it satisfies (Sep). In other words, separable probabili-
ties on C(A) behave as conditional probabilities on A x A’.

5.2 [Iterated conditionals in C(C(A))

In this section, we first analyse the algebraic structure C(C(A)) of iterated condi-
tionals, describing in particular its atoms and the general semantic for iterated con-
ditionals. Then, we consider different ways of deriving probabilities on C(C(A))
by also comparing the construction of the double canonical extension of a positive
probability defined on A, and of the canonical extension of a positive probability on
C(A).

Mimicking the construction of C(A) from A, being C(A) itself a Boolean algebra,
it is possible to build its Boolean algebra of conditionals C(C(A)), that is the Boolean
algebra of iterated conditionals of A. In C(C(A)) we allow basic iterated conditionals,
i.e objects of the form (a|b)|(c|d) with a|b,c|d € C(A), c|d # L¢, which can be then
freely combined using the usual Boolean operations.

Definition 21. Given a Boolean algebra A and its Boolean algebra of conditionals C(A), we
define the Boolean algebra of iterated conditionals of A as

C(C(A)) = Free(C(A) x C(A)")/=

where the congruence relation = is defined as in the case of C(A) except that in the equations
the conditions a,b,c € A, b,c # L are replaced by a|b,c|d,e|f € C(A), c|d,elf # L,
respectively.

The following properties hold in C(C(A)) by construction and by recalling how
the congruence = is defined in the previous section.

Fact 1. The following identities hold in every C(C(A)).
(i) (ab)|(alb) = T|T;
(i) ((alb)[(cld)) A ((a'|b")[(c|d)) = [(alb) A (a'[b")]|(cl|d);
(iii) (a|b)|(c|d) = (a | D) | (c | d) = (a|b)|(c|d);
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(iv) [(alb) A (c|d)]|(c|d) = (alb)|(c|d);
(0) if (alb) < (c|d) < (elf), then ((a[b)|(c|d)) ~ ((c|d)|(elf)) = (alb)[(elf)-

Now we want to give a characterization of the atoms of C(C(A)) in terms of the
atoms in C(A). A basic observation is that if A is finite, then C(A) is also finite, and
thus C(C(A)) is finite as well, and hence all of them are atomic.

We recall that, if |at(A)| = n, the atoms of C(A) are determined by permutations
in S, and hence by sequences of length n — 1 of pairwise different atoms of A; as a
consequence |at(C(A))| = n!.

We also recall that the lattice order relation < in C(A) is defined as

t<sifft ns=tifft vs =s, foreverys,t e C(A). (5.2)

Remark 40. In [40, Proposition 4.7] it is shown that an atom we = (g1) | T) A (4 (2) |
o)) A A (Qomo1) | Bo1)** Ro(n_z)) is below (ie. it is a model for) a conditional
(a | b) w.r.t. the lattice order < in C(A), i.e. wy < (a | b) (also written as wy = (a|b)), if
and only if the following condition is satisfied:

either “ay(1y < ab”, or “ay ) < b and Ay2) < ab”, or ...
or “ag(1) < band ...and Xo(n—2) < b and Ag(n—1) < ab”.

O]

By repeating the same procedure as above, it follows that the atoms of C(C(A))
will be determined by sequences of length |at(C(A))| —1 = n! — 1 of pairwise dif-
ferent atoms of C(A), that is, by sequences of the form (w,, w,, ..., ws,,_,), Where
0j € Sy is a permutation and we; € at(C(A)) forallj=1,...,n! — 1.

Therefore, |at(C(C(A)))| = (n!)!. In terms of the atoms of A, an atom of C(C(A))
can be represented by a sequence of sequences of atoms of A, and it can be visualized
as the matrix

wUl [1] wUz [1] wUn'—l [1]
We |2 We, |2 We, 1|2
M = ( (,(}Ull waz/ . (,Uo-n!71 ) _ ‘7—1[ ] 0'2[ ] Onl—1
we[n—1] we[n—-1] ... weg, ,[n—1]

Given a matrix M as the above, conforming to the previous notation, the corre-
sponding atom w) of C(C(A)) is the following conjunction of iterated conditionals:

WM = (wUl | T) A (wlfz |0J7¢71) ATA (wo'nlfl |w701 ”wan!—z)‘

The next example hints on what these formal expressions look like in the iterated
case of C(C(A)).

Example 8. Let A be an algebra with 3 atoms aq, aa, a3. Then, the conditional algebra C(A)
has 3! = 6 atoms:

w1 = (1]T) A (az|a1), w2 = (a1]T) A (aglay), wz = (a2|T) A (a1]a2),
wy = (22| T) A (a3]@2), ws = (a3|T) A (a1]a3), we = (a3]T) A (a2]as).

Conforming to the notation introduced above, the atoms of C(A) are identified both with
sequences (x;,, &, &;, ) of length 3 and with sequences («;,, «;,) of length 2 (since the missing
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atom is univocally determined). For the sake of clarity, in this example we will consider
sequences of length 3. For instance wq will be identified with (aq, o, a3). Analogously, the
conditional algebra C(C(A)) has 6! atoms whose associated sequences have length 6 (instead
of 5) and they are hence of the form

M = (wffll wO’z/ wng,/ w(f4/ w0'5/ wU’é)

where, foralli =1,...,6, w,, € at(C(A)).
For example, let us consider the matrix

X1 & &2 Ky &3 Q3
M=| ay az o1 a3 a1 op
a3 &y a3 &1 Ky K

where the first column of M corresponds to wy, the second to wy and so forth. Its correspond-
ing atom in C(C(A)) can be written as:

WM (w1 |(T|T)) A (wal@r) A (w3l@r A @a) A (wal@r A @y A W3) A
/\((U5|wl A Wr A W3 A 54) =
(wr1(T|T)) A (walwa v w3 v wa v ws v we) A

/\((4]3|(d3 V Wy V Ws VvV (U6) A (a)4‘CU4 Vv Wws VvV w6) A ((,U5|(,LJ5 \% (Uﬁ).

To get more hints on the previous expression, let us observe that

ws v we = ((a3]T) A (a1]az)) v ((as]T) A (az]az)) = (as]T) A (a1 v azfas) =
= (lX3|T) AN ((Xl \Y 062|DC1 Vv az) = (lX3|T)

and hence (ws|ws v weg) = ((a3|T) A (a1]a3))|(as]| T) = (a1|az)|(as|T).
Moreover, recalling that for a,b,c € A

* ifa < b < dthen (alb) > (ald), and hence a3 < &y = a1 v a3 < T and it implies
that (as@n) = (a3|T),

® (anb|T) < (alb) < (b — a|T)and hence (az|ay) < (ap — ag|T)
we have that

Wy V W5V Wwg = ((062|—|—) AN (Dé3|ﬁz)) \ ((Xg‘—[—)
= ((a2|T) v (a3 T)) A ((az]az2) v (a3]T))
= (0(2 \Y% 063|—|—) A (0(3|E2)
= (2 = a3|T) A (az]az) = (as|az).
Then, ((,U4|(,L)4 vV Wws VvV wé) = ((0(2|—|—) VAN (lX3|EQ))|(013|E2) = (0(2‘T)|(1X3|Ez).
Let us now consider

wsvwgvwsyvws = ((a2]T) A (a1|an)) v (aslan) = (a2]T) v (az|az).

