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1. Introduction

In a recent paper [5] a class of reaction-diffusion equations, i.e.
Uy = Uyy + ity + R(u,x), (1.1)

with R(u,x) arbitrary function of u and x, was introduced as a model that incorporates climate shift,
population dynamics, and migration for a population of individuals u(z,x) that reproduce, disperse,
and die within a patch of favorable habitat surrounded by unfavorable habitat. It is assumed that due
to a shifting climate, the patch moves with a fixed speed ¢ > 0 in a one-dimensional universe®.

Motivated by this study here we look for nonclassical symmetries of equation (1.1) with the
purpose of finding explicit expressions of the function R(u,x) and deriving nonclassical symmetry
solutions when feasible.

Nonclassical symmetries were introduced in 1969 in a seminal paper by Bluman and Cole [8].
After twenty years and few occasional papers, e.g. [50], [9], in the early Nineties there was a sudden
spur of interest and several papers began to appear, e.g. [34], [20], [41], [40], [48], [52], [36], [26],

3 Actually equation (1.1) corresponds to the original model
ur = uz; +R(u,z—ct)

rewritten in terms of a moving coordinate system with x = z — ¢t [5].
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[18], [19], [2], [47], [3], [24], [22]. Since then the nonclassical symmetry method has been applied
to various equations and systems in hundreds of published papers, e.g. [27], [37], [16], [28], [17],
[54], [13], [11], [12], [15], [51], [4], the latest® being [14], [31], [55], [10].

One should be aware that some authors call nonclassical symmetries as Q-conditional symme-
tries® of the second type, e.g. [13], while others call them reduction operators, e.g. [51].

The nonclassical symmetry method can be viewed as a particular instance of the more general
differential constraint method that, as stated by Kruglikov [33], dates back at least to the time of
Lagrange... and was introduced into practice by Yanenko [57]. The method was set forth in details in
Yanenko’s monograph [53] that was not published until after his death [21]. A more recent account
and generalization of Yanenko’s work can be found in [39].

Among the papers dedicated to the application of the nonclassical symmetry method to
diffusion-convection equation with source, we single out [11] where some nonclassical symmetries
solutions were determined for the equation:

Uy = ey + k(x)u? (1 —u). (1.2)

In particular nonclassical symmetries of the type V (¢,x)dy + d; were found in the following three
instances:

(i) k(x) = a*x?, (ii) k(x) = a®tanh®x, (i) k(x) = a*tan’x, (1.3)

with a arbitrary constant.

In the next Section we recall the concept of heir-equations [43] and their link to nonclassical
symmetries [46]. In Section 3 the nonclassical symmetries of equation (1.1) are reported, along with
the corresponding reductions and solutions. The last Section contains some final remarks.

2. Heir-equations and nonclassical symmetries

Let us consider an evolution equation in two independent variables and one dependent variable of
second order:

up = H(t,x,u, ty, thyy) 2.1)
If
F:VI(tax’M)at+V2(t’xau)ax_F(t’xau)au (22)

is a generator of a Lie point symmetry! of equation (2.1) then the invariant surface condition is
given by:

Vi (t,x,u)u, + Vo (t,x,u)u, = F(t,x,u). (2.3)

YNamely papers published within the first half of 2012.

In [25] this name was introduced for the first time.

dThe minus sign in front of F (¢, x,u) was put there for the sake of simplicity: it could be replaced with a plus sign without
affecting the following results.
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Let us take the case with V; = 0 and V, = 1, so that (2.3) becomes®:
uy = G(t,x,u) 2.4)

Then, an equation for G is easily obtained. We call this equation G-equation [42]. Its invariant
surface condition is given by:

E1(1,x,u,G)G; + &(1,x,u,G) Gy + &(t,x,u,G)G,, = (t,x,u,G) (2.5)
Let us consider the case §; =0, & =1, and & = G, so that (2.5) becomes:
G+ GG, =n(t,x,u,G) (2.6)
Then, an equation for 7 is derived. We call this equation 1n-equation. Clearly:
G+ GG =uy=n (2.7)
We could keep iterating to obtain the Q-equation, which corresponds to:
Ny 4+ GNMu+NNG = e = Q(1,x,u,G,M) (2.8)
the p-equation, which corresponds to:
Q4+ GQ,+NQ6 + QQy = e = p(1,X,u,G,1,Q) (2.9)

and so on. Each of these equations inherits the symmetry algebra of the original equation, with the
right prolongation: first prolongation for the G-equation, second prolongation for the 71-equation,
and so on. Therefore, these equations were named heir-equations in [43]. This implies that even
in the case of few Lie point symmetries many more Lie symmetry reductions can be performed
by using the invariant symmetry solution of any of the possible heir-equations, as it was shown
in [43], [1], [38].

