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Anton Frisk Kockum, Vincenzo Macŕı, Luigi Garziano, Salvatore Savasta,

Franco Nori

Scientific Reports 7, 5313 (2017)

http://dx.doi.org/10.1103/PhysRevA.91.023809
http://dx.doi.org/10.1103/PhysRevA.92.063830
https://link.aps.org/doi/10.1103/PhysRevA.94.013817
https://link.aps.org/doi/10.1103/PhysRevLett.117.043601
https://physics.aps.org/articles/v9/83
https://www.nature.com/articles/s41598-017-04225-3


iii

VI. Deterministic quantum nonlinear optics with single atoms and

virtual photons

Anton Frisk Kockum, Adam Miranowicz, Vincenzo Macŕı, Salvatore
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Introduction

Since the early days of its birth, Quantum Mechanics has been applied to ex-

plain the properties and the behavior of a wide range of natural systems, and

it has had tremendous success also as a fundamental physical theory. Atomic,

molecular, and solid state-systems are just a few examples of physical systems

whose behavior has been understood by applying Quantum Mechanics [1,2].

Mainly, quantum physics developed through the first half of the twentieth

century largely by understanding how light and matter interacts.

Since its invention in 1960, the laser has revolutionized both the study

of optics and our understanding of the nature of light, prompting the emer-

gence of Quantum Optics, a new field where the interaction between light

and matter is dealt at fundamental level. Quantum description of light and

matter is necessary to understand at fundamental level, the dynamics of

atoms, and their interaction with the electromagnetic field. Quantum Op-

tics experiments were originally performed with natural atoms, sometimes

placed in cavities formed by mirrors, where a standing-wave electromagnetic

field can exist for a long time and interacts with them. Serge Haroche and

David Wineland demonstrated that single atoms could be used to probe pho-

ton states in a microwave cavity and, conversely, that single ions could be

trapped, cooled, and probed with laser light [3–5]. In both cases, the mea-

surements are gentle enough to allow for continuous manipulation of these

fragile quantum systems. One of the first big achievements for both re-

search groups was to create and measure a superposition state known as a

Schrödinger cat state . They won the Nobel Prize in Physics 2012 for their

contribution to this field over the years [6, 7]. This approach is known as

cavity quantum electrodynamics (cavity QED) [8–11].

In atom-cavity systems one can distinguish four different coupling regimes:

When the atom-cavity coupling strength is slower than all the loss rates
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(g � κ, γ), the system is in the weak coupling regime; when g > κ, γ, the

strong coupling regime is achieved; When the coupling strength starts ap-

proaching the transition frequency of the atom or the resonance frequency

of the cavity mode (g ∼ ωq, ωc), the system enters the ultrastrong (USC)

regime (see Chapter 1). Finally, when the coupling strength goes beyond the

transition frequency of the atom or the resonance frequency of the cavity

mode g > ωq, ωc, the atom-cavity systems fall in the (still little explored)

deep coupling regime.

Microscopic systems, such as atoms (or spins), are given by nature and

can easily be made as identical unit of information (qubits) with long coher-

ence times (' 1ms), but they operate slowly because of their weak coupling

to external fields, and have limited scalability, namely, it is difficult to in-

dividually control many atoms working as qubits. The most versatile and

promising framework for quantum optics experimental is that of supercon-

ducting circuits [12–16], often referred to as circuit quantum electrodynamics

(circuit QED). In the case of circuit QED, the 1D transmission line resonator

consists of a section of superconducting coplanar waveguide (CPW SC res-

onator). It is used to guide microwave photons to and from superconducting

artificial atoms. They possess anharmonically-spaced discrete energy lev-

els. Hence, by selecting the frequeny of the driving field, it is possible to

excite only one transition, so that they can behave like to two-level atoms

(qubits). SC qubits come in different varieties but they are all based on

Josephson junctions [17], which provide the required nonlinearity, in combi-

nation with traditional circuit elements like capacitances C and inductances

L (see Chapter 1.4). Although not microscopic in size, they can still behave

quantum mechanically, allowing the observation of quantum coherence on

a macroscopic scale, when they operate at temperatures of tens of mK. SC

qubits are sensitive to environmental noise from extrinsic and intrinsic de-

coherence sources which limits the coherence times but, unlike atom-cavity

interaction, they can couple strongly to the electromagnetic fields, confined

in a SC waveguide-resonator or in a LC resonator [18], playing the role of

cavities, which makes fast gate operations possible with current technology.

Phenomena which occur in cavity QED (with artificial atoms) are expected
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to manifest in circuit QED setups, using SC qubits and microwave photons.

Cavity QED and circuit QED systems, can be described by similar Hamil-

tonians. Hence, by using circuit QED it is possible to explore regimes that

are very hard to reach with natural atoms in optical cavities. The general

picture, not only sees the circuit QED as an area where one can experience

new effects beyond regimes allowed with natural atoms but also, represents

the most promising framework for the realization of quantum computers.

Another quantum system with a great potential for development of new

quantum technologies is Cavity Optomechanics, where the interaction be-

tween light and mechanical vibrations is studied [19–23]. The typical ex-

perimental setup is an optical cavity where one of the mirrors can move as

mechanical harmonic oscillator. If the vibrational energy of the movable mir-

ror becomes larger than the thermal energy kBT , the mechanical oscillation

can behave quantum mechanically. The quantized vibrations of the mirror

then couples to the photons in the cavity due to radiation pressure. This kind

of setup has been realized in a large variety of systems in recent years [24–28].

However, the observation of quantum behavior is challenging since it requires

cooling the mechanical motion to extremely low temperatures and the ability

to generate nonclassical states.

It is possible to realize an analogue of cavity optomechanics in SC circuit

without any moving parts [29]. The circuit consists of a coplanar transmis-

sion line with an electrical length that can be changed at a few percent of the

speed of light. The length is changed by modulating the inductance of a su-

perconducting quantum interference device (SQUID) which is, two Josephson

junctions which form a loop [30], acting as an effective movable mirror. The

movement is simulated by tuning the magnetic field passing through the loop.

Using this type of SC systems, it has been possible to observe the creation

of real photons out of vacuum fluctuations as in dynamical Casimir effect

(DCE) occurs, where a mobile mirror undergoing relativistic motion convert

virtual photons into directly observable real photons [31]. In particular, it

was observed in a SC resonator terminated by a SQUID whose inductance

was modulated at high frequency [32]. In that case, the boundary conditions

of the system are modulated by an effective motion, producing a paramet-
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ric amplification of vacuum fluctuations (parametric-DCE [33–38]). These

optical experiment do not demonstrate the conversion of mechanical energy

into photons as predicted by the dynamical Casimir effect. In Paper 5.8

I investigate the DCE in real cavity optomechanical systems, also showing

how vacuum emission can originate from the free evolution di an initial pure

mechanical excited state, proving in this way the conversion of mechanical

energy into elettromagnetic energy.

Much of the interesting physics sees the use of cross-systems: artificial

and natural atoms together with optomechanical systems are the blocks of

construction of the newborn quantum engineering. There are many ongoing

efforts to create hybrid quantum system (HQS), that combine the best char-

acteristics of different systems while avoiding their shortcomings [39]. The

fundamental requirement for the realization of a functional HQS is the ability

to communicate, with high fidelity, quantum states and properties between

its different components. To make this possible it is necessary that the sub-

systems interact each other. The interaction between subsystems is described

by the perturbative part of the total Hamiltonian. The perturbation gives

rise to coherent resonant coupling between states nearly degenerate includ-

ing those which not conserve the number of excitations. In quantum systems

whose Hamiltonian depends on a variable parameter, two energy levels can

cross for some value of this parameter. If the Hamiltonian is perturbed by

an interaction which couples the levels, the degeneracy at the crossing is

broken and the levels repel. The perturbation, not only modifies the energy

eigenvalues but also mix the old eigenstates (bare states) into the new ones

(dressed states). The effective coupling rate between the subsystems must

be large enough to allow quantum-state transfer between them within the

shortest coherence time, giving rise to observable avoided-level crossings. In

Appendix A is given an analytical method to estimate, by means of the time-

dependent perturbation theory, the coherent resonant coupling between two

degenerate quantum states induced by a constant perturbation. Avoided-

level crossings play an important role in quantum mechanics. Many of the

effects studied in this thesis work can be explained and understood in terms

of avoided level crossings arising from some interaction between subsystems,
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able to remove degeneracy between quantum states.

One of the most interesting and widely studied HQS consists of individ-

ual natural atoms (SC qubit) coupled to an optical cavity (SC resonator).

The weak and strong coupling regime of this system has been widely stud-

ied to explore fundamental physics effects and, also for applications in the

field of quantum information [40, 41]. In weak coupling regime, where the

coupling strength is lower than the losses, there are many signicant physi-

cal phenomena that have been experimentally demonstrated such as Purcell

effect [42], which describes the enhancement of spontaneous emission rates

of atoms when they are matched in a resonant cavity. In strong coupling

regime, where the coupling strength is much greater than the losses, Rabi

oscillations have been experimentally demonstrated [43], where an atom and

a cavity electromagnetic mode can exchange a photon frequently, before co-

herence is lost, and the bare states of the atom and the cavity mode mix

to form new dressed-energy eigenstates which are coherent superpositions of

atom and photon excitations, also known as polaritons. Moreover, the atom

and cavity resonances exhibit a ladder of avoided crossings as predicted by

the well-known Jaynes-Cummings (JC) model (see Sec. 1.2). The lowest en-

ergy avoided crossing is referred to as vacuum-Rabi splitting. The regime of

particular interest, for this thesis work, is that of ultrastrong copling (USC)

regime that arises when the coupling strength becomes comparable to (or

even larger than) the transition frequency of the atom (SC qubit) or the

resonance frequency of the cavity mode (SC resonator). Recently, due to ex-

perimental progress in the development of circuit QED systems, it has been

possible to experimentally achieve the USC regime [18]. It presents a great

variety of new exciting effects [18,44–47] that are not observed in the conven-

tional weak and strong-coupling regimes. These new exciting effects cannot

be described by the standard JC Hamiltonian. The fully interaction between

atom and cavity (SC qubit-resonator), can be described by Rabi Hamilto-

nian (see Sec. 1.3). Unlike the JC Hamiltonian, the counter-rotating terms

contained in the Rabi Hamiltonian become relevant, and the total number of

excitations is not preserved. The transmission spectra of the combined sys-

tem has revealed avoided-level crossings that cannot be explained by the JC
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model. Instead, they are caused by the simultaneous creation (annihilation)

of two excitations, one in the qubit and one in a resonator mode, while anni-

hilating (creating) only one excitation in a different resonator mode. These

describe an interesting example of an avoided-level crossing involving states

with a different excitation number. Since then a number of novel processes

based on avoided-level crossing in the absence of excitation number conser-

vation has been theoretically predicted, many of these are the subject of this

thesis. Indeed, part of this thesis aims to show that analogues of many non-

linear optics effects can also be realized within the cavity QED (also looking

at the circuit QED where a generalized Rabi Haimiltonian can be defined,

Sec. 1.4), by coupling one or more resonator modes to one or more two-level

atoms (Dicke model [48]). The dynamic of system is studied excitating the

atoms or the cavities by applying external electromagnetic drive, gaussian

π-pulses or continuous way.

In general, when the intensity of light increase nonliner effets of the

medium emerge. This nonlinear response can give rise to a host of effects,

including frequency conversion and amplification, many of which have im-

portant technological applications [49–52]. After the high-intensity light of a

laser made possible the first experimental demonstration of second-harmonic

generation (frequency up-conversion) in 1961 [53], many more nonlinear op-

tics effects have been demonstrated using a variety of nonlinear media, in-

spired investigations of analogous effects in other types of waves [54–60]. Just

as nonlinear optics effects usually require very high light intensity to manifest

clearly, the higher-order processes that I consider in this thesis work require

a very strong light-matter coupling to become noticeable.

Following this line of research, I contributed to realizing multiphoton re-

versible absorption and emission, as Paper 5.2 reported. In this case, a single

qubit coupled ultrastrongly to a resonator can exhibit anomalous vacuum

Rabi oscillations where two or more photons are jointly emitted by the qubit

into the resonator and reabsorbed by the qubit in a reversible and coherent

process. Moreover, we have shown in Paper 5.4 that a single photon is able

to excite two or more atoms at the same time. Also, we propose in Paper 5.7

an analogous physical process where one excited atom directly transfers its
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excitation to a pair of spatially separated atoms with probability approaching

one, the interaction being mediated by the exchange of virtual rather than

real photons. More generally, it has been shown that the USC regime opens

the door to higher-order processes, where virtual photons are created and an-

nihilated, and an effective deterministic coupling between two levels (whose

degeneracy at the crossing is broken) of such a system can be created. In

Paper 5.5 analogues of various three-wave and four-wave mixing (frequency

conversion) processes have been realized. The proposed frequency-conversion

scheme is deterministic and allows for a variety of different frequency con-

version processes in the same setup. The setup should be possible to im-

plement in state-of-the-art circuit QED, but the idea also applies to other

cavity QED systems. To complete the circle, in Paper 5.6 we show how ana-

logues of a large number of well-known nonlinear optics phenomena can be

realized with one or more two-level atoms coupled to one or more resonator

modes. Through higher-order processes, where virtual photons are created

and annihilated, an effective deterministic coupling between two states of

such a system can be created. In this way, analogues higher-harmonic and

subharmonic-generation (up and down-conversion), multiphoton absorption,

parametric amplification, Raman and hyper-Raman scattering, the Kerr ef-

fect, and other nonlinear processes can be realized, without the need for

intense input light fields.

The remainder of this thesis work focuses to another HQS constituted by

a mechanical oscillator coupled, via radiation pressure, to an optical cavity:

Cavity Optomechanics (see Chapter 2). This type of HQSs are promising for

the study of fundamental quantum effects on a mesoscopic or macroscopic

scale. In particulary, I refer to dynamical Casimir effect (DCE) where the

generation of photons from the quantum vacuum is due to rapid changes of

the geometry (the positions of some boundaries). In Paper 5.8, we show that

this fundamental physical process originates from avoided-level crossings in-

volving states with a different number of excitations. Actually, within this

approach, we show that DCE effect can be described without considering any

time dependent Hamiltonian (see Sec. 2.1). The only time dependent Hamil-

tonian term considered in our study is the one describing the external drive
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of the mobile mirror. We show that the resonant generation of photons from

the vacuum is determined by a ladder of mirror-field vacuum Rabi splittings.

When the loss rates are lower than the corresponding frequency splittings,

a reversible exchange of energy between the vibrating mirror and the cav-

ity field, which we call vacuum Casimir-Rabi oscillations, can be observed.

We also find that the dynamical Casimir effect can create steady state en-

tanglement between the oscillating mirror and the radiation produced by its

motion in the vacuum field. We show that vacuum radiation can originate

from the free evolution of an initial pure mechanical excited state, in analogy

with the spontaneous emission from excited atoms. Moreover, we find that

resonant production of photons out from the vacuum can be observed for

mechanical frequencies lower than the cavity mode frequency. Hence, this

coupling regime, which experimentsare rapidly approaching, removes one of

the major obstacles for the observation of this long sought effect. I believe

that this theoretical framework provides a more fundamental explanation of

the DCE. Notice that fundamental processes in quantum field theory are de-

scribed by interaction Hamiltonians which do not depend parametrically on

time. On the technological point, cavity optomechanics is a rapidly develop-

ing field [23], and constitutes a promising light-mechanics interface to realize

HQSs for the manipulation and detection of mechanical motion, for appli-

cations in quantum information processing and storage in long-lived phonon

states. Paper 5.1 is devoted to highlight the importance of the ultrastrong

coupling regime in optomechanical systems for the synthesis of arbitrary

superposition of mechanical quantum states. Here, we propose a new cavity-

optomechanics protocol working in the ultrastrong regime which, in a single

step, forces the ground state of a mechanical oscillator to evolve into an arbi-

trary quantum state in a completely controlled and deterministic manner. In

this case we adopt the standard optomechanical Hamiltonian (see Sec. 2.2),

which differ from DCE optomecanical Hamiltonian (Law Hamiltonian [61]),

because the terms that oscillate very quickly are neglected, when the oscilla-

tion frequencies of the mirror are much smaller than the frequency spacing of

neighboring cavity modes. The protocol results efficient and robust against

decoherence, thermal noise and imperfect cooling. Moreover, the single-step
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protocol is compared with the most recently proposed multi-step algorithms.

We show that in the ultrastrong coupling regime the single-step protocol

leads to a significantly reduction of the preparation time. This type of anal-

ysis ends with Paper 5.3, which is thought in order to realize an extension

of the Paper 5.1, by designing a protocol for the deterministic preparation of

entangled NOON mechanical states on demand, where the system is consti-

tuted by two identical, optically-coupled optomechanical systems.
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The thesis is structured as follows: after an introductory text where I have

given an overview of the field (placing the work of the appended published

Papers in their proper context), follow few chapters in which are reported

mainly review the theoretical tools used.

In Chapter 1, the quantum theory of light-matter interaction in cavity

QED is presented. I review how to formulate a quantum mechanical descrip-

tion of weak and strong coupling light-matter interaction in cavity QED,

where the rotating wave approximation can be safely made. I refer to the

Jaynes-Cummings Hamiltonian. Following, I focus on the peculiarities of

the ultrastrong coupling regime. In particular, it is pointed out that in this

regime the rotating wave approximation cannot be safely made and counter-

rotating terms in the interaction Hamiltonian have to be taken into account.

In this case I refer to Rabi Hamiltonian. Finally, in the context of the circuit

QED where the quantum Rabi model can be generalized, I introduce the

amount of longitudinal and transversal couplings as, for example, in exper-

iments with USC of flux qubits to resonators [18, 45, 62]. This generalized

quantum Rabi model does not impose any restrictions on the number of

excitations.

Chapter 2 is devoted to describe the correct formulation of the interaction

between a moving mirror and radiation pressure. I discuss the canonical

quantization of both the field and the motion of the mirror, in order to

derive a nonrelativistic Hamiltonian of a one-dimensional mirror-field coupled

system in a cavity configuration. This approach leads to a more detailed

description of a typical cavity optomechanics setup, in terms of a Hamiltonian

known as Law Hamiltonian [61]. This theoretical framework provides a more

fundamental explanation of the Casimir dynamic effect, and opens the doors

to a possible experimental observation of light emission from mechanical
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motion. Moreover, a description of the cavity optomechanical system in the

standard case is derived as a particular case of the Law approach, when

the frequencies of the mirror are much smaller than the frequency spacing

of neighboring cavity modes. In this case one can neglect the terms that

oscillate very quickly, adopting a rotating-wave-approximation (RWA). The

standard optomechanical Hamiltonian has been used to successfully describe

most of the experiments to date [23].

Chapter 3 is devoted to the description of the right procedure to calculate

the input-output relations, the output photon emission rate, and the n-th or-

der correlation fuctions in the ultrastrong coupling regime [63]. Indeed, an

inconvenient issue arising in the ultrastrong coupling regime when consider-

ing the usual normal order correlation functions. It fails in to describe the

output photon emission rate and photon statistics in the ultrastrong coupling

regime. A clear evidence of this fact is that the standard input-output rela-

tions would for example predict, for a vacuum input, a finite output photon

flux. Moreover, an incautious application of these standard relations for a

system in its dressed ground state, which now contains a finite number of

photons due to the counter-rotating terms in the Rabi Hamiltonian, would

therefore predict an unphysical stream of output photons. The last part of

this chapter it is also shown how this theory is actually valid for every degree

of light-matter interaction, since the standard relations are recovered in the

limit of low values of the atom-cavity coupling strength.

In Chapter 4 we look at open quantum systems, where a small quan-

tum system is coupled to an environment with a large number of degrees of

freedom, in order to describe the correct formulation of dissipation in the

ultrastrong coupling regime. Indeed, it has been recently demonstrated that,

while the standard quantum optical master equation can be safely used to

describe the dynamics of the system in the weak and strong coupling regimes,

in the ultrastrong coupling regime this standard approach fails to correctly

describe the dissipation processes and leads to unphysical results as well [64].

The proper procedure that solves such issues and leads to the dressed master

equation is described in detail.

Chapter 5 is an overview of the published paperss. Briefly in chronolog-
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ical order of publication, Paper 5.1 analyzes a protocol working in the USC

regime which in a single step forces the ground state of a mechanical oscil-

lator to evolve into an arbitrary quantum state in a completely controlled

and deterministic manner. Paper 5.2 shows that a system consisting of a

single qubit coupled ultrastrongly to a resonator can exhibit anomalous vac-

uum Rabi oscillations. An avoided level crossing resulting from the coupling

between the states with diffrent excitation numbers(due to the presence of

counterrotating terms in the system Hamiltonian), explain the physical pro-

cess where two or more photons are jointly emitted by the qubit into the

resonator and reabsorbed by the qubit in a reversible and coherent process.

Paper 5.3 proposes a protocol for the deterministic preparation of entangled

NOON states or even more general mechanical states between two identi-

cal, optically coupled optomechanical systems. This approach extends the

proposed scheme in Paper 5.1. Paper 5.4 is a proof-of-principle theoretical

demonstration of an exciting new effect in cavity QED. Considering two sep-

arate atoms interacting with a single optical mode, when the frequency of the

resonator field is twice the atomic transition frequency, it is possible to show

that there exists a resonant coupling between one photon and two atoms,

via intermediate virtual states connected by counter-rotating processes. If

the resonator is prepared in its one-photon state, the photon can be jointly

absorbed by the two atoms in their ground state which will both reach their

excited state with a probability close to one. This work was selected as

Editors Suggestion for Physical Review Letters 117, 043601 (2016). It was

also featured in the APS Physics Focus 9, 83 (2016), and widely covered

by the popular media all over the world. Paper 5.5 is thought in order to

implement a new method for frequency conversion of photons, which is both

versatile and deterministic. We have shown that a system with two res-

onators ultrastrongly coupled to a single qubit can be used to realize both

single and multiphoton frequency conversion processes. The conversion can

be exquisitely controlled by tuning the qubit frequency to bring the desired

frequency-conversion transitions on or off resonance. Paper 5.6 shows how

analogues of a large number of well-known nonlinear-optics phenomena can

be realized with one or more qubit coupled to one or more resonator modes.

https://link.aps.org/doi/10.1103/PhysRevLett.117.043601
https://physics.aps.org/articles/v9/83
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Through higher-order processes, where virtual photons are created and an-

nihilated, an effective deterministic resonant coupling between two states of

such a system can be created. In this way, analogues of three-wave mixing,

four-wave mixing, higher-harmonic and -subharmonic generation (up- and

down-conversion), multiphoton absorption, parametric amplification, Raman

and hyper-Raman scattering, the Kerr effect, and other nonlinear processes

can be realized. The recent experimental progress in ultrastrong light-matter

coupling let us think that, many of these nonlinear-optics analogues can be

realized with currently available technology. In Paper 5.7 one describes non-

linear optical processes with qubits, where only virtual photons are involved.

The results presented here open the way to nonlinear optical processes with-

out real photons. Instead, virtual photons, which are not subject to losses and

decoherence, drive the interaction between N spatially separated and non-

degenerate qubits. Finally, in Paper 5.8 we explain the dynamical Casimir

effect, describing quantum mechanically both the cavity field and the os-

cillating mirror (optomechanical systems), neither adopting parametric or

perturbative approximations, nor dynamics linearization. We show that the

resonant generation of photons from the vacuum is determined by a ladder of

mirror-field vacuum Rabi splittings. We find that vacuum emission can even

originate from the free evolution of an initial pure mechanical excited state,

in analogy with the spontaneous emission from excited atoms. By consider-

ing a coherent drive of the mirror and a master equation approach to take

into account the losses, I were able to study the DCE from the weak to the

ultrastrong limit. My coauthors and myself found that, when the coupling

between the mobile mirror and the cavity field is not a negligible amount

of the mechanical and optical resonance frequencies, a resonant production

of photons out from the vacuum can be observed for mechanical frequencies

lower than the cavity mode frequency. Hence, this coupling regime, which

experiments are rapidly approaching, removes one of the major obstacles to

the observation of this long sought effect.

We conclude in Chapter 6 by summarizing my work and looking to the

future. There are indeed many interesting directions to pursue in the field of

quantum optics.





Chapter 1

Cavity QED

The general problem of a physical system interacting with light involve the

complex internal structure of the system (atom, molecule, solid, etc.) and

the infinite number of modes of the electromagnetic field, which are described

as independent harmonic oscillators. In cavity QED one can considers one

or more atoms placed inside a resonant cavity which supports one or more

discrete modes of the electromagnetic field, and whose resonance frequency

can be properly adjusted with respect to the transition frequencies of each

atoms. The problem can be simplified if one considers one cavity mode of

frequency ωc and only one atomic resonant transition between two atomic

states |g〉 and |e〉, with energy separation is Ee − Eg = ~(ωe − ωg) ≡ ~ωq.
All of the other cavity modes do not couple to the atom due to the large

frequency mismatch and can therefore be neglected. In this case one may

adopt a very simple model consisting in a single cavity mode interacting with

a two-level atom (qubit) Fig. 1.1.

1.1 Light-Matter Interaction in Cavity QED

In cavity QED, the qubit-cavity interaction is essentially described by three

parameters: the qubit-cavity coupling strength g, the cavity photon decay

rate κ = t−1
κ (where tκ is the cavity photon lifetime) and the qubit decay rate

into non-cavity modes γ = t−1
γ (where tγ is the qubit excited state lifetime).

The expression for the qubit-cavity coupling strength g is obtained consider-

ing the interaction between the qubit and the the zero-point fluctuations of
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g  

 

Figure 1.1: qubit inside a single-mode resonant cavity. The light-matter interaction is
described by three parameters: the qubit-field interaction strength g, the cavity photon
decay rate κ and the qubit decay rate into non-cavity modes γ.

the electromagnetic field in the cavity, and it is given by [40]:

g =

√
d2
egωc

2~ε0V0

, (1.1)

where ωc is the angular cavity frequency, ε0 is the electric permittivity, V0

is the cavity volume and deg is the dipole moment associated to the qubit

transition. When the qubit-cavity coupling strength is slower than all loss

rates (g � κ, γ), the system is in the weak coupling regime and photons

emitted by the qubit escape the cavity before being reabsorbed, a process

analogous to the free-space spontaneous emission. On the contrary, when

g � κ, γ, the system enters the so-called strong coupling regime, in which the

periodic exchange of the excitation between the qubit and the cavity is faster

than the irreversible processes due to photon losses into non-cavity modes.

In this case, the photon emission is a reversible process in which the photon

is absorbed by the qubit before it can leave the cavity. In the strong coupling

regime, the bare states of the qubit and the cavity mode mix to form new

dressed energy eigenstates which are coherent superpositions of qubit and

photon excitations, also known as polaritons. Moreover, the qubit and cavity

resonances exhibit an avoided crossing and the resulting splitting is referred

to as the ”vacuum-Rabi” splitting [65]. When the qubit-cavity coupling
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strength becomes comparable to the transition frequency of the qubit or the

resonance frequency of the cavity mode g/ωc,q ' 1, the system enters the

ultrastrong coupling regime (USC) which presents a great variety of new

exciting effects that are not observed in the conventional weak and strong-

coupling regimes [44, 46, 47]. Recently, due to the experimental progress in

the development of circuit quantum electrodynamics (circuit QED) systems,

where superconducting artificial qubits are coupled to on-chip cavities, it has

been possible to experimentally achieve the USC regime [18,45,66,67]. This

regime has also been achieved with photochromic molecules [68], by using

intersubband transitions in semiconductor structures [69,70] or, by coupling

the cyclotron transition of a high-mobility two-dimensional electron gas to

the photonic modes of an array of electronic split-ring resonators [71]. In

order to describe the interaction of a qubit with the quantized field of a

cavity, we need to introduce the Pauli spin operators σz, σy, σx,

σz = σ+σ− − σ−σ+ =

(
1 0

0 −1

)
= |e〉〈e| − |g〉〈g| (1.2)

σx = σ− + σ+ =

(
0 1

1 0

)
= |g〉〈e|+ |e〉〈g| (1.3)

σy = i(σ− − σ+) =

(
0 −i
i 0

)
= i(|g〉〈e| − |e〉〈g|) (1.4)

and, the raising and lowering operators σ+ and σ−,

σ+ =

(
0 1

0 0

)
= |e〉〈g| (1.5)

σ− =

(
0 0

1 0

)
= |g〉〈e| (1.6)

(1.7)

all of them expressed in the bare basis {|g〉 , |e〉}. The raising operators σ+

produces a transition from the lower to the upper state and the lowering

operator σ− has the opposite effect. The σz operator coincides with the
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corresponding Pauli spin matrix, while the pseudo-spin raising and lowering

operators can be related to the Pauli matrices through the relation σ± =
1
2

[σx ± iσy]. The total Hamiltonian for the system,

H = HA +HF + V (1.8)

contains three terms describing the qubit HA, the cavity field HF and the

the qubit-cavity interaction V . In terms of the qubit operators, the qubit

Hamiltonian is given by

HA =
1

2
~ωqσz =

1

2
~ωq |e〉〈e| −

1

2
~ωq |g〉〈g| (1.9)

In Eq. (1.9) the zero point of energy has been chosen half-way between levels

|e〉 and |g〉, so that the energy of the state |e〉 is Ee = 1
2
~ωq and that of |g〉

is Eg = −1
2
~ωq. The Hamiltonian for the cavity field is

HF = ~ωca
†a, (1.10)

where a† and a are, respectively, the bosonic creation and annihilation oper-

ators for the cavity mode. Finally, in the dipole approximation, the qubit-

cavity interaction has the standard form

V = −d · E = −d · εE(r0)(a+ a†), (1.11)

where E(r0) is the the electric field at the qubit position r0 and ε = (~ωc/ε0V0)
1
2

is the field per photon within the cavity volume V0. The dipole-moment op-

erator can be expressed as

d = |g〉〈g| d |e〉〈e|+ |e〉〈e| d |g〉〈g| = dgeσ− + degσ+ (1.12)

If we assume, without loss of generality, that the matrix elements of the

dipole-moment operator are real (〈g |d| e〉 = 〈e |d| g〉) and define the qubit-

cavity coupling strength as

~g ≡ −〈e |d · ε| g〉E(r0), (1.13)
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we can write the the qubit-cavity interaction Hamiltonian as,

V = ~g(σ+ + σ−)(a+ a†) = ~gσx(a+ a†). (1.14)

With the Eq. (1.9), Eq. (1.10) and Eq. (1.14), the total Hamiltonian for the

system becomes:

H =
1

2
~ωqσz + ~ωca

†a+ ~gσx(a+ a†) (1.15)

it is known as Rabi Hamiltonian. Eq. (1.15) describes the full qubit-cavity

interaction without any approximation.

1.2 Jaynes-Cummings Hamiltonian

In the interaction picture, the qubit and field operators become,

U †A(t)σ±UA(t) = σ±e±iωqt, (1.16)

U †F(t)aUF(t) = ae−iωct, (1.17)

U †F(t)a†UF(t) = a†eiωct, (1.18)

where UA = e−
i
~HAt and UF = e−

i
~HFt are the free evolution operators for the

qubit and the free field, respectively. The qubit-cavity interaction (1.14) in

the interaction picture becomes:

Ṽ = e
i
~H0tV e−

i
~H0t = ~g(aσ+e

−i(ωc−ωq) + a†σ−e
i(ωc−ωq))

+ ~g(aσ−e
−i(ωc+ωq) + a†σ+e

i(ωc+ωq)).
(1.19)

In this interaction Hamiltonian, the term of the form a†σ− corresponds to the

process of qubit transition from the upper to the lower state and creation of

one photon, while the term aσ+ describes the inverse process, both of which

are near-resonant and oscillate at frequencies ±(ωc−ωq). On the other hand,

the terms aσ− and a†σ+, which in the interaction picture oscillate with the

sum frequencies ±(ωc +ωq), describe the nonresonant processes in which the

qubit and the field are excited or de-excited simultaneously. Actually, exami-



6 Cavity QED

nation of Eq. (1.19) reveals that these terms do not conserve the total energy

of the system. Thus, for Ee > Eg, the operator combination aσ− annihilates

a photon and induces a transition from the higher energy state |e〉 to the

lower energy state |g〉, in clear violation of energy conservation. A similar

violation occurs for the combination a†σ+, in which a photon is created dur-

ing the transition |g〉 → |e〉. When κ, γ � g � ωq,c (the system is in the

weak or strong coupling regime), these nonresonant terms are dropped in the

rotating wave approximation (RWA) and the total Hamiltonian becomes

H =
1

2
~ωqσz + ~ωca

†a+ ~g(aσ+ + a†σ−) (1.20)

A two-level system coupled to a single-mode electromagnetic field in the RWA

approximation is known as the Jaynes-Cummings (JC) model [65]. In order

to obtain a solution for the problem of qubit-cavity interaction, we need to

specify the complete state of the system in terms of the states of both qubit

and field. In the energy eigenstate representation, the basis states of the

field are the number Fock states |n〉, with n = 0, 1, 2, . . . Considering the

total excitation number operator Nexc ≡ a†a+σ+σ−, it is easy to verify that

it commutes with the total system Hamiltonian, i.e., [H,Nexc] = 0. This

implies that the JC Hamiltonian in Eq. (1.20) conserves the total number of

excitations and the interaction can only couple the states |e〉 |n〉 ≡ |e, n〉 and

|g〉 |n+ 1〉 ≡ |g, n+ 1〉, whose energies are

Ee,n = 〈e, n |H| e, n〉 = n~ωc +
~
2
ωq, (1.21)

Eg,n+1 = 〈g, n+ 1 |H| g, n+ 1〉 =~ωc(n+ 1)− ~
2
ωq

=Ee,n + ~∆,
(1.22)

where ∆ ≡ ωc − ωq is the detuning; when ∆ = 0, the bare states |e, n〉 and

|g, n+ 1〉 are degenerate (see Fig. 1.2). Thus, the Hamiltonian in Eq. (1.20)
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is block diagonal with two by two blocks and the off-diagonal elements are

〈e, n| ~g(aσ++a†σ−) |g, n+ 1〉 = 〈g, n+ 1| ~g(aσ++a†σ−) |e, n〉 = ~g
√
n+ 1.

(1.23)

The Jaynes-Cummings Hamiltonian can also be split into the sum H =∑
nHn with each term

Hn = Ee,n

[
1 0

0 1

]
+ ~

[
0 g

√
n+ 1

g
√
n+ 1 ∆

]
, (1.24)

acting on its own subspace Hn = {|e, n〉 , |g, n+ 1〉}, with n = 0, 1, 2, . . .

Diagonalizing the matrix in (1.24), we find the eigenvalues

Figure 1.2: Jaynes-Cummings ladder or ‘dressed-qubit’ level structure. (left panel)
Degenerate case ωc = ωq. The degenerate levels mix and split by an amount proportional
to the vacuum Rabi splitting g. (right panel) Dispersive case ωq = ωc + ∆. For ∆ > 0
the level repulsion causes the cavity frequency to decrease when the qubit is in the ground
state and increase when the qubit is in the excited state.

λn± =
1

~
Ee,n +

1

2
∆± Ω̄ (1.25)

with Ω̄ ≡
√
g2(n+ 1) + (∆/2)2, and the corresponding eigenstates

|±n〉 =
1√
N±

[(
Ω̄∓ 1

2
∆

)
|e, n〉 ± g

√
n+ 1 |g, n+ 1〉

]
, (1.26)
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where N± = (Ω̄ ∓ 1
2
∆) + g2(n + 1) are the normalization constants. These

are known as the dressed states of the JC Hamiltonian (Eq. (1.20)). At

resonance, when ∆ = 0, we have

λ± =
1

~
Ee,n ± g

√
n+ 1, (1.27)

and

|±n〉 =
1√
2

[|e, n〉 ± |g, n+ 1〉]. (1.28)

These dressed states, also called polaritons, are given by the symmetric |+n〉
and antisymmetric |−n〉 superposition of the bare states |e, n〉 and |g, n+ 1〉
and are split by the amount λ

(n)
+ − λ

(n)
− = 2g

√
n+ 1, which is twice the

matrix element of (1.23). One of the most important feature of the strong

coupling regime is the possibility to observe the so-called vacuum Rabi os-

cillations [6], a coherent and reversible process in which the qubit and the

cavity exchange a single quantum excitation. Vacuum Rabi oscillations is a

“classical” example of coherent resonant coupling of states that in, this case,

conserve the number of excitations (see Fig. 1.3). Specifically, if the system

is prepared in the state |e, 0〉, i.e., the qubit is excited with no photons in the

cavity, it will undergo Rabi oscillations between the states |e, 0〉 and |g, 1〉 at

a frequency ΩRabi = g. This means that the cavity field stimulates the qubit

decay into the cavity, so that the qubit is deexcited and the photon number

increases by one. Subsequently, the qubit is reexcited after the reabsorption

of the emitted photon, and so forth. Controlling these oscillatory dynamics

quickly relative to the vacuum Rabi frequency, enables remarkable capabil-

ities such as Fock state generation and deterministic synthesis of quantum

states of light. In Paper 5.2, We show that in the so-called ultrastrong cou-

pling regime the concept of vacuum Rabi oscillations can strongly modified,

enabling multiphoton exchanges between the qubit and the cavity. These

anomalous Rabi oscillations can be exploited for the realization of efficient

Fock-state sources of light and complex entangled states of artificial qubits.
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Figure 1.3: (a) Lowest energy levels of the system JC Hamiltonian as a function of the
ratio between the qubit and the cavity frequency for qubit-cavity coupling strength g/ωc

= 0.05 (blue continous line). At the resonances ωc = ωq a ladder of avoided crossings are
clearly visible. The grey-dashed lines describe the eigenenergies of the JC Hamiltonian

for g/ωc = 0.02. It is clearly visible a decrease of the splitting λ
(n)
+ − λ(n)− = 2g

√
n+ 1,

when the qubit-cavity coupling strength decrease. (b) display enlarged views of two boxed
regions in (a), showing avoided level crossing due to hybridizations of |e, 0〉 and |g, 1〉
(vacuum-Rabi splittings).

1.3 Rabi Hamiltonian

As discussed above, when the qubit-cavity coupling strength g/ωq,c ' 1 the

system enters in USC regime. This light-matter regime presents a great

variety of new exciting effects [18, 44–47] that are not observed in the con-

ventional weak- and strong-coupling regimes. In order to describe these and

other new effects, we need to use the Rabi Hamiltonian which takes account
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the full qubit-cavity interaction,

HR =
~
2
ωqσz + ~ωca

†a+ ~gσx(a+ a†). (1.29)

Eq. (1.29) contains the counter-rotating terms aσ−, a†σ+, which lead to ex-

perimentally observable consequences. Actually, these terms can be neglected

only in the case in which the ratio g/ωc � 1, and this can be understood

considering that aσ−, a†σ+ couples the states |g, n〉 and |e, n+ 1〉 that differ

by two excitations

〈e, n+ 1| ~g(aσ− + a†σ+) |g, n〉 = 〈g, n| ~g(aσ− + a†σ+) |e, n+ 1〉 ≈ ~g,
(1.30)

while the energy difference between the bare states (at resonance) is

〈e, n+ 1|H0 |e, n+ 1〉 − 〈g, n|H0 |g, n〉 ≈ 2~ωc, (1.31)

where H0 = 1
2
~ωqσz + ~ωca

†a. Eq. (1.30) and Eq. (1.31) show that the

counter-rotating terms become relevant only when the coupling strength g

becomes comparable to or much larger than the transition frequency of the

atom or the resonance frequency of the cavity mode. It is immediate to

verify that the total number of excitations is not preserved, [HR,Nexc] 6= 0,

while the parity is [72]. Namely, [P , HR] = 0 with the unity parity operator

P = eiπNexc . As important consequence of the non conservation of the total

number of excitations, the ground state of the system is no longer the vacuum

state |g, 0〉 of the JC model. A new vacuum state |G〉 now appears, which

contains both atom and resonator excitations

|G〉 =
∞∑

k=0

(cGg,2k|g, 2k〉+ cGe,2k+1|e, 2k + 1〉). (1.32)

Unless a time-dependent perturbation of the light-matter coupling is ap-

plied to the system, these excitations have to be considered “virtual” as

they cannot be experimentally detected [44]. Another important feature of

the dressed ground state |G〉 is that, in contrast to what happens to the
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JC ground state |g, 0〉, its energy depends on the coupling rate g/ωc (see

Fig. 1.4). This implies that the number of virtual photons bound in the

dressed ground state dependents from the coupling strength. Actually, it

increases as the coupling strength increases. The dressed states of the Rabi

0.1 0.3 0.5 0.7 0.9

0

2

4

6

Figure 1.4: Energy spectrum of HR as function of the coupling strength in the non-
dispersive regime (∆ = ωc − ωq = 0) for the Jaynes-Cummings model (dashed line) and
the Rabi Hamiltonian (solid blue line) containing the counter-rotating terms.

Hamiltonian can be expanded in terms of the bare states

|j,+〉 =
∞∑

k=0

(cj
+

g,2k|g, 2k〉+ cj
+

e,2k+1|e, 2k + 1〉), (1.33)

|j,−〉 =
∞∑

k=0

(cj
−

g,2k+1|g, 2k + 1〉+ cj
−

e,2k|e, 2k〉), (1.34)

where |j,+〉 and |j,−〉 indicate, respectively, the even- and odd-parity eigen-

states. Although the analytical spectrum of HR has recently been found [73],

it is defined in terms of the power series of a transcendental function. An

approximate, but more simple form, can be found in the intermediate regime,

referred to as the Bloch-Siegert (BS) regime, where the coupling strength g

is small with respect to ωc +ωq, with the system still being in the ultrastrong
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coupling regime. This is done using the unitary transformation

U = e[Λ(aσ−−a†σ+)+ξ(a2−a†2)σz ], (1.35)

where Λ = g/(ωc + ωq), and ξ = gΛ/2ωc. This yields the BS Hamiltonian

U †HRU ' HBS = (ωc + µσz) a
†a+

ω̃q

2
σz + gI+, (1.36)

where I+ = aσ+ + a†σ−, ω̃q = ωq + µ, and µ = g2/(ωc + ωq). This Hamil-

tonian is similar to the JC Hamiltonian, but contains BS shifts µ on qubit

and resonator frequencies. Since the BS Hamiltonian in Eq. (1.36) is block

diagonal, its eigenstates can be found exactly to be

|n,+〉 = − sin θn |e, n− 1〉+ cos θn |g, n〉 , (1.37)

|n,−〉 = cos θn |e, n− 1〉+ sin θn |g, n〉 , (1.38)

where θn is BS mixing angle

θn = arctan

[
∆BS
n −

√
(∆BS

n )2 + 4g2n

2g
√
n

]
, (1.39)

and ∆BS
n = ωq − ωc + 2µn. To second order in Λ, the excited eigenstates∣∣ñ,±
〉

of the Rabi Hamiltonian in the bare basis are then given by

∣∣ñ,±
〉

= U |n,±〉 , (1.40)

while the ground state takes the form

|G〉 = U |g, 0〉 '
(

1− Λ2

2

)
|g, 0〉 − Λ|e, 1〉+ ξ

√
2|g, 2〉. (1.41)

Eq. (1.41) cleary shows an important feature of the dressed ground state |G〉.
In contrast to the JC ground state |g, 0〉, its energy depends on the coupling

rate g/ωc (see Fig. 1.4). This implies that the number of virtual photons

bound in the dressed ground state dependents from the coupling strength.

Actually, it increases as the coupling strength increases. |G〉 is a squeezed
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vacuum containing a finite number of virtual photons. This is one of the most

important feature of the ultrastrong coupling regime as, for example, in the

presence of nonadiabatic modulations [44], induced Raman transitions [74],

spontaneous decay mechanisms [46], or sudden on-off switches of the light-

matter interaction [75], these virtual photons can be converted to real ones,

giving rise to a stream of quantum vacuum radiation. Moreover, in the

ultrastrong coupling regime the resonator field X = a+a† can display a non-

zero vacuum first-order coherence | 〈G |a|G〉 |2/
〈
G
∣∣a†a

∣∣G
〉
6= 0, a situation

that does not occur in the JC model, where the vacuum first-order coherence

is strictly zero (see Chapter 3). This property is very important in circuit

QED systems constitued by a flux qubit coupled to an on-chip coplanar

resonator, as a non-zero expectation value of the resonator field in the system

ground state |G〉 can lead to a vacuum-induced parity-symmetry breaking on

an additional artificial atom [76].

1.4 Look at circuit QED: Generalized Rabi

Hamiltonian

The last two decades have seen a greatly increased interest in using supercon-

ducting quantum circuits (SQCs), based on Josephson junctions [17], for im-

plementing quantum bits (the basic units of quantum information or qubit).

Starting from experiments on macroscopic quantum coherence in devices

where Cooper pairs tunnel between small superconducting islands [77], It

has also been demonstrated that SQCs possess discrete energy levels and

behave like atoms, often referred to as superconducting (SC) qubit. Usually,

SC qubits interact with a quantized microwave electromagnetic field. They

referred to as circuit QED, the study of the interaction between a quantized

microwave electromagnetic field and SC qubit. In microwave photonics with

SQC the basic building blocks of cavity QED (natural atoms and optical cav-

ities), are replaced with SC qubit and SC resonators, respectively, as shown

in Fig. 1.5. There are three basic types of SQC based on Josephson junctions,

called charge, flux, and phase SQC [14, 78]. Just like natural atoms, SQC is
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multi-level system but when we limit our study to only the two lowest-energy

levels (two-level system), a SC qubit can be defined. SC resonators, which

usually are constructed from electrical circuits, are used to store or guide mi-

crowave photons, transferring quantum information between SC qubits. The

simplest resonator is the LC circuit, consisting of a capacitor C connected

in series with an inductor L [79]. Other SQC devices can be described in

terms of lumped-element LC circuits, e.g., SC cavities, transmission-line res-

onators, and waveguides. Transmission lines most commonly appear in SQC

devices in the form of coplanar waveguides (CPWs) [80,81]. A CPW consists

of a central conductor, inserted in a slot of the ground plane. By terminat-

ing a length of CPW with capacitors, functioning like Fabry-Perot cavity

mirrors, a CPW resonator is formed. Phenomena which occur quantum op-

Figure 1.5: Analogy between traditional cavity QED and its SC circuit based form.
The cavity mirrors in the circuit form are capacitors in the waveguide (gaps in the central
conductor). The artificial atom shown, a transmon (a type of SC charge qubit), is an an-
harmonic electronic oscillator, a parallel capacitor and nonlinear SC quantum interference
device (SQUID) inductor. Its two lowest energy levels form a qubit, coupling to the waveg-
uide via its electric dipole. The figure shows a nonlinear resonator, created by inserting a
SQUID in the waveguides central conductor, illustrating the platforms flexibility.

tics, using natural atoms and optical photons, are expected to also manifest

in setups using SC qubits and microwave photons [12, 13, 82]. Experiments

show that, unlike cavity QED, SC qubits can be strongly and ultra-strongly

coupled to a SC resonator [18], opening many new possibilities for studying

the interaction beyond the nature permissive regimes [66]. For example, one

can reach the USC regime, where the strength of the coupling between the

SC qubit and the SC resonator is on the same order as the bare transition

frequencies in the system. Moreover, the coupling between a SC qubit and a

SC resonator can be tunable in situ [83–86].
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The general Hamiltonian describing the interaction between a SC qubit

and a SC resonator can be written as [12,13,87,88],

H =
1

2
~ωqσz + ~ωca

†a+ ~g(a+ a†)(σx cos θ + σz sin θ) (1.42)

where θ parameterizes the amount of longitudinal and transversal couplings

as, for example, in experiments with USC of flux qubits to resonators [18,

45, 62]. It corresponds to breaking the inversion symmetry of the potential

energy of the SC qubit. This generalized quantum Rabi model does not

impose any restrictions on the number of excitations.



Chapter 2

Cavity Optomechanics

Cavity Optomechanics explores the interaction, via radiation pressure, be-

tween the electromagnetic field in an optical resonator and a mobile mir-

ror (mechanical oscillator)(see Fig. 2.1). Mechanical oscillators are at the

 

 
g 

𝑋  
Figure 2.1: Optomechanics setup: a mechanical oscillator with frequency ωM is coupled
via radiation pressure, with a single-mode cavity with frequency ωc. The moving mirror-
cavity field interaction strength is g, while κ is the cavity photon decay rate and γ is the
mirror decay rate into non-cavity modes.

heart of many precision experiments, such as highly sensitive detection of

small forces, displacements, and accelerations [23, 89, 90] and can exhibit

exceptionally low dissipation. Recently, many groups have devoted consid-

erable effort to this type of hybrid quantum systems (HQSs) and various

designs for the observations of quantum behavior in these systems have been

studied. For example, The generation of quantum entanglement [91–94],
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quantum measurement [95], high precision displacement detection [96], and

cooling [97–99] have been demonstrated. Moreover, since quantum super-

positions are the main resources for quantum information processing, many

theoretical proposals and experimental demonstrations have been presented

in order to generate arbitrary superpositions of different mechanical Fock

states [94, 100–102]. Paper 5.1 and Paper 5.3 are devoted to the study of

the ultrastrong (or single-photon) coupling regime in optomechanical sys-

tems [21,103,104] (using standard optomechanical Hamiltonian, see Sec. 2.2),

which is achieved when the radiation pressure of a single photon displaces

the mechanical resonator by more than its zero-point uncertainty [105]. In

particular, in Paper 5.1 I contributed to the development of a new single-

step protocol for the preparation of arbitrary quantum superpositions of me-

chanical Fock states whose efficiency and robustness have been tested in the

presence of decoherence, thermal noise, and imperfect cooling. The results

obtained in Paper 5.1 were inspirational for the developments reported in

Paper 5.3, where a protocol for the deterministic preparation of entangled

NOON mechanical states on demand is proposed. In this case, the system is

constituted by two identical optically-coupled optomechanical systems. This

type of HQS is also promising for the study of fundamental quantum ef-

fects on a mesoscopic or macroscopic scale as the dynamical Casimir effect

(DCE) [31, 106–108]. It predicts the generation of photons from the quan-

tum vacuum due to rapid changes of the geometry (the positions of some

boundaries). In Paper 5.8, we show that this fundamental physical process

originates from avoided-level crossings involving also states with different

excitations number. In this paper we show that the DCE can be described

without considering any time dependent Hamiltonian. The main purpose of

this chapter is just to derive the Hamiltonian describing this process, due to

C.K. Law [61]. It is a non-relativistic Hamiltonian describing the interaction,

due to the radiation pressure, between a moving mirror and the cavity field,

constructed directly from the canonical quantization of both the field and

the motion of the mirror, and using the equation of motion of the moving

mirror (regarded as a mechanical harmonic oscillator) and the wave equation

(with appropriate boundary conditions) of the field (see Sec. 2.1). When
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the mechanical frequency is much smaller than the cavity frequency (which

is the most common experimental situation), the rapidly oscillating terms

in the Law optomechanical Hamiltonian can be neglected (rotating wave

apprixmation (RWA)). With this approximation, the resulting standard op-

tomechamical Hamiltonian conserves the number of photons and it can be

analytically diagonalized (see Sec. 2.2).

2.1 Law optomechanical Hamiltonian

Let’s start by considering a one-dimensional cavity formed by two perfectly

reflecting mirrors. One of the mirrors is fixed at the position X = 0 and

the other one move in a potential well V(q). The potential well V(q) at

q = 0 acts like an infinite potential wall which forbids the moving mirror

from penetrating through the fixed mirror. The vector potential A(x, t) of

the cavity field is defined in the region 0 6 x 6 q(t) (q(t) is the position of

the movable mirror), and obeys the wave equation (c = 1),

∂2A(x, t)

∂x2
=
∂2A(x, t)

∂t2
. (2.1)

We need to use the time-dependent boundary conditions A(0, t) = A(q(t), t) =

0. So that, the electric field is always zero in the rest frame of the mirror

surface. The non-relativistic equation of motion of the mirror is given by (m

is the mirror mass),

mq̈ = −∂V (q)

∂q
+

1

2

(
∂A(x, t)

∂x

)2

x=q(t)

. (2.2)

The second term of the right side of Eq. (2.2) is the radiation pressure force.

It can be derived from the radiation pressure force appearing in the rest

frame of the movable mirror. We now define a set of generalized coordinates

Qk which is the mode decomposition of the field,

Qk =

√
2

q(t)

∫ q(t)

0

dxA(x, t) sin

(
kπx

q(t)

)
k ε N. (2.3)
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Unlike the usual situation, the mode basis functions used here are deter-

mined by the instantaneous position of the mirror. From Eq. (2.3) and the

completeness of the mode functions, the vector potential is written:

A(x, t) =
∞∑

k=1

Qk(t)

√
2

q(t)
sin

(
kπx

q(t)

)
. (2.4)

With the Eq. (2.4) and the orthogonality of the mode functionsQk(t), Eq. (2.1)

and Eq. (2.2) become:

Q̈k =− ω2
kQk + 2

q̇

q

∑

j

gkjQ̇j +
q̈q − q̇2

q2

∑

j

gkjQj +
q̇2

q2

∑

jl

gjkgjlQl,

mq̈ =− ∂V (q)

∂q
+

1

q

∑

kj

(−1)k+jωkωjQkQj,

(2.5)

where the position-dependent frequencies ωk and the dimensionless coeffi-

cients gkj are given by

ωk(q) =
kπ

q
,

gkj =

{
(−1)k+j 2kj

j2−k2 , k 6= j

0 , k = j

(2.6)

By examining Eq. (2.5), we find that one can construct a Lagrangian L,

L(q, q̇, Qk, Q̇k) =
1

2

∑

k

[
Q̇2
k − ω2

k(q)Q
2
k

]
+

1

2
mq̇2 − v(q)

− q̇
q

∑

jk

gkjQ̇kQj +
q̇2

2q2

∑

jkl

gkjgklQlQj.
(2.7)

So that, the corresponding Hamiltonian associated with this L is defined by

H(Pk, Qj, p, q) =
1

2m

(
p+

1

q

∑

jk

gkjPkQj

)2

+ V (q) +
1

2

∑

k

[
P 2
k + ω2

kQ
2
k

]
,

(2.8)
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where Pk and p are canonical momenta conjugate to Qk and q, defined as

Pk = Q̇k −
q̇

q

∑

jk

gkjPkQj

p = mq̇ − 1

q

∑

jk

gkjPkQj.
(2.9)

The Hamiltonian in Eq. (2.8) is a more general expression because the mirror

is included as a dynamical degree of freedom, and so allows us to consider

the effects of radiation pressure.

At this point, we can follow the canonical quantization procedure. We

let the canonical momenta (Pk, p) and their conjugate variables Qk, q be

operators, with the commutation relations

[
q̂, Q̂j

]
=
[
q̂, P̂k

]
=
[
p̂, Q̂j

]
=
[
p̂, P̂k

]
= 0

[q̂, p̂] = i~
[
Q̂j, P̂k

]
= i~.

(2.10)

We define the cavity-length-dependent creation and annihilation operators

for each cavity mode by

âk(q̂) =

√
1

2~ωk(q̂)

[
ωk(q̂)Q̂k + iP̂k

]

â†k(q̂) =

√
1

2~ωk(q̂)

[
ωk(q̂)Q̂k − iP̂k

]
.

(2.11)

where the dependence on the operator q̂ indicates that for each position of

the mirror one has a set of Fock states associated with that position. The

creation and annihilation operators are not defined when the cavity has zero

length (q = 0). To fix this problem one imposes a boundary condition on the

wave function such that, the wave function is identically zero at q = 0.

The Hamiltonian operator now reads

Ĥ ′ =
(p̂+ Γ̂)2

2m
+ V (q̂) + ~

∑

k

ωk(q̂)

[
â†kâk +

1

2

]
, (2.12)
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where

Γ̂ =
i~
2q̂

∑

kj

gkj

[
k

j

] 1
2 [
â†kâ

†
j − âkaj + â†kaj − â†jak

]
. (2.13)

The vacuum field energy appearing in Eq. (2.12) is divergent and is the origin

of the Casimir force. Following the usual procedure [109] one obtain the

Casimir energy ~π/24q for one-dimensional space, which is finite because the

cancellation of the divergent parts of the vacuum pressure came from both

sides of the mirror [110]. This is an approximation, since it only counts the

static part (the Casimir effect) of the interaction between the mirror and

the outside field. The dynamic part, which describes the changing of the

field outside the cavity, is ignored. Nevertheless, in most physical situations

where the cavity field is dominant this is a good approximation. At this

point we can consider the cavity optmechanical case, where the motion of

the mobile mirror is that of a mechanical resonator. In this case, the mirror

is bounded by a potential V (q̂) which keeps the mirror moving around a

certain equilibrium position l0, and the radiation pressure force acts as a

small perturbation. When the mobile mirror displacement X̂ = q̂−l0 is small

compared with l0, one can write Γ̂ ≈ Γ̂|q̂=l0 = Γ̂0 which is the operator Γ̂

evaluated at the equilibrium position. Furthermore, for the small parameter

X̂/l0 one make the following expansions:

âk(q̂) ≈ âk0 −
X̂

2l0
â†k

ωk(q̂) ≈ ωk0

(
1− X̂

l0

) (2.14)

where âk0 and ωk0 denote the annihilation operator and the frequency as-

sociated with the equilibrium position, respectively. Using the relations

Eq. (2.14) and unitary transformation U = exp(iX̂Γ0/~), the Hamiltonian

operator ( Eq. (2.12)), Ĥ ′ becomes:

Ĥ =
p̂2

2m
+ V (X̂) + ~

∑

k

ωk0â
†
k0âk0 − X̂F̂0, (2.15)
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where F̂0 is the normally ordered radiation pressure force,

F̂0 =
~

2l0

∑

kj

(−1)k+j√ωk0ωj0

[
â†k0â

†
j0 + âk0aj0 + â†k0aj0 + â†j0ak0

]
. (2.16)

At this point, one can consider only one mode of the cavity field. So that, in

Eq. (2.15) with Eq. (2.16) we have k = j = 1. Also, one can expressed the

the mobile mirror energy and the mobile mirror displacement in term of the

creation and annihilation phonon operator

b̂ =

√
1

2~ωM

[
ωMX̂ + ip̂

]

b̂† =

√
1

2~ωM

[
ωMX̂ − ip̂

]
,

(2.17)

so that, Eq. (2.15) with Eq. (2.16) becomes

H = ~ωRa
†a+ ~ωMb

†b+ ~g(b† + b)(a† + a)2, (2.18)

where ωR is the resonator frequency, ωM is the mechanical frequency, and

g = Gxzpf is the optomechanical coupling strength. xzpf is the zero-point

fluctuation amplitude of the vibrating mirror and G is a coupling parame-

ter. Eq. (2.18) is the time-independent Hamiltonian due to C.K. Law [61]

which describes, in a non-relativistic way, the interaction due to the radi-

ation pressure between a moving mirror and one mode of the cavity field.

Eq. (2.18) is used in Paper 5.8 in oredr to described DCE in cavity optome-

chanical system. When the mechanical frequency is much smaller than the

cavity frequency the quadratic term in Eq. (2.18) can be neglected, because

it connects bare states with an energy difference 2~ωR ± ~ωM . With this

approximation, the resulting Hamiltonian Eq. (2.19),

H = ~ωRa
†a+ ~ωMb

†b+ ~ga†a(b† + b), (2.19)

conserves the number of photons and can be analytically diagonalized, how

shown in Chapter 2.2
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2.2 Standard optomechanical Hamiltonian

I will describe the diagonalization procedure for the standard optomechanical

Hamiltonian:

H = ~ωRa
†a+ ~ωMb

†b+ ~g a†a(b+ b†) , (2.20)

It can be easily verified that the Hamiltonian in Eq. (2.20) commutes with

the photon number operator N ≡ a†a

[H,N ] = 0. (2.21)

Since the photon number n is a good quantum number, the total system

Hilbert space can be decomposed into many subspaces, in each of which the

number of photons n is fixed.

Our purpose is to eliminate the photon-phonon coupling term in the

Hamiltonian in Eq. (2.20). This can be accomplished by performing a canon-

ical transformation of the form:

H̄ = eSHe−S (2.22)

Clearly, the transformation must be unitary to preserve the hermiticity of

the Hamilton operator. This implies that the transformations generator S in

Eq. (2.22) must be anti-Hermitian, e.g., S† = −S. The appropriate choice

for S to eliminate the photon-phonon coupling is

S =
g

ωM

a†a(b† − b). (2.23)

The essential building block of the calculation consists of exploiting the

Baker-Campbell-Hausdorff formula, which reads

eABe−A =
∞∑

m=0

1

m!
[A,B]m

=B + [A,B] +
1

2
[A, [A,B]] +

1

6
[A, [A, [A,B]]] + . . .

(2.24)
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For the transformation of the relevant operators, one thus obtains

ā = a, (2.25)

ā† = a†, (2.26)

b̄ = eSb e−S =
∑∞

n=0
(g/ωM)n(a†a)n

n!
[(b† − b), b]n = b− g

ωM
(a†a), (2.27)

b̄† = b† − g
ωM

(a†a), (2.28)

After substituting Eqs. (2.25-2.28) in Eq. (2.22), we obtain the transformed

diagonal Hamiltonian

H̄ = ~ωRa
†a+ ~ωMb

†b− ~g2

ωM

(a†a)2. (2.29)

The Hamiltonian of the n-th subspace is then given by:

H̄(n) = 〈n|H̄|n〉 = ~ωMb
†b+ n ~ωR − n2~g2

ωM

. (2.30)

Moreover, labeling the eigenstates of H̄(n) with |n,mn〉, where n and mn are,

respectively, the number of photons and mechanical excitations (phonons),

one obtains:

H̄(n)|n,mn〉 =

(
~ωMb

†b+ n~ωR −
n2~g2

ωM

)
|n,mn〉

=

(
m~ωM + n~ωR −

n2~g2

ωM

)
|n,mn〉

=Enm|n,mn〉,

(2.31)

where we have used the simple relation

b†b|n,mn〉 = m|n,mn〉 (2.32)

and then defined the eigenvalues as

Enm = m~ωM + n~ωR −
n2~g2

ωM

. (2.33)



Chapter 3

Photodetection in USC Regime

In the ultrastrong coupling regime the standard normal order correlation

functions fail to describe the output photon emission rate and photon statis-

tics. A clear evidence of this fact is that the standard input-output rela-

tions would predict, for example, a finite output photon flux proportional

to the average number of cavity photons for a vacuum input [44, 63, 64],

i.e., 〈A−out(t)A
+
out(t)〉 ∝ 〈a†(t)a(t)〉, where A+

out(t) and A−out(t) are the positive

and negative components of the output field operator, respectively. More-

over, an incautious application of these standard relations for a system in its

dressed ground state, would predict an unphysical stream of output photons.

Indeed, the new dressed ground state now contains a finite number of pho-

tons (Eq. (1.32)), due to the counter-rotating terms in the Rabi Hamiltonian

(Eq. (1.29)), 〈
G
∣∣a†a

∣∣G
〉
6= 0 . (3.1)

In order to find the right procedure to calculate the output photon emission

rate, namely, the rate of photons that are actually absorbed by a photode-

tector, we must come back to the Glauber work [111].

3.1 Standard Photodetection Theory

Usually, all devices that measure the intensity of a light beam depend on the

absorption of photons that induce an observable response in the absorbing

system. In particular, an ideal broadband detector consists of a single atom

that becomes ionized in the act of absorbing a photon, so that the electron
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detached from the atom makes its presence known as an electrical pulse.