Therefore, (w3|ws v wa v ws v we) = (2| T) A (a1]@2))|((a2| T) v (az]xz)).
We can also consider

wrlwr = ((a1|T) A (asfar))|((a2 v a3 T) v (a1 v as|ar))
((a1]T) A (azfar))[((a2 v a3|T) v (as|ay))
((a1]T) A (asf@r))|((a2|T) v (azfay)).
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Finally, we come up with the following expression of the atom w,:
wp = ((a2]T) A (a2]@2))|(TIT) A
((aa| T) A (asl@r))[((a2| T) v (asl@r)) A
(22| T) A (ar|a2))[((a2] T) v (aslaz)) A
(2| T)[(as]az) A (arfas)|(as]T).
O

Remark 41. Given an iterated conditional (a|b)|(c|d) € C(C(A)) and a matrix M =
(w1,...,wn), we say the atom wpr models (a|b)|(c|d), written wy = (alb)|(c|d), if
and only if wp < (a|b)|(c|d) and hence, recalling Remark 40, if and only if, 3j such that
M[j] = w;j E (a|b) A (c|d) and, Yk < j, M[k] = wy I (c|d).

Now, let us turn our attention on canonical extensions on C(A) and on C(C(A)).
Reproducing the results about the canonical extension of positive probabilities on
A to probabilities on C(A), given a positive probability Q : C(A) — [0,1] we can
always define its canonical extension g : C(C(A)) — [0,1] in such a way that, for
every iterated conditional (a|b) | (c|d) € C(C(A)), we have

Q((a[b) A (c|d))
Qleld) -

In particular, if Q is the canonical extension up of a positive probability P on A,
then pp on C(A) is again positive, and thus we can in turn canonically extend it to a
probability 1, on C(C(A)). In this case, [42, Theorem 8] (see also [41]) tells us that
the expression for pp((alb) A (c|d)) is

po((alb) | (cld)) =

up((alb) A (c|d)) = P(abcd|b v d) + P(alb)P(bcd|b v d) + P(c|d)P(dablb v d),

that coincides with the formula obtained by McGee [80] and Kaufmann [71]. Then,
we get the following expression for the probability of an iterated conditional:

((alb) A (c|d)) _ P(abcd|bvd)+P(a|b)P(bed|bvd)+P(c|d)P(dab|bv d
e (alD) | (cld)) = PRGN = PRt D AR Creg AN )

5.3 The weak Import-Export principle and the separability
property

As already recalled in Section 2.1, a well-known and widely discussed principle for
conditional logics is that of Import-Export (also known under the name of exportation).
This principle needs a nested occurrence of the conditional operator to be written
and hence, while it cannot be expressed in a conditional algebra like C(A), it can be
formalized in C(C(A)). In the language of C(C(A)) it hence reads as the following
equation: for all a,b,c € A suchthatb,c # 1,

(E) (afc)[(b|T)=(alcab)|[(T]T)

In what follows we will be interested in the next equation that is in fact a weak
version of (IE) obtained by taking ¢ = T in (IE):

WIE) (a| T)| (0| T)=(alb)|(T]|T).
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Besides being a weakening of the Import-Export principle, the identity (WIE)
states a condition that appears to be reasonable to ask for iterated conditionals. In-
deed, keeping the discussion at an informal level, the identification of every plain
event a2 € A with its conditional representation (a | T) € C(A) ensures the two sides
of (WIE) read the same. More precisely, omitting the trivial reading of those an-
tecedents “given that the sure event T holds”, (WIE) reads tautologically: “a given b
equals a given b”.

Although reasonable, (WIE) does not always hold in C(C(A)) as the next result
shows.

Proposition 1. For every algebra A with more than two atoms, there are a,b € A with
b # L for which (WIE) does not hold in C(C(A)).

Proof. Let us consider the case of an algebra A with three atoms {«, B, v}. We take
a=waand b =« v B. Consider a matrix like the following

m=(140)

By Remark 41, wp, = (a|b)|(T|T) but wa, K (a]T)|(b|T). Similarly, a matrix like

[y a ...
M= </3 7 )
is such that wyy, K= (ab)|(T|T) but wa, = (aT)|(b|T).

Therefore, (a|b)|(T|T) and (a|T)|(b|T) are different elements of C(C(A)), and
hence (WIE) does not hold in this C(C(A)). O

Although the weak Import-Export principle (WIE) does not in general hold in
the algebras C(C(A)), however, it is interesting to observe that, if P is a positive
probability on A, then the double canonical extension y,, : C(C(A)) — [0,1] is a
probabilistic model for (wIE), that is to say, foranyae Aand b e A,

o (@ | T) [ (B[ T)) = pyup((@ [ D) | (T [ T))-
Still, p1y, does not provide a model for the Import-Export principle (IE).

Proposition 2. For every positive probability function P on A, p,, is a probabilistic model
of (WIE), but, in general, it is not a probabilistic model of (IE).

Proof. Let us consider the quantities pp((a [ c) A (b | T))and py,((a | cAb) [ (T | T)).
By [71] and [90, Section 8], and recalling the last equation of the above Section 5.2,

(@ 0) | (0] T)) = HEAERoPd), (53)
We distinguish two cases: (i) bc = L; (i) bc # L.
Case (i). By (5.3), it follows that 1, ((a | ¢) | (b | T)) = P(alc), while p,,((a | c A D) |
(T | T)) is undefined, because (a | c A b) = (a|L) ¢ C(A).
Case (i7). By (5.3), it follows that

(@] ¢) | (5] T)) = PEbOPEDPO)+Plale) PEDPG) _

P(a|c A b)P(c|b) + P(a|c)P(c|b)

(5.4)

while
pup((acnb) [(T|T))=Palfcnb).
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Therefore, y,, does not model (IE) in general. However, let us take ¢ = T. As
P(T|b) =1, P(L|b) = 0and P(a|T A b) = P(alb), it holds that

Pp((a [ T) [ (B[ T)) = P(alb) = pyup((a | b) [ (T | T)) = P(alb)

and hence (wIE) is satisfied by p,,.
Ul

Example 9. In this example we show what kind of consequences can be obtained when a
positive probability P on A is such that y,, is a probabilistic model for (IE). By using the
fact in C(C(A)) we have yup(t A s) = pu,(t | s)up(s) for every t,s € C(A), the following
equalities always hold for any two eventsa € Aand c € A':

Plafc)=pp(alc)=pp((alc)n(a|T))+pp((alc) (@l T)) =
—#yp((a!C) | @ T)pp(a | T)+ pup((a ] c) !( [T)up@|T) =
= ppp((@ [ c) [ (a[T))P(a) + ppp((a | c) | (aT))P(a).