We recall that the heir-equations are just some of the many possible n-extended equations as
defined by Guthrie in [30].

In [43] it was shown that this iterating method yields both partial symmetries as given by
Vorobev in [56], and differential constraints as given by Olver [49].

Fokas and Liu [23] and Zhdanov [58] independently introduced the method of generalised con-
ditional symmetries, i.e., conditional Lie-Bidcklund symmetries. In [44] it was shown that the heir-
equations can retrieve all the conditional Lie-Béacklund symmetries found by Zhdanov.

In [29] Goard has shown that Nucci’s method of constructing heir equations by iterating the
nonclassical symmetries method is equivalent to the generalised conditional symmetries method.

The difficulty in applying the method of nonclassical symmetries consists in solving nonlinear
determining equations in contrast with the linearity of the determining equations in the case of
classical symmetries.

The concept of Grobner basis has been used [19] for this purpose.

In [46] it was shown that one can find the nonclassical symmetries of any evolution equations
of any order by using a suitable heir-equation and searching for a given particular solution among
all its solutions, thus avoiding any complicated calculations. We recall the method as applicable to
equation (2.1).

®We have replaced F (¢, x,u) with G(¢,x,u) in order to avoid any ambiguity in the following discussion.
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We derive u; from (2.1) and replace it into (2.3), with the condition V| = 1, i.e.
H (t,x,u,uy, ) + Va(t,x,u)uy = F(t,x,u) (2.10)

Then, we generate the n-equation with n = 1n(x,7,u,G), and replace u, = G, u,, = 1 into (2.10),
ie.:

H(t,x,u,G,n) =F(t,x,u) —Vo(t,x,u)G (2.11)
For Dini’s theorem, we can isolate 1 in (2.11), e.g.:
N = [hi(t,x,u,G)+ F(t,x,u) — Va(t,x,u)G] hy(t,x,u,G) (2.12)

where h;(t,x,u,G)(i = 1,2) are known functions. Thus, we have obtained a particular solution of 1
which must yield an identity if replaced into the n-equation. The only unknowns are V, = V,(t, x, u)
and F = F(t,x,u). If any such solution is singular, i.e. does not form a group then we have found
the nonclassical symmetries, otherwise one obtains the classical symmetries [46].

More recently in [7] Bild and Niesen presented another method that reduces the partial differ-
ential equation (PDE) to an ordinary differential equation by using the invariant surface condition
and then applies the Lie classical symmetry method in order to find nonclassical symmetries of the
original PDE. We hope that an independent researcher will take up the task of comparing the two
methods as it was done by Goard in [29] since we conjecture that Bild and Niesen’s method, and its
extension, as given in [12], are equivalent to Nucci’s method [46].

3. Nonclassical symmetries of (1.1)

We use a simple MAPLE program to derive the heir-equations. In particular the G—equation of
(1.1) is:

G, +RG,— Gy —2GGy — G*Gyy — cGy—R,G — R, = 0. (3.1
and the 1 —equation is

N + Rnu + RanG = Nxx — ZGT’xu - 217 NxG — Gznuu - ZGT’ NuG
- TIZTIGG —CMNx— RuuG2 - Run - 2Gqu + Ran - Rxx =0. (3-2)

The particular solution of the n-equation that we are looking for is
n(t,x,u,G) = —R(u,x) — cG + F(t,x,u) — V2 (t,x,u)G, (3.3)
that replaced into (3.2) yields an overdetermined system in the unknowns F, V, and R(u,x). Since

we obtain a polynomial of third degree in G then we let MAPLE evaluate the four coefficients that
we call d;, i =0,1,2,3 where i stands for the corresponding power of u. We impose all of them to