With initial |I〉 and final |F 〉 state, the matrix element of the atom-field

interaction Hamiltonian in Eq. (1.11) between these states is

〈F |V | I〉 = 〈F |−d · E(r)| I〉 =
〈
F
∣∣−d · E+(r)

∣∣ I
〉
, (3.2)

where d is the dipole moment operator and E(r) is the the general quantized

electric field in the Schrödinger representation with k · r� 1

E(r, t) = i
∑

kλ

√
~ωk
2ε0V

[
akλe

i(k·r−ωkt) − a†kλe−i(k·r−ωkt)
]
. (3.3)

The general quantized electric field in Eq. (3.3) can be decomposed in its

positive- and negative-frequency components

E+(r, t) = i
∑

kλ

√
~ωk
2ε0V

akλe
i(k·r−ωkt)

E−(r, t) = i
∑

kλ

√
~ωk
2ε0V

a†kλe
−i(k·r−ωkt),

(3.4)

In Eq. (3.2) only the positive-frequency component E+(r, t) appears, which

contains the annihilation operator and is therefore the operator responsible

for the absorption process. The initial state |I〉 consists of an atom in the

ground state |g〉 and a radiation field in a general state |i〉 (that is not nec-

essarily a photon number state or a product of such states), while the final

state |F 〉 consists of an atomic state |e〉 in the continuum and a radiation

field in a general state |f〉. Since the dipole moment operator d acts only on

the atomic states while E+(r, t) acts only on the states of the field, Eq. (3.2)

can be factorized:

〈F |V | I〉 = −〈e |d| g〉 ·
〈
f
∣∣E+(r)

∣∣ i
〉
. (3.5)



3.2 Standard Input-Output Theory 27

As the transition probability is proportional to | 〈F |V | I〉 |2, the probability

that the field will undergo a transition |i〉 → |f〉 is proportional to

|
〈
f
∣∣E+(r)

∣∣ i
〉
|2. (3.6)

In practice, the final state |f〉 of the radiation field is rarely, if ever, observed;

for this reason, it is necessary to sum the transition probability over all

possible final states to which transitions from |i〉 are allowed:

∑

f

|
〈
f
∣∣E+(r)

∣∣ i
〉
|2 =

∑

f

〈
i
∣∣E−(r)

∣∣ f
〉
·
〈
f
∣∣E+(r)

∣∣ i
〉
. (3.7)

Using the completeness relation
∑

f |f〉〈f | = 1 in Eq. (3.7) and considering

that the initial state is often a mixed state and cannot be prepared with

infinite precision so that it is more realistic to resort to average values, one

finds that the transition probability or the output of the one-atom detector

is proportional to

{
〈
i
∣∣E−(r)E+(r)

∣∣ i
〉
}av =

〈
E−(r)E+(r)

〉
(3.8)

It is important to note that, since E−(r) and E+(r) do not commute, the

order in which they appear in Eq. (3.8) is significant. In fact, whereas in

the classical case the order in which the fields are written in a product such

as 〈E∗(x1)E(x2)〉 is not relevant, in a quantum formulation the operators

must be always be written in normal order [112], that is, all operators of the

field oscillating at negative frequencies lie to the left of those oscillating at

positive frequencies.

3.2 Standard Input-Output Theory

In the standard input-output theory it is considered a system interacting

weakly with an external multi-mode field. The feature of the system are not

taken into account in the first moment, that is, the system can in turn be com-

posed of two or more subsystems in strong-, weak- or ultrastrong-interaction
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between their. The external multi-mode field (e.g., a transmission line), can

be modeled as an assembly of harmonic oscillators, that is, a thermal bath.

The system-bath coupling Hamiltonian can be written as

HSB =
∑

n

αn(bn + b†n)X, (3.9)

where bn and b†n are the bosonic operators for the n-th bath mode, X is a

particular one of the system operators (e.g., the intracavity field operator

X = a + a†) that couples with the external bath, and αn is the coupling

strength to the mode n. According to the input-output theory for resonators,

where the bath is explicitly treated as an external cavity field in order to

determine the effect of the intracavity dynamics on the quantum statistics of

the output field, the output field operator can be related through a boundary

condition to the intracavity field and the input field operators [113].

The input and output field operators (see Fig. 3.1) are defined as (~ = 1)

Ain(t) =
1

2

∫ ∞

0

dω

√
~
πωv

{
b (ω, t0) e−iω(t−t0) + b† (ω, t0) eiω(t−t0)

}
, (3.10)

Aout(t) =
1

2

∫ ∞

0

dω

√
~
πωv

{
b (ω, t1) e−iω(t−t1) + b† (ω, t1) eiω(t−t1)

}
, (3.11)

in which t0 < t (the input) is an initial time in the remote past, t1 > t (the

output) is assumed to be in the remote future and v is the speed of light in

the transmission line.

The positive- and negative-frequency components of the input and output

fields are given by

A+
out (t) =

1

2

∫ ∞

0

dω

√
~
πωv

b (ω, t1) e−iω(t−t1), (3.12)

A−out (t) = [A+
out (t)]† (3.13)

and

A+
in (t) =

1

2

∫ ∞

0

dω

√
~
πωv

b (ω, t0) e−iω(t−t0), (3.14)
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System 

Transmission line 

In 

Out 

A(t) 

Figure 3.1: sketch of a system interacting with a input and output fields (reservoir
in this specific case. It is represented by a transmission line). The system is a rather
small localized object which interacts with a one-sided field which streams in from the
left, interacts with the system, and streams out to the left. Damping appears as radiation
damping.

A−in (t) = [A+
in (t)]†, (3.15)

respectively, so that

Ain (t) = A+
in (t) + A−in (t) , (3.16)

Aout (t) = A+
out (t) + A−out (t) . (3.17)

In the Markovian approximation, valid when the system-bath interaction is

weak, the input-output relation can be written as [114]

Aout(t) = Ain(t)−
√

~κ
2ωcv

X, (3.18)

where the rate κ represents the cavity loss due to the interaction of the single

cavity mode ωc with the continuum of the external modes. By taking the

Fourier transform of Eq. (3.18) and summing up only the components at

positive frequency, we obtain

A+
out = A+

in −
√

~κ
2ωcv

X+. (3.19)

According to Eq. (3.8), the extracavity emission rate is given by 〈A−outA
+
out〉

and, for the case of an input in the vacuum state, it can be readily obtained
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by applying the input-output relation (3.19):

2ωcv〈A−outA
+
out〉 = κ〈X−X+〉 (3.20)

In standard quantum optics, the photon emission rate is just proportional

to the cavity photon number, i.e., 〈X−X+〉 ∝ 〈a†a〉 since, according to their

actual dynamics, the negative- and positive-frequency components of X are

simply proportional, respectively, to the creation and annihilation operators

a† and a.

2ωcv〈A−outA
+
out〉 ∝ κ〈a†a〉 (3.21)

3.3 Look at USC regime

So far, we have not taken into account the feature of the system. In cavity

QED, when the coupling strength fall into USC regime, due to the presence of

the counter-rotating terms in the Rabi Hamiltonian (Eq. (1.29)), Eq. (3.21) is

no longer valid. This can be observed by considering the Heisenberg equation

of motion for the annihilation operator a:

ȧ = − i
~

[a,HR] = − i
~

[ωca+ g(σ− + σ+)]. (3.22)

In addition to the first two terms, proportional to the operators a and σ−

and oscillating at positive frequencies, the right-hand side of Eq. (3.22) also

contains a term proportional to σ−, which oscillates at negative frequency.

This implies that the solution of Eq. (3.22) will be of the form:

a(t) ∼ e−iωct + . . . e−iωqt + . . . eiωqt. (3.23)

A similar result can be obtained for the dynamics of the creation operator a†.

Eq. (3.23) clearly shows that, in the presence of the counter-rotating terms,

the annihilation operator a is not the positive-frequency component of the

cavity field operator as it now contains a mixing of positive and negative

frequencies. Similarly, the negative-frequency component of the cavity field

operator will not coincide with the creation operator a†. In general, that
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result remain valid for any Hybrid quantum system (HQS) in USC regime

and a new approach to measuring the extracavity emission rate is required.

In the cavity QED case, in order to find the actual positive- and negative-

frequency components of the electric-field operator X (or any other boson-

field) in the Schrödinger picture, we first expand it in the dressed basis

{|j〉 , |k〉} of the energy eigenstates of the Rabi Hamiltonian (Eq. (1.29)) [63]:

X(S) =
∑

j,k

|j〉〈j|X(S) |k〉〈k| =
∑

j,k

Xjk |j〉〈k| . (3.24)

In the case of a generic HQS, we first expand it in the dressed basis of the

energy eigenstates of the total Hamiltonian. Given the relation between the

Heisenberg and Schrödinger pictures for the operator X

X(H)(t) = U †(t)X(S)U(t), (3.25)

where U(t) = exp(−iHRt/~), and substituting Eq. (3.24) in Eq. (3.25), we

obtain

X(H)(t) =
∑

j,k

Xjk e
i
~ωjt|j〉〈k|e− i

~ωkt =
∑

j,k

Xjk e
− i

~ (ωk−ωj)t|j〉〈k|, (3.26)

where Xjk ≡ 〈j |X| k〉. Looking at Eq. (3.26), we can observe that the

positive- and negative-frequency components of the electric-field operator

X are obtained, respectively, for k > j (so that ωk > ωj) and k < j (so that

ωk < ωj):

X+ =
∑

j,k>j

Xjk|j〉〈k|,

X− =
∑

j,k<j

Xjk|j〉〈k| .
(3.27)

The most noteworthy aspect of these results is that, in the ultrastrong cou-

pling regime, one correctly obtains X+ |G〉 = 0 for the system in its ground

state |G〉 in contrast to a |G〉 6= 0.

Moreover, as the dressed ground state |G〉 contains only virtual photons,
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while the operator N ≡ X−X+ represents the physical photons that can be

experimentally detected, we correctly obtain that

〈
G
∣∣X−X+

∣∣G
〉

= 0. (3.28)

In the same way, Eqs.(3.27) can be used to calculate the quantum mechanical

zero-delay n-th order coherence function for an input field in the dressed

ground state [63]

g(n)(t, t) ≡ 〈(X
−(t))n(X+(t))n〉
〈X−(t)X+(t)〉n , (3.29)

considering that, in the limit g → 0, the field operators X− and X+ reduce

to the standard photon operators a†, a and the standard relation

g(n)(t, t) ≡ 〈(a
†(t))n(a(t))n〉

〈(a†(t))(a(t))〉n , (3.30)

for the time-dependent zero-delay normalized n-th order correlation function

is recovered.



Chapter 4

Dissipation

In all physical processes there is an associated loss mechanism so, quantum

mechanical systems must always be regarded as open systems. Any realistic

system is subjected to a coupling to an environment which influences it in

a non-negligible way. Most interesting systems are too complicated to be

described, in practice, by the underlying microscopic laws of physics. Since

perfect isolation of quantum systems is not possible, a complete microscopic

description of the enviromental degrees of freedom is not feasible if not only

partially. A microscopic approach would not provide the desidered solution

to the problem since, even if a solution of the microscopic evolution equa-

tions were possible, it would give a huge amount of information useless for

a realistic description. Therefore, we need to seek for a simpler probabilistic

description of an open system’s dynamics and to use a theory that allows

the treatment of complex systems (which involve even an infinite number of

degrees of freedom) by restricting the mathematical formulation to a small

number of relevant variables. An important property of the quantum dy-

namics of an open system is that, in contrast to the case of closed systems, it

cannot, in general, be represented in terms of a unitary time evolution. For

this reason in many cases it turns out to be useful to use, instead, the so-

called master-equation approach, in which the dynamics of an open system

is formulated by means of an appropriate equation of motion for its den-

sity matrix operator. Many cavity QED and circuit QED experiments are

accurately described by neglecting the light-matter interaction when the dis-

sipative part of the master equation is obtained. That is a simplification that

leads to the so-called standard quantum optical master equation [114–116].
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It has been recently demonstrated that, in the atom-field system case when

the interaction strength increases up to the breakdown of the RWA and the

system enters the ultrastrong coupling regime, the standard master equation

fails to correctly describe the dissipation processes and leads to unphysical

results as well [12]. In general, for hybrid quantum systems in USC regime

where the interaction between the subsystems define new dressed eigenstates,

we need to use a proper procedure that take account the hybridization of the

subsystems. The proper procedure leads to the dressed master equation and,

it will be described in Sec. 4.1. In Sec. 4.1.1 and Sec. 4.1.2, a dressed master

equation is obatained in the optical and optomechanical case, respectively.

4.1 Dressed Master Equation

An open system S is a quantum system which is coupled to another system

B usually called reservoir. It represents a subsystem of the combined total

system S + B (see Fig. 4.1). The term reservoir refers to an environment

with an infinite number of degrees of freedom such that the frequencies of the

reservoir modes form a continuum. As will be seen, it is this property which

generally leads to an irreversible behaviour of the open quantum system.

As a consequence of its internal dynamics and of the interaction with the

external environment B, the state of the subsystem S will change over the

time. This interaction leads to a certain system-environment correlations

such that the resulting state changes of S can no longer be represented in

terms of unitary Hamiltonian dynamics. The dynamics of the subystem S

induced by the Hamiltonian evolution of the total system is often referred

to as reduced system dynamics. We denote by HS the Hilbert space of the

system and by HB the Hilbert space of the reservoir. The Hilbert space of

the total system is then given by the tensor product space HS ⊗ HB. The

total Hamiltonian of the system is assumed to be of the form

H = HS +HB +HSB, (4.1)
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System 

Environment 

(S+B, 𝐻𝑆 𝐻𝐵, =𝑆𝐵) 

(B, 𝐻𝐵, 𝐵) 

(S, 𝐻𝑆, 𝑆) 

Figure 4.1: Schematic picture of an open quantum system.

where HS and HB denote respectively, the free Hamiltonian of the system S

and of the reservoir B and HSB describs the Hamiltonian interaction between

the system and the reservoir. We will denote by χ(t) the density operator

for the total system S +B and the reduced density operator ρ(t) by

ρ(t) = trB[χ(t)], (4.2)

where the trace is taken on the reservoir states. If O is an operator of the

Hilbert space of the system S, its average can be calculated in the Schrödinger

picture by having knowledge of ρ(t) alone:

〈O〉 = tr(S⊗B)[Oχ(t)] = trS{O trB[χ(t)]} = trS[Oρ(t)]. (4.3)

In the master-equation approach, the fundamental task is to isolate and

determine the interesting physical properties of the system S by obtaining

an equation for ρ(t) with the properties of the reservoir entering only as

parameters. The Schrödinger equation for χ(t) reads (~ = 1):

χ̇ =
1

i~
[H,χ] (4.4)

where H is given by Eq. (4.1). In order to separate the rapid motion gener-

ated by HS +HB from the slow motion generated by the interaction HSB, it
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is convenient to transform Eq. (4.4) in the interaction picture

χ̃(t) = e
i
~ (HS+HB)t χ e−

i
~ (HS+HB)t, (4.5)

so that from Eq. (4.1) and Eq. (4.4) we obtain

˙̃χ =
1

i~
[H̃SB(t), χ̃], (4.6)

where H̃SB(t) is explicity time-dependent

H̃SB(t) = e
i
~ (HS+HB)tHSB e

− i
~ (HS+HB)t. (4.7)

Eq. (4.6) can be integrated formally to give

χ̃(t) = χ(0) +
1

i~

∫ t

0

dt′ [H̃SB(t′), χ̃(t′)], (4.8)

and after substituting χ̃(t) in the commutator in Eq. (4.6), we obtain:

˙̃χ(t) =
1

i~
[H̃SB(t), χ̃(0)]− 1

~2

∫ t

0

dt′ [H̃SB(t), [H̃SB(t′), χ̃(t′)]] (4.9)

This equation is exact, as we have simply written Eq. (4.4) in a convenient

way in order to identify some reasonable approximations. The first assump-

tion is that the interaction is turned on at t = 0, so that no correlations

exist between the system and the reservoir before this initial time. Then,

the total system density matrix χ(0) = χ̃(0) can be factorized

χ(0) = ρ(0)B0, (4.10)

where B0 is the initial reservoir density operator. After tracing over the

reservoir, Eq. (4.9) gives

˙̃ρ = − 1

~2

∫ t

0

dt′ trB{[H̃SB(t), [H̃SB(t′), χ̃(t′)]]}, (4.11)
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where we assumed that trB[H̃SB(t)B0] = 0, a result that is guaranteed if the

reservoir operators coupling to S have zero mean in the state B0. Although

the system and the reservoir are not supposed to interact at t = 0, at later

times correlations may arise due to the coupling of the system and the reser-

voir through the interaction Hamiltonian HSB. If the coupling is weak, at

all times χ(t) will only show deviations of order of HSB from an uncorrelated

state. Moreover, since the reservoir B is a large system, its state should be

virtually unaffected by the coupling to S so that we can write

χ̃(t) = ρ̃(t)B0 +O(HSB). (4.12)

As the system-reservoir interaction is considered to be weak, terms higher

than second order in HSB can be neglected [117], and Eq. (4.11) can be

written as

˙̃ρ = − 1

~2

∫ t

0

dt′ trB{[H̃SB(t), [H̃SB(t′), ρ̃(t′)B0]]}. (4.13)

This approximation is referred to as the Born approximation.

Eq. (4.13) is still a complicated equation and, in particular, it is not

Markovian, since the future evolution of ρ̃(t) depends on its past history

through the integration over ρ̃(t′) (conversely, the time evolution of a Marko-

vian system depends only on its present state). However, a Markovian behav-

ior seems reasonable because, if the reservoir is a large system mantained at

thermal equilibrium (bath), it is not expected to preserve the minor changes

induced by its interaction with S for very long; not for long enough to sig-

nificantly affect the future evolution of S. On the basis of these physical

grounds, one can make the so-called Markov approximation by substituting

ρ̃(t′) for ρ̃(t) in Eq. (4.13) to obtain the Born-Markov master equation

˙̃ρ = − 1

~2

∫ t

0

dt′ trB{[H̃SB(t), [H̃SB(t′), ρ̃(t)B0]]}. (4.14)

The Born-Markov approximation performed above do not guarantee, how-

ever, that the resulting Eq. (4.14) gives rise a first-order linear differential
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equation for the reduced density matrix, which is known as quantum Marko-

vian master equation in Lindblad form. One therefore performs a further

secular approximation which involves an averaging over the rapidly oscil-

lating terms in the master equation and is known as the rotating wave ap-

proximation. To explain the procedure let us write the Schrodinger picture

interaction Hamiltonian, H̃SB in the form

H̃SB =
∑

i

S̃iB̃i, (4.15)

where S̃i = S̃†i are system operators in the Hilbert space of S and B̃i = B̃†i
are i independent baths operators (reservoir of quantum harmonic oscillators

at thermal equilibrium), each one described by the free Hamiltonian, HB =

~
∑

m νmb̂
†
mb̂m in the Hilbert space of B, where b̃†m, b̃m are ladder operators

for the bathmode m with frequency νm.

In cavity QED and cavity optomechanical, system operators can always

be written as sum of ladder operators, weakly coupled to independent baths.

In that cases Eq. (4.15) becomes

HSB = ~
∑

i,m

αi,m(si + s†i )(bi,m + b†i,m). (4.16)

For the qubit si, s
†
i → σ−, σ+, for the resonator si, s

†
i → a, a†, while for the

mobile mirror si, s
†
i → c, c†. Cavity QED and cavity optomechanical systems

have a total excitation number with well-defined parity. Since the dressed

states (eigenstates of the total Hamiltonian system HS), also have a well-

defined parity and the operator si, s
†
i change the excitaion number by one,

it is easy to verify that the system operators flip the parity when applied

on a state. So it follows that, the diagonal matrix elements of the system

operators respect with the dressed basis {|j〉} are zero, 〈j| S̃i |j〉 = Sijj =

0. The secular approximation is easily carried out if one decomposes the

interaction Hamiltonian H̃SB into eigenoperators of the system Hamiltonian

HS. Expressing the system Hamiltonian HS in the dressed basis of its energy
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eigenstates

HS =
∑

j

Ej |j〉〈j| , (4.17)

we can define the eigenoperators as follow

S̃i(ω) =
∑

k−j=ω
Sijk |j〉〈k| . (4.18)

The sum in this expression is extended over all energy eigenvalues j and k of

H̃S with a fixed energy difference of ω so, summing over all energy differences

and employing the completeness relation, we get

S̃i =
∑

ω

S̃i(ω) =
∑

ω

S̃†i (ω). (4.19)

An immediate consequence of this definition is that the following relations

are satisfied,

[H̃S, S̃i(ω)] = −ωS̃i(ω)

[H̃S, S̃
†
i (ω)] = ωS̃†i (ω)

[H̃S, S̃
†
i (ω)S̃l(ω)] = 0

S̃†i (ω) = S̃i(−ω)

S̃i(0) = 0.

(4.20)

The corresponding interaction picture operators take the form

e
i
~HStS̃i(ω)e−

i
~HSt = e−iωtS̃i(ω), e

i
~HStS̃†i (ω)e−

i
~HSt = eiωtS̃†i (ω). (4.21)

With the Eq. (4.20) the interaction Hamiltonian H̃SB into interaction picture

can be separate in negative and positive frequencies and, it can put in very

simple form

H̃SB(t) = ~
∑

l

{∑

ω>0

e−iωtS̃l(ω)B̃†l (t) +
∑

ω<0

eiωtS̃l(−ω)B̃l(t)

}

= ~
∑

l

[S̃l(t)B̃
†
l (t) + S̃†l (t)B̃l(t)].

(4.22)
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where

B̃l(t) =
∑

m

αl,mbl,me
−iνl,mt

S̃l(t) =
∑

ω>0

S̃l(ω)e−iωt
(4.23)

Inserting Eq. (4.22) into the master equation Eq. (4.14), we obtain

˙̃ρ(t) =
∑

l

{∫ t

0

dt′ [S̃l(t
′)ρ̃(t)S̃l(t)− S̃l(t)S̃l(t′)ρ̃(t)]〈B̃†l (t)B̃†l (t′)〉

+

∫ t

0

dt′ [S̃†l (t
′)ρ̃(t)S̃†l (t)− S̃†l (t)S̃†l (t′)ρ̃(t)]〈B̃l(t)B̃l(t

′)〉

+

∫ t

0

dt′ [S̃†l (t
′)ρ̃(t)S̃l(t)− S̃l(t)S̃†l (t′)ρ̃(t)]〈B̃†l (t)B̃l(t

′)〉

+

∫ t

0

dt′ [S̃l(t
′)ρ̃(t)S̃†l (t)− S̃†l (t)S̃l(t′)ρ̃(t)]〈B̃l(t)B̃

†
l (t
′)〉+ H.c.

}
.

(4.24)

The reservoir correlation functions in Eq. (4.24) can be evaluated explicitly:

〈B̃l(t)B̃l(t
′)〉 = 〈B̃†l (t)B̃†l (t′)〉 = 0

〈B̃†l (t)B̃l(t
′)〉 =

∑

m

|αl,m|2eiνl,m(t−t′) n̄(νl,m, T )

〈B̃l(t)B̃
†
l (t
′)〉 =

∑

m

|αl,m|2e−iνl,m(t−t′) [n̄(νl,m, T ) + 1
]
,

(4.25)

where n̄(νl,m, T ) =
[
e(~νl,m/kBT ) − 1

]−1
is the mean photon number for an

oscillator with frequency νl,m in thermal equilibrium at temperature T . The

nonvanishing reservoir correlation functions Eq. (4.25) involve a summation

over the reservoir oscillators. This summation can be changed to an in-

tegration by introducing the density of states g(ν) such that g(ν)dν gives

the number of oscillators with frequencies in the interval ν to ν + dν. The
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reservoir correlation functions then become

〈B̃†l (t)B̃l(t
′)〉 =

∫ ∞

0

dνl g(νl)|α(νl)|2 n̄(νl, T )eiνl(t−t
′)

〈B̃l(t)B̃
†
l (t
′)〉 =

∫ ∞

0

dνl g(νl)|α(νl)|2
[
n̄(νl, T ) + 1

]
e−iνl(t−t

′).

(4.26)

Inserting Eq. (4.23) and Eq. (4.26), into the master equation Eq. (4.24) and,

defining τ = t− t′ we obtain

˙̃ρ(t) =
∑

l

∑

(ω,ω′)>0

[
Al
ω,ω′

(t) + Bl
ω,ω′

(t) + Cl
ω,ω′

(t) +Dl
ω,ω′

(t)

]
, (4.27)

where

Al
ω,ω′

(t) =

∫ t

0

dτ ei(ω−ω
′
)t eiω

′
τ
(
S̃†l (ω

′
)ρ̃(t)S̃l(ω)− S̃l(ω)S̃†l (ω

′
)ρ̃(t)

)

×
∫ ∞

0

dνl g(νl)|α(νl)|2 n̄(νl, T )eiνlτ ,

(4.28)

Bl
ω,ω′

(t) =

∫ t

0

dτ ei(ω−ω
′
)t e−iω

′
τ
(
S̃l(ω)ρ̃(t)S̃†l (ω

′)− S̃†l (ω
′
)S̃l(ω)ρ̃(t)

)

×
∫ ∞

0

dνl g(νl)|α(νl)|2
[
n̄(νl, T ) + 1

]
e−iνlτ ,

(4.29)

Cl
ω,ω′

(t) =

∫ t

0

dτ ei(ω−ω
′
)t e−iω

′
τ
(
S̃†l (ω

′
)ρ̃(t)S̃l(ω)− ρ̃(t)S̃l(ω)S̃†l (ω

′
)
)

×
∫ ∞

0

dνl g(νl)|α(νl)|2 n̄(νl, T )e−iνlτ ,

(4.30)

Dl
ω,ω′

(t) =

∫ t

0

dτ ei(ω−ω
′
)t eiω

′
τ
(
S̃l(ω)ρ̃(t)S̃†l (ω

′)− ρ̃(t)S̃†l (ω
′
)S̃l(ω)

)

×
∫ ∞

0

dνl g(νl)|α(νl)|2
[
n̄(νl, T ) + 1

]
eiνlτ .

(4.31)

The basic condition underlying the Markov approximation is that the reser-

voir correlation functions Eq. (4.26), decay sufficiently fast over a time tB

which is small compared to the system relaxation time tS. It is important to

note that a decay of the correlations can only be strictly valid for an envi-

ronment which is infinitely large and involves a continuum of frequencies. In
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the typical situation the reservoir is provided by a collection of harmonic os-

cillator modes. This time scale tS is defined by a typical value for
∣∣ω − ω′

∣∣−1
,

that is by a typical value for the inverse of the frequency differences involved.

If tS is large compared to the relaxation time tB of the bath the terms of the

form exp[i(ω−ω′)t)] in Eq. (4.27), may be neglected since they oscillate very

rapidly during the time tB over which ρ̃(t) varies appreciably. In practice,

we are often interested only in a subset of the energy levels of the system for

which all transitions have different frequencies. In this secular approxima-

tion, rapidly oscillating terms proportional to exp[i(ω−ω′)t)] for ω 6= ω
′

are

neglected, ensuring that the quantum master equation is in Lindblad form.

The corresponding condition is that the inverse frequency differences involved

in the problem are small compared to the relaxation time of the system, that

is tS ∼
∣∣ω − ω′

∣∣−1 � tB. After setting ω = ω
′
, Eq. (4.27) becomes

˙̃ρ(t) =
∑

l

∑

ω>0

[
Alω(t) + Blω(t) + Clω(t) +Dlω(t)

]
. (4.32)

Since t is a time typical of the time scale for ρ̃(t) and the τ integration

is dominated by much shorter times characterizing the decay of reservoir

correlation functions, we can extend the τ integration to infinity and evaluate

the integrals ∫ t

0

dτ

∫ ∞

0

dν e±i(ν+ω)τg(ν)|α(ν)|2, (4.33)

∫ t

0

dτ

∫ ∞

0

dν e±i(ν+ω)τg(ν)|α(ν)|2 n̄(ν, T ), (4.34)

using the realation

lim
t→∞

∫ t

0

dτ e±i(ν+ω)τ = πδ(ν + ω)∓ i P

(ν + ω)
, (4.35)

where P is Cauchy’s principal value. If we consider that the term δ(ν + ω)

is non-zero only for ν = −ω, and define the Lamb shifts

Lω =
P

2π

∫ ∞

0

dν
Γ(ν)

ν + ω
, (4.36)
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L′ω =
P

2π

∫ ∞

0

dν
Γ(ν) n̄(ν, T )

ν + ω
, (4.37)

caused by coupling to the environment, Eq. (4.32) becomes

˙̃ρ(t) =
∑

l

∑

ω>0

[
Āl
ω(t) + B̄l

ω(t) + C̄lω(t)

]
, (4.38)

with

Āl
ω(t) =

(
2S̃†l (ω)ρ̃(t)S̃l(ω)− S̃l(ω)S̃†l (ω)ρ̃(t)− ρ̃(t)S̃l(ω)S̃†l (ω)

)

× πg(ω)|α(ω)|2 n̄(ω, T ),
(4.39)

B̄l
ω(t) =

(
2S̃l(ω)ρ̃(t)S̃†l (ω)− S̃†l (ω)S̃l(ω)ρ̃(t)− ρ̃(t)S̃†l (ω)S̃l(ω)

)

× πg(ω)|α(ω)|2
[
n̄(ω, T ) + 1

]
,

(4.40)

C̄lω(t) =− i
{
L′ω
[
S̃†l (ω)S̃l(ω)ρ̃(t)− ρ̃(t)S̃†l (ω)S̃l(ω) + ρ̃(t)S̃l(ω)S̃†l (ω)

− S̃l(ω)S̃†l (ω)ρ̃(t)
]

+ Lω
[
S̃†l (ω)S̃l(ω)ρ̃(t)− ρ̃(t)S̃†l (ω)S̃l(ω)

]}
.

(4.41)

Finally, after defining the relaxation rate

Γ(ω) =2πg(ω)|α(ω)|2, (4.42)

and the Lindblad superoperator D[O]ρ = 1
2
(2OρO† − ρO†O − O†Oρ), we

obtain the dressed master equation in the interaction picture:

˙̃ρ(t) =
∑

l,ω>0

Γ(ω)n̄(ω, T )D[S̃†l (ω)]ρ̃(t) +
∑

l,ω>0

Γ(ω)(1 + n̄(ω, T ))D[S̃l(ω)]ρ̃(t)

− i
∑

l,ω>0

{
L′ω
[(
S̃†l (ω)S̃l(ω)− S̃l(ω)S̃†l (ω)

)
, ρ̃(t)

]
+ Lω

[
S̃†l (ω)S̃l(ω), ρ̃(t)

]}
.

(4.43)
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Transforming back to the Schrödinger picture, Eq. (4.43) gives

ρ̇(t) =− i

~
[H ′S, ρ(t)] +

∑

l,ω>0

Γ(ω)n̄(ω, T )D[S̃†l (ω)]ρ̃(t)

+
∑

l,ω>0

Γ(ω)(1 + n̄(ω, T ))D[S̃l(ω)]ρ̃(t),
(4.44)

where we have defined the Lamb-shifted system Hamiltonian

H ′S = HS −
∑

l,ω>0

{
L′ω
(
S̃†l (ω)S̃l(ω)− S̃l(ω)S̃†l (ω)

)
+ LωS̃

†
l (ω)S̃l(ω)

}
. (4.45)

In most cases, the Lamb-shifts Lω and L′ω in Eq. (4.45) are small and can be

neglected.

4.1.1 Optical Dressed Master Equation

When the atom-field interaction increases up to the breakdown of the RWA,

the standard master equation approach leads to unphysical predictions. Since

in the ultrastrong coupling regime |g, 0〉 is no longer the ground state, op-

tical standard master equation will bring the ultrastrongly coupled qubit-

resonator system outside of its true ground state |G〉. Indeed, if the system

is initially prepared in the ground state |G〉, relaxation will generate pho-

tons in excess to those already present in the ground state even at T = 0,

in which case no energy should be added to the system [64]. Furthermore,

in the presence of a strong qubit-resonator coupling, transitions at widely

separated frequencies appear, breaking down the standard white noise ap-

proximation. To avoid such annoyances, the qubit-resonator coupling and

colored baths must be included in the treatment of dissipation. In this case,

it is not possible to assign a unique dissipation channel to each bath men-

tioned above. Indeed, rather than transitions between eigenstates of the

free Hamiltonian, H0 = ~ωca
†a + ~ωqσz/2, coupling to the baths leads to

transitions between the qubit-resonator entangled eigenstates {|G〉 , |j,±〉}
of the Rabi Hamiltonian HR (Eq. (1.29)). To simplify the notation, these

states will be denoted below as |j〉, j increasing with energy. These states
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can be approximated analytically or found exactly numerically. In order to

properly treat the dissipation effects in cavity QED in USC regime, we need

to use the dressed master equation (Eq. (4.44)) that, takes into account the

qubit-resonator coupling neglecting high-frequency terms. In the dissipation

process will be involved transitions between eigenstates, |j〉 ↔ |k〉, at a rate

that depends on the noise spectral density at frequency ∆kj ≡ ~ωk−~ωj = ω,

where ~ωj is the energy eigenvalue of |j〉, i.e., HR |j〉 = ~ωj |j〉. We need to

distinguish between two different channels of losses, one for the cavity and

one for the qubit. So that, we have to calculate the eigenoperators (using

Eq. (4.18)), for the cavity X = (a+ a†)

S̃
(c)
jk (ω) = κ(∆kj) 〈j |X| k〉 |j〉〈k| = Γjkκ (ω) |j〉〈k| , (4.46)

and for the qubit σx = (σ− + σ+)

S̃
(q)
jk (ω) = γ(∆kj) 〈j |σx| k〉 |j〉〈k| = Γjkγ (ω) |j〉〈k| , (4.47)

where the relaxation rates are,

Γjkκ (ω) = κ(ω)|Xjk|2, (4.48)

Γjkγ (ω) = γ(ω)|σjkx |2. (4.49)

In Eq. (4.48) and (4.49), the rates κ(ω) and γ(ω) are proportional to noise

spectra, respectively for resonator and qubit environments. With these re-

placements and neglecting the Lamb-shifts Lω and L′ω since they are small,

dressed master equation for qubit-resonetor system is written as:

ρ̇(t) = − i
~

[HR, ρ(t)] + Lρ(t), (4.50)
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where

Lρ(t) =
∑

k−j=ω>0

Γjkκ (ω)(1 + n̄κ(∆kj, T ))D[S̃
(c)
jk (ω)]ρ(t)

+
∑

k−j=ω>0

Γjkγ (ω)(1 + n̄γ(∆kj, T ))D[S̃
(q)
jk (ω)]ρ(t)

+
∑

k−j=ω>0

Γjkκ (ω)n̄κ(∆kj, T )D[S̃
†(c)
jk (ω)]ρ(t)

+
∑

k−j=ω>0

Γjkγ (ω)n̄γ(∆kj, T )D[S̃
†(q)
jk (ω)]ρ(t).

(4.51)

The four terms in Eq. (4.51) are contributions from the resonator and qubit

baths that caused energy relaxation in the quantum optical master equation.

The dressed Lindbladian solves the problem stated before. Indeed, at T =

0, rather than exciting the system, dissipators accounting for relaxation in

Eq. (4.51) lead to decay to the true ground state |G〉. In the limit g/ωc � 1,

the dressed Lindbladian converges to the standard Lindbladian. Optical

dressed master equation has been used in Paper 5.2, Paper 5.4-5.7, since the

systems studied in there was in USC regime.

4.1.2 Optomachanical Dressed Master Equation

Paper 5.1 and 5.2, have been realized with the purpose of create arbitrary

quantum superposition states and entangled NOON states (even more gen-

eral mechanical states), respectively, of mobile mirrors in a completely con-

trolled and deterministic manner. The first protocol use a standard optome-

chanical system (see Chapter 2.2) in USC regime while, the second use two

identical optically coupled standard optomechanical systems, each one in

own USC regime. In order to test the efficiency and robustness in presence

of decoherence, thermal noise, and imperfect cooling, the use of the dressed

master equation has been necessary. In this subsection, I will show how a

dressed optomechanical master equation is obtained stared with the result

obtained in Chapter 2.2 and uising Eq. (4.44) [118].

In standard optomechanical systems, where a mechanical oscillator is

parametrically coupled to an optical cavity via radiation-pressure interac-
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tion, the total Hamiltonian Eq. (2.20) conserves the photon number. It

follow that, the total Hamiltonian can be diagonalized separately in each

n-photon subspace. In each of these subspaces, the Hamiltonian describes

a harmonic oscillator with mechanical frequency ωM which is displaced by

−nX0, where X0 = 2Xzpfg/ωM is the displacement caused by one photon

(see Chapter 2.2). The eigenvalues are Enm = n~ωR − n2~g2
ωM

+ m~ωM while,

the general quantum state of such system is

|n,m(n)〉 = |n〉 enβ0(b̂†−b̂)|m(n)〉 , (4.52)

where β0 = g/ωM and, the integer m(n) represents the vibrational excitations

of the mechanical resonator in the corresponding n-photon subspace. Here

the mechanical Fock state |m(n)〉 is shifted with a displacement nβ0 propor-

tional to the cavity photon number n. In other words, the photon Fock state

in the eigenstates is dressed by phonon excitations due to the optomechanical

coupling. In the ultrastrong coupling regime (g ∼ ωM), the dressed states

are strongly affected by the optomechanical coupling. We need to distinguish

between two different channels of losses, one for the cavity and one for the

mobile mirror. So that, we have to calculate the eigenoperators Eq. (4.18)

for the cavity Xc = (a + a†), using the dressed states of the total system.

For every fixed n, we have to define the eigenoperators associated to each

possible transition between the n- and (n±1)- manifold energy levels in order

to derive the correct dressed master equation. We define the eigenoperators

S̃(n)
c (ωm) = Ã(n)(ωm) + [Ã(n)(ωm)]† = [S̃(n)

c (ωm)]† (4.53)

Ã(n)(ωm) =
∑

ω
m(n)− ωm(n−1)

A
(n)

m(n),m(n−1)

∣∣n− 1,m(n−1)〉〈n,m(n)
∣∣ , (4.54)

with A
(n)

m(n),m(n−1) =
√
n〈m(n−1)|m(n)〉 which contains many phonon sideband.

For the mobile mirror Xm = (b + b†), using the phonon dressed operator

c = b− β0a
†a, we get

S̃
(n)
M (ωm) = C̃(n)(ωm) + [C̃(n)(ωm)]† = [S̃

(n)
M (ωm)]† = S̃

(n)
M (−ωm) (4.55)
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C̃(n)(ωm) =
∑

ω
m(n)− ω(m−1)(n)

C
(n)

m(n),(m−1)(n)

∣∣n,m(n)〉〈n, (m− 1)(n)
∣∣ , (4.56)

with C
(n)

m(n),(m−1)(n) =
√
m〈(m − 1)(n)|m(n)〉 which contains phonon transi-

tion between mechanical states belonging at the same n-manifold. All these

transitions occur at frequency ωM . From phonon dressed operators defini-

tion, we also have to take account of pure dephasing term β0a
†a, due to the

low-frequency part of the mechanical noise and inducing dephasing between

different photon number states [119],

Ñ (n)(ωm) =
∑

ω
m(n)− ωm′(n)

N
(n)

m(n),m′(n)

∣∣n,m(n)〉〈n,m′(n)
∣∣ , (4.57)

with N
(n)

m(n),m′(n) = n〈m′(n)|m(n)〉. With ωc � ωM the cavity-bath spectral

density Γc(ω) can be assumed to be flat over the whole range of relevant

phonon sidebands with Γc(ω) = κ/2π, κ being the cavity damping rate. We

also assume that the mechanical bath spectral density is of Ohmic form with

ΓM(ω) = γmω/2πωm, γm being the mechanical damping rate. At high tem-

perature, this spectral density corresponds to a white noise on the mechanical

mode. With these replacements and neglecting the Lamb-shifts Lω and L′ω
since they are small, dressed master equation for standard optomechanical

system is written as:

ρ̇(t) = − i
~

[H,ρ(t)] +
∑

n

Lnρ(t), (4.58)

where

Lnρ(t) =κ
∑

n

(1 + 2n̄(ω, T ))D[S̃(n)
c (ωm)]ρ(t)

+ γm
∑

n

(1 + 2n̄(ω, T ))D[S̃
(n)
M (ωm)]ρ(t)

+ 8γm(KBT/ωm)β2
0

∑

n

D[Ñ (n)(ωm)]ρ(t).

(4.59)

The last term is the extra dephasing term.

In Paper 5.8, the dynamical Casimir effect has been studied using the
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Law optomechanical Hamiltonian Eq. (2.18), that can not be analytically

diagonized. In that case, in order to properly deal with the dissipation ef-

fects, we have to use a dressed master equation which is similar to Eq. (4.50)

with dressed Lindbladian given by Eq. (4.51), but has substantial differences.

Eq. (4.50) is not applicable in the presence of equally spaced (even approx-

imately) energy levels, as in the Law optomechanical Hamiltonian happens.

In this case we write the master equation without making the post-trace

rotating-wave approximation, which means that, we do not adopt the secu-

lar approximation. Following Ref. [120], the correct dressed master equation

assuming that the baths are at zero temperature T = 0, is written as follows:

ρ̇(t) = − i
~

[H, ρ(t)] + κLcρ(t) + γmLMρ(t), (4.60)

where

Lnρ(t) =κD[S̃c]ρ(t)

Lnρ(t) =γmD[S̃M ]ρ(t)

S̃c =
∑

ωk>ωj

〈
j
∣∣(a† + a)

∣∣ k
〉
|j〉〈k|

S̃M =
∑

ωk>ωj

〈
j
∣∣(b† + b)

∣∣ k
〉
|j〉〈k| .

(4.61)
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I. INTRODUCTION

Mechanical oscillators are at the heart of many precision
experiments, such as highly sensitive detection of small
forces, displacements, and accelerations [1,2] and can exhibit
exceptionally low dissipation. Optical forces due to radiation
pressure offer the possibility to control the motion of such
engineered micromechanical or nanomechanical oscillators
[3–8]. The manipulation and detection of mechanical motion
in the quantum regime using light is promising for applications
in quantum information processing [9], where optomechanical
devices could serve as coherent light-matter interfaces which
may allow for storage of quantum information in long-lived
phonon states [10]. Mechanical oscillators in the quantum
regime are systems with great potential in quantum metrology
and sensing [7]. At the same time, they offer a route towards
fundamental tests of quantum mechanics in a hitherto inacces-
sible parameter regime of size and mass [11]. First demonstra-
tions of cooling mechanical resonators to the quantum ground
state [12–15] have attracted great interest and opened the door
towards the quantum regime of optomechanics. Achievements
towards the control of optomechanical interactions at the quan-
tum level are the demonstrations of optomechanically induced
transparency [16,17] and of quantum-coherent coupling of a
mechanical oscillator with an optical cavity mode [18–20].
In addition, quantum control at the single-phonon level has
been demonstrated, by coupling a piezoelectrical dilatation
oscillator to a superconducting qubit [21]. Despite substantial
experimental advances, a full access to the quantum regime
remains extremely challenging. Optomechanics experiments
are rapidly approaching the ultrastrong (or single-photon)
coupling regime [6,22–24], where the radiation pressure of a
single photon displaces the mechanical resonator by more than
its zero-point uncertainty [25]. This regime is attracting great
interest also in cavity QED because it can give rise to novel
quantum effects [26–30]. Realizing this ultrastrong coupling
(USC) regime in optomechanical systems will facilitate the
creation of quantum mechanical states of the mechanical
resonator, as well as the characterization of such states by
measuring the cavity photon field [23,25].

Here, we propose a cavity-optomechanics protocol working
in the USC regime which in a single step forces the ground
state of a mechanical oscillator to evolve into an arbitrary

quantum state in a completely controlled and deterministic
manner. An equivalent control of the electromagnetic field
of an optical resonator mode has been demonstrated in the
context of cavity quantum electrodynamics [31–33] and later
in circuit quantum electrodynamics [34]. The general strategy
for creating such states was first described by Law and Eberly
in the context of cavity QED [35]. A quantum superposition
of states with the highest Fock state |N〉 requires sequentially
exciting N times the qubit into the proper superposition state
and then performing each of the N times a partial transfer to the
resonator. This strategy was later generalized to superpositions
of arbitrary motional states of a trapped ion by Gardiner et al.
[36] and Kneer and Law [37]. Recently, Xu et al. demonstrated
that the Hamiltonian of the optomechanical systems can be
reduced, in the strong single-photon optomechanical coupling
regime when the photon blockade occurs, to one describing
the interaction between a driven two-level trapped ion and the
vibrating modes [38]. Hence, they proposed the application
of the strategy of Ref. [35] for the synthesis of arbitrary
nonclassical motional states in optomechanical systems. No
experiments to realize these proposals in trapped ions and
in mechanical resonators have been reported so far. The
strategy here proposed, in contrast to the Law and Eberly
algorithm, consists of a single step independently on the
highest desired Fock state |N〉, being the only limitation
the strength of the optomechanics interaction. In this way,
the preparation time can be significantly reduced (see Sec.IV).
Since a key requirement for synthesizing arbitrary quantum
states is that the preparation time needs to be much shorter
than the decoherence time, the here proposed scheme provides
a promising strategy to fully control the quantum state of
massive mechanical oscillators. The framework here presented
is an example of how the USC regime can favor the generation
and control of mechanical quantum states. Moreover, the
proposed strategy can be applied to other systems such as
trapped ions [39] and and cavity QED into the USC regime
[26,29,40,41].

II. MODEL

We consider the standard model of optomechanical systems
where a mechanical oscillator is parametrically coupled to an
optical cavity [see Fig. 1(a)]. The total Hamiltonian of the

1050-2947/2015/91(2)/023809(7) 023809-1 ©2015 American Physical Society
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FIG. 1. (Color online) (a) Optomechanics setup: a mechanical
oscillator with frequency ωM is parametrically coupled with a
single-mode cavity driven by external driving fields. (b) Scheme of
the involved energy levels of the optomechanical system and external
driving fields: the frequency ω0 of the pump field corresponds to the
energy gap between the intermediate state |1,01〉 and the ground state
|0,0〉. Other external driving fields with frequencies ωk = ω0 − kωM

are sent in order to depopulate the intermediate state towards the
|0,m〉 states. (c) Time evolution of the occupation probabilities
Pm(t) = 〈0,m|ρ(t)|0,m〉 for the mechanical states with m = 0 (solid
blue line), m = 2 (dotted red line), and m = 4 (dotted-dashed green
line). Dashed orange line describes the evolution of the occupation
probability for the intermediate state |1,01〉. Vertical line indicates
the instant of time t = t∗ at which the a priori determined quantum
state |ψ̄〉 = 1√

2
(|0,0〉 + 2√

5
|0,2〉 + 1√

5
|0,4〉) is obtained. Parameters

are ωR/ωM = 500, g/ωM = 1, κ/ωM = 5 × 10−5, γ /κ = 0.1, and
A0/ωM = 5 × 10−3.

system is (� = 1)

Ĥ0 = ωRâ†â + ωMb̂†b̂ + gâ†â(b̂ + b̂†), (1)

where ωR is the resonator frequency, ωM is the mechanical
frequency, and g = ω′

RxZPF is the optomechanical coupling.
xZPF = (2MωM)−1/2 represents the zero-point uncertainty,
where M is the mass of the mechanical oscillator and ω′

R
is the derivative of the resonator energy with respect to
the mechanical oscillator position x. Finally, â and b̂ are
the standard bosonic annihilation operators for the cavity
mode and the mechanical oscillator, respectively. As the total
Hamiltonian (1) conserves the photon number ([â†â,Ĥ0] = 0),
it can be diagonalized separately in each n-photon subspace. In
each of these subspaces, the Hamiltonian describes a harmonic
oscillator with frequency ωM which is displaced by −nx0,
where x0 = 2xZPFg/ωM is the displacement caused by one
photon. The general quantum state of such system is |n,mn〉,
where the integer mn represents the vibrational excitations
of the mechanical resonator in the corresponding n-photon
subspace. The eigenvalues of (1) are Enm = nωR − n2g2

ωM
+

mωM. In the manifold with n = 0, the states |0,m0〉 (simply
labeled |0,m〉) are the eigenstates of the harmonic oscillator
decoupled from the cavity.

In this article, we describe a single-step protocol in order
to construct an arbitrary superposition of quantum mechanical
states |ψ̄〉 = ∑N

m=0 c̄0m|0,m〉. We consider that the system is

initially prepared in the state |0,0〉 (no photons in the cavity
and the mechanical oscillator in its ground state). Then, we
apply an external pump driving field A0(t) = A0e

i(ω0t+φ0) able
to populate the |1,01〉 state, where ω0 is the energy gap between
the |1,01〉 and |0,0〉 states and A0,φ0 are the amplitude and the
phase of the pump beam, respectively. At the same time, other
driving fields Am(t) = Amei(ωmt+φm) are sent in the system
in order to depopulate the intermediate state |1,01〉 towards
the |0,m〉 states [see Fig. 1(b)]. The |1,01〉 state represents
the mechanical ground state of the n = 1 manifold displaced
harmonic oscillator. It corresponds to a mechanical coherent
state that can be expanded in terms of the bare mechanical
states |m〉 with the well-known expression

|01〉 =
∞∑

m=0

dm|m〉, (2)

with

dm = (−1)m√
m!

(
g

ωM

)m

e− 1
2 (g/ωM)2

. (3)

This excitation scheme shares some analogies with a recently
proposed Raman interaction in ultrastrong cavity QED in
which the intermediate states are dressed by vacuum field [41].
Generally speaking, the experimental realization of quantum
superpositions containing mechanical Fock states with high-m
values is very challenging. For example, in circuit QED
experiments, superpositions of Fock states up to m = 9 have
been realized so far. This limitation is mainly due to the
fact that when the vibrational number m increases, the decay
time of the corresponding quantum states decreases while a
longer preparation time is required. Although the protocol
here proposed may reduce the preparation time, it seems to
have an inherent limitation: the stimulated-emission transition
|1,01〉 → |0,m〉 (completing the Raman process) cannot occur
if mωM � ωR. Actually this protocol can work, at least in
principle, even for superpositions including Fock states m

such that mωM > ωR. Indeed, this limitation can be overcome
by (i) exciting a higher energy level |1,k1〉 instead of |1,01〉,
or (ii) sending the pump drive in order to excite the ancilla
state |1,01〉 together with additional drives at frequencies
ωm = mωM − ω0. In this case, the latter external drives induce
absorption processes instead of stimulated emissions.

The total Hamiltonian of our system is thus given by

Ĥ = Ĥ0 + ĤD, (4)

where ĤD describes the external driving of the cavity:

ĤD =
N∑

i=0

Ai cos(ωit + φi)(â + â†). (5)

In Eq. (5), N is the highest vibrational mechanical quantum
level populated in the driving pump process and Ai = √

κ Ei ,
where Ei are the external drive amplitudes, κ is the cavity
damping rate, and

√
κ represents the coupling of the cavity

mode with the external modes. Throughout this article, we
will consider this coupling constant and independent of the
cavity frequency.

We now move to the frame that diagonalizes the system
Hamiltonian Ĥ0 expressing the driving Hamiltonian in the

023809-2
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FIG. 2. (Color online) Transition matrix elements 〈1,01|X̂|0,m〉
between the intermediate state |1,01〉 and the mechanical states |0,m〉
as a function of the vibrational quantum number m for different
values of the optomechanical coupling rate: g/ωM = 0.1 (blue filled
circles), g/ωM = 0.8 (green filled squares), g/ωM = 1.5 (red filled
triangles). It can be noticed that for low values of the coupling rate
g/ωM, i.e., when the system is not in the optomechanical ultrastrong
coupling regime, only the first mechanical states can be coupled. On
the other hand, when the coupling strength increases, the transition
matrix elements 〈1,01|X̂|0,m〉 become non-negligible even for higher
values of m.

dressed basis, and focus our attention on the case in which
the driving fields are on resonance with the transitions
|1,01〉 → |0,m〉, i.e., ω0 − ωk = kωM. In the interaction picture
with respect to Ĥ0, neglecting the counter-rotating terms [ro-
tating wave approximation (RWA)], ĤD can be approximated
with an effective driving Hamiltonian:

Ĥeff =
N∑

m=0

A′
meiφm |0,m〉〈1,01| + H.c., (6)

where the effective amplitudes A′
m of the driving fields are

given by

A′
m = (Am/2)〈0,m|X̂|1,01〉, (7)

with X̂ ≡ â + â†. The effective driving amplitudes are then
proportional to the transition matrix elements between the
intermediate state |1,01〉 and the mechanical states |0,m〉.
Using Eqs. (2) and (3), it is easy to show that 〈1,01|X̂|0,m〉 =
dm. It is important to note that if the coupling rate g/ωM is not
strong enough, i.e., the system is not in the optomechanical
USC regime, only the first mechanical states can be coupled
(see Fig. 2). On the other hand, as shown in Fig. 2, when
the coupling strength increases, the transition matrix elements
〈1,01|X̂|0,m〉 become non-negligible even for higher values of
m. The optomechanical USC regime is then an essential feature
in order to obtain an arbitrary superposition of mechanical
quantum states |0,m〉.

In order to calculate the time evolution of the system, we
expand the generic system quantum state in the eigenstates of
Ĥ0 that are populated by the driving pumps and are effectively
involved in the dynamics, i.e., |ψ(t)〉 = ∑N

m=0 c0m(t)|0,m〉 +
c10(t)|1,01〉 and then we solve the Schrödinger equation with
the initial condition |ψ(t = 0)〉 = |0,0〉. In this way, we obtain
a set of coupled differential equations for the c0m(t),c10(t)
coefficients that can be analytically solved. The exact solution

for the time evolution of the coefficients reads as

c10(t) = −i
sin(θt)√

1 + η
e−iφ0 , (8)

c00(t) = η + cos(θt)

1 + η
, (9)

c0m(t) = − 1−cos(θt)
1+η

A′
m

A′
0
ei(φm−φ0), m = 1, . . . ,N (10)

where η = ∑
A

′2
m/A

′2
0 and θ = A′

0

√
1 + η. In order to obtain

an arbitrary superposition of mechanical quantum states |0,m〉,
we need to find the instant of time t∗ in which the intermediate
state |1,01〉 is totally depopulated, i.e., c10(t∗) = 0. From
Eq. (8) it is possible to verify that this condition is satisfied
for t∗ = (2l + 1)π/θ with l ∈ N. The time t∗ represents the
specific instant of time at which the pump and the driving
fields must be switched off in order to have no contribution for
the intermediate state |1,01〉. Of course, the most convenient
choice is the shortest possible t∗ corresponding to l = 0.
The target state |ψ̄〉 = ∑N

m=0 c̄0m|0,m〉 is determined a priori
with an appropriate initial choice of the complex coefficients
c̄0m = C̄0meiϕ̄0m . Once the arbitrary target state has been chosen
and the pump amplitude and phase A0,φ0 have been arbitrarily
fixed, from Eqs. (9) and (10) it is simple to obtain the relations
that must be satisfied by the amplitudes and phases of the
external driving field:

Am = A0
C̄0m

1 − C̄00

〈1,01|X̂|0,0〉
〈1,01|X̂|0,m〉 , m = 1, . . . ,N (11)

φm = ϕ̄0m + φ0 − π. (12)

It is worth noticing that the required external driving am-
plitudes Am depend on the ratio 〈1,01|X̂|0,0〉/〈1,01|X̂|0,m〉.
Such a ratio can be very high for high-m values and for small
normalized optomechanical couplings g/ωM. In this case, the
required external drive could be so high to produce undesired
off-resonance excitations as well as heating and eventually
damage of the experimental device. On the contrary, the USC
regime has the effect of both decreasing the numerator and
increasing the denominator in the ratio (see Fig. 2), thus
lowering the required driving power. In order to correctly
describe the quantum dynamics of the system, dissipation
induced by its coupling to the environment needs to be
considered. We assume that the cavity and the mechanical
oscillator are weakly coupled with two different baths of
harmonic oscillators at a temperature T so that the the standard
Born-Markov approximation can be employed. The dynamics
of the system is then described by the quantum master equation

ρ̇(t) = −i[Ĥ0,ρ(t)] + κD[â]ρ(t) + γ (nth + 1)D[b̂]ρ(t)

+ γ nthD[b̂†]ρ(t), (13)

where D[Ô]ρ = 1
2 (2ÔρÔ† − ρÔ†Ô − Ô†Ôρ) is the stan-

dard dissipator in Lindblad form, nth = (e�ωM/kBT − 1)−1,
and γ and κ are the mechanical and cavity damping rates,
respectively.

Equation (11) clearly shows the key role played by
the optomechanical coupling g for the protocol operation.
Before concluding this section, relying on the Rabi problem,

023809-3



L. GARZIANO et al. PHYSICAL REVIEW A 91, 023809 (2015)

we briefly discuss the requirements that the other system
parameters and external driving amplitudes have to satisfy.

According to the Rabi formula, the population transfer
time among two generic states is inversely proportional to the
driving amplitude. In order to get the desired state with a high
fidelity, the preparation time needs to be significantly lower
than the decay times. Hence, assuming that the relevant matrix
elements 〈1,01|X̂|0,m〉 ≈ 1, it is required that κ,γ �A0.
Moreover, in order to prevent undesired off-resonance exci-
tations of nearby mechanical Fock states, it is required that
A0 � ωM. Considering κ ≈ γ , we have

1 � A0

γ
� QM, (14)

where QM = ωM/γ is the mechanical quality factor.

III. NUMERICAL RESULTS

In this article, unless otherwise stated, we will consider
the following system parameters: ωR/ωM = 500, g/ωM =
1, κ/ωM = 5 × 10−4, γ /κ = 0.1, and A0/ωM = 5 × 10−3.
Figure 1(c) shows the time evolution of the occupation
probabilities Pm(t) = 〈0,m|ρ(t)|0,m〉 for m = 0,2,4 under
the influence of three external optical drives of frequencies
ω0, ω2, ω4 chosen in order to generate the target quantum
state |ψ̄〉 = 1√

2
(|0,0〉 + 2√

5
|0,2〉 + 1√

5
|0,4〉). The vertical line

indicates the analytically evaluated instant of time t = t∗ at
which the target state |ψ̄〉 can be experimentally obtained
switching off the pump and all the external driving fields. The
occupation probability 〈1,01|ρ(t)|1,01〉 for the intermediate
state is shown as well. The key feature of this single-step
protocol is that the state |1,01〉 acts as an “ancilla” state whose
occupation goes to zero at t = t∗.

The study of the dynamical evolution of the probabilities
Pm(t) is not sufficient for the complete characterization of the
quantum mechanical state |ψ〉. Indeed, two different quantum
superpositions |ψa〉 and |ψb〉 differing only in the relative
phases of the mechanical Fock states cannot be distinguished.
The quantum state can be univocally characterized by em-
ploying Wigner tomography. Following the scheme developed
by Leibfried et al. [42], the reconstruction of the density
matrix and Wigner function of the mechanical quantum state
can be obtained. Once the target state |ψ̄〉 is synthesized,
the reconstruction mapping can be realized applying to
this state coherent displacements provided by a classical
driving field of frequency ω0 with different amplitudes and
phases, and then measuring the number-state populations. In
analogy with Wigner tomography for trapped ions, a proposal
for optomechanical quantum states reconstruction has been
recently presented by Vanner et al. [43].

In order to probe the creation of complex superpositions
by the above-described algorithm, in Fig. 3 we compare the
Wigner functions for two synthesized states |ψ1〉 and |ψ2〉,
corresponding to the target states |ψ̄1〉 = 1√

3
(|0〉 + |1〉 + |3〉)

and |ψ̄2〉 = 1√
3
(|0〉 + i|1〉 + |3〉) differing only in the relative

phase of the mechanical Fock state |1〉. In Figs. 3(a) and 3(b),
numerical calculations are carried out considering the system
at T = 0 and in the absence of thermal noise. The master
equation is solved numerically including the interaction of the

0

1/π

2/π

-1/π

-2/π

Re(α)
Im

(α
)

FIG. 3. (Color online) Quantum tomography of two synthesized
states (a) |ψ〉 = 1√

3
(|0〉 + |1〉 + |3〉) and (b) |ψ〉 = 1√

3
(|0〉 + i|1〉 +

|3〉) for the system initially prepared in a pure ground state at T = 0.
Wigner functions of the same two states synthesized starting from a
thermal distribution with mean occupation number 〈b̂†b̂〉 = 0.2 and
in the presence of a T = 0 reservoir (nth = 0.8) are displayed in (c)
and (d). Parameters are the same as in Fig. 1.

mechanical oscillator and the cavity with their reservoirs and
under the effect of the Hamiltonian in Eq. (4). Cooling in the
single-photon strong coupling regime of cavity optomechanics
has been recently analyzed [44]. In real optomechanical
systems, however, ground-state cooling is never complete
and the interaction with a finite-temperature reservoir has
to be taken into account. Figures 3(c) and 3(d) display
the Wigner functions of the same two synthesized states
with the system initially prepared in a thermal state with a
mean occupation number 〈b̂†b̂〉 = 0.2 and interacting with
a reservoir at finite temperature (nth = 0.8). The fidelities
F =

√
〈ψ̄ |ρ|ψ̄〉 between the desired target states |ψ̄〉 and

the density matrices ρ of the synthesized states are, from
Figs. 3(a) to 3(d), F = 0.98,0.98,0.90,0.90. It can be noticed
that the effects of the thermal noise and the interaction of the
system with a finite-temperature reservoir modify the Wigner
tomography of the two synthesized states. However, they
continue to display nonclassical features (i.e., negative values
of the Wigner function) and are in good agreement with the
corresponding desired target states as shown by the resulting
fidelities.

Finally, in Fig. 4 we show the effects of thermal noise on the
synthesis and decoherence of the state |ψ3〉 = 1√

2
(|0〉 + |3〉).

The same state is synthesized both at T = 0 and starting
from a pure ground state [Fig. 4(a)] and at finite T with
the system initially prepared in a thermal distribution with
a mean occupation number 〈b̂†b̂〉 = 0.1 [Fig. 4(b)]. The time
t∗ at which we synthesize the state in both configurations
by switching off all the external drives is shorter than the
decoherence time, so that the two Wigner functions display
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FIG. 4. (Color online) Quantum tomography of the state |ψ〉 =
1√
2
(|0〉 + |3〉) for (a) the system at T = 0 and initially prepared in

a pure ground state and (b) the system at finite T (nth = 0.8) and
initially prepared in a thermal distribution with a mean occupation
number 〈b̂†b̂〉 = 0.1. The effects of decoherence after the system has
evolved for a coherence time γ (t

′ − t∗) = 0.3 are shown for both
configurations in (c) and (d), respectively. Other parameters are the
same as in Fig. 1.

only few differences. We now study the free evolution of the
state |ψ3〉 in both cases for the same reservoir interaction time
γ (t

′ − t∗) = 0.3. Differently for the case in which the system
is prepared at T = 0 [Fig. 4(c)], the effects of thermal noise
at a finite T are quite relevant as the coherence of the state is
completely destroyed and nonclassical features in the Wigner
function disappear [Fig. 4(d)].The high degree of decoherence
is also confirmed by the low value of the fidelity (F = 0.63)
obtained; in the other cases, fidelities of the synthesized states
are, from Figs. 4(a) to 4(c), F = 0.99,0.93,0.81.

IV. COMPARISON WITH RECENTLY
PROPOSED PROTOCOLS

In recent years, the engineering of quantum states in
optomechanical systems has attracted considerable attention.
By considering an optomechanical cavity which contains a
Kerr medium, Tan proposed a scheme for deterministically
preparing a mechanical quantum superposition between vac-
uum and an arbitrary Fock state [45]. Recently, Xu et al.
applied the well-known Law-Eberly algorithm to optomechan-
ical systems [38], showing that arbitrary superpositions |ψ̄〉 =∑N

m=0 C̄0meiϕ̄0m |0,m〉 of different phonon number states can
be prepared. Specifically, the authors consider separately two
different regimes corresponding to (i) g/ωM � 1 and (ii) the
USC regime g/ωM ∼ 1. Protocol (i) applies to optomechanical
systems an algorithm developed for trapped ions in the
Lamb-Dicke regime [36], while (ii) exploits a protocol for
engineering arbitrary motional and entangled states of a single
trapped ion beyond the Lamb-Dicke limit [46].

In this section, we make a comparison between our protocol
and the method recently proposed by Xu et al., comparing
the resulting preparation times for different quantum super-
positions. We focus on the regime (ii) mainly because the
protocol here proposed operates only in the USC regime.
Moreover, protocol (i) requires additional excitation processes
with respect to (ii) and hence requires longer preparation times.