Now, if py, is a probabilistic model for (IE) then it follows that y,,((a | c) | (a|T)) =
ac

Pup((a | ac) [ (T|T)) = P(a | ac) = Tand py,((a | c) | (a]T)) = ppp((a |
P(a | ac) = 0, and thus it results that

P(alc) =1-P(a)+0-P(a) = P(a),

which is in general not satisfactory. This derivation is actually another proof of one of the
well-known Lewis” triviality results. However, as in general y,, is not a probabilistic model
for (IE), Lewis” triviality result can be avoided by y,, in C(C(A)).

Remark 42. We observe that in the particular cases in which b < c or ¢ < b, we have that
up satisfies (IE) ([54, Proposition 1]). If b < c it holds that cb = L so that P(c|b) = 0.
Moreover, a|(c A b) = a|b and hence P(a|c A b) = P(a|b). Then, by (5.4), it holds that

pp((a ] c) [ (b| T)) = P(alb) -1+ P(ale) -0 = P(a|b) = ppp((a | c Ab) | (T]T)).
Likewise, if ¢ < b, P(a|c A b) = P(a|c) and hence

pp((a ] c) [ (b| T)) = Plalc)[P(c|b) + P(c|b)] = P(ale) = ppp((a|cAb) | (T]T)).

Now we turn our attention on the satisfiability of (WIE) by the canonical exten-
sions po on C(C(A)) of a positive Q : C(A) — [0,1].

As we recalled in Section 5.1, the separability property for a probability Q :
C(A) — [0,1] characterizes those functions that behave as conditional probabilities
on A. While separability seems to be non-characterizable in the language of C(A),
the next result shows that, interestingly, it can be captured by requiring the canonical
extension jo of Q to model the equation (WIE) in C(C(A)).

Theorem 31. Let A be any finite Boolean algebra and let Q : C(A) — [0,1] be a positive
probability function. Then, Q is separable iff uo((a|b)|(T|T)) = uo((a|T)|(b|T)) for every
acAandbe A\{L}.

Proof. Let us start assuming that Q is separable. In such a case, we know that Q(a A
b|T) = Q((alb) A (b]T)) = Q(alb)Q(b|T). Then, it follows that

) — Q@ ABT) _ QalT) ~ (blT))

Ho((@)|(TIT) = SEm = = rel@mIen)
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Conversely, let us suppose that o ((a|T)|(b|T)) = ug((alb)|(T|T)) for every a €
A and b € A\{l}. Now, let P5 : A — [0,1] be the probability on A defined by
restricting Q to A (considered as a subalgebra of C(A)), and consider up, : C(A) —
[0,1], the canonical extension of Py to C(A). Then, fora,b € A,

Poanb) QanblT)  Q((alT) A (b]T))

pealb) = T Qe T Qe
— @ MEIT)) = pol@B)(TIT)) = Qalb).

Therefore, Q and jip, coincide on the basic conditionals of the form (x | y). More-
over, we know that y Py is a canonical extension and hence it is separable, i.e.

ppg(alc) = upy ((a|b) A (ble)) = pp, (alb)pr, (blc)

fora < b < c,witha,b,c € A. But we found out that on basic conditionals, y Po (alc) =
Q(alc), ppy(alb) = Q(alb), and pp, (blc) = Q(blc), and hence

Q(alc) = Q(a|b)Q(blc), fora,b,ce Ast.a<b<cg,

that is, Q is separable.
Ul

54 On the McGee formula and the conjunction rationality
principle

In this final section we consider probabilistic properties related to the conjunction
of basic conditionals. Any canonical extension yp of a (positive) probability P on A
satisfies the McGee formula for conjunction of basic conditionals, but this is not the
case for any probability Q on C(A).

Definition 22. A (positive) probability Q : C(A) — [0, 1] satisfies the McGee decompo-
sition formula (McD) when, for every (alb), (c|d) € C(A),

Q(alb) A (c|d)) = Q(abed|b v d) + Q(alb)Q(bed|b v d) + Q(cld)Q(dablb v d).

By the very definition of the canonical extension yg on C(C(A)) the following
properties hold.

Lemma 1. For any probability Q : C(A) — [0, 1] the following identities hold:
(i) ilc’g;ggﬂlb) | (TIMT A Leld) [ (TIM]) = ual(alb) A (cld) [ (TIT)) = Q((alb) A
c|d)).
(ii) If Q is separable, then ug([(a|T) | (b|T)] A [(c[T) [ (d|T)]) = Qabed|b v d) +
Q(a|b)Q(bcd|b v d) + Q(c|d)Q(dab|b v d).
Proof. (i) Since Q(x) = ug(x | (T|T)) for any x € C(C(A)), we simply have that

po(l(alb) | (TIT)] A [(eld) | (TIT)]) = no((alb) A (cld) | (TIT)) = Q((alb) A (c|d)),
where the first equality follows from Fact 1 (ii).

(i) Since u is a canonical extension, it satisfies McGee decomposition formula
for a conjunction of basic (iterated) conditionals, and we have:

po([(alT) [ (B T)] A [(c|T) [ (dT)]) = _
= po((abed|T)|(b v d|T)) + po((al T)[(B]T)) - uo((bed|T) [ (b v d[T))+
+ug((c | T) | (@d[T)) - uo((dab|T) | (bvd[T)).
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Now, if Q is separable, by Theorem 31, uo((a|T) | (b|T)) = ug((alb) | (T|T)) =
Q(alb). Therefore,

uo([(aT) [ (BIT)] A [(c]T) | (d[T)]) = i
= Q(abed|b v d) + Q(a|b)Q(bed|b v d) + Q(c|d)Q(dab|b v d).

O
Let us consider now the following principle at the level of iterated conditionals.

Definition 23. A probability Q : C(A) — [0,1] satisfies the conjunction rationality
principle (CRP) when, foralla,be Aand c,d e A’:

(CRP)  po([(alb) | (TIT)] A [(eld) | (TIT]) = ua(l(alT) [ @IT)] A [(c]T) [ (dT)])

Note that if Q satisfies (CRP) necessarily it must also be separable, since taking
c =d =T above we get ug((alb) | (T|T)) = uo((a|T) | (b|T)), and by Theorem 31,
Q must be separable.