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
47



Nonclassical Symmetries for a Class of Reaction-Diffusion Equations

be zero. From d3, we obtain

Vo (t,x,u) = ss1(t,x)u+ ssp(t,x), (3.4)
while d; yields
1 1/0
F(t,x,u) = —gss%zf + 3 (% —2css] — 2ss1ssz> + s53(t,%)u+ s54(2,x), (3.5)
X
with ss(t,x), j=1,...,4 arbitrary functions of ¢ and x. Then after differentiating d[1] four times
with respect to u we obtain
*R(u,x) 0 3.6)
out ’

which implies that R(u,x) must be a polynomial in u of third degree at most, i.e.

2

R(u,x) =

where a;(x), i=0,1,2,3 are arbitrary functions of x. Since none of the remaining arbitrary func-
tions depends on u, and d; has now become a polynomial of degree 3 in u, we have to annihilate all
the four coefficients, i.e. d;;, i=0,1,2,3. From d; 3 we have that ss; (#,x) must be a constant, and
two cases raise:

3
Case 1. ss5; = j:%cg (x),

Case 2. ss1 =0.
We discuss the two cases', separately. We remark that a3(x) = 0 corresponds to a subcase of

Case 2., and consequently in Case 1. we assume a3 (x) # 0.
Interestingly enough in Case 2. nonclassical symmetries exist for

(3.8)

with f(u) any arbitrary function of u, and k(x) either of the following three particular functions of
X, 1.e.

_oax+2 _ c 1 x+by
k(x) = 7 k(x) = = tan( b > (3.9

N o

fIn Case 1., one can choose either the plus or minus sign indifferently.
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3.1. Case 1. R(u,x) = a%() ul 42 ()u + ay (x)u+ ap(x)

From coefficients d 5, dy,1, d1 o we obtain ss;, ss3, and ss4, respectively. All of them are function of
x only, e.g.

§§) = — 2a31(x) (—4ag (x) + V3a(x) + 2ca3 (x)) , (3.10)

where " denotes differentiation with respect to x. Now the only remaining coefficient is dy which has
become a linear polynomial in u. Therefore we are left with two expressions to annihilate, namely
the following underdetermined system of two equations that contain the derivative of a3(x) up to
fifth order, and fourth order, respectively, and lower derivatives of the other three functions a;(x),
aj(x), and ap(x)

—a3ag) 4a3dia) — c*a3dl — 5a3azdl + 3araidy + a3\/3dy — 36as(d})*d]

—2a3dy ¢+ 8a3dyay + ap\/3a3 — 2dsa3a) — 1845/ 3ay + caja) + 4add'ta
—@3\/3d, — 2ax\/3a3dc + 16a3d,di\/3ay + 14addydic + 3a3a? + 5a3a?
+cay faz Sa%a’2 fag — 6a%a”fa2 — 2a2fa%ag’ + 13a’32a% +a1a3fa2
—|—a%\/_a2a1 + 14asd 2\/3d, — aascd, +apv/3a? M7 +a3\/3asd,
—12a3a c+Pa3d} +4azds 2ev/Bay — a3ag\/_a2a1 3a§ca’3\/§a’2
+24d}} — 14asdyardly + ara3ed), + 3aial =0, (3.11)
%ag‘agv) + 7cx/§a§a’3a’2a2 — caga6 — 3a’2a% + 192\/§a’5 — 26cx/—a§a’3”a’3
+2cfa3a1a3 264a a +5a3ag )az + 104[03 a3a’3” — 18\/§a§a3w d,
+2c2\/—a‘3‘a’3” +4C\/§a‘3‘agw — ZC\/_LI;LI — 260\/—a3a”2 + 19caga ay + 27ca3a2a3
+6cazdyay + c*aldiay — 416\/3d5 azdy + 10v/3aid;a) + 178+/3a3dy?d,
—42fa3agag’ 6a2 \/_aza + \/7a3a’3”a% \/_a3a”’a2 + 350513 azaya, — 2O4a§a’3’a’2a3