Applying algorithm (ii), Xu et al. have shown that
in the USC regime an arbitrary superposition |ψ̄〉 =∑N

m=0 C̄0meiϕ̄0m |0,m〉 of different phonon number states can be
prepared by sequentially applying N red-sideband excitations
after a single-carrier process. If the system is initially prepared
in the ground state |0,0〉, the carrier process populates the
|1,0〉 state by the application of an external driving field with
the frequency matching condition ωd = ω0 for a time interval
t c0 = arccos(C̄00)/�0, where �0 = (A0/2)〈1,01|X̂|0,0〉 is the
effective Rabi frequency. After the carrier process, N red-
sideband excitations are sequentially applied to the cavity
with the frequency matching conditions ωd = ω0 − ωM,ω0 −
2ωM, . . . ,ω0 − NωM for the time intervals t r1 , . . . ,t rN , re-
spectively. Every red-sideband excitation process links the
transitions between |1,0〉 and |0,m〉 with an effective Rabi
frequency �m = (A0/2)〈1,01|X̂|0,m〉. The time intervals t rm,
properly chosen in order to obtain the desired superposition,
can be obtained analytically [46] and are given by

t rm = arcsin

⎡
⎢⎣C̄0m

⎛
⎝1 −

m−1∑
j=0

C̄2
0j

⎞
⎠

−1/2
⎤
⎥⎦

/
�m,

1 � m � N − 1. (15)

The time interval t rN = π/2�N of the last step satisfies the
condition sin(�NtrN ) = 1 which ensures that the intermediate
state |1,0〉 is completely depopulated. The total preparation
time is then t̃∗ = t c0 + ∑N

m=1 t rm. Unlike the above-described
protocol, our method consists of a single step independently
on the highest desired Fock state |N〉. The pump driving field
and the other external driving fields are sent simultaneously for
the time interval t∗ = π/θ , where θ = [A

′2
0 + ∑N

m=1 A
′2
m]1/2 is

the effective Rabi frequency.
In order to make a comparison, we consider the system

initially prepared in its ground state |0,0〉 and then synthesize
different superpositions |ψ̄〉 = 1√

N+1

∑N
m=0 |0,m〉 with N =

1,2,3,4 by applying once the single-step protocol and then the

TABLE I. Numerical values of the dimensionless prepara-
tion time for the synthesis of different superpositions |ψ̄〉 =

1√
N+1

∑N

m=0 |0,m〉. The second and the third columns show, respec-
tively, the preparation times obtained by using the single-step protocol
and the multistep scheme (ii). The ratio t∗/t̃∗ is also shown.

|〉 gt∗ gt̃∗ t∗/t̃∗

1√
2
(|0〉 + |1〉) 136 211.7 0.64

1√
3
(|0〉 + |1〉 + |2〉) 163.4 284.9 0.57

1
2 (|0〉 + |1〉 + |2〉 + |3〉) 177.7 357 0.5
1√
5
(|0〉 + |1〉 + |2〉 + |3〉 + |4〉) 187 454.3 0.41
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Multi-step 

Single-step 

FIG. 5. (Color online) Plot of the dimensionless preparation time
for a quantum superposition |ψ̄〉 = 1√

N+1

∑N

m=0 |0,m〉 as a function
of the highest Fock-state number N . Red filled triangles represent
the preparation time gt̃∗ required for the protocol proposed by Xu
et al., while blue filled circles display the preparation time gt∗ for
the single-step protocol. It can be noticed that the preparation times
required by the single-step protocol are lower and tend to saturate at
increasing values of N .

multistep algorithm (ii). In both cases, system parameters are
g/ωM = 1.5, A0/ωM = 8 × 10−2. We neglect damping effects
for both the protocols. If they would be included, the result
would be that the protocol with lower preparation times would
provide better fidelities.

It is important to point out that in the procedure proposed
by Xu et al., the same pump amplitude A0 is used both for
the carrier and the red-sideband excitation processes, while
in our scheme we use different amplitudes Am [related to the
pump amplitude A0 by Eq. (11)] for every external driving
field. We have chosen the highest possible value for A0 in
order to obtain a good preparation of the target state without
exciting undesired transitions; notice also that in the regime

here considered it results that Am � A0. Numerical values of
the dimensionless preparation times gt∗ and gt̃∗ for different
quantum superpositions of N mechanical Fock states are
reported in Table I and are also displayed in Fig. 5. The
figure not only shows clearly that the single-step protocol here
proposed requires lower preparation times, but also indicates
that its preparation time tends to saturate at increasing values
of N in contrast to the multistep protocol.

V. CONCLUSION

We presented a strategy for the preparation of arbitrary
quantum superpositions of mechanical Fock states. The
proposed scheme consists of a single step where all the
classical optical excitations are sent for a common time
interval. We tested the efficiency and robustness of this
protocol by calculating fidelities and Wigner functions in
presence of decoherence, thermal noise, and imperfect cooling.
In addition, we compared this single-step protocol with a
recently presented multistep algorithm [38], showing that in
the USC regime the preparation time can be significantly
reduced with our protocol. Our quantum control scheme can
be applied to various strongly interacting quantum systems
as trapped ions beyond the Lamb-Dicke regime by applying
the same excitation scheme as in Fig. 1(b) where the photon
and phonon states |0(1),m〉 are replaced by the atomic and
motional states |g(e),m〉, and cavity QED into the USC regime
with three level atoms. In this latter case, it is sufficient
to apply the here described protocol to the cascade three-
level systems described in Refs. [40,41,47]. Moreover, we
expect that this framework can be generalized for further
applications in quantum optomechanics as, for example, the
generation of complex entangled states in coupled mechanical
resonators.
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When an atom is strongly coupled to a cavity, the two systems can exchange a single photon through a coherent
Rabi oscillation. This process enables precise quantum-state engineering and manipulation of atoms and photons
in a cavity, which play a central role in quantum information and measurement. Recently, a new regime of cavity
QED was reached experimentally where the strength of the interaction between light and artificial atoms (qubits)
becomes comparable to the atomic transition frequency or the resonance frequency of the cavity mode. Here
we show that this regime can strongly modify the concept of vacuum Rabi oscillations, enabling multiphoton
exchanges between the qubit and the resonator. We find that experimental state-of-the-art circuit-QED systems
can undergo two- and three-photon vacuum Rabi oscillations. These anomalous Rabi oscillations can be exploited
for the realization of efficient Fock-state sources of light and complex entangled states of qubits.

DOI: 10.1103/PhysRevA.92.063830 PACS number(s): 42.50.Pq, 42.50.Ct, 85.25.Cp, 84.40.Az

I. INTRODUCTION

Light-matter interaction in the strong-coupling regime is
a coherent reversible process in which a photon is absorbed
and reemitted by an electronic transition at a rate equal to
the coupling energy divided by the Planck constant [1,2].
Reaching the light-matter strong-coupling regime has been a
major focus of research in atomic physics and quantum optics
for several decades and has driven the field of cavity quantum
electrodynamics (QED) [3,4]. The strong-coupling regime has
been observed, in both the time and frequency domains, in
a variety of systems [5], when an electronic transition is
resonantly coupled to a cavity (optical resonator) and the
coupling rate exceeds the rates of relaxation and decoherence
of both the electronic transition and the field. Cavity QED
effects with individual qubits have been intensively studied in
solid state systems by replacing natural atoms with artificial
atoms, such as quantum dots [6,7] and Josephson circuits
[8–11]. The strong-coupling regime, when reached with a
single qubit, enables a high degree of manipulation and control
of quantum systems [12]. For example, by exploiting the
strong-coupling regime of cavity QED, the preparation and
measurement of arbitrary quantum states in a completely con-
trolled and deterministic manner have been achieved [13,14]
and Schrödinger’s cat states of radiation have been prepared
and reconstructed [15,16]. Basic steps in quantum information
processing, including the deterministic entanglement of atoms
and the realization of quantum gates using atoms and photons
as quantum bits, have also been demonstrated [2,17,18].

Recently, a new regime of cavity QED, where the coupling
rate becomes an appreciable fraction of the unperturbed fre-
quency of the bare systems, has been experimentally reached
in a variety of solid state systems [19–27]. In this so-called
ultrastrong-coupling (USC) regime, the routinely invoked
rotating-wave approximation (RWA) is no longer applicable
and the antiresonant terms in the interaction Hamiltonian
significantly change the standard cavity QED scenarios (see,
e.g., Refs. [28–36]). Although in principle counterrotating
terms exist in any real light-matter interaction Hamiltonian,
their effects become prominent only in the USC limit [37].

Usually, light-matter USC is reached by coupling the resonator
with a large number of molecules or more generally electronic
transitions. Ultrastrong coupling with a single qubit has been
achieved only by using superconducting circuits based on
Josephson junctions, which exhibit macroscopic quantum
coherence and giant dipole moments as artificial atoms
[20,21,38].

One interesting feature of the USC regime is that the
number of excitations in the cavity-emitter system is no longer
conserved, even in the absence of drives and dissipation.
Measurements on a superconducting circuit QED system in
the USC regime have shown clear evidence of this feature
[21]. Specifically, by tuning the qubit transition frequency
(by adjusting the external flux bias threading the qubit) and
measuring the cavity transmission, an anticrossing arising
from the coupling between states with a different number of
excitations has been observed. In particular, the measurements
evidence the resonant coupling of the states |φ1⟩ = |g,0,0,1⟩
and |φ2⟩ = |e,1,0,0⟩, where the kets indicate the states of
the qubit and of the first three resonator modes. This level
anticrossing occurs when ωq + ωr

1 ≈ ωr
3, where ωq is the

transition frequency of the artificial atom and the ωr
m are

the resonance frequencies of the cavity modes. The dominant
contributions to the resulting eigenstates |ψ±⟩ are approximate
symmetric and antisymmetric superpositions of the degenerate
states |φ1⟩ and |φ2⟩. The coupling between these two states,
determining the anticrossing, originates from counterrotating
terms in the interaction Hamiltonian that do not conserve the
number of excitations. Indeed, the resulting effect of the action
of these counterrotating terms on, e.g., the |φ2⟩ state is the
annihilation of two excitations, one in the m = 1 mode and
one in the qubit, and the simultaneous creation of a single
excitation in the m = 3 mode. Such a process can result only
from counterrotating terms, but it would not be possible within
the RWA.

Very recently it was shown [39] that, when the frequency
of the cavity field is near one-third of the atomic transition
frequency, there exists a resonant three-photon coupling via
intermediate states connected by counterrotating processes.
The resonant quantum Rabi oscillations, occurring when

1050-2947/2015/92(6)/063830(10) 063830-1 ©2015 American Physical Society
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the atom and the cavity mode can exchange one excitation
quantum in a reversible way, play a key role in the manipulation
of atomic and field states for quantum information processing
[12]. Here we show that a system consisting of a single qubit
coupled ultrastrongly to a resonator can exhibit anomalous
vacuum Rabi oscillations where two or three photons are
jointly emitted by the qubit into the resonator and reabsorbed
by the qubit in a reversible and coherent process. We focus
on the case of a flux qubit coupled to a coplanar-waveguide
resonator, a system where the USC regime with a single
artificial atom has been demonstrated [21]. We find that this
effect can be observed at coupling rates of the same order as
those already reached in these systems [21,38].

II. DISSIPATION AND PHOTODETECTION
IN THE USC REGIME

In order to demonstrate multiphoton quantum Rabi oscil-
lations in USC cavity QED, we calculate the time evolution
of the mean output photon fluxes and higher-order normally
ordered photon correlations. It has been shown that, in the USC
regime, the usual normally ordered correlation functions fail to
describe the output photon emission rate and photon statistics.
Clear evidence of this is that the standard input-output
relations predict, even for a vacuum input and the system
in the ground state, a finite output photon flux proportional
to the average number of cavity photons [32,40,41], i.e.,
⟨Â−

out(t)Â
+
out(t)⟩ ∝ ⟨â†(t)â(t)⟩, where Â+

out(t) and Â−
out(t) are

the positive- and negative-frequency components of the output
field operator and â and â† are the destruction and creation
operators for cavity photons. A solution to this problem was
proposed in Ref. [32]. Considering, for the sake of simplicity,
a single-mode resonator, it is possible to derive the correct
output photon emission rate and correlation functions by
expressing the cavity electric-field operator X̂ = â + â† in
the atom-cavity dressed basis. Once the cavity electric-field
operator has been expressed in the dressed basis, it has
to be decomposed into its positive- and negative-frequency
components X̂+ and X̂− [32]. Expanding the X̂ operator in
terms of the energy eigenstates |j ⟩ (with !ωj the corresponding
eigenvalues) of the system Hamiltonian Ĥ , one finds the
relations

X̂+ =
∑

j,k>j

Xjk|j ⟩⟨k|, X̂− = (X̂+)†, (1)

where Xjk ≡ ⟨j |(â† + â)|k⟩ and the states are labeled such that
ωk > ωj for k > j . The resulting positive frequency output
operator can be expressed as

Â+
out(t) = Â+

in(t) −
√

κC0X̂
+, (2)

where κ is the loss rate of the resonator due to the coupling
to the external in-out modes and C0 is a constant proportional
to the zero-point fluctuation amplitude of the resonator [42].
Two aspects of these results are noteworthy. First of all, we
note that in the USC regime, one correctly obtains X̂+|0⟩ = 0
for the system in its ground state |0⟩ in contrast to â|0⟩ ̸= 0.
Moreover, we note that the positive-frequency component of X̂
is not simply proportional to the photon annihilation operator
â. As a consequence, for arbitrary degrees of light-matter
interaction, the output photon flux emitted by a resonator

can be expressed as %out = κ⟨X̂−X̂+⟩. Similarly, the output
delayed coincidence rate is proportional to the two-photon
correlation function ⟨X̂−(t)X̂−(t + τ )X̂+(t + τ )X̂+(t)⟩. In
quantum optics, it is well known that the signal directly
emitted from the qubit is proportional to ⟨σ̂+σ̂−⟩. In circuit
QED systems, this emission can be detected by coupling the
qubit to an additional microwave antenna [14]. Indeed, in the
USC regime the qubit emission rate becomes proportional
to the qubit mean excitation number ⟨Ĉ−Ĉ+⟩, where Ĉ±

are the qubit positive- and negative-frequency operators,
defined as Ĉ+ =

∑
j,k>j Cjk|j ⟩⟨k| and Ĉ− = (Ĉ+)†, with

Cjk ≡ ⟨j |(σ̂− + σ̂+)|k⟩.
In order to properly describe the system dynamics, in-

cluding dissipation and decoherence effects, the coupling
to the environment needs to be considered. We adopt the
master-equation approach. However, in the USC regime the
description offered by the standard quantum-optical master
equation breaks down [43]. Following Refs. [41,44], we
express the system-bath interaction Hamiltonian in the basis
formed by the energy eigenstates of Ĥ . We consider T = 0
temperature reservoirs (the generalization to T ̸= 0 reservoirs
is straightforward). By applying the standard Markov approx-
imation and tracing out the reservoir degrees of freedom, we
arrive at the master equation for the density-matrix operator
ρ̂(t),

˙̂ρ = i

!
[ρ̂(t),Ĥ ] + Ldampρ̂(t) + Lφρ̂(t), (3)

where Ldampρ̂(t) =
∑

j,k>j ()jk
κ + )

jk
γ )D[|j ⟩⟨k|]ρ̂(t), with

D[Ô]ρ̂ = 1
2 (2Ôρ̂Ô† − ρ̂Ô†Ô − Ô†Ôρ̂), describes dissipa-

tion effects arising from the resonator and qubit reservoirs.
These cause transitions between eigenstates at rates

)jk
κ = κ|⟨j |X̂|k⟩|2, (4)

)jk
γ = γ |⟨j |σ̂x |k⟩|2, (5)

where κ and γ are decay rates, here assumed to be spectrally
constant, induced by the resonator and qubit reservoirs.
Pure dephasing effects affecting the qubit are described in
Eq. (3) by the last term Lφρ̂(t) = D[

∑
j %j |j ⟩⟨j |]ρ̂(t), where

%j =
√

γφ/2⟨j |σ̂z|j ⟩, and γφ is the pure dephasing rate. Note
that only the most relevant diagonal contributions have been
included.

III. RESULTS

Here we study a flux qubit coupled to a coplanar resonator
in the USC regime. For suitable junctions, the qubit potential
landscape is a double-well potential, where the two minima
correspond to states with clockwise and counterclockwise
persistent currents ±Ip [10,11]. When the flux offset δ%x ≡
%ext − %0/2 = 0, where %ext is the external flux threading
the qubit and %0 is the flux quantum, the two lowest-energy
states are separated by an energy gap ,. In the qubit
eigenbasis, the qubit Hamiltonian reads Ĥq = !ωqσ̂z/2, where
!ωq =

√
,2 + (2Ipδ%x)2 is the qubit transition frequency,

which can be adjusted by an external flux bias. We note that
the two-level approximation is well justified because of the
large anharmonicity of this superconducting artificial atom.
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The resonator modes are described as harmonic oscillators
Ĥm = !ωr

mâ
†
mâm, where ωr

m is the resonance frequency, m is
the resonator-mode index, and â

†
m (âm) is the bosonic creation

(annihilation) operator for the mth resonator mode. We will
consider λ/2 and λ/4 resonators. Then the quantum circuit
can be described by the extended Rabi Hamiltonian

Ĥ = Ĥq +
∑

m

[Ĥm + !gmX̂m(cos θσ̂x + sin θσ̂z)]. (6)

Here X̂m = âm + â
†
m, σ̂x,z denote Pauli operators, gm is the

coupling rate of the qubit to the mth cavity mode, and the
flux dependence is encoded in cos θ = ,/ωq. The operator σ̂x

is conveniently expressed as the sum of the qubit raising σ̂+
and lowering σ̂− operators, which in the Heisenberg picture
and for gm = 0 oscillate as exp (iωqt) (negative frequency)
and exp (−iωqt) (positive frequency), respectively. Thus, in
contrast to the Jaynes-Cummings (JC) model [45], the Hamil-
tonian in Eq. (6) explicitly contains counterrotating terms of
the form σ̂+â

†
m, σ̂−âm, σ̂zâ

†
m, and σ̂zâm. Considering only one

resonator mode and a flux offset δ%x = 0, the Hamiltonian in
Eq. (6) reduces to the standard Rabi Hamiltonian.

A. Two-photon quantum Rabi oscillations

We first consider the case of a flux qubit coupled to a λ/2
superconducting transmission-line resonator with resonance
frequencies ωr

m = mπc/L, where L is the resonator length.
We use the qubit parameters ,/h = 2.25 GHz and 2Ip =
630 nA, as in Ref. [21]. We are interested in the situation
where the qubit transition energy is approximately twice that
of the fundamental resonator mode: ωq ≈ 2ωr

1. We consider
the qubit to be positioned at the center of the resonator so that it
does not interact with the resonator mode m = 2 [see Fig. 1(a)].
The other resonator modes are much higher in energy, detuned
with respect to the qubit transition frequency by an amount
significantly larger than the coupling rate ωr

m − ωq ≈ (m −
2)ωr

1, providing only moderate energy shifts for the coupling
rates gm/ωr

m ! 0.2 considered here. We will thus only take
into account the interaction of the qubit with the fundamental
resonator mode. We diagonalize numerically the Hamiltonian
from Eq. (6) and indicate the resulting energy eigenvalues
and eigenstates as !ωi and |i⟩ with i = 0,1, . . . , choosing the
labeling of the states such that ωk > ωj for k > j .

Figure 1(b) shows the frequency differences ωi,0 = ωi − ω0
for the lowest-energy states as a function of the qubit transition
frequency, which can be tuned by changing the external flux
bias δ%x . The red dashed curves correspond to calculations
obtained neglecting all the counterrotating terms (the JC
model). We observe a spectrum with two large-splitting
anticrossings around ωq ≈ ωr

1, which appear for both the
dashed and the solid curves. In the JC picture, they correspond
to the resonant coupling between states with the same number
of excitations. The lowest-energy avoided crossing results
from the coherent coupling of the states |e,0⟩ and |g,1⟩, where
g (e) indicates the ground (excited) state of the qubit and
the second entry in the kets represents the photon number.
When the splitting reaches its minimum, the resulting system

FIG. 1. (Color online) (a) Sketch of the distribution of the first
three resonator modes m = 1,2,3 of a transmission-line λ/2 res-
onator. The resonance frequency of the first mode (blue solid curve)
is set to ωr

1/2π = 4 GHz. The qubit is positioned at the center of the
resonator so that it does not interact with the mode m = 2 (red dashed
curve) and is off-resonance with the mode m = 3 (green dot-dashed
curve) mode. The bare resonance frequencies of the second and
third modes are ωr

2 = 2ωr
1 and ωr

3 = 3ωr
1, respectively. The qubit

parameters are ,/h = 2.25 GHz and 2Ip = 630 nA. (b) Frequency
differences ωi,0 = ωi − ω0 for the lowest-energy dressed states as a
function of the qubit transition frequency ωq (which can be tuned by
changing the external flux bias δ%x) for the JC model (red dashed
curves) and the extended Rabi Hamiltonian (blue solid curves). We
consider a normalized coupling rate g1/ω

r
1 = 0.15 between the qubit

and the resonator. In both cases the ground state level is not displayed.
(c) Avoided level crossing (blue solid curves) resulting from the
coupling between the states |e,0⟩ and |g,2⟩ due to the presence
of counterrotating terms in the system Hamiltonian. The energy
splitting reaches its minimum at ωq/2π ≈ 7.97 GHz ≈ 2(ωr

1/2π ).
The anticrossing is not present in the JC model (red dashed lines),
since it arises from the coherent coupling between states with a
different number of excitations.
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eigenstates are

1√
2

(|e,0⟩ ± |g,1⟩). (7)

The higher-energy large avoided crossing in the plot corre-
sponds to the second rung of the JC ladder, arising from the
coupling of |e,1⟩ and |g,2⟩. Only small quantitative deviations
between the eigenenergies in the JC and in the extended Rabi
model can be observed.

When the counterrotating terms are taken into account,
the states |i⟩ are no longer eigenstates of the total number
of the excitation operator N̂exc = â†a + σ̂+σ̂−. For example,
the system ground state can be expressed as a superposition
|0⟩ =

∑
n c0

gn|g,n⟩ + c0
en|e,n⟩ of bare states also involving

nonzero excitations. Of course, when the normalized coupling
g1/ω

r
1 ≪ 1, only the coefficient c0

g0 is significantly different
from zero. Moreover, for θ = 0 parity is conserved [46,47] and
only states with an even number of excitations contribute to |0⟩.
The nonconservation of the total excitation number also affects
the excited dressed states |j ⟩ =

∑
n c

j
gn|g,n⟩ + c

j
en|e,n⟩. As a

consequence, the dressed states |1⟩ and |2⟩ at the minimum
splitting do not correspond to the simple JC picture of Eq. (7).

The solid line levels in Fig. 1(b) also display a smaller-
amplitude avoided crossing when ωq ≈ 2ωr

1. Observing that
just outside this avoided-crossing region one level remains
flat as a function of the flux offset δ%x with energy ω ≈ 2ωr

1
while the other shows a linear behavior with ωq, the splitting
originates from the hybridization of the states |e,0⟩ and |g,2⟩.
This avoided crossing behavior is better shown in Fig. 1(c)
and the resulting states are well approximated by the states

1√
2
(|e,0⟩ ± |g,2⟩). This splitting is not present in the RWA,

where the coherent coupling between states with a different
number of excitations is not allowed, nor does it occur with
the standard Rabi Hamiltonian (θ = 0).

Following the procedure described in Ref. [39], such a
two-photon coupling between the bare states |e,0⟩ and |g,2⟩
can be analytically described by an effective Hamiltonian (see
the Appendix). As displayed in Fig. 2, the coupling between
|e,0⟩ and |g,2⟩ can only occur via the intermediate states
|g,1⟩ and |e,1⟩. Indeed, if the system is initially prepared
in the state |e,0⟩, two different processes can occur: Either
(i) the counterrotating term â

†
1σ̂z enables a virtual transition

FIG. 2. (Color online) Coupling between the bare states |e,0⟩ and
|g,2⟩ via the intermediate states |g,1⟩ and |e,1⟩. The red dashed
arrows and the solid black arrows indicate, respectively, the two
different processes describing the two-photon resonant coupling
between |e,0⟩ and |g,2⟩.

|e,0⟩ → |e,1⟩ and then the term â
†
1σ̂− leads to the final

transition to the state |g,2⟩ or (ii) the term â
†
1σ̂− enables

the transition |e,0⟩ → |g,1⟩, which is followed by the virtual
transition |g,1⟩ → |g,2⟩ induced by the term â

†
1σ̂z.

In order to obtain an analytical description of the effective
coupling, we first reduce the extended Rabi Hamiltonian
to the truncated Hilbert space composed of the bare states
|e,0⟩, |g,1⟩, |e,1⟩, and |g,2⟩. The matrix form of the reduced
Hamiltonian becomes

Ĥr

!
=

⎛

⎜⎜⎜⎝

ωq

2 g1 cos θ g1 sin θ 0

g1 cos θ ωr
1 − ωq

2 0 −
√

2g1 sin θ

g1 sin θ 0 ωr
1 + ωq

2

√
2g1 cos θ

0 −
√

2g1 sin θ
√

2g1 cos θ 2ωr
1 − ωq

2

⎞

⎟⎟⎟⎠
,

(8)

where the order of columns and rows is |e,0⟩, |g,1⟩, |e,1⟩, and
|g,2⟩. Near the two-photon resonance when ωq ≈ 2ωr

1, the
intermediate states |g,1⟩ and |e,1⟩ can be adiabatically elimi-
nated (see the Appendix), leading to the effective Hamiltonian

Ĥeff =
(

ωq

2
+ 2g2

1

ωq
cos(2θ )

)
|e,0⟩⟨e,0|

+
(

2ωr
1 −

ωq

2
− 4g2

1

ωq
cos(2θ )

)
|g,2⟩⟨g,2|

−0
(2ph)
eff (|e,0⟩⟨g,2| + |g,2⟩⟨e,0|), (9)

which describes the effective two-photon coupling between
|e,0⟩ and |g,2⟩, with an effective two-photon Rabi frequency

0
(2ph)
eff ≡ 2

√
2g2

1 sin(2θ )
ωq

. (10)

A key theoretical issue of the USC regime is the distinction
between bare (unobservable) excitations and physical particles
that can be detected. For example, when the counterrotating
terms are relevant, the mean photon number in the system
ground state is different from zero, ⟨0|â†â|0⟩ ̸= 0. However,
these photons are actually virtual since they do not correspond
to real particles that can be detected in a photon-counting
experiment. According to this analysis, the presence of an n-
photon contribution in a specific eigenstate of the system does
not imply that the system can emit n photons when prepared
in this state. In order to fully understand and characterize this
avoided crossing not present in the RWA, a more quantitative
analysis is required. In the following, we therefore calculate
the output signals and correlations that can be measured in a
photodetection experiment.

In order to probe the anomalous avoided crossing shown in
Figs. 1(b) and 1(c), we consider the case where the qubit
is directly excited via a microwave antenna by an optical
Gaussian pulse. The corresponding driving Hamiltonian is

Ĥd = E(t) cos(ωt)σ̂x, (11)

where E(t) = A exp [−(t − t0)2/2τ 2]/τ
√

2π . Here A and τ
are the amplitude and the standard deviation of the Gaussian
pulse, respectively. We consider the zero-detuning case by
choosing the flux offset δ%x corresponding to the qubit
frequency ωq/2π ≃ 7.97 GHz, where the splitting in Fig. 1(b)
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κ t

X̂−X̂+

Ĉ−Ĉ+

G(2)

FIG. 3. (Color online) Time evolution of the cavity mean photon
number ⟨X̂−X̂+⟩ (blue solid curve), the qubit mean excitation number
⟨Ĉ−Ĉ+⟩ (red dot-dashed curve), and the zero-delay two-photon
correlation function G(2)(t) (dashed black curve) after the arrival
of a π -like Gaussian pulse initially exciting the qubit (the black
vertical line on the far left shows the wave-packet peak arrival
time). The amplitude and the central frequency of the pulse are
A/ωr

1 = 8.7 × 10−2 and ω = (ω3,0 + ω2,0)/2, respectively. After the
arrival of the pulse, the system undergoes vacuum Rabi oscillations
showing the reversible excitation exchange of two photons between
the qubit and the resonator. Initially, ⟨X̂−X̂+⟩ and G(2)(t) almost
coincide. This perfect two-photon correlation is a signature that
photons are actually emitted in pairs. The resonator and qubit damping
rates are κ/ωr

1 = 1.8 × 10−4 and γ /ωr
1 = 1.8 × 10−4, respectively.

is at its minimum. The central frequency of the pulse has been
chosen to be in the middle of the two split transition energies
ω = (ω3,0 + ω2,0)/2.

The cavity output photon flux and the photon flux emit-
ted by the qubit directly coupled to a microwave antenna
are proportional to ⟨X̂−X̂+⟩ and ⟨Ĉ−Ĉ+⟩, respectively.
Figure 3 displays the dynamics of these two quantities and
of the zero-delay two-photon correlation function G(2)(t) =
⟨X̂−(t)X̂−(t)X̂+(t)X̂+(t)⟩ (dashed black curve) after the ar-
rival of a π -like pulse initially exciting the qubit described by
the Hamiltonian (11). Calculations in Fig. 3 have been carried
out in the absence of pure dephasing (γφ = 0). Results for
γφ ̸= 0 are shown in Fig. 4. Vacuum Rabi oscillations showing
the reversible excitation exchange between the qubit and the
resonator are clearly visible in Fig. 3. The pulse time width is
not much narrower than the Rabi period, so the qubit excitation
is partially transferred to the cavity during the pulse arrival.
Therefore, the first peak of the qubit mean excitation number in
Fig. 3 is slightly lower than the second one. We observe that the
mean intracavity physical photon number at its first maximum
is very close to 2. This is an initial hint that when the qubit is
in the ground state the resonator mode acquires two photons.
However, the output measured signals are proportional and not
equal to ⟨X̂−X̂+⟩, so from this kind of measurement it is not
possible to certify that the qubit and the resonator are actually
exchanging two quanta. We also observe that at early times
⟨X̂−X̂+⟩ and G(2)(t) almost coincide. This is a signature of
perfect two-photon correlation: The probability of the system
to emit one photon is equal to the probability to emit a photon
pair. During the system evolution, higher values of the local
minima of ⟨X̂−X̂+⟩ are observed due to the decay from the

(a)

(c)

(b)

X
−

X
+

κ t

κ t

κ t

C
−

C
+

X
−

X
−

X
+
X

+

γφ = 0

γφ = 300 γ

γφ = 0

γφ = 300 γ

γφ = 0

γφ = 300 γ

FIG. 4. (Color online) Effects of strong pure dephasing (dashed
curves) on the dynamics of (a) the mean photon number ⟨X̂−X̂+⟩,
(b) the effective qubit population ⟨Ĉ−Ĉ+⟩, and (c) the two-photon
correlation function ⟨X̂−X̂−X̂+X̂+⟩. Calculations have been per-
formed with the same parameters as in Fig. 3 with the addition of
a pure dephasing rate γφ = 300γ . Solid curves display numerical
results obtained in the absence of pure dephasing, γφ = 0. It can be
observed that the physics of multiphoton vacuum Rabi oscillations is
not significantly altered by the effects of pure dephasing.

two-photon state to the one-photon state (out of resonance
with respect to the qubit) caused by the photon escape from
the resonator. However, the two-photon correlation function
⟨X̂−(t)X̂−(t)X̂+(t)X̂+(t)⟩ goes almost to zero every time the
qubit is maximally excited. This different behavior indicates
that the qubit does not absorb single photons but only
photon pairs. The period of a complete population oscillation
is 2π/0

(2ph)
eff , where 20

(2ph)
eff is the minimum splitting in

Fig. 1(c).
Ordinary quantum vacuum oscillations have already been

demonstrated in circuit-QED systems (e.g., [10,48]). The
dynamics observed in Fig. 3 can also be obtained by first
preparing the qubit in its excited state by employing a π pulse.
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Then the π pulse can be followed by a shift pulse that brings the
qubit into resonance with the resonator for the desired duration
in order to observe the coupled dynamics as in Ref. [48]. If
the shift pulse has a duration δt = 2π/0

(2ph)
eff , the Fock state

n = 2 is directly generated. After the switch-off of the shift
pulse, the qubit is out of resonance with the resonator and the
Fock state can escape from the cavity through an input-output
port and be detected. Hence two-photon Rabi oscillations can
be exploited for fast and efficient generation of two-photon
states.

The influence of strong pure dephasing effects is shown
in Fig. 4. Calculations have been performed with the same
parameters used in Fig. 3 with the addition of a pure dephasing
rate γφ = 300γ . Figure 4 compares the dynamics of the mean
photon number [Fig. 4(a)], the qubit effective population
[Fig. 4(b)], and the two-photon correlation [Fig. 4(c)] in the
absence (solid curves) and in the presence (dashed curves) of
pure dephasing. The figure shows that strong pure dephasing
does not significantly alter the physics of multiphoton vacuum
Rabi oscillations and the main effect of dephasing is to make
the excitation pulse less effective.

B. Three-photon quantum Rabi oscillations

Very recently, it was shown [39] that the strong coupling of
a single qubit with three photons can be achieved in the USC
regime when the frequency of the cavity field is near one-
third of the atomic transition frequency. In this case, parity-
symmetry breaking is not required and this effect can occur
also at θ = 0. Hence, it could be observed also in systems such
as natural atoms or molecules displaying parity symmetry.
One possible problem with this configuration is that the qubit
can also interact resonantly with the one-photon state of the
mode m = 3 of the resonator. In this case the qubit would
interact with both one- and three-photon states. We show that
the undesired one-photon resonant coupling of the qubit with a
resonator mode can be avoided by considering a λ/4 resonator,
whose resonance frequencies are ωr

m = (2m − 1)πc/2L, with
m = 1,2,3, . . . [see Fig. 5(a)]. As shown in Fig. 5(a), the qubit
is positioned so that it does not interact with the mode m = 2
with resonance frequency ωr

2 = 3ωr
1. The qubit parameters are

,/h = 4.25 GHz and 2Ip = 630 nA. In the present case we
are interested in the situation where the qubit transition energy
is approximately three times that of the fundamental resonator
mode ωq ≈ 3ωr

1. The mode m = 3 has resonance frequency
ωr

3 = 5ωr
1, which is much larger than ωq. Hence, also in this

case we can consider the interaction of the qubit with only the
fundamental resonator mode.

Figure 5(b) displays the frequency differences ωi,0 for
the lowest-energy states as a function of the qubit transition
frequency. The red dashed curves corresponds to calculations
obtained neglecting all the counterrotating terms (JC model).
We observe a spectrum with two large-splitting anticrossings,
which appear only in the solid curves plus a smaller avoided
crossing magnified in Fig. 5(c). The lowest-energy splitting
corresponds to a two-photon vacuum Rabi splitting. When
it reaches its minimum (at ωq ≈ 2ωr

1), the corresponding
hybridized states are analogous to those whose dynamics
has been described in Fig. 3. They can be approximately

FIG. 5. (Color online) (a) Sketch of the distribution of the first
three resonator modes m = 1,2,3 of a transmission-line λ/4 res-
onator. The resonance frequency of the first mode (blue solid curve)
is ωr

1 = 4 GHz. The qubit is positioned so that it does not interact
with the mode m = 2 (red dashed curve) with resonance frequency
ωr

2 = 3ωr
1. The mode m = 3 (green dot-dashed curve) has resonance

frequency ωr
3 = 5ωr

1, which is much larger than ωq, so only the
interaction of the qubit with the fundamental resonator mode must
be considered. The qubit parameters are ,/h = 4.25 GHz and
2Ip = 630 nA. (b) Frequency differences ωi,0 = ωi − ω0 for the
lowest-energy dressed states as a function of the qubit transition
frequency ωq (which can be tuned by changing the external flux bias
δ%x) for the JC model (red dashed curves) and the extended Rabi
Hamiltonian (blue solid curves) explicitly containing counterrotating
terms. We consider a normalized coupling rate g1/ω

r
1 = 0.25 between

the qubit and the resonator. The spectrum shows two large-splitting
anticrossings, which appear only in the continuous curves, plus
a smaller avoided crossing, which is magnified in (c). (c) Three-
photon vacuum Rabi splitting (blue solid curves) resulting from the
coupling between the states |e,0⟩ and |g,3⟩ due to the presence
of counterrotating terms in the system Hamiltonian. The energy
splitting reaches its minimum at ωq/2π ≈ 11.89 GHz ≈ 3(ωr

1/2π ).
The anticrossing is not present in the JC model (red dashed curves),
since it arises from the coherent coupling between states with a
different number of excitations.
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expressed as

1√
2

(|e,0⟩ ± |g,2⟩). (12)

The second avoided crossing at higher energy corresponds
to the second rung of the two-photon Rabi ladder and
the corresponding approximated hybridized states (at the
minimum splitting) are

1√
2

(|e,1⟩ ± |g,3⟩). (13)

The third smallest splitting, occurring at ωq ≈ 3ωr
1, corre-

sponds to a three-photon vacuum Rabi splitting. Here a single
qubit is resonantly coupled with a three-photon state, resulting,
at the minimum splitting, in the approximated eigenstates

1√
2

(|e,0⟩ ± |g,3⟩) . (14)

Figure 6 displays the system dynamics after the arrival of a
π -like pulse exciting the qubit described by the Hamiltonian
(11). Specifically, Fig. 6(a) shows the time evolution of
⟨X̂−X̂+⟩ and ⟨Ĉ−Ĉ+⟩. Calculations have been carried out in
the absence of pure dephasing (γφ = 0). Vacuum Rabi oscilla-
tions showing the reversible excitation exchange between the
qubit and the resonator are clearly visible. We observe that the
mean intracavity physical photon number at its first maximum
is very close to 3. This is an initial hint that when the qubit is in
the ground state the resonator mode is in a three-photon state.
The period of a complete population oscillation is 2π/0

(3ph)
eff ,

where 20
(3ph)
eff is the minimum splitting in Fig. 5(c).

Figure 6(b) displays the time evolution of the
zero-delay three-photon correlation function G(3)(t) =
⟨X̂−(t)X̂−(t)X̂−(t)X̂+(t)X̂+(t)X̂+(t)⟩ together with the intra-
cavity photon number ⟨X̂−X̂+⟩ for comparison. At early times
the peak values of G(3)(t) are approximately two times higher
than those of the mean photon number ⟨X̂−(t)X̂+(t)⟩. This
is a specific feature of three-photon Fock states and indicates
an almost-perfect three-photon correlation. We observe that
G(3)(t) at early times reaches a peak value slightly beyond 6.
This indicates that the system has a non-negligible probability
to emit more than three photons. This is confirmed by
the presence of a nonzero four-photon correlation function.
Analyzing the different transitions contributing to G(3)(t), we
can attribute this effect to additional low-frequency transition
|4⟩ → |3⟩. These transitions between Rabi-split states occur
when parity symmetry is broken [33] and in this case produce
a four-photon cascade |4⟩ → |3⟩ → |2⟩ → |1⟩ → |0⟩. This
small contribution cannot be observed if its low frequency
is outside the frequency-detection window. Analogously to
the two-photon case (see Fig. 4), pure dephasing does not
significantly affect the dynamics of multiphoton quantum Rabi
oscillations (plot not shown).

C. Generation of entangled Greenberger-Horne-Zeilinger states

Standard vacuum Rabi oscillations have been exploited for
the realization of atom-atom entanglement (see, e.g., Ref. [2]).
Here we show that the multiphoton Rabi oscillations can
be directly applied to the deterministic realization of more
complex entangled states. As an initial application we discuss

κ t

κ t

(a)

(b)

X̂−X̂+

Ĉ−Ĉ+

X̂−X̂+

G(3)

FIG. 6. (Color online) (a) Temporal evolution of the cavity mean
photon number ⟨X̂−X̂+⟩ (blue solid curve) and the qubit mean
excitation number ⟨Ĉ−Ĉ+⟩ (red dashed curve) after the arrival of
a π -like Gaussian pulse exciting the qubit (the black vertical line
on the far left shows the wave-packet center time). The amplitude
and the central frequency of the pulse are A/ωr

1 = 9.4 × 10−2 and
ω = (ω4,0 + ω3,0)/2, respectively. After the arrival of the pulse, the
system undergoes vacuum Rabi oscillations showing the reversible
excitation exchange between the qubit and the resonator. The fact that
the mean intracavity physical photon number at its first maximum
is very close to 3 is an initial signature that, when the qubit is
in its ground state, the resonator mode is in a three-photon state.
(b) Time evolution of the zero-delay three-photon function G(3)(t)
(dashed green curve) together with the intracavity photon number
⟨X̂−X̂+⟩ (solid blue curve). The first peak value of the three-photon
correlation function is approximately two times higher than that of the
mean photon number, a signature of an almost-perfect three-photon
correlation. The parameters for the resonator and qubit losses are the
same as in Fig. 3.

the deterministic realization of multiatom Greenberger-Horne-
Zeilinger (GHZ) states [49] by using only one resonator. The
GHZ states lead to striking violations of local realism and
are an important resource for quantum information processing
[50], quantum cryptography [51], and error correction proto-
cols [52]. Superconducting circuits have been used to study
GHZ states (see, e.g., Refs. [53,54]).

Consider a resonator coupled to qubit 1 in the USC
regime where two-photon vacuum Rabi oscillations can occur.
The resonator also interacts in the strong- (not ultrastrong-)
coupling regime with two additional qubits (2 and 3). Although
the coupling rates between the resonator and the qubits are
fixed, the qubit-resonator interaction can be switched on and
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off by adjusting the qubit frequencies [14]. The protocol is
simple and consists of three steps, one for each qubit. The
different qubits do not interact directly with each other. They
interact one at a time with the same resonator. We start by
exciting the ultrastrongly coupled qubit 1 with a π pulse. Then,
by changing the flux offset (at time t = 0), we drive it into res-
onance with the two-photon state of the resonator [Fig. 1(c)].
The system state at time t is |ψ⟩ = cos (0(2ph)

eff t)|e,g,g,0⟩ +
sin(0(2ph)

eff t)|g,g,g,2⟩. We let the qubit interact for a π/2 Rabi
rotation so that the resulting state is

1√
2

(|e,g,g,0⟩ + |g,g,g,2⟩). (15)

We then drive the qubit back out of resonance, stopping the
Rabi rotation. The new state of the system now consists of the
Einstein-Podolsky-Rosen pair constituted by qubit 1 and
the resonator described in Eq. (15). Detecting qubit 1 in a given
quantum state instantaneously collapses the cavity mode in
the correlated field state. For example, detecting this qubit in
the ground state |g⟩ amounts to preparing a two-photon Fock
state in the cavity. Qubits 2 and 3 are still in a factorized state.

The second step consists of driving qubit 2 into resonance
with the one-photon state of the first resonator mode for a
π rotation time so that the resulting state is (|e,g,g,0⟩ −
|g,e,g,1⟩)/

√
2. For the third step, we similarly drive the third

qubit into resonance with the first resonator mode for a π

rotation. The resulting state is (|e,g,g,0⟩ + |g,e,e,0⟩)/
√

2. At
this point, the photon state can be factored out, leaving us
with a three-qubit GHZ-like entangled state. We note that the
excitation of qubits 2 and 3 is conditioned on the presence of
photons in the resonator. The excitation swapping between the
resonator and qubits 2 and 3 carries away the cavity photons
and transfers the entanglement of qubit 1 with the resonator
to the other two qubits. A more conventional GHZ state can
be obtained by performing a final local operation on qubit 1,
e.g., by sending a further π pulse to the first qubit, so that
the resulting final state is (|g,g,g,0⟩ + |e,e,e,0⟩)/

√
2. This

procedure can be easily generalized to four or more qubits.
In general, if n-photon Rabi oscillations are achieved, then
(n + 1)-qubit GHZ states can be produced. We note that this
protocol does not need the initial synthesis of photonic or
atomic superposition states [55,56].

IV. CONCLUSION

We have investigated vacuum Rabi oscillations in the
USC regime. According to the Jaynes-Cummings model, the
qubit and the resonator can exchange a single excitation
quantum through a coherent Rabi oscillation process. Such
Rabi oscillations play a key role in the manipulation of atomic
and field states for quantum information processing [12].
Our theoretical predictions show clear evidence for physics
beyond the Jaynes-Cummings model and extend the concept of
quantum Rabi oscillations. We find that multiphoton reversible
exchanges between an individual qubit and a resonator can be
observed in the USC regime. Specifically, we have shown
that experimental state-of-the-art circuit-QED systems can
undergo two- and three-photon vacuum Rabi oscillations. Still
increasing the coupling rate, a higher number of photons can

be exchanged with the qubit during a single Rabi oscillation.
These anomalous Rabi oscillations can be exploited for the
realization of efficient Fock-state sources of light and for
the implementation of novel protocols for the control and
manipulation of atomic and field states.
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APPENDIX: ANALYTICAL DERIVATION OF THE
TWO-PHOTON-QUBIT EFFECTIVE HAMILTONIAN

In this Appendix we derive the analytical expression for the
effective Hamiltonian in Eq. (9), describing the two-photon
coupling between the states |e,0⟩ and |g,2⟩. We start from the
reduced Hamiltonian in Eq. (8) and then move to the rotating
frame with frequency ωq/2, obtaining the transformed reduced
Hamiltonian

Ĥ ′
r

!
=

⎛

⎜⎜⎜⎝

0 g1 sin θ g1 cos θ 0

g1 sin θ ωr
1 0

√
2g1 cos θ

g1 cos θ 0 ωr
1 − ωq −

√
2g1 sin θ

0
√

2g1 cos θ −
√

2g1 sin θ 2ωr
1 − ωq .

⎞

⎟⎟⎟⎠
.

(A1)

Now the order of columns and rows is |e,0⟩, |e,1⟩, |g,1⟩,
and |g,2⟩. After the transformation, an arbitrary state of the
system in this truncated Hilbert space can be denoted by
(c1,c2,c3,c4)T and the Schrödinger equation with Hamilto-
nian Ĥ ′

r gives

iċ1 = (g1 sin θ )c2 + (g1 cos θ )c3, (A2)

iċ2 = ωr
1c2 + (g1 sin θ )c1 + (

√
2g1 cos θ )c4, (A3)

iċ3 =
(
ωr

1 − ωq
)
c3 + (g1 cos θ )c1 − (

√
2g1 sin θ )c4, (A4)

iċ4 =
(
2ωr

1 − ωq
)
c4 + (

√
2g1 cos θ )c2 − (

√
2g1 sin θ )c3 .

(A5)

For g1/ω
r
1 ≪ 1, the adiabatic elimination in Eqs. (A3) and

(A4) can be applied [39] and the coefficients c2 and c3 can be
approximated as

c2 ≈ − g1

ωr
1

(sin θc1 +
√

2 cos θc4), (A6)

c3 ≈ − g1(
ωr

1 − ωq
) (cos θc1 −

√
2 sin θc4). (A7)
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The coupled equations for c1 and c4 are obtained by substitut-
ing these results in Eqs. (A2) and (A5):

iċ1 ≈
g2

1

(
ωq sin2(2θ ) − ωr

1

)

ωr
1

(
ωr

1 − ωq
) c1 +

√
2g2

1ωq sin(2θ )

2ωr
1

(
ωr

1 − ωq
) c4, (A8)

iċ4 ≈
−2g2

1

(
ωr

1 − ωq cos2 θ
)
+ ωr

1

[
2
(
ωr

1

)2 − 3ωr
1ωq + ω2

q

]

ωr
1

(
ωr

1 − ωq
) c4

+
√

2g2
1ωq sin(2θ )

2ωr
1

(
ωr

1 − ωq
) c1. (A9)

Considering the near-resonance case ωr
1 ≈ ωq/2, trans-

forming back to the laboratory frame and keeping only
the g2

1 dependence terms in the diagonal elements, the
effective Hamiltonian in Eq. (9) is obtained. According to the
effective Hamiltonian (9), the ratio of the minimum splitting
at the avoided crossing [see Fig. 1(c)] to the qubit frequency
ωq is given by

20
(2ph)
eff

ωq
= 4

√
2 sin(2θ )

(
g1

ωq

)2

. (A10)

• • •
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•
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•

•
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FIG. 7. (Color online) Comparison between the minimum en-
ergy splitting 20

(2ph)
eff /ωq obtained analytically (red solid curve) and

numerically (blue points) as a function of g1/ωq for θ = π/4.

A comparison between analytical and numerical results for the
minimum energy splitting 20

(2ph)
eff /ωq is shown in Fig. 7 as a

function of g1/ωq.
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Deterministic synthesis of mechanical NOON states in ultrastrong optomechanics
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We propose a protocol for the deterministic preparation of entangled NOON mechanical states. The system
is constituted by two identical, optically coupled optomechanical systems. The protocol consists of two steps.
In the first, one of the two optical resonators is excited by a resonant external π -like Gaussian optical pulse.
When the optical excitation coherently partly transfers to the second cavity, the second step starts. It consists
of sending simultaneously two additional π -like Gaussian optical pulses, one at each optical resonator, with
specific frequencies. In the optomechanical ultrastrong coupling regime, when the coupling strength becomes a
significant fraction of the mechanical frequency, we show that NOON mechanical states with quite high Fock
states can be deterministically obtained. The operating range of this protocol is carefully analyzed. Calculations
have been carried out taking into account the presence of decoherence, thermal noise, and imperfect cooling.

DOI: 10.1103/PhysRevA.94.013817

I. INTRODUCTION

Cavity optomechanics studies optical cavities and me-
chanical resonators interacting via radiation pressure and
mechanical back-action. The manipulation and detection of
mechanical motion in the quantum regime using radiation
pressure is promising for applications in quantum information
processing [1,2], where optomechanical devices could serve as
coherent light-matter interfaces which may allow for storage
of quantum information in long-lived phonon states [3].
Specifically, hybrid systems, consisting of electromagnetic
resonators and mechanical oscillators constitute a promising
platform for realizing quantum memory or quantum state
transfer among different nodes of a quantum network [4–7].

Mechanical oscillators in the quantum regime are also
systems with great potential in sensing and quantum metrology
[8–15]. Moreover, they could offer a route to new tests of
quantum theory at unprecedented size and mass scales. These
experiments could help the understanding of decoherence
processes in massive objects. These systems are promising
as a means to control and observe quantum superpositions of
macroscopic objects [16–18]. The optomechanical interaction
can also be exploited to create interesting quantum states
in both the optical and the mechanical subsystems and to
create entangled states between the two subsystems or between
different mechanical systems. One of the most straightforward
applications of quantum optomechanics, regarding the manip-
ulation of the photon quantum states, consists of squeezing
the noise of the light beam [19–21]. A review of the current
efforts toward demonstrating shot-noise effects and squeezing
in optomechanical experiments can be found in Ref. [22].
The realizations of cavity optomechanical systems with both
atomic clouds and photonic crystal cavities have allowed the
demonstration of mechanical-induced optical squeezing at the
quantum level [23,24].

The generation of nonclassical mechanical states requires
cooling of the system to its ground state. Experimentally,
ground-state cooling with conventional cryogenics can be
reached only for high-frequency mechanical oscillators.
The first demonstration of quantum control at the single-
phonon level was demonstrated with a ∼6-GHz piezoelectric

mechanical oscillator cooled below 50 mK [25]. For lower-
frequency mechanical oscillators, ground-state cooling can be
obtained by combining cryogenic precooling with dynamical
back-action laser cooling. Optical feedback cooling based on
the radiation pressure force was demonstrated in the vibra-
tional modes of a macroscopic end-mirror [26]. Radiation-
pressure cavity cooling, for suspended micromirrors [27] and
for microtoroids [28], has also been demonstrated. It has been
shown that, starting from the system ground state, it is possible,
in principle, to synthesize arbitrary mechanical quantum states
in a completely controlled and deterministic manner [29]. The
general strategy for creating such states was described by
Law and Eberly in the context of cavity QED [30]. Quantum
state engineering of the electromagnetic field of an optical
mode has been demonstrated in the context of cavity quantum
electrodynamics and in circuit quantum electrodynamics
[31–34]. The approach by Xu et al. [29] applies to optome-
chanical systems the protocols developed for the synthesis of
arbitrary motional states of a trapped ion [35–37], inspired by
the Law and Eberly protocol [30]. Recently, Garziano et al.
proposed a different cavity-optomechanics protocol working
in the ultrastrong-coupling (USC) regime, which in a single
step forces the ground state of a mechanical oscillator to evolve
into the target quantum state in a completely controlled and
deterministic manner, the only limitation being the strength of
the optomechanics interaction [38].

The classification of the different interaction regimes based
on the interaction strength is not universal. In analogy with
cavity QED, the USC regime can be referred to as the
regime where the coupling strength gM becomes comparable
to the transition frequency of the mechanical resonator ωM

[38]. This regime is also known as beyond Lamb-Dicke
[37,39]. The regime where the radiation pressure of a single
photon displaces the mechanical resonator by more than its
zero-point uncertainty, corresponding to gM � ωM , has been
designated as the single-photon strong-coupling regime [40].
Optomechanics experiments are rapidly approaching the USC
regime [11]. Achieving it in optomechanical systems will
facilitate the creation of quantum mechanical states of the
mechanical resonator, as well as the characterization of such
states by measuring the cavity photon field [40–42]. USC is
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attracting great interest also in cavity QED because it can give
rise to novel quantum effects [43–49].

In the single-photon strong-coupling regime, it has been
shown that, starting from a superposition of photon states
inside the cavity, it is possible to create a Schrödinger
cat-type state, where a microscopic degree of freedom (the
optical cavity mode) is entangled with a “macroscopic” degree
of freedom (the vibrating mirror) [31,50,51]. Experimental
schemes for obtaining entanglement between mechanical
motion and the optical cavity have also been analyzed for the
continuous-variable case [52,53]. Recently, it has been shown
that a suitable time-dependent modulation of the drive can
improve the efficiency of photon-phonon entanglement [54].

Several different protocols and techniques have been
proposed in order to create entanglement of spatially sep-
arated mechanical oscillators, exploiting radiation pressure
[55,56]. A heralded probabilistic scheme, working in the
optomechanical USC regime, to generate mechanical NOON
states [57,58] with arbitrary phonon numbers by measuring
the sideband photons has been proposed [59]. Using sideband
excitations, it has been shown that arbitrary entangled states
of vibrational modes of different membranes embedded inside
a cavity can be produced in principle by sequentially applying
a series of classical pulses with specific frequencies, phases,
and durations [39]. In the case of two mechanical resonators
coupled to the same driven cavity mode, a realistic protocol
for the heralded preparation and readout of mechanical Bell
states has been proposed [60,61]. A scheme to transfer
continuous variable entanglement from the squeezed light to
the mechanical motion of movable mirrors has been recently
proposed [62].

Here we propose a protocol for the deterministic prepa-
ration of entangled NOON states or even more general
mechanical states between two identical, optically coupled
optomechanical systems. Two key features of this scheme are
the following: (i) entanglement can be generated with a few
steps independently of the highest phonon number present in
the entangled state, and (ii) the protocol is deterministic. This
approach extends a recently proposed scheme for a single-step
arbitrary control of mechanical quantum states in a single
optomechanical system in the USC regime [38]. The system
here studied has already been proposed to generate quantum
entanglement between two mechanical resonators involving
zero- and one-phonon states [63], by considering a large
photon hopping regime. The protocol here presented is an
example of how the USC regime can favor the generation and
control of mechanical quantum entangled states.

II. MODEL

We start by considering two identical, optically coupled
optomechanical systems (see Fig. 1). We mainly focus on the
USC regime, although we also present results obtained for
lower coupling rates.

The total Hamiltonian of the system is (� = 1)

ĤS =
2∑

i=1

Ĥ
(i)
0 + ĤI , (1)

ωN ωN

ω0

â1 â2

âreadout
2âreadout

1

b̂1 b̂2

FIG. 1. Schematic setup of two identical optically coupled op-
tomechanical systems. Each mechanical oscillator, with frequency
ωM , is parametrically coupled with a single-mode optical resonator
and/or cavity, which can be driven by external π -like Gaussian optical
pulses with specific central frequencies. One cavity mirror can be
added to the end of both the optomechanical systems for optical
readout.

where

Ĥ
(i)
0 = ωRâ

†
i âi + ωMb̂

†
i b̂i + gMâ

†
i âi(b̂i + b̂

†
i ) (2)

describes the two uncoupled optomechanical systems and

ĤI = gR(â†
1â2 + â1â

†
2) (3)

describes their optical coupling, where gR is the coupling
rate between the two optical resonators. In Eq. (2), ωR

is the resonance frequency of the optical resonator, ωM

is the mechanical resonance frequency, and gM = ω′
RxZPF

is the optomechanical coupling. Here xZPF = (2MωM )−1/2,
representing the zero-point uncertainty, where M is the mass
of the mechanical oscillator and ω′

M is the derivative of the
resonator energy with respect to the mechanical oscillator
position. The operators âi and b̂i are, respectively, the standard
Bosonic annihilation operators for the ith cavity mode and the
mechanical oscillator. In Eq. (3), the counter-rotating terms
proportional to â

†
1â

†
2 and â1â2 have been dropped, owing

to the smallness of the coupling strength between the two
optical resonators, with respect to their resonance frequency,
considered in this work.

The two optomechanical systems interact only via optical
coupling. When gR = 0, i.e., there is no interaction between
the two cavities, each Hamiltonian in Eq. (2) conserves its
photon number ([â†

i âi ,Ĥ
(i)
0 ] = 0), and it can be diagonalized

separately. In each n-photonic Fock subspace, the Hamiltonian
describes a harmonic oscillator with frequency ωM which
is displaced by −nx0, where x0 = 2xZPF g2

M/ωM is the
displacement caused by a single photon. The eigenvalues of

the Hamiltonian in Eq. (2) are E(i)
nm = nωR − n2g2

M

ωM
+ mωM ,

and the corresponding eigenstates can be expressed as

|n,m〉i = |n〉ienβ0(b̂†
i −b̂i )|m〉i , (4)

where β0 = gM/ωM and |m〉i = (1/
√

m!)(b†
i )m|0〉i . The |1,0〉i

state represents the mechanical ground state of the n = 1
manifold displaced harmonic oscillator. It corresponds to a
mechanical coherent state that can be expanded in terms of the
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bare mechanical states |m〉i with the well-known expression

|1,0〉i = |1〉i
∞∑

m=0

dm|m〉i , (5)

with

dm = (−β0)m√
m!

e− 1
2 β2

0 . (6)

If gR = 0, the eigenstates of the Hamiltonian in Eq. (1) can be
written as

|n1,m1,n2,m2〉 = |n1,m1〉1 ⊗ |n2,m2〉2, (7)

where the integers ni and mi represent, respectively, the
number of photons and vibrational excitation in the ith
optomechanical system.

III. THE PROTOCOL

We first describe the two-step protocol for the deterministic
preparation of mechanical entangled NOON states:

|ψ̄〉 = α|0,N,0,0〉 + βeiϕ |0,0,0,N〉, α,β ∈ R+. (8)

We consider that the two optical cavities are interacting
(gR 	= 0), and the system is initially prepared in its ground
state |0,0,0,0〉 (no photons in the cavities and the mechanical
oscillators are in their ground state). We neglect the coupling
of the system with its environment, in this initial presentation,
in order to focus on the key points of the protocol. The
influence of pulse width and transition matrix elements on the
achievement of the target quantum state is discussed below
under the subsection “Operating limits.”

The first step consists of the excitation of one of the
two optical resonators (e.g., resonator 1) by an external
π -like Gaussian optical pulse resonant with the transition
|0,0,0,0〉 ↔ |1,m,0,0〉 (pulse 1). Since the system is totally
symmetrical, results do not change if we apply pulse 1 to
either cavity 1 or cavity 2. In the following we consider the
case where pulse 1 is sent to cavity 1. In the regimes here
investigated, where the optomechanical coupling induces the
photon blockade, the resulting state is |1,m,0,0〉. For gR 	= 0
this state is not an eigenstate of the Hamiltonian in Eq. (1). As
a consequence, the system will undergo Rabi-like oscillations
and the time evolution of the state of the system will be given
by

|ψ(t)〉 = cos(gRt)|1,m,0,0〉 − i sin(gRt)|0,0,1,m〉. (9)

This energy exchange between the two resonators can be
interrupted by sending simultaneously two additional optical
π pulses, (pulses 2 and 3, one exciting each cavity) resonant
with the transition |1,m〉i → |0,N〉i (step 2). If we want to
create a NOON state with specific probability amplitudes
β = sin(gRt∗), α = cos(gRt∗), these two additional optical
pulses must be sent at t∗ = g−1

R arctan (β/α). A key point
is that the ket |0,0〉i will remain unchanged after the arrival
of such pulses, because the central frequency of the pulse is
very far from the transition frequency of |0,0〉i → |1,0〉i as
schematically shown in Fig. 2. This will produce the desired
entangled mechanical state. If the two optical pulses have the

ω

ω

|0, 0

|0, 1

|0, 2

|0, 3

|0, 4

|0, j

|1, j

|1, 0

FIG. 2. Scheme of the lowest energy levels for a single op-
tomechanical system. If the system is in the state |1,0〉, a resonant
optical π pulse, described by the blue arrow, induces the transition
|1,0〉 → |0,2〉. If the system is in the state |0,0〉, no transitions can
be induced by the same pulse.

same phase, the following state is obtained,

|ψ̄〉 = α |0,N,0,0〉 − iβ |0,0,0,N〉, (10)

which, dropping the factorized photonic kets, can be also
written as

|ψ̄〉mech = α |N,0〉mech − iβ |0,N〉mech. (11)

The highest mechanical number state N that can be obtained
in this NOON state strongly depends on the normalized
mechanical coupling strength β0.

We now proceed to a more detailed description of the
protocol. The total system Hamiltonian in the presence of the
input optical pulses (dissipation and decoherence effects are
described later by the master equation approach) reads

Ĥ = ĤS + Ĥ
(0)
d (t) +

2∑

i=1

Ĥ
(i)
d (t), (12)

where

Ĥ
(0)
d (t) = E0(t) cos(ω0t)X̂1 (13)

describes the external driving pulse 1 (first step),
with E0(t) = √

κ A0 G	(t − t0). Here, A0 is the pulse
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FIG. 3. Transition matrix elements 〈0,N |X̂|1,m〉 between the intermediate state |1,m〉 and the mechanical state |0,N〉 as a function of the
vibrational quantum number N for different values of the optomechanical coupling rates gM/ωM = 0.1 (blue solid circles), gM/ωM = 0.5
(green solid squares), and gM/ωM = 1 (red solid triangles), when the ancilla state has phonon numbers (a) m = 0, (b) m = 1, (c) m = 2, and
(d) m = 3.

amplitude, κ is the cavity damping rate, and G	(t − t0) =
exp [−(t − t0)2/(2	2)]/(	

√
2π ) is a normalized Gaussian

function describing the pulse shape. Moreover, X̂1 = â
†
1 + â1

and ω0 = E1m − E00 is the energy gap between the ancilla
state |1,m,0,0〉 and the ground state |0,0,0,0〉. We now move
to the frame that diagonalizes the system Hamiltonian ĤS

by expressing the driving Hamiltonian in the dressed basis
of the system energy eigenstates, and we can focus our
attention on the case in which the driving fields are resonant
with the transitions |1,m,0,0〉 ↔ |0,0,0,0〉. In the interaction
picture (with respect to ĤS) and neglecting the nonresonant
time-oscillating terms, Ĥ

(0)
d reduces to the following effective

driving Hamiltonian:

Ĥ
(0)
eff = Em(t)|0,0,0,0〉〈1,m,0,0| + H.c., (14)

where the effective amplitude Em(t) of the driving field is given
by

Em(t) = E0(t)

2
〈0,0,0,0|X̂1|1,m,0,0〉. (15)

The necessary and sufficient condition to ensure that the
ancilla state is completely populated by external drive
pulse is

∫ ∞
−∞ |Em(t)|dt = π . This condition is fulfilled

if A0
√

κ|〈0,0,0,0|X̂(1)|1,m,0,0〉| = π . As described above,
since the two cavities are optically coupled, after the arrival
of the first pulse at cavity 1, the excitation spontaneously
transfers towards the second cavity, and the resulting state
is the superposition in Eq. (9).