We can finally prove that (CRP) characterises in C(C(A)) the satisfaction of
McGee decomposition formula in C(A).

Theorem 32. A probability Q : C(A) — [0,1] satisfies the conjunction rationality prin-
ciple (CRP) iff Q satisfies the McGee decomposition (McD).

Proof. If Q satisfies (CRP), Q is separable, and then by Lemma 1 above, Q((a|b) A
(cld)) = po([(alT) [ (B[ T)] A [(c[T) [ (dIT)]) = Qlabed|b v d) + Q(alb) Q(bed|b v d) +
Q(c|d)Q(dab|b v d), hence Q satisfies (McD).

Conversely, since g is a canonical extension (and hence it satisfies McGee for-
mula), we have:

po((@|T) | (BIT)) = po([(aT) [ (PIT)] A [(TIT) | (TIT)]) =
#o((ab| T|(TIT)) + po((alT)I(B]T)) - uo((BIT) | (TIT)) +0 =
Q(ab|T) + ua((al T)I(b]T)) - QU(BIT))

that is, ug((a|T)[(b|T)) = Q(ab|T)/Q(b|T). On the other hand, if Q satisfies (McD),
we have Q(alb) = Q((alb) A (T|T)) = Q(ab|T) + Q(alb) - Q(B|T), hence Q(alb) —
Q(ab|T)/Q(b|T), since we are assuming Q to be positive.

Therefore, it follows that Q(alb) = ug((a|T) | (b|T)) and thus Q is separable
because of (i) of Lemma 1. Then, we can finally conclude, by (ii) of the same lemma
above, that:

(@) | (TIT)] A [(cld) | (TIT)]) = Q((alb) A (c|d))
= Q(abed|b v d) + Q(alb)Q(bed|b v d) + Q(c|d)Q(dab|b v d)

= puo([(@|T) [ (B[ T)] A [(c[T) | (dT)]),
that is, (CRP) is satisfied.
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Chapter 6

Entropy and extropy for partial
probability assessments on
arbitrary families of events

The results of this chapter are taken from [19].

Among the many research topics covered by de Finetti during his career, he stud-
ied the theory of proper scoring rules in particular analysing the connections be-
tween the admissibility of a probability assessment and the concept of coherence by
means of the penalty criterion and the Brier quadratic score ([38, 39]). In the follow-
ing, by considering the asymmetric logarithmic scoring rule for the probability of an
event, we suitably extend the definitions of entropy and extropy from a partition of
events to the case of arbitrary families of events. Consequently, we also extend the
well-known Kullback-Leibler divergence (and its dual) from a simplex of R" to the
larger domain [0, 1]".

The chapter is organized as follows. In Section 6.1 we recall some basic notions
on scoring rules, Bregman divergence, entropy, extropy, and the penalty criterion
for defining coherence. In Section 6.2 we introduce the asymmetric logarithmic scor-
ing rule, by showing that it is strictly proper. We also illustrate its relation to the
2-parameter Beta family of scoring rules. In Section 6.3 we extend the notion of
entropy from partitions to an arbitrary finite family of events and introduce a Breg-
man divergence which generalises the Kullback —Leibler divergence. In Section 6.4,
we introduce the complement of the asymmetric logarithmic score, which allows
us to define the notion of extropy for an arbitrary family of events and the associ-
ated Bregman divergence. In Section 6.5, we propose a suitable symmetric strictly
proper scoring rule, showing that the associated expected loss coincides, not only
for the probability mass distribution of a random quantity but also for probability
assessments on arbitrary families of events, with the sum of entropy and extropy:.

6.1 Strictly proper scoring rules and coherence

We recall the notion of strictly proper scoring rule for an event E. In the literature,
a score can be interpreted as a reward or as a penalty. In the following, we look at
scores as penalties and hence improving the score means reducing it.

Definition 24. [86] A function s : {0,1} x [0,1] — [0, +00] is said to be a strictly proper
scoring rule if the following conditions are satisfied:
(a) for every x, p € |0, 1], with x # p, it is

ps(L,p)+(1—p)s(0,p) <ps(lx)+(1-p)s(0,x); (6.1)
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(b) the functions s(1, x) and s(0, x) are continuous.

We observe that x is your announced probability for the event E while p is your
degree of belief on E and hence the quantity ps(1,x) + (1 — p) s(0, x) represents your
expected score. We recall that a scoring rule is said to be symmetric if s(1,x) =
s(0,1—x),Vx e [0,1].

We consider for any strictly proper scoring rule s : {0, 1} x [0, 1], the extension S
on the set [0, 1] x [0, 1], defined as (see [51])

5(p,x) = ps(1,x) + (1= p)s(0, x).

We observe that if x is your announced probability for the event E, and p represents
your degree of belief in E, then the quantity S(p, x) represents your expected score.
Using S, condition (a) in Definition 24 can be rewritten as

S(p,v) <S(p,x), ¥x,pe[0,1], x # p.

That is, given a strictly proper scoring rule s, your expected score is minimum only
when your announced probability x coincides with your degree of belief p. Fur-
thermore, if s(1, x) and s(0, x) are continuous functions, then S(p, x), for any given
p € [0,1] is a continuous function in the variable x.

Remark 43. Condition (b) in Definition 24 is consistent with s assuming value +0o. As
noticed in [86], the only cases where a strictly proper scoring rule s can assume value +oo are
arguments (1,0) and (0, 1), that is for categorically mistaken judgement. Therefore, when we
consider the function S we have that S(p,0) = ps(1,0) + (1 — p)s(0,0) = 4o for p > 0,
ifs(1,0) = +0; S(p,1) = ps(1,1) + (1 — p)s(0,1) = 4o for p < 1,ifs(0,1) = +c0. In
particular S(p, p) < oo forall p € [0, 1].

The notion of coherence is crucial in the subjective approach to probability and
it can be defined through a penalty criterion. Given a strictly proper scoring rule s,
with the assessment P = (p1,...,pn) on F = {Ej,...,E,} we associate a random
loss L(F,P) = >\ s(E;, pi). Then, based on [39, 45], coherence can be characterized
by the following definition ([61, 51])

Definition 25. Given a strictly proper scoring rule s and an arbitrary family of events IC,
a probability assessment P on the events in K is said to be coherent if and only if, for every
integer n, for every finite subfamily F = {Eq, ..., E,} < K, denoting by P = (p1,...,Pn)
the restriction of P to F, it does not exist another assessment P* = (p3,..., py) on F such
that L(F,P*) < L(F,P), with L(F,P*) < L(F,P) in at least one case.

Definition 25 defines coherence in terms of the loss £, which in turn depends on
the chosen scoring rule s. However, as shown in [51, Theorem 4] (see also [86]), the
set of all coherent assessments on K does not depend on the choice of the strictly
proper scoring rule s. Then, Definition 25 coincides with the definition of coherence
originally based on the Brier score, s = (E — p)?.