—56a,ayaldy +2a,v/3a3al + 5a1a3aga2 S4caidydiay — c*aidy — dcaidy
—2V3a&3a] + 3apayds — 88af a3dl + 39a3dydy — 55a3dar + 24a3d,dy

+20a3dy'd, — 3ayaidy — 4d)aidy + 34+/3d5 ak — dafalag + 23245 azd)
—6a§la’2a1 3a;a2a2 a1a3ca2—|—602\/_aga 2cfaga§2 64(:\/7a3a3
+3c?addial — 3ctatafar — S6cazaldy + 62cazds ay — 12/3d}ada) + 16a3+/3a% d,
—aoagagc + a6a§ Vi3ay + 6asaydyas + 6aga2a‘3a1 + alagca’gaz —50a; \/_a2a3 ar
—SCfaga a2+a3\/_a2a3a0 2a1\/_a3a1+8a1fa3a —|—8a1aga2a3 10a1a3a32a2
3
—a1\/§a3a2a2—2a1\/§a3ca3 +a1\/7a;a3a2—3a3 3aga2 —cfa3aga2
+11a’3\/§a2a%a’2’+16\/_a3a’3’a’2a2—8c faga3a +112cfa3agzag’+cx/_a§aga2
—21\/3a3d}dya3 — 10a1\/3a3dydsy + 2a1/3adcdy + 4/3adaldy = (3.12)

Since this system has infinite solutions we look for some particular solutions.
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3.1 R(ux) = — L2 + 302 + Lcu

If we assume a3(x) = v/3x, and a(x), a;(x),ao(x) to be constants then from system (3.11)-(3.12)
we obtain that

1 1
R(u,x) = —§x2u3 +3u® + Eczu, (3.13)
and
3 1 —2+43
O (t’x) = ?X’ SSZ(t,)C) = — +C)C’ SS3(I,)C) = C%, SS4(t,)C) =0. (314)
X X

Thus, (3.3) becomes

n=- _x3u3 +2cu— 62:M+6x2”G_4G’ (3.15)
X

namely

3.3 2 2 62 _4
Mxx:_xu +2cu CZL;+ XUy ux’ (3.16)

that can be solved in closed form, i.e.

(t.) Ry (t)e? —A(14cx)e (3.17)
u 7x = cx —cx ) °
Ry (1) + (cx—2)Ra(t)e? + (10+5¢x + c2x2)e 2

with Ry (t),k = 1,2 arbitrary functions of 7. Substituting (3.17) into (1.1) yields the following non-
classical symmetry solution

20,015 _ 2(1 =
u(t,x) = - cocre 2 ‘i (I+cx)e — (3.18)
e +ep(ex—2)e" "7 + (104 Sex + 2x?)e 2

with ¢,k = 1,2 arbitrary constants. We observe that

2

th_}rgu(t,x) == XETOO”(I”‘) =0 (3.19)

and that u(z,x) < 0 for # > 0,x < 0. This means that the solution (3.18) is not defined at x =2 /¢ and
is positive® if x > 0.

21t depends also on the values given to the arbitrary constants.
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CZ

1
3.1.2. R(u,x) = —Eecxbﬁ + i +e
If we assume a3 (x) = /3¢, ay (x) =0, and a; (x) = by, ap(x) = by, i.e. constants, then from system

(3.11)-(3.12) we obtain that

X
2

R(u,x) = —%ecxbﬁ +biu+boe?, [by,by = const.] (3.20)
and thus 1) becomes
n= —% <2e“xu3 + (3¢2 — 4b) )u+8¢G + 6e2 cu* + 12e%uG—4b0e—%) , (3.21)
namely
Upy = —é (2ecxu3 + (3¢2 — 4b )u+ 8cu, + 62 cu® +12¢ uu, — 4b0e*%") , (3.22)

that can be solved in closed form, although the solution is very lengthy. If we assume

b=, by =1, (3.23)

then the solution of (3.22) becomes:

u(t,x) =

X
3 Yo 1 v Y 3 cox
Z(Rl(t)e% _RZ([)(—‘% sm( 43x) L COS(*/Efx))gz

X [2131(1)6@ +R2([)37%X <Sin <C/§\/§x> B \/§COS (\3/54 3x>>

4
_e# <\/§sin <\/§;/§x> + cos (ﬁfx))] (3.24)
which if replaced into (1.1) yields
R (t) =0, Ry(t) = —tan <3\/§\/Z (t +c1)> . (3.25)