The last term in Eq. (12) describes the equal (except for a
possible phase factor) external driving pulses that are sent to
both the cavities in the second step. The driving Hamiltonian

Ĥ
(i)
d corresponding to excitation of the ith cavity can be

expressed as

Ĥ
(i)
d =

k∑

j=1

Ej (t) cos
(
ωj t + η

(i)
j

)
X̂i . (16)

In order to depopulate the intermediate ancilla state |1,m〉i
towards the |0,m′〉i states, two optical π -like pulses at both
cavities have to be sent, at the same instant of time t∗.
Then, the target NOON state |ψ̄〉, in Eq. (8), can be obtained
by sending, at each cavity, one quasimonochromatic optical
pulse with central frequency ωN = E1m − E0N . Following the
above-described procedure, Ĥ

(1)
d can be approximated by the

effective driving Hamiltonian:

Ĥ
(1)
eff = Em,N (t)eiη

(1)
N |0,N,0,0〉〈1,m,0,0| + H.c., (17)

where the effective amplitudes Em,N (t) of the driving fields are
given by

Em,N (t) = E1(t)

2
〈0,N,0,0|X̂1|1,m,0,0〉, (18)

with E1(t) = √
κA1G	(t − t1). In this case, the complete trans-

fer of the excitation from the ancilla states to the mechanical
states |0,N,0,0〉 or |0,0,0,N〉 is obtained if the condition
A1

√
κ|〈0,N,0,0|X̂1|1,m,0,0〉| = π is fulfilled. Once such a

transfer is completed, the desired NOON state in Eq. (8) is
obtained, provided that the two pulses display the following
phase difference:

η
(2)
N − η

(1)
N = ϕ + π/2. (19)
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FIG. 4. Time evolution of the occupation probabilities P
(1)
|1,0〉(t), P

(2)
|1,0〉(t), P

(1)
|0,3〉(t), and P

(2)
|0,3〉(t), under the influence of three external π -like

Gaussian pulses (gray solid curves). The first pulse, of central frequency ω0, excites cavity 1. The other two, of central frequency ω3, have the
same arrival time and are sent one to each cavity. The amplitude, phase, and central frequencies of the pulses are chosen in order to generate the
target NOON state |ψ̄〉mech = (|3,0〉mech − i|0,3〉mech)/

√
2. The time evolution of the fidelity F is also shown. Calculations are displayed for four

different coupling mechanical rates: (a) gM/ωM = 1.0 (FMAX = 0.98), (b) gM/ωM = 0.7 (FMAX = 0.95), (c) gM/ωM = 0.5 (FMAX = 0.87), and
(d) gM/ωM = 0.4 (FMAX = 0.77). For both optomechanical systems the other parameters are ωR/ωM = 500, κ/ωM = 5 × 10−5, γm/κ = 0.1,
and gR/ωM = 8 × 10−3.

We observe that this protocol can be extended to the
implementation of general entangled states. Actually, it is
possible to obtain entangled mechanical superpositions of the
given

|�̄〉 = α|〉1 ⊗ |0,0〉2 + βeiϕ |0,0〉1 ⊗ |〉2, (20)

which we refer to as the OO states, where |〉i =∑N
m=0 c(i)

m |0,m〉i are arbitrary superpositions of one mechani-
cal oscillator. In this case the first step needs no modifications,
while the driving Hamltonian in Eq. (16) (second step) in-
cludes additional optical pulses (k > 1). The effective driving
Hamiltonian, describing the j th pulse is

Ĥ
(1)
eff(j)

= E (j )
m,m′ (t)eiη

(j )
m,m′ |0,m′,0,0〉〈1,m,0,0| + H.c., (21)

where the effective amplitudes E (j )
m,m′ (t) of the driving fields

are given by

E (j )
m,m′ (t) = Ej (t)

2
〈0,m′,0,0|X̂1|1,m,0,0〉. (22)

The complete excitation transfer from the ancilla state to
the final mechanical superpositions requires the following
condition: Aj

√
κ|〈0,m′,0,0|X̂1|1,m,0,0〉| = |c(1)

m′ |π .
In order to correctly describe the quantum dynamics

of the system, dissipation induced by its coupling to the
environment needs to be considered. We adopt the master
equation approach. In the USC regime the description offered
by the standard quantum optical master equation breaks down.
Following Ref. [64], we exploit a master equation in the
dressed state basis, which works for arbitrary optomechanical
coupling strengths,

ρ̇(t) = i[ρ(t),Ĥ ] +
2∑

j=1

γ j
m(nth + 1)D[Ĉj ]ρ(t)

+
2∑

j=1

γ j
mnthD[Ĉ†

j ]ρ(t) +
2∑

j=1

κjD[âj ]ρ(t)

+
2∑

j=1

φj
γ D[N̂j ]ρ(t), (23)
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FIG. 5. Examples of time evolution of occupation probabilities and fidelities F for different entangled target states. (a) |ψ̄〉mech =
(|3,0〉mech − i|0,3〉mech)/

√
2. The dynamics is calculated exploiting the ancilla state |1,1〉 and for gM/ωM = 0.5. The achieved maximal fidelity is

FMAX = 0.963. (b) Target state: |ψ̄〉mech = (2 |3,0〉mech − i|0,3〉mech)/
√

5. Here the dynamics is calculated exploiting the ancilla state |1,0〉 and for
gM/ωM = 1, with FMAX = 0.993. (c) Target state: |ψ̄〉mech = (|6,0〉mech − i|0,6〉mech)/

√
2. We calculate the dynamics by starting from the ancilla

state |1,2〉 and for gM/ωM = 1, with FMAX = 0.933. (d) The target state is the ̄OŌ state, |̄〉mech = (|〉mech|0〉mech − i|0〉mech|〉mech)/
√

2,
where |〉mech = (|1〉mech + |3〉mech)/

√
2. The dynamics is calculated exploiting the ancilla state |1,0〉 and for gM/ωM = 1 and FMAX = 0.993 is

obtained. For both the optomechanical systems and for all four panels the other parameters are ωR/ωM = 500, κ/ωM = 5 × 10−5, γm/κ = 0.1,
and gR/ωM = 8 × 10−3.

where D[Ô]ρ̂ = 1
2 (2Ôρ̂Ô† − ρ̂Ô†Ô − Ô†Ôρ̂) describes

dissipation effects arising from the resonator and the me-
chanical reservoirs, and Ĉj = b̂j − (gM/ωM )N̂j and N̂j =
â

†
j aj are the displacement operator and the photon number

operator, respectively. The optical cavity modes are affected by
temperature-dependent pure dephasing effects, induced by the
optomechanical coupling [64]. Such pure dephasing is taken
into account by the last term of Eq. (23), where the coefficients
φ

j
γ = 4KBT γ

j
mgM/ω2

M represent the decoherence rates.
Once the target state has been synthesized, there remains

the problem of detecting it experimentally, or at least of
quantifying its entanglement. The nonclassical nature of this
mechanical state can be demonstrated by applying a readout
laser on the lower sideband to map the phononic state to a
photonic mode and performing an autocorrelation measure-
ment [60,65]. The mechanical excitation is thus coherently
mapped onto the external optical cavity âreadout

i . Alternatively,
a full quantum tomography of the mechanical state might be
carried out. The quantum state can be univocally characterized
by employing Wigner tomography. Following the scheme

developed by Leibfried et al. [66], the reconstruction of the
density matrix and the Wigner function of the mechanical
quantum state can be obtained. Once the target state is synthe-
sized, the reconstruction mapping can be realized by applying
to this state coherent displacements provided by a classical
driving field of frequency ω0 with different amplitudes and
phases and then measuring the number-state populations. In
analogy with Wigner tomography for trapped ions, a proposal
for reconstruction of optomechanical quantum states has been
recently presented by Vanner et al. [67].

Operating limits

We briefly discuss the requirements that the system param-
eters and external driving amplitudes have to fulfill for the
correct working of this protocol. We observe that Eqs. (13)
and (16), beyond the desired resonant contributions shown in
Eqs. (14) and (17) respectively, contain also nonresonant (time-
oscillating) terms which may induce undesired transitions. In
order to face this problem, we can reduce it to a two-state
system in the presence of an external pulse. This problem
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FIG. 6. Time evolution of occupation probabilities P
(1)
|1,0〉(t), P

(2)
|1,0〉(t), P

(1)
|0,3〉(t), and P

(2)
|0,3〉(t), and of the fidelity F during the generation of

the target NOON state |ψ̄〉mech = (|3,0〉mech − i|0,3〉mech)/
√

2. Here the effects of thermal noise and pure dephasing have been included. In
each panel the initial state corresponds to a thermal mechanical state at equilibrium with the mechanical reservoir. Panel (a) has been obtained
considering a zero-temperature mechanical reservoir (〈b̂†b̂〉 = 0). Panels (b) and (c) have been obtained considering reservoirs with increasing
values of thermal noise. The increase of noise determines the lowering of the fidelity. For both the optomechanical systems the other parameters
are ωR/ωM = 500, κ/ωM = 5 × 10−5, γm/κ = 0.1, gM/ωM = 1, and gR/ωM = 8 × 10−3.

can be easily solved when the central frequency of the pulse
is equal to the transition frequency as in Eqs. (14) and (17).
However, the general solution for an arbitrary exciting field
is much more complicated [68]. It is simpler if the system is
subjected to a rectangular exciting pulse. Assuming this pulse
shape in Eqs. (13) and (16) [Ej (t) = E], according to the Rabi
problem [68], the probability of undesired adjacent transitions
is small if E/ωM < 1. Since we are actually considering
a Gaussian pulse, we replace the constant amplitude E
with its peak value, thus obtaining:

√
kAXN±1/(

√
2πωM	)

< 1 where XN±1 = 〈0,N ± 1,0,0|X̂1|1,m,0,0〉. Since we are
using a π pulse for the desired transition between the ancilla
states |1,m〉i and the zero-photon mechanical states |0,N〉i ,
the amplitude A is determined by

√
κA = π/XN . We thus

obtain ωM 	 > (XN±1/XN ). Of course the pulse duration has
to be much smaller than the damping rates. Hence the protocol
works if the following condition is fulfilled:

QM � ωM 	 >
XN±1

XN

, (24)

where QM = ωM/γ is the mechanical quality factor, and we
assume γ > κ . Equation (24) shows that the protocol may fail

for ratios XN±1/XN � 1. In general, a normalized coupling β0

not much smaller than 1 ensure ratios not much larger than 1.
We complete this section analyzing how the coupling

β0 influences the matrix elements. The matrix elements in
Eqs. (15) and (18) can be easily derived using Eqs. (4)–(6):

〈0,N,0,0|X̂1|1,m,0,0〉

=
m∑

k=0

√
m! N !

k!(m − k)!(N − m − k)!
βk

0 dN−m−k. (25)

Figure 3 shows the transition matrix elements
〈0,N,0,0|X̂1|1,m,0,0〉 as a function of the vibrational quan-
tum number N for different values of the optomechanical
coupling rates gM/ωM and considering the cases in which the
ancilla state has, respectively, phonon number m = 0, 1, 2, and
3 . We note that in order to create NOON states with increasing
N , higher values of gM/ωM are required, because if the
coupling rate is not strong enough, i.e., the system is not in the
optomechanical USC regime, only the first mechanical states
can be coupled. In order to synthesize the target state, the pro-
tocol requires that both the transitions |0,0,0,0〉 ↔ |1,m,0,0〉
and |1,m,0,0〉 ↔ |0,N,0,0〉 are possible; namely, Eqs. (15)
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and (18), 〈0,0,0,0|X̂1|1,m,0,0〉 and 〈0,N,0,0|X̂1|1,m,0,0〉,
have to be significantly different from zero. Figures 3(a)–3(d)
clearly show that, if the coupling rate gM/ωM is too low (blue
circles), this last condition is not fulfilled. In fact, for every
fixed value of the ancilla state phonon number m the only
relevant transition matrix elements 〈0,N,0,0|X̂1|1,m,0,0〉 are
those with m = N . Specifically, when m = 0 and for low
values of the optomechanical coupling rate only the first
mechanical states can be coupled. On the other hand, when
m > 0 the result is that 〈0,0,0,0|X̂1|1,m,0,0〉 always displays
a very small value and this implies that the ancilla state cannot
be efficiently populated.

IV. NUMERICAL RESULTS

In this article, unless otherwise stated, we consider
the following system parameters for the two identi-
cal optomechanical systems:ωR/ωM = 500, gM/ωM = 1,
κ/ωM = 5 × 10−5, γm/κ = 0.1, and gR/ωM = 8 × 10−3.
We use P

(1)
|n,m〉(t) = 〈n,m,0,0|ρ(t)|n,m,0,0〉 and P

(2)
|n,m〉(t) =

〈0,0,n,m|ρ(t)|0,0,n,m〉 to indicate, respectively, the time
evolution of the occupation probabilities for the states of
system 1 and system 2.

In Figs. 4 and 5, we present numerical calculations
carried out considering the system at T = 0 K, i.e., in the
absence of thermal noise. Figure 4 displays the time evolution
of occupation probabilities P

(1)
|1,0〉(t), P

(1)
|0,3〉(t), P

(2)
|1,0〉(t), and

P
(2)
|0,3〉(t) under the influence of three external π pulses of

central frequency ω0 and ω3 chosen in order to generate the
target NOON state |ψ̄〉mech = 1√

2
(|3,0〉mech − i|0,3〉mech) for

optomechanical coupling rates gM/ωM = 1.0 (a), gM/ωM =
0.7 (b), gM/ωM = 0.5 (c), and gM/ωM = 0.4 (d). Following
the protocol described in Sec. III, in order to synthesize the me-
chanical NOON state |ψ̄〉mech = 1√

2
(|3,0〉mech − i|0,3〉mech), a

π pulse (first gray solid curve) of central frequency ω0 was sent
to system 1 in order to completely populate the ancilla state
|1,0〉1: P

(1)
|1,0〉(t) � 1. Then, at the instant of time t∗ = π/4gR

we sent two additional π pulses of central frequency ω3 (sec-
ond gray solid curve) to both systems in order to depopulate the
superposition |ψ(t)〉 state in Eq. (9), towards pure mechanical
states |0,3〉1 and |0,3〉2, so that P

(1)
|0,3〉(t) = P

(2)
|0,3〉(t) = 0.5. In

order to quantify the correspondence between the achieved and
the target states, we exploit the fidelity. We observe that when
gM/ωM decreases, the transition matrix elements between the
intermediate ancilla state and the mechanical states decrease
contributing to a decrease of the occupation probabilities. The
fidelities F =

√
〈ψ̄ |ρ|ψ̄〉 between the desired target states |ψ̄〉

and the density matrices ρ of the synthesized states are, from
Figs. 4(a) to 4(d), F = 0.98, 0.95, 0.87, and 0.77. This shows
that, choosing the state |1,0〉1 as the ancilla state, the protocol
is less efficient for low values of the mechanical coupling
rate gM/ωM .

In Fig. 5(a) we show the dynamics describing the
synthesis of the same mechanical NOON state |ψ̄〉mech =

1√
2
(|3,0〉mech − i|0,3〉mech) as in Fig. 4(c), choosing as the

ancilla state the state |1,1〉1 rather than |1,0〉1. Numerical
results show that, for the same value of the optomechanical

coupling rate (gM/ωM = 0.5), the choice of a higher-energy
ancilla state leads to an improvement in the synthesis of the
target state, as confirmed by the higher value of the fidelity
[F = 0.963 compared with F = 0.87 in Fig. 4(c)]. Figure 5(b)
shows the dynamics leading to the synthesis of the target
quantum NOON state |ψ̄〉mech = 2√

5
|3,0〉mech − i√

5
|0,3〉mech.

In this case the second Gaussian pulse must be sent at the
instant of time t∗ = g−1

R arctan (1/2). Figure 5(c) shows how
it is possible to apply the here present protocol to realize
mechanical NOON states with a higher mechanical Fock-state
number N. Specifically, it displays the realization of the NOON
state |ψ̄〉mech = 1√

2
(|6,0〉mech − i|0,6〉mech) by choosing the

state |1,2〉1 as the ancilla state. From Fig. 3(d), it would
seem more convenient to use the ancilla state |1,3〉1, being
〈0,6,0,0|X̂1|1,3,0,0〉 > 〈0,6,0,0|X̂1|1,2,0,0〉. However, nu-
merical calculations show that a choice of the ancilla state
|1,3〉1 implies a longer time training which could lower
the probabilities of synthesizing the state in the presence
of thermal noise. Finally, in Fig. 5(d) we realize the tar-
get quantum state |̄〉mech = 1√

2
[ 1√

2
(|1,0〉mech + |3,0〉mech) −

i 1√
2
(|0,1〉mech + |0,3〉mech)], showing how the here proposed

protocol can be effectively used to synthesize, with high

FIG. 7. The effects of thermal noise on the calculation of the
fidelities when we apply the protocol for the synthesis of the
target quantum NOON state |ψ̄〉mech = (|3,0〉mech − i|0,3〉mech)/

√
2.

(a) Trend of the fidelity as a function of nth when the system is
initially prepared in a thermal state with the mean occupation number
〈b̂†b̂〉 = 0.05, in the presence and in the absence of pure dephasing
φγ . The fidelity decreases faster when the effects of dephasing
are taken into account. (b) Trend of fidelities as a function of nth

when the system is initially prepared in different thermal states with
increasing mean occupation number 〈b̂†b̂〉 and in the presence of pure
dephasing φγ . For both optomechanical systems the other parameters
are ωR/ωM = 500, κ/ωM = 5 × 10−5, γm/κ = 0.1, gM/ωM = 1, and
gR/ωM = 8 × 10−3.
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fidelity, more general entangled mechanical superposition
OO states.

In real optomechanical systems, ground-state cooling is
never complete and the interaction with a finite-temperature
reservoir also has to be taken into account. In order to describe
the influence of the dissipation and decoherence processes,
we solve numerically the dressed master equation, Eq. (23).
Figure 6 shows the effects of thermal noise on the synthesis
of the state |ψ̄〉mech = 1√

2
(|3,0〉mech − i|0,3〉mech), when the

system is initially prepared in a thermal state with mean
occupation numbers 〈b̂†b̂〉 = 0 (a), 0.05 (b), 0.1 (c), and 0.2
(d). Here we consider the case where the mechanical system
is in thermal equilibrium with the reservoir. The effects of the
pure dephasing φγ induced by the optomechanical coupling,
described in the last term of Eq. (23), are also considered.
It can be observed that the effects of thermal noise can be
relevant as confirmed by the lower values of the fidelities
obtained as the temperature increases. In Fig. 7 we consider
the effects of thermal noise on the calculation of the fidelities
when we apply the protocol for the synthesis of the target
quantum NOON state |ψ̄〉mech = 1√

2
(|3,0〉mech − i|0,3〉mech).

Specifically, Fig. 7(a) shows the trend of the fidelity as
a function of the mechanical reservoir noise nth when the
system is initially prepared in a thermal state with a small
mean occupation number 〈b̂†b̂〉 = 0.05. Calculations have
been performed both in the presence and in the absence of pure
dephasing φγ . It can be observed that, for increasing value of
temperature, the fidelity decreases faster when the effects of
dephasing are taken into account [see Eq. (23)]. Finally, in
Fig. 7(b) we show the trend of fidelities as a function of the
mean occupation number nth of the mechanical reservoir when
the system is initially prepared in different thermal states with
increasing mean occupation number 〈b̂†b̂〉 = 0, 0.05, 0.1, and
0.2 and in presence of pure dephasing φγ .

V. CONCLUSION

We presented a strategy for the preparation of the maximally
entangled mechanical NOON states in optomechanical sys-
tems in a completely controlled and deterministic manner. In

the optomechanical USC regime, when the coupling strength
becomes a significant fraction of the mechanical frequency,
we have shown that NOON mechanical states with quite
high Fock states can be deterministically obtained within a
few-step protocol. The framework presented here provides an
example of how the USC regime can favor the generation
of entangled mechanical quantum states. Such states can
be viewed as a benchmark for multimode state preparation
and coherent control capabilities. Moreover they play an
important role in quantum metrology and sensing [69,70]. The
generation of mechanical NOON states offers a route towards
fundamental tests of quantum mechanics, such as the effects
of decoherence on many-particle entanglement [71,72] and
the quantum-classical crossover in a parameter regime beyond
microscopic sizes and masses [73].

One key feature of the protocol presented here is that it
consists of a few operations independently of the specific Fock
state in the target NOON states. In the ideal case the system
starts in its ground state. The protocol starts sending a π pulse
to one optical resonator with central frequency equal to the
frequency difference between an ancilla state |1,j 〉 and the
ground state. Then, the system is subject to a spontaneous
Rabi-like oscillation able to partly transfer the excitation to
the second optomechanical system. The final step consists of
sending simultaneously two additional π -like Gaussian optical
pulses, one at each optical resonator, with a central frequency
corresponding to the frequency difference between the ancilla
state and the final desired mechanical Fock state.

The operating range of this protocol has been carefully
analyzed. We tested the efficiency and robustness of this
protocol by applying it to different situations, calculating
fidelities in the presence of decoherence and thermal noise,
and including the effects of dephasing and imperfect cooling.
This approach can also be exploited for obtaining more general
entangled states. For example, we have shown that, within
a two-step operation, OO states can be synthesized.
These many-body entangled states realize the situation where
one of the two resonators is in an arbitrary superposition
of Fock states, with the other in its ground state and
vice versa.
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We consider two separate atoms interacting with a single-mode optical or microwave resonator. When
the frequency of the resonator field is twice the atomic transition frequency, we show that there exists a
resonant coupling between one photon and two atoms, via intermediate virtual states connected by
counterrotating processes. If the resonator is prepared in its one-photon state, the photon can be jointly
absorbed by the two atoms in their ground state which will both reach their excited state with a probability
close to one. Like ordinary quantum Rabi oscillations, this process is coherent and reversible, so that
two atoms in their excited state will undergo a downward transition jointly emitting a single cavity photon.
This joint absorption and emission process can also occur with three atoms. The parameters used to
investigate this process correspond to experimentally demonstrated values in circuit quantum electrody-
namics systems.

DOI: 10.1103/PhysRevLett.117.043601

Multiphoton excitation and emission processes were
predicted in 1931 by Göppert-Mayer in her doctoral
dissertation on the theory of two-photon quantum transi-
tions [1]. Two-photon absorption consists in the simulta-
neous absorption of two photons of identical or different
frequencies by an atom or a molecule. Two-photon exci-
tation is now a powerful spectroscopic and diagnostic
tool [2,3]. One may wonder if the reverse phenomenon,
i.e., joint multiatom emission of one photon or multiatom
excitation with a single photon, is ever possible. We show
that these processes not only can be enabled by the strong
correlation between the states of the atoms and those of the
field occurring in cavity quantum electrodynamics (QED)
[4], but they can even take place with probability approach-
ing one.
Cavity QED investigates the interaction of confined

electromagnetic field modes with natural or artificial atoms
under conditions where the quantum nature of light affects
the system dynamics [5,6]. A high degree of manipulation
and control of quantum systems can be reached in the
strong-coupling regime, where the atom-field coupling rate
is dominant with respect to the loss and decoherence rates.
This paves the way for many interesting physical applica-
tions [6–9]. Cavity QED is also very promising for the
realization of quantum gates [10–12] and quantum net-
works for quantum computational tasks [13–15]. Many of
the proposed concepts, pioneered with flying atoms, have
been adapted and further developed using superconducting
artificial atoms in the electromagnetic field of microwave
resonators, giving rise to the rapidly growing field of circuit
QED, which is very promising for future quantum tech-
nologies [8,9,12,16–19]. In these systems, coupling rates

between an individual qubit and a single electromagnetic
mode of the order of 10% of the unperturbed frequency of
the bare subsystems have been experimentally reached
[20–23]. Such a coupling rate is significantly higher than
that obtained using natural atoms. Such an ultrastrong
coupling (USC) opens the door to the study of the physics
of virtual processes which do not conserve the number of
excitations governed by the counterrotating terms in the
interaction Hamiltonian [24–33]. Recently, it has been
shown that these excitation-number-nonconserving proc-
esses enable higher-order atom-field resonant transitions,
making possible coherent and reversible multiphoton
exchanges between the qubit and the resonator [34–36].
Here we examine a quantum system constituted by two

two-level atoms coupled to a single-mode resonator in the
regime where the field-atom detuningΔ ¼ ωc − ωq is large
as compared to their coupling rate λ (ωc and ωq are the
resonance frequency of the cavity mode and the qubit
transition frequency). We investigate the situation where
the two qubits are initially in their ground state and one
photon is present in the resonator, corresponding to the
initial state jg; g; 1i. We find that, if ωc ≈ 2ωq, a single
cavity photon is able to excite simultaneously two inde-
pendent atoms. During this process no parametric down-
conversion, splitting the initial photon into observable pairs
of photons at frequency ωc=2, occurs. The cavity photon is
directly and jointly absorbed by the two atoms. As shown
in Fig. 1, the initial state jg; g; 1i goes to virtual inter-
mediate states that do not conserve the energy, but comes
back to the real final state je; e; 0i that does conserve
energy (the additional virtual transitions contributing to the
process are shown in Fig. S1 of the Supplemental Material
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[37]). If ωc ≈ 3ωq, the simultaneous excitation of three
atoms, jg; g; g; 1i → je; e; e; 0i, is also possible (see Fig. S3
of the Supplemental Material [37]). If the coupling is
sufficiently strong, even a higher number of atoms can be
excited with a single photon. Owing to optical selection
rules, the two-atom process requires parity-symmetry
breaking of the atomic potentials, which can be easily
achieved in superconducting artificial atoms [34,38,39].
On the contrary, the three-atom process does not need
broken symmetry.
The Hamiltonian describing the system consisting of a

single cavity mode interacting with two or more identical
qubits with possible symmetry-broken potentials is given
by [20,31]

Ĥ0 ¼ Ĥq þ Ĥc þ λX̂
X

i

ðcos θσ̂ðiÞx þ sin θσ̂ðiÞz Þ; ð1Þ

where Ĥq ¼ ðωq=2Þ
P

iσ̂
ðiÞ
z and Ĥc ¼ ωcâ†â describe the

qubit and cavity Hamiltonians in the absence of interaction,

X̂ ¼ âþ â†, σ̂ðiÞx and σ̂ðiÞz are Pauli operators for the ith
qubit, and λ is the coupling rate of each qubit to the cavity
mode. For θ ¼ 0, parity is conserved. For flux qubits,
this angle, as well as the transition frequency ωq, can be
continuously tuned by changing the external flux bias
[20,38]. For the sake of simplicity, Eq. (1) describes
identical qubits, but this is not an essential point.
In contrast to the Jaynes-Cummings model, the
Hamiltonian in Eq. (1) explicitly contains counterrotating

terms of the form σ̂ðiÞþ â†, σ̂ðiÞ− â, σ̂ðiÞz â†, and σ̂ðiÞz â. The first
(second) term creates (destroys) two excitations while
the third (fourth) term creates (destroys) one excitation.
The presence of counterrotating terms in the interaction
Hamiltonian enables four different paths which, starting
from the initial state jg; g; 1i, reach the final state je; e; 0i
(see Supplemental Material [37]). Each path includes three
virtual transitions involving out-of-resonance intermediate
states. Figure 1 displays only the process that gives the
main contribution to the effective coupling between the
bare states jg; g; 1i and je; e; 0i. Higher-order processes,
depending on the atom-field interaction strength, can also

contribute. By applying standard third-order perturbation
theory, we obtain the following effective coupling rate:
Ωeff=ωq ≡ ð8=3Þðλ=ωqÞ3 sin θ cos2 θ. The analytical deri-
vation of the effective coupling rate as a function of λ=ωq is
presented in Sec. I of Supplemental Material [37]. Already
at a coupling rate λ=ωq ¼ 0.1, an effective (two qubits)-
(one photon) coupling rateΩeff=ωq ∼ 10−3 can be obtained,
corresponding, e.g., to an effective Rabi splitting
2Ωeff ≃ 12 MHz, for a flux qubit with transition frequency
ωq ¼ 6 GHz. We observe that Ωeff strongly depends on the
mixing angle θ, and it is maximum for θ ¼ arccos

ffiffiffiffiffiffiffiffi
2=3

p
.

We diagonalize numerically the Hamiltonian in
Eq. (1) for the case of two qubits and indicate the resulting
energy eigenvalues and eigenstates as ℏωi and jii, with
i ¼ 0; 1;…, choosing the labeling of the states such that
ωk > ωj for k > j. We use a normalized coupling rate
λ=ωq ¼ 0.1 and an angle θ ¼ π=6. Figure 2(a) shows the
frequency differences ωi;0 ¼ ωi − ω0 for the lowest energy
states as a function of the resonator frequency. Starting
from the lowest excited states of the spectrum, a large
splitting anticrossing around ωc=ωq ¼ 1 can be observed
[see arrows in Fig. 2(a)]. It corresponds to the standard

FIG. 1. Sketch of the process giving the main contribution
to the effective coupling between the bare states jg; g; 1i and
je; e; 0i, via intermediate virtual transitions. Here, the excitation-
number-nonconserving processes are represented by arrowed
dashed line. The transition matrix elements are also shown.

FIG. 2. (a) Frequency differences ωi;0 ¼ ωi − ω0 for the lowest
energy eigenstates of Hamiltonian Eq. (1) as a function of ωc=ωq.
Here, we consider a normalized coupling rate λ=ωq ¼ 0.1 between
the resonator and each of the qubits. We used θ ¼ π=6. The black
arrows indicate the ordinary vacuum splitting arising from
the coupling between the states jg; g; 1i and ð1= ffiffiffi

2
p Þðjg; e; 0iþ

je; g; 0iÞ. (b) Enlarged view of the spectral region delimited by a
square in (a). This shows an avoided-level crossing, demonstrating
the coupling between the states jg; g; 1i and je; e; 0i due to the
presence of counterrotating terms in the system Hamiltonian.
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vacuum Rabi splitting, which appears also when neglecting
the counterrotating terms. The straight line at E=ωq ¼ 1
corresponds to the dark antisymmetric state ðjg; e; 0i−
je; g; 0iÞ= ffiffiffi

2
p

. Even larger splitting anticrossings around
ωc=ωq ¼ 1 can be observed at higher E values. These
correspond to the second and third rung of the Jaynes-
Cummings ladder. We are interested in the region around
ωc=ωq ¼ 2, where the levels three and four display an
apparent crossing at E=ωq ≈ 2. Actually, what appears as a
crossing on this scale turns out to be a splitting anticrossing
on an enlarged view as in Fig. 2(b). Observing that just
outside this avoided-crossing region one level remains flat
as a function of ωc with energy ω ≈ 2ωq, while the other
grows as ωc, this splitting clearly originates from the
hybridization of the states je; e; 0i and jg; g; 1i. The
resulting states are well approximated by the states
ðje; e; 0i � jg; g; 1iÞ= ffiffiffi

2
p

. This splitting is not present in
the rotating-wave approximation (RWA), where the coher-
ent coupling between states with a different number of
excitations is not allowed, nor does it occur in the absence
of symmetry breaking (θ ¼ 0). The normalized splitting
has a value 2Ωeff=ωq ¼ 1.97 × 10−3, which is in good
agreement with 2 × 10−3, obtained within perturbation
theory. This observed hybridization opens the way to the
observation of weird effects such as the simultaneous
excitations of two qubits with only one cavity photon.
Such a coupling between the states je; e; 0i and jg; g; 1i can
be analytically described by the effective interaction
Hamiltonian Heff ¼ −Ωeffðje; e; 0ihg; g; 1j þ H:c:Þ.
A key theoretical issue of the USC regime is the

distinction between bare (unobservable) excitations and
physical particles that can be detected [28,40]. For exam-
ple, when the counterrotating terms are taken into account,
the mean photon number in the system ground state
becomes different from zero: h0jâ†âj0i ≠ 0. However,
these photons are actually virtual [40] because they do
not correspond to real particles that can be detected in a
photon-counting experiment. The same problem holds for
the excited states. According to these analyses, the presence
of an n-photon contribution in a specific eigenstate of the
system does not imply that the system can emit n photons
when prepared in this state.
In order to fully understand and characterize this

anomalous avoided crossing not present in the RWA, a
more quantitative analysis is required. In the following, we
therefore calculate the output signals and correlations
which can be measured in a photodetection experiment.
We fix the cavity frequency at the value where the splitting
between level 3 and 4 is minimum. Instead of starting from
the ideal initial state ðj3i − j4iÞ= ffiffiffi

2
p

≈ jg; g; 1i, more real-
istically, we consider the system initially in its ground state
j0i ≈ jg; g; 0i and study the direct excitation of the cavity
by an electromagnetic Gaussian pulse with central fre-
quency ωd ¼ ðω4;0 þ ω3;0Þ=2. In this strongly dispersive
regime, the resonator displays very low anharmonicity, so

that for a strong system excitation such as that induced by a
π pulse, higher-energy states of the resonator (as the state
j8i≃ jg; g; 2i) can be resonantly populated. This problem
can be avoided by feeding the system with a single-photon
input or by probing the system in the weak-excitation
regime. However, in order to achieve a deterministic
transition jg; g; 1i → je; e; 0i, a useful route involves intro-
ducing a Kerr nonlinearity into the resonator, able to
activate a photon blockade. In circuit QED this can
be realized by introducing some additional Josephson
junction, or coupling the resonator with weakly detuned
artificial atoms [41]. This additional nonlinearity can be
described by the Hamiltonian term ĤK ¼ μâ†2â2. The
driving Hamiltonian, describing the system excitation by
a coherent electromagnetic pulse, is ĤdðtÞ¼EðtÞcosðωtÞX̂,
where EðtÞ ¼ A exp ½−ðt − t0Þ2=ð2τ2Þ�=ðτ

ffiffiffiffiffiffi
2π

p Þ. Here, A
and τ are the amplitude and the standard deviation of
the Gaussian pulse, respectively. A includes the factor

ffiffiffi
κ

p
,

where κ is the loss rate through the cavity port. The
system is thus under the influence of the total
Hamiltonian Ĥ ¼ Ĥ0 þ ĤK þ ĤdðtÞ.
The output photon flux emitted by a resonator can be

expressed as Φout¼ κhX̂−X̂þi, where X̂þ¼P
j;k>jXjkjjihkj

and X̂− ¼ ðX̂þÞ†, with Xjk≡hjjðâ†þâÞjki, are the positive
and negative frequency cavity-photon operators [30,36].
Neglecting the counterrotating terms, or in the limit of
negligible coupling rates, they coincide with â and â†,
respectively. The signal directly emitted from the qubit is
proportional to the qubit mean excitation number hĈ−Ĉþi,
where Ĉ� are the qubit positive and negative frequency ope-
rators, defined as Ĉþ¼P

j;k>jCjkjjihkj and Ĉ−¼ðĈþÞ†,
withCjk ≡ hjjðσ̂− þ σ̂þÞjki [30,36].Neglecting the counter-
rotating terms, or in the limit of negligible coupling rates,
they coincide with σ̂− and σ̂þ, respectively. In circuit QED
systems, this emission can be detected by coupling the qubit
to an additional microwave antenna [8].
Thanks to the photon-blockade effect, induced by the

Kerr interaction ĤK , it is possible to resonantly excite the
split states j3i and j4i with a π pulse, so that after the pulse
arrival the population is completely transferred from the
ground state to only these two energy levels. We use a pulse
width τ ¼ 1=ð4ω43Þ. Figure 3(a) displays the numerically
calculated dynamics of the photon number hX̂−X̂þi, of the
mean excitation number hĈ−

1 Ĉ
þ
1 i for qubit 1 (which, of

course, coincides with that of qubit 2), and of the two-qubit

correlation Gð2Þ
q ≡ hĈ−

1 Ĉ
−
2 Ĉ

þ
2 Ĉ

þ
1 i. Vacuum Rabi oscilla-

tions showing the reversible excitation exchange between
the qubits and the resonator are clearly visible. We observe
that, after a half Rabi period, Ωefft ¼ π=2, the excitation is
fully transferred to the two qubits which reach an excitation
probability approaching one. Hence, not only the multia-
tom absorption of a single photon is possible, but it
can essentially be deterministic. We observe that the
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single-qubit excitation hĈ−
i Ĉ

þ
i i and Gð2Þ

q almost coincide at
any time. This almost-perfect two-qubit correlation is a
clear signature of the joint excitation: if one qubit gets
excited, the probability that the other one is also excited is
very close to one. In summary, an electromagnetic pulse is
able, thanks to the photon-blockade effect, to generate a
single cavity photon, which then gets jointly absorbed by a
couple of qubits. The resonant coupling can be stopped at
this time, e.g., by changing the resonance frequency of the
qubits. If not, the reverse process starts, where two qubits
jointly emit a single photon: je; e; 0i → jg; g; 1i. We
observe that hX̂−X̂þi is not exactly zero at the photon
minima. This occurs because the two-qubit excited state,
owing to the same processes inducing its coupling with the
one-photon state, acquires a dipole transition matrix
element, so that this state is able to emit photons. We find
that this effects increases when increasing the atom-field
coupling strength λ (see Fig. S6 of Supplemental Material

[37]). In order to exclude that this joint qubit excitation
does not occur via more conventional paths, involving the
creation of photon pairs and/or a one-qubit–one-photon
excitation, we have also calculated the photonic second-

order correlation function Gð2Þ
c ≡ hðX̂−Þ2ðX̂þÞ2i and the

qubit-cavity correlation Gð2Þ
qc ≡ hĈ−

i X̂
−X̂þĈþ

i i. We find
that their value is more than 2 orders of magnitude lower

than that of the two-qubit correlation Gð2Þ
q . Calculations

have been performed considering two-level atoms [see
Eq. (1)]. Although flux qubits (generally employed to
realize the USC regime with individual atoms) display very
high anharmomicity (see, e.g., Ref. [19]), it is interesting to
investigate if significant competing effects, lowering the
correlation, can arise from the presence of additional
atomic transitions. This analysis is carried out in Sec. IV
of Supplemental Material [37].
Figure 3(a) has been obtained without including loss

effects. The influence of cavity field damping and atomic
decay on the process can be studied by the master equation
approach. We consider the system interacting with zero-
temperature baths. By using the Born-Markov approxima-
tion without the post-trace RWA [35], the resulting master
equation for the reduced density matrix of the system is

_̂ρ ¼ i½ρ̂ðtÞ; Ĥ� þ κD½X̂þ�ρ̂þ γ
X

i

D½Ĉþ
i �ρ̂; ð2Þ

where the superoperator D is defined as D½Ô�ρ̂ ¼
1
2
ð2Ô ρ̂ Ô† − ρ̂Ô†Ô − Ô†Ô ρ̂Þ. We use κ¼γ¼3×10−5ωq.

Figure 3(b) shows how the cavity losses and the atomic
decay affect the system dynamics. As expected, the vacuum
Rabi oscillations undergo damping and, as expected, the
two-qubit correlation is more fragile to losses. Finally, we
have also considered the case of nonidentical qubits. We
find that also in this case, for qubit transition frequencies

such that ωq1 þ ωq2 ≃ ωc, it results hĈ−
1 Ĉ

þ
1 i ¼ hĈ−

2 Ĉ
þ
2 i≃

Gð2Þ
q (see Fig. S9 in Supplemental Material [37]). This

result further confirms the simultaneous and joint nature
of this multiatom process.
The processes described here can be observed by placing

two superconducting artificial atoms at opposite ends of a
superconducting transmission line resonator [42]. These
multiatom excitation and emission processes can find
useful applications for the development of novel quantum
technologies. Conditional quantum-state transfer is a first
possible application: the quantum information stored in one
of the two qubits can be transferred to the resonator
conditioned by the state of the second qubit. We also
observe that the quantum Rabi oscillations displayed in
Fig. 3 imply that a hybrid entangled Greenberger-Horne-
Zeilinger (GHZ) state, ðjg; g; 1i þ je; e; 0iÞ= ffiffiffi

2
p

, can be
obtained by an elementary quantum Rabi process after a
time t ¼ π=ð4ΩeffÞ. This state can be stored by just
changing the transition frequency of one of the two qubits.
Besides possible applications, the puzzling results

(a)

(b)

FIG. 3. (a) Time evolution of the cavity mean photon number
hX̂−X̂þi (dotted blue curve), qubit 1 mean excitation number
hĈ−

1 Ĉ
þ
1 i (continuous black curve), and the zero-delay two-qubit

correlation function Gð2Þ
q ¼ hĈ−

1 Ĉ
−
2 Ĉ

þ
2 Ĉ

þ
1 i (dashed red curve)

after the arrival of a π-like Gaussian pulse initially exciting the
resonator. After the arrival of the pulse, the system undergoes
vacuum Rabi oscillations showing the reversible joint absorption
and reemission of one photon by two qubits. hĈ−

1 Ĉ
þ
1 i and

Gð2Þ
q ðtÞ are almost coincident. This perfect two-qubit correlation

is a signature that the two qubits are jointly excited. (b) Time
evolution of the cavity mean photon number (dotted blue curve),
the qubit mean excitation number, and the two-qubit correlation
as in (a), but including the effect of cavity damping and atomic
decay. The corresponding rates are κ ¼ γ ¼ 4 × 10−5ωq.
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presented here, showing that one photon can divide its
energy into two spatially separated atoms, and that vacuum
fluctuations [43] can induce separate atoms to behave as a
single quantum entity (as testified by the one-photon
transition matrix element acquired by the transition
jg; gi → je; ei), provide new insights into the quantum
aspects of the interaction between light and matter.
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Supplemental Material for

Simultaneous Excitation of Two Atoms

with a Single Photon

I. DERIVATION OF THE EFFECTIVE HAMILTONIAN

According to standard time-dependent perturbation theory, for a constant perturbation

switched-on at t = 0, the resulting transition rate can be expressed as

Wi→f =
2π

h̄
|V eff

fi |2 δ(Ef − Ei) , (1)

where i and f label the initial and final states with corresponding energies Ei and Ef , and

V eff
fi describes the effective coupling strength connecting the initial and final states. In the

framework of first-order perturbation theory, this effective coupling strength coincides with

the matrix element of the generic perturbing interaction V̂ : V eff
fi = Vfi = 〈f |V̂ |i〉. If i

and f are coupled only via third-order perturbation theory, the resulting effective coupling

strength is

V eff
fi =

∑

m,n

VfnVnmVmi

(Ei − Em)(Ei − En)
. (2)

In the case when the states |n〉 and |m〉 are virtual intermediate states that do not conserve

energy, the only effect of the perturbation is to couple, via these virtual intermediate states,

the initial and final states. The same coupling can be described by the effective Hamiltonian

Heff = V eff
fi |f〉〈i|+ H.c. , (3)

with V eff
fi provided by Eq. (2).

We observe that, applying first-order perturbation theory by using this effective Hamil-

tonian, we obtain the same result of standard third-order perturbation theory with the real

perturbation V̂ . Hence, Eq. (2) describes the effective coupling strength between the energy-

degenerate states |g, g, 1〉 and |e, e, 0〉. We consider the case ωc ≈ 2ωq and a perturbation of

the form:

V̂ = λX̂
∑

i

(cos θ σ̂(i)
x + sin θ σ̂(i)

z ) . (4)

1



FIG. S1. (Color online) Coupling between the bare states |g, g, 1〉 and |e, e, 0〉 via intermediate

virtual transitions. Here, the excitation-number nonconserving processes are represented by the

arrowed red dashed lines. The transition matrix elements are also shown (in blue).

2



After carefully inspecting all the possible intermediate states, we find that only the four

paths shown in Fig. S1 can connect the states |g, g, 1〉 and |e, e, 0〉. Applying Eq. (2), we

obtain,

Ωeff ≡ −V eff
fi =

8

3
sin θ cos2 θ

(
λ

ωq

)3

. (5)

Figure S2 displays the comparison of the magnitudes of the effective Rabi splitting 2Ωeff/ωq

between the states |g, g, 1〉 and |e, e, 0〉 obtained analytically [Eq. (5)] via third-order per-

turbation theory and by the numerical diagonalization of the Hamiltonian in Eq. (1) (in the

main text), as a function of the normalized interaction strength λ/ωq. The agreement is

very good, also for coupling strengths λ beyond 10% of the qubit transition frequency ωq.

This result confirms the (λ/ωq)3 proportionality of the effective (one-photon)-(two-atoms)

coupling predicted by the above analysis.

FIG. S2. (Color online) Comparison between the numerically-calculated normalized Rabi splitting

(points) (corresponding to twice the effective coupling between one cavity photon and two indepen-

dent atoms) and the corresponding calculation using third-order perturbation theory (continuous

red curve).

II. A SINGLE PHOTON CAN SIMULTANEOUSLY EXCITE THREE QUBITS

If the resonance frequency of the optical/microwave resonator is ωc ≈ 3ωq, the simul-

taneous excitation of three atoms: |g, g, g, 1〉 → |e, e, e, 0〉 is also possible. In contrast to

3



the two-atom process, the three-atom process does not need broken symmetry. This point

can be understood considering one of the possible paths (involving three virtual transitions)

which can determine the resonant coupling |g, g, g, 1〉 ↔ |e, e, e, 0〉. In this case we consider

the following perturbing potential,

V̂ = λ

3∑

i=1

(âσ
(i)
+ + â†σ(i)

− + âσ
(i)
− + â†σ(i)

+ ) , (6)

corresponding to the case θ = 0, where parity symmetry is not broken. According to

third order perturbation theory, one of the possible paths is: |g, g, g, 1〉 → |(e, g, g)s, 2〉 →
|(e, e, g)s, 1〉 → |e, e, e, 0〉, where we indicated with ()s the symmetric states of three qubits

with one or two of them in the excited state. The first virtual transition |g, g, g, 1〉 →
|(e, g, g)s, 2〉 is induced by the counter rotating terms â†σ(i)

+ in Eq. (6), while the last two

transitions are induced by the JC interaction terms âσ
(i)
+ .

Figure S3a displays the lowest energy states (specifically, we report the frequency differ-

ences ωi,0 = ωi − ω0) as a function of the resonator frequency resulting from the numerical

diagonalization of the total Hamiltonian including the resonator energy, the three qubits en-

ergy and the interaction energy in Eq. (6). We used λ/ωq = 0.3 and θ = 0. At ωc ' 2.86ωc

an apparent crossing can be observed. Actually, what appears as a crossing on this scale,

it turns out to be a splitting anticrossing on an enlarged view as in Fig. S3b. The resulting

states are well approximated by the states (|e, e, e, 0〉 ± |g, g, g, 1〉)/
√

2. This splitting is

not present in the rotating-wave approximation (RWA), where the coherent coupling be-

tween states with a different number of excitations is not allowed. Figure S4 displays

the numerically-calculated dynamics of the photon number 〈X̂−X̂+〉, of the mean excitation

number 〈Ĉ−1 Ĉ+
1 〉 for one of the qubits (which, of course, coincides with that of the other two),

and of the three-qubit correlation G
(3)
q = 〈Ĉ−1 Ĉ−2 Ĉ−3 Ĉ+

3 Ĉ
+
2 Ĉ

+
1 〉. Vacuum Rabi oscillations

showing the reversible excitation exchange between the three qubits and the resonator are

clearly visible. We also observe a strong three-qubit correlation, since 〈Ĉ−1 Ĉ+
1 〉 and G

(3)
q (t)

are almost coincident. This is a clear signature that the three qubits are jointly excited.

Moreover, we observe that 〈X̂−X̂+〉 is not zero at the photon minima. This occurs because,

owing to the same processes inducing its coupling with the one-photon state, the three-qubit

excited state —eee0¿ acquires a non-negligible dipole transition matrix element, so that it

is able to emit photons after decaying into the lower energy states (see Fig S3a).
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FIG. S3. (Color online) (a) Energy levels as a function of ωc/ωq for the system of three qubits

interacting with a resonator. Here we consider a normalized coupling rate λ/ωq = 0.1 between the

resonator and each of the qubits. We used θ = 0 and λ/ωq = 0.3. (b) Enlarged view of the spectral

region delimited by a square in panel (a). This shows an avoided-level crossing, demonstrating the

coupling between the states |g, g, g, 1〉 and |e, e, e, 0〉 due to the presence of counter-rotating terms

in the system Hamiltonian.

III. ADDITIONAL ATOMIC TRANSITIONS

We discuss here the case of two identical atoms coupled to a single resonator-mode beyond

the two-level system description. We consider the case where each of them has an additional

higher energy state |f〉. We also assume that the transition |g〉 ↔ |f〉, with frequency ωfg

is optically active. By using the results of the Supplementary Sect. I, the effective system

Hamiltonian can be written as,

Ĥeff = ωc|g, g, 1〉〈g, g, 1|+ 2ωeg|e, e, 0〉〈e, e, 0|+ ωfg|(f, g)s, 0〉〈(f, g)s, 0|

+ Ωeff(|g, g, 1〉〈e, e, 0|+ H.c.) + λ′(|g, g, 1〉〈(f, g)s, 0| , (7)
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FIG. S4. (Color online) Time evolution of the cavity mean photon number 〈X̂−X̂+〉 (dotted blue

curve), qubit 1 mean excitation number 〈Ĉ−1 Ĉ+
1 〉 (continuous black curve), and the zero-delay

three-qubit correlation function G
(3)
q = 〈Ĉ−1 Ĉ−2 Ĉ−3 Ĉ+

3 Ĉ
+
2 Ĉ

+
1 〉 (dashed red curve) after the arrival

of a π-like Gaussian pulse initially exciting the resonator. After the arrival of the pulse, the system

undergoes vacuum Rabi oscillations showing the reversible joint absorption and re-emission of one

photon by three qubits. 〈Ĉ−1 Ĉ+
1 〉 and G

(3)
q (t) are almost coincident.

where |(f, g)s, 0〉 = (|f, g, 0〉+ |g, f, 0〉)/
√

2, describes a symmetric superposition where only

one of the two atoms is in the excited state |f〉, and λ′ is the coupling rate between the

cavity photon and the transition |g〉 ↔ |f〉.
We consider the case ωc = 2ωeg. Starting from the atoms in the ground state and a single

photon in the resonator: |ψ(0)〉 = |g, g, 1〉, the system will evolve towards the following

superposition,

|ψ(t)〉 = a(t)|g, g, 1〉+ b(t)|e, e, 0〉+ c(t)|(f, g)s, 0〉 , (8)

where the excitation of largely detuned states, as |(f, e)s, 0〉 and |f, f〉, has been neglected.

We study the system dynamics for different detunings ∆ = ωfg − ωc = ωfe − ωeg. The

normalized detuning ∆/ωeg also provides a measure of the atomic anharmonicity. In addition

to the simultaneous excitation of two atoms (described by the ket |e, e, 0〉), the excitation of

6



only one of them, described by the ket |(f, g)s, 0〉 in Eq. (8) is also possible. The probability

that atom 1 is in an excited state can be derived from the mean value of the operator

P̂ exc
1 = |e〉〈e|+ |f〉〈f |, where the bras and the kes here referes to states of the atom 1. The

probability that both atoms are in an excited state can be expressed as the mean value of

the operator P̂ exc
12 = |e, e〉〈e, e|.

0 2
0

0.5

1

eff

P12
e x c

P1
e x c

X X

0
2

0

0.5

1

eff

P12
exc t

P1
exc

t

X X

0
2

0

0.5

1

eff

P12
exc t

P1
exc

t

X X(a)

(b)

(c)

FIG. S5. (Color online) Time evolution of the mean intracavity photon number 〈X̂−X̂+〉, of the

probability that atom 1 is in one of the two excited states P exc
1 (t), and the probability that both

atoms are excited P exc
12 (t), calculatd for different normalized detunings (from the upper to the lower

panels, ∆/ωeg = 1, 0.5, 0.2).

Starting from the initial state |g, g, 1〉, Fig. S5 describes the time evolution of the mean
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intracavity photon number 〈X̂−X̂+〉, of the probability that atom 1 (equal to that of atom

2, being the two atoms identical) is in one of the two excited states P exc
1 (t), and the proba-

bility that both atoms are excited P exc
12 (t). Calculations have been carried out for different

normalized detunings (from the upper to the lower panels, ∆/ωeg = 1, 0.5, 0.2). We also

used Ωeff = 5 × 10−3ωeg, λ
′ = 0.1. Damping has not been included. Figure S5 shows that,

when the detuning ∆ is large as compared to the coupling strength λ′, the influence of the

additional transition is negligible. When ∆ approaches λ′, fast oscillations, due to the partial

occupation of state |f〉 appears and a lowering of the two-atom correlation can be observed.

IV. NONIDENTICAL QUBITS

We have also considered the case of nonidentical qubits. The system Hamiltonian is,

Ĥ0 = Ĥq + Ĥc + X̂

2∑

i=1

λ(cos θ σ̂(i)
x + sin θ σ̂(i)

z ) , (9)

where Ĥq =
∑2

i=1 ωqi/2σ̂
(i)
z . It is useful to define ω0 = (ωq1 + ωq2)/2.

Figure S6a displays the lowest energy states (we report the frequency differences ωi,0 =

ωi−ω0) as a function of the resonator frequency resulting from the numerical diagonalization

of the total Hamiltonian in Eq. (9). We used ωq1 = 1.2ω0, ωq2 = 0.8ω0, λ1/ω0 = 0.12ω0,

λ2/ω0 = 0.8 and θ = π/6. At ωc ' 1.974ωc an apparent crossing can be observed. Actually,

what appears as a crossing on this scale, it turns out to be a splitting anticrossing on an

enlarged view as in Fig. S6b.

Figure S7 displays the numerically-calculated dynamics of the photon number 〈X̂−X̂+〉,
of the mean excitation number 〈Ĉ−i Ĉ+

i 〉 for qubit1 1 and 2, and of the two-qubit correlation

G
(2)
q ≡ 〈Ĉ−1 Ĉ−2 Ĉ+

2 Ĉ
+
1 〉. Vacuum Rabi oscillations showing the reversible excitation exchange

between the qubits and the resonator are clearly visible. We find that also for nonidentical

qubits, it results 〈Ĉ−1 Ĉ+
1 〉 ' 〈Ĉ−2 Ĉ+

2 〉 ' G
(2)
q . This result further confirms the simultaneous

and joint nature of this multiatom process.

V. HIGHER LIGHT-MATTER COUPLING STRENGTH

Here we present results for a qubit-cavity coupling strength higher than that consider in

the main paper. Specifically, we consider a normlized coupling strength λ = 0.2ωq. The
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FIG. S6. (Color online) Energy levels as a function of ωc/ω0 for two non identical qubits qubits

interacting with a resonator. (a) Frequency differences ωi,0 = ωi − ω0 for the lowest energy eigen-

states of Hamiltonian (9) as a function of ωc/ω0. (b) Enlarged view of the spectral region delimited

by a square in panel (a). This shows an avoided-level crossing, demonstrating the coupling between

the states |g, g, 1〉 and |e, e, 0〉 in the case of noidentical qubits.

other parameters are the same used for the calculation presented in Fig. 2 of the paper.

Figure S8 displays the energy levels and a splittting, significantly larger than that shown

Fig. 2b in the paper, can be observed in Fig. S8b.

Figure S9 displays the numerically-calculated dynamics of the photon number 〈X̂−X̂+〉,
of the mean excitation number 〈Ĉ−1 Ĉ+

1 〉 for qubit 1 (which, of course, coincides with that of

qubit 2), and of the two-qubit correlation G
(2)
q ≡ 〈Ĉ−1 Ĉ−2 Ĉ+

2 Ĉ
+
1 〉. Vacuum Rabi oscillations

showing the reversible excitation exchange between the qubits and the resonator are clearly

visible. The main effect of increasing the coupling strength, besides the obvious decrease of

the effectiv Rabi period, is the increasing of the minimum value of 〈X̂−X̂+〉 when 〈Ĉ−1 Ĉ+
1 〉 is

maximum. This nonzero minimum occurs because the two-qubit excited state, owing to the
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FIG. S7. (Color online) Time evolution of the cavity mean photon number 〈X̂−X̂+〉 (dotted blue

curve), qubit 1 mean excitation number 〈Ĉ−1 Ĉ+
1 〉 (continuous black curve), and the zero-delay

three-qubit correlation function G
(3)
q = 〈Ĉ−1 Ĉ−2 Ĉ−3 Ĉ+

3 Ĉ
+
2 Ĉ

+
1 〉 (dashed red curve) after the arrival

of a π-like Gaussian pulse initially exciting the resonator. After the arrival of the pulse, the system

undergoes vacuum Rabi oscillations showing the reversible joint absorption and re-emission of one

photon by three qubits. 〈Ĉ−1 Ĉ+
1 〉 and G

(3)
q (t) are almost coincident.

same processes inducing its coupling with the one-photon state, acquires a dipole transition

matrix element, so that this state is able to emit photons decaying to the lower energy states.

The increase of its value in the present case is due to the increase of this transition matrix

when the coupling strength λ increases.
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FIG. S8. (Color online) Higher light-matter coupling strength. (a) Frequency differences ωi,0 =

ωi − ω0 for the lowest energy eigenstates of Hamiltonian (9) as a function of ωc/ωq, obtained for

an higher coupling strength λ/ωq = 0.2. (b) Enlarged view of the spectral region delimited by a

square in panel (a). This shows an avoided-level crossing, demonstrating the coupling between the

states |g, g, 1〉 and |e, e, 0〉 in the case of noidentical qubits.
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1 〉 (continuous

black curve), and the zero-delay two-qubit correlation function G
(2)
q = 〈Ĉ−1 Ĉ−2 Ĉ+

2 Ĉ
+
1 〉 (dashed red

curve) after the arrival of a π-like Gaussian pulse initially exciting the resonator. After the arrival

of the pulse, the system undergoes vacuum Rabi oscillations showing the reversible joint absorption

and re-emission of one photon by three qubits.
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Frequency conversion in ultrastrong 
cavity QED
Anton Frisk Kockum  1, Vincenzo Macrì1,2, Luigi Garziano1,2,3, Salvatore Savasta  1,2 & 
Franco Nori  1,4

We propose a new method for frequency conversion of photons which is both versatile and deterministic. 
We show that a system with two resonators ultrastrongly coupled to a single qubit can be used to 
realise both single- and multiphoton frequency-conversion processes. The conversion can be exquisitely 
controlled by tuning the qubit frequency to bring the desired frequency-conversion transitions on or off 
resonance. Considering recent experimental advances in ultrastrong coupling for circuit QED and other 
systems, we believe that our scheme can be implemented using available technology.

Frequency conversion in quantum systems1, 2, is important for many quantum technologies. The optimal work-
ing points of devices for transmission, detection, storage, and processing of quantum states are spread across a 
wide spectrum of frequencies3, 4. Interfacing the best of these devices is necessary to create quantum networks5 
and other powerful combinations of quantum hardware. Examples of frequency-conversion setups developed 
for such purposes include upconversion for photon detection6 and storage7, since both these things are easier to 
achieve at a higher frequency than what is optimal for telecommunications. Downconversion in this frequency 
range has also been demonstrated8–10, and recently even strong coupling between a telecom and a visible optical 
mode11. Additionally, advances in quantum information processing with superconducting circuits at microwave 
frequencies12, 13, is driving progress on frequency conversion between optical and microwave frequencies14–17. 
We note that several types of quantum systems, suited for different tasks in quantum information processing, can 
operate at microwave frequencies4. To connect these systems, frequency conversion within this frequency range is 
important. Furthermore, frequency conversion can be used to create entangled states, which have applications in 
virtually all areas of quantum information processing, including quantum computing, quantum key distribution, 
and quantum teleportation18.

Circuit quantum electrodynamics (QED)12, 19–22, offers a wealth of possibilities for frequency conversion at 
microwave frequencies; some of these schemes can also be generalised to optical frequencies. By modulating the 
magnetic flux through a superconducting quantum interference device (SQUID) in a transmission-line resonator, 
the frequency of the photons in the resonator can be changed rapidly23–25, or two modes of the resonator can be 
coupled26, 27. Other driven Josephson-junction-based devices can also be used for microwave frequency conver-
sion28, 29. Downconversion has been proposed for setups with Δ-type three-level atoms30–32, and demonstrated 
with an effective three-level Λ system33. Upconversion of a two-photon drive has been shown for a flux qubit 
coupled to a resonator in a way that breaks parity symmetry34. Indeed, the Δ-type level structure in a flux qutrit35 
even makes possible general three-wave mixing36. Recently, frequency conversion was also demonstrated for two 
sideband-driven microwave LC-resonators coupled through a mechanical resonator37.

The approach to frequency conversion that we propose in this article is based on two cavities or resonator 
modes coupled ultrastrongly to a two-level atom (qubit). The regime of ultrastrong coupling (USC), where the 
coupling strength starts to become comparable to the bare transition frequencies in the system, has only recently 
been reached in a number of solid-state systems38–56. Among these, a few circuit-QED experiments provide 
some of the clearest examples39, 40, 49–52, 54–56, including the largest coupling strength reported51. While the USC 
regime displays many striking physical phenomena57–66, we are here only concerned with the fact that it enables 
higher-order processes that do not conserve the number of excitations in the system, an effect which has also been 
noted for a multilevel atom coupled to a resonator67. Examples of such processes include multiphoton Rabi oscil-
lations68, 69, and a single photon exciting multiple atoms70. Indeed, almost any analogue of processes from non-
linear optics is feasible71; this can be regarded as an example of quantum simulation72, 73. Just like the analytical 
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solution for the quantum Rabi model74 is now being extended to multiple qubits75, 76, and multiple resonators77–79, 
we here extend the exploration of non-excitation-conserving processes to multiple resonators.

In our proposal, the qubit frequency is tuned to make various frequency-converting transitions resonant. For 
example, making the energy of a single photon in the first resonator equal to the sum of the qubit energy and the 
energy of a photon in the second resonator enables the conversion of the former (a high-energy photon) into the 
latter (a low-energy photon plus a qubit excitation) and vice versa. In the same way, a single photon in the first 
resonator can be converted into multiple photons in the second resonator (and vice versa) if the qubit energy is 
tuned to make such a transition resonant. The proposed frequency-conversion scheme is deterministic and allows 
for a variety of different frequency-conversion processes in the same setup. The setup should be possible to imple-
ment in state-of-the-art circuit QED, but the idea also applies to other cavity-QED systems.

We note that the process of parametric down-conversion in this type of circuit-QED setup has been consid-
ered previously80, but in a regime of weaker coupling and without using the qubit to control the process. Also, 
it has been shown that a beamsplitter-type coupling between two resonators can be controlled by changing the 
qubit state81 or induced for weaker qubit-resonator coupling by driving the qubit82, but the proposal presented 
here offers greater versatility and simplicity for frequency conversion.

Model
We consider a setup where a qubit with transition frequency ωq is coupled to two resonators with resonance fre-
quencies ωa and ωb, respectively, as sketched in Fig. 1. The Hamiltonian is (ħ = 1)

ω ω
ω

σ σ θ σ θ= + + + + + + +ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ† † † †
H a a b b g a a g b b

2
[ ( ) ( )] ( cos sin ), (1)a b

q
z a b x z

where ga (gb) denotes the strength of the coupling between the qubit and the first (second) resonator. The creation 
and annihilation operators for photons in the first (second) resonator are â and ˆ†a  (b̂ and ˆ

†
b ), respectively. The 

angle θ parameterises the amount of longitudinal and transverse coupling as, for example, in experiments with 
flux qubits34, 39, 40, 49, 56, 83; σ̂x and σ̂z are Pauli matrices for the qubit.

Note that we do not include a direct coupling between the two resonators. Such a coupling is seen in exper-
iments49, but here we will only be concerned with situations where the resonators are far detuned from each 
other, meaning that this coupling term can safely be neglected. Likewise, we do not include higher modes of the 
resonators. While they may contribute in experiments with cavities and transmission-line resonators, they can be 
avoided by using lumped-element resonators56, 84.