Remark 44. We observe (see the proof of [51, Theorem 3]) that if the assessment P =
(p1,-..,pn)on F = {Eyq,...,E,} is coherent, then for any coherent extension (Ay,..., Am
(that is, with 3. cp A = pi,i=1,...,1, S A =1land Ay >0, h=1,...,m) on
the set of constituents {Cy, ..., Cy} associated with F, and for any P* # P, it holds that

D AL = > S(pipi) < Y. S(pipi) = . AL, (6.2)
=1 i1 P

i=1
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where Ly, (resp., L)) represents the value of L(F,P) (resp., of L(F,P*)) when the con-
stituent Cy, is true. In other words, for any coherent extension (A1, ..., Ay) of the coherent
assessment P, formula (6.2) implies that

E(L(F,P)) <E(L(F,P*)), YP* #P.

6.1.1 Bregman divergence, entropy and extropy

Let C be a convex subset of R” with non empty interior and let ¢ : C — R be a strictly
convex function, differentiable in the interior of C whose gradient V¢ extends to a
bounded, continuous function on C. In the definition below we recall the notion of
Bregman divergence ([23]).

Definition 26. For x,y € C the Bregman divergence Dy : C x C — R corresponding to ¢
is given by Dy (x,y) = ¢(x) — ¢(y) — V(y)(x — ).
We can construct a Bregman divergence starting from a given scoring rule s. We

recall that it can be proved that S(p,x) = S(x,x) + S'(x, x)(p — x), where §'(x, x) =
S(1,x) — S(0, x), and by setting ¢(p) = —S(p, p) it holds that

Dy(p,x) = ¢(p) — ¢(x) = V(x)(p — x) = S(p,x) = S(p, p)- (6.3)

We introduce now two important objects strongly related to the notion of scoring
rule. Given a finite random quantity X with possible values x1,...,x,, n > 1, we set
Ei=(X=1x;),i=1,...,n. Then, the family F = {E;, E, ..., E,} is a partition of Q).
Let P = (p1,...,pn), with p; = P(E;), be a coherent probability assessment on F. If
P is coherent, then it is a probability mass function on X.

Definition 27. The entropy associated with the pair (X, P) is defined as

H(X,P) Z pilog(pi). (6.4)

i=1

We recall that the entropy is related with the expected value of the logarithmic
strictly proper scoring rule of a distribution ([74, pag. 343]), that is with the expected
value of

Siog(F, P) 2 E;log(p;). (6.5)

i=1

Definition 28. The extropy associated with the pair (X, P) is defined as

J(X,P) 2 (1—p;)log(1 — p). (6.6)

The extropy can be seen as dual and complement of entropy ([78]). We also recall
that the extropy can be seen as the expected value of the following strictly proper
scoring rule of a distribution ([2, 77, 78])

(s (F,P) = —

Slog (1 - El) log(l - pl) (67)

VE

Il
_
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Asymmetric Log Score: S(p,x) and S(1-p,1-x) with p=0.2 Asymmetric Log Score: S(p,x) and S(1-p,1-x) with p=0.4
T T T T T T T T T T T T T T

T T T
—S(px) —S(pX)
——S(1-p1-x) —— S(1-p,1%)

Expected Score
Expected Score

FIGURE 6.1: The functions S(p,x) and S(1 — p,1 — x) for the asymmetric log score with
p = 0.2 (left) and p = 0.4 (right) illustrate the asymmetry of the score.

6.2 Asymmetric logarithmic score

In this section we analyse the asymmetric logarithmic score and we show that it is
strictly proper. First, we recall the definition of symmetric score [97].

Definition 29. A scoring rule s is symmetric if and only if
s(i,x) =s(1—1i,1—x),i=0,1,forall x € [0,1].

The well known Brier score s(E, x) = (E — x)? is an example of symmetric (strictly
proper) scoring rule ([5]). Indeed s(1— E,1—x) = (1—E—1+x)? = (E — x)%

By Definition 29, a score s is said to be asymmetric if s(i,x) # s(1 —i,1—x),i =
0,1 for some x € [0,1]. An example of asymmetric score is given by the following
logarithmic score.

Definition 30. Given an event E, the asymmetric logarithmic scoring rule is defined as

x—log(x)—1, ifE=1,

s(E,x)=x—Elog(x)_E:{x, ifE=0,

where
s(1,0) = lim,_,p+ s(1,x) = +c0.

Of course s(E, x) is not symmetric, because s(1,x) = x —log(x) —1 # s(0,1—x) =
1 — x. We observe that the extension S(p, x) is given by

S(p,x) = p(x—log(x) —1) + (1 —p) x = —plog(x) —p + x, (6.8)

and in particular S(1,x) = s(1,x) = x —log(x) —1and S(0,x) = s(0,x) = x. Asa
consequence of the asymmetry of the score, it follows that S(p,x) # S(1 —p,1 —x)
as illustrated in Figure 6.1. We show now that the previous score is a strictly proper
scoring rule according to Definition 24.

Proposition 3. The asymmetric scoring rule s(E, x) = x — Elog(x) — E is a strictly proper
score.

Proof. We begin by observing that s(1,x) = x —log(x) —1 and s(0,x) = x are
continuous functions in [0,1] and hence condition (b) of Definition 24 is satis-
fied. By Definition 24, to prove that s(E, x) is strictly proper we have to show that
S(p,x) = ps(1,x) + (1 — p)s(0, x) is uniquely minimized at x = p. We know that
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p = P(E) so that we can consider it fixed and looking at S(p, x) as a function of x
only. We distinguish two cases: (i) p € (0,1] and (ii) p = 0.
Case (7). Let p € (0,1] and x € [0, 1]. We first observe that for x = 0,

lim S(p,x) = lir(1)1+(x —plog(x)—1) = +0

x—0+t

and hence S(p, p) < S(p,0). Then, for x € (0,1], x # p, it holds that

S(p,p) <S(p,x) <= p—plog(p) —p <x—plog(x) —p
«— x—p—plog(x)+plog(p) >0 — %—log(%)—1>0.

For x = p we have of course that S(p, p) = S(p, x). Therefore for every p € (0,1] and
for every x € [0, 1] it holds that S(p, p) < S(p, x) if x # p and S(p, p) = S(p, x) if and
only if x = p, thatis S(p, x) is uniquely minimized at x = p.

Case (ii). It is immediate to see that S(0,x) = s(0,x) = x takes its minimum in
x=p=0. O t

From Figure 6.1 it can be also observed that the asymmetric logarithmic score is
strictly proper, indeed for p = 0.2 (left) and p = 0.4 (right) the expected score S(p, x)
reaches its minimum only when x = p.