This solution oscillates between negative and positive values. Consequently it is not a valid solution
for the biological model set in [5]. However, equation

2
cx

1
Uy = Uy, + Clty — Ee"’xu3 + Czu +e2 (3.26)

maybe of interest for other biological or physical models.
Co-published by Atlantis Press and Taylor & Francis
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3 3 2
3.1.3. R(u,x) = —% - ‘/;” 6” n \/3_;

If we assume a3 (x) = b3, a1 (x) = b and substitute them into system (3.11)-(3.12), after some further

simplifications such b; = ¢?/6 and having to impose that" b3 = —1, then we obtain
uw \/—u 2y \/gc2
R = —— — . 3.27
Thus (3.3) becomes
_ 36xG — 36u + 60/ 3Gux* — uPx? — 67/ 3u’x + cux? + 12v/3¢ + 2v/3¢*x (3.28)
B 12x2 ’ '
namely
36xux—36u+6\/_uxux — 3% — 67/ 3uPx + Pux® + 124/3¢ + 2v/3¢%x
Uy = . (3.29)
12x2
If we assume ¢ = 0 then we find that its solution is
2v/3(4R5(1)x> + 2
u(t,x) = — V3[R ()2 + ’2 (3.30)
Ry (t) + Ry(1)x* 4 x
that substituted into (1.1) yields the following solution
4+/3x(24% 12t
u(t,x) = V3x(2x% + ¢ + 12¢) (331)

6c1t +3612 —cy —x* —x2cy — 12tx2°

Although this solution is not valid for the biological problem set in [5] since ¢ = 0, we are reporting
it since equation

2
. M (3.32)
X

maybe of interest for other biological or physical problems. We observe that solution (3.31) is such
that

lim u(t,x) =0, lim u(t,x) =0 (3.33)

t—o0 X—>Too

Moreover (3.31) is not defined for the following set of values of x and #:

{ \/ ey — 24t +2+/c12 +48c 1 + 28812 — 4(:2,\#} (3.34)

{x - _5\/—2(;1 — 241 +2+/c12 +48ct +288¢2 —4cz,w} : (3.35)
1

{x - _\/_2(;1 — 24t —2+/c12 + 48ct +288¢2 —4cz,w} : (3.36)

{ :__\/ ey — 24t —2+/c12 +48c 1 + 28812 — 4(:2,\#} (3.37)

Mt is also possible to have b3 = 1 although it leads to very lengthy calculations.
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g’ [C:O]

u
3.14. R =—w+6—=+6
(u,x) uw + x2+

If we impose a3 (x) = b3,ax(x) =0, and ¢ = 0, then we obtain

2
R(u,x) = —163 + 65 +6£¥ (3.38)
X X-
Thus (3.3) becomes
6v/2 — 6xu +3v/2x°uG + X*u’
n:_\/_ XU+ {xu —|—xu’ (3.39)
2x°
namely
6v/2 — 6xu + 3v/2x° Sud
e = — \/_ Xu + {x Uy +xu . (3.40)
2x
‘We find its solution, i.e.
2(—R(t) + 3Ry (t)x* + x?
u(t.x) = YECRI(0) 4 3Ro(0)x ) (3.41)
X(R; (1) + Ra (1) +22)
that substituted into (1.1) yields the following solution
3v2 (12¢3 +24cot 4+ depx® +dey + 1267 + 4ex + x*
u(t,x):— \/—( 5 C) CoX C1 X X) (3‘42)

x (3603 4 72cot — 12¢5x2 + 12¢1 + 3612 — 121x% — x*)

Although this solution is not valid for the biological problem set in [5] since ¢ = 0, we report it here
because equation

V2

u
U :um—u3+6x—2—|—6x—3 (3.43)

maybe of interest for other biological or physical problems. We observe that solution (3.42) is such
that