The crucial feature of Eq. (1) for our frequency-conversion scheme is that some of the coupling terms do not 
conserve the number of excitations in the system. The σ̂z coupling terms act to change the photon number in one 
of the resonators by one, while keeping the number of qubit excitations unchanged. Likewise, the σ̂x coupling 
contains terms like σ−ˆ ˆa  and σ+

ˆ ˆ
†

b  that change the number of excitations in the system by two. For weak coupling 
strengths, all such terms can be neglected using the rotating-wave approximation (RWA), but in the USC regime 
the higher-order processes that these terms enable can become important and function as second- or third-order 
nonlinearities in nonlinear optics71.

To include the effect of decoherence in our system, we use a master equation on the Lindblad form in our 
numerical simulations. The master equation reads

∑ρ ρ ρ= − + Γ + Γ + Γ
>

ˆ ˆ ˆ ˆ( )i H j k[ , ] [ ] ,
(2)j k j

a
jk

b
jk

q
jk

,

Figure 1. A sketch of the system. A qubit (green) is coupled to two resonator modes (blue, a, and red, b). 
Decoherence channels for the qubit (relaxation rate γ) and the resonators (relaxation rates κa, κb) are included.
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where ρ̂ is the density matrix of the system, ρ ρ ρ ρ= − −ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ† † †c c c c c c c[ ] 1
2

1
2

 , and the states in the sum are eigen-
states of the USC system. The relaxation rates are given by κΓ = Xa

jk
a a

jk 2
, κΓ = Xb

jk
b b

jk 2
, and γΓ = Cq

jk jk 2
, 

where κa, κb, and γ are the relaxation rates for the bare states of the resonators and the qubit, respectively, and 
= ˆc j c kjk  with = +ˆ ˆ ˆ†X a aa , = +ˆ ˆ ˆ†

X b bb , and σ=ˆ ˆC x
85, 86, Writing the master equation in the eigenbasis of 

the full system avoids unphysical effects, such as emission of photons from the ground state. Similarly, to correctly 
count the number of photonic and qubit excitations we use 

− +ˆ ˆX Xa a , 
− +ˆ ˆX Xb b , and 

− +ˆ ˆC C , where the plus and 
minus signs denote the positive and negative frequency parts, respectively, of the operators in the system eigen-
basis, instead of ˆ ˆ†a a , 〈 〉ˆ ˆ†

b b , and σ σ+ −ˆ ˆ 86.
In the simulations presented in the next section, we use parameters that can be reached in circuit-QED exper-

iments. In such experiments, the bare transition frequencies are usually in the range ωa/b/q ~ 2π × 1 − 10 GHz. 
When it comes to coupling strengths, several experiments have demonstrated ga/b ≳ 0.1ωa/b

39, 40, 49, 52, and recently 
even ga/b ~ ωa/b was reached51, 56. In all these experiments, superconducting flux qubits are coupled either to 
lumped-element LC oscillators39, 51, 56, or transmission-line resonators40, 49, 52. For transmission-line resonators, 
quality factors Q = ωa/b/κa/b exceeding 106 have been demonstrated87, and flux qubit relaxation rates γ can now 
be as small as ~2π × 10 kHz88–90. This brief survey of parameters indicates that γ,κa/b ~ 10−6ωa/b/q is possible and 
that ga/b can be a large fraction of ωa/b/q if needed. In the numerical simulations for different frequency-conversion 
processes, we choose more conservative values for the decoherence rates (more than an order of magnitude larger 
than the best values discussed here), at the same time restricting the coupling strengths ga/b to as small values as 
possible (10–20% of the qubit frequency, depending on the setup) while still achieving high conversion efficiency. 
We note that the ga/b values we chose make the coupling ultrastrong with respect to ωq, but not ultrastrong with 
respect to ωa/b.

Results
Single-photon frequency conversion. We first consider single-photon frequency conversion, where one 
photon in the first resonator is converted into one photon of a different frequency in the second resonator, or 
vice versa. The conversion is aided by the qubit. Without loss of generality, we take ωa > ωb. For the conversion to 
work, we then need ωa ≈ ωb + ωq, such that the states |1, 0, g〉 and |0, 1, e〉 are close to resonant. Due to the pres-
ence of longitudinal coupling in the Hamiltonian in Eq. (1), transitions between these two states are possible even 
though their excitation numbers and parity differ.

The intermediate states and transitions contributing (in lowest order) to the |1, 0, g〉 ↔ |0, 1, e〉 transition are 
shown in Fig. 2. Virtual transitions to and from one of the four intermediate states |0, 0, g〉, |0, 0, e〉, |1, 1, g〉, and 
|1, 1, e〉 connect |1, 0, g〉 and |0, 1, e〉 in two steps. This is the minimum number of steps possible, since the terms 
in the Hamiltonian in Eq. (1) can only create or annihilate a single photon at a time. From the figure, it is also clear 
that no path exists between |1, 0, g〉 and |0, 1, e〉 that does not involve longitudinal coupling (dashed red arrows 
in the figure).

To calculate the effective coupling between the states |1, 0, g〉 and |0, 1, e〉, we truncate the Hamiltonian from 
Eq. (1) to the six states shown in Fig. 2. Written on matrix form, this truncated Hamiltonian becomes

Figure 2. The four lowest-order processes contributing to a transition between |1, 0, g〉 and |0, 1, e〉. For this 
illustration, the parameter values ωa = 3ωq and ωb = 2ωq were used to set the positions of the energy levels. The 
transitions that do not conserve excitation number are shown as dashed lines, and the excitation-number-
conserving transitions are shown as solid lines. Red lines correspond to σ̂z (longitudinal) coupling and blue lines 
to σ̂x (transverse) coupling in the Hamiltonian given in Eq. (1). Each transition is labelled by its matrix element.
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where the states are ordered from left to right as |0, 0, g〉, |0, 0, e〉, |1, 0, g〉, |0, 1, e〉, |1, 1, g〉, and |1, 1, e〉. When the 
condition ωa ≈ ωb + ωq is satisfied, the four intermediate states |0, 0, g〉, |0, 0, e〉, |1, 1, g〉, and |1, 1, e〉 can be adia-
batically eliminated, i.e., provided that the bare coupling strengths are sufficiently small compared to the energy 
difference between the intermediate states and the initial and final states, we can assume that the population of 
the intermediate states will not change significantly, such that the effective dynamics will only involve the initial 
and final states. This calculation, shown in the Supplementary Information, gives an effective Hamiltonian with 
a coupling term

= +Ĥ g g e e g( 1, 0, 0, 1, 0, 1, 1, 0, ), (4)c,eff eff

where the effective coupling between the states |1, 0, g〉 and |0, 1, e〉 has the magnitude

θ
ω ω

=





−





g g g sin2 1 1
(5)a b

b a
eff

on resonance. Compared to the direct resonator-qubit coupling in Eq. (1), geff is weaker by a factor of order g/ω, 
which is why we need to at least approach the USC regime to observe the single-photon frequency conversion. 
We note that the effective coupling is maximised when the longitudinal and transverse coupling terms in Eq. (1) 
have equal magnitude. Interestingly, Eq. (5) suggests that frequency conversion can be more efficient if ωb ≪ ωa. 
However, going too far in this direction violates the assumptions behind the adiabatic approximation, which relies 
on ga,gb ≪ ωa,ωb.

The existence of this effective coupling suggests at least two ways to perform single-photon frequency con-
version. The first is to use adiabatic transfer, starting in |1, 0, g〉 (|0, 1, e〉) with the qubit frequency sufficiently far 
detuned from the resonance ωa = ωb + ωq and then slowly [adiabatically, i.e., slow enough that the probability of 
a Landau-Zener transition back to the initial state is small; note that this is a different notion of adiabaticity than 
that used in the adiabatic elimination used to derive Eq. (4)] changing the qubit frequency until the system ends 
up in the state |0, 1, e〉 (|1, 0, g〉), following one of the energy levels shown in Fig. 3(a). In this way, a single photon 
in the first (second) resonator is deterministically down-converted (up-converted) to a single photon of lower 
(higher) frequency in the second (first) resonator. We note that such adiabatic transfer has been used for robust 
single-photon generation in circuit QED, tuning the frequency of a transmon qubit to achieve the transition  
|0, e〉 → |1, g〉91. It has also been suggested as a method to generate multiple photons from a single qubit excitation 
in the USC regime of the standard quantum Rabi model68.

The second approach, exemplified by a simulation including decoherence in Fig. 3(b), is to initialise the sys-
tem in one of the states |1, 0, g〉 or |0, 1, e〉, far from the frequency-conversion resonance such that the effective 
coupling is negligible, quickly tune the qubit into resonance for the duration of half a Rabi oscillation period (set 
by the effective coupling to be π/2geff), and then detune the qubit again (or send a pulse to deexcite it) to turn off 
the effective interaction. This type of scheme is, for example, commonly used for state transfer between resonators 
and/or qubits in circuit QED92–96. Letting the resonance last shorter or longer times, any superposition of |1, 0, g〉 
or |0, 1, e〉 can be created. The potential for creating superpositions of photons of different frequencies (similar to 
ref. 27) with such a method will be explored in future work.

Since the relevant timescales for both these approaches are determined by geff, it is important to know in which 
parameter range the expression for geff given in Eq. (5) remains a good approximation. In Fig. 4, we show that the 
expression is valid up to at least ga = gb = 0.2ωq,0 for the parameters used in Fig. 3.

We note that both protocols for frequency-conversion given here can be used to transfer superposition states. 
For example, starting in the superposition state a|0, 0, g〉 + b|1, 0, g〉 = (a|0〉 + b|1〉)|0, g〉, where a and b are com-
plex numbers satisfying |a|2 + |b|2 = 1, both protocols will convert this state into a|0, 0, g〉 + b|0, 1, e〉 = |0〉(a|0, 
g〉 + b|1, e〉). If one wishes to disentangle the qubit from the second resonator mode after the transfer of the super-
position, a photon-number-dependent qubit rotation, which can be implemented in the strong-dispersive regime 
of circuit QED97, is one option. The remarks given here also apply to the multi-photon frequency-conversion 
processes studied in the next section.

Multi-photon frequency conversion. We now turn to multi-photon frequency conversion, where, aided 
by the qubit, one photon in the first resonator is converted into two photons in the second resonator, or vice versa. 
We continue to adopt the convention that ωa > ωb. In contrast to the single-photon frequency conversion case 
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above, there are now two possibilities for how the qubit state can change during the conversion process. Below, 
we will study both |1, 0, g〉 ↔ |0, 2, e〉 and |1, 0, e〉 ↔ |0, 2, g〉. Since we wish to use the qubit to control the process, 
we do not consider the process |1, 0, g〉 ↔ |0, 2, g〉, which to some extent was already included in ref. 80, although 
that work considered a setup with ωq ≈ ωb and mainly studied the squeezing produced by a strong external drive.

The |1, 0, g〉 ↔ |0,2,e〉 process. For the process |1, 0, g〉 ↔ |0, 2, e〉, we first of all note one more difference 
compared to the single-photon frequency conversion case: it changes the number of excitations from 1 to 3, which 
means that excitation-number parity is conserved. This makes the longitudinal coupling of Eq. (1) redundant for 
achieving the conversion, and to simplify our calculations we therefore hereafter work with the standard quantum 
Rabi Hamiltonian98 extended to two resonators,

Figure 3. Two frequency conversion methods. (a) The figure shows the energy levels of our system plotted as a 
function of the qubit frequency ωq, using the parameters ga = gb = 0.15ωq,0, θ = π/6, ωa = 3ωq,0, and ωb = 2ωq,0, 
where ωq,0 is a reference point for the qubit frequency, set such that ωa = ωb + ωq,0. In the zoom-in, close to the 
resonance ωa = ωb + ωq, we see the anticrossing between |1, 0, g〉 and |0, 1, e〉 with splitting 2geff. Up- or down-
conversion of single photons can be achieved by adiabatically tuning ωq to follow one of the energy levels in the 
figure from |1, 0, g〉 to |0, 1, e〉, or vice versa. (b) A rapid frequency conversion can be achieved by starting in |1, 
0, g〉, far from the resonance ωa = ωb + ωq, tuning the qubit frequency (pink solid curve) into resonance for half a 
Rabi period (π/2geff) and then sending a pulse (green solid curve) to deexcite the qubit. The pink solid curve is 
given by ω ω δω= + − Θ − + − Θ −t A t t t t A t t t t( ) {sin [ ( )] ( ) sin [ ( )] ( )}q q i q i i f f,

2 2 , a smoothed step function, 
where ωq,i is the initial qubit frequency, δωq is the change of the qubit frequency, Θ is the Heaviside step 
function, ti is the time when the qubit frequency starts to change, tf = ti + π/(2A), and A is a frequency setting 
the smoothness. The figure shows the number of excitations in the two resonators (red dashed-dotted curve for 
a, black dashed curve for b) and the qubit (blue solid curve) during the process, including decoherence in the 
form of relaxation from the resonators and the qubit. The parameters used for the decoherence are 
κa = κb = γ = 4 × 10−5ωq,0.

Figure 4. Comparison of analytical (red curve) and numerical (black dots) results for the effective coupling 
between the states |1, 0, g〉 and |0, 1, e〉. The graph shows the minimum energy splitting 2geff/ωq,0 as a function of 
g/ωq,0, where g = ga = gb, using the same parameters as in Fig. 3.
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Placing the system close to the resonance ωa = 2ωb + ωq, virtual transitions involving the intermediate states 
|0, 0, e〉, |0, 1, g〉, |1, 1, e〉, and |1, 2, g〉 (to lowest order), contribute to the process |1, 0, g〉 ↔ |0, 2, e〉, as shown 
in Fig. 5. The most direct path between |1, 0, g〉 and |0, 2, e〉 involves three steps, since only one photon can be 
created or annihilated in each step. We note that all the paths include at least one transition that is due to terms in 
the Hamiltonian that do not conserve excitation number (dashed arrows in the figure).

Retaining only the states shown in Fig. 5, we can write the quantum Rabi Hamiltonian from Eq. (6) on matrix 
form as
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where the states are ordered as |0, 0, e〉, |0, 1, g〉, |1, 0, g〉, |0, 2, e〉, |1, 1, e〉, and |1, 2, g〉. Just like before, we can 
adiabatically eliminate the intermediate states when the condition ωa ≈ 2ωb + ωq is satisfied. The result of this 
calculation, the details of which are given in the Supplementary Information, is an effective coupling between the 
states |1, 0, g〉 and |0, 2, e〉 with magnitude
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on resonance. Here, we have set ga = gb ≡ g to simplify the expression slightly. We note that, to leading order, the 
coupling scales like g3/ω2; indeed, the leading-order term is

ω ω
ω ω ω
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−
.g g2 ( 2 )
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a b

b a b
eff

3

2

This is a factor g/ω weaker than for the single-photon frequency conversion, and reflects the fact that an addi-
tional intermediate transition is required for the two-photon conversion. We also note that the coupling becomes 

Figure 5. The lowest-order processes contributing to a transition between |1, 0, g〉 and |0, 2, e〉 in the quantum 
Rabi model. The transitions that do not conserve excitation number are shown as dashed blue lines and the 
excitation-number-conserving transitions are shown as solid blue lines. The label of each line is the term in Eq. 
(6) that gives rise to that transition. The parameters ωa = 5ωq and ωb = 2ωq were used to set the positions of the 
energy levels.
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small in the limit of small ωq, i.e., when 2ωb → ωa. The coupling would become large if ωa → ωb, but this is impos-
sible since ωa = 2ωb + ωq in this scheme.

The two-photon frequency conversion can be performed either by adiabatic transfer or by tuning the qubit 
into resonance for half a Rabi oscillation period, as explained in the section on single-photon frequency conver-
sion. In the first approach, one adiabatically tunes the qubit energy to follow one of the energy levels shown in 
Fig. 6(a). A simulation of the second approach, including decoherence, is shown in Fig. 6(b). The timescale for 
these processes is set by the effective coupling. In Fig. 7, we show that the expression for the effective coupling 
given in Eq. (8) remains a good approximation up to at least g = 0.3ωq,0 for the parameters used in Fig. 6.

The |1, 0, e〉 ↔ |0, 2, g〉 process. For the process |1, 0, e〉 ↔ |0, 2, g〉, we show in Fig. 8 the virtual transi-
tions from the quantum Rabi Hamiltonian that contribute to lowest order. We note that this process conserves the 
excitation number, which means that there is a path between the states that can be realised using only terms from 

Figure 6. Two-photon frequency conversion via transitions between |1, 0, g〉 and |0, 2, e〉. (a) The energy 
levels of our system, given in Eq. (6), plotted as a function of the qubit frequency ωq, using the parameters 
ga = gb = 0.2ωq,0, ωa = 5ωq,0, and ωb = 2ωq,0, where the reference point ωq,0 is set such that ωa = 2ωb + ωq,0. In 
the zoom-in, close to the resonance ωa = 2ωb + ωq, we see the anticrossing between |1, 0, g〉 and |0, 2, e〉 with 
the splitting 2geff given by Eq. (8). Up-conversion of a photon pair into a single photon, or down-conversion 
of a single photon into a photon pair, can be achieved by adiabatically tuning ωq to follow one of the energy 
levels in the figure from |0, 2, e〉 to |1, 0, g〉, or vice versa. (b) A rapid frequency conversion can be achieved 
by starting in |1, 0, g〉 or |0, 2, e〉, far from the resonance ωa = 2ωb + ωq, tuning the qubit frequency (pink solid 
curve, a smoothed step function as explained in Fig. 3) into resonance for half a Rabi period (π/2geff) and 
then tuning it out of resonance again. The figure shows the number of excitations in the two resonators (red 
solid curve for a, black dashed-dotted curve for b) and the qubit (blue dashed curve) during such a process, 
including decoherence in the form of relaxation from the resonators and the qubit. The parameters used for the 
decoherence are κa = κb = γ = 2 × 10−5ωq,0.

Figure 7. Comparison of analytical (red curve) and numerical (black dots) results for the effective coupling 
between the states |1, 0, g〉 and |0, 2, e〉. The graph shows the minimum energy splitting 2geff/ωq,0 as a function of 
g/ωq,0, using the same parameters as in Fig. 6.
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the Jaynes–Cummings (JC) Hamiltonian99 (solid arrows in the figure). Below, we analyse the effective coupling 
both for the full quantum Rabi Hamiltonian and for the JC Hamiltonian. Usually, the JC Hamiltonian is obtained 
by performing the RWA on the quantum Rabi Hamiltonian when g ≪ ωa/b/q, in which case the low coupling 
strength would make it very challenging to observe the frequency conversion process. However, we note that a 
circuit QED setup has been proposed where the pure JC Hamiltonian with ultrastrong coupling can be realised100.

Quantum Rabi Hamiltonian. Retaining only the states shown in Fig. 8, we can write the quantum Rabi 
Hamiltonian from Eq. (6) on matrix form as
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where the states are ordered as |0, 0, g〉, |0, 1, e〉, |1, 0, e〉, |0, 2, g〉, |1, 1, g〉, and |1, 2, e〉. As in previous calculations, 
we can perform adiabatic elimination close to the resonance, which in this case is ωa + ωq ≈ 2ωb. The details of 
the elimination are given in the Supplementary Information. The result is an effective coupling between the states  
|1, 0, e〉 and |0, 2, g〉 with magnitude
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on resonance. We have set ga = gb ≡ g to simplify the expression slightly. Note that this expression for the coupling 
is actually exactly the same as the one for the process |1, 0, g〉 ↔ |0, 2, e〉 given in Eq. (8). Even though the two 
processes use different intermediate states, the truncated Hamiltonians in Eqs (7) and (10) only differ in the sign 
of ωq. Since ωq is replaced on resonance by (ωa − 2ωb) in the first case and by (2ωb − ωa) in the second case, the 
formula for the effective coupling ends up being the same in both cases. The two cases still differ, however. For 
example, while the limit ωa → ωb, which enhances the coupling, could not occur for the process |1, 0, g〉 ↔ |0, 2, 
e〉, it is possible for |1, 0, e〉 ↔ |0, 2, g〉. However, in this limit the approximations behind the adiabatic elimination 
break down, since the states |1, 1, g〉 and |0, 1, e〉 would also be on resonance and become populated.

The two-photon frequency conversion can again be performed either by adiabatic transfer or by tuning the 
qubit into resonance for half a Rabi oscillation period, as explained in the section on single-photon frequency 

Figure 8. The lowest-order processes contributing to a transition between |1, 0, e〉 and |0, 2, g〉 in the quantum 
Rabi model. The transitions that do not conserve excitation number are shown as dashed blue lines and the 
excitation-number-conserving transitions are shown as solid blue lines. The label of each line is the term in Eq. 
(6) that gives rise to that transition. The parameters ωa = 3ωq and ωb = 2ωq were used to set the positions of the 
energy levels.
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conversion. The energy levels to follow in the first approach are plotted in Fig. 9(a) and a simulation of the second 
approach, including decoherence, is shown in Fig. 9(b).

Jaynes–Cummings Hamiltonian. For completeness, we calculate the effective coupling using only the 
JC Hamiltonian for two resonators and one qubit, i.e., we eliminate the non-excitation-conserving terms in the 
quantum Rabi Hamiltonian of Eq. (6), giving
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Retaining only the states connected by solid arrows in Fig. 8, we can write the Hamiltonian from Eq. (12) on 
matrix form as
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where the states are ordered as |0, 1, e〉, |1, 0, e〉, |0, 2, g〉, and |1, 1, g〉. Again, we perform adiabatic elimination 
close to the resonance ωa + ωq ≈ 2ωb. The details of the elimination are given in the Supplementary Information. 
The result is an effective coupling between the states |1, 0, e〉 and |0, 2, g〉 with magnitude
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on resonance. Just as for the other two-photon frequency-conversion processes, the coupling scales like g3/ω2 to 
leading order. In fact, Eq. (14) is a good approximation to Eq. (11), since the path given by the JC terms (solid 
lines) in Fig. 8 is far less detuned in energy from the initial and final states than all the other paths and thus gives 
the largest contribution to the result in Eq. (11). The remarks on the limit ωa → ωb given after Eq. (11) apply here 
as well. The schemes for implementing the frequency conversion are already given in Fig. 9.

Figure 9. Two-photon frequency conversion via transitions between |1, 0, e〉 and |0, 2, g〉. (a) The energy 
levels of our system, given in Eq. (6), plotted as a function of the qubit frequency ωq, using the parameters 
ga = gb = 0.125ωq,0, ωa = 3ωq,0, and ωb = 2ωq,0, where the reference point ωq,0 is set such that ωa + ωq,0 = 2ωb. In 
the zoom-in, close to the resonance ωa + ωq = 2ωb, we see the anticrossing between |1, 0, e〉 and |0, 2, g〉 with 
the splitting 2geff given by Eq. (11). Up-conversion of a photon pair into a single photon, or down-conversion 
of a single photon into a photon pair, can be achieved by adiabatically tuning ωq to follow one of the energy 
levels in the figure from |0, 2, g〉 to |1, 0, e〉, or vice versa. (b) A rapid frequency conversion can be achieved 
by starting in |1, 0, e〉 or |0, 2, g〉, far from the resonance ωa + ωq = 2ωb, tuning the qubit frequency (pink solid 
curve, a smoothed step function as explained in Fig. 3) into resonance for half a Rabi period (π/2geff) and 
then tuning it out of resonance again. The figure shows the number of excitations in the two resonators (red 
solid curve for a, black dashed-dotted curve for b) and the qubit (blue dashed curve) during such a process, 
including decoherence in the form of relaxation from the resonators and the qubit. The parameters used for the 
decoherence are κa = κb = γ = 4 × 10−5ωq,0.
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In Fig. 10, we compare the results from Eqs (11) and (14) with a full numerical calculation using the quantum 
Rabi Hamiltonian. The contribution from the JC part dominates the coupling up until around ga = gb = g = 0.03ωq,0 
and gives a good approximation until then. For higher values of the coupling, using the approximation from the 
quantum Rabi Hamiltonian instead works fine up until around ga = gb = g = 0.15ωq,0. It is interesting to note that 
a pure JC Hamiltonian in the USC regime would give higher effective coupling for this frequency-conversion 
process than the quantum Rabi Hamiltonian.

Discussion
We have shown how a system consisting of two resonators ultrastrongly coupled to a qubit can be used to realise 
a variety of frequency-conversion processes. In particular, we have shown how to convert a single photon into 
another photon of either higher or lower frequency, as well as how to convert a single photon into a photon pair 
and vice versa. All these processes are deterministic, can be implemented within a single setup, and do not require 
any external drives. The conversion is controlled by tuning the frequency of the qubit to and from values that 
make the desired transitions resonant.

Given the recent advances in USC circuit QED, we believe that our proposal can be implemented in such a 
setup. Indeed, two resonators have already been ultrastrongly coupled to a superconducting flux qubit49. Also, 
our proposal does not require very high coupling strengths. We only need that g2/ω is appreciable (larger than the 
relevant decoherence rates) to realise single-photon frequency conversion; multi-photon frequency conversion 
can be demonstrated if g3/ω2 is large enough.

A straightforward extension of the current work is to extend the calculations to processes with more pho-
tons in the second resonator or to add more resonators to the setup. Some of these possibilities are discussed 
in ref. 71, where we explore analogies of nonlinear optics in USC systems, including the fact that the pro-
cesses in the current work can be considered analogies of Raman and hyper-Raman scattering if the qubit is 
thought of as playing the role of a phonon. More general three-wave mixing, such as |1, 0, 0, e〉 ↔ |0, 1, 1, g〉, or 
third-harmonic and -subharmonic generation such as |1, 0, e〉 ↔ |0, 3, g〉, are examples of schemes that can be 
considered, but it must be kept in mind that higher-order processes with more photons involved will have lower 
effective coupling strengths. Another direction for future work is to investigate how the precise qubit control 
of the frequency-conversion processes discussed here can be used to prepare photon bundles101 or interesting 
quantum superposition states with photons of different frequencies, a topic currently being explored in several 
frequency ranges26, 27, 102.
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We show how analogs of a large number of well-known nonlinear-optics phenomena can be realized with
one or more two-level atoms coupled to one or more resonator modes. Through higher-order processes, where
virtual photons are created and annihilated, an effective deterministic coupling between two states of such a
system can be created. In this way, analogs of three-wave mixing, four-wave mixing, higher-harmonic and
-subharmonic generation (i.e., up- and down-conversion), multiphoton absorption, parametric amplification,
Raman and hyper-Raman scattering, the Kerr effect, and other nonlinear processes can be realized. In contrast
to most conventional implementations of nonlinear optics, these analogs can reach unit efficiency, only use a
minimal number of photons (they do not require any strong external drive), and do not require more than two
atomic levels. The strength of the effective coupling in our proposed setups becomes weaker the more intermediate
transition steps are needed. However, given the recent experimental progress in ultrastrong light-matter coupling
and improvement of coherence times for engineered quantum systems, especially in the field of circuit quantum
electrodynamics, we estimate that many of these nonlinear-optics analogs can be realized with currently available
technology.

DOI: 10.1103/PhysRevA.95.063849

I. INTRODUCTION

In nonlinear optics, a medium responds nonlinearly to in-
coming light of high intensity. This nonlinear response can give
rise to a host of effects, including frequency conversion and
amplification, many of which have important technological
applications [1–4]. After the high-intensity light of a laser
made possible the first experimental demonstration of second-
harmonic generation (frequency up-conversion) in 1961 [5],
many more nonlinear-optics effects were demonstrated using
a variety of nonlinear media. The many applications and the
fundamental nature of nonlinear optics have also inspired
investigations of analogous effects in other types of waves.
Prominent examples include nonlinear acoustics [6,7], non-
linear spin waves [8], nonlinear atom optics [9,10], nonlinear
Josephson plasma waves [11], and nonlinear plasmonics [12].
Analogies of this kind can sometimes enable simulations or
demonstrations of phenomena that are hard to realize in other
systems [13–15].

In this article, we will show that analogs of many nonlinear-
optics effects can also be realized by coupling one or more
resonator modes to one or more two-level atoms. This stands
in contrast to many other nonlinear-optics realizations, which
require three or more atomic levels [4,16]. The key to the
analogs we propose lies in the full interaction between a
two-level atom and an electromagnetic mode, which is given
by the quantum Rabi Hamiltonian [17]. This Hamiltonian
includes terms that can change the number of excitations
in the system, enabling higher-order processes via virtual
photons. These photons are created and annihilated in a way
that generates a deterministic coupling between two system
states that otherwise do not have a direct coupling. In this

*anton.frisk.kockum@gmail.com

way, we can realize analogs of various frequency-conversion
processes, parametric amplification, Raman and hyper-Raman
scattering, multiphoton absorption, the Kerr effect, and other
nonlinear processes.

Just as nonlinear-optics effects usually require very high
light intensity to manifest clearly, the higher-order processes
we consider require a very strong light-matter coupling to
become noticeable. Specifically, the light-matter coupling
must be strong enough to ensure that the effective deterministic
coupling between system states, induced by the higher-order
processes, becomes larger than the relevant decoherence
rates in the system. Ultrastrong coupling (USC, where the
coupling strength starts to become comparable to the resonance
frequencies of the bare system components) between light
and matter has only recently been reached in some solid-state
experiments [18–36]. Among these systems, circuit quantum
electrodynamics (QED) [16,37–39] has provided some of
the clearest examples [19,20,29–32,34–36], including the
largest reported coupling strength [31] and the first quantum
simulations of the USC regime [34,35].

The experimental progress in USC physics has motivated
many theoretical studies of the interesting new effects that
occur in this regime [40–51]. Some previous [52–54] and
concurrent [55,56] works explore processes in the USC regime
where the number of excitations is not conserved, such
as multiphoton Rabi oscillations [53] and a single photon
exciting multiple atoms [54]. Several of these processes can
be interpreted as analogs of nonlinear-optics phenomena.

In this work, we present a unified picture of these types
of processes and their relation to nonlinear optics. We also
provide many more examples which together allow us to make
complete tables with translations between three- and four-
wave mixing in nonlinear optics and analogous processes in
USC systems. It should be noted that these analogs, many
of which can be realized in one universal setup, do not use

2469-9926/2017/95(6)/063849(23) 063849-1 ©2017 American Physical Society
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propagating waves, but instead mix excitations in resonators
and atoms of different frequencies. We emphasize that, unlike
many processes in conventional nonlinear optics, our setups
do not require any external drives, but instead realize analogs
of wave mixing with a minimal number of photons and unit
efficiency.

Given the versatility and technological maturity of the
circuit QED setups, we expect them to become the pri-
mary experimental platform for realizing these deterministic
nonlinear-optics analogs with single atoms and virtual pho-
tons. We believe that these deterministic analogs can find
many important applications, including frequency conversion
and the creation of superposition states for use in quantum
information technology. Circuit QED is already one of the most
well-developed platforms for quantum information processing
[57], so adding the full capabilities of nonlinear optics at the
single-photon level to the toolbox of this field could result
in many new exciting possibilities. Indeed, the development
of nonlinear optics with single photons has been the subject
of much theoretical and experimental work recently due to
the wealth of potential applications [58]. We note here that
although our proposal does not use propagating waves, circuit
QED setups with stationary photons that mimic linear-optics
experiments for itinerant photons have already been proposed
[59]. Several of the nonlinear-optics analogs given in the
present work could be incorporated into such an architecture.

This article is organized as follows. In Sec. II, we give a brief
overview of how nonlinear processes in optics usually occur.
We then describe how analogous deterministic processes be-
come possible in the quantum Rabi model. In Secs. III and IV,
we discuss three- and four-wave mixing, respectively, and give
details of the analogous deterministic processes that can be
realized with resonators ultrastrongly coupled to qubits. Other
nonlinear processes, including higher-harmonic generation,
parametric processes, and the Kerr effect, are discussed in
Sec. V. In Sec. VI, we estimate achievable effective coupling
strengths and decoherence rates, showing that our proposals
can be realized with state-of-the-art technology in circuit
QED. We conclude in Sec. VII. Some details are left for the
appendices: Appendix A expands on the classical mechanisms
for some nonlinear-optics phenomena, Appendix B gives a
derivation of the perturbation-theory formula used to calculate
the strength of the effective coupling between initial and
final states in our three- and four-wave-mixing analogs, and
Appendix C contains details about a few four-wave-mixing
processes not treated in the main text.

II. MECHANISMS FOR NONLINEARITY

A. Nonlinear optics

In conventional classical electro-optical processes, the
polarization P of a given medium induced by the applied
electric field E is linearly proportional to its strength, i.e.,
P = ε0χE, where ε0 is the vacuum permittivity and χ ≡ χ (1)

is the linear susceptibility of the medium, which can be
considered a scalar for linear, homogeneous, and isotropic
dielectric media. Usually, the real and imaginary parts of χ

describe, respectively, the refraction and damping of a light
beam going through such medium.

For a strong electric field E and nonlinear media, the above
linear relation for the induced polarization is generalized to

P = ε0(χ (1)E + χ (2)E2 + χ (3)E3 + . . .), (1)

which is considered a core principle of nonlinear optics
[1–4]. In Eq. (1), χ (2) and χ (3) are the second- and third-
order nonlinear susceptibilities, respectively. In general, these
susceptibilities are tensors χ

(1)
kl , χ

(2)
klm, and χ

(3)
klmn. However, for

simplicity, we consider them as scalars, which is usually valid
for isotropic dielectric media.

Various nonlinear optical phenomena (including wave
mixing) can be explained classically by recalling the nonlinear
dependence of the induced polarization and electric-field
strength, as given by Eq. (1). Standard examples include
Pockels and Kerr effects, which are, respectively, linear and
quadratic electro-optical phenomena, in which the induced
polarization (and, thus, also the refractive index) of a medium
is proportional to the amplitude and its square of the applied
constant electric field.

For example, second-harmonic generation in a medium de-
scribed by the second-order susceptibility χ (2) can be described
classically as follows. Assuming that a monochromatic scalar
electric field E(t) = E0 cos(ωt) is applied to the medium, the
second-order induced polarization P (2) of the medium is given
by

P (2) = ε0χ
(2)E2 = ε0χ

(2)E2
0 cos2(ωt)

= ε0χ
(2)E2

0

(
1 + cos(2ωt)

2

)

= 1

2
ε0χ

(2)E2
0 + 1

2
ε0χ

(2)E2
0 cos(2ωt), (2)

where the first term in the last line describes frequency-
independent polarization, while the second term in the last line
describes the polarization oscillating at twice the frequency of
the input field. This doubling of the input frequency can be
interpreted as second-harmonic generation.

In Appendix A, we present a few additional pedagogical
classical explanations, based on Eq. (1), of phenomena arising
due to the χ (2) and χ (3) nonlinearities. In the following sections,
we write down interaction Hamiltonians describing many of
these nonlinear-optics phenomena to better compare them with
our proposed analogous processes. However, it should be kept
in mind that these interaction Hamiltonians only describe
the higher-order interaction mediated by the χ (2) and χ (3)

nonlinearities. The lower-order interaction due to the χ (1) term
remains and limits the efficiency of the higher-order processes.

B. The quantum Rabi model

The Hamiltonian for a single two-level atom (a qubit)
coupled to a single resonator mode can be written as (h̄ = 1
here and in the rest of the article)

Ĥ = ωaâ
†â + ωq

σ̂z

2
+ Ĥint. (3)

In the quantum Rabi model [17], the interaction is given by

Ĥ Rabi
int = g(â + â†)σ̂x = g(â + â†)(σ̂− + σ̂+), (4)
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where g is the coupling strength. Here, and in the following
parts of the paper that discuss deterministic realizations of
nonlinear optics, we use the notation that â, b̂, ĉ, and d̂ are
the annihilation operators of resonator modes with frequencies
ωa , ωb, ωc, and ωd , respectively. In setups with a single qubit,
or with several identical qubits, the qubit transition frequency
is denoted ωq . In setups with qubits having different transition
frequencies, the frequencies are denoted ωq1, ωq2, etc. The
qubit operators σ̂z and σ̂x = σ̂− + σ̂+ are Pauli matrices;
σ̂− and σ̂+ are the qubit lowering and raising operators,
respectively.

In the limit g � ωa,ωq , the terms â†σ̂+ and âσ̂− in H Rabi
int

can be neglected in the rotating-wave approximation (RWA),
leading to the Jaynes-Cummings (JC) model [60]

Ĥ JC
int = g(âσ̂+ + â†σ̂−). (5)

Note that in the JC model, the number of excitations is
conserved. In the quantum Rabi model, the number of
excitations can change, but their parity is conserved. However,
the quantum Rabi model can be generalized to

Ĥ
gen
int = g(â + â†)(σ̂x cos θ + σ̂z sin θ ), (6)

where θ parametrizes the amount of longitudinal and transver-
sal couplings. This generalized quantum Rabi model does not
impose any restrictions on the number of excitations. The
Hamiltonian in Eq. (6) has been realized in experiments with
USC of flux qubits to resonators [19,20,29,31]. In such setups
with flux qubits, the flux-qubit Hamiltonian can be written as

Hq = ε ˆ̃σz + � ˆ̃σx

2
, (7)

where ˆ̃σz,x are Pauli matrices in the qubit basis given by
clockwise- and anticlockwise-circulating persistent currents
±Ip in the qubit loop, ε is an energy scale set by Ip and an
external magnetic flux, and � is the tunneling energy between
the two current states [61]. In this basis, the inductive coupling
to the resonator is given by

Hint = gind(â + â†) ˆ̃σz, (8)

where the coupling strength gind is set by Ip, the zero-point
current fluctuations in the resonator, and the mutual inductance
in the circuit. By rotating to the energy eigenbasis of the qubit,
one arrives at the interaction in Eq. (6) [19,20,29,31,62–64].
The parameter θ can be tuned by changing ε or �.

All these models can be straightforwardly extended to
include additional resonators and qubits. The presence of one
or more qubits provides the necessary nonlinearity to realize
various deterministic analogs of nonlinear-optics processes
that we will discuss in this article. For some of these processes,
such as three-wave mixing (see Sec. III), the number of
excitations changes by one; this requires setups with the
generalized quantum Rabi model and its extensions. For other
processes, e.g., four-wave mixing (see Sec. IV), the number of
excitations changes by an even number or not at all; these
processes can be realized with extensions of the standard
quantum Rabi model or of the JC model, respectively. The
fact that we need to break the parity symmetry of the standard
quantum Rabi model for the three-wave-mixing analogs, but
not for the four-wave-mixing case, is reminiscent of how, in

conventional nonlinear optics, inversion symmetry must be
broken to realize χ (2) processes, but χ (3) processes can occur
without breaking that symmetry [4].

In a majority of the nonlinear-optics analogs considered in
this article, higher-order processes, mediated by the interaction
Hamiltonians in Eqs. (4)–(6) (and their extensions to additional
resonators and qubits), connect an initial state |i〉 with a final
state |f 〉 of the same energy through an effective interaction
Hamiltonian

Ĥ eff
int = geff|f 〉〈i| + H.c., (9)

where geff is the strength of the effective coupling and H.c.
denotes the Hermitian conjugate of the preceding terms. In
many of the intermediate transitions that contribute to this
effective coupling, virtual photons are created and destroyed.
We provide a multitude of examples of this in the following
sections. It is important to note here that the resonance between
|i〉 and |f 〉 can be set up such that all other states |j 〉 which
potentially could be reached through lower-order processes
are far off resonance. In this way, the influence of lower-order
processes can be made negligible, resulting in the higher-order
process given by Eq. (9) reaching unit efficiency.

To calculate the effective coupling strength geff analytically,
three different techniques have been employed in previous
works. In Ref. [65], an effective Hamiltonian with explicit
up- and down-conversion terms was derived through a series
of unitary transformations combined with approximations
that only retained terms of lowest order in gj/|ωn − ωm|,
where gj are the relevant coupling strengths in the setup
and |ωn − ωm| are the energy differences of the relevant
intermediate transitions. In Refs. [52,53,55], the intermediate
virtual transitions were adiabatically eliminated, relying on the
approximation that the population of the intermediate levels
will not change significantly if gj � |ωn − ωm|. In this article,
we follow the approach of Ref. [54], which calculated geff

using standard perturbation theory. Specifically, if the shortest
path between |i〉 and |f 〉 is an nth-order process, the effective
coupling is given to lowest order by

geff =
∑

j1,j2,...,jn−1

Vfjn−1 . . . Vj2j1Vj1i

(Ei − Ej1 )(Ei − Ej2 ) . . . (Ei − Ejn−1 )
,

(10)

where the sum goes over all virtual transitions forming n-step
paths between |i〉 and |f 〉, Ek denotes the energy of state |k〉,
and Vkm = 〈k|Ĥint|m〉. A derivation of this formula is given in
Appendix B.

In general, the perturbation-theory method of Eq. (10)
appears to be the simplest way to calculate geff , especially
for higher-order processes involving many virtual transitions.
The other methods mentioned above can be more cumbersome,
but provide more information such as energy-level shifts and
higher-order corrections to the effective coupling.

III. THREE-WAVE MIXING

In this section, we look at three-wave mixing, starting with
a general description of sum- and difference-frequency gen-
eration and then treating special cases such as up-conversion,
down-conversion, and Raman scattering; see Fig. 1 for an
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FIG. 1. Schematic representations (Feynman-like diagrams) of three-wave-mixing processes. (a) The two general types of three-wave mixing
are sum-frequency generation (SFG, above) and difference-frequency generation (DFG, below). (b) When two of the involved frequencies are
degenerate, we have either second-harmonic generation [SHG, or up-conversion (UC), above] or second-subharmonic generation [SSHG, or
down-conversion (DC), below]. (c) Another special case is spontaneous Raman scattering, where a small part of the total energy is carried by a
phonon (pictured as a wavy arrow), which is either outgoing [Stokes Raman scattering (S), above] or incoming [anti-Stokes Raman scattering
(AS), also known as sideband cooling, below]. (d) In stimulated Raman scattering, the rate is increased due to the presence of n additional
photons of the same frequency as the outgoing one. Stimulated Stokes Raman scattering (SS) is shown above and stimulated anti-Stokes Raman
scattering (SAS) is shown below.

overview. We provide deterministic analogs based on the
generalized quantum Rabi model for each case.

A. General description: Generation of sum-
and difference-frequency fields

1. Nonlinear optics

The creation and annihilation of a photon with sum
frequency ω+ can be described in the Fock representation
as |n1,n2,n+〉 → |n1 − 1,n2 − 1,n+ + 1〉 and |n1,n2,n+〉 →
|n1 + 1,n2 + 1,n+ − 1〉, respectively; see also Fig. 1(a). The
interaction Hamiltonian Ĥ

(+)
int for this sum-frequency genera-

tion can be given by

Ĥ
(+)
int = gâ1â2â

†
+ + g∗â†

1â
†
2â+, (11)

in terms of the annihilation (âj ) and creation (â†
j ) operators for

the input modes (for j = 1,2) and the output sum-frequency
mode (for j = +), and the three-mode complex coupling
constant g.

Analogously, the creation and annihilation of a photon
with difference frequency ω− can be described in the Fock
representation as |n1,n2,n−〉 → |n1 − 1,n2 + 1,n− + 1〉 and
|n1,n2,n−〉 → |n1 + 1,n2 − 1,n− − 1〉; see also Fig. 1(a). The
interaction Hamiltonian Ĥ

(−)
int describing this process can be

given by

Ĥ
(−)
int = gâ1â

†
2â

†
− + g∗â†

1â2â−, (12)

using the same notation as in Eq. (11) except that the subscript
“+”, corresponding to the sum-frequency mode, is replaced
by “−” for the difference-frequency mode.

The energy conservation principle implies that ω+ =
ω1 + ω2 and ω− = ω1 − ω2, and the momentum conservation
principle implies that k+ = k1 + k2 and k− = k1 − k2 for the
wave vectors kj .

Note that in conventional nonlinear optics, the interaction
Hamiltonians given here only describe the interaction that
results from the higher-order χ (2) nonlinearity. The full
interaction Hamiltonian for the system will also contain
lower-order terms, which limit the efficiency of the sum- and
difference-frequency generation described by Eqs. (11) and
(12).

2. Analogous processes

There are several possible setups that can realize analogs
of sum- and difference-frequency generation deterministically.
One such setup would be three resonators coupled to a single
qubit using the generalized Rabi interaction in Eq. (6). If the
resonator frequencies satisfy ωa + ωb ≈ ωc, the two states
|1,1,0,g〉 and |0,0,1,g〉 become resonant. Here, and in all
the following discussions of deterministic processes, kets
list photon excitation numbers, starting from the resonator
with frequency ωa , followed by qubit state(s) (g for ground
state, e for excited state). The transition |1,1,0,g〉 → |0,0,1,g〉
then corresponds to sum-frequency generation [a = 1, b = 2,
c = + makes the connection explicit with Sec. III A 1 and
Fig. 1(a)] and the transition |0,0,1,g〉 → |1,1,0,g〉 corre-
sponds to difference-frequency generation (a = 2, b = −,
c = 1).

The transition |1,1,0,g〉 → |0,0,1,g〉 is enabled by paths
with several intermediate virtual transitions. One example of
such a path is

|1,1,0,g〉 b̂σ̂+−−→ |1,0,0,e〉 ĉ†σ̂−−−→ |1,0,1,g〉 âσ̂z−→ |0,0,1,g〉,
where the terms from Eq. (6) that generate the transitions are
shown above the arrows. Note that the last transition changes
the number of excitations in the system by one, which is
only possible when the interaction is given by the generalized
quantum Rabi Hamiltonian of Eq. (6). The last transition
is also an example of how a virtual photon is annihilated
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in the process. For the transition in the opposite direction
(difference-frequency generation), a virtual photon is created
instead.

By adiabatic elimination, or suitable unitary transforma-
tions combined with perturbation expansion in g over some
frequency, it can be shown that these virtual transitions
combine to give an effective interaction Hamiltonian

Ĥ eff
int = geff|0,0,1,g〉〈1,1,0,g| + H.c., (13)

where the effective coupling geff , in general, becomes weaker
the more intermediate steps are needed. Later in this section,
we will provide examples with detailed diagrams of the virtual
transitions and calculations of the effective coupling.

In contrast to the interaction Hamiltonians for conventional
nonlinear optics given in Sec. III A 1, the effective interaction
given in Eq. (13) does not need to compete with lower-order
processes if the transition energies in the system are chosen
appropriately. For example, given the resonance condition
ωa + ωb ≈ ωc, the intermediate states |1,0,0,e〉 and |1,0,1,g〉,
with energies ωa + ωq and ωa + ωc, respectively, will be far
off resonance as long as ωq is chosen sufficiently far from ωb.
Thus, even though these intermediate states can be reached
via lower-order processes, they will not become populated
and will not limit the efficiency of the analog of three-wave
mixing.

We note that, if at least one of the excitations in the three-
wave mixing can be hosted in a qubit, other setups become
possible. Both a single resonator coupled to two qubits and
two resonators coupled to a single qubit could be used to
implement the processes in Fig. 1(a). In particular, Ref. [54]
analyzed the former case with ωa ≈ ωq1 + ωq2, showing an
effective coupling between |1,g,g〉 and |0,e,e〉. In the latter
case, the effective coupling of interest would be that between
the states |1,1,g〉 and |0,0,e〉 when ωa + ωb ≈ ωq .

B. Degenerate three-wave mixing: Second-harmonic
and second-subharmonic generation

1. Nonlinear optics

Let us assume the degenerate process of three-wave
mixing for which â1 = â2 ≡ â and ω1 = ω2 ≡ ω. The energy
conservation principle implies ω+ = 2ω. The processes of
the creation and annihilation of photons can be written as
|n,n+〉 → |n − 2,n+ + 1〉 and |n,n+〉 → |n + 2,n+ − 1〉; see
also Fig. 1(b). The interaction Hamiltonian reads as

Ĥint = gâ2â
†
+ + g∗â†2â+. (14)

For second-harmonic generation (also referred to as up-
conversion), one can assume that the initial pure state is
|ψ(t0)〉 = ∑∞

n=0 cn|n,0〉. For second-subharmonic generation
(also called down-conversion), one can assume that the initial
pure state is |ψ(t0)〉 = ∑∞

n+=0 cn+|0,n+〉. Here, cn and cn+
denote arbitrary complex superposition amplitudes satisfying
the normalization conditions. It is seen that our description
of second-subharmonic generation can be the same as that
for second-harmonic generation except with a different initial
state.

2. Analogous processes

(a) Two resonators. There are, again, several possible
setups to realize analogs of up- and down-conversion de-
terministically. In Ref. [65], it was shown that an effective
Hamiltonian like that of Eq. (14) can be achieved with two
resonator modes coupled to a qubit with the interaction
given by Eq. (6). However, in that work some additional
assumptions were made, since ultrastrong coupling had not
yet been experimentally demonstrated at the time. With strong
enough coupling, the virtual transitions shown in the upper left
panel of Fig. 2 combine to achieve a robust effective coupling
between the states |1,0,g〉 and |0,2,g〉, which results in both
up- and down-conversion. Note how virtual photons and qubit
excitations are created or annihilated in all transitions marked
with dashed arrows.

To be precise, the full Hamiltonian of the system is here
given by

Ĥ = ωaâ
†â + ωbb̂

†b̂ + ωq

σ̂z

2
+ Ĥint, (15)

Ĥint = [ga(â + â†) + gb(b̂ + b̂†)]

×(σ̂x cos θ + σ̂z sin θ ), (16)

and the effective interaction due to the virtual transitions shown
in Fig. 2 becomes

Ĥ eff
int = geff|1,0,g〉〈0,2,g| + H.c. (17)

The effective coupling geff can be calculated with third-order
perturbation theory. From Eq. (10), we have

geff =
∑
n,m

〈f |Ĥint|n〉〈n|Ĥint|m〉〈m|Ĥint|i〉
(Ei − En)(Ei − Em)

. (18)

Looking at the upper left panel of Fig. 2, we see that there
are 12 paths contributing to the effective coupling between
|i〉 = |0,2,g〉 and |f 〉 = |1,0,g〉. Three of these paths consist
solely of σ̂z-mediated transitions (dashed red arrows in the
figure). Their contribution is

√
2gag

2
b sin3θ

(
1

ωa�ba

− 1

ωb�ba

− 1

2ω2
b

)
, (19)

where we introduced the notation �nm = ωn − ωm. This
contribution sums to zero on resonance (ωa = 2ωb). The
contribution from the remaining 9 paths is (introducing the
notation 	nm = ωn + ωm)

√
2gag

2
b sin θ cos2θ

[
1

(�ab + ωq)	aq

− 1

ωa(�ab + ωq)

− 1

(�ab + ωq)�bq

+ 1

ωb(�ab + ωq)
− 1

�ab	aq

+ 1

�ab�bq

+ 1

(2ωb − ωq)	aq

− 1

ωb(2ωb − ωq)
− 1

2ωb�bq

]
, (20)

which on resonance reduces to

geff = 3
√

2gag
2
bω

2
q sin(2θ ) cos θ

4ω4
b − 5ω2

bω
2
q + ω4

q

. (21)

Since the transition paths in the upper left panel of Fig. 2
go via two intermediate levels, geff becomes on the order
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FIG. 2. Realizations of down- and up-conversion. The upper left panel shows all virtual transitions that contribute to the down-conversion
process (second-subharmonic generation) |1,0,g〉 → |0,2,g〉 to lowest order. Blue solid arrows mark transitions that do not change the number
of excitations [these transitions are mediated by the terms in the JC model, Eq. (5)], blue dashed arrows correspond to transitions that change
the number of excitations by two [these transitions are mediated by the non-JC terms in the quantum Rabi model, Eq. (4)], and red dashed
arrows show transitions that change the number of excitations by one [these transitions are mediated by the additional terms in the generalized
Rabi model, Eq. (6)]. We have set ωa = 2ωb and ωq = 1.5ωb. Similarly, the upper middle panel shows all virtual transitions that contribute to
the down-conversion process |0,e〉 → |2,g〉 to lowest order. Here, we have set ωq = 2ωa . The upper right panel shows all virtual transitions
that contribute to the down-conversion process |1,g,g〉 → |0,e,e〉 to lowest order. In this case, we have set ωa = 2ωq . Note that all intermediate
energy levels in the upper panels are detuned far off resonance from the initial and final states, which means that lower-order processes will not
be part of the effective interaction Hamiltonians given in the text of Sec. III B 2. The lower panel shows the generic level diagram for the process
in nonlinear optics. Dashed horizontal lines denote virtual levels. If the directions of all arrows in the entire figure are reversed, up-conversion
(second-harmonic generation) is shown instead.

of (gj/ω)2 weaker than gj (j = a,b). This expression is
slightly more complicated than that derived in Ref. [65], where
unitary transformations were combined with perturbation
expansions using the additional simplifying assumptions that
gb � |ωq − ωb| � ωa .

A further demonstration of the effective coupling in Eq. (17)
is given in Fig. 3, where we plot some of the energy levels
in the system as a function of ωa for the JC (dashed-dotted
lines), Rabi (dashed lines), and generalized Rabi (solid lines)
interactions. The inset shows a clear avoided crossing between
|1,0,g〉 and |0,2,g〉; the splitting is set by geff . The JC and Rabi
interactions do not give rise to such an avoided crossing since
they cannot change the excitation number by one. However,
all three interactions give rise to an avoided crossing between
|1,0,g〉 and |0,0,e〉 to the left in the figure, since those two
states have the same number of excitations.

(b) Multiphoton Rabi oscillations. An alternative imple-
mentation of up- and down-conversion is multiphoton Rabi

oscillations, illustrated in the upper middle panel of Fig. 2 and
discussed in Ref. [53]. In this case, virtual transitions induce
an effective coupling (and, thus, Rabi oscillations) between
the states |0,e〉 and |2,g〉 for a single resonator coupled to a
single qubit with ωq ≈ 2ωa . The transitions are mediated by
the generalized Rabi Hamiltonian Eq. (6) and give rise to an
effective interaction

Ĥ eff
int = geff|0,e〉〈2,g| + H.c. (22)

The effective coupling is easily calculated with second-order
perturbation theory. With |i〉 = |2,g〉 and |f 〉 = |0,e〉, Eq. (10)
gives

geff =
√

2g2 sin θ cos θ

(
1

�aq

− 1

ωa

)
. (23)

Using that on resonance ωa = ωq/2, this reduces to

geff = −2
√

2 sin(2θ )
g2

ωq

, (24)
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FIG. 3. Energy levels for two resonator modes coupled to a qubit
via the JC [Eq. (5), dashed-dotted lines], quantum Rabi [Eq. (4),
dashed lines], and generalized quantum Rabi [Eq. (6), solid lines]
interactions, as a function of the resonance frequency ωa of the first
resonator mode. The inset shows a zoom-in of the area marked by the
black rectangle in the upper right corner. Parameters: ωq = 1.6ωb,
ga = 0.07ωb, gb = 2ga , and θ = π/6. The numerical simulations
were performed in QuTiP [66,67].

which was also derived in Ref. [53] using adiabatic elimina-
tion. We note that the effective coupling acquires a factor g/ωq

due to the fact that each path between |i〉 and |f 〉 contains one
intermediate level.

(c) Two identical qubits. Yet another option, illustrated in
the upper right panel of Fig. 2 and discussed in Ref. [54], is
to couple a single resonator to two identical qubits such that
the process |1,g,g〉 ↔ |0,e,e〉 is realized. The Hamiltonian for
this setup is

Ĥ = ωaâ
†â +

2∑
j=1

ωq

σ̂
(j )
z

2
+ Ĥint, (25)

Ĥint = g(â + â†)
2∑

j=1

(σ̂ (j )
x cos θ + σ̂ (j )

z sin θ ), (26)

and the effective interaction becomes

Ĥ eff
int = geff|1,g,g〉〈0,e,e| + H.c. (27)

The third-order-perturbation-theory calculations for this pro-
cess following Eq. (10) were already performed in the
appendix of Ref. [54]. Here, we merely restate their
result

geff = −8

3

g3

ω2
q

sin θ cos2θ, (28)

which is valid on resonance, when ωa = 2ωq . Again, we see
that the effective coupling has a factor (g/ω)2, since each path
contributing to the coupling contains two intermediate states.

In conclusion, we note that the multiphoton Rabi oscillation
only requires two intermediate transitions, while the other two
proposals require three. This means that the multiphoton Rabi
oscillation has a larger effective coupling than the other two
setups and is easier to implement.

C. Raman scattering

1. Nonlinear optics

In nonlinear optics, Raman scattering is a special case of
nondegenerate three-wave mixing, mixing photons and optical
phonons of the scattering nonlinear medium. Usually Raman
scattering refers to the scattering of a light beam on optical
phonons, which results in changing the frequency of the light
beam [68]. We note that analogous scattering of photons on
acoustic phonons is referred to as Brillouin scattering.

We consider the following fields: a driving laser (L) mode
of frequency ωL, a Stokes (S) mode of frequency ωS , an
anti-Stokes (A) mode of frequency ωA, and optical vibrational
phonon (V ) modes of frequencies ωVj (j = 1,2, . . . ) as
described by the corresponding creation (â†

k) and annihilation
(âk) operators for k = L,A,S,Vj .

(a) Stokes Raman scattering. Raman scattering with
Stokes frequency ωS < ωL is shortly referred to as Stokes
(Raman) scattering. The process is illustrated in Fig. 1(c) and
the interaction Hamiltonian can be written as

Ĥ
(S)
int =

∑
j

gSj âLâ
†
Sâ

†
Vj + H.c., (29)

or its simpler single-phonon version

Ĥ
(S)
int = gSâLâ

†
Sâ

†
V + H.c. (30)

(b) Anti-Stokes Raman scattering (sideband cooling). One
can also analyze the Raman scattering with anti-Stokes fre-
quency ωA > ωL, referred to as anti-Stokes (Raman) scattering
and illustrated in Fig. 1(c). The interaction Hamiltonian for the
anti-Stokes Raman scattering can be written as

Ĥ
(A)
int =

∑
j

g∗
Aj âLâ

†
AâVj + H.c., (31)

or its simpler single-phonon version

Ĥ
(A)
int = g∗

AâLâ
†
AâV + H.c. (32)

Since a phonon is absorbed in this process, it can also be
referred to as sideband cooling of the phononic mode.

(c) Stimulated Raman scattering. The presence of addi-
tional photons in the S or A modes, as shown in Fig. 1(d), can
increase the rate of Raman scattering. This is called stimulated
Raman scattering. To further distinguish the processes in
Fig. 1(c) from those in Fig. 1(d), the former can be referred to
as spontaneous Raman scattering.

2. Analogous processes

We can achieve close analogs of Raman scattering in our
deterministic setups by letting a qubit play the role of a phonon.
The qubit is coupled to two resonators, one representing the
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FIG. 4. Raman scattering and its deterministic analog. The upper
panel shows all virtual transitions that contribute, to lowest order, to
the process |1,0,g〉 → |0,1,e〉, which corresponds to Stokes Raman
scattering. The lower panel shows the generic level diagram for
the process in nonlinear optics. The same arrow and level styles
as in Fig. 2 are used; we have set ωa = 3ωq and ωb = 2ωq . If the
directions of all arrows in the entire figure are reversed, and the labels
are changed such that S → L and L → A, anti-Stokes scattering is
shown instead. Stimulated Stokes (anti-Stokes) Raman scattering is
given by adding n to the photon number in the second (first) resonator
mode in the upper panel and adding n incoming and outgoing photons
to the S (A) mode in the rest of the figure.

laser mode and the other representing the Stokes or anti-Stokes
mode. The Hamiltonian of the system is given by Eqs. (15)
and (16).

(a) Stokes Raman scattering. Setting ωa = ωb + ωq , and
making the connections a = L, b = S, and q = V , the transi-
tion |1,0,g〉 → |0,1,e〉 emulates Stokes Raman scattering. The
virtual transitions involved are shown in Fig. 4. This process is
further discussed in the concurrent work of Ref. [55] as a means
to achieve single-photon frequency conversion controlled by

the qubit. The effective interaction due to the virtual transitions
when ωq ≈ ωa − ωb becomes

Ĥ eff
int = geff|1,0,g〉〈0,1,e| + H.c. (33)

Second-order perturbation theory using Eq. (10) and Fig. 4
gives

geff = gagb sin θ cos θ

(
1

−ωa

− 1

�qa

+ 1

ωb

− 1

	bq

)
, (34)

which reduces to

geff = gagb

(
1

ωb

− 1

ωa

)
sin(2θ ) (35)

on resonance (ωq = ωa − ωb). This agrees with the result
obtained using adiabatic elimination in Ref. [55].

We also note that it has been shown that a photon scattering
off a qubit ultrastrongly coupled to an open transmission line
can be down-converted in frequency, leaving some of its energy
with the qubit [48]. However, this down-conversion process is
not deterministic.

(b) Anti-Stokes Raman scattering. The same setup as for
Stokes Raman scattering, but considering the reverse transition
|0,1,e〉 → |1,0,g〉, implements anti-Stokes Raman scattering.
In this case, we need to make the identifications a = A, b = L,
and q = V .

(c) Stimulated Raman scattering. We can again consider
the same setup, but instead look at the transitions |1,n,g〉 →
|0,n + 1,e〉 and |n,1,e〉 → |n + 1,0,g〉 to obtain stimulated
Stokes Raman scattering and stimulated anti-Stokes Raman
scattering, respectively. In calculating the effective coupling
geff between the initial and final states, as done above and in
Ref. [55] for the case n = 0, we will, for each possible path
between them, multiply the corresponding transition matrix
elements. As can be seen from Fig. 4, each path contains
exactly one transition that changes the number of excitations
in one of the modes from n to n + 1. This contributes a factor√

n + 1 to the effective coupling, showing that the presence of
the additional photons stimulates the transition.

IV. FOUR-WAVE MIXING

In this section, we treat four-wave mixing, starting as in
Sec. III with a general description and then treating special
cases, such as degenerate four-wave mixing and hyper-Raman
scattering. An overview of these processes is given in Fig. 5.
We again provide deterministic analogs for each case. Since
there are many similarities to the material presented in Sec. III,
the treatment here will be a little more concise. However,
compared to Sec. III there are more processes to cover and
longer paths of virtual transitions to consider in calculating
the effective coupling for those processes.

A. General description

1. Nonlinear optics

Four-wave mixing comes in three types, as illustrated in
Fig. 5(a). Type I, with the interaction Hamiltonian

Ĥint = gâ1â2â
†
3â

†
4 + g∗â†

1â
†
2â3â4, (36)
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FIG. 5. Schematic representations (Feynman-like diagrams) of four-wave-mixing processes. (a) Four-wave mixing can be divided into three
general categories: type I, with two incoming and two outgoing signals (above), type II, with three incoming signals and one outgoing (middle),
and type III, with one incoming signal and three outgoing ones (below). (b) When three of the frequencies are degenerate, we have either
third-harmonic generation (THG, or up-conversion, above) or third-subharmonic generation (TSHG, or down-conversion, below). When two
of the frequencies are degenerate, four processes are possible (not pictured here, but shown in Appendix C). (c) When a phonon is involved, the
process is called hyper-Raman scattering of type I. The only change to Stokes (HIS, above) and anti-Stokes (HIAS, below) Raman scattering
from the three-wave-mixing case [see Fig. 1(c)] is that there are two (degenerate) incoming photons instead of one. (d) With two degenerate
phonons, the process is called hyper-Raman scattering of type II. The two phonons replace the single one in the Stokes (HIIS, above) and
anti-Stokes (HIIAS, below) versions of ordinary Raman scattering from Fig. 1(c).

has two incoming and two outgoing signals. Processes with
three incoming signals and one outgoing are here called
type II, and processes with one incoming signal and three
outgoing ones are here referred to as type III. The interaction
Hamiltonian for both types II and III can be written as

Ĥint = gâ1â2â3â
†
4 + g∗â†

1â
†
2â

†
3â4. (37)

2. Analogous processes

There are, just as for three-wave mixing, several possible
setups that allow deterministic analogs of the four-wave
mixing processes. The clearest analogy is probably four
resonators all coupled to a single qubit. Adjusting the resonator
frequencies to satisfy the condition ωa + ωb ≈ ωc + ωd , the
states |1,1,0,0,g〉 and |0,0,1,1,g〉 become resonant and the
transitions between these states will constitute type-I four-
wave mixing. Similarly, if ωa + ωb + ωc ≈ ωd , the transition
|1,1,1,0,g〉 → |0,1,1,1,g〉 corresponds to type-II mixing and
the reverse process |0,1,1,1,g〉 → |1,0,0,0,g〉 will be type-III
mixing.