Remark 45 (Beta family). We note that this score belongs to the 2-parameter Beta family
of scoring rules (see [7], see also [64, pag. 364]), that is the two-parameter family

s(1,x) = J 1 11— t)Pdt,

X

s(0,x) = J t*(1— )P~ at,
0

with a, B > —1. Indeed, we obtain the asymmetric logarithmic scoring rule by setting the
parameters « = 0, B = 1 and we have that

1
s(1,x):x—1og(x)—1:f 1 - 0Pt a—0,8—1.

X

s(O,x)=x=f t*(1—t)P~ldt, a =0,8=1.
0

We also recall that this family provides symmetric scoring rules when o = B, indeed

s(Lx) =1 —nbde=§) (1 c)*Le¥(—dc) =
= f e (1 =) de = 5(0,1 - x).
Given the asymmetric logarithmic score s(E, x) = x — Elog(x) — E, using Equa-

tion (6.3), we can find its associated Bregman divergence. Therefore, by Equa-
tion (6.8), setting ¢(p) = —S(p, p) = plog(p), it holds that

Dy(x,y) =S(p,x)=S(p,p) = 69)
= x —plog(x) —p—p+plog(p) + p = plog(£) — (p — x). '

The divergence in Equation (6.9) will be used in Section 6.3 to generalise the Kull-
back-Leibler divergence (KLD).
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6.3 Entropy for a probability assessment on an arbitrary fam-
ily of events

Looking at Equation (6.4), we observe that the quantities xi, ..., x,, are not involved
in the definition of the entropy and hence we can consider the entropy for any pair
(F,P), where F is a partition of (), even if F is not associated with a random quan-
tity X. Then, given a partition F of () and a coherent probability assessment P on
F we set the entropy associated with the pair (F,P) as

H(F,P) Z pilog(p;) .

i=1

Given a coherent probability assessment P = (p1,...,p,) on an arbitrary family of
events F = {Eq,...,E,}, we consider the penalty £ w.rt. the asymmetric strictly
proper scoring rule s(E, x) = x — Elog(x) — E,

L(F,P) = ZZ:I s(E;, Piz =2 (pi—Ei 1}?8(%) —E) =
= Yi—1 Pi — 2i—1 Eilog(pi) — X1 Ei-

If F is a partition of ), as Y,/ ; p; = 1, we have that the penalty

= Y pi— D Eilog(pi) —1 = — > E;log(pi) = Siog(F, P).
i=1 i=1

i=1

In other words, the logarithmic score of a distribution coincides with the sum of the
asymmetric logarithmic scoring rule applied to each event in the partition F.

Given a coherent probability assessment P = (py, ..., pn) and a probability as-
sessment Q = (g1,...,4,) on an arbitrary family of events 7 = {Ej,..., E,}, we

set
S(P,Q) =Z (pigi) = >, qi — Y, pilog(q:) sz,
i=1 i=1 i=1

which, by the linearity property of the expectation (see Remark 44), coincides with
the expected value of your penalty [E(L(F, Q)) when your announced probability
assessment on F is Q, while your degrees of belief on F are given by the assessment
P. In particular, S(P, P) is the expected value of L(F,P), that is

S(P,P) = E(L(F,P)) Z pilog(p:) . (6.10)

i=1

By setting ®(p1, ..., pu) = 21 ¢(pi), where ¢(p;) = p;log(p;), it follows from Equa-
tion (6.9) that the Bregman divergence Dg (P, Q) is given by

Do(P,Q) =S(P,Q)~S(P,P) =i 1lpilog(§) — (pi —ai)l. (6.11)

The divergence in Equation (6.11) is the Generalised I-divergence ([3]) which gener-
alises the Kullback-Leibler divergence (KLD) to the larger domain [0, 1]".

If F is a partition of (), then Equation (6.10) shows that the expected value of
the penalty £(F,P), that is S(P, P), when your announced probability assessment
coincides with your degree of belief, is the entropy associated with the pair (F, P).
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Moreover, in this case, as > i, pi = >i_q 4i = 1, it follows that

S(P,Q) = — > pilog(q:),

i=1

which coincides with the cross entropy. The divergence D¢ (P, Q) given in Equa-
tion (6.11) reduces to KLD, that is

Do(P,Q) = > pilog (Z) :
i=1 !

In the following definition, by exploiting the asymmetric logarithmic score, we ex-
tend the notion of entropy to an arbitrary finite family of events F.

Definition 31. Given a family of n events F and a coherent probability assessment P on
the F, let s(E, x) = x — Elog(x) — E be the asymmetric logarithmic strictly proper scoring
rule on an event E and L be the corresponding penalty associated with (F, P). We define the
entropy associated with the pair (F,P), denoted by H(F,P), as the expected value w.r.t. P
of the penalty L, that is

H(F,P) = E(L(F,P)) = S(P,P) = =}, pilog(pi).

i=1

Remark 46. In particular, if n = 1, that is F = {E}, P = {p}, we have

H(E,p) = S(p,p) = —plog(p),

which coincides with the well-known expected surprise for an event with probability p. Then,
as the entropy of a random quantity X coincides with the expected surprise of a probability
mass function on a partition of events, the entropy given in Definition 31 can be interpreted
as the expected surprise of an assessment P on an arbitrary family of events F.

6.4 Extropy for a probability assessment on an arbitrary fam-
ily of events

Similarly to the previous section, we define the notion of extropy for an arbitrary
family of events by considering the complement of the asymmetric logarithmic score
s(E,x) = x — Elog(x) — E. We define the complement asymmetric logarithmic score
score of s(E, x) as

sY(E,x) =s(1—E,1—x)=E—x—(1-E)log(l—x).

The score s°(E, x) is asymmetric (see Figure 6.1), strictly proper and its expected
score is given by

5(p,x) = p—x— (1= p)log(1 —x).
Given a coherent probability assessment P = (py, ..., p,) on an arbitrary family of
nevent F = {Ej,...,E,}, the penalty £ w.r.t. s°(E, x) is given by
LF,P) = L s (Ei, pi) =
= 2im1 Bi = 221 pi — 251 (1 — Ej) log (1 — pi) .