2
lim u(z,x) = —£
=300 X

, lim u(t,x) =0 (3.44)

X—>doo
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and that u(¢,x) < 0 for ¢ > 0,x < 0. Moreover (3.42) is not defined for the following set of values of
xand t:

x=0, (3.45)
{ \/ 6t — 6¢2 +2\/ 1812 + 36tcy + 1863 + 3c1,w} (3.46)
{ \/ 6t — 6¢2 +2\/ 1812 + 36tcy + 183 +3c1,w} (3.47)
{ - \/ 6t — 60, —2\/18t2+36tcz+ 18c2—|—3cl,VZ} (3.48)
{ \/ 61 — 6cz—2\/ 1812 +361¢ + 18c2—|—3cl,VZ} (3.49)
{vx, t= %xz — +éM} , (3.50)
{Vx,t:%xz—cz—éM}. (3.51)
3.2. Case 2. R(u,x) = ]i;((”))
If we assume ss; = 0 then V;(¢,x,u) = ss5,(f,x) and d yields that
R(u,x) = ]g((’;)), 552 = k(). (3.52)

Following [11] we impose F (¢,x,u) = 0, thus the annihilation of d; imposes that k(x) is either one
the three particular functions of x in (3.9) and their nonclassical symmetry operators are

cx—+2 c
ok J +

1 x+by c
2x ecbo=x) ] % o+ (bl ( b > - §> % (39
respectively. In each case we can solve the corresponding invariant surface condition (2.3) and
reduce the original diffusion equation (1.1) to an ordinary differential equation that involves an
arbitrary function of the unknown due to the arbitrariness of f(u). We consider some instances
where f(u) has a given expression in order to derive the nonclassical symmetry solution of equation

(1.1).

o —

cx+2
3.2.1. k(x) =—
(x) o
We solve the invariant surface equation (2.3), i.e.
2
w—t2, o (3.54)
2x

and derive its complete solution as

4log(cx+2) —2cx —c*t
2

u(t,x) =H(&), &= (3.55)

C
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where H () is an arbitrary function of &. After substituting this solution into equation (1.1), i.e.

et — _ru) (3.56)
Ur—=u cu ———SHJ\u .
t XX X (CX+ 2)2 ’
we obtain the following ordinary differential equation
&’H  ,dH
4—— —— +4f(H) =0. (3.57)

KT

Let us consider f(u) = 1/u. In this instance equation (3.57) admits a two-dimensional nonabelian
transitive Lie point symmetry algebra' generated by

2
9, T (40 +PHy) (3.58)

and equation (3.57) can be integrated by quadrature. In fact taking a canonical representation of the
generators of the two-dimensional Lie point symmetry algebra, i.e.

- 4 2
4T (40¢ +C2H8H)7 _C_285 +4eT§ (40 +C2H8H)’ (3-59)

we can derive the corresponding canonical variables, i.e.

. Y
§=He ™, H=lte ™ (—j5+H). (3.60)

These variables transform equation (3.57) into its canonical form, i.e.

Loile( @) o

that can be solved by two quadratures and thus its general solution is

dé

A=E+c+16 . (3.62)
2c1 —2log(§)
Unfortunately the last integral cannot be expressed in finite terms.
If we assume ¢ = 0 then (3.56) becomes
Uy = ey + x> f(u). (3.63)

In [11] the same nonclassical symmetry was determined if f(u) = u*(1 —u) — (i) in(1.3) —. We
found that this is true for any f(u).

'We recall that the classification of real two-dimensional Lie symmetry algebra and derivation of corresponding canonical
variables were done by Lie himself [35], retold in Bianchi’s 1918-textbook [6] and also in more recent textbooks, e.g. [32].
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C
eclbo—x) _ 1
We solve the invariant surface equation (2.3), i.e.

322 k(x) =

c
Uy + m Uy = 0 (364)
and derive its complete solution as
cx+ 2t + e o)
M(Z,X) :H(Y)v Y=- c2 ) (365)

where H (y) is an arbitrary function of y. After substituting this solution into equation (1.1), i.e.