If at least one of the excitations in the four-wave mixing can
be hosted in a qubit, additional setups are possible. With three
resonators coupled to a single qubit, |1,1,0,g〉 ↔ |0,0,1,e〉
corresponds to type-I mixing and the processes |1,1,1,g〉 ↔
|0,0,0,e〉 corresponds to type-II (→) and type-III (←) mixing,
respectively. In the same way, with two resonators coupled to
two qubits, |1,1,g,g〉 ↔ |0,0,e,e〉 are analogs of type-I mixing
and the processes |0,1,e,e〉 ↔ |1,0,g,g〉 are some possible
analogs for type-II (→) and type-III (←) mixing, respectively.
Finally, with a single resonator coupled to three qubits,
|1,e,g,g〉 ↔ |0,g,e,e〉 corresponds to type-I mixing and the
processes |0,e,e,e〉 ↔ |1,g,g,g〉 corresponds to type-II (→)
and type-III (←) mixing, respectively. Hosting at least one

excitation in a qubit may be preferable, since such setups, in
general, will require one less intermediate virtual transition
than the setup with four resonators and a qubit. Barring
destructive interference between the various virtual transition
paths, this implies that the effective coupling will be weaker
in the latter setup.

All these processes can occur due to intermediate virtual
transitions as before. However, in contrast to three-wave
mixing, the four-wave mixing analogs do not require the
generalized Rabi interaction Hamiltonian from Eq. (6). The
standard quantum Rabi model in Eq. (4) is sufficient, since the
parity of the number of excitation is conserved in four-wave
mixing. In fact, for type-I processes, which do not change
the number of excitations, the interaction terms from the JC
model in Eq. (5) are sufficient to mediate the required virtual
transitions. However, terms from the full quantum Rabi model
can still give a significant contribution to the effective coupling
between the initial and final states of such processes.

B. Degenerate four-wave mixing: Third-harmonic
and third-subharmonic generation

In this subsection, we limit our analysis to the cases where
three of the signals involved are degenerate. The cases with
two degenerate signals are reviewed briefly in Appendix C.

1. Nonlinear optics

Let us analyze a degenerate case of four-wave mixing
assuming â1 = â2 = â3 ≡ â, â4 ≡ â+, and ω+ = 3ω. The
creation and annihilation of a photon in the Fock basis
can be given as |n,n+〉 → |n − 3,n+ + 1〉 for third-harmonic
generation (up-conversion) and |n,n+〉 → |n + 3,n+ − 1〉 for
third-subharmonic generation (down-conversion); see also
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FIG. 6. Realizations of down- and up-conversion with four-wave mixing. The upper left panel shows all virtual transitions that contribute
to the down-conversion process (third-subharmonic generation) |1,0,g〉 → |0,3,g〉 to lowest order. Similarly, the upper middle panel shows
all virtual transitions that contribute to the down-conversion process |0,e〉 → |3,g〉 to lowest order, and the upper right panel shows all virtual
transitions that contribute to the down-conversion process |1,g,g,g〉 → |0,e,e,e〉 to lowest order. The lower panel show the generic level
diagram for the process in nonlinear optics. The same arrow and level styles as in Fig. 2 are used. In the upper left panel, ωa = 3ωb and
ωq = 2ωb; in the upper middle panel, we have set ωq = 3ωa ; in the upper right panel, ωa = 3ωq . If the directions of all arrows in the entire
figure are reversed, up-conversion (third-harmonic generation) is shown instead.

Fig. 5(b). The interaction Hamiltonian for both processes reads
as

Ĥint = gâ3â
†
+ + g∗â†3â+. (38)

The initial pure state for third-subharmonic generation is
usually chosen as |ψ(t0)〉 = ∑∞

n=0 cn|n,0〉, while that for third-
harmonic generation can read as |ψ(t0)〉 = ∑∞

n+=0 cn+|0,n+〉,
where cn and cn+ are arbitrary complex amplitudes like in
Sec. III B 1.

2. Analogous processes

Also in this case, there are various possible deterministic
setups, extensions of those discussed in Sec. III B 2. The three
most straightforward setups are illustrated in Fig. 6. We note
from the figure that although these setups in general require
one more intermediate step than in the three-wave-mixing case,
the calculations of the effective coupling are simplified by
the fact that we only need to use transitions mediated by the
quantum Rabi Hamiltonian (blue arrows in the figure), and not
the σ̂z terms of the generalized Rabi Hamiltonian (red arrows
in Fig. 2), since the excitation-number parity is conserved.

(a) Two resonators. The first analog, shown in the upper
left panel of Fig. 6, utilizes two resonators, with frequencies

ωa ≈ 3ωb, coupled to a single qubit such that virtual interme-
diate transitions enable the process |1,0,g〉 ↔ |0,3,g〉, which
realizes both up- and down-conversion. The full Hamiltonian
for this system is given by Eq. (15) and

Ĥint = [ga(â + â†) + gb(b̂ + b̂†)]σ̂x . (39)

We can derive, in the same way as before, an effective
Hamiltonian

Ĥ eff
int = geff|1,0,g〉〈0,3,g| + H.c. (40)

The effective coupling requires fourth-order perturbation
theory to calculate. Summing the four contributing paths using
Eq. (10) with |i〉 = |0,3,g〉 and |f 〉 = |1,0,g〉 gives

geff =
√

6gag
3
b

[
− 1

(	aq − 2ωb)�ab	aq

+ 1

(	aq − 2ωb)�ab�bq

− 1

2ωb(	aq − 2ωb)�bq

+ 1

2ωb(3ωb + ωq)�bq

]
. (41)
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Applying the resonance condition ωa = 3ωb simplifies this
result to

geff =
√

6gag
3
b

2ωb

[
1

�bq(3ωb − ωq)
− 1

	bq(3ωb + ωq)

]

= 4
√

6gag
3
bωq

9ω4
b − 10ω2

bω
2
q + ω4

q

, (42)

which scales as (gj/ω)3, j = a,b, as expected for a fourth-
order process.

(b) Multiphoton Rabi oscillations. The second option,
shown in the upper middle panel of Fig. 6, is multiphoton Rabi
oscillations between the states |0,e〉 and |3,g〉 with a single
resonator coupled to a single qubit (ωq ≈ 3ωa), a process
studied in Refs. [52,53]. The Hamiltonian for the system is
given by Eqs. (3) and (4).

The effective interaction Hamiltonian for this process is

Ĥ eff
int = geff|0,e〉〈3,g| + H.c. (43)

The effective coupling for three-photon Rabi oscillations
follows immediately from third-order perturbation theory as
there is only a single path contributing. With |i〉 = |3,g〉 and
|f 〉 = |0,e〉, Eq. (10) gives

geff =
√

6g3

2ωa�aq

= −9
√

6g3

4ω2
q

, (44)

where we used the resonance condition ωq = ωa/3 in the last
step. This result was also derived in Ref. [52] using adiabatic
elimination.

(c) Three identical qubits. A third possibility, shown in
the upper right panel of Fig. 6, is coupling a single res-
onator to three identical qubits (ωa = 3ωq), such that the
process |1,g,g,g〉 ↔ |0,e,e,e〉 is implemented, as discussed
in Ref. [54]. In this case, the Hamiltonian for the system is

Ĥ = ωaâ
†â +

3∑
j=1

ωq

σ̂
(j )
z

2
+ Ĥint, (45)

Ĥint = g(â + â†)
3∑

j=1

σ̂ (j )
x , (46)

and the effective interaction Hamiltonian of interest is

Ĥ eff
int = geff|1,g,g,g〉〈0,e,e,e| + H.c. (47)

The effective coupling can be calculated with third-order
perturbation theory. Following Eq. (10), adding up the con-
tributions from the two paths with |i〉 = |0,e,e,e〉 and |f 〉 =
|1,g,g,g〉, leads to

geff = g3

(
3

�2
qa

+ 6

2ωq�qa

)
= −3g3(ωa − 3ωq)

ωq�2
qa

, (48)

which goes to zero on resonance (ωa = 3ωq); the two paths
interfere destructively then. However, as shown numerically
in the appendix of Ref. [54], a coupling between the states
|1,g,g,g〉 and |0,e,e,e〉 nevertheless exists close to that
resonance. This is partly due to the fact that the energy levels
are shifted from their bare-state values to the dressed states

induced by the ultrastrong interaction and partly due to the
influence of higher-order processes.

Comparing the three analogs given here, we note that the
multiphoton Rabi oscillations and the single photon exciting
three qubits both require one less intermediate step than the
setup with two resonators and one qubit. However, in the three-
qubit case this does not necessarily translate into a stronger
effective coupling due to destructive interference between
the virtual transitions. The possibility of such destructive
interference diminishing the effective coupling needs to be
kept in mind when designing analogs of nonlinear optics
in these setups. We will see one more example of this
phenomenon below.

C. Hyper-Raman scattering, type I: Two-photon processes

1. Nonlinear optics

Hyper-Raman scattering is a generalization of Raman
scattering (see Sec. III C) to include either multiple incoming
photons or multiple phonons. Here, we first analyze hyper-
Raman scattering based on two-photon processes (we refer to
this as type-I hyper-Raman scattering), as described by the
following Hamiltonians for Stokes frequency,

Ĥ
(S)
int = gSâ

2
Lâ

†
Sâ

†
V + H.c., (49)

and anti-Stokes frequency (which could also be called side-
band hypercooling of type I),

Ĥ
(A)
int = g∗

Aâ2
Lâ

†
AâV + H.c. (50)

These processes are sketched in Fig. 5(c). We note that here
ωS > ωL, contrary to the standard Raman scattering case. For
simplicity, we have omitted multiphonon versions analogous
to Eq. (29).

2. Analogous processes

Just as in Sec. III C 2, we consider setups where qubit
excitations play the role of phonons in the deterministic
analogs of hyper-Raman scattering. For the type-I process,
two resonators (one corresponding to the L mode, one
corresponding to the S or A mode) are coupled to a single qubit.
This setup is studied further in our concurrent work Ref. [55] as
a means to implement deterministic up- and down-conversions
controlled by a qubit.

(a) Stokes Hyper-Raman scattering, type I. Setting ωa +
ωq ≈ 2ωb and making the connections a = S, b = L, and q =
V , we see that the process |0,2,g〉 → |1,0,e〉 corresponds to
Stokes hyper-Raman scattering of type I. In the upper panel
of Fig. 7, we show the virtual transitions contributing to this
process. From the full system Hamiltonian, given by Eqs. (15)
and (39) just as for the three-photon frequency conversion in
Sec. IV B 2 a, we can derive the effective Hamiltonian

Ĥ eff
int,HIS = geff|0,2,g〉〈1,0,e| + H.c. (51)

Third-order perturbation theory following Eq. (10) gives

geff =
√

2gag
2
b

(
1

−2ωb�qb

+ 1

�ab�qb

+ 1

�ab	aq

)

=
√

2gag
2
b(ωa − 2ωb)

ωb�
2
ab

, (52)
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FIG. 7. Stokes hyper-Raman scattering of type I and its deter-
ministic analog. The upper panel shows all virtual transitions that
contribute to lowest order to the transition |0,2,g〉 → |1,0,e〉. The
lower panel shows the generic level diagram for the process in non-
linear optics. The connection becomes clear with the identifications
a = S, b = L, and q = V . The same arrow and level styles as in
Fig. 2 are used; we have set ωa = 3ωq and ωb = 2ωq .

where we used the resonance condition ωq = 2ωb − ωa in the
last step.

We note that one of the paths contributing to the coupling
[the second term in Eq. (52)] only requires interactions given
by the JC version of the interaction Hamiltonian,

Ĥint = ga(âσ̂+ + â†σ̂−) + gb(b̂σ̂+ + b̂†σ̂−). (53)

Omitting the other terms from Eq. (52) and setting ωq = 2ωb −
ωa , the result is

geff = −
√

2gag
2
b

�2
ab

. (54)

These effective couplings are also calculated in Ref. [55]
using adiabatic elimination. In that case, the results are a little
more complicated since some higher-order contributions are

FIG. 8. Anti-Stokes hyper-Raman scattering of type I (sideband
hypercooling) and its deterministic analog. The upper panel shows
all virtual transitions that contribute to lowest order to the transition
|0,2,e〉 → |1,0,g〉. The lower panel shows the generic level diagram
for the process in nonlinear optics. The connection becomes clear
with the identifications a = A, b = L, and q = V . The same arrow
and level styles as in Fig. 2 are used; we have set ωa = 5ωq and
ωb = 2ωq .

included, but to lowest order the results coincide with those
given here.

(b) Anti-Stokes Hyper-Raman scattering, type I. If we
instead set ωa ≈ 2ωb + ωq in the same setup as for Stokes
hyper-Raman scattering of type I (and make the connections
a = A, b = L, and q = V ), the transition |0,2,e〉 → |1,0,g〉
corresponds to anti-Stokes hyper-Raman scattering of type I.
The effective interaction Hamiltonian becomes

Ĥ eff
int,HIAS = geff|0,2,e〉〈1,0,g| + H.c. (55)

The virtual transitions contributing to the process |0,2,e〉 →
|1,0,g〉 are shown in Fig. 8. Third-order perturbation theory
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following Eq. (10) gives

geff =
√

2gag
2
b

(
1

2ωb	qb

− 1

�ab	qb

+ 1

�ab�aq

)

=
√

2gag
2
b(ωa − 2ωb)

ωb�
2
ab

, (56)

where we used the resonance condition ωq = ωa − 2ωb in the
last step. We note that the expression is the same as the one
obtained for type-I Stokes hyper-Raman scattering in Eq. (52),
despite the resonance condition being different.

This effective coupling is also calculated in Ref. [55] using
adiabatic elimination. Again, in that case, the result is a little
more complicated since some higher-order contributions are
included, but to lowest order it coincides with Eq. (56).

D. Hyper-Raman scattering, type II: Two-phonon processes

1. Nonlinear optics

Hyper-Raman scattering can also be based on two-phonon
processes (we refer to this as type-II hyper-Raman scattering),
as described by the following interaction Hamiltonians with
Stokes frequency,

Ĥ
(S)
int = gSâLâ

†
Sâ

†
V 1â

†
V 2 + H.c., (57)

and with anti-Stokes frequency (which could also be called
sideband hypercooling of type II),

Ĥ
(A)
int = g∗

AâLâ
†
AâV 1âV 2 + H.c. (58)

These processes are sketched in Fig. 5(d).

2. Analogous processes

The closest analog here is a setup with two resonators both
coupled to two identical qubits. The full system Hamiltonian
is given by

Ĥ = ωaâ
†â + ωbb̂

†b̂ +
2∑

j=1

ωq

σ̂
(j )
z

2
+ Ĥint, (59)

Ĥint = [ga(â + â†) + gb(b̂ + b̂†)]
2∑

j=1

σ̂ (j )
x . (60)

If the frequencies satisfy the resonance condition ωa ≈ ωb +
2ωq , the process |1,0,g,g〉 → |0,1,e,e〉, whose virtual transi-
tions are shown in Fig. 9, corresponds to Stokes hyper-Raman
scattering of type II, given that we make the connections
a = L, b = S, and q = V . The reverse process corresponds
to anti-Stokes hyper-Raman scattering of type II, if we instead
identify a = A and b = L.

The virtual transitions give rise to the effective Hamiltonian

Ĥ eff
int = geff|1,0,g,g〉〈0,1,e,e| + H.c., (61)

which describes both processes. Adding up the two paths
in Fig. 9 using second-order perturbation theory following
Eq. (10), we obtain

geff = 2gagb

(
1

�qa

+ 1

	bq

)
= −2gagb(�ba + 2ωq)

�aq	bq

, (62)

FIG. 9. Stokes hyper-Raman scattering of type II and its deter-
ministic analog. The upper panel shows all virtual transitions that
contribute to lowest order to the transition |1,0,g,g〉 → |0,1,e,e〉.
The lower panel shows the generic level diagram for the process in
nonlinear optics. The connection becomes clear with the identifica-
tions a = L, b = S, and q = V . The same arrow and level styles as
in Fig. 2 are used; we have set ωa = 2ωb = 4ωq . If the directions of
all arrows in the entire figure are reversed, and the labels are changed
such that S → L and L → A, anti-Stokes hyper-Raman scattering of
type II is shown instead.

which goes to zero on resonance (ωa = ωb + 2ωq). However,
a finite coupling should result from the fact that bare energy
levels are shifted to dressed ones and higher-order processes
can contribute, analogous to the situation for the single photon
exciting three qubits discussed in Sec. IV B 2 c.

V. OTHER NONLINEAR PROCESSES

While three- and four-wave mixing have been the main
focus of this article, there are several other nonlinear-optics
processes for which analogs can be found. In this section, we
treat a few of these.
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A. Higher-harmonic and -subharmonic generation

A plethora of processes are possible when considering
wave-mixing involving five or more frequencies. To shed light
on the relevant considerations for the deterministic analogs of
these processes, it is sufficient to consider higher-harmonic and
-subharmonic generation as a simple representative example.

1. Nonlinear optics

We consider the degenerate case of m-wave mixing as-
suming â1 = â2 = . . . = âm−1 ≡ â, âm ≡ â+, and ω+ = (m −
1)ω. The creation and annihilation of a photon in the Fock basis
can then be given as |n,n+〉 → |n − m + 1,n+ + 1〉 for (m −
1)th-harmonic generation (up-conversion) and |n,n+〉 → |n +
m − 1,n+ − 1〉 for (m − 1)th-subharmonic generation (down-
conversion). The interaction Hamiltonian for both processes
can be written as

Ĥint = gâm−1â
†
+ + g∗â†(m−1)â+, (63)

generalizing Eq. (14) for three-wave mixing and Eq. (38) for
four-wave mixing.

2. Analogous processes

It is straightforward to extend the three approaches dis-
cussed in Sec. III B 2 for three-wave mixing and in Sec. IV B 2
for four-wave mixing. One can use two resonators, with fre-
quencies ωa = (m − 1)ωb, coupled to a single qubit such that
the process |1,0,g〉 ↔ |0,m − 1,g〉 is enabled by virtual inter-
mediate transitions, realizing both up- and down-conversion.
The other approaches are to use multiphoton Rabi oscillations
between |0,e〉 and |m − 1,g〉 using a single resonator coupled
to a single qubit with ωq = (m − 1)ωa [53]; or to couple a
single resonator to m − 1 identical qubits [ωa = (m − 1)ωq]
such that the process |1,g, . . . ,g〉 ↔ |0,e, . . . ,e〉 is realized
[54].

What these three approaches, and all other analogs of
m-wave mixing, have in common are that they require an
increasing number of intermediate virtual transitions as m

increases. In general, the effective coupling geff , determining
the transition rate, will be proportional to (g/ω)n−1 if n steps of
intermediate virtual transitions are required to go between the
initial and final states. Here, g and ω are the coupling and the
relevant system frequencies, respectively, in the quantum Rabi
model discussed in Sec. II B. Considering this, the fact that the
multiphoton Rabi oscillations require one less intermediate
step than the other two approaches described above (see Secs.
III B 2 and IV B 2) makes them the most suited to implement
an analog of higher-harmonic and -subharmonic generation.

We also note that the standard quantum Rabi model, Eq. (4),
is sufficient to mediate the virtual transitions needed for m-
wave mixing when m is even. If m is odd, the interaction
terms from the generalized quantum Rabi model, Eq. (6), are
necessary to realize the analogs discussed here.

B. Multiphoton absorption

1. Nonlinear optics

Simultaneous absorption of multiple photons in a system
is a nonlinear process, first predicted by Göppert-Mayer [69].
Unlike most of the wave-mixing processes discussed above

(except Raman scattering), this process changes the net energy
of the system.

2. Analogous processes

A clear analogy of multiphoton absorption is provided
by the multiphoton Rabi oscillations [53] already discussed
in the context of harmonic and subharmonic generation
in Secs. III B 2, IV B 2, and V A 2. During a multiphoton
Rabi oscillation, a single qubit absorbs n photons from the
resonator it is coupled to; this is the process |n,g〉 → |0,e〉.
We also note that circuit-QED experiments with flux qubits
have demonstrated multiphoton absorption in a driven qubit-
resonator system [32,63].

C. Parametric processes

1. Nonlinear optics

Many of the processes discussed above can be analyzed
for the case where one of the fields is a strong drive
that can be approximated as classical. As an example,
consider the general three-wave-mixing processes described
by Eqs. (11) and (12) in Sec. III A 1. We denote the frequencies
by ωp ≡ ω1 for the pump (drive) mode, ωs ≡ ω2 for the
signal mode, and ωi ≡ ω± for the idler mode. We then ap-
ply the parametric approximation âp(t) ≈ 〈âp(t)〉 ≈ αp(t) ≡
|αp| exp [−i(ωt + φp)], which is usually valid if 〈n̂p(t)〉 ≈
〈n̂p(t0)〉  max{1,〈n̂s(t)〉,〈n̂i(t)〉}, where n̂x is the number of
photons in mode x. For the case ωp = ωs + ωi , Eq. (12) then
becomes

Ĥ (amp) = g∗α∗
pâi âs + gαpâ

†
i â

†
s

= κ[âi âse
i(ωt+φ) + â

†
i â

†
s e

−i(ωt+φ)], (64)

where ω ≡ ωp, the coupling constant g is rescaled as
κ = |gαp|, and φ = φp − arg(g). This equation describes
parametric amplification (down-conversion). For the special
case ωs = ωi , it corresponds to degenerate parametric down-
conversion. Similarly, under the parametric approximation,
with â1 ≡ âp ≈ αp, Eq. (11) describes parametric frequency
conversion.

2. Analogous processes

As discussed in Sec. III B 2 a, Ref. [65] showed that a
setup with two resonator modes coupled to a qubit with the
interaction of Eq. (6) can give an effective interaction of the
form

Ĥ eff
int = ζ (â†2b̂ + â2b̂†)σ̂z, (65)

where

ζ = g2
ag

2
b sin θ sin(2θ )

ωa(ωq − ωb)
. (66)

This interaction results in degenerate parametric down-
conversion and squeezing. Note that the qubit state will affect
the process since the interaction is proportional to σ̂z, which
is absent in Eq. (64). However, if we assume that the qubit
remains in its ground (or excited) state during the system
evolution, we can recover Eq. (64) from Eq. (65). Such qubit
“freezing” can be achieved, e.g., by Zeno-type effects.
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In general, similar effective interaction Hamiltonians
should be possible to derive for all setups considered in this
article where the initial and final states for the system have
the same qubit state. Thus, most parametric processes from
nonlinear optics have deterministic analogs involving virtual
photons.

D. Kerr, cross-Kerr, and Pockels effects

1. Nonlinear optics

The Kerr, cross-Kerr, and Pockels effects differ from the
other nonlinear-optics phenomena discussed so far in that they
do not involve any change in the number of excitations in some
mode. Instead, the frequency of a mode a is modified, either
through self-interaction (Kerr effect) or through interaction
with a second mode b (Pockels effect when the change
is proportional to the amplitude of the field; cross-Kerr
effect when the change is proportional to the square of said
amplitude). These effects can be described by the following
Hamiltonians:

ĤK = χK(â†â)2, (67)

ĤcK = χcKâ†âb̂†b̂, (68)

ĤP = χPâ
†â(b̂ + b̂†), (69)

where χx gives the strength of the nonlinear interaction.

2. Analogous processes

The Kerr effect can be realized with a single qubit coupled
to a resonator with only the JC interaction of Eq. (5). In the
dispersive regime, where g � |ωa − ωq |, a perturbation ex-
pansion in the small parameter g/(ωa − ωq) yields a term [70]

Ĥ
disp
K = χK(â†â)2σ̂z, (70)

where

χK = − g4

(ωa − ωq)3
. (71)

This Hamiltonian reduces to the standard Kerr Hamiltonian,
given in Eq. (67), if we can assume that the qubit remains in one
and the same state during the system evolution, as discussed
above in Sec. V C 2. More general derivations for multiple
resonator modes and a multilevel atom in the dispersive regime
have shown how both Kerr and cross-Kerr effects can be real-
ized [71,72]. In particular, Ref. [72] demonstrates clearly how
an atom coupled to two resonators in the dispersive regime via
a general coupling like Eq. (6) gives rise to the Kerr and cross-
Kerr effects due to fourth-order processes involving virtual
photons in the same way as all other analogs of nonlinear optics
discussed previously in this article. We note that these Kerr and
cross-Kerr terms, just like in Eqs. (65) and (70), involve sums
over the diagonal qubit operators |g〉〈g| and |e〉〈e|.

Based on the above theory, experiments in circuit QED
have recently demonstrated both the single-photon Kerr [73]
and cross-Kerr effects [74]. A large cross-Kerr effect for
propagating photons interacting with a three-level artificial
atom in circuit QED has also been studied theoretically
[75] and experimentally [76]. However, to the best of our

knowledge, no such experimental demonstrations exists for the
Pockels effect and we have been unable to find a mechanism
for engineering it in the setups we consider.

VI. EXPERIMENTAL FEASIBILITY

In this section, we evaluate the experimental feasibility of
our proposed analogs of nonlinear-optics processes. In most of
these analogs, the process consists of transferring population
from an initial state |i〉 to a final state |f 〉. The time scale for
this process is given by the inverse of the effective coupling
strength geff for the interaction that connects the two states [see
Eq. (9)]. For the transfer to be successful, geff must exceed the
relevant decoherence rates in the system: qubit decoherence
(relaxation and dephasing) at a rate γ and resonator losses at a
rate κ . To observe energy-level anticrossings in spectroscopy,
revealing the effective coupling between |i〉 and |f 〉, it is suffi-
cient that geff > κ,γ ; for the transfer to be essentially determin-
istic, i.e., have close to unit efficiency, geff  κ,γ is required.
Note that when either |i〉 or |f 〉 contain multiple excitations,
the relevant loss rates that geff should be compared to are the
total loss rates for those states. For example, in the case of nth-
subharmonic generation through multiphoton Rabi oscillations
with |i〉 = |0,e〉 and |f 〉 = |n,g〉, discussed in Sec. V A 2, the
effective coupling must be compared to γ and nκ .

Although USC has been realized in several solid-state sys-
tems, as noted in Sec. I, we limit the discussion here to circuit
QED, where we believe the proposed experiments are easiest
to implement. The experimental demonstrations of USC with
qubits coupled to resonators in circuit QED have all used
flux qubits, coupled either to lumped-element LC oscillators
[19,31,36] or transmission-line resonators [20,29,32]. In such
circuit QED experiments, qubit and resonator frequencies are
usually in the range ωq,ωa ∼ 2π × 1–10 GHz. Recent experi-
mental work on flux qubits has demonstrated γ on the order of
2π × 10 kHz [77,78], and an improvement of the flux qubit de-
sign [79], which comes at the price of reduced anharmonicity,
has been shown to reduce γ even further [80]. Superconducting
transmon qubits, which have lower anharmonicity than flux
qubits, can have γ approaching 2π × 1 kHz [81,82]. For
transmission-line resonators, quality factors Q = ωa/κ on the
order of 106 have been demonstrated [83]. Recently, supercon-
ducting qubits are often coupled to 3D cavities, where the qual-
ity factor can be another two orders of magnitude larger [84].

Taken together, the numbers above indicate that γ,κ ∼
10−6ωa can be reached in state-of-the-art circuit-QED exper-
iments. Regarding the coupling strength, Refs. [19,20,29,32]
have reached g � 0.1ωa and Refs. [31,36] demonstrated g ∼
ωa . Using the lower of these values as a very conservative
estimate, we calculate most of the effective coupling strengths
derived in Secs. III and IV. The results are given in Table I.
We see that even with this conservative estimate for the bare
coupling, and even though processes up to fourth order are
considered, the effective coupling strengths are orders of
magnitude larger than the decoherence rates that have been
demonstrated in experiments. If such low decoherence rates
would be hard to reach, the effective coupling can instead be
much strengthened by a modest increase of the bare coupling.

We note that already one of the first circuit QED ex-
periments to reach the USC regime, Ref. [20], achieved
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TABLE I. Conservative estimates of the effective coupling strengths geff for most of the analogs of three- and four-wave mixing processes
given in this article. In each case, we have assumed the bare coupling g to be 10% of the lowest transition frequency in the setup. The effective
coupling is given in units of that transition frequency. We note that the parameter θ can be chosen quite freely in experiments with flux qubits.

Process Parameters Equation Effective coupling |geff |
|1,0,g〉 ↔ |0,2,g〉 ωa = 2ωb, ωq = 1.5ωb, ga/b = 0.1ωb, θ = π/6 Eq. (21) 3 × 10−3ωb

|0,e〉 ↔ |2,g〉 ωq = 2ωa , g = 0.1ωa , θ = π/4 Eq. (24) 1 × 10−2ωa

|1,g,g〉 ↔ |0,e,e〉 ωa = 2ωq , g = 0.1ωq , θ = π/6 Eq. (28) 1 × 10−3ωq

|1,0,g〉 ↔ |0,1,e〉 ωa = 3ωq , ωb = 2ωq , ga/b = 0.1ωq , θ = π/4 Eq. (35) 2 × 10−3ωq

|1,0,g〉 ↔ |0,3,g〉 ωa = 3ωb, ωq = 2ωb, ga/b = 0.1ωb Eq. (42) 1 × 10−4ωb

|0,e〉 ↔ |3,g〉 ωq = 3ωa , g = 0.1ωa Eq. (44) 6 × 10−4ωa

|0,2,g〉 ↔ |1,0,e〉 ωa = 3ωq , ωb = 2ωq , ga/b = 0.1ωq Eq. (52) 7 × 10−4ωq

|0,2,e〉 ↔ |1,0,g〉 ωa = 5ωq , ωb = 2ωq , ga/b = 0.1ωq Eq. (56) 2 × 10−4ωq

sufficiently small decoherence to clearly observe an energy-
level anticrossing due to effective coupling between states
|1,0,g〉 and |0,1,e〉. Furthermore, as noted in Sec. V D 2, the
single-photon Kerr and cross-Kerr effects, even though these
are fourth-order processes, have also been experimentally
demonstrated in circuit QED using transmon qubits and 3D
cavities [73,74]. In the case of the Kerr effect, the Kerr
coefficient was χK = 2π × 325 kHz, much larger than γ,κ ∼
2π × 10–20 kHz [73].

From the estimates in this section, we conclude that most, if
not all, of the nonlinear-optics analogs proposed in this article
can be implemented with existing experimental technology
in circuit QED. It appears that the effective coupling strengths
can be orders of magnitude larger than the system decoherence
rates, ensuring that the relevant processes can reach close to
unit efficiency.

VII. SUMMARY AND OUTLOOK

We have shown how analogs of nonlinear optics can be
realized in systems where one or more qubits are coupled to
one or more resonator modes. These analogous processes are
all based on the light-matter interaction between a qubit and a
photonic mode described by the quantum Rabi Hamiltonian or
some generalized version thereof. This interaction allows the
number of excitations in the system to change, which makes
possible the creation and annihilation of virtual photons and
qubit excitations. In this way, initial and final states of the
nonlinear-optics processes can be connected via a number of
virtual transitions, creating an effective deterministic coupling
between the states. The effective coupling decreases when the
number of intermediate transition steps increases. However,
with the recent experimental demonstrations of USC in a
variety of systems, circuit QED in particular, it should now be
possible to observe many of these nonlinear-optics phenomena
in new settings. When the light-matter coupling becomes
ultrastrong, even the weaker effective coupling can be larger
than the relevant decoherence rates in the system.

For the case of three-wave mixing, we have shown how
analogs can be constructed for sum- and difference-frequency

generation, including the special cases of second-harmonic
generation (up-conversion) and second-subharmonic gener-
ation (down-conversion) as well as Stokes and anti-Stokes
spontaneous and stimulated Raman scattering. A summary of
all the three-wave-mixing processes and their analogs is given
in Table II.

Similarly, for the case of four-wave mixing, we have shown
how analogs can be realized for all types of nondegenerate
and degenerate mixing, including third-harmonic and third-
subharmonic generation as well as all forms of hyper-Raman
scattering. We provide a summary of all the four-wave-mixing
processes and their analogs in Table III. Finally, we have also
shown that analogs working according to the same principle are
available for higher-harmonic and -subharmonic generation,
multiphoton absorption, parametric processes, and the Kerr
and cross-Kerr effects.

It is noteworthy that some of the setups we consider,
especially the relatively simple setups of a single qubit coupled
to one or two resonators, can be used to realize many analogs
of nonlinear-optics phenomena in one universal system. It is
also remarkable that these analogs work at unit efficiency with
a minimal number of photons without any need for external
drives, which is not the case for conventional nonlinear optics.
While some processes that we discuss here have been inves-
tigated in previous and concurrent publications, we have now
provided a unified and clear picture of how and why nonlinear-
optics analogs can be constructed in these setups. One
important difference to conventional nonlinear optics is that we
are able to suppress lower-order processes by making the final
state of such processes far off-resonant with the initial state.

There are many directions for future work following this
article. They include deriving effective Hamiltonians for more
parametric processes based on the setups discussed here and
finding an analog of the Pockels effect. An interesting way to
take the ideas of the current work one step further is to consider
analogs of nonlinear-optics processes where the excitations are
exchanged only between atoms and any resonators in the setups
are only excited virtually, which is treated in a concurrent
publication [56]. We also see a great potential for using the

063849-16



DETERMINISTIC QUANTUM NONLINEAR OPTICS WITH . . . PHYSICAL REVIEW A 95, 063849 (2017)

TA
B

L
E

II
.

A
su

m
m

ar
y

of
th

re
e-

w
av

e-
m

ix
in

g
pr

oc
es

se
s

in
no

nl
in

ea
ro

pt
ic

s
an

d
th

ei
rd

et
er

m
in

is
tic

an
al

og
s

w
ith

si
ng

le
at

om
s

an
d

vi
rt

ua
lp

ho
to

ns
.I

n
th

e
ca

se
of

no
nd

eg
en

er
at

e
th

re
e-

w
av

e
m

ix
in

g,
w

ith
th

e
ex

ce
pt

io
n

of
R

am
an

sc
at

te
ri

ng
,t

he
gi

ve
n

fr
eq

ue
nc

ie
s

an
d

tr
an

si
tio

ns
ar

e
ju

st
so

m
e

of
th

e
po

ss
ib

ili
tie

s.

063849-17



KOCKUM, MIRANOWICZ, MACRÌ, SAVASTA, AND NORI PHYSICAL REVIEW A 95, 063849 (2017)

TA
B

L
E

II
I.

A
su

m
m

ar
y

of
fo

ur
-w

av
e-

m
ix

in
g

pr
oc

es
se

s
in

no
nl

in
ea

ro
pt

ic
s

an
d

th
ei

rd
et

er
m

in
is

tic
an

al
og

s
w

ith
si

ng
le

at
om

s
an

d
vi

rt
ua

lp
ho

to
ns

.I
n

th
e

ca
se

of
no

nd
eg

en
er

at
e

fo
ur

-w
av

e
m

ix
in

g,
th

e
gi

ve
n

fr
eq

ue
nc

ie
s

an
d

tr
an

si
tio

ns
ar

e
ju

st
so

m
e

of
th

e
po

ss
ib

ili
tie

s.
Fo

r
de

ge
ne

ra
te

fo
ur

-w
av

e
m

ix
in

g
w

ith
tw

o
de

ge
ne

ra
te

si
gn

al
s,

se
e

A
pp

en
di

x
C

.

063849-18



DETERMINISTIC QUANTUM NONLINEAR OPTICS WITH . . . PHYSICAL REVIEW A 95, 063849 (2017)

processes described here to create various superposition states
with applications in quantum information processing, and
we expect that adding the capabilities of nonlinear optics
at the single-photon level to current quantum technology
will spawn many more important applications. Considering
an experimental implementation, we have shown that most,
if not all, of the processes discussed here can be realized
with currently available technology in circuit QED. Given
that ultrastrong light-matter coupling has been demonstrated
in several other solid-state systems as well, the processes
proposed here could potentially also be implemented in other
setups in the future.
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APPENDIX A: CLASSICAL DESCRIPTION
OF NONLINEAR OPTICAL PHENOMENA

Here we give a few examples showing how mixing of
classical waves can be explained classically by applying the
principal relation of nonlinear optics,

P = ε0(χ (1)E + χ (2)E2 + χ (3)E3 + . . .)

= P(1) + P(2) + P(3) + . . . . (A1)

In this pedagogical introduction to nonlinear optics, based
on Ref. [1], we give the classical explanations of a few
standard wave-mixing processes by applying the lowest-order
required nonlinear polarization P(n) and the corresponding
nonlinear susceptibility χ (n). Our examples include the linear
(Pockels) and quadratic (Kerr) electro-optical phenomena.
Second-harmonic generation in a χ (2) medium was already
treated in Sec. II A.

1. Wave mixing in a χ (2) medium and the Pockels effect

Assume that two monochromatic scalar electric waves,
E1(t) = E10 cos(ω1t) and E2(t) = E20 cos(ω2t), are applied
to a medium described by the second-order frequency-
independent susceptibility χ (2). Then, the induced second-
order polarization P (2) is given by

P (2) = ε0χ
(2)E2 = ε0χ

(2){E10 cos(ω1t) + E20 cos(ω2t)}2

= ε0χ
(2)

{
E2

10 cos2(ω1t) + E2
20 cos2(ω2t)

+ 2E10E20 cos(ω1t) cos(ω2t)
}

= 1

2
ε0χ

(2)
{
E2

10[1 + cos(2ω1t)] + E2
20[1 + cos(2ω2t)]

+ 2E10E20(cos[(ω1 − ω2)t] + cos[(ω1 + ω2)t])
}

= 1

2
ε0χ

(2)
{(

E2
10 + E2

20

) + E2
10 cos(2ω1t)

+E2
20 cos(2ω2t) + 2E10E20 cos[(ω1 − ω2)t]

+ 2E10E20 cos[(ω1 + ω2)t]
}

≡ P
(2)
0 + P

(2)
2ω1

+ P
(2)
2ω2

+ P
(2)
ω1−ω2

+ P
(2)
ω1+ω2

, (A2)

where the induced second-order nonlinear polarization P (2)
ωx

,
oscillating with frequency ωx = 0,2ω1, . . ., is defined by the
corresponding ωx-dependent term in the second-last equation
in Eq. (A2).

We see that this process can be interpreted as mixing of two
waves with frequencies ω1 and ω2. Alternatively, in a general
case, this effect can be interpreted as six-wave mixing if we
include also the four output (mixed) frequencies 2ω1, 2ω2,
|ω1 − ω2|, and ω1 + ω2. In a quantum description, the latter
interpretation is conventionally applied.

In a special case, let us assume that ω2 = 0; then E2 =
E20 = constant, and

P
(2)
ω1−ω2

+ P
(2)
ω1+ω2

= 2P (2)
ω1

= ε0(2χ (2)E20)E1(t). (A3)

We see that the effective first-order-like susceptibility χ
(1)
eff ≡

2χ (2)E20 is proportional to the amplitude of the constant
electric field. This phenomenon is usually referred to as the
(linear) Pockels effect or linear electro-optical effect.

A few comments can be made on the momentum (and
energy) conservation when fields of frequencies ω1 and ω2

are mixed to generate fields with sum (ω+ = ω1 + ω2) and
difference (ω− = |ω1 − ω2|) frequencies. These new fields can
be amplified depending on which momentum condition k+ =
k1 + k2 or k− = k1 − k2 is satisfied for the corresponding
wave vectors kj . Usually only one of these conditions is
satisfied. If both conditions are fulfilled, then the wave mixing
has a local character. For example, if ω1 = ω2 ≡ ω and
k1 = k2 ≡ k, then ω+ = 2ω, ω− = 0, k+ = 2k, and k− = 0.

2. Third-harmonic generation in a χ (3) medium

Assume that a monochromatic electric wave E(t) =
E0 cos(ωt) is applied to a medium described solely by a
third-order susceptibility χ (3). Then we observe

P (3) = ε0χ
(3)E3 = ε0χ

(3)E3
0 cos3(ωt)

= ε0χ
(3)E3

0

[
3 cos(ωt) + cos(3ωt)

4

]

= 3

4
ε0χ

(3)E3
0 cos(ωt) + 1

4
ε0χ

(3)E3
0 cos(3ωt)

= P (3)
ω + P

(3)
3ω , (A4)

where the term P
(3)
3ω describes the induced polarization,

oscillating with triple the frequency of the input field, which
can be interpreted as third-harmonic generation.

3. Wave mixing in a χ (3) medium and the Kerr effect

Assume that two monochromatic electric beams, E1(t) =
E10 cos(ω1t) and E2(t) = E20 cos(ω2t), are applied to a
medium described by a third-order susceptibility χ (3), and that
χ (3) is frequency independent. Then the third-order induced
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polarization P (3) of the medium is given by

P (3) = ε0χ
(3)E3 = ε0χ

(3)[E10 cos(ω1t) + E20 cos(ω2t)]
3

= P (3)
ω1

+ P (3)
ω2

+ P
(3)
3ω1

+ P
(3)
3ω2

+ P
(3)
2ω1−ω2

+P
(3)
2ω1+ω2

+ P
(3)
2ω2−ω1

+ P
(3)
2ω2+ω1

, (A5)

where we do not give (except two terms) an explicit form of
these induced third-order nonlinear polarizations P (3)

ωx
, but only

indicate their frequencies ωx .
Analogously to wave mixing in a χ (2) medium, one can

interpret this process as mixing of two waves with frequencies
ω1 and ω2. Alternatively, this effect, in a general case, can
be interpreted as mixing of eight waves (including the output
waves) with frequencies ω1, ω2, 3ω1, 3ω2, |2ω1 ± ω2|, and
|2ω2 ± ω1|. In a quantum description, the latter convention is
usually applied.

In a special case, we have

P
(3)
2ω2±ω1

= 3
4ε0χ

(3)E2
20E10 cos[(2ω2 ± ω1)t]. (A6)

If we assume that ω2 = 0, we obtain

P
(3)
2ω2±ω1

= 3
4ε0χ

(3)E2
20E10 cos(ω1t) ≡ ε0χ

(1)
eff E1(t). (A7)

Thus, the effective first-order-like susceptibility χ
(1)
eff ≡

3
4χ (3)E2

20 is proportional to the square of the constant electric
field E2(t) = E20. This is a standard classical explanation of
the Kerr effect, which is also referred to as the quadratic
electro-optical effect.

APPENDIX B: PERTURBATION THEORY

In this Appendix, we show how to derive the expression
for the effective coupling given in Eq. (10). In all processes
we considered in Secs. III and IV, there is an initial state |i〉
and a final state |f 〉 connected by the effective coupling in an
effective interaction Hamiltonian

Ĥ eff
int = geff|f 〉〈i| + H.c. (B1)

As stated in Sec. II B, if the shortest path between |i〉 and |f 〉
is an nth-order process, the effective coupling geff is given to
lowest order by

geff =
∑

j1,j2,...,jn−1

Vfjn−1 . . . Vj2j1Vj1i

(Ei − Ej1 )(Ei − Ej2 ) . . . (Ei − Ejn−1 )
,

(B2)
where the sum goes over all virtual transitions forming n-step
paths between |i〉 and |f 〉. The formula in Eq. (B2) can be
derived by considering the Dyson series of the time evolution
operator in the interaction picture,

ÛI (t,t0) = 1 − i

∫ t

t0

dt ′Ĥint(t
′)

+ (−i)2
∫ t

t0

dt ′
∫ t ′

t0

dt ′′Ĥint(t
′)Ĥint(t

′′) + . . . ,

(B3)

when the interaction Hamiltonian Ĥint is time-independent.
Assuming the system starts in the eigenstate |i〉 of the
noninteracting Hamiltonian at time t0, the probability of

the transition |i〉 → |f 〉 is given to lowest (nth) order
by the nth-order term in Eq. (B3), U

(n)
I (t,t0), through

P (|i〉 → |f 〉)

= |〈f |Û (n)
I (t,t0)|i〉|2 = (1 − ei(Ef −Ei ))2

(Ef − Ei)2

×
∣∣∣∣∣∣

∑
j1,j2,...,jn−1

Vfjn−1 . . . Vj2j1Vj1i

(Ei − Ej1 )(Ei − Ej2 ) . . . (Ei − Ejn−1 )

∣∣∣∣∣∣
2

,

(B4)

which in the limit t → ∞ gives the transition rate

W(|i〉→|f 〉) = 2πδ(Ef − Ei)

×
∣∣∣∣∣∣

∑
j1,j2,...,jn−1

Vfjn−1 . . . Vj2j1Vj1i

(Ei − Ej1 )(Ei − Ej2 ) . . . (Ei − Ejn−1 )

∣∣∣∣∣∣
2

.

(B5)

This is just Fermi’s golden rule, showing that the effective
Hamiltonian in Eq. (B1) with the coupling strength geff given
by Eq. (10) gives the correct coupling matrix element between
|i〉 and |f 〉.

APPENDIX C: FOUR-WAVE MIXING WITH TWO
DEGENERATE FREQUENCIES

For completeness, we here show, in Fig. 10, schematic
representations of the four degenerate four-wave-mixing pro-
cesses where two frequencies are degenerate (omitted from
Fig. 5). Analogs for these processes can be constructed in the
same way as for the other four-wave mixing processes treated
in Sec. IV and listed in Table III. The most obvious setup
is three resonators all coupled to a single qubit. In that case,
the process |2,0,0,g〉 ↔ |0,1,1,g〉 corresponds to the type-I
mixing shown in the figure. Similarly, |2,1,0,g〉 ↔ |0,0,1,e〉
realizes analogs of the pictured type-II (→) and type-III (←)
processes, respectively.

FIG. 10. Schematic representations (Feynman-
like diagrams) of the four-wave-mixing
processes with two degenerate frequencies. Going clockwise
from the upper left corner, they are as follows: type-I four-wave
mixing with the frequencies of the two incoming signals degenerate
(2ω1 = ω2 + ω3), type-II four-wave mixing with the frequencies of
two of the incoming signals degenerate (2ω1 + ω2 = ω3), type-III
four-wave mixing with the frequencies of two of the outgoing signals
degenerate (ω1 = 2ω2 + ω3), and type-I four-wave mixing with the
frequencies of the two outgoing signals degenerate (ω1 + ω2 = 2ω3).
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Just as for the nondegenerate mixing processes discussed
in Secs. III A 2 and IV A 2, additional setups become possible
if we allow at least one of the excitations to be hosted
in a qubit. With two resonators coupled to a single qubit,
the two type-I mixing processes shown in Fig. 10 could be
emulated by |2,0,g〉 ↔ |0,1,e〉, which we recognize as the
analog of type-I hyper-Raman scattering already treated in

Sec. IV C 2. The pictured type-II and type-III mixing could
similarly be emulated by, e.g., the process |2,1,g〉 ↔ |0,0,e〉.
In the same way, a setup with a single resonator coupled
to two qubits could realize analogs of the pictured type-I
processes through the transition |2,g,g〉 ↔ |0,e,e〉, and of the
pictured type-II and type-III processes through the transition
|2,e,g〉 ↔ |0,g,e〉.
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Spontaneous parametric down-conversion is a well-known process in quantum nonlinear optics in which a
photon incident on a nonlinear crystal spontaneously splits into two photons. Here we propose an analogous
physical process where one excited atom directly transfers its excitation to a pair of spatially separated atoms
with probability approaching 1. The interaction is mediated by the exchange of virtual rather than real photons.
This nonlinear atomic process is coherent and reversible, so the pair of excited atoms can transfer the excitation
back to the first one: the atomic analog of sum-frequency generation of light. The parameters used to investigate
this process correspond to experimentally demonstrated values in ultrastrong circuit quantum electrodynamics.
This approach can be extended to realize other nonlinear interatomic processes, such as four-atom mixing, and
is an attractive architecture for the realization of quantum devices on a chip. We show that four-qubit mixing can
efficiently implement quantum repetition codes and, thus, can be used for error-correction codes.

DOI: 10.1103/PhysRevA.96.023818

I. INTRODUCTION

It is highly desirable to couple distant qubits for quantum-
information applications [1,2]. One implementation of such
a quantum bus has been demonstrated using microwave
photons confined in a transmission-line cavity to couple
two superconducting qubits on opposite sides of a chip
[3]. Interestingly, the interaction between the two qubits is
mediated by the exchange of virtual rather than real photons,
avoiding cavity-induced losses [3]. The effective qubit-qubit
interaction is the result of the exchange of virtual photons
with the cavity and gives rise to a qubit-qubit avoided level
crossing. At the minimum splitting, the eigenstates of the
system are symmetric and antisymmetric superpositions of
the two qubit states |e,g〉 and |g,e〉, where |g〉 (|e〉) labels the
ground (excited) state of the qubits. When the two qubits have
the same transition energy, an excitation in one qubit can be
coherently transferred to the other qubit by virtually becoming
a photon in the cavity [3]. When the qubits have different
transition energies, the interaction is effectively turned off.
The absence of cavity-induced losses, due to the virtual nature
of the quantum bus, is useful especially in the presence of
intrinsically lossy interaction channels. For example, it has
been shown theoretically [4] that virtual plasmon polaritons
in realistic one-dimensional subwavelength waveguides are
excellent candidates to act as mediators for achieving a high
degree of entanglement between two distant qubits.

Here we propose a generalization of the qubit-qubit
coupling via virtual bosons, which enables the interaction
of multiple (N > 2) spatially separated qubits with different
transition frequencies. For example, we show that, in analogy
to the frequency-mixing processes of nonlinear optics, one
qubit of given transition frequency ω3 can coherently transfer
its excitation to a pair of qubits (1 and 2) if ω1 + ω2 = ω3.
The results presented here open the way to nonlinear optical
processes without real photons. Instead, virtual photons, which
are not subject to cavity-induced losses and decoherence,

drive the interaction between spatially separated and non-
degenerate qubits. While the qubit-qubit resonant excitation
transfer can be well described by the Tavis-Cummings (TC)
model [5], the process proposed here cannot be described
without including the counter-rotating terms in the atom-field
interaction Hamiltonian, neglected in the TC model. Although
the Hamiltonian of a realistic atom-cavity system contains
counter-rotating terms (allowing the simultaneous creation or
annihilation of an excitation in both atom and cavity mode),
these terms can be safely neglected for coupling rates that
are small with respect to the atomic transition frequency
and the cavity-mode resonance frequency. However, when
the coupling rate increases, the counter-rotating terms start
to play an important role, giving rise to a new regime of cavity
quantum electrodynamics (QED). This ultrastrong-coupling
(USC) regime was recently realized in a variety of solid-state
systems [6–22]. This opens the door to the study of the
physics of virtual processes that do not conserve the number of
excitations [23–31]. Recently, it has been shown that, through
higher-order processes where virtual photons are created and
annihilated, an effective deterministic coupling between two
states of such a system can be created giving rise to new effects
such as multiphoton Rabi oscillations [32–34] and a single
photon exciting multiple atoms [35]. Moreover, it has been
shown that almost any analog of nonlinear optical processes is
feasible [36] without the need for high-intensity driving fields.
The results presented here go one remarkable step forward,
beyond Ref. [36], showing that nonlinear optical processes
involving only atoms, without the need for real photons, are
also feasible.

In quantum nonlinear optics, the effective interaction
Hamiltonian for a three-mode parametric process can be
written as [37]

V̂ (3)
c = K (3) â

†
1â

†
2â3 + H.c., (1)
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where âi and â
†
i are photon destruction and creation operators

for the ith mode, and K (3) is a constant describing the strength
of the nonlinear interaction. This Hamiltonian describes well-
known nonlinear optical processes, such as sum-frequency
generation and spontaneous parametric down-conversion. The
latter process is used especially as a source of entangled photon
pairs and of single photons. Analogously, the process proposed
here can be described by the following effective three-qubit
Hamiltonian,

V̂ (3) = J (3) σ̂
(1)
+ σ̂

(2)
+ σ̂

(3)
− + H.c., (2)

where σ̂
(i)
± are the raising (+) and lowering (−) Pauli operators

for qubit i, and the effective coupling J (3), as we show,
can be calculated by perturbation theory. This three-body
effective interatomic interaction describes three-qubit-mixing
(3QM) processes as the coherent and reversible transfer of an
excitation from one qubit to two spatially separated qubits or
vice versa. We show that four-qubit mixing (4QM), described
by the effective Hamiltonian

V̂
(4)
I = J (4) σ̂

(1)
− σ̂

(2)
− σ̂

(3)
+ σ̂

(4)
+ + H.c., (3)

is also possible, where J (4) is the effective coupling strength.
The four-wave mixing of light [38] arises from third-order
optical nonlinearities. In typical cases, a photon of frequency
ω4 results from the annihilation of photons at ω1 and ω2 and
the stimulated emission of one at ω3 with ω4 + ω3 = ω1 + ω2.
The process can also be spontaneous, occurring even in
the absence of stimulation at ω3. The effective potential in
Eq. (3) enables the simultaneous excitation transfer from
qubits 1 and 2 to qubits 3 and 4 when the qubit transition
frequencies satisfy the relation ω1 + ω2 = ω3 + ω4, which is
an interatomic scattering process without the presence of real
photons. This process is the qubit analog of the spontaneous
four-wave mixing of light (see, e.g., Ref. [39]). In the following
we refer to it as type-I 4QM in order to distinguish it from a
different type of 4QM (type II), achievable in our system in
the USC regime when ω4 = ω1 + ω2 + ω3. This latter process
can efficiently perform quantum repetition codes after a proper
evolution time. We show that such spontaneous evolution of
the system can be used for error-correction codes [40,41] for
encoding, decoding, and error-syndrome detection.

Note that the framework proposed here is different from
nonlinear atom optics [42], where the atomic center-of-mass
degree of freedom is involved. Coherent matter waves in
the form of Bose-Einstein condensates have led to the
development of nonlinear and quantum atom optics, where
atomic waves are manipulated in a manner analogous to
the manipulation of light [43,44]. For example, coherent
four-wave mixing (in which three sodium matter waves of
differing momenta mix to produce a fourth wave with another
momentum) has been demonstrated experimentally [45].

It has also been shown that a system of trapped ions
can be used to implement spin models with three-body
interactions [46]. However, in contrast to the framework
proposed here, where the effective interaction is enforced by
the field quantum vacuum only, in trapped ions the effective
three-spin interactions are induced by external lasers.

As we show below, the effective Hamiltonians in Eqs. (2)
and (3) can be derived from a generalized Dicke Hamiltonian

[47], describing three or more qubits interacting with the same
oscillator (cavity mode). The interaction Hamiltonian also
includes a longitudinal coupling term [48], which arises when
the inversion symmetry of the potential energy of the artificial
atoms (qubits) is broken [49,50].

II. RESULTS

A. Description of the system

Here we examine a quantum system of N two-level
atoms (with possible symmetry-broken potentials) coupled
to a single-mode resonator. The Hamiltonian describing this
system is (e.g., Refs. [10,28])

Ĥ0 = Ĥq + Ĥc + V̂ , (4)

where (using h̄ = 1) Ĥq = ∑
i(ωi/2) σ̂ (i)

z and Ĥc = ωc â†â
describe the qubit and cavity Hamiltonians, respectively, in
the absence of interaction. The qubits-cavity interaction is

V̂ = X̂
∑

i

λi

(
cos θi σ̂ (i)

x + sin θi σ̂
(i)
z

)
, (5)

where X̂ = â + â†, σ̂ (i)
x and σ̂ (i)

z are Pauli operators for the ith
qubit, λi are the coupling rates of each qubit to the cavity mode,
and θi are parameters determining the relative contribution
of the transverse and longitudinal couplings. For θi = 0, the
parity of qubit i is conserved. For flux qubits, the angles θi ,
as well as the transition frequencies ωi , can be continuously
and individually tuned by changing the external flux biases
[10,48]. In contrast to the TC model, the Hamiltonian in
Eq. (4) explicitly contains counter-rotating terms of the
form σ̂

(i)
+ â†, σ̂

(i)
− â, σ̂ (i)

z â†, and σ̂ (i)
z â. The first (second) term

creates (destroys) two excitations, while the third (fourth)
term creates (destroys) one excitation. Equation (4) represents
the simplest Hamiltonian describing the interaction of N

atoms (with possible symmetry-broken potentials) with the
electromagnetic field of a cavity beyond the rotating-wave
approximation (RWA). This model is well suited for describing
atoms with very large anharmonicity, such as flux qubits.
However, we expect that the results presented below also apply,
at least qualitatively, to more general atom-cavity systems
when additional atomic levels are involved.

In the case of two qubits (i = 1,2), dropping the counter-
rotating terms, considering the dispersive regime (|�i | =
|ωi − ωc| � λi), and applying second-order perturbation the-
ory, it is possible to derive from the atom-cavity interaction
Hamiltonian [see Eq. (4)] the following effective interaction
Hamiltonian [3,51]:

V̂ (2) = J (2) σ̂
(2)
+ σ̂

(1)
− + H.c., (6)

where J (2) = λ1 λ2(1/�1 + 1/�2)/2. In this regime, no en-
ergy is exchanged between the qubits and the cavity. This
qubit-qubit interaction is the result of virtual exchange of
photons with the cavity. It gives rise to a qubit-qubit avoided
level crossing when the transition energy of one of the two
qubits is continuously tuned across the fixed transition energy
of the other. When the qubits are degenerate, an excitation in
one qubit can be transferred to the other qubit by virtually
becoming a photon in the cavity. However, when the qubits
are nondegenerate, |ω1 − ω2| � J (2), this process does not
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conserve energy and, therefore, the interaction is effectively
turned off.

The dispersive-regime condition |�i | = |ωi − ωc| � λi is
necessary to enable the virtual exchange of photons. Moreover,
in order to ensure that only a negligible population of real
photons is present, the atom-cavity detuning has to be much
larger than the atomic and photonic decoherence rates.

Throughout this paper, we consider a single-mode optical
resonator. Many circuit-QED experiments use an LC res-
onator, which only has a single mode. When additional modes
are considered, the dispersive-regime conditions have to hold
for all the modes. Defining |�i,n| = |ωi − ωc,n|, where ωc,n

is the nth mode frequency, the conditions are |�i,n| � λi and
|�i,n| � κn, where κn is the decay rate of the nth mode. If these
conditions are satisfied, following the procedure of Ref. [51],
it is straightforward to find J (2) = ∑

n[λ1,n λ2,n(1/�1,n +
1/�2,n)/2]. This series is expected to converge, owing to the
suppression of light-matter coupling λi,n at high frequencies
(see, e.g., Ref. [52]). If the lowest-frequency mode is not
too far detuned from the atomic transition frequencies, and
the modes are well separated spectrally, only the lowest-
frequency mode will provide a significant contribution. The
experimental results shown in Ref. [3], obtained using a
λ/4 coplanar waveguide resonator, are very well described
considering a single mode, since higher-energy modes are too
far off resonance to give a significant contribution. Analogous
considerations apply to the processes described here. On the
contrary, in a large cavity (l � λi) or in a transmission line,
the modes constitute either a quasicontinuum or a continuum,
and the single-mode description adopted here does not work.
In this case, one possibility to realize a qubit-qubit interaction
mediated by virtual photons is to consider atoms with transition
frequencies outside the frequency bandwidth of the photonic
system.

In the following, we show how the Hamiltonian in Eq. (4)
can also give rise to effective qubit-qubit interactions involving
more than two qubits. Specifically, we consider nonlinear
interatomic processes involving nondegenerate qubits, such
as 3QM and 4QM.

B. Three-qubit mixing

Here we consider three nondegenerate qubits of transition
frequencies ω1 �= ω2 �= ω3 coupled to a cavity mode [see
Fig. 1(a)]. Figure 1(b) shows the energy levels for the excited
lowest-energy states as a function of the frequency of qubit 3,
obtained by numerically diagonalizing Eq. (4). For each value
of ω3, the energy scale is chosen such that the ground-state
energy is equal to zero. All the parameters are provided in
terms of a fixed reference frequency ω0. We assume that
qubits 1 and 2 are ultrastrongly coupled to the cavity mode,
while the coupling strength of qubit 3 with the cavity mode is
lower. We used λ3/ω0 = 5 × 10−3, λ1/ω0 = λ2/ω0 = 0.13,
θi = π/6 for all the qubits, ω1/ω0 = 0.4, ω2/ω0 = 0.6, and
ωc = ω0 + 2.5λ1. The lowest-energy horizontal line (with
ω/ω0 ≈ 0.4) corresponds to the excitation of qubit 1. We
indicate this state as |ψ1〉 = |e,g,g,0〉, where the first three
entries in the ket describe the states of the three qubits and
the last entry describes the cavity-mode state. We observe that
this eigenstate, corresponding to the excitation of the physical

FIG. 1. (a) Schematic representation of three nondegenerate
qubits interacting with the electromagnetic field of a cavity. (b)
Lowest-energy levels, indicated with ω (h̄ = 1), of the system
constituted by three qubits interacting with a cavity mode as a function
of the normalized frequency of qubit 3, obtained by numerically
diagonalizing the Hamiltonian in Eq. (4). The transition frequencies
of the other two qubits, as well as the resonance frequency of the
cavity mode, are kept fixed. All the parameters used here are specified
in the text. The enlarged view of the boxed apparent crossing in the
inset displays a clear anticrossing level splitting. When the splitting
is at its minimum, the eigenstates of the system are approximately
symmetric and antisymmetric superpositions of the states |g,g,e,0〉
and |e,e,g,0〉.

qubit 1, can differ from the bare state |e,g,g,0〉b, describing
the excitation of qubit 1 in the absence of its interaction with
the cavity mode (see, e.g., Ref. [53]). Owing to the dressing
effects induced by the counter-rotating terms in the interaction
Hamiltonian, differences between bare and physical states
occur for all the energy eigenstates. The second horizontal
line (with ω/ω0 ≈ 0.6) corresponds to |ψ2〉 = |g,e,g,0〉. A
signature of the discussed dressing is the slight frequency shift
occurring between the bare qubit frequencies ω2 and ω3 and
the two lowest-energy (horizontal) levels displayed in Fig. 1(b)
(with ω/ω0 ≈ 0.4 and 0.6) corresponding to the physical
transition frequencies of qubits 1 and 2 (in the presence of
the interaction with the cavity mode), respectively. In the
region much below the first (apparent) crossing (ω3/ω0 <

0.95), the third level corresponds to |ψ3〉 = |g,g,e,0〉, as can
also be inferred from its linear dependence on ω3. In the
same frequency region, the fourth level (with ω/ω0 ≈ 0.97)
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corresponds to the simultaneous excitation of qubits 1 and
2, |ψ4〉 = |e,e,g,0〉, while the fifth level (with ω/ω0 ≈ 1.04)
corresponds to the one-photon state |ψ5〉 = |g,g,g,1〉. When
increasing ω3/ω0, the energy level associated with |g,g,e,0〉
rises, and it reaches the energy levels corresponding to
|e,e,g,0〉 and |g,g,g,1〉. When the (dressed) energy of qubit 3
approaches that of the cavity mode, a clear anticrossing can be
observed. This is the ordinary vacuum Rabi splitting, which
can also be reproduced within the RWA. When this splitting is
at its minimum, the eigenstates of the system are the symmetric
and antisymmetric superpositions of the states |g,g,g,1〉 and
|g,g,e,0〉, as confirmed by numerical calculations. More
interestingly, Fig. 1(b) also displays an apparent crossing at
lower energy when ω3 � ω1 + ω2 (≈0.4 + 0.6). The enlarged
view in the inset shows that this is actually an anticrossing level
splitting. When this splitting is at its minimum [see inset in
Fig. 1(b)], the two system eigenstates |ψ3,4〉 are, respectively,
the antisymmetric and symmetric superpositions of the states
|g,g,e,0〉 and |e,e,g,0〉. This avoided level crossing indicates
a coherent coupling, which does not conserve the number of
excitations, of the three spatially separated qubits.