If F is a partition of ), as Y ;4 p; = 1, we have that
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n

LYF,P)=1-1- (1~ E)log(l - p;) = Z Ei)log(1— pi) = sjog(F, P).

i=1

By recalling that Q = (g1, ...,4,) is your announced probability assessment on F is
Q,and P = (p1,..., pu) the vector of your degrees of belief on F, we set

n

“(P,Q) = > (piai) = Y. pi Zl—PZIOgl—% Zqz,
i=1 i=1

which coincides with E(L¢(F, Q)). In particular, S¢(P, P), that is the expected value
of the penalty when Q = P, is

S(P,P) =E(LYNF,P)) Z (1= pi)log(1—pi). (6.12)

As done in Section 6.3, we set ®°(p1, ..., pu) = Dy ¢°(pi), where ¢(p;) = (1 —
pi)log(1l — p;). Then, if P is your degree of belief on 7 and Q your announced
probability, it follows from Equation (6.3) that the Bregman divergence Dg: (P, Q) is
given by

Do<(P,Q) = S(P,Q) — S(P,P) = Xy [(1 — pi) log(\=2) — (g — pi)].  (6.13)

If F is a partition of (), then Equation (6.12) shows that the expected value of the
penalty L°(F,P), that is S°(P,P), when your announced probability assessment
coincides with your degree of belief, is the extropy associated with the pair (F, P).
Moreover, in this case it holds that

“(P,Q) = .S (pi,ai) = Z 1 pi)log(1 - q:),
i=1 i=1

coincides with the cross extropy ([76]).
Now, by exploiting the complement asymmetric logarithmic score, we extend
the notion of extropy to an arbitrary finite family of events F.

Definition 32. Given a family of n events F and a coherent probability assessment P =
(p1,-.-,pn)on F = {Eq,...,E,}, let s°(E, x) be the complement asymmetric logarithmic
score on an event E and L be the corresponding penalty associated with (F,P). We define
the extropy associated with the pair (F,P), denoted by J(F,P), as the expected value w.r.t.
P of the penalty LF, that is

J(F,P) = E(LS(F,P)) = Z 1—p)log(1 - p;).

6.5 Symmetrized logarithmic score of the probability of an
event
The notions of entropy and extropy for a random quantity, as well as our extensions

to a probability assessment on an arbitrary family of events, can be interpreted as the
expected value of the penalties associated with asymmetric scores of the probability
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Symmetric Log Score: S (p ><) and S (1 p,1- x) with p 0.2 Symmetric Log Score: Ssym(p.x) and Ssym(l—p,l—x) with p=0.4
T T T T T T T T T T T
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FIGURE 6.2: The functions Ssym(p, x) and Ssym(1 — p, 1 — x) for the symmetric log score with
p = 0.2 (left) and p = 0.4 (right) illustrate the symmetry of the score.

of an event. We consider now the symmetrized logarithmic score obtained as the
sum of s(E, x) and s°(E, x), that is

ssym(E,p) =s(E,p) +s°(E,p) =s(E,p) +s(1—E,1—-p) =
=(p—Elog(p) —E)+(1—p—(1—E)log(1—p)—1+E)= (6.14)
= —Elog(p) — (1 — E)log(1 —p).

Of course, the symmetric score sgym is strictly proper because it is the sum of two
strictly proper scoring rules. Denoting by p you degree of belief on E, and by x your
announced probability, the expected value of ssyr, is

Ssym(p, x) = —plog(x) — (1 - p)log(1 - x),

with

Ssym(p, p) = —plog(p) — (1 —p)log(l —p) < Ssym(p,x), ifx # p.

As a consequence of the symmetry of the score, it follows that Ssym(p, x) = Ssym(1 —
p,1— x) as illustrated in Figure 6.2.

Given a coherent probability assessment P = (py,..., pn) on an arbitrary family
of n events F = {Ey,..., E,}, the penalty Lsym wW.r.t. ssym(E, x) is given by

ﬁsym(f/ P) = Z?zl Ssym(Ei/ pl) = Z?:l (S(Ei/ pl) + Sc(Ei/ pl)) =
= — ity Eilog(pi) — X1 (1 — Ei) log(1 — pj) .

Still denoting by Q = (g1, . - ., 4,) your announced probability assessment on F, and
by P = (p1,..., pn) the vector of your degrees of belief on F, we set

n n
Ssym(P,Q) = S(P, Q)+ S(P,Q) = — >, pilog(q:) — Y (1 —pi)log(1—4g;). (6.15)
i=1 i=1
Then,
Soym(P, Q) = E(Leym(F, Q)) = E(L(F, Q)) + E(L(F, Q).
Considering the Definitions 31 and 32 of Entropy and Extropy on an arbitrary

family of events F, given a coherent assessment P on F, the expected value of the
penalty associated w.r.t. ssym given in Equation (6.15) coincides with the sum of
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entropy and extropy, that is

Since both entropy and extropy represent the expected value of the penalty with re-
spect to asymmetric scores, a useful measure of information can be obtained by con-
sidering the expected value of the corresponding symmetrized score. This measure
is given by Equation (6.16), that is by H(F,P) + J(F,P), which take into account
both entropy and extropy for arbitrary family of events.

To look at the Bregman divergence that we can obtain using the expected score
in Equation (6.16), from Equations (6.11) and (6.13), by setting ®sym(p2, ..., pn) =
Yic1 Psym(pi), where ¢oym(pi) = ¢(pi) + ¢°(pi) = pilog(pi) + (1 — p;)log(1 — p;), it
holds that

Dd>sym(7)/ Q) = D@(Pl Q) + D@‘(Pl Q) =
= 0 [pilog(H) — (pi— 1)) + S [(1 — pi) log (1=
= X [PiIOg(%) (1—pi)log (1 ”)]

Then, the Bregman divergence of the symmetrized score is nothing but the sum of
the divergence obtained in Equations (6.11) and (6.13) using the expected value of
the asymmetric logarithmic score (Equation (6.5)) and its “complementary” asym-
metric score (Equation (6.7)). Notice that, since we are considering that P and Q are
probability assessments on an arbitrary family of events F, unlike the KLD, in Equa-
tion (6.17) it is not required that P and Q belong to the simplex R". In the particular
case where P and Q belong to the simplex, that is they are coherent probability as-
sessment on partitions, Equation (6.17) coincides with the expected value of the total
score associated with the following score for a distribution ([78])

D—@i—p)l= (6.17)

Stotallog(f/ P) Slog(]: P) +Slog ]: P Z E log pl ( El) log(l - pi)]’

which in our case is obtained as the penalty Lsym w.r.t. the symmetric logarithmic
score ssym for the probability of an event.
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Conclusions

This thesis focused on the study of conditional events, compound and iterated con-
ditionals in a coherent subjective probability setting.

In Chapter 2, different definitions of iterated conditionals have been analysed.
First, in the framework of trivalent logics, we studied the notions of iterated condi-
tionals in the logics of Cooper-Calabrese (|¢), de Finetti (|;r) and Farrell (|¢). Then, by
exploiting the structure []]O = (1A O + P({J|O)O used in order to define | gs from
the conjunction g, for each i € {K, L, B, S}, we defined the iterated conditioning |;
from the conjunction A;. We observed that the iterated conditionals (B|K)|;(A|H),
i€ {K,L,B,S,gs}, are all conditional random quantities (not always in [0, 1]) which
satisfy the compound prevision theorem. For all these objects we analysed the va-
lidity of the Import-Export principle and of the properties (see Section 2.1)

PL. (BIK)|(A[H) = [(A[H) A (BIK)]|(A|H)

P2. (AJH) A (BIK) < (BIK)|(A|H)

P3. P[(A|H)  (BIK)] = P[(BIK)[(A|H)]P(A[H)
P4. Lower and upper bounds for (B|K)|(A|H).