(ec(bofx) _ 1)2
Uy = Uy + Cliy + #f(u), (3.66)

we obtain the following ordinary differential equation
d’H
— H)=0. 3.67
iz T (H) (3.67)

Its general solution in implicit form is

—y—c=0. (3.68)

n / dH
Vei—2[ f(H)dH
Let us consider some instances:
(A) f(u) = u* = u(t,x) = —6WeierstrassP(y+cy,0,¢2),
where WeierstrassP represents Weierstrass elliptic function.

B) f(u) =u® = u(t,x) = cpJacobiSN ((% —I—c1> Cz,\/—_1>

where JacobiSN(z,k) = sin(JacobiAM(z,k)) and JacobiAM represents the Jacobi ampli-
tude function am.

6dH
V18H* — 24H3 + 36¢;

Let us consider two particular values of c;.

©) fu)=u*(1—u) = [

—’)/—CZZO

1 .
If we assume ¢; = 3 then we obtain

1 —H)VI8H2+12H +6 2(1+2H
u(t,x):( JVISH? + + arctanh( (1+2H) )—}/—czzo,

V18H*—24H3 + 6 V18H2+12H +6
although still an implicit solution of (3.66);

instead ¢; = 0 yields

12

1,x) = —
u(t, ) Ay +23+272 -9
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a nonclassical symmetry solution of equation (3.66), i.e.

(ec(bofx) _ 1)2

c2

Uy = Uy + ClUy + u2(1 —u). (3.69)
This solution tends to zero when ¢ (or x) goes to infinity. Also it blows up in finite time if

1 X
= 22 <2czc2 —2cx —2e“ 0¥ 4 2y 18) ,  Vx.
c

1 b
3.23. k(x) = - tan (H 2) —%

1 b
We solve the invariant surface equation (2.3), i.e.
1 x+b c
u,+<b—ltan( b 2> —§> u, =0 (3.70)

and derive its complete solution as

u(t,x) = H(p),

2by 5 [ X+ by
p= H—rb%cz [c(x—l—bz) +log <1 + tan ( b >)

b
_2log <2tan (x;; 2) —blcﬂ , 3.71)
1

where H(p) is an arbitrary function of p. After substituting this solution into equation (1.1), i.e.

4b?

<2tan (%) - blc>

we obtain the following ordinary differential equation

U = Uy, +ClUy +

5 f(w), (3.72)

d’H dH
4y gop T UFBIC) G+ 4B (H) =0, (3.73)

If f(u) = u, namely if equation (3.72) is linear then we obtain that the general solution is

4+ 03— p\ /(B +4)* - 64D}
B 8b}

u(t,x) =cye

443+ py /(B2 +4) — 64b}

2
Tere 8b1 . (3.74)

4. Final remarks

The application of the nonclassical symmetry method to equation (1.1) yields different possible
expressions of R(u,x) and in several instances even a class of solutions in finite form. These solu-
tions may not be all suitable for the problem set in [5] since they may take negative values, and also
have singularities for finite values of ¢ and x.
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However, we have found that nonclassical symmetries exist for the following reaction-diffusion
equations, i.e.

G 5 2l

3 5 uz—i—a](x)u—i—ao(x), 4.1)

U = Uy + ClUy —

with ag,a;,a;,as satisfying system (3.11)-(3.12). Particular instances have been obtained, i.e.

1 1
Uy = Uy + Clly — §x2u3 +3u’ + Eczu, 4.2)
1 3 CZ cx
u; :uxx+cux—§ecxu +Zu—|—e7, 4.3)
3 \/§ 2 2 \/§ 2
u u*  ctu c
u,:uxx—i—cux—g— P +?+ 3 4.4)
6u 62
u,:uxx—u3+x—2+x—3\/_. (4.5)

Moreover we have found that nonclassical symmetries exist for the following three families in the
class of equation (1.1), i.e.

4 2
Uy = g + Clty + m fw), Yf(u) (4.6)
c(bo—x) __ 1 2
Uy = U+ Clty + % fu), Vf(u) (4.7)
4b?
Uy = Uy + Clly + 2 f(u)v Vf(lzt) (4.8)

(2tan (lebz> — b1c)

We conclude by observing that the method of heir-equations [46] very much facilitates the search
for nonclassical symmetries.
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