The origin of this coupling can be understood using
time-dependent fourth-order perturbation theory, identifying
the resulting transition amplitude between the initial state
|i〉 ≡ |e,g,g,0〉b and the final state |f 〉 ≡ |g,e,e,0〉b (or vice
versa) with the effective coupling strength determining this
level splitting. According to fourth-order perturbation theory,
this coupling can be expressed as [36]

λeff =
∑
n,m,k

Vf nVnmVmkVki

(Ei − En)(Ei − Em)(Ei − Ek)
, (7)

where Vn,m = 〈n|V̂ |m〉. Although the initial and final states
do not contain photons, the coupling is determined by the
interaction of the qubits with the cavity field. States with
nonzero photon number play a role only as intermediate levels
(|n〉, |m〉, and |k〉) reached by virtual transitions (see diagrams
in Appendix B). The two states |i〉 and |f 〉 are connected
via a fourth-order process and there are no lower-order
contributions. There are 48 paths connecting the states to
this order, as shown in Fig. 8. These paths clearly show
that the three qubits are connected by a nonlinear optical
process involving only virtual photons. This analysis has been
performed for two-level atoms, which is a good approximation
for flux qubits where the next higher level can be energetically
very far (see, e.g., Ref. [54]). Of course, additional paths must
be taken into account for multilevel systems. The resulting
effective coupling between the states |g,g,e,0〉 and |e,e,g,0〉
can be described by the effective Hamiltonian in Eq. (2), where
J (3) = λeff [corresponding to half the minimum level splitting
shown in the inset in Fig. 1(b)].

The analytical expression obtained from Eq. (7), which
considers the 48 contributions, is very cumbersome. However,
it can be simplified considerably if we assume λ1 = λ2 = λ3 =
λ and ω1 = ω2 = ω3/2. In this case, the final result is

J (3) = 64λ4ω2
c

(
4ω2

c − 7ω2
3

)
sin θ cos3 θ

ω3
(
ω2

3 − ω2
c

)(
ω2

3 − 4ω2
c

)2 . (8)

FIG. 2. Comparison between the numerically calculated nor-
malized effective Rabi splitting (points) corresponding to J (3) in
Appendix B and the corresponding calculations using fourth-order
perturbation theory (continuous black curve), as a function of the
normalized interaction strength λ/ω3.

We note that the effective coupling becomes zero when
ωc =

√
7

2 ω3. It is not easy to see how the interference between
the 48 paths becomes destructive for this particular value of ωc.
Looking at the denominator of Eq. (8), we see that J (3) → ∞
when ωc → ω3 or ωc → 1

2ω3, i.e., when the cavity becomes
resonant with one of the qubits. Perturbation theory is not valid
around those points. We also note that the coupling, also in the
unsimplified general case, is proportional to sin θ cos3 θ , which
implies that the maximum coupling is achieved when θ = π/6.
Figure 2 displays a comparison of the magnitudes of the
effective Rabi splitting 2J (3)/ω3 obtained analytically [Eq. (8)]
via fourth-order perturbation theory (black continuous curve)
and by numerical diagonalization of the Hamiltonian in Eq. (4),
as a function of the normalized interaction strength λ/ω3

(λ = λ1,2,3). The other parameters are the same as those used
to obtain the results in Fig. 1. The agreement is very good for
normalized interaction strengths λ/ω3 � 0.15. Figure 2 shows
that an effective coupling rate well beyond typical decoherence
rates of circuit-QED systems (see, e.g., Ref. [55]) can be
obtained already at a coupling strength λ/ω3 ∼ 0.1.

In order to demonstrate the simultaneous excitation transfer
from qubit 3 to qubits 1 and 2, we fix ω3 � ω1 + ω2, so
that the system is at its minimum-level splitting [see inset in
Fig. 1(b)]. The minimum occurs when the transition energy of
the dressed qubit 3 is equal to the energy level corresponding
to the simultaneous excitation of the dressed qubits 1 and 2.
We study the dynamics after initial preparation of the system in
the symmetric superposition of the eigenstates associated with
the two split energy levels: (|ψ3〉 + |ψ4〉)/

√
2 = |g,g,e,0〉,

corresponding to the excitation of the dressed qubit 3. The
system can be prepared in this state by directly exciting
the detuned qubit 3 by sending a π electromagnetic pulse,
followed by a flux shift that brings the qubit into resonance
(minimum splitting). Another possibility is to start with qubit
3 already on resonance and excite it by a π pulse much faster
than π/J (3).

The influence of the cavity-field damping and atomic
decay on the process can be studied by the master-equation
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FIG. 3. Time evolution of the mean excitation probabilities of
qubits 1 and 3, 〈Ŝ(1)

+ Ŝ
(1)
− 〉 and 〈Ŝ(3)

+ Ŝ
(3)
− 〉, and of the two-qubit

correlation function 〈Ŝ(1)
+ Ŝ

(2)
+ Ŝ

(2)
− Ŝ

(1)
− 〉. The initial state is |g,g,e,0〉.

approach in the dressed picture [56,57]. We consider the
system interacting with zero-temperature baths. The master
equation is obtained by using the Born-Markov approximation
without the post-trace RWA [33]. We study the dynamics of
the relevant system population and correlation functions by
introducing the dressed-qubit lowering and raising operators
Ŝ

(i)
− and Ŝ

(i)
+ = (Ŝ(i)

− )†. They are a direct generalization of σ̂
(i)
−

and σ̂
(i)
+ . For qubit 1,

Ŝ
(1)
− =

∞∑
n=0

e∑
α,β=g

|g,α,β,n〉〈e,α,β,n|. (9)

In the absence of interaction, when |p,q,r,n〉 are bare states,
the operators Ŝ

(i)
− coincide with the usual lowering Pauli

operators σ̂
(i)
− . Figure 3 displays the time evolution of the

mean excitation probability 〈Ŝ(i)
+ Ŝ

(i)
− 〉 of qubits 1 and 3 (the

dynamics of qubit 1 coincides with that of qubit 2), as well as
that of the two-qubit correlation function 〈Ŝ(1)

+ Ŝ
(2)
+ Ŝ

(2)
− Ŝ

(1)
− 〉. The

initial state is |g,g,e,0〉 = (|ψ3〉 + ψ4〉)/
√

2. The parameters
are those used to obtain the energy levels in Fig. 1(b). For
the decay rates of the qubit (γ ) and the cavity (κ), we used
γ = κ = 3 × 10−5ω0. Quantum Rabi oscillations, showing
the reversible excitation exchange between qubit 3 and qubits
1 and 2, can be clearly observed. Note that, during the time
evolution displayed in Fig. 3, the photon population (not
shown) reaches a maximum value ∼1.5 × 10−2. This small
population decreases rapidly when increasing the detuning �3

between the cavity mode and qubit 3. We also checked that
increasing the photon damping, provided that κ � 2�3, does
not affect the displayed dynamics. After half a Rabi period
(t = π/2J (3)), the excitation is fully transferred from qubit
3 to qubits 1 and 2, which reach their maximum excitation
probability. The presence of damping prevents 〈Ŝ(1)

+ Ŝ
(1)
− 〉 from

reaching 1. We observe that the single-qubit excitations and
the two-qubit correlation function 〈Ŝ(1)

+ Ŝ
(2)
+ Ŝ

(2)
− Ŝ

(1)
− 〉 almost co-

incide at early times. This almost-perfect two-qubit correlation
is a clear signature of the joint excitation of qubits 1 and 2: if
one qubit becomes excited, the probability that the other one
is excited is also very close to 1. However, as expected, the

two-qubit correlation is more fragile to losses. We also observe
that, at time t = π/4J (3), this process spontaneously gives
rise to the maximally entangled three-qubit state (|g,g,e〉 −
i|e,e,g〉)/√2 when damping can be neglected (the factorized
photonic vacuum state has been disregarded). This state is
the Greenberger-Horne-Zeilinger (GHZ) state, up to a local
transformation.

We observe that, during the time evolution displayed in
Fig. 3, the photon population (not shown) reaches a maximum
value of ∼1.5 × 10−2. This small population decreases rapidly
when increasing the detuning �3 between the cavity mode and
qubit 3. We also checked that increasing the photon damping,
provided that κ � 2�3, does not affect the displayed dynamics.
This result shows that the 3QM process is not influenced by the
cavity-loss rate κ , owing to the negligible probability to have
real photons in the cavity. This result, however, does not imply
a total immunity to losses of the quantum bus. For example, if
an impurity atom, almost resonant with the transition energy
of qubit 3, is present inside the bus, the excitation would be
partly transferred to the impurity atom.

This 3QM offers also the possibility to encode an arbitrary
qubit state a|g〉 + b|e〉 into a two-qubit entangled state
so that (a|g〉 + b|e〉)|g〉|g〉 → |g〉(a|g〉|g〉 − ib|e〉|e〉). This
operation can be realized by just letting the system evolve
spontaneously for a time t = π/2J (3).

C. Four-qubit mixing

Here we consider four nondegenerate qubits coupled to a
cavity mode in the dispersive regime and investigate the 4QM
process. Figure 4 shows the energy levels for the lowest-energy
excited states as a function of the frequency of qubit 1, obtained
by numerically diagonalizing the Hamiltonian in Eq. (4). Also
in this case, for each value of ω1, the energy scale is chosen
such that the ground-state energy is equal to zero. All the values
are provided in terms of a fixed reference frequency ω0. We
used λi/ω0 = 0.15 and θi = π/6 for all the qubits. We also set
the transition frequencies of qubits 2, 3, and 4 as ω2/ω0 = 0.4,
ω3/ω0 = 0.55, and ω4/ω0 = 0.7, and the resonance frequency
of the cavity mode as ωc/ω0 = 1.4.

The figure displays several apparent level crossings and
anticrossings, corresponding to different kinds of normal-
mode couplings. The avoided level crossings indicated by
the red circles originate from two-qubit resonant interactions
described by the effective Hamiltonian in Eq. (6). In the time
domain, this type of interaction leads to two-qubit mixing
(2QM). The apparent level crossings labeled by the orange
triangles give rise to 3QM. For example, the lowest-energy
orange triangle (at ω/ω0 � 0.6) marks the coupling between
the states |g,g,e,g,0〉 and |e,e,g,g,0〉. The stars in the higher-
energy region describe the coupling of a single photon to two
(open star) or three (solid star) qubits, studied in Ref. [35].
Type-I 4QM processes are denoted by open squares. An
enlarged view of the apparent crossing (�) in Fig. 4 is plotted
in Fig. 5(a). There, an anticrossing level splitting of ∼10−3ω0

can be observed. When the splitting is at its minimum, the
two system eigenstates are the symmetric and antisymmetric
superpositions of the states |e,g,g,e,0〉 and |g,e,e,g,0〉. This
avoided level crossing is the signature of a four-qubit coherent
coupling.
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FIG. 4. Four nondegenerate qubits dispersively coupled to a
cavity mode at higher energy. Lowest-energy levels of the system
as a function of the frequency of qubit 1, obtained by numerical
diagonalization of the Hamiltonian in Eq. (4) with four qubits. The
transition frequencies of the other three qubits as well as the resonance
frequency of the cavity mode are kept fixed. All the parameters used
are provided in the text.

Also in this case, the origin of this coupling can be
understood using time-dependent fourth-order perturbation
theory, using Eq. (7) and considering the states |e,g,g,e,0〉b

and |g,e,e,g,0〉b as the initial and final states (see Appendix C).
We notice that type-I 4QM, in contrast to the 3QM process,
conserves the number of excitations. Hence we can expect
that it can be described within the RWA (for the TC model).
However, by numerically diagonalizing the TC model we
find no avoided level splitting. As shown in Appendix C, the
fourth-order perturbation theory shows that the coupling goes
to zero, owing to perfect cancellation between the different
contributions to the matrix element. This 4QM process can be
described by the effective interaction Hamiltonian in Eq. (3),
which determines the coupling between the states |g,g,e,e,0〉
and |e,e,g,g,0〉.

Figure 5(b) displays the time evolution of the mean excita-
tion probability of qubits 1 and 2 (the dynamics of qubits 3 and
4 coincide with that of qubits 1 and 2, respectively), as well
as that of the two-qubit correlation functions 〈Ŝ(1)

+ Ŝ
(4)
+ Ŝ

(4)
− Ŝ

(1)
− 〉

and 〈Ŝ(2)
+ Ŝ

(3)
+ Ŝ

(3)
− Ŝ

(2)
− 〉. The parameters are those used to obtain

the energy levels in Fig. 4. We also set γ = κ = 3 × 10−5ω0.
The initial state is |e,g,g,e,0〉. The system can be prepared in
this state by setting the qubit frequencies such that ω1 + ω4 �=
ω2 + ω3 and directly exciting qubits 1 and 4 by sending a π

pulse to each of them, followed by a flux shift to one of the
four qubits that brings the four-qubit system into resonance
[corresponding to the minimum splitting in Fig. 5(a)]. At t = 0,

FIG. 5. (a) Enlarged view of the apparent crossing (�) in Fig. 4
determining a type-I 4QM. (b) Type-I 4QM: Time evolution of
the mean excitation probability of qubits 1 and 2, 〈Ŝ(1)

+ Ŝ
(1)
− 〉 and

〈Ŝ(2)
+ Ŝ

(2)
− 〉, and of the two-qubit correlation functions 〈Ŝ(1)

+ Ŝ
(4)
+ Ŝ

(4)
− Ŝ

(1)
− 〉

and 〈Ŝ(2)
+ Ŝ

(3)
+ Ŝ

(3)
− Ŝ

(2)
− 〉. The initial state is |e,g,g,e,0〉.

qubits 1 and 4 are excited and the minimum-splitting condition
is satisfied. Figure 5(b) clearly demonstrates the excitation
transfer |e,g,g,e,0〉 → |g,e,e,g,0〉, which is also reversible
as the time evolution for π/2 � J (4) t � π shows. If damping
is absent or negligible, the transfer can be deterministic
at J (4) t = π/2, and a maximally entangled four-qubit state
(GHZ-type state) is obtained at J (4) t = π/4.

This 4QM process can be used to transfer the entanglement
from a pair of qubits to another spatially separated pair,
initially in a factorized state. Specifically, if the system is
initially prepared in the two-qubit entangled state (a|g,g〉 +
b|e,e〉)|g,g〉, after a time t = π/2J (4), the entanglement will
be transferred from qubits 1 and 2 to qubits 3 and 4:
(a|g,g〉 + b|e,e〉)|g,g〉 → |g,g〉(a|g,g〉 − ib|e,e〉).

Adjusting the transition frequencies of the qubits, a
four-qubit down-conversion (type-II 4QM) analogous to that
studied above for three qubits can also occur. This process
is enabled by the resonant coupling between the states
|e,g,g,g,0〉 ↔ |g,e,e,e,0〉 and can be described by the ef-
fective Hamiltonian

V̂
(4)

II = J (4) (σ̂ (1)
− σ̂

(2)
+ σ̂

(3)
+ σ̂

(4)
+ + H.c.). (10)

As shown in Appendix A, the resulting splitting is of the
same order as that shown in Fig. 5(a). The spontaneous
evolution of the Dicke USC system, effectively described
by the Hamiltonian (10), corresponding to a type-II 4QM,
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FIG. 6. Basic modules of a standard ECC. These include encoding (A) and decoding (A′) modules (usually based on quantum repetition
codes using multiple CNOT gates), a dissipative channel or evolution when the error (E) happens, error-syndrome detection (S), and error-
correction (C) modules. Sometimes, the modules S and C are combined. Here, single (double) lines denote quantum (classical) channels,
and a half-circle denotes detectors. In Appendix D, we consider in detail an ECC (see, e.g., Ref. [41]) for correcting either a single bit-flip
or single phase-flip error. Then, modules A and A′ can be entirely implemented (as marked in yellow) by a type-II 4QM, described by
V̂

(4)
II for the evolution time (length) t ′ = π/(2J (4)). Typically, modules A and A′ are realized with four CNOT gates in total. Moreover, the

error-syndrome module S can be implemented by 4QM and two additional CNOT gates, instead of typically four CNOT gates. The detected
error can be corrected by a single-qubit rotation (NOT gate) applied to a proper qubit, based on the results of the detectors, as discussed in
Appendix D.

performs the transformation

(a|g〉 + b|e〉)|ggg〉 → |g〉(a|ggg〉 − ib|eee〉) (11)

after the evolution time t ′ = π/(2J (4)). This operation cor-
responds, up to a single-qubit phase gate, to a three-qubit
repetition code, which is usually implemented with two
controlled-NOT (CNOT) gates. Repetition codes are basic ele-
ments of error-correction codes (ECCs) [40,58], in particular,
for encoding A and decoding A′, as shown and explained
in Fig. 6. Note that the error E can be corrected in the
module C by a single qubit flip conditioned on the classical
information obtained from the detectors in the module S. In
Appendix D, we analyze in detail an ECC [41] for correcting
either a single bit-flip or phase-flip error. In this ECC, a
type-II 4QM can be used for three purposes: to implement
encoding A and decoding A′, but also to replace two CNOT gates
in the error-syndrome-detection module S (see the modules
depicted in yellow in Fig. 6). We note that CNOT-based ECCs
(including the double-controlled-NOT gate, i.e., the Toffoli
gate) were first implemented experimentally in a liquid NMR
system [59] and, later, with trapped ions [60,61], linear optics
[62], homogenous [63] and heterogeneous [64] solid-state spin
systems, and a circuit-QED system [65–68]. Usually, the CNOT

and Toffoli gates are realized by long sequences of pulses or
using qudits instead of qubits [65,69]. In our proposal, the
total number of eight CNOT gates in the five-qubit ECC is
reduced from eight to only two, and we are not using the
Toffoli gate.

Finally, we note that any entangling operation (like the type-
II 4QM) is universal for quantum computing [58]. Specifically,
by using many copies of such a gate together with single-qubit
operations, an arbitrary quantum algorithm (i.e., not only the
ECC) can be performed. However, here we focus on a direct
and simple application of the spontaneous evolution of the
Dicke system. Thus, we do not express the two remaining
CNOT gates for the syndrome detection S via a sequence of
4QM and single-qubit operations.

III. CONCLUSIONS

In this article, we described nonlinear optical processes with
qubits, where only virtual photons are involved. The results
presented here show that N spatially separated and nonde-

generate qubits can coherently exchange energy in analogy
with light modes in nonlinear optics. The energy exchange is
also reversible. This few-body interaction is mediated by the
exchange of virtual rather than real photons and is protected
against photon losses in the bus. The coherent coupling
between the N superconducting qubits can be switched on
or off by tuning the transition energy of one of them. These
results can be regarded as the generalization to N > 2 qubits
of the two-qubit coherent state transfer mediated by virtual
photons experimentally demonstrated with superconducting
artificial atoms [3].

These processes can produce multiparticle entanglement
simply starting from one or more qubits in their excited state
and letting the system evolve spontaneously. The spontaneous
time evolution is also able to transfer the entanglement
from one pair of qubits to a different one. The processes
proposed here extend further the broad field of nonlinear
optics. This architecture can be extended to consider qubits
in different coupled cavities and opens up new possibilities for
quantum-information processing on a chip. As an example,
we have demonstrated that four-qubit mixing can be used as a
replacement for the standard quantum repetition codes based
on CNOT gates. Then, we have discussed a practical application
of type-II four-qubit mixing for quantum-information process-
ing, i.e., an error-correction code for encoding, decoding, and
error-syndrome detection, as shown in Fig. 12 and discussed in
detail in Appendix D. Finally, we observe that these effective
three- and four-body interactions can give rise to exotic phases
not seen in usual condensed-matter experiments [70].
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FIG. 7. Type-II 4QM. (a) Lowest-energy levels of the system
constituted by four qubits interacting with a cavity mode as a function
of the normalized frequency of qubit 1, obtained by numerically
diagonalizing the Hamiltonian in Eq. (4). We used the following
parameters in units of ω0: ω2 = 0.4, ω3 = 0.55, ω4 = 0.7, ωc = 1.75,
λ1 = 0.05, λi = 0.15 (for i = 2–4), and θi = π/6 for all four qubits.
The enlarged view of the boxed apparent crossing in the inset
displays a clear anticrossing level splitting. When the splitting is at its
minimum, the eigenstates of the system are approximately symmetric
and antisymmetric superpositions of the states |e,g,g,g,0〉 and
|g,e,e,e,0〉. (b) Time evolution of the mean excitation probabilities
of qubits 1 and 2, and of the three-qubit correlation function
〈Ŝ(2)

+ Ŝ
(3)
+ Ŝ

(4)
+ Ŝ

(4)
− Ŝ

(3)
− Ŝ

(2)
− 〉, obtained fixing ω1 = 1.6448, so that the

splitting in the inset is minimum. The initial state is |e,g,g,g,0〉
and we used γ = κ = 3 × 10−5ω0.

APPENDIX A: ENERGY LEVELS AND DYNAMICS
FOR TYPE-II FOUR-QUBIT MIXING

Figure 7 presents the numerical calculations for type-II
4QM. Figure 7(a) displays the lowest-energy levels as a
function of the normalized frequency of qubit 1, obtained by
numerically diagonalizing the Hamiltonian in Eq. (4). Param-
eters are provided in the figure caption. Figure 7(a) also shows
the enlarged view of the boxed apparent crossing. Figure 7(b)
shows the time evolution of the mean excitation probabilities
of qubits 1 and 2, and of the three-qubit correlation function
〈Ŝ(2)

+ Ŝ
(3)
+ Ŝ

(4)
+ Ŝ

(4)
− Ŝ

(3)
− Ŝ

(2)
− 〉, obtained fixing ω1 = 1.6448, so that

the splitting in the inset in Fig. 7(a) is minimum. The initial
state is |e,g,g,g,0〉.

APPENDIX B: ANALYTICAL DERIVATION OF THE
THREE-QUBIT COUPLING STRENGTH J (3)

Our system consists of three qubits, all ultrastrongly
coupled to a cavity mode. The Hamiltonian for the system
is given in Eq. (4). In this appendix, we calculate the
effective 3QM coupling strength J (3) between the two states
|i〉 = |e,g,g,0〉 and |f 〉 = |g,e,e,0〉 (equivalent to the 3QM
|g,g,e,0〉 ↔ |e,e,g,0〉, discussed in the main text, with a
permutation of the qubit indices). These states are connected
via 48 fourth-order paths, as shown in Fig. 8.

We can treat the interaction part of the Hamiltonian, given
in Eq. (5), as a perturbation. As discussed in the main text,
the effective coupling is then given by Eq. (7), where the sum
goes over all paths shown in Fig. 8. There are no contributions
from terms of order lower than four. Note that Ei = Ef = 0
when ω1 = ω2 + ω3, which is the case considered here.

In the rest of this appendix, for brevity, we use the notation
�nm = ωn − ωm, �Cn = 2ωc − ωn, nm = ωn + ωm, Cn =
2ωc + ωn, λ±±± = ±λ1 ± λ2 ± λ3, �3 = λ1λ2λ3, and �4 =
λ1λ2λ3λ4. With this notation, the contribution from the terms
in diagram 1 of Fig. 8 becomes

λ
(1)
eff = −�3 sin θ cos3 θ

�c1

[
2

λ−++
ωc�C3

+ 2
λ−+−

�C2�c3

+ 2
λ−++
ωc�C2

+ 2
λ−−+

�C2�c2
+ 2

λ−−−
�C1�c3

+ 2
λ−−−

�C1�c1

+ λ−++
ωc(−ω3)

+ λ−+−
(−ω1)�c1

+ λ−++
ωc(−ω2)

+ λ−−+
(−ω2)�c2

+ λ−−−
(−ω1)�c3

+ λ−−−
(−ω1)�c2

]
. (B1)

To check our calculations, we can compare with the
calculation in Ref. [35], which treated the process |g,g,1〉 →
|e,e,0〉. This is exactly the process in diagram 1 after the
first transition, ignoring the first qubit. If we insert the values
ωc = 2ωq , ω2 = ω3 = ω0, ω1 = 2ω0 [recall that we have used
the fact that ω1 = ω2 + ω3 to derive Eq. (B1)], λ2 = λ3 = λ,
and λ1 = 0 in Eq. (B1), and remove the factor −λ1 cos θ/�c1

(which comes from the first transition in the diagram), we
obtain

λ
(1ph,2qb)
eff = −8

3
sin θ cos2 θ

λ3

ω2
0

, (B2)

which is exactly the result from Ref. [35].
If we make the simplifying assumptions λ1 = λ2 = λ3 ≡ λ,

ω1 ≡ ω0, and ω2 = ω3 = ω0/2, the contribution from diagram
1 to the coupling becomes

λ
(1)
eff = −2λ4 sin θ cos3 θ

ωc − ω0

[
2

ωc

(
2ωc − 1

2ω0
)

− 2(
ωc − 1

2ω0
)(

2ωc − 1
2ω0

) − 12

(2ωc − ω0)2

− 2

ωcω0
+ 5

ω0
(
ωc − 1

2ω0
)]

. (B3)
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FIG. 8. The 48 fourth-order paths connecting the states |e,g,g,0〉 and |g,e,e,0〉. The four diagrams show 12 paths each. Diagram 1 shows
the paths starting with |e,g,g,0〉 → |g,g,g,1〉, diagram 2 shows the paths starting with |e,g,g,0〉 → |e,g,g,1〉, diagram 3 shows the paths
starting with |e,g,g,0〉 → |e,g,e,1〉, and diagram 4 shows the paths starting with |e,g,g,0〉 → |e,e,g,1〉. Transitions that do not conserve the
number of excitations in the system are marked by dashed lines, while transitions that conserve the number of excitations are marked by solid
lines. The red lines mark the transitions mediated by the σ̂z part of the coupling and the blue lines mark the transitions mediated by the σ̂x part
of the coupling. To set the energy levels, we have used the parameter values ωc = 4ω3, ω1 = 3ω3, and ω2 = 2ω3.

The terms from diagram 2 add up to

λ
(2)
eff = −�3λ+−− sin θ cos3 θ

ωc

[
2

C2c1
+ 2

C2�c3
+ 2

C3c1
+ 2

C3�c2
+ 2

�C1�c3
+ 2

�C1�c2
+ 1

ω2c1
+ 1

ω2�c3

+ 1

ω3c1
+ 1

ω3�c2
+ 1

(−ω1)�c3
+ 1

(−ω1)�c2

]
, (B4)

and with the same assumptions as above (λ1 = λ2 = λ3 ≡ λ, ω1 ≡ ω0, and ω2 = ω3 = ω0/2) this simplifies to

λ
(2)
eff = 2λ4 sin θ cos3 θ

ωc

[
2(

2ωc + 1
2ω0

)
(ωc + ω0)

+ 2(
2ωc + 1

2ω0
)(

ωc − 1
2ω0

) + 4

(2ωc − ω0)2 + 2

ω0(ωc + ω0)

+ 1

ω0
(
ωc − 1

2ω0
)
]
. (B5)

023818-9



ROBERTO STASSI et al. PHYSICAL REVIEW A 96, 023818 (2017)

The terms from diagram 3 add up to

λ
(3)
eff = −�3 sin θ cos3 θ

c3

[
2

λ+++
C1c1

+ 2
λ−++
C1ωc

+ 2
λ+−+

C3c1
+ 2

λ+−+
C3�c2

+ 2
λ−++
�C2ωc

+ 2
λ−−+

�C2�c2
+ λ+++

ω1c1

+ λ−++
ω1ωc

+ λ+−+
ω3c1

+ λ+−+
ω3�c2

+ λ−++
(−ω2)ωc

+ λ−−+
(−ω2)�c2

]
, (B6)

and with the same assumptions as above this simplifies to

λ
(3)
eff = −λ4 sin θ cos3 θ

ωc + 1
2ω0

[
6

(2ωc + ω0)(ωc + ω0)
+ 2

(2ωc + ω0)ωc

+ 2(
2ωc + 1

2ω0
)
(ωc + ω0)

+ 2(
2ωc + 1

2ω0
)(

ωc − 1
2ω0

)
+ 2(

2ωc − 1
2ω0

)
ωc

− 2(
2ωc − 1

2ω0
)(

ωc − 1
2ω0

) + 5

ω0(ωc + ω0)
− 1

ω0ωc

+ 4

ω0
(
ωc − 1

2ω0
)
]
. (B7)

The terms from diagram 4 add up to λ
(4)
eff , which is given by Eq. (B6) but with the indices 2 and 3 interchanged everywhere.

With the same assumptions as above λ
(4)
eff simplifies to exactly the same expression as for diagram 3, given in Eq. (B7). Adding

up all the terms from the four diagrams in the simplified case gives

λeff = −2λ4 sin θ cos3 θ

{
1

ωc − ω0

[
2

ωc

(
2ωc − 1

2ω0
) − 2(

2ωc − 1
2ω0

)(
ωc − 1

2ω0
) − 12

(2ωc − ω0)2

− 2

ωcω0
+ 5(

ωc − 1
2ω0

)
ω0

]
− 1

ωc

[
2(

2ωc + 1
2ω0

)(
ωc + ωq

) + 2(
2ωc + 1

2ω0
)(

ωc − 1
2ω0

)
+ 4

(2ωc − ω0)2 + 2

ω0(ωc + ω0)
+ 1

ω0
(
ωc − 1

2ω0
)]

+ 1

ωc + 1
2ω0

[
6

(2ωc + ω0)(ωc + ω0)

+ 2

(2ωc + ω0)ωc

+ 2(
2ωc + 1

2ω0
)
(ωc + ω0)

+ 2(
2ωc + 1

2ω0
)(

ωc − 1
2ω0

) + 2(
2ωc − 1

2ω0
)
ωc

− 2(
2ωc − 1

2ω0
)(

ωc − 1
2ω0

) + 5

ωq(ωc + ω0)
− 1

ω0ωc

+ 4

ω0
(
ωc − 1

2ω0
)]}

. (B8)

We note that the part from diagram 1 gives the largest
contribution, since the first transition in that diagram has a
smaller energy difference than the first transitions in the other
diagrams, resulting in a smaller denominator.

The expression in Eq. (B8) turns out to simplify much
further when everything is put on a common denominator.

FIG. 9. The eight fourth-order paths connecting the states
|e,e,g,g,0〉 and |g,g,e,e,0〉 using only the TC terms. To set the energy
levels, we have used the parameter values ωc = 6ω2, ω1 = 4ω2,
ω3 = 3ω2, and ω4 = 2ω2.

The final result is

λeff = J (3) = 64λ4ω2
c

(
4ω2

c − 7ω2
0

)
sin θ cos3 θ

ω0
(
ω2

0 − ω2
c

)(
ω2

0 − 4ω2
c

)2 , (B9)

which is discussed further in the main text.
We note that the coupling, also in the unsimplified case, is

proportional to sin θ cos3 θ . Differentiating this with respect to
θ and setting the derivative to zero, we obtain

0 = cos2 θ (cos2 θ − 3 sin2 θ ). (B10)

Since cos θ = 0 implies λeff = 0, Eq. (B10) gives that the
maximum coupling is achieved when

θ = ± arctan
1√
3

= ±π

6
. (B11)

APPENDIX C: ANALYTICAL CALCULATIONS
WITH FOUR QUBITS

Our system now consists of four qubits, all ultrastrongly
coupled to a cavity mode. We calculate the effective
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coupling strength between the two states |i〉 = |e,e,g,g,0〉
and |f 〉 = |g,g,e,e,0〉 (equivalent to the 4QM |e,g,g,e,0〉 ↔
|g,e,e,g,0〉, discussed in the main text, with a permutation
of the qubit indices). Since this transition conserves the total
number of excitations in the system, we limit our study to
the case where θi = 0 for all four qubits in the interaction
Hamiltonian Eq. (5). The Hamiltonian we work with is
thus

Ĥ = ωcâ
†â +

4∑
i=1

ωi

2
σ̂ (i)

z + (â + â†)
4∑

i=1

λiσ̂
(i)
x . (C1)

In fact, since the number of excitations is conserved, we can
also consider only the TC terms in Eq. (C1), i.e., the TC

Hamiltonian

Ĥ = ωcâ
†â +

4∑
i=1

ωi

2
σ̂ (i)

z +
4∑

i=1

λj

(
âσ̂

(i)
+ + â†σ̂ (i)

−
)
. (C2)

The two states |e,e,g,g,0〉 and |g,g,e,e,0〉 are connected
via fourth-order processes. If we use Eq. (C2), there are eight
paths connecting the states to this order, as shown in Fig. 9.
If we use Eq. (C1) instead, there are 48 paths connecting the
states to this order, as shown in Fig. 10.

1. Calculations with the Tavis-Cummings Hamiltonian

We use the same calculation method, as well as the notation,
as in Appendix B. From Eqs. (7) and (C2) and Fig. 9, we then
obtain the effective coupling

λeff = −�4

[
2

�c2(�c1 + �c2)(�c1 + �32)
+ 2

�c2(�c1 + �c2)(�c1 + �42)

+ 1

�c2�32(�c1 + �32)
+ 1

�c2�42(�c1 + �42)
+ 2

�c1(�c1 + �c2)(�c1 + �32)

+ 2

�c1(�c1 + �c2)(�c1 + �42)
+ 1

�c1�31(�c1 + �32)
+ 1

�c1�41(�c1 + �42)

]

= �4(�13 + �24)(�13�24 + �14�23)

�13�23�14�24�1c�2c

. (C3)

Because of the factor ω1 + ω2 − ω3 − ω4 in the numerator, this expression goes to zero on resonance (ω1 + ω2 = ω3 + ω4).

2. Calculations with the quantum Rabi Hamiltonian

The first diagram in Fig. 10 gives the following contribution to the effective coupling:

λ
(1)
eff = − �4

c3

[
2

(c3 + c4)(c3 + �42)
+ 2

(c3 + c4)(c3 + �41)

+ 2

(c3 + �c2)(c3 + �42)
+ 2

(c3 + �c2)(c3 − 12)
+ 2

(c3 + �c1)(c3 + �41)

+ 2

(c3 + �c1)(c3 − 12)
+ 1

34(c3 + �42)
+ 1

34(c3 + �41)

+ 1

�32(c3 + �41)
+ 1

�32(c3 − 12)
+ 1

�31(c3 + �41)
+ 1

�31(c3 − 12)

]
. (C4)

Note that the six last terms are just the six first terms with 2 replaced by 1 in the numerator and 2ωc replaced by zero in the
denominator. This holds for all four diagrams. The terms in the second diagram contribute with

λ
(2)
eff = − �4

c4

[
2

(c3 + c4)(c3 + �42)
+ 2

(c3 + c4)(c3 + �41)

+ 2

(c4 + �c2)(c3 + �42)
+ 2

(c4 + �c2)(c4 − 12)
+ 2

(c4 + �c1)(c3 + �41)

+ 2

(c4 + �c1)(c4 − 12)
+ 1

34(c3 + ω4 − ω2)
+ 1

34(c3 + ω4 − ω1)

+ 1

�42(c3 + �42)
+ 1

�42(c4 − 12)
+ 1

�41(c3 + �41)
+ 1

�41(c4 − 12)

]
, (C5)
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FIG. 10. The 48 fourth-order paths connecting the states |e,e,g,g,0〉 and |g,g,e,e,0〉. The four diagrams show 12 paths each. Diagram 1
shows the paths starting with |e,e,g,g,0〉 → |e,e,e,g,1〉, diagram 2 shows the paths starting with |e,e,g,g,0〉 → |e,e,g,e,1〉, diagram 3 shows
the paths starting with |e,e,g,g,0〉 → |e,g,g,g,1〉, and diagram 4 shows the paths starting with |e,e,g,g,0〉 → |g,e,g,g,1〉. Transitions that do
not conserve the number of excitations in the system are marked by dashed lines, while the transitions that conserve the number of excitations
are marked by solid lines. To set the energy levels, we have used the same parameter values as in Fig. 9.

the terms in the third diagram give

λ
(3)
eff = − �4

�c2

[
2

(c3 + �c2)(c3 + �42)
+ 2

(c3 + �c2)(c3 − 12)

+ 2

(c4 + �c2)(c3 + �42)
+ 2

(c4 + �c2)(c4 − 12)
+ 2

(�c1 + �c2)(c3 − 12)

+ 2

(�c1 + �c2)(c4 − 12)
+ 1

�32(c3 + �42)
+ 1

�32(c3 − 12)
+ 1

�42(c3 + �42)

+ 1

�42(c4 − 12)
+ 1

−12(c3 − 12)
+ 1

−12(c4 − 12)

]
, (C6)

and the terms in the fourth diagram give

λ
(4)
eff = − �4

�c1

[
2

(c3 + �c1)(c3 + �41)
+ 2

(c3 + �c1)(c3 − 12)

+ 2

(c4 + �c1)(c3 + �41)
+ 2

(c4 + �c1)(c4 − 12)
+ 2

(�c1 + �c2)(c3 − 12)
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+ 2

(�c1 + �c2)(c4 − 12)
+ 1

�31(c3 + �41)
+ 1

�31(c3 − 12)
+ 1

�41(c3 + �41)

+ 1

�41(c4 − 12)
+ 1

−12(c3 − 12)
+ 1

−12(c4 − 12)

]
. (C7)

Adding up all these terms gives the complicated expression

λeff = �4
(
12 − 34

)(
3ω2ω3ω4�23�2434 + {

2ωc

[
�23 − ω4

] − 4ω2
c

}{
ω2

3ω
2
4 − 3ω2ω3ω434 + ω2

2

[
ω2

3 + 3ω3ω4 + ω2
4

]}
+ω2

1

{
12 − 34 − 2ωc

}{
3�23�2434 + 2ωc

[
ω2

2 + ω2
3 + ω2

4 + 3ω3ω4 − 3ω234
]}

+ω1
{
12ω2

c�23�2434 − 3�23�2434
[
ω234 − ω3ω4

]
+ 2ωc

[
ω2

2

(
7ω2

3 + 15ω3ω4 + 7ω2
4

) + ω3ω4
(
3ω2

3 + 7ω3ω4 + 3ω2
4

)
− 3ω234

(
ω2

2 + ω2
3 + 4ω3ω4

)]})/
1234c3c4�13�14�23�24�c1�c2. (C8)

Because of the factor ω1 + ω2 − ω3 − ω4 in the numerator,
this expression goes to zero when ω1 + ω2 = ω3 + ω4. How-
ever, ωi describe bare qubit transition frequencies. Owing to
the presence of the counter-rotating terms in the atom-cavity
interaction Hamiltonian, the physical transition frequencies are
somewhat different from the bare ones. Hence at the physical
resonance ω1 + ω2 �= ω3 + ω4.

APPENDIX D: HOW TO APPLY QUBIT MIXING
IN AN ERROR-CORRECTION CODE

Here we present a possible application of the spontaneous
time evolution of the Dicke model, which leads to 4QM, for
the qubit encoding, decoding, and error-syndrome detection
modules in an ECC.

1. Quantum repetition codes via qubit mixing

As shown in Sec. II B, 4QM can occur in a system described
by the Dicke model in the ultrastrong-coupling regime, which
can be described by the effective Hamiltonian (h̄ = 1)

V̂
(4)

II = J (4) (σ̂ (1)
− σ̂

(2)
+ σ̂

(3)
+ σ̂

(4)
+ + H.c.) (D1)

and is referred to as type-II 4QM. The spontaneous evolution
operator Ût after the time t ′ = π/(2J (4)) is simply given by

Û
(4)
t ′ = exp

(
−iV̂

(4)
II t ′

)
= Î (4) − |0111〉〈0111|

− |1000〉〈1000| − i(|0111〉〈1000| + H.c.), (D2)

where Î (4) = eye(16) is the four-qubit identity operator and, for
simplicity, hereafter we denote |0〉 ≡ |g〉 and |1〉 ≡ |e〉. Thus,
an initial arbitrary state |ψ1〉 = a|0〉 + b|1〉 of a single qubit
and the other three qubits in the ground state |0〉 is transformed
as

Ŝ4Û
(4)
t ′ (a|0〉 + b|1〉)|000〉 = |0〉(a|000〉 + b|111〉), (D3)

as shown in Fig. 11(c). Note that the (π/4)-phase gate
Ŝn = diag(1,i) can be applied to any qubit n except n = 1.
It is seen that the first qubit is decoupled (disentangled) from
the others at t = 0 and t = t ′, so it can be discarded. Thus,
Eq. (D2) effectively describes the standard (N = 3)-qubit

repetition code

Û (N)
rep |ψ1〉|0〉⊗(N−1) = Û 12

CNOTÛ 13
CNOT · · · Û 1N

CNOT|ψ1〉|0〉⊗(N−1)

= a|0〉⊗N + b|1〉⊗N ≡ |ψN 〉, (D4)

where Û 1n
CNOT denotes the CNOT gate with the control

(target) qubit 1 (n) for n = 2, . . . ,N . More precisely,
Ŝ4Û

(4)
t ′ |ψ1〉|000〉 = (Î (1) ⊗ Û (3)

rep)|0〉|ψ1〉|00〉, where Î (1) is the
single-qubit identity operator and we have an auxiliary qubit
in the state |0〉 in addition to those in Eq. (D4). Analogously,
it can be shown that the 3QM in the model described by the
effective interaction Hamiltonian

V̂ (3) = J (3) (σ̂ (1)
+ σ̂

(2)
+ σ̂

(3)
− + H.c.) (D5)

after the time t ′ = π/(2J (3)) is given by

Û
(3)
t ′ = exp

(−iV̂ (3)t ′
) = Î (3) − |011〉〈011| − |100〉〈100|

− i(|011〉〈100| + H.c.), (D6)

which realizes the two-qubit repetition code, as shown in
Fig. 11(b), since

Ŝ3Û
(3)
t ′ (a|0〉 + b|1〉)|00〉 = |0〉(a|00〉 + b|11〉), (D7)

In Eq. (D6), Î (3) = eye(8) is the three-qubit identity operator.

2. Error-correction code

Now we present the implementation of a toy version of
an ECC (for a pedagogical description, see Ref. [41]) for
correcting a single phase-flip error or a bit-flip error. We
apply the ECC circuit shown in Fig. 12, and show that the
quantum repetition codes, based on the CNOT gates in the
modules depicted in yellow, can be replaced by the type-II
4QM described above.

Figure 11(a) shows a standard N -qubit repetition code
implemented with N CNOT gates. Although CNOT gates have
been implemented in circuit-QED systems, these implemen-
tations are based on a sequence of a few pulses using, usually,
higher-excited levels [71,72]. Thus, it is desirable to reduce
the number of CNOT gates or other entangling gates, which
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|ψ1 • • • •

|0 ⊗(N−1) |ψN

(a)

|0 |0
×

Û
(3)

t
|ψ1 ×

|ψ2

|0 Ŝ

(b)

|0 |0
×

Û
(4)

t

|ψ1 ×
|0 |ψ3

|0 Ŝ

(c)

FIG. 11. (a) Standard N -qubit repetition code based on N CNOT gates for generating |ψN 〉 = a|0〉⊗N + b|1〉⊗N (for N = 2,3, . . .). Repetition
codes for (b) three and (c) four qubits based on qubit mixing corresponding to the spontaneous evolution operations Û

(3)
t ′ and Û

(4)
t ′ , given by

Eqs. (D6) and (D2), respectively, followed by the (π/4)-phase gate Ŝ acting on the N th qubit. The operation marked by ×−× corresponds to
the classical SWAP gate, which is not necessary but is added to show the correspondence of all the panels. In (b) and (c), the first qubit is finally
disentangled from the others, so it can be discarded after the operation. In a special case, the four-qubit repetition code can implement the
encoder A and decoder A′, and can be used for the error-syndrome detection in the ECC shown in Fig. 12.

cannot be implemented easily like those corresponding to the
spontaneous evolution of a given system.

Figure 12 shows a standard circuit implementing the ECC,
which enables the correction of a single phase-flip error, or of
a single bit-flip error if the blocks B and B ′ are omitted. These
blocks B and B ′ are composed of three single-qubit rotations
Ŷ (π/2) and Ŷ (−π/2) about angles of ±π/2 around the y

axis, respectively. The Ŷ rotation about an arbitrary angle θ

is defined by Ŷ (θ ) = [cos θ
2 ,− sin θ

2 ; sin θ
2 , cos θ

2 ]. Thus, the
rotations Ŷ (±π/2) effectively realize Hadamard-like gates
corresponding to rotations of the basis states {|0〉,|1〉} into

(from) {|±〉 = (|+〉 + |−〉)/√2} in B (B ′). The modules A

and B (B ′ and A′) enable encoding (decoding) a single qubit
against a single phase-flip error, while the gates A (A′), without
B and B ′, enable encoding (decoding) a single qubit against
a single bit-flip error. The module E in Fig. 12 describes a
dissipative evolution or a channel, which introduces a single
error (either a bit flip or a phase flip) in one of the qubits.
The error-syndrome detection is performed by the four CNOT

gates in the modules S1 and S2 using two additional qubits,
which are then measured by two detectors yielding the values
m,n ∈ {0,1}. The error correction is done in the module C

A B E B S1 S2 C A

a|0 + b|1 • Ŷ (π/2) Ŷ (−π/2) •

R̂mn

• a|0 + b|1

|0 Ŷ (π/2) Ŷ (−π/2) •

|0 Ŷ (π/2) Ŷ (−π/2) •

4QM |0 m • 4QM

|0 n •

4QM

er
ro
r

FIG. 12. Circuit implementing an ECC correcting a single phase-flip error. If the modules B and B ′ are omitted, then the circuit corrects
a single bit-flip error. The circuit modules include encoder A, basis rotator B (from the basis {|0〉,|1〉} into {|+〉,|−〉}) corresponding to the
Hadamard gates or rotations Ŷ (π/2), dissipative channel or evolution (E, when the error happens), basis rotator B ′ (from {|+〉,|−〉} into
{|0〉,|1〉} being inverse to B), error-syndrome detector S (composed of blocks S1, S2, and detectors with two possible outcomes m,n = 0,1),
error corrector [C, where the single-qubit operation Rnm, given by Eq. (D8), is conditioned on the classical information from the detectors],
and decoder A′. In our implementation, the blocks A, A′, and S1, which are composed of two CNOT gates with two qubits in |0〉, can be replaced
by type-II 4QM, i.e., by spontaneous evolution for the time t = π/(2J (4)) of the system governed by the effective interaction Hamiltonian V̂ (4),
given in Eq. (D1).
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by rotating (flipping) a proper qubit as conditioned on the
measured values m,n:

R̂mn = σ̂ (n−m+2)
x ≈ Ŷn−m+2(π ), (D8)

where we define σ̂ (4)
x ≈ Ŷ4(π ) to be the identity operator.

As marked in yellow in Fig. 12, the encoder A, decoder A′,
but also the error-syndrome module S1 can be implemented
via the type-II 4QM, i.e., the spontaneous evolution of the
system described by Eq. (D2). In fact, the error-syndrome
module S2 can also be expressed via the sequence of the type-
II 4QM operations Û (4) applied to different qubits, together
with single-qubit rotations. This possibility comes from the
fundamental theorem about the universality of an arbitrary
entangling gate (thus, including Û (4)). However, we focus here
on simple and direct applications of Û (4). Thus, a lengthy
circuit implementing the module S2 via Û (4) is not presented
here.

Finally, we make three remarks:
(1) In our proposal we need to apply the 4QM between

different qubits. Thus, the question arises whether one can
efficiently tune the ultrastrong coupling between a chosen
fraction of a collection of six qubits and a cavity field.
For switching on and off the coupling it is possible to
change the transition energy of the qubits involved. This
can be easily done by applying, e.g., a flux offset to the
qubits.

(2) By using three times the 4QM operations instead of the
six CNOT gates, we need an extra qubit in addition to the five
qubits shown in Fig. 11(c).

(3) In a specific physical system, it might be easier to
perform 3QM rather than 4QM. Then, the six CNOT gates in the
modules A, A′, and S1, shown in Fig. 11(c), can be replaced
by the 3QM corresponding to the spontaneous evolution Û

(3)
t ′ ,

given by Eq. (D6).
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De Liberato, C. Ciuti, C. Reichl, D. Schuh, W. Wegscheider,
M. Beck, and J. Faist, Ultrastrong coupling of the cyclotron
transition of a 2D electron gas to a THz metamaterial, Science
335, 1323 (2012).

[13] M. Geiser, F. Castellano, G. Scalari, M. Beck, L. Nevou, and J.
Faist, Ultrastrong Coupling Regime and Plasmon Polaritons in
Parabolic Semiconductor Quantum Wells, Phys. Rev. Lett. 108,
106402 (2012).

[14] S. Kéna-Cohen, S. A Maier, and D. D. C. Bradley, Ultrastrongly
coupled exciton-polaritons in metal-clad organic semiconductor
microcavities, Adv. Opt. Mater. 1, 827 (2013).

[15] S. Gambino, M. Mazzeo, A. Genco, O. Di Stefano, S. Savasta, S.
Patane, D. Ballarini, F. Mangione, G. Lerario, D. Sanvitto, and
G. Gigli, Exploring light-matter interaction phenomena under
ultrastrong coupling regime, ACS Photonics 1, 1042 (2014).

[16] C. Maissen, G. Scalari, F. Valmorra, M. Beck, J. Faist, S. Cibella,
R. Leoni, C. Reichl, C. Charpentier, and W. Wegscheider,
Ultrastrong coupling in the near field of complementary split-
ring resonators, Phys. Rev. B 90, 205309 (2014).

[17] M. Goryachev, W. G. Farr, D. L. Creedon, Y. Fan, M. Kostylev,
and M. E. Tobar, High-Cooperativity Cavity QED with Magnons
at Microwave Frequencies, Phys. Rev. Appl. 2, 054002 (2014).

[18] A. Baust, E. Hoffmann, M. Haeberlein, M. J. Schwarz, P. Eder, J.
Goetz, F. Wulschner, E. Xie, L. Zhong, F. Quijandría, D. Zueco,
J.-J. García-Ripoll, L. García-Álvarez, G. Romero, E. Solano,
K. G. Fedorov, E. P. Menzel, F. Deppe, A. Marx, and R. Gross,
Ultrastrong coupling in two-resonator circuit QED, Phys. Rev.
B 93, 214501 (2016).

[19] F. Yoshihara, T. Fuse, S. Ashhab, K. Kakuyanagi, S. Saito, and
K. Semba, Superconducting qubit-oscillator circuit beyond the
ultrastrong-coupling regime, Nat. Phys. 13, 44 (2016).

[20] N. K. Langford, R. Sagastizabal, M. Kounalakis, C. Dickel,
A. Bruno, F. Luthi, D. J. Thoen, A. Endo, and L. DiCarlo,

023818-15



ROBERTO STASSI et al. PHYSICAL REVIEW A 96, 023818 (2017)

Experimentally simulating the dynamics of quantum light and
matter at ultrastrong coupling, arXiv:1610.10065.

[21] Z. Chen, Y. Wang, T. Li, L. Tian, Y. Qiu, K. Inomata,
F. Yoshihara, S. Han, F. Nori, J. S. Tsai, and J. Q. You,
Single-photon-driven high-order sideband transitions in an
ultrastrongly coupled circuit-quantum-electrodynamics system,
Phys. Rev. A 96, 012325 (2017).

[22] J. Braumüller, M. Marthaler, A. Schneider, A. Stehli, H.
Rotzinger, M. Weides, and A. V. Ustinov, Analog quantum
simulation of the Rabi model in the ultra-strong coupling regime,
arXiv:1611.08404.

[23] S. De Liberato, D. Gerace, I. Carusotto, and C. Ciuti, Extracavity
quantum vacuum radiation from a single qubit, Phys. Rev. A 80,
053810 (2009).

[24] Q. Ai, Y. Li, H. Zheng, and C. P. Sun, Quantum anti-Zeno effect
without rotating wave approximation, Phys. Rev. A 81, 042116
(2010).

[25] R. Stassi, A. Ridolfo, O. Di Stefano, M. J. Hartmann, and S.
Savasta, Spontaneous Conversion from Virtual to Real Photons
in the Ultrastrong-Coupling Regime, Phys. Rev. Lett. 110,
243601 (2013).

[26] A. Ridolfo, S. Savasta, and M. J. Hartmann, Nonclassical
Radiation from Thermal Cavities in the Ultrastrong Coupling
Regime, Phys. Rev. Lett. 110, 163601 (2013).

[27] L. Garziano, A. Ridolfo, R. Stassi, O. Di Stefano, and S. Savasta,
Switching on and off of ultrastrong light-matter interaction:
Photon statistics of quantum vacuum radiation, Phys. Rev. A
88, 063829 (2013).

[28] L. Garziano, R. Stassi, A. Ridolfo, O. Di Stefano, and S. Savasta,
Vacuum-induced symmetry breaking in a superconducting
quantum circuit, Phys. Rev. A 90, 043817 (2014).

[29] J.-F. Huang and C. K. Law, Photon emission via vacuum-dressed
intermediate states under ultrastrong coupling, Phys. Rev. A 89,
033827 (2014).

[30] Y.-J. Zhao, Y.-L. Liu, Y.-X. Liu, and F. Nori, Generating
nonclassical photon states via longitudinal couplings between
superconducting qubits and microwave fields, Phys. Rev. A 91,
053820 (2015).

[31] A. F. Kockum, V. Macrì, L. Garziano, S. Savasta, and F. Nori,
Frequency conversion in ultrastrong cavity QED, Scientific
Reports 7, 5313 (2017).

[32] G. Zhu, D. G. Ferguson, V. E. Manucharyan, and J. Koch, Circuit
QED with fluxonium qubits: Theory of the dispersive regime,
Phys. Rev. B 87, 024510 (2013).

[33] K. K. W. Ma and C. K. Law, Three-photon resonance and
adiabatic passage in the large-detuning Rabi model, Phys. Rev.
A 92, 023842 (2015).

[34] L. Garziano, R. Stassi, V. Macrì, A. F. Kockum, S. Savasta, and
F. Nori, Multiphoton quantum Rabi oscillations in ultrastrong
cavity QED, Phys. Rev. A 92, 063830 (2015).

[35] L. Garziano, V. Macrì, R. Stassi, O. Di Stefano, F. Nori, and S.
Savasta, One Photon Can Simultaneously Excite Two or More
Atoms, Phys. Rev. Lett. 117, 043601 (2016).

[36] A. F. Kockum, A. Miranowicz, V. Macrì, S. Savasta, and F. Nori,
Deterministic quantum nonlinear optics with single atoms and
virtual photons, Phys. Rev. A 95, 063849 (2017).

[37] L. Mandel and E. Wolf, Optical Coherence and Quantum Optics
(Cambridge University Press, Cambridge, U.K., 1995).

[38] Y. R. Shen, Principles of Nonlinear Optics (Wiley-Interscience,
New York, 1984).

[39] H. I. Takesue and K. Inoue, Generation of polarization-entangled
photon pairs and violation of Bell’s inequality using spontaneous
four-wave mixing in a fiber loop, Phys. Rev. A 70, 031802
(2004).

[40] P. W. Shor, Scheme for reducing decoherence in quantum
computer memory, Phys. Rev. A 52, R2493(R) (1995).

[41] R. T. Perry, Quantum Computing from the Ground Up (World
Scientific, Singapore, 2012).

[42] S. L. Rolston and W. D. Phillips, Nonlinear and quantum atom
optics, Nature (London) 416, 219 (2002).

[43] G. Lenz, P. Meystre, and E. M. Wright, Nonlinear Atom Optics,
Phys. Rev. Lett. 71, 3271 (1993).

[44] M. Trippenbach, Y. Band, and P. Julienne, Four wave mixing
in the scattering of Bose-Einstein condensates, Opt. Express 3,
530 (1998).

[45] L. Deng, E. W. Hagley, J. Wen, M. Trippenbach, Y. Band, P. S.
Julienne, J. E. Simsarian, K. Helmerson, S. L. Rolston, and W. D.
Phillips, Four-wave mixing with matter waves, Nature (London)
398, 218 (1999).

[46] A. Bermudez, D. Porras, and M. A. Martin-Delgado, Competing
many-body interactions in systems of trapped ions, Phys. Rev.
A 79, 060303 (2009).

[47] R. H. Dicke, Coherence in spontaneous radiation processes,
Phys. Rev. 93, 99 (1954).

[48] Y. X. Liu, J. Q. You, L. F. Wei, C. P. Sun, and F. Nori, Optical
Selection Rules and Phase-Dependent Adiabatic State Control
in a Superconducting Quantum Circuit, Phys. Rev. Lett. 95,
087001 (2005).

[49] J. Q. You and F. Nori, Atomic physics and quantum optics using
superconducting circuits, Nature (London) 474, 589 (2011).

[50] X. Gu, A. F. Kockum, A. Miranowicz, Y. X. Liu, and F. Nori,
Microwave photonics with superconducting quantum circuits,
arXiv:1707.02046.

[51] A. Blais, J. Gambetta, A. Wallraff, D. I. Schuster, S. M. Girvin,
M. H. Devoret, and R. J. Schoelkopf, Quantum-information
processing with circuit quantum electrodynamics, Phys. Rev.
A 75, 032329 (2007).

[52] M. Malekakhlagh, A. Petrescu, and H. E. Türeci, Cutoff-free
circuit quantum electrodynamics, arXiv:1701.07935.

[53] O. Di Stefano, R. Stassi, L. Garziano, A. F. Kockum, S. Savasta,
and F. Nori, Feynman-diagrams approach to the quantum Rabi
model for ultrastrong cavity QED: Stimulated emission and
reabsorption of virtual particles dressing a physical excitation,
New J. Phys. 19, 053010 (2017).

[54] I. Chiorescu, P. Bertet, K. Semba, Y. Nakamura, C. J. P. M.
Harmans, and J. E. Mooij, Coherent dynamics of a flux qubit
coupled to a harmonic oscillator, Nature (London) 431, 159
(2004).

[55] F. Yan, S. Gustavsson, A. Kamal, J. Birenbaum, A. P. Sears,
D. Hover, T. J. Gudmundsen, D. Rosenberg, G. Samach,
S. Weber, J. L. Yoder, T. P. Orlando, J. Clarke, A. J. Kerman,
and W. D. Oliver, The flux qubit revisited to enhance coherence
and reproducibility, Nat. Commun. 7, 12964 (2016).

[56] F. Beaudoin, J. M. Gambetta, and A. Blais, Dissipation and
ultrastrong coupling in circuit QED, Phys. Rev. A 84, 043832
(2011).

023818-16



QUANTUM NONLINEAR OPTICS WITHOUT PHOTONS PHYSICAL REVIEW A 96, 023818 (2017)

[57] A. Ridolfo, M. Leib, S. Savasta, and M. J. Hartmann, Photon
Blockade in the Ultrastrong Coupling Regime, Phys. Rev. Lett.
109, 193602 (2012).

[58] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information (Cambridge University Press, Cambridge,
U.K., 2000).

[59] D. G. Cory, M. D. Price, W. Maas, E. Knill, R. Laflamme, W. H.
Zurek, T. F. Havel, and S. S. Somaroo, Experimental Quantum
Error Correction, Phys. Rev. Lett. 81, 2152 (1998).

[60] J. Chiaverini, D. Leibfried, T. Schaetz, M. D. Barrett, R. B.
Blakestad, J. Britton, W. M. Itano, J. D. Jost, E. Knill, C. Langer,
R. Ozeri, and D. J. Wineland, Realization of quantum error
correction, Nature (London) 432, 602 (2004).

[61] P. Schindler, J. T. Barreiro, T. Monz, V. Nebendahl, D. Nigg,
M. Chwalla, M. Hennrich, and R. Blatt, Experimental repetitive
quantum error correction, Science 332, 1059 (2011).

[62] T. B. Pittman, B. C. Jacobs, and J. D. Franson, Demonstration
of quantum error correction using linear optics, Phys. Rev. A
71, 052332 (2005).

[63] O. Moussa, J. Baugh, C. A. Ryan, and R. Laflamme, Demon-
stration of Sufficient Control for Two Rounds of Quantum Error
Correction in a Solid State Ensemble Quantum Information
Processor, Phys. Rev. Lett. 107, 160501 (2011).

[64] G. Waldherr, Y. Wang, S. Zaiser, M. Jamali, T. Schulte-
Herbrüggen, H. Abe, T. Ohshima, J. Isoya, J. F. Du, P. Neumann,
and J. Wrachtrup, Quantum error correction in a solid-state
hybrid spin register, Nature (London) 506, 204 (2014).

[65] M. D. Reed, L. DiCarlo, S. E. Nigg, L. Sun, L. Frunzio, S. M.
Girvin, and R. J. Schoelkopf, Realization of three-qubit quantum
error correction with superconducting circuits, Nature (London)
482, 382 (2012).

[66] D. Ristè, S. Poletto, M.-Z. Huang, A. Bruno, V. Vesterinen, O.-P.
Saira, and L. DiCarlo, Detecting bit-flip errors in a logical qubit
using stabilizer measurements, Nat. Commun. 6, 6983 (2015).

[67] J. Kelly, R. Barends, A. G. Fowler, A. Megrant, E. Jeffrey, T. C.
White, D. Sank, J. Y. Mutus, B. Campbell, Yu Chen, Z. Chen,
B. Chiaro, A. Dunsworth, I.-C. Hoi, C. Neill, P. J. J. O’Malley,
C. Quintana, P. Roushan, A. Vainsencher, J. Wenner, A. N.
Cleland, and J. M. Martinis, State preservation by repetitive
error detection in a superconducting quantum circuit, Nature
(London) 519, 66 (2015).

[68] M. Takita, A. D. Córcoles, E. Magesan, B. Abdo, M. Brink,
A. Cross, J. M. Chow, and J. M. Gambetta, Demonstration
of Weight-Four Parity Measurements in the Surface Code
Architecture, Phys. Rev. Lett. 117, 210505 (2016).

[69] B. P. Lanyon, M. Barbieri, M. P. Almeida, T. Jennewein,
T. C. Ralph, K. J. Resch, G. J. Pryde, J. L. O’Brien, A.
Gilchrist, and A. G. White, Simplifying quantum logic using
higher-dimensional Hilbert spaces, Nat. Phys. 5, 134 (2008).

[70] X.-G. Wen, Quantum Field Theory of Many-Body Systems: From
the Origin of Sound to an Origin of Light and Electrons (Oxford
University Press, Oxford, U.K., 2004).

[71] L. DiCarlo, J. M. Chow, J. M. Gambetta, L. S. Bishop, B. R.
Johnson, D. I. Schuster, J. Majer, A. Blais, L. Frunzio, S. M.
Girvin, and R. J. Schoelkopf, Demonstration of two-qubit
algorithms with a superconducting quantum processor, Nature
(London) 460, 240 (2009).

[72] L. DiCarlo, M. D. Reed, L. Sun, B. R. Johnson, J. M. Chow,
J. M. Gambetta, L. Frunzio, S. M. Girvin, M. H. Devoret, and
R. J. Schoelkopf, Preparation and measurement of three-qubit
entanglement in a superconducting circuit, Nature (London)
467, 574 (2010).

023818-17



5.8 Paper VIII: Nonperturbative Dynamical

Casimir Effect in Optomechanical Systems:

Vacuum Casimir-Rabi Splittings



Non-Perturbative Dynamical Casimir Effect
in Optomechanical Systems:

Vacuum Casimir-Rabi Splittings

Vincenzo Macr̀ı,1, 2 Alessandro Ridolfo,2 Omar Di Stefano,2

Anton Frisk Kockum,2 Franco Nori,2, 3 and Salvatore Savasta1, 2

1Dipartimento di Scienze Matematiche e Informatiche,
Scienze Fisiche e Scienze della Terra, Università di Messina, I-98166 Messina, Italy
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We study the dynamical Casimir effect using a fully quantum-mechanical description of both the
cavity field and the oscillating mirror. We do not linearize the dynamics, nor do we adopt any
parametric or perturbative approximation. By numerically diagonalizing the full optomechanical
Hamiltonian, we show that the resonant generation of photons from the vacuum is determined by a
ladder of mirror-field vacuum Rabi splittings. We find that vacuum emission can originate from the
free evolution of an initial pure mechanical excited state, in analogy with the spontaneous emission
from excited atoms. By considering a coherent drive of the mirror, using a master-equation approach
to take losses into account, we are able to study the dynamical Casimir effect for optomechanical
coupling strengths ranging from weak to ultrastrong. We find that a resonant production of photons
out of the vacuum can be observed even for mechanical frequencies lower than the cavity-mode
frequency. Since high mechanical frequencies, which are hard to achieve experimentally, were thought
to be imperative for realizing the dynamical Casimir effect, this result removes one of the major
obstacles for the observation of this long-sought effect. We also find that the dynamical Casimir
effect can create entanglement between the oscillating mirror and the radiation produced by its
motion in the vacuum field, and that vacuum Casimir-Rabi oscillations can occur. Finally, we
also show that all these findings apply not only to optomechanical systems, but also to parametric
amplifiers operating in the fully quantum regime.