A brief summary of the results is given in Table 6.1. We observed that all the basic

logical and probabilistic properties are satisfied only by the iterated conditioning | .

We also showed that a generalised version of the Bayes’ Rule P(B|A) = % for

lc | lae [ Ir [ Ik [ e | I8 | Is | lgs

No IE vV IV |V |V |V
P1 v [V IV IV IV IV |V
P2 vV IV IV IV IV VvV
P3 v [V |V [V |V
P4 v

TABLE 6.1: Properties P1-P4, the non validity of Import-Export Principle (No IE), and iter-
ated conditionals in their own logic. The symbol v' means that the property is satisfied. The
blank space means that the property is not satisfied.

iterated conditionals is satisfied by |; with i € {K, L, B, S, gs}. We discussed the impli-
cations of the obtained results on the probability propagation rules from {A|H, B|K}
to the iterated conditional (B|K)|;(A|H), by studying the p-validity of the generalised
versions of Modus Ponens and two-premise centering, which involve conditional
events and iterated conditionals. We observed that for | and |s, as the iterated con-
ditionals (B|K)|g(A|H) and (B|K)|s(A|H) can take value outside the interval [0,1],
the study of p-validity is meaningless. For the remaining ones |c, |4, |F, |k, |1, and
|¢s, we showed that only for the iterated conditioning |¢s turns out that both gener-
alised versions of the inference rules are p-valid. We also examined two examples
of the generalised inference rules in natural language by observing that, when we
adopt the notion of iterated conditioning |;, with |; € {|c, |4r, |F, |k, |1}, some results
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which are counterintuitive in commonsense reasoning can be obtained. Future work
on these structures could concern the (possible) characterization of the p-entailment
of Adams in the setting of coherence by means of the iterated conditioning |k, |1, |5,
and |s, and the study of the different notions of iterated conditioning in the frame-
work of nonmonotonic reasoning in System P and in other non-classical logics, like
connexive logic ([85]). In Chapter 3 we proposed a generalisation of the definitions
of conjunction and disjunction of two conditional events defined as conditional ran-
dom quantities. These new structures take arbitrary values a,b € [0, 1] not neces-
sarily equal to the probabilities x = P(A|H) and y = P(B|K), in the cases where
one conditional event is void and the other is true (for the conjunction) or false (for
the disjunction). For these objects, even though a generalised De Morgan’s relation
holds, the Sum rule, written for conditional events, is not satisfied, except in the case
a=x = P(A|H) and b = y = P(B|K). Then, we proved that the Fréchet-Hoeffding
bounds, both for conjunction and disjunction, are satisfied for every coherent as-
sessment (x,y) on {A|H, B|[K} only when we take @ = x and b = y. Moreover, we
analysed some particulare cases, such as incompatibility between the antecedents
and for particular values of a and b. In particular, we studied the case (a,b) = (0,0)
for which the generalised conjunction reduces to one of the four associative conjunc-
tion proposed by Walker ([94]), and the generalised disjunction reduces to the quasi
disjunction. Similarly, we analysed the case (a,b) = (1,1) for which the generalised
conjunction reduces to quasi conjunction and the generalised disjunction reduces
to the fourth Walker’s disjunction. Finally, we considered the case (a,b) = (p, p)
in which the generalised five-valued structures coincide with the three-valued con-
junction and disjunction in the trivalent logic of Kleene-de Finetti. Furthermore,
we analysed the coherent assessment on the conjunction and the disjunction in the
case of interval-valued assessments and we gave an interpretation for the gener-
alised conjunction in the setting of subjective probability theory. Further work could
concern the investigation of these generalizations within the theory of the Boolean
algebra of conditionals ([40, 42]), of Markov graphs ([98]) and the study of related
generalized notions of iterated conditionals which could give further insights on the
generalized structures and their applicability (see, e.g., [63]).

In Chapter 4 following the approach introduced by Coletti and Scozzafava in
[26], we proposed a framework for fuzzy set theory based on conditional events and
coherent conditional probability theory. Then considering the operations of condi-
tional events as random quantities, we defined the complement and the intersection
of fuzzy sets, interpreting the membership functions as the prevision of the corre-
sponding operations on conditional events. Future work will concern the analysis
of other set operations and relations, such as the union, the inclusion of fuzzy sets
[29], De Morgan’s Laws and the formalization and interpretation of more complex
structures such as the “conditional” of two fuzzy sets, EG|Ey defined through the
notion of iterated conditional (see, e.g. [90]).

In Chapter 5, we took a step further in the study of the Boolean algebra of con-
ditional started by [40] analysing the Boolean algebra of iterated conditionals. We
studied how some properties of a probability on these Boolean algebras can be char-
acterized in terms of satisfiability of known principles of its “canonical extensions”
to the algebra of iterated conditionals. In particular, we proved that a weaker ver-
sion of the Import-Export principle is satisfied by the canonical extension pg of a
probability Q defined on the Boolean algebra of conditionals if and only if Q is a
separable probability, and that if j1¢ satisfies what we called "conjunction rationality
principle" then Q satisfies the McGee’s decomposition formula for the conjunction.
As for future work we plan to further extend our analysis when, instead of starting
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from a positive probabilities on A and on C(A), we directly start from a conditional
probability (in the axiomatic sense) on A x A’ and on C(A) x C(A)’. Also we plan to
explore the relationship, within C(C(A)), between the general import-export princi-
ple and the p-validity of inference rules in nonmonotonic reasoning, as done in [63]
within the framework of conditional random quantities.

Finally in Chapter 6, we studied the relation of the study of coherence in terms
of penalty criterion and the theory of the proper scoring rules. In particular, we
considered the asymmetric logarithmic scoring rules for the probability of an event
and thanks to it we suitably extended the definitions of entropy and extropy, usually
given for a partition of events, to the case of arbitrary families of events, and we
find the associated Bregman divergences. Further developments could concern the
study of the properties of entropy, extropy, cross-entropy, and cross-extropy in the
case of an arbitrary family of events (or conditional events), by also exploiting the
connections between scoring rules and Bregman divergence. Moreover, the structure
free approach used in this paper may also be of interest when considering partial
assessments, as it allows for a connection to work on scoring rules for imprecise
models ([73, 83, 92]).
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