PACS numbers: 42.50.Pq, 42.50.Ct

I. INTRODUCTION

Quantum-field theory predicts that vacuum fluctua-
tions can be converted into real particles by the energy
provided through certain external perturbations [1–8].
Examples include the Schwinger effect [1], predicting the
production of electron-positron pairs from the vacuum
under the application of intense electrical fields; Hawking
radiation [3, 9], which is caused by the bending of space-
time in intense gravitational fields and determines the
evaporation of black holes; the Unruh effect [10], predict-
ing that an accelerating observer will observe blackbody
radiation where an inertial observer would observe none;
and the dynamical Casimir effect (DCE) [2, 6, 7] describ-
ing the generation of photons from the quantum vacuum
due to rapid changes of the geometry (in particular, the
positions of some boundaries) or material properties of
electrically neutral macroscopic or mesoscopic objects.

The creation of photons by moving mirrors was first
predicted by Moore [2] in 1970, for a one-dimensional
cavity. In 1976, Fulling and Davis [11] demonstrated that
photons can be generated even by a single mirror, when
it is subjected to a nonuniform acceleration. Since the
first prediction of the DCE, many different experimen-
tal setups, able to produce sudden nonadiabatic changes
inducing light emission from the quantum vacuum, have
been proposed [12]. These proposals can be divided into
two main groups: setups where the photons are created

due to the movement of mirrors [11, 13–17] [mechani-
cal (M) DCE], and systems where the boundary condi-
tions are modulated by some effective motion producing a
parametric amplification of vacuum fluctuations [6–8, 18–
25] [parametric (P) DCE].

The experimental detection of the DCE is challenging
owing to the difficulty in changing the boundary con-
ditions, e.g., by moving physical objects, such as mas-
sive mirrors, sufficiently fast for generation of a signif-
icant number of photons. In 1996, Lambrecht, Jaekel,
and Reynaud [14] provided a quantitative estimate of
the photon flux radiated from an optomechanical system
consisting of a cavity with oscillating mirrors. Taking ad-
vantage of resonance-enhancement effects, they showed
that a significant number of microwave photons, suffi-
cient to allow detection, can be produced in realistic
high-Q cavities with a moderate peak velocity of the mir-
rors. However, the resonance condition, requiring that
the mechanical oscillation frequency ωm be at least twice
that of the lowest-frequency cavity mode ωc, remains a
major barrier to the experimental demonstration of the
MDCE. Recently, high-frequency mechanical oscillators,
[ωm/(2π) ∼ 6 GHz] [26] have been realized. However, to
produce vacuum radiation at a frequency ωc/(2π) ∼ 5
GHz, a still higher mechanical frequency ωm/(2π) ∼ 10
GHz is required.

In order to circumvent these difficulties, a number of
theoretical proposals has suggested to use experimental



2

setups where the boundary conditions are modulated by
some effective motion instead (PDCE). Examples of such
proposals include: (i) using lasers to rapidly modulate the
reflectivity of thin semiconductor films [18, 20, 21], (ii)
modulating the resonance frequency of a superconducting
stripline resonator [22], non-adiabatic time-modulation
of (iii) the light-matter coupling strength in cavity QED
systems [23, 27–33], or (iv) of the background in which
the field propagates [5, 7, 19], and (v) to use a supercon-
ducting quantum interference device (SQUID) to modu-
late the boundary condition of a superconducting waveg-
uide or resonator [6, 24, 25].

Recently, using superconducting circuits [34–37], the
DCE (specifically, the PDCE) has been demonstrated
experimentally, implementing proposals (iv) and (v). In
particular, it was observed [6] in a coplanar transmis-
sion line terminated by a SQUID whose inductance was
modulated at high frequency (> 10 GHz). This was also
demonstrated by modulating the index of refraction of a
Josephson metamaterial embedded in a microwave cav-
ity [7]. Of course, these all-optical experiments do not
demonstrate the conversion of mechanical energy into
photons, as predicted by the DCE. Such a direct obser-
vation is still lacking.

Moreover, it is worth noting that the interpretation
of these all-optical experiments is not unique. Although
these experiments demonstrate key features of the DCE
physics, the question may arise if these can be regarded as
direct observations of the DCE or quantum simulations
of the DCE. Specifically, these experiments can also be
considered as examples of spontaneous parametric down-
conversion [38, 39] in a waveguide or in a cavity (see, e.g.,
[37] for implementations with superconducting quantum
circuits). In this optical quantum process, incident pho-
tons at frequency ω are converted into pairs of photons at
lower frequencies ω1 and ω2, such that ω1 +ω2 = ω. This
process is determined by the nonlinearities of the material
system and the vacuum fluctuations of the electromag-
netic field. The validity of this description is confirmed
by looking at the interaction Hamiltonians describing the
investigated systems [7, 24, 25]. In both cases, they can
be written as λ(δΦext/Φ0)Φ2, where Φext is the exter-
nal driving flux, Φ0 is the flux quantum, Φ is the flux
field in the waveguide or in the cavity, and λ is a cou-
pling coefficient depending on the specific system. In this
Hamiltonian, the amplitude of the driving field is multi-
plied with the square of the amplitude of the excited field,
just like in the Hamiltonians that describe second-order
nonlinear optical processes. Furthermore, conceptually
there are subtle differences between moving boundaries
and moving sources (see, e.g., [40]). We also observe that
other proposed all-optical PDCE setups [such as (i) and
(iii)], might have undesired background signals, due to
the undesired excitations arising from the driving fields
which can overwhelm the expected signal (see, e.g. [41]).
Hence, direct observations of the conversion of mechan-
ical energy into photon pairs (MDCE) would be highly
desirable.

x(t)

F(t)

Figure 1. Schematic of a generic optomechanical system where
one of the mirrors in an optical cavity can vibrate at frequency
ωm. If the vibrating mirror is excited by an external drive F(t),
able to create a k-phonon state with a non-negligible probability,
the vibrating mirror can emit photon pairs if kωm ' 2ωc, where ωc
is the resonance frequency of the cavity.

Most theoretical studies of the MDCE consider the
mirror that scatters the vacuum field to follow a pre-
scribed motion [2, 11–13, 15, 42–44]. Therefore the pho-
ton creation from the initial vacuum state is usually de-
scribed as a parametric amplification process, just as in
the case of the PDCE. Exceptions consider fluctuations
of the position of the mirror driven by vacuum radiation
pressure using linear dispersion theory [45, 46] or focus on
the mirror motion as the main dynamical degree of free-
dom. In the latter case, studies have shown how the DCE
induces friction forces on the mirror [47, 48] or leads to
decoherence of mechanical quantum superposition states
[49].

In this article, we investigate the MDCE in cavity op-
tomechanical systems [50], treating both the cavity field
and the moving mirror as quantum-mechanical systems.
Calculations are made without performing any lineariza-
tion of the dynamical equations. Multiple scattering be-
tween the two subsystems is taken into account nonper-
turbatively. The interactions of the two subsystems with
the environment is described by using a master equa-
tion [51, 52]. A surprising feature of this approach is
that the DCE can be described without the need for a
time-dependent light-matter interaction. The only time-
dependent Hamiltonian term considered here is the one
describing the external drive of the vibrating mirror. Ac-
tually, within this approach, the DCE effect can be de-
scribed, at least in principle, even without considering
any time-dependent Hamiltonian. Specifically, we find
that vacuum radiation can originate from the free evolu-
tion of an initial pure mechanical excited state, in analogy
with the spontaneous emission from excited atoms. We
believe that this theoretical framework provides a more
fundamental explanation of the DCE. Note that funda-
mental processes in quantum field theory are described
by interaction Hamiltonians which do not depend para-
metrically on time. We find that the resonant generation
of photons from the vacuum is determined by a ladder
of mirror-field vacuum Rabi-like energy splittings. When
the loss rates are lower than the corresponding frequency
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splittings, a reversible exchange of energy between the vi-
brating mirror and the cavity field, which we call vacuum
Casimir-Rabi oscillations, can be observed.

Cavity-optomechanics experiments are rapidly ap-
proaching the regime where the radiation pressure of a
single photon displaces the mechanical oscillator by more
than its zero-point uncertainty [53–59]. Specifically, in
circuit optomechanics, it has been shown that the radia-
tion pressure effect can be strongly enhanced by introduc-
ing a qubit-mediated [56, 57] or modulated [60] interac-
tion between the mechanical and the electromagnetic res-
onator. This ultrastrong coupling (USC) regime, where
the optomechanical coupling rate is comparable to the
mechanical frequency, can give rise to strong nonlineari-
ties even in systems described by the standard optome-
chanics interaction Hamiltonian, which depends linearly
on the mirror displacement [61, 62]. This regime favours
the observation of macroscopic mechanical oscillators in
a nonclassical state of motion [61–64]. This requires a
full quantum treatment of both the mechanical and op-
tical degrees of freedom, and multiple-scattering effects
between the field and the mechanical oscillator cannot be
ignored.

The approach considered here allows us to extend the
investigation of the DCE to the USC limit of cavity op-
tomechanics. We find that this regime is able to remove
one of the major obstacles for the experimental obser-
vation of this long-sought effect. Indeed, we show that,
approaching USC, a resonant production of photons out
from the vacuum can be observed for mechanical frequen-
cies lower than the lowest cavity-mode frequency. Ap-
proximately, the resonance condition for the production
of photon pairs out from the vacuum is k ωm ' 2ωc, with
k integer. This corresponds to processes where k phonons
in the mechanical oscillator are converted into two cavity
photons. The matrix element for this transition decreases
rapidly for increasing k, but increases when the optome-
chanical coupling g increases. Already the resonance con-
dition with k = 2, corresponding to ωm ' ωc, where DCE
matrix elements display reasonable amplitude even at
moderate coupling, is promising for the observation of the
MDCE. Indeed, this resonance condition can be achieved
in the GHz spectral range using ultra-high-frequency me-
chanical micro- or nano-resonators [26, 59].

Very recently, new resonance conditions in the DCE
that potentially allow the production of photons for
ωm < ωc have been found assuming a classical prescribed
anharmonic motion of the mirror [65]. This model, how-
ever, describes photon emission from vacuum fluctuations
only in the instability region and the resulting time evo-
lution of the mean photon number grows exponentially
even in the presence of cavity losses. On the contrary, in
our approach, the vibrating mirror is treated as a har-
monic (anharmonicity only originates from the interac-
tion) quantum degree of freedom on the same footing as
the cavity field and we do not find unstable regions.

II. RESULTS

A. Model

We consider the case of a cavity with a movable end
mirror (see Fig. 1) and focus on the simplest possible
model system in cavity optomechanics, which has been
used to successfully describe most of such experiments to
date. A detailed derivation of the optomechanical Hamil-
tonian can be found in Ref. [66]. Both the cavity field and
the position of the mirror are treated as dynamical vari-
ables and a canonical quantization procedure is adopted.
By considering only one mechanical mode with resonance
frequency ωm and bosonic operators b̂ and b̂†, and only
the lowest-frequency optical mode ωc of the cavity, with
bosonic operators â and â†, the system Hamiltonian can
be written as Ĥs = Ĥ0 + ĤI, where

Ĥ0 = ~ωcâ
†â+ ~ωmb̂

†b̂ (1)

is the unperturbed Hamiltonian. The Hamiltonian de-
scribing the mirror-field interaction is

ĤI = ~G
2 (â+ â†)2x̂ , (2)

where x̂ = xZPF(b̂ + b̂†) is the mechanical displacement
(xZPF is the zero-point fluctuation amplitude of the vi-
brating mirror) and G is a coupling parameter. By de-
veloping the photonic factor in normal order, and by
defining new bosonic phonon and photon operators and
a renormalized photon frequency, Ĥs can be written as

Ĥs = Ĥ0 + V̂om + V̂DCE , (3)

where Ĥ0 formally coincides with Eq. (1),

V̂om = ~gâ†â(b̂+ b̂†) (4)

is the standard optomechanical interaction conserving
the number of photons, and

V̂DCE = ~g
2 (â2 + â†2)(b̂+ b̂†) , (5)

describes the creation and annihilation of photon pairs
[67], where g = GxZPF is the optomechanical coupling

rate. As we will see in detail below, V̂DCE determines
the DCE. The Hamiltonian (3) describes the interaction
between a moving mirror and the radiation pressure of a
cavity field. However, the same radiation-pressure-type
coupling is obtained for microwave optomechanical cir-
cuits (see, e.g., Ref. [56]).

When describing most of the optomechanics experi-
ments to date [50], V̂DCE is neglected. This is a very good
approximation when the mechanical frequency is much
smaller than the cavity frequency (which is the most com-

mon experimental situation), since V̂DCE connects bare
states with an energy difference 2~ωc± ~ωm much larger
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than the coupling strength ~g. With this approximation,
the resulting Hamiltonian, Ĥ0 + V̂om, conserves the num-
ber of photons and can be analytically diagonalized. The
full Hamiltonian in Eq. (3) provides the simplest unified
description of cavity-optomechanics experiments and the
DCE in a cavity with a vibrating mirror.

In order to properly describe the system dynamics,
including external driving, dissipation and decoherence,
the coupling to external degrees of freedom needs to be
considered. A coherent external drive of the vibrating
mirror can be described by including the following time-
dependent Hamiltonian,

V̂m(t) = F(t) (b̂+ b̂†) , (6)

where F(t) is proportional to the external force applied to
the mirror. Analogously, the coherent optical excitation
of the cavity mode can be described by

V̂c(t) = E(t) (â+ â†) , (7)

where E(t) is proportional to the coherent optical field
exciting the cavity. In the following, we will only con-
sider the external excitation of the mirror [E(t) = 0] by a
continuous-wave drive or by a pulse, in contrast to most
cavity optomechanical experiments, where the system is
optically excited.

B. Vacuum Casimir-Rabi splittings

We begin by numerically diagonalizing the system
Hamiltonian Ĥs in Eq. (3). Figure 2(a) displays the low-
est energy levels as a function of the ratio between the
cavity and the mechanical frequency, using an optome-
chanical coupling g/ωm = 0.04. For comparison, we also
show in Fig. 2(a) (dashed grey lines) the lowest energy
levels

En,k = ~ωcn− ~g2n2/ωm + ~ωmk

for the standard optomechanics Hamiltonian Ĥ0 + V̂om.
In this case, the system eigenstates can be written as

|n, kn〉 = |n〉c ⊗ D̂(nβ)|k〉m , (8)

where n is the cavity photon number and the mechanical
state |kn〉 is a displaced Fock state, determined by the

displacement operator D̂(nβ) = exp[nβ(b̂† − b̂)], with
β = g/ωm. The dashed grey horizontal lines in Fig. 2(a)
correspond to states |0, k0〉 ≡ |0, k〉 belonging to the
n = 0 manifold. The dashed grey lines with lower non-
zero slope (slope 1) describes the n = 1 manifold (|1, k1〉),
while those with slope 2 describe the energy levels of the
manifold with n = 2.

The continuous blue lines correspond to the energy
levels obtained by numerically diagonalizing the system
Hamiltonian Ĥs in Eq. (3). The main difference com-
pared to the grey lines is the appearance of level an-

ticrossings of increasing size at increasing eigenenergy
values when E0,k = E2,k−1 (corresponding to a cavity
frequency ωc = ωm/2 + 2g2/ωm ' ωm/2). We observe
that the condition ωc ' ωm/2 is the standard resonance
condition (ωm = 2Nωc) for the DCE in a cavity with a
vibrating mirror [14], with N = 1. These avoided cross-

ings arise from the coherent coupling induced by V̂DCE
between the states |0, k〉 ↔ |2, (k−1)2〉 with k ≥ 1. If the
optomechanical coupling is not too strong, the size of the
anticrossings can be analytically calculated by using first-
order perturbation theory. By approximating |k2〉 ' |k〉,
for the energy splittings, we obtain the simple expression

2~Ω2,k−1
0,k = 2〈2, (k − 1)2|V̂DCE|0, k〉 ' ~g

√
2k,

in very good agreement with the numerical results in
Fig. 2(a). When the splitting is at its minimum (ωc =
ωm/2+2g2/ωm), the two system eigenstates are approxi-
mately (not exactly, owing to dressing effects induced by

V̂DCE) the symmetric and antisymmetric superposition
states

|ψ2(3)〉 '
1√
2

(|0, 1〉 ± |2, 02〉) . (9)

These vacuum Casimir-Rabi splittings, demonstrating
optomechanical-induced hybridization of zero- and two-
photon states, establish a close analogy between the
DCE and cavity QED, where the atom-photon vacuum
Rabi splitting and quantum Rabi oscillations in the
time domain have been observed in many systems and
widely exploited for many applications [68]. We ob-
serve, however, that, while quantum Rabi splittings in
cavity QED describe coherent coupling between states
with the same number of excitations, Casimir-Rabi split-
tings involve pairs of states with different number of ex-
citations. In this case, for example, a state with k ex-
citations (phonons) hybridizes with a state with k + 1
excitations (k − 1 phonons and 2 photons). This non-
conservation of excitation numbers is reminiscent of cav-
ity QED in the USC regime, where the counter-rotating
terms in the atom-field interaction Hamiltonian enable
the coupling of states with different excitation numbers
[69–74]. More generally, the DCE Hamiltonian in Eq. (5)
gives rise to several additional avoided-level crossings,
describing resonant optomechanical scattering processes
|n, kn〉 ↔ |n+ 2, (k− q)n+2〉, which occur when the ener-
gies of the final and initial states coincide (2ωc ∼ q ωm).

These coherent couplings induced by V̂DCE constitute
the fundamental quantum mechanism through which me-
chanical energy is transferred to the vacuum electromag-
netic field, giving rise to the DCE. For example, in the
absence of losses, an initial 1-phonon-0-photon state |0, 1〉
(not being a system eigenstate) will evolve as

|ψ(t)〉 = cos (Ω2,0
0,1 t) |0, 1〉 − i sin (Ω2,0

0,1 t) |2, 02〉 , (10)

and thus, after a time t = π/(2Ω2,0
0,1), will spontaneously
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Figure 2. Lowest energy levels of the system Hamiltonian as a function of the ratio between the cavity frequency and the mechanical
frequency. In (a) an optomechanical coupling g/ωm = 0.04 has been used. The dashed grey lines describe the eigenenergies of the standard

optomechanics Hamiltonian Ĥ0 + V̂om. The blue continuous curves are the eigenvalues of Ĥs = H0 + V̂om + V̂DCE, which have also been
calculated for a coupling g/ωm = 0.1 as shown in (b). Panels (c) and (d) display enlarged views of the two boxed regions in (b) showing
avoided level crossings due to optomechanical hybridizations of zero- and two-photon states (vacuum Casimir-Rabi splittings).

evolve into a photon pair. This elementary analysis shows
that, if the mechanical and photonic loss rates are much
lower than the coupling rate Ω2,0

0,1 , mechanical energy
can be converted, at least in principle, into light with
100% efficiency. Moreover, according to Eq. (10), at

t = π/(4Ω2,0
0,1), the moving mirror and the cavity field be-

come maximally entangled. Figure 2(b) shows the lowest

energy eigenvalues of Ĥs for larger cavity-mode frequen-
cies, using a stronger optomechanical coupling g/ωm =
0.1. The figure [see also the boxed details enlarged in
panels 2(c) and (d)] shows that optomechanical resonant
couplings occur also for ωm < 2ωc. In particular, vacuum
Casimir-Rabi splittings occur when E0,k = E2,k−q, cor-
responding to a cavity frequency ωc − 2g2/ωm ' q ωm/2,
also when q > 1. Avoided level crossings for q = 2 are
clearly visible in Fig. 2(b). Smaller splittings for q = 3
and q = 4 are indicated by black boxes and their en-
larged views are shown in Figs. 2(c) and (d). By using
first-order perturbation theory, the size of these avoided

level crossings can be calculated analytically:

2~Ω2,k−q
0,k = 2〈0, k|V̂DCE|2, (k − q)2〉

=
√

2 ~g
[√

k + 1Dk+1,k−q(2β)

+
√
kDk−1,k−q(2β)

]
,

(11)

where the matrix elements of the displacement operators
can be expressed in terms of associated Laguerre polyno-

mials: Dk′,k(α) =
√
k!/k′!αk′−ke−|α|

2/2Lk
′−k
k (|α|2). We

note that the resonance conditions with ωm ≤ ωc have
nonzero DCE matrix elements (11) thanks to the non-
orthogonality of mechanical Fock states with different
phonon numbers, belonging to different photonic man-
ifolds:

〈k|k′2〉 = Dk,k′(2β) 6= 0

(see, e.g., Ref. [64]). Note also that, for β → 0,
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Figure 3. System dynamics for ωc ' 1.5ωm under continuous-wave
drive of the vibrating mirror. The blue dash-dotted curve describes
the mean phonon number 〈B̂†B̂〉, while the black solid curve de-

scribes the mean intracavity photon number 〈Â†Â〉 rising thanks
to the DCE. The zero-delay normalized photon-photon correlation
function g(2)(t, t) is also plotted as a red dashed curve with values
given on the y-axis on the right. All parameters are given in the
text.

〈k|k′2〉 → δk,k′ . Examples of analytically-calculated split-

tings 2Ω2,k−q
0,k are displayed in Appendix A, where we also

present a comparison between the numerically-calculated
vacuum Rabi splitting and the corresponding analytical
calculations, obtained with first-order perturbation the-
ory for 2Ω2,0

0,3 and 2Ω2,0
0,4 . Also for resonance conditions

with q > 1, when the splitting is at its minimum (corre-
sponding to values of ωc such that E0,k ' E2,k−q), the
two system eigenstates are essentially symmetric and an-
tisymmetric linear superpositions. For example, for the
boxed splitting at lower ωc,

|ψ5(6)〉 '
1
2(|0, 3〉 ± |2, 02〉) . (12)

Neglecting losses, an initial 3-phonon state |0, 3〉 (not be-
ing a system eigenstate) will thus evolve spontaneously
as

|ψ(t)〉 = cos (Ω2,0
0,3 t) |0, 3〉 − i sin (Ω2,0

0,3 t) |2, 0〉 , (13)

giving rise to a 100% mechanical-to-optical energy trans-
fer and to vacuum-induced entanglement.

C. DCE in the weak-coupling regime

Here we investigate the dynamics giving rise to the
DCE, numerically solving the system master equation
(described in Appendix B). We focus on some experi-
mentally promising cases, with ωc ≥ ωm. In this sub-
section, we limit our investigations to the weak-coupling
regime, which, however, does not refer to the optome-
chanical coupling strength (we use g/ωm up to 0.1). In-
stead, following the terminology of cavity QED, by the

term weak, we mean Casimir-Rabi splittings 2Ω2,k−q
0,k

smaller than the total decoherence rate γ + κ, where γ

0 1 2 3 4
0

1

2

0

1

2

3

4

5

0 1 2 3 4 5 6
0

1

2

3

4

0

1

2

3

4

5

(a)

(b)

Figure 4. System dynamics for ωc ' ωm under continuous-wave
drive of the vibrating mirror. The blue dash-dotted curves describe
the mean phonon number 〈B̂†B̂〉, while the black solid curves de-

scribe the mean intracavity photon number 〈Â†Â〉 rising thanks
to the DCE. The zero-delay normalized photon-photon correlation
function g(2)(t, t) is also plotted (red dashed curve with values given
on the y-axis on the right). Panel (a) has been obtained using
g/ωm = 0.1; panel (b) with g/ωm = 10−2. All the other parame-
ters are given in the text.

and κ are the mechanical and photonic loss rates respec-
tively (see Appendix B). We consider the optomechan-
ical system initially in its ground state and numerically
solve the master equation (B1) including the excitation
of the moving mirror by a single-tone continuous-wave
mechanical drive F(t) = A cos (ωdt). Figure 3 shows the

time evolution of the mean phonon number 〈B̂†B̂〉 (blue
dash-dotted curve), the intracavity mean photon number

〈Â†Â〉 (black solid curve), and the equal-time photonic
normalized second-order correlation function (red dashed
curve)

g(2)(t, t) = 〈Â
†(t)Â†(t)Â(t)Â(t)〉
〈Â†(t)Â(t)〉2

, (14)

where Â, B̂ are dressed photonic and phononic opera-
tors, as explained in Appendix B. We assume a zero-
temperature reservoir and use κ/ωm = 3 × 10−3 and
γ = 10κ for the photonic and mechanical loss rates. We
consider a weak (A/γ = 2) resonant excitation of the vi-
brating mirror (ωd = ωm). Figure 3 shows the system
dynamics for the case ωc ' 3ωm/2 [corresponding to the
minimum level-splitting shown in Fig. 2(c)]. We used a
normalized coupling g/ωm = 0.1. The results demon-
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strate that a measurable rate of photons is produced. In
particular, a steady-state mean intra-cavity photon num-
ber 〈Â†Â〉ss ' 0.3 is obtained, corresponding (for a reso-
nance frequency of the cavity mode ωc/(2π) = 6 GHz) to

a steady-state output photon flux Φ = κ〈Â†Â〉ss ∼ 3×106

photons per second. The output photon flux is remark-
able, taking into account the weak mechanical drive,
corresponding to a steady-state mean phonon number
〈b̂†b̂〉ss = 4 for g/ωm = 0, and the quite low cavity quality
factor Qc = ωc/κ = 500 used in the numerical calcula-
tions. Note that Qc-values beyond 106 are obtained in
microwave resonators (see, e.g., [75]). Also, the mechan-
ical loss rate γ used here corresponds to a quality factor
Qm one order of magnitude lower than the experimen-
tally measured values in ultra-high-frequency mechani-
cal resonators [26, 59]. Such a low driving amplitude and
quality factors were used in order to reduce both memory
and numerical effort. We observe that the steady-state
phonon number does not reach the value 〈B̂†B̂〉ss = 4 ob-

tained in the absence of V̂DCE. This is an expected result,
since the calculations fully take into account the corre-
lated field-mirror dynamics induced by the DCE. The cal-
culated second-order correlation function g(2)(t, t), also
displayed in Fig. 3, starts with very high values, con-
firming that photons are emitted in pairs. As time goes
on, it decreases significantly, due to losses which affect
the photon-photon correlation and to the increase in the
mean photon number (note that g(2)(t, t), owing to the
squared denominator, is intensity dependent).

Figure 4 displays results for the case ωc ' ωm. In
this case, a higher-frequency mechanical oscillator is re-
quired. However, as we pointed out in the introduc-
tion, mechanical oscillators with resonance frequencies
ωm/(2π) ∼ 6 GHz have been realized [26]. In the present
case, the DCE can be observed by coupling such a me-
chanical oscillator to a microwave resonator with the
same resonance frequency. The advantage of this config-
uration is that the corresponding matrix elements (vac-

uum Casimir-Rabi splittings) Ω2,k−2
0,k are non-negligible

even for quite low optomechanical couplings. Figure 4(a),
obtained using a coupling g/ωm = 0.1, shows a remark-
able energy transfer from the moving mirror to the cavity
field which in its steady state contains more than 1 pho-
ton, corresponding to a steady-state output photon flux
Φ beyond 107 photons per second. Figure 4(b) has been
obtained using an optomechanical coupling one order of
magnitude lower. The resulting steady-state mean intra-
cavity photon number decreases by one order of magni-
tude to 〈Â†Â〉ss ' 0.1, but it is still measureable. This
result is particularly interesting because it shows that the
MDCE can be observed with state-of-the-art ultra-high-
frequency mechanical resonators [26, 59] and with nor-
malized coupling rates β below those already achieved
in circuit optomechanics [53]. We can conclude that the
MDCE can be observed at ωc ' ωm even when the op-
tomechanical USC regime is not reached, although reach-
ing it can significantly enhance the emission rate.

Quantum correlations in microwave radiation pro-

duced by the DCE in a superconducting waveguide ter-
minated and modulated by a SQUID have been investi-
gated [76]. The results indicate that the produced ra-
diation can be strictly nonclassical and can display a
measurable amount of intermode entanglement. In the
approaches where the real or effective mirror is assumed
to follow a prescribed classical motion, the entanglement
between the moving mirror and the emitted electromag-
netic field cannot be investigated. On the contrary, the
present theoretical framework, fully taking into account
the quantum correlations between the moving mirror and
the cavity field, induced by V̂DCE, allows us to investi-
gate if the DCE creates optomechanical entanglement.
In the present case, the dynamics involve many system
states and, owing to the presence of losses, the system
is far from being in a pure state during its time evolu-
tion. We quantify the entanglement using the negativity
N (see Appendix C). By considering the same, numeri-
cally calculated, density matrix used to derive the results
shown in Fig. 3, we find a steady-state negativity oscil-
lating around N ' 5 × 10−2, attesting that the DCE is
able to produce mirror-field steady-state entanglement.
For comparison, a maximally entangled Bell-like state,
like that described by Eq. (13) at time t = π/(4Ω2,0

0,3),
has a negativity N = 0.5. Using the parameters of
Fig. 4(a), we find a larger steady-state negativity, os-
cillating around N ' 0.1. However, we find no entan-
glement (N ' 0) for the parameters of Fig. 4(b), when
the influence of the DCE on the dynamics of the moving
mirror is small.

D. Vacuum Casimir-Rabi oscillations

Here we investigate the DCE in the strong-coupling

regime, when the Casimir-Rabi splittings 2Ω2,k−q
0,k are

larger than the total decoherence rate γ+κ. This regime
is particularly interesting, since it provides direct evi-
dence of the level structure determining the DCE and the
multiple-scattering effects between the two sub-systems.
Moreover, as we are going to show, it gives rise to non-
perturbative entangled dynamics of the cavity field and
the moving mirror.

We numerically solve the master equation (B1), assum-
ing the optomechanical system prepared in its ground
state and including the vibrating mirror excitation by
an ultrafast resonant pulse F(t) = AG(t− t0) cos (ωd t),
where G(t) is a normalized Gaussian function. We con-
sider an optomechanical coupling g/ωm = 0.1 and set
the cavity frequency at the value providing the minimum
level-splitting 2Ω2,0

0,3/ωm ' 8 × 10−3 shown in Fig. 2(c)

(ωc ' 3ωm/2). We consider pulses with central frequency
resonant with the mechanical oscillator (ωd = ωm), and

with standard deviation σ = (20Ω2,0
0,3)−1 ' 12/ωm. For

the loss rates, we use γ = 0.15 Ω2,0
0,3 ' 6 × 10−4 ωm and

κ = γ/2.

Figure 5 displays the system dynamics after the pulse
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Figure 5. System dynamics after the pulse arrival, obtained for pulses with amplitudes increasing from top to bottom: A = π/3 (a),

2π/3 (b), and π (c). Specifically, panels (a-c) display the mean intracavity photon number 〈Â†Â〉 (black solid curves), the mean phonon

number 〈B̂†B̂〉 (blue dashed curves), and the negativity N (green filled curve). Panels (α-γ) display the Fourier transform of the mean
photon number shown in the corresponding panel on the left.

arrival and the Fourier transform of the mean photon
number, obtained for pulses with amplitudes increasing
from top to bottom: A = π/3, 2π/3, π. Figures 5(a)-
(c) show (Casimir-Rabi) nutations (superimposed on the
exponential decay due to the presence of losses) of the sig-

nals 〈Â†Â〉 (black solid curves) and 〈B̂†B̂〉 (blue dashed
curves). The mean phonon number displays much less
pronounced oscillations which are anticorrelated with the
photonic oscillations. When the pulse amplitude is small
(A = π/3), the time evolution of the mean photon
number is sinusoidal-like with peak amplitudes decay-
ing exponentially. Initially, the ultrafast kick produces
a coherent mechanical state. The lowest Fock state in
this mechanical coherent superposition, which is able to
resonantly produce photon pairs, is |0, 3〉 (see Fig. 2).
This state is coherently coupled to the state |2, 02〉 by

V̂DCE, giving rise to the avoided-crossing states |ψ5〉 and
|ψ6〉 given in Eq. (12). These two levels display a fre-

quency vacuum Casimir-Rabi splitting 2Ω2,0
0,3 , which, as

also shown in Fig. 5(α), corresponds to the frequency of
the observed Rabi-like oscillations. The small difference
between the peak in Fig. 5(α) and ω6,5 ≡ (E6−E5)/~ =
2Ω2,0

0,3 is due to the presence of the nearby higher peak

at ω = 0. For the amplitude A = π/3, the peak phonon
number, reached just after the kick, is significantly be-
low one, and thus the occupation probability for the
state |3〉m is very low. This explains the weakness of
the photonic signal in Fig. 5(a) and the smallness of the
oscillations superimposed on the exponential decay in the
mechanical signal 〈B̂†B̂〉. Indeed, the mechanical states
|1〉m and |2〉m in the initial coherent superposition have a
much larger probability than |3〉m and evolve unaffected
by the vacuum field. Higher energy mechanical states
|k〉m with k > 3 can also produce photon pairs at a rate

Ω2,k−3
0,k , but their occupation probability is negligible at

such a low pulse amplitude. The non-monotonous dy-
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namics of the signals indicates that the DCE effect is,
at least partially, a reversible process: the emitted pho-
ton pairs can be reabsorbed by the moving mirror and
then re-emitted, if the effective DCE rates are larger than
the losses. However, if one of the photons in the pair is
lost, the surviving one-photon state is no longer resonant
with the vibrating mirror and undergoes a standard ex-
ponential decay. This effect gives rise to a decay of the
oscillation amplitude faster than the signal decay.

When increasing the pulse amplitude [Figs. 5(b) and
5(c)], the mean photon number grows significantly and no
longer oscillates sinusoidally. In addition, the mechanical
signal deviates significantly from the exponential decay,
owing to increased population of the mechanical states
with phonon number k ≥ 3 that are able to produce
photon pairs.

Figures 5(α) to 5(γ) show the Fourier transforms of
the photonic nutation signals. For A = π/3, besides
the intense peak at ω = 0 (describing the exponen-
tial decay induced by losses, always superimposed on
the nutations), only an additional peak at ω ' Ω2,0

0,3 is
visible, in full agreement with the sinusoidal signal in
Fig. 5(a). Increasing the pulse amplitude, a second peak
at higher frequency [Fig. 5(β)], followed by a third at
still higher frequency [Fig. 5(γ)] appears. These two ad-
ditional peaks in the Fourier transform clarify the origin
of the non-sinusoidal behaviour of signals in Figs. 5(b)
and 5(c). They correspond to the higher-energy pro-
cesses associated with the effective coupling strengths
Ω2,1

0,4 and Ω2,2
0,5 , both larger than Ω2,0

0,3 . However, these two
peak frequencies are slightly larger than the correspond-
ing minimum half-splittings Ω2,1

0,4 and Ω2,2
0,5 . This differ-

ence occurs because the ladder of vacuum Casimir-Rabi
splittings, occurring at a given cavity frequency when
2ωc ' 3ωm, is not perfectly vertical (see Fig. 2), owing

to energy shifts induced by V̂DCE. Hence, if ωc, as in this
case, is tuned to ensure that the minimum level split-
ting E6−E5 = 2~Ω2,0

0,3 , the higher-energy split levels will
not be at their minimum. The peaks clearly visible in
Fig. 5(γ) occur at frequencies ω = 0, ω ' ω6,5 = 2Ω2,0

0,3 ,

ω ' ω9,8 > 2Ω2,1
0,4 , and ω ' ω13,12 > 2Ω2,2

0,5 . A fur-
ther structure with a dip is also visible in Figs 5(β) and
5(γ) around ω = ω11,10. This corresponds to the co-
herent coupling of the states |1, 31〉 and |3, 0〉, producing
the eigenstates |ψ10〉 and |ψ11〉. These states are neither
directly excited by the external mechanical pulse which
generates zero-photon states, nor by V̂DCE, which creates
or destroy photon pairs. However, the cavity losses can
give rise to the decay |2, 31〉 → |1, 31〉. Hence, also the
states |ψ10〉 and |ψ11〉 can be indirectly involved in the
signal dynamics.

Analogous quantum Rabi oscillations, giving rise to
discrete Fourier components, have been experimentally
observed for circular Rydberg atoms in a high-Q cavity
[77]. In this system, however, the different level anti-
crossings are not affected by different energy shifts.

In cavity QED, the strong-coupling dynamics produces
atom-field entanglement [78]. We investigate if this non-
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Figure 6. Dynamics starting from a mechanical Fock state. The
blue dashed curves decribe the mechanical signal 〈B̂†B̂〉, while the

black solid curves describe the optical signal 〈Â†Â〉. The green
curves correspond to the negativity N . The cavity frequency is
initially detuned from the DCE resonance (δωc = 0.1), and the
system is initially prepared in the state |0, 2〉. Then the cavity
is quickly tuned to the DCE resonance (δωc → 0). The initial
detuning δωc is displayed as a small red solid curve in the lower
left corner of both panels, near t = 0. In panel (a), the dynamics
is evaluated in the weak-coupling regime. Panel (b) displays the
vacuum Casimir-Rabi oscillations that arise when the system loss
rates are low. The parameters used are provided in the text.

perturbative regime of the DCE is able to produce entan-
glement between the mobile-mirror and the cavity field,
when the mirror is excited by a coherent pulse and in
the presence of mechanical and optical dissipations. The
time evolution of the negativity is displayed in Figs. 5(a)-
(c). As expected, N increases noticeably when the pulse
amplitude increases, so that the mirror dynamics is sig-
nificantly affected by the DCE. We observe that, while
decaying as a consequence of losses, the negativity dis-
plays a non-monotonous behaviour analogous to that ob-
served in cavity-QED [79].

E. Radiative decay of a mechanical excited state

Spontaneous emission is the process in which a quan-
tum emitter, such as a natural or an artificial atom, or
a molecule, decays from an excited state to a lower en-
ergy state and emits a photon. This cannot be described
within the classical electromagnetic theory and is fun-
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damentally a quantum process. Here we present numeri-
cal calculations showing that a vibrating mirror prepared
in an excited state (mechanical Fock state) can sponta-
neously emit photons like a quantum emitter. In this
case, however, instead of a single photon, a photon pair
is emitted. Here, instead of considering the coherent ex-
citation of the vibrating mirror as in usual descriptions of
the DCE, we assume that it is initially prepared in a Fock
state. We consider the case ωc ' ωm and the system is
initialised in the state |0, 2〉, with ωc sufficiently detuned
from the DCE resonance (minimum avoided-level cross-
ing) at ω0

c ' ωm, with δωc ≡ ωc − ω0
c = 0.1ω0

c , such that
the effective resonant DCE coupling is negligible. This
k = 2 mechanical Fock state can be prepared, for ex-
ample, if the vibrating mirror is strongly coupled to an
addtional qubit [26], using the same protocols realized
in circuit QED [80]. After preparation, the cavity can
be quickly tuned into resonance: ωc → ω0

c . If the cav-
ity resonator is an LC superconducting circuit, its res-
onance frequency can be tuned by using a SQUID. In
order to not affect the mechanical Fock state during this
non-adiabatic process, the tuning time must be shorter
than 2π/Ω2,0

0,2 .

Figure 6 displays the mean phonon number 〈B̂†B̂〉
(dashed blue curve), the mean intracvity photon number

〈Â†Â〉 (black solid curve), and the negativity (green filled
curve) calculated for g/ωm = 0.1. Figure 6 also displays
the initial detuning δωc (red solid curve). Figure 6(a),

obtained using γ = Ω2,0
0,2/5 and κ = 2.5γ, describes the

irreversible mechanical decay due to both non-radiative
(induced by the mechanical loss rate γ) and radiative de-

cay (induced by V̂DCE). The radiative decay gives rise
to non-negligible light emission (black solid curve), and
to transient mirror-field entanglement. Figure 6(b), ob-

tained using the lower loss rates γ = κ = Ω2,0
0,2/80, shows

vacuum Casimir-Rabi oscillations. In this case, a photon
pair can be produced at t = π/(2Ω2,0

0,2) with probability
close to one.

F. Analog non-perturbative DCE in all-optical
systems

The non-perturbative description of the DCE in op-
tomechanical systems, presented here, can also be applied
to other all-optical quantum systems such as parametric
amplifiers [8, 81]. Specifically, we consider systems op-
erating as spontaneous parametric down-converters. A
degenerate parametric amplifier can be described by the
interaction Hamiltonian (see, e.g, [82])

V̂DPA = λΦ̂pΦ̂
2
s , (15)

where the pump (p) and signal (s) field coordinates can
be expressed in terms of bosonic annihilation and cre-
ation operators: Φ̂p = ΦZPF

p (b̂ + b̂†), Φs = ΦZPF
s (â + â†),

and where ΦZPF
j (j = s, p) is the zero-point-fluctuation

amplitude of the field Φ̂j . In most cases, when the sys-
tem is used as a parametric amplifier or as a spontaneous
down-converter, the pump mode is quite strongly driven
at frequency ωp, and thus it can be considered as a clas-
sical pump field of amplitude p, leading to the quadratic
Hamiltonian

V̂DPA = ~λΦZPF
p (pe−iωpt + p∗eiωpt)Φ̂2

s . (16)

This Hamiltonian (usually further simplified discarding
rapidly oscillating terms) describes many parametric pro-
cesses (see, e.g., [81]), including the resonant spontaneous
parametric down-conversion when ωp = 2ωs. However, if
the pump field is weak or if the pump mode is prepared
in a nonclassical state, and/or the coupling strength is
sufficiently strong, this approximation fails, and the full
quantum Hamiltonian (15) has to be considered. Using
the bosonic operators, the resulting interaction Hamilto-
nian reads

V̂NDPA = ~g
2 (b̂+ b̂†)(â+ â†)2 , (17)

which is formally identical to the optomechanical inter-
action in Eq. (2) [g = 2λΦZPF

p (ΦZPF
s )2].

This result shows that the nonperturbative analysis
presented in this paper is not confined to optomechanical
systems, but can also be applied to parametric amplifiers
in the full quantum regime, when the pump field is not
replaced by a classical amplitude and the rotating-wave
approximation is not applied. According to this analysis,
emission processes such as |n, 0〉 → |n− q, 2〉 are possible
even for q ≥ 2, if qωp ' 2ωs. Hence, spontaneous vac-
uum emission is possible even for pump frequencies lower
than the signal frequency. This is a result which can-
not be obtained within the usual approximate quadratic
Hamiltonian in Eq. (16).

Since experiments on these all-optical systems can be
simpler than experiments in optomechanical systems,
they could be used as analog quantum simulators of the
non-perturbative MDCE. Just as for the MDCE, signif-
icant deviations from the ordinary DCE analysis occur
when the coupling strength is not too small compared
to the resonance frequencies of the system. This can be
difficult to achieve with parametric amplifiers at opti-
cal frequencies. However, this regime can be achieved at
microwave frequencies, using superconducting quantum
circuits. For example, a fully quantum device, described
by the Hamiltonian in Eq. (17), could be obtained mod-
ifying flux-driven amplifiers [6, 83], so that the SQUID
is coupled to an additional resonator (determining the
pump mode) instead of being directly driven by an ex-
ternal flux.

Analogous nonperturbative parametric scattering pro-
cesses, requiring further theoretical analysis, can be ob-
tained by considering non-degenerate parametric ampli-
fiers described by the interaction Hamiltonian

V̂DP = λΦ̂pΦ̂sΦ̂i , (18)
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where Φ̂i is the quantum field describing the additional
mode (idler). Such a non-degenerate amplifier at mi-
crowave frequencies was first proposed and realized in
2010 [82, 84].

III. CONCLUSIONS

We have analyzed the DCE in cavity optomechanical
systems, describing quantum-mechanically both the cav-
ity field and the vibrating mirror, fully including multiple
scattering between the two subsystems. The full quan-
tum approach developed here describes the DCE with-
out introducing a time-dependent light-matter interac-
tion. The only time-dependent Hamiltonian term con-
sidered in this work was the one describing the external
drive of the moving mirror. Actually, we can conclude
that the DCE can be described even without considering
any time-dependent Hamiltonian. Vacuum emission can
originate from the free evolution of an initial pure me-
chanical excited state, in analogy with the spontaneous
emission from excited atoms.

Using numerical diagonalization of the optomechani-
cal Hamiltonian [66], including those terms usually ne-
glected for describing current optomechanics experiments
[50], we have shown that the resonant generation of
photons from the vacuum is determined by a ladder of
mirror-field vacuum Rabi-like splittings. These avoided-
level crossings describe the energy-conserving conversion
of phonons (quanta of mechanical vibration) into pho-
ton pairs. More generally, the DCE Hamiltonian in
Eq. (5) describes many resonant optomechanical scatter-
ing processes |n, kn〉 ↔ |n + 2, (k − q)n+2〉 which occur
when the energies of the final and initial states coincide
(2ωc ∼ q ωm).

The standard resonance condition for the DCE requires
a mechanical resonance frequency at least double that of
the lowest mode frequency of the cavity. We have shown
instead that, when the coupling between the moving mir-
ror and the cavity field is non-negligible compared to the
mechanical and optical resonance frequencies, a resonant
production of photons out from the vacuum can be ob-
served for mechanical frequencies equal to or lower than
the cavity-mode frequencies. Hence, the present analysis
demonstrates that optomechanical systems with coupling
strengths which experiments already started to approach,
and with vibrating mirrors working in the GHz spectral
range, can be used to observe light emission from me-
chanical motion.

We have also analyzed the non-perturbative regime of
the DCE, which, we showed, provides direct access to
the level structure determining the DCE and can display
Rabi-like nutations of the cavity-field and oscillating mir-
ror signals. Finally, we have shown that the oscillating
mirror can evolve into a state which is entangled with the
radiation emitted by the mirror itself.

Appendix A: DCE Matrix Elements

The matrix elements ~Ω2,k−q
0,k = 〈0, k|V̂DCE|2, (k− q)2〉

play a key role in the MDCE, since they determine the
rate at which a mechanical Fock state |k〉m can gen-

erate a photon pair. Figure 7 displays 2~Ω2,k−q
0,k =

2〈0, k|V̂DCE|2, (k − q)2〉 evaluated for q = 2, 3, 4, as a
function of the initial Fock state k, obtained for g/ωm =
0.1 (upper panels) and 0.01 (lower panels). The two pan-
els on the left, obtained for q = 2, correspond to the
approximate resonance condition ωc ' ωm. The central
panels correspond to ωc ' 1.5ωm, and the panels on the
left correspond to ωc ' 2ωm. Going from left to right, the
matrix elements decrease. However, as long as they are
comparable to the mechanical and photonic decay rates,
a mechanical-optical energy exchange (at least partial)
can occur, giving rise to the DCE.

The analytically calculated matrix elements (11) dis-
played in Fig. 7 describe the phonon-photon DCE co-
herent couplings obtained using first-order perturbation
theory. In order to test their accuracy, we compared them
to the corresponding vacuum Casimir-Rabi splittings ob-
tained by numerical diagonalization of Ĥs in Eq. (3).

Specifically, Fig. 8 shows a comparison for 2Ω2,0
0,3 [panel

(a)] and 2Ω2,0
0,4 [panel (b)], as a function of the normal-

ized optomechanical coupling g/ωm. The agreement is
very good for g/ωm below 0.1.

Appendix B: Master equation

We take into account dissipation and decoherence ef-
fects by adopting a master-equation approach. For
strongly-coupled hybrid quantum systems, the descrip-
tion offered by the standard quantum-optical master
equation breaks down [52, 85]. Following Refs. [51, 52,
70], we express the system-bath interaction Hamiltonian

in the basis formed by the energy eigenstates of Ĥs. By
applying the standard Markov approximation and trac-
ing out the reservoir degrees of freedom, we arrive at the
master equation for the density-matrix operator ρ̂(t),

˙̂ρ(t) = i

~
[ρ̂(t), Ĥs + V̂m(t)]

+ κD[Â]ρ̂(t) + γD[B̂]ρ̂(t) .
(B1)

Here the constants κ and γ correspond to the cavity-
field and mirror damping rates. The dressed photon and
phonon lowering operators Ô = Â, B̂ are defined in terms
of their bare counterparts ô = â, b̂ as [86]

Ô =
∑

En>Em

〈ψm|(ô+ ô†)|ψn〉 |ψm〉〈ψn| , (B2)

where |ψn〉 (n = 0 , 1 , 2 . . . ) are the eigenvectors of Ĥs
and En the corresponding eigenvalues. The superopera-
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Figure 7. Normalized effective vacuum Rabi splittings 2Ω2,k−q
0,k

/ωm of V̂DCE between the eigenstates of Ĥ0+V̂om, evaluated for q = 2, 3, 4,

as a function of k.
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0,4 .

tor D is defined as

D[Ô] ρ̂ = 1
2(2Ôρ̂ Ô† − Ô†Ô ρ̂− ρ̂ Ô†Ô) . (B3)

The spectrum and the eigenstates of Ĥs are obtained
by standard numerical diagonalization in a truncated
finite-dimensional Hilbert space. The truncation is re-
alized by only including the lowest-energy Nc photonic
and Nm mechanical Fock states. These truncation num-
bers are chosen in order to ensure that the lowest M <
Nc×Nm energy eigenvalues and the corresponding eigen-
vectors, which are involved in the dynamical processes

investigated here, are not significantly affected when in-
creasing Nc and Nm. Then the density matrix in the
basis of the system eigenstates is truncated in order to
exclude all the higher-energy eigenstates which are not
populated during the dynamical evolution. This trunca-
tion, of course, depends on the excitation strength F(t)
in Eq. (6). The system of differential equations resulting
from the master equation is then solved by using a stan-
dard Runge-Kutta method with step control. In this way,
the mechanical-optical quantum correlations are taken
into account to all significant orders.

In writing the master equation, we have assumed that
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the baths are at zero temperature. The generalization to
T 6= 0 reservoirs can be derived following Ref. [52]. Note
that the photonic and mechanical lowering operators only
involve transitions from higher to lower energy states.
If V̂DCE is neglected, Â = â and B̂ = b̂ − (g/ωm)â†â.
Following Ref. [70], the master equation (B1) has been
derived without making the post-trace rotating-wave ap-
proximation used in Ref. [85], which is not applicable in
the presence of equally spaced (even approximately) en-
ergy levels, as in the present case.

Appendix C: Negativity

Negativity is an entanglement monotone and does not
increase under local operations and classical communi-

cation [87]. Hence, it represents a proper measure of
entanglement, although it can be zero even if the state
is entangled, for a specific class of entangled states [87].
The negativity of a subsystem A can be defined as the
absolute sum of the negative eigenvalues of the partial
transpose ρTA of the density matrix ρ with respect to a
subsystem A: N (ρ) =

∑
i(|λi| − λi)/2, where λi are the

eigenvalues of ρTA . In this case, the subsystems A and B
are the cavity field and the vibrating mirror, respectively.
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Chapter 6

Summary and Outlook

In this thesis, I presented the research activity developed during my Ph.D.

program. I have studied several physical processes in cavity QED and cavity

optomechanics in the ultrastrong coupling (USC) regime. This light-matter

regime signicantly changes the standard scenarios in cavity QED and cavity

optomechanics and, can give rise to a great variety of new exciting phenom-

ena, which cannot be observed in the conventional weak and strong coupling

regimes. Most of the physical processes studied in this thesis work can be

explained and understood in terms of avoided level crossings arising from

some type of light-matter interaction. Indeed, in quantum systems whose

Hamiltonian depends on a variable parameter, two energy levels can cross

for some value of this parameter. When the Hamiltonian is perturbed by an

interaction which couples the levels, the degeneracy at the crossing is broken

and the levels repel. In these cases, the light-matter interaction gives rise to

coherent resonant coupling between states nearly degenerate, including those

which not conserve the number of excitations (if the counter-rotating terms

in the interaction Hamiltonian are taken into account).

For instance, anomalous vacuum Rabi oscillations, where two or more

photons are jointly emitted by the qubit into the resonator and reabsorbed

by the qubit in a reversible and coherent process are show in Paper 5.2 in

terms of avoided level crossings resulting from the coupling between states

with different excitation numbers (due to the presence of counterrotating

terms in the system Hamiltonian). Also, in Paper 5.4 we show that an

avoided level crossing underlies the process where a single photon is able to

excite two or more atoms at the same time. Moreover, analogues of a large
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number of well-known nonlinear optics phenomena can be realized with one

or more two-level atoms coupled to one or more resonator modes. Through

higher-order processes, where virtual photons are created and annihilated, an

effective deterministic coupling between two states of such a system can be

created. In this way, frequency conversion and, analogues higher -harmonic,

subharmonic-generation (up and down-conversion), multiphoton absorption,

parametric amplification, Raman and hyper -Raman scattering, the Kerr ef-

fect, and other nonlinear processes can be realized (see Paper 5.5,5.6). More

generally, it has been shown that the USC regime opens the door to higher-

order processes, where virtual photons are created and annihilated, and an

effective deterministic coupling between two levels (whose degeneracy at the

crossing is broken) of such a system can be created. Indeed, in Paper 5.7

it has been shown a physical process where one excited atom directly trans-

fers its excitation to a pair of spatially separated atoms with probability

approaching one, the interaction being mediated by the exchange of virtual

rather than real photons.

The most important work developed during my Ph.D., is the study of

the dynamical Casimir effect (DCE), describing quantum mechanically both

the cavity field and the oscillating mirror (cavity optomechanics). Actually,

within this approach, the DCE effect can be described, at least in principle,

without considering any time-dependent Hamiltonian, parametric or pertur-

bative approximations nor dynamics linearization (see Paper 5.8). I have

shown that the resonant generation of photons from the vacuum is deter-

mined by a ladder of mirror-field vacuum Rabi splittings. We find that,

vacuum emission and Casimir -Rabi oscillations can even originate from the

free evolution of an initial pure mechanical excited state, in analogy with the

spontaneous emission from excited atoms. By considering a coherent drive

of the mirror and a master equation approach to take into account the losses,

we were able to study the DCE from the weak to the ultrastrong limit. Also,

we found that a resonant production of Casimir photons can be observed

for mechanical frequencies lower than the cavity mode frequency, when the

coupling strength is not a negligible amount of the mechanical and optical

resonance frequencies. Hence, this coupling regime, which experiments are
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rapidly approaching, removes one of the major obstacles to the observation

of this effect. I hope that the investigations performed in this thesis will

stimulate experimental research aiming at verifying these effects.

In conclusion, looking at the recent scientific literature, there is a very fast

increase in the interest in studying light-matter interactions in the ultrastrong

coupling (USC) regime. I believe that quite soon this interest will spread

towards many different hybrid quantum systems. This is a very hot and

important area of research, and our results so far have been very well received

by the referees of various journals, and are receiving several citations. I am

quite confident that future works in this research field, will have a significant

impact in the field of interacting quantum systems, and may contribute to

the development of novel quantum technologies.



Appendix A

Derivazione of the effective cou-

pling by perturbation theory

Here we analyze, by means of the time-dependent perturbation theory, the

resonant coupling between two degenerate quantum states (which also could

have different numbers of excitation), induced by a constant perturbation.

According to first-order time-dependent perturbation theory, for a constant

perturbation V (t) = V switched-on at t = 0, the resulting transition rate

can be expressed as

Wi→n =
2π

~
|Vni|2 δ(En − Ei) , (A.1)

where Vni = 〈n|V |i〉, is the coupling matrix element between the initial and

the final state. If this matrix element is zero, by using higher order pertur-

bation theory, it is possible to show that, the resulting transition rate can be

expressed as

Wi→n =
2π

~
|V eff
ni |2 δ(En − Ei) , (A.2)

where V eff
ni , as we will show below, contains a summation over intermediate

states and products of matrix elements Vjk = 〈j|V |k〉 associated to virtual

transitions. Comparing Eqs. (A.1) and (A.2), V eff
ni can be interpreted as

the effective coupling matrix element between the states |i〉 and |n〉, also

known as avoided level crossing resonant coupling (see Fig. A.1). In general

the Hamiltonian operator can be separated in two parts H = H0 + V (t):

one time-independent H0 whose we know eigenvalues and eigenstates , one
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Figure A.1: Schematic picture of an Avoided level crossing. |i〉, |n〉 are the eigenstates
(bare states) of the time-independent part of the total Hamiltonian H = H0 + V (t). |ψ±〉
are the eigenstates (dressed states) of the of the total Hamiltonian. They are symmetric
and anti-symmetric superposition of the bare states. Finally, the difference of the eigenval-
ues of the bare states is equals to two times the resonant effective coupling V eff

ni between
the bare states
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time-dependent V (t) which is considered small as compared to the stationary

part. Let us consider time evolution in the interaction picture:

|Ψ(t, t0)〉I = UI(t, t0) |Ψ(t)〉S =
∑

n

Cn(t) |n〉 , (A.3)

where |Ψ(t)〉S is a general time-dependent state in the Schrödinger picture

and UI(t, t0) is the time evolution operator which can be expanded by the

Dyson series, (} = 1)

UI(t,t0) = 1− i
∫ t

t0

dt
′
VI(t

′
) + (−i)2

∫ t

t0

dt
′
∫ t

′

t0

dt
′′
VI(t

′
)VI(t

′′
) + .....

..+ (−i)j
∫ t

t0

dt
′
∫ t

′

t0

dt
′′
.....

∫ t(j−1)

t0

dt(j)VI(t
′
)VI(t

′′
)...VI(t

(j)) + ...,

(A.4)

If the initial state is an eigenstate |Ψ(t, 0)〉I = |i〉, of H0, the coefficients of

the superposition Eq. (A.3) can be expressed as

Cn(t) = 〈n|UI(t, t0) |i〉 . (A.5)

Using the Dyson series, it is possible to express the time dependent coeffi-

cients as a perturbative expansion:

Cn(t) = C(0)
n (t) + C(1)

n (t) + C(2)
n (t) + ....C(j)

n (t) + .... (A.6)

comparing Eq. (A.4) with Eq. (A.6) and using the closure relation j−1 times,

the jth term of the perturbation expansion can be expressed as:

C(j)
n (t) =(−i)j

∑

m, l, .., k︸ ︷︷ ︸
j−1

∫ t

t0

dt
′
∫ t

′

t0

dt
′′
......

∫ t(j−1)

t0

dt(j)×

× eiωnmtVnm(t
′
)eiωmltVml(t

′′
)........eiωkitVki(t

(j))... .

(A.7)

The transition probability for |i〉 → |n〉 with n 6= i is obtained by P(i→n) =∣∣∣C(1)
n (t) + C

(2)
n (t) + ....

∣∣∣
2

.



178 Derivazione of the effective coupling by perturbation theory

A.1 explicit calculation of the coefficients

Let us consider a constant perturbation which is on at t = 0: V (t) = 0 for

t < 0, V (t) = V for t ≥ 0. If the ket |n〉 is the final state, we can calculate

explicitly the terms of the perturbation expansion up to the desired order,

as follows (En − Ei = ωni):

• Zero order

C(0)
n (t) = δni = 0 (A.8)

• First order

C(1)
n (t) = −iVni

∫ t

0

dt
′
eiωnit

′

=
1− eiωnit

En − Ei
Vni . (A.9)

For times sufficiently long with respect to the transition frequency

(ωnit � 1), the resulting coefficient determines non-zero transition

probabilities (|C(1)
n (t)|2) only when En ' Ei.

• Second order

C(2)
n (t) = (−i)2

∑

m

VnmVmi

∫ t

0

dt
′
eiωnmt

′
∫ t

′

0

dt
′′
eiωmit

′′

= i
∑

m

VnmVmi
ωmi

∫ t

0

dt
′
eiωnmt

′

[eiωmit
′

− 1]

= i
∑

m

VnmVmi
ωmi

∫ t

0

dt
′
[eiωnit

′

− eiωnmt
′

] .

(A.10)

In this case, for times sufficiently long with respect to the transition fre-

quencies, the resulting coefficient determines non-zero transition prob-

abilities (|C(2)
n (t)|2) only when En ' Ei or En ' Em. Assuming that

level n has an energy which is different from all the intermediate levels

m, the second term inside the integral in Eq. (A.10) can be neglected.

Thus, the only important contribution arises when En ' Ei as in first-
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order perturbation theory. Equation (A.10) becomes

C(2)
n (t) =

1− eiωnit

En − Ei
∑

m

VnmVmi
Ei − Em

. (A.11)

• Third order In a similar way, we can calculate the third order coeffi-

cient as follows:

C(3)
n (t) = (−i)3

∑

m,l

VnlVlmVmi

∫ t

t0

dt
′
eiωnlt

′
∫ t

′

t0

dt
′′
eiωlmt

′′
∫ t

′′

t0

dt
′′′
eiωmit

′′′

=
∑

m,l

VnlVlmVmi
(Ei − Em)(Ei − El)

∫ t

0

dt
′
[eiωnit

′

+ . . . ]

' 1− eiωnit

En − Ei
∑

m,l

VnlVlmVmi
(Ei − Em)(Ei − El)

(A.12)

The dots in the second line of Eq. (A.12), describes additional rapidly

time-oscillating terms of the kind eiωnkt, where k indicates a possible

intermediate level. Like in the derivation of Eq. (A.11), we can neglect

these terms.

This last observation allows us to generalize the calculation of the j-th term

of the perturbation expansion:

C(j)
n (t) =

1− eiωnit

En − Ei
∑

m, l, .., k︸ ︷︷ ︸
j−1

VnlVlm....Vki
(Ei − Ek)....(Ei − Em)(Ei − El)

(A.13)

The transition probability for |i〉 → |n〉 with n 6= i is:

P(i→n) =
(1− eiωnit)2

(En − Ei)2

∣∣∣∣∣∣∣∣∣∣

∑

j

∑

m, l, .., k︸ ︷︷ ︸
j−1

VnlVlm....Vki
(Ei − Ek)....(Ei − Em)(Ei − El)

∣∣∣∣∣∣∣∣∣∣

2

(A.14)
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As t→∞, in order to evaluate the time dependent term, we can use

lim
t→∞

(1− eiωnit)2

(En − Ei)2
= lim

t→∞
4

(En − Ei)2
sin2

[
(En − Ei)t

2

]

= 2πt δ(∆En,i) .

(A.15)

Considering the transition probability per unit time and using Eq. (A.15),

we obtain the generalized Fermi’s golden rule:

W(i→n) =

∣∣∣∣∣∣∣∣∣∣

∑

j

∑

m, l, .., k︸ ︷︷ ︸
j−1

2πVnlVlm....Vki
(Ei − Ek)....(Ei − Em)(Ei − El)

∣∣∣∣∣∣∣∣∣∣

2

δ(∆En,i) (A.16)

As an example we consider the case where the states |i〉 and |n〉 are connected

at loew order by forth-order perturbation theory. Specifically, we assume that

the lowest order coeffficents do not provide contribution. We obtain

W(i→n) = 2π
∣∣V eff
ni

∣∣2 δ(∆En,i) , (A.17)

where

V eff
ni =

∑

m,l,k

VnlVlmVmkVki
(Ei − Ek)(Ei − Em)(Ei − El)

. (A.18)

Eq. (A.17) has the following physical interpretation. We visualize that the

transition due to the fourth-order term takes place in four steps. First, |i〉
makes an energy nonconserving transition to |k〉; subsequently, |k〉 makes an

energy nonconserving transition to |m〉, |m〉 makes an energy nonconserving

transition to |l〉. Finally, |l〉 makes an energy nonconserving transition to

|n〉, while between |n〉 and |i〉 there is overall energy conservation. Such

energy nonconserving transitions are often called virtual transitions. Energy

need not be conserved for those virtual transitions into (or from) virtual

intermediate states. In contrast, the first-order term Vni is often said to

represent a direct energy-conserving “real” transition.